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INTRODUCTION

The main objects of the present thesis are T-varieties, i.e. varieties X with an algebraic
torus T acting effectively on them. The difference between the dimension of the variety
and the dimension of the acting torus is called the complexity of a T-variety. The
best understood varieties of this kind are toric varieties, where the complexity equals
zero. These varieties have been intensively studied [26], 27, [74] [75] [24] [40], and are of
high interest due to their combinatorial description via fans. This thesis contributes to
the case of higher complexity. These varieties occur naturally: For instance the surface
quotient singularities are varieties of complexity one and the quadrics in projective space
admit a natural action of the maximal torus of the orthogonal group. If X is a T-variety
of complexity ¢, then, as in the toric case, there is a combinatorial part reflecting the torus
action, and a continuous part reflecting the geometry of a suitable variety representing
the field K(X)T of rational invariants of X.

Our approach is based on Cox rings, which are a rich invariant of algebraic varieties.
In fact the Cox ring of a variety fixes it up to small birational modifications. In the
complete case the toric varieties are precisely those having a multigraded polynomial
ring as Cox ring [23]. In general the Coz ring of a variety X is a graded algebra

R(X) = @ TI(X,0D)),

[D]€CL(X)

and can be defined for any normal (irreducible) variety with only constant invertible
functions and finitely generated divisor class group; see [0l (14, [52]. We are particularly
interested in the case that R(X) is finitely generated. In that case, many of the geometric
invariants can be read off. Moreover, it provides a canonical embedding of the variety into
a toric one, which allows to deduce basic geometric properties from the toric embedding
and thus describe them in combinatorial terms similar as in the toric case.

In the first part of this thesis our main focus is on T-varieties of complexity one. For a
complete, rational T-variety of complexity one the Cox ring has been described in [49]
via generators and specific trinomial relations. Applying the theory behind Cox rings to
this special situation one obtains a combinatorial approach to these varieties. We extend



2 Introduction

the toolkit developed in [49] to the non-complete, e.g. affine, case. This includes i.a. a
description of factorially graded affine algebras R of complexity one with only constant
homogeneous invertible elements in terms of generators and relations. The first results in
this direction treat the case Ry = K; see [66} 61, [44]. Our results complete the description
of all factorially graded affine algebras of complexity one and thus the description of the
Cox rings of rational T-varieties of complexity one, compare Theorem [2.1.8] where the
complete case treated in [49] is a subcase of Type 2:

Theorem. Let X be a normal, rational T-variety of complexity one with only con-
stant invertible global functions and finitely generated divisor class group. Then, with

Till = Tilil -T2 the Cox ring of X is described by trinomial relations of one of the

ing; ?
following forms:

Type 1: TH — T2 — 6y, T2 Tk —09, ..., Tr} —Tr -6,
Type 2: TO + Th + T, 0,7 + T2 + T, ..., 6, 9T 7 +T ) + T

As an immediate sample application we calculate the Cox rings of all affine C*-surfaces
having at most log terminal singularities and their resolutions. It is well known that the
log terminal surface singularities are exactly the surface quotient singularities, i.e., they
arise as a quotient of C2? by a finite group G C GLo; see [4, 20, [30]. Moreover any log
terminal surface singularity is in fact a C*-surface and with our explicit description of
the Cox rings, one observes that the derived series of the group G reflects iteration of
Cox rings.

We extend this picture to log terminal singularities in arbitrary dimension coming with
a torus action of complexity one. As a first result, in Theorem [3.1.3] we obtain that the
Cox rings of affine log terminal T-varieties of complexity one are either of Type 1 or
platonic of Type 2, i.e. [;; = 1 holds for all ¢« > 3, and all triples (loj, 115, l2j,) form
a platonic triple, i.e., a triple of the form (5,3,2),(4,3,2),(3,3,2),(z,2,2), or (z,y,1),
where z,y € Z>1. We obtain the following general statements on iteration of Cox rings,

compare Theorems and

Theorem. Let X; be a rational, normal, affine T-variety of complexity one with Cox
ring of Type 2 and at most log terminal singularities. Then the following assertions hold.

(i) There is a unique chain of quotients

/Hp—1 JHp—2 /Hs J/ Ho , ya:i

Xpﬂprlﬂ X3 X Xl,

where X; = Spec(R;) holds, the ring R, is factorial and each R; is the Cox ring
Of Xi—l .

(ii) X1 is a quotient X1 = X,,//G by a solvable reductive group G.

(iii) The presentation of (i) is regained by H; := G~V /GW and X; := X,/G0),
where G s the i-th derived subgroup of G.

Statement (ii) of the above Theorem shows that, in a large sense, the log terminal singu-
larities with torus action of complexity one still can be regarded as quotient singularities:
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the affine plane C? and the finite group G C GLy of the surface case have to be replaced
with a factorial affine T-variety of complexity one and a solvable reductive group.

Looking at this result about log terminal singularities the natural question arises, if
there are any further varieties of complexity one admitting iteration of Cox rings despite
the log terminal ones. Note that iteration of Cox rings requires in particular a finitely
generated divisor class group of the spectrum of the Cox ring in each iteration step. As
in case of complexity one, finite generation of the divisor class group turns out to be
equivalent to rationality, the task is to give a criterion for the rationality of an affine
variety X of complexity one. Having in mind that the generic quotient of a T-variety of
complexity one is the curve Y with function field K(X)T and rationality of this curve is
equivalent to rationality of the variety X, we calculate a genus formula for Y leading to
the following numerical criterion for the rationality of X. We call a ring R of Type 2
as above hyperplatonic if l; := ged(li1, - . ., lin;) = 1 holds for all ¢ > 3 and (lp, 1, [2) is a
platonic triple. We obtain the following criterion, see Theorem

Theorem. Let X be a rational, normal T-variety of complexity one with Cox ring of
Type 2. Then the following statements are equivalent.

(i) The variety X admits iteration of Cox rings.
(ii) The variety X has a hyperplatonic or factorial Cox ring.

For a variety with Cox ring of Type 1 the picture is much easier: it admits iteration of
Cox rings if and only if the spectrum of its Cox ring is rational. Moreover, if the latter
holds, the iteration of Cox rings stops after at most one step.

In the last part of this thesis we extend the Cox ring based combinatorial theory for
rational varieties with torus action of complexity one to T-varieties of arbitrary high
complexity with finitely generated Cox ring. Recall that the situation can be described
by a c-dimensional variety Y suitably realizing the field K(X)T of rational invariants of
the T-variety X and a combinatorial part reflecting the essential properties of the torus
action. This approach has been taken in [I], 2], where the torus action is encoded via the
combinatorial language of polyhedral divisors and Y is chosen as the Chow quotient.

We provide a more specific approach: We choose a rather minimal representative Y of
the field K(X)T of rational invariants: the maximal orbit quotient; for a precise definition
see Section [5.1] For our purposes, the crucial property is that Y has finitely generated
Cox ring if and only if X has so, see [49, Thm. 1.1]. This allows us to make full use of the
strongly combinatorial nature of varieties with finitely generated Cox ring [6, Chap. 3].

Given a variety Y with finitely generated Cox ring, we systematically construct varieties
with torus action and maximal orbit quotient 7w: X --» Y. Our main tool is basic toric
geometry: We start with a choice of Cox ring generators for Y, then fix a compatible
fan 3 and finally deliver X as a closed subvariety of the toric variety Z associated with
the fan ¥ such that the torus action on X is inherited from a subtorus action on Z. As
a byproduct of the construction, we obtain the Cox ring of X for free. Specializing to
the case that Y is the projective or the affine line, we regain the Cox rings of Type 1
and 2 of the rational varieties with torus action of complexity one as described above.
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As a sample class, we restrict to the special case of a maximal orbit quotient 7: X --» P,
such that the critical values of m form a general hyperplane arrangement in P,. We
call such a T-variety X an arrangement variety. These varieties directly generalize the
rational T-varieties of complexity one and their Cox rings show indeed a very similar
structure.

With our description we provide classification results on smooth Fano wvarieties, i.e.,
normal, projective varieties with ample anticanonical class. The interest in this class of
varieties is due to their important role in the Minimal Model Program, an approach to
classify projective varieties up to birational equivalence introduced by S. Mori [67, [68].
The classification of smooth Fano varieties was settled in dimension two by P. del Pezzo
[77] and in dimension three by V. Iskovskikh [54, B55] and S. Mori/S. Mukai [69, [70].
Restricting to the toric case, the classification was done up to dimension nine by work
of V. Batyrev, M. Kreuzer, B. Nill, M. @bro and A. Paffenholz [10, 11 60} [73], [7§].
Extending recent classification work in complexity one [35], we take a closer look at
smooth arrangement varieties of Picard numbers at most two. In Picard number one,
we retrieve precisely the smooth projective quadrics. Similar to the case of complexity
one, the situation in Picard number two is much more ample. For the case of complexity
two, we obtain the following explicit descriptions, see Section (6.2

Theorem. FEvery non-toric smooth Fano arrangement variety of complexity two and
Picard number two is isomorphic to precisely one of the following varieties X, specified by
their Cox ring R(X) and the matriz [wy, ..., w,] of generator degrees w; € C1(X) = Z2.

No. R(X) [wi, ..., wy —Kx dim(X)
1 K[T4,...,To] 00111111 1} ﬁ 6
(VT T3 +TyTs+Ts T +TsTo) 110111111 6

p) K[T4,...,To] 001101010 3 6
(T ToT3+TsTs+T6T7+TsTo) 110111111 6
P K[T1,...,Ts] 00111111 4 5
(M ToT2+TyTs+TcT7+T3) 11011111 5
K[‘;le--,T&Sl,--wSm]
T T34+ T3 TatTs T+ 17T, 01212121]|2...2 7+ 2m
4.A (T3 3;>056 71%) [10101010‘1m1} |:3+mi| m+5
K[Ty,...,T8,51,...,5m]
T3+ T3 T2+ TsT2+TT2 0111111 1]1...1 44 m
4-B (1T :n>06 5) 10101010[1...1 3+m m+5
K[T4,...,Ts,S1,..,8m]
T\ T34+TsT;+TsTe+T7T; 01011111|1...1 44 m
4'0 (1T 3;>056 7Ts) 10101010[1...1 3+m m+5
K[Il""’Tg’Sl""’S"L] 0111111 1]d 1...1
4.D  (TTZHTsTurt TsTo+T7Ts) 101010101 1...1 [5“;;1*‘11}7%—1—5
m
m20 dy € {0,1}
K[Ty,...,T8,51,...,Sm]
T\ T3 4+T3T3+TsT3+T7T3 01010101]0...0 3
4.5 (1T, fn>0‘)6 5 10101010[1...1 3+m m+5
ay ﬁif:ﬁiilﬂfg]ﬂ 0101010 1|d 0 0 st d
4.F 1T+ DT+ T Ty + 10 Tg) 101010101 1...1 2t m 45
m20 dy € {—1,0}
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K[T,..., T, 51, Sm] 0101010 1|d; d2 O0...0
4.G (DA T3Ta+TsTe+T7Ts) 101010101 1 1...1 3t+ditdzly 45
> 3+ m
m20 di,d2 €0, di +d2 > —2
K[Tl"é"TS’Sg"“’sz] 02+1alalalll 4ot 3
5  (NDATT+TFTe+17Ts) 1 1 101010[0...0 {a+3+m} m+5
m21 a>0,m > 3a
K[T4,...,75,51,...,5m] 0 2a3+1 a1 a2 a3 1 ag 1‘1.4. 1
6 (Tt TsTu+T2Ts+T2Ts) 1 1 11 1010[0..0 [4“3+3+m}m+5
m>1 0<a; <az, a1t +az =2a3 +1 4
- m > 4az + 1
K[TluuwTSaSlw"!Sm] |:? 2%1-’_1 a11 a12 a13 a14 a15 (1)‘3) é:|
4 (T1 To+ T3 Tu+T5sTo+ T2 Ts) o [5a5 +53+mi|m +5
m21 a1 4+ a2 = a3 +aq4 = 2as5 +1,
m > 5as + 2
K[Tl,...,Tg,Sl,...,Sm]
Ty To+T5T5+15T6+ 171 000000 —1 1|1...1 m
8 (T 31<4m<556 "Te) [111111 1 1‘0..0} |:6:| m+5
K[T4,...,78,51,...,5m] [(1) “11 a12 “13 “14 als ﬂlfs a17‘(1) (1)]
Ty To+T5T5+15T6+ 17T 3a; +m
9 <12+34-;5 6+17Ts) a; >0, [ :| m-+5
mz2 a1 = a2 + a3 = a4 + a5 = ag + a7,
m > 3a1
K[T1,...,78,51,...,5m] 0000000 0‘1 1.. 1
10 T+ TsTa+TsTo+ 17 Tx) 11111111]0dz... dm [ m } m+5
m>2 0<dy <+ <, 0< dm <5 6+ di
- m-dpy <6+dy+ ...+ dmnm
K[Ty,...,T7,51,...,Sm]
(T T2+ T5Ta+T5Ts+T2) -1100000J1...1 m
11 1<m<a v 1 111111[0...0 5 m+4
K[Ty,...,T7,51,...,5m] [(13 2‘;5 all ﬂlz als a14 als (1) (1)]
(Th To+T5Ta+TsTe+T2) o m + 5as
12 7 a] + a2 = a3z + a4 = 2as 5 m+4
m>2 a; >0
m > Sas
0000000[1 1 ... 1
K[Ty,..., 77,51, Sm] [1 11111 1‘ }
vy T7,51,00s 0 d )
138 (T To+TsTu+T5Ts+T2) 2 ™ m m+4
0<dy < ... <dm 5+ di
m22 dm >0
m-dpm <54+do+...+dn
1 K[T1,...,Tho] 1010101010 3 6
< T\ Ty + T5Ty + T5Ts + T Ts, 0101010101 3

AMT3Ty + A2T5Te + T7Ts + ToTho

)

Moreover, each of the listed data defines a smooth Fano arrangement variety of complex-

ity two and

Picard number two.






CHAPTER
ONE

BACKGROUND

In this chapter we introduce the fundamental definitions and concepts used throughout
this thesis. Its content is well known and does not contain results by the author. Our
main reference for this chapter is the book [6].

Throughout the whole thesis K is an algebraically closed field of characteristic zero. If
not stated different a variety is always assumed to be irreducible.

1.1 Cox rings

At first we recall the basic definitions for divisors of normal varieties and divisorial
sheaves. Let X be a normal variety over K. A prime divisor D of X is an irreducible
subvariety D C X of codimension 1. We call the free abelian group generated by the
prime divisors the group of Weil divisors of X and denote it by WDiv(X). To any
nonzero rational function f € K(X)* we associate the Weil divisor

div(f) := Z ordp(f)- D,

D prime

where ordp(f) denotes the vanishing order of f along D. A Weil divisor E arising as
E =div(f) for f € K(X)* is called principal. The set PDiv(X) of principal divisors of
X and the set CaDiv(X) of locally principal divisors of X form subgroups of the group
of Weil divisors. The divisor class group and the Picard group of X are given as

Cl(X) := WDiv(X)/PDiv(X), Pic(X) := CaDiv(X)/PDiv(X).

The rank of the Picard group is called the Picard number of X and if X is Q-factorial
the Picard number equals the rank of the class group. With every divisor D € WDiv(X)
we associate the divisorial sheaf Ox (D) by defining its sections over an open U C X to
be

I(U,0x(D)) i= {f € K(X)"; (div(f) + D)y > 0} U {0}

7



8 Chapter 1. Background

Note that for any two functions f; € I'(U,Ox (D)) and fo € I'(U,Ox(D2)) we have
fifo € T(U,Ox (D1 + D3)). Thus we obtain a sheaf of K-graded O x-algebras called the
sheaf of divisorial algebras associated with a subgroup K C WDiv(X) by setting

S = @ Sp, where Sp := Ox (D).
DeK

Now we turn to the definition of the Cox sheaf and the Cox ring, which is a generalization
of the homogeneous coordinate ring for toric varieties.

For this let X be a normal prevariety with I'(X, O*) = K* and finitely generated divisor
class group Cl(X). Let K < WDiv(X) be a subgroup such that the map c: K —
Cl(X), D = [D] is surjective. Denote by K C K the kernel of ¢ and fix a group
homomorphism y: K — K(X)* with

div(x(E)) = E for all E € K°.

Denote by Z the sheaf of ideals of S generated by the sections 1 — x(F) , where E runs
through K.

Definition 1.1.1. The Cox sheaf associated with K and x is the quotient sheaf R :=
S/T together with the Cl(X)-grading

R = @ R[D}? where R[D] =T ( @ S/D) 5
(2D

[D]eCI(X) D'eC-1

and 7: § — R is the projection. The Cox ring of X is the algebra of global sections
R(X).

The Cox ring is up to isomorphy independent of the choices of K and x. In case of a tor-
sion free class group we can choose a subgroup K < WDiv(X) such that ¢: K — ClI(X)
as above is an isomorphism. In this case we have R = & where S is the sheaf of divisorial
algebras associated with K.

The Cox ring of a variety is in general not a unique factorization domain but has a
similar property:

Definition 1.1.2. Let K be an abelian group and R = @©,cx Ry an integral K-graded
K-algebra.
(i) A homogeneous element 0 # f € R\ R* is called K-prime if whenever f|gh holds
for homogeneous elements g, h € R we have f|g or f|h.
(ii) We call R factorially K-graded if every homogeneous 0 # f € R\ R* is a product
of K-prime elements.

Theorem 1.1.3. Let X be a normal variety with T'(X,0*) = K* and finitely gener-
ated divisor class group Cl(X). Then the Cox ring R(X) is Cl(X)-factorially graded.
Moreover if C1(X) is torsion free then R(X) is a unique factorization domain.
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Observe that the Cox ring of a variety is in general not finitely generated. This motivates
the following definition.

Definition 1.1.4. Let X be a normal variety with I'(X, O*) = K* and finitely generated
divisor class group. X is called a Mori Dream Space (MDS) if its Cox ring is finitely
generated.

Let X be an MDS with Cox sheaf R. Then finite generation of R(X) implies that
R is locally of finite type, i.e., any £ € X has an affine open neighbourhood U such
that R(U) is finitely generated. Choosing an affine open cover of X we can define the
relative spectrum X := Spec v (R) by gluing the affine pieces Spec R(U). We call X the
characteristic space and X := Spec R(X) the total coordinate space of X. Note that X
has a canonical open embedding into X and is big, i.e., the codimension of X \ X is at
least two.

1.2 Graded algebras, quasitorus actions and good quo-
tients

In this section we give the necessary background to show how to regain a variety back
from its characteristic space. At first we introduce the correspondence between graded
affine algebras and quasitorus actions on affine varieties. Moreover we provide the nec-
essary background on good quotients.

An (affine) algebraic group is an (affine) variety G and a group such that the group
operations
GxG—=G, (gh)—g-h and G—G, grsg*

are morphisms of algebraic varieties. A homomorphism of algebraic groups G and G’
is a group homomorphism G — G’, which is a morphism of the underlying varieties. A
character of an algebraic group G is a homomorphism of algebraic groups x: G — K*,
where K* is the multiplicative group of the underlying field K. The character group of
an algebraic group G is the set X(G) of all characters of G, which forms a group with
respect to pointwise multiplication. A quasitorus is an affine algebraic group H such
that the algebra of regular functions I'(H, Q) is generated as a K-vector space by the
characters x € X(H). A torus is a connected quasitorus. The standard n-torus is the
algebraic torus T" := (K*)".

Let G be an affine algebraic group. A G-variety is a variety X together with an action
GxX — X, (g,z) — g-x, which is a morphism of the underlying varieties. If G is even
a quasitorus, then any choice of characters x1,..., X, defines a diagonal G-action on K"
by setting

g-z= (921, xr(9)2r)-

We briefly recall the equivalence of categories between the category of affine algebras

graded by a finitely generated abelian group and the category of affine varieties with
quasitorus action.
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Construction 1.2.1. Let K be a finitely generated abelian group and R = ®yecx Ry a
K-graded affine K-algebra. Set X := Spec R. Fixing homogeneous generators fi,... f,
with f; € R, we obtain a closed embedding

X =K' z~ (fi(z),...,fr(x)).

We equip K" with the diagonal action of the quasitorus H := Spec K[K] given by the
characters xy“!,...,x"". Then X is invariant under this action and thus an H-variety.
This construction does not depend on the choice of the embedding X C K" up to
isomorphism.

We show that vice versa any affine variety with quasitorus action gives rise to an affine
algebra graded by a finitely generated abelian group: Let a quasitorus H act on a variety
X. Then the algebra of regular functions I'(X, O) on X becomes a rational H-module
by setting

(h- f)(x) := f(h- ).
and it becomes a X(H)-graded algebra by considering its decomposition into one-
dimensional subrepresentations

INX,0) = @ I'(X,0)y, where I'(X,0), :={f e '(X,0); f(h-z)=x(h)f(z)}.
X€EX(H)

Definition 1.2.2. Let G be a reductive algebraic group acting on a prevariety X. A
good quotient for this action is a morphism of prevarieties p: X — Y such that the
following holds:

(i) p: X =Y is affine and G-invariant.
(ii) The pullback p*: Oy — (p.Ox)% is an isomorphism.

A good quotient is called geometric if it moreover separates the orbits, i.e., any fiber is
a G-orbit.

Let X := Spec R be an affine G-variety, where G is a reductive algebraic group. Then
the algebra of invariants

RY:={feR; flg-z)=f(z) forall z € X and g € G}

is finitely generated. Thus we obtain a good quotient p: X — Y, where Y = Spec RC.
For non affine X good quotients are locally modeled on this concept.

Construction 1.2.3. Assume X is a Mori Dream Space. Then R(X) is a Cl(X)-graded
affine K-algebra. This gives rise to an action of a quasitorus H := Spec K[C1(X)] on
its total coordinate space X. The characteristic space X C X is an H-invariant open
subset admitting a good quotient for this action. In particular we obtain the following
diagramm:

Specx(R) = € X = SpecR(X).
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1.3 Bunched rings

In this section we summarize at first basic facts about toric varieties. Afterwards we
give a short summary of the theory of bunched rings. Fixing a graded ring R the theory
of bunched rings provides a construction for example for all quasi-projective varieties
having R as their Cox ring and fulfilling some maximality property, see below. Moreover
the theory provides an embedding of a variety X with Cox ring R into a toric variety
and thus leads to combinatorial methods.

A toric variety is a normal variety Z with an effective torus action T'x Z — Z and a
base-point zg € Z such that the orbit map T' — Z, t +— t - 29 is an open embedding.

We recall the basic notions of the combinatorial description of toric varieties via fans.

Let N and M be mutually dual lattices and Ng resp. Mg the corresponding rational
vector spaces. A cone is a convex polyhedral subset 0 C Ng such that for any v € o
and t € Q>¢ we have t - u € 0. The dimension of a cone o is the dimension of its linear
hull. A lattice cone is a pair (o, N) where N is a lattice and o C Ny is pointed, i.e., it
contains no lines. The dual cone of o is the polyhedral cone ¥ := {u € Mg; ul, > 0}.
A face of a cone o is a cone 7 C o such that there exists an v € 0¥ with u|, = 0. A
1-dimensional face is called ray and a face of codimension one is called facet.

A finite collection X of convex polyhedral cones in Ny is called a quasifan if the following
holds:

(i) Let 0 € ¥. Then g € ¥ holds for any face oo < 0.
(ii) For any two cones 01,09 € 3 the intersection o1 N o9 is a face of both cones.

A quasifan ¥ is called a fan if all of its cones are pointed. A tuple (X, N) is called a
lattice fan. The support |X| of a fan 3 is the union of its cones.

Any lattice cone (o, N) defines an affine toric variety Z (o) := Spec K[o¥ N M] with dense
open torus Tz := Spec K[M]. We can extend this construction to lattice fans (X, N)
and toric varieties: For any two cones 01,09 € ¥ one glues the corresponding affine toric
varieties Z,,, Zy, along the affine toric variety Z;,ns,, which defines a common open
subset. This gluing process provides a toric variety Zy. Note that Zy is a complete
variety if and only if ¥ is complete, i.e., |¥| = Ng.

Let K be a finitely generated abelian group and consider a finitely generated K-
factorially graded affine K-algebra

R .= @ Ry.
weK
Fix a set of pairwise non-associated K-prime homogeneous generators § := (f1,..., fr)
and denote by Q: Z" — K the homomorphism of abelian groups, that maps the canonical
basis vector e; € Z" to the weights w; := deg(f;) € K.
(i) An 3’-faceis a face 70 < v := Q% of the positive orthant, such that there is a
point x € X with z; # 0 if and only if e; € 7.
(ii) The K-grading of R is almost free if for every facet 79 < v the image Q(yo N E)
generates K as a group.
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(iii) Let Q5 = {Q(70); 70 < 7 is an F-face } denote the set of projected F-faces. An
§-bunch is a nonempty subset & C Qz satisfiying the following conditions:
a) For any two 71,7 € ®, we have 70 N 75 # (.
( ) Yy ) ) 1 2
b) Let 7,7 € Qz with 77 C 75. Then 71 € ® implies 7 € .
¥ 1 2 p
(iv) An §-bunch @ is called true if for every facet vy < v we have Q(yo) € ®.

Definition 1.3.1. A bunched ring is a triple (R, §, ®) consisting of an integral, normal,
almost freely factorially K-graded affine K-algebra R with only constant homogeneous
invertible elements, a system § of pairwise nonassociated K-prime generators for R and
a true §-bunch ®.

The following construction associates to a bunched ring (R, §, ®) a variety X having R
as its Cox ring.

Construction 1.3.2. Let (R,§,®) be a bunched ring with @Q: E — K as above and
§ = (f1,..., fr). Then we obtain an action of the quasitorus H := Spec K[K] on the
affine variety X := Spec R. We define the localization of X with respect to an -face g
to be

X, = Yﬁqmﬂw for some u = (u1,...,u,) € 7g.

This set is independent of the choice of w and with the collection of relevant faces
rlv(®) = {70 < 7; 70 is an F-face with Q(vp) € @} associated to ®, we obtain an H-
invariant open subset of X:

X = X(R5.®) = |J X,
YoErlv(®)

The H-action on X admits a good quotient [0, Prop. 3.1.3.8] and we set
X = X(R,§,®) = X)H

and denote the quotient map by p: X — X. The pieces X, = p(X,) C X
form an affine cover of X. Moreover, every element f; of § defines a prime divisor

Dy = p(Vg(fi)) on X.

Recall that an As-variety is a variety X with the property that any two points of X
admit a common affine open neighbourhood.

Theorem 1.3.3. Let X, X and X arise from a bunched ring (R,§, ®) as above. Then
X is a normal As-variety with

dim(X) = dim(X) — dim(Kg), I[(X,0%) =K*.

Moreover there is an isomorphism Cl(X) = K, the Cox ring R(X) is isomorphic to R
and the characteristic space of X equals X. In particular X is a Mori dream space.
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We say that a variety is As-maximal if it has the Ao-property and cannot be realized
as an open subset with nonempty complement of codimension at least two in another
Ag-variety. Moreover, we call an §-bunch maximal if it cannot be enlarged by adding
further projected §-faces. In the situation of Theorem |1 X is As-maximal if and only
if ® is maximal. Moreover, we obtain the following:

Theorem 1.3.4. Let X be an As-mazimal Mori Dream Space with Cox ring R := R(X)
and let § be any finite system of pairwise nonassociated Cl(X)-prime generators for R.
Then X = X (R,§,®) holds for some maximal F-bunch ®.

Every variety X defined by a bunched ring comes with a closed embedding into a toric
variety Z.

Construction 1.3.5. Let (R,§,®) be a bunched ring and Q: £ — K be as above.
Setting F' := E* and M := ker(Q), we obtain mutually dual exact sequences

P

0 L F N

0 K+l g 0

We define the envelope of the collection of relevant faces of ®

Env(®) := {v =Xv; 3 m €1lv(®) with v; <10 and Q(71)° € Q(0)°}-

Set & := ¥ C Fg and for each v < 7, let 7% := - N J =< J be the corresponding face.
We define the following fans in Fyp and Ng

S = {00 < 8; 30 € Env(®) with & < 73},
Y = {P(%); 70 € Env(®)}.

Let X be the fan consisting of all faces of &, which is the fan corresponding to K" with
its natural toric structure. Since 3 is a subfan of 3, there is an open embedding of the
corresponding varieties 7 C K. Moreover, there is a map of fans S5 % arising from
P: F — N. Denoting by Z the toric variety associated to Y, we obtain a toric morphism
p: Z — Z. We obtain the following commutative diagram:

X —
X

5

/H /H

I
|

|

i
y

X

where X, X and X are the varieties associated to the bunched ring (R,§,®) as in Con-
struction We call the closed embedding ¢: X — Z the canonical toric embedding.
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Definition 1.3.6. Let (R, §, ®) be a bunched ring with § = (f1,..., fr). We say that it

is a complete intersection if the kernel of the epimorphism K[T},...,T,] — R, mapping
T; to f;, is generated by K-homogeneous polynomials g1, ..., gs, where s = r — dim(R).
In this case we define the degree vectors of (R,§,®) as (wi,...,w,) and (u1,...,us),

where w; := deg(f;) € K and u; := deg(g;) € K.

Proposition 1.3.7. Let the bunched ring (R,§,®) be a complete intersection with
degree vectors (wi,...,w;) and (ui,...,us). Then the anticanonical divisor class of
X = X(R,§,P) is given in C1(X) = K as

r s
—ICX = Zwi—Zuj .
i=1 j=1

The last part of this section is dedicated to projective varieties arising from a bunched
ring. In particular we give a link between bunched rings providing projective varieties
and the GIT-chamber decomposition of the weight cone of a graded ring.

Let K be a finitely generated abelian group and consider an affine K-graded K-algebra
R. Set X := Spec R. The weight cone of X is the cone

wx := cone(w € K; Ay, # {0}).

The orbit cone of a point x € X is the convex cone w, C Kg generated by the weight

monoid
Sy ={w € K; f(x) # 0 for some f € A,} C K.

The GIT-cone of an element w € wx is the intersetion of all orbits containing it:

)\(w) = m Wy
reEX, WEWy
The set of all GIT-cones is a quasifan in Kg having the weight cone wx as its support.

For any weight w € wx we define the set of semistable points to be the H-invariant open

subset
X¥(w) = {x € X; f(x)#0 for some f € Apy,n >0} C X,

allowing a good quotient X*¥(w) — X*%(w) / H onto a projective variety. Note that
X5 (wy) = X% (wy) for any we € A(w1)°. In particular every GIT-cone defines a good
quotient as above.

We link this situation to the theory of bunched rings: Let (R,§, ®) be a bunched ring
and suppose the F-bunch ¢ arises from a GIT-cone A(w), i.e.,

O = P(w) :={Q(); 1 =7 F-face with w € Q(70)°}.

Then X (R, T, ®) = X *(w) / H holds with X := Spec R. Note that any projective Mori
dream space arises this way.



CHAPTER
TWO

NON COMPLETE RATIONAL T-VARIETIES OF
COMPLEXITY ONE

In this chapter we consider rational varieties with a torus action of complexity one and
extend the combinatorial approach via the Cox ring developed for the complete case
in [49, 45, 44] to the non-complete, e.g. affine, case. This includes in particular a
description of all factorially graded affine algebras of complexity one with only constant
homogeneous invertible elements in terms of canonical generators and relations. The
results of this chapter have been published in [50].

2.1 Factorially graded rings of complexity one

The basic task is to describe all Cox rings of normal rational varieties X with an effective
torus action T'x X — X of complexity one even in the non-complete case. As it is needed
for the uniqueness of the Cox ring, we require I'(X,0*) = K*. From the algebraic
point of view, a Cox ring is firstly a finitely generated integral K-algebra R, graded
by a finitely generated abelian group K such that there are only constant invertible
homogeneous elements. The most important characterizing property of a Cox ring is
then K -factoriality, which means that we have unique factorization in the multiplicative
monoid of non-zero homogeneous elements. Observe that for a torsion-free grading
group, K-factoriality is equivalent to the usual unique factorization property but in
general it is weaker.

In a first step, we describe all finitely generated integral K-algebras R that admit an
effective factorial K-grading of complexity one, where effective means that the weights
w € K with R, # 0 generate K as a group and complexity one means that the rational
vector space K ® Q is of dimension one less than R. The first results in this direction
concern the case Ry = K in dimension two, see [66, [61]. The case Ry = K in arbitrary
dimension was settled in [44] and occurs as part of Type 2 in our subsequent consider-
ations. A simple example of Type 1 presented below is the coordinate algebra of the

15
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special linear group SL(2):
1 -1 0 O
R = K[, T, T3, Ty (' T, = 13Ty — 1),  Q = [ 0 0 1 -1 ] :

where the matrix @ specifies a Z?-grading of R by assigning to the variable T} the i-
th column of @ as its degree; if T C SL(2) denotes the diagonal torus, this grading
reflects the action of T x T on SL(2) given by (s,t)-A = sAt~!. Here comes the general
construction.

Construction 2.1.1. Fix integers r,n > 0, m > 0 and a partition n = n, + ... + n,
starting at ¢ € {0,1}. For each ¢ <17 <, fix a tuple l; € Z¥|, and define a monomial

Th = TH T e KTy, S e<i<r 1<j<ni, 1<k<m.

i in;

We will also write K[T;, Si] for the above polynomial ring. We distinguish two settings
for the input data A and Py of the graded K-algebra R(A, ).

Type 1. Take + = 1. Let A := (ay,...,a,) be a list of pairwise different elements of K.
Set I :={1,...,r — 1} and define for every i € I a polynomial

. I;
gi = T} =T — (a1 — ;) € K[y, Sil.

7

We build up an r x (n 4+ m) matrix from the exponent vectors [y, ..., [, of these polyno-
mials:
Il 0 0 ... 0
Py = R :
0 - 0 ... 0

Type 2. Take ¢ = 0. Let A := (ag,...,a,) be a 2 x (r + 1)-matrix with pairwise linearly
independent columns a; € K2. Set I := {0,...,r — 2} and for every i € I define

l; lit1 lita2
g = det | 11 L Ti | ¢ KTy, 8
a; Qi1 Q42

We build up an r x (n 4+ m) matrix from the exponent vectors l, ..., 1, of these polyno-
mials:
—lo I 0 0 ... 0
Po= | & o :
—lp 0 - 0 ... 0

We now define the ring R(A, Py) simultaneously for both types in terms of the data A
and FPy. Denote by Fj the transpose of Py and consider the projection

Q: 72" — Ko = Z"/im(Ff).
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Denote by e;;, e, € Z™™ the canonical basis vectors corresponding to the variables Tj;,
Sk. Define a Ky-grading on K[T;;, Si] by setting

deg(Tij) = Q(ei]’) € Ko, deg(Sk) = Q(ek) S Ko.

This is the coarsest possible grading of K[Tj;, Sk] leaving the variables and the g; homo-
geneous. In particular, we have a Ky-graded factor algebra

R(A, Po) = K[Tij,Sk]/(gi; 1€ I>.

We gather the basic properties of the graded algebras just constructed; the corresponding
proofs are given in Section Below, we mean by a Ky-prime element a homogeneous
non-zero non-unit which, whenever it divides a product of homogeneous elements, it also
divides one of the factors.

Theorem 2.1.2. Let R(A, Py) be a Ko-graded ring as provided by Construction |2.1.1|

(i) The ring R(A, Py) is an integral, normal complete intersection ring of dimension
n+m-—r-+1.
(ii) The Ko-grading on R(A, Py) is effective, factorial of complexity one and R(A, Py)
has only constant invertible homogeneous elements.
(iii) The variables Ti; and Sy define pairwise nonassociated Ko-prime generators for
R(A, Py).
(iv) In case of Type 1, suppose r > 2 and n;l;; > 1 for all i,5. Then R(A,Py) is
factorial if and only if one of the following statements holds:
(a) One has ged(lin, ..., lin,) = 1 for i = 1,...,7r or, equivalently, Ko is tor-
sion free.
(b) Py =[2E»,0] holds.
(v) In case of Type 2, suppose r > 2 and n;liy; > 1 for all i,j. Then the following
statements are equivalent:
(a) R(A, Py) is factorial.
(b) Any two of the l; :== ged(lin, - - ., lin;), where i =0,...,r, are coprime.
(c) Ky is torsion free.
(vi) In case of Type 1, the degree zero part R(A, Py)o is isomorphic to a polynomial
ring in one variable over K, and in case of Type 2, one has R(A, Py)p = K.

Observe that the situation of (iv) can always be achieved by eliminating the variables
that occur in a linear term of some relation. The following result shows that Construc-
tion yields in fact all affine algebras with property (ii) of the above theorem; see
Section [2.2] for the proof.

Theorem 2.1.3. FEvery finitely generated, integral, normal K-algebra with an effective,
factorial grading of complexity one by a finitely generated abelian group and only constant
invertible homogeneous elements is isomorphic to a Ky-graded K-algebra R(A, Py) as
provided by Construction [2.1.1].
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We turn to Cox rings of rational varieties with a torus action of complexity one. They
will be obtained as suitable downgradings of the algebras R(A, Fy) of Construction m
Here comes the precise recipe.

Construction 2.1.4. Let integers r, n =n,+...+n,, m and data A and Py of Type 1
or Type 2 as in Construction Fix 1 < s < n+m—r, choose an integral s x (n+m)
matrix d and build the (r + s) x (n + m) stack matrix

pe )

We require the columns of P to be pairwise different primitive vectors generating Q"+¢
as a vector space. Let P* denote the transpose of P and consider the projection

Q: 7" — K = Z"™/im(P*).

Denoting as before by e;;, e, € Z™™ the canonical basis vectors corresponding to the
variables Tj; and S, we obtain a K-grading on K[Tj;, Si] by setting

deg(T;;) = Q(eij) € K, deg(Sk) = Q(ex) € K.

This K-grading coarsens the Ky-grading of K[T};,Sy] given in Construction In
particular, we have the K-graded factor algebra

R(A,P) = K[ﬂ-j,Sk]/(gi; iEI>.

We present the basic properties of this construction; see Section [2.2] for the proof. Recall
from [6] that the K-grading of R(A, P) is almost free if for any choice of n +m — 1 out
of the n + m variables Tj;, Si, the respective degrees generate the grading group K;
geometrically this means that the quasitorus Spec K[K| acts freely on an open subset of
Spec R(A, P) having complement of codimension at least two.

Theorem 2.1.5. Let R(A, P) be a K-graded ring as provided by Construction|2.1.4).

(i) The K-grading on R(A, P) is almost free, factorial, and R(A, P) has only constant
invertible homogeneous elements.

(ii) The variables T;; and Sy define pairwise different nonassociated K -prime genera-
tors for R(A, P).

Knowledge of the Cox ring allows to (re)construct the underlying varieties. As in the
complete case, we will obtain As-varieties, i.e. varieties admitting an embedding into a
toric variety. This comprises in particular the affine and, more generally, the quasipro-
jective case. We make use of the language of bunched rings, see Section for an
introduction.

Construction 2.1.6. Let R(A, P) be a K-graded ring as provided by Constructionm
and § = (T}, Sk) the canonical system of generators. Consider

H := SpecK[K], X(A,P) := SpecR(A, P),
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Then H is a quasitorus and the K-grading of R(A, P) defines an action of H on X. Any
true §-bunch ® defines an H-invariant open set and a good quotient

X(A,P,®) C X(A,P), X(A,P,®) := X(A, P,®)/H.

The action of Hy = Spec K[K)] leaves X (A, P, ®) invariant and induces an action of the
torus T' = SpecK[Z*] on X (A, P, D).

From [6, Thm. 3.2.1.4] we infer the following properties of the varieties arising via this
construction; the proof of rationality is given in Section [2.2]

Theorem 2.1.7. Consider a T-variety X = X(A,P,®) as provided by Construc-
tion[2.1.6, Then X is a normal, rational As-variety with only constant invertible func-
tions and the action of T on X is of complexity one. Dimension, divisor class group and
Coz ring of X are given by

dim(X) = s+1, ClIX) = K, R(X) = R(A,P).

Note that, according to Theorem [2.1.2) (v), for a given X = X (A, P, ®), its Cox ring
R(A, P) arises from data of Type 2 if and only if X has only constant T-invariant
functions. In case of Type 1, the algebra of T-invariant functions is a polynomial ring
in one variable over K.

The following converse for Theorem [2.1.7] is proven in Section and concerns As-
maximal varieties that means As-varieties that cannot be realized as an open subset
with nonempty complement of codimension at least two in another As-variety; this
setting includes in particular the affine and, more generally, the semiprojective case, i.e.,
varieties being projective over an affine one.

Theorem 2.1.8. Let X be an irreducible, normal, rational, As-mazimal variety with
only constant invertible functions, finitely generated divisor class group and a torus ac-
tion of complexity one. Then X is equivariantly isomorphic to a variety X (A, P, ®)
provided by Construction[2.1.0.

In the case of affine, normal, rational varieties with a torus action of complexity one,
the whole machinery boils down to the following statement.

Corollary 2.1.9. Let X be an irreducible, normal, rational affine variety with only
constant invertible functions, finitely generated divisor class group and an effective alge-
braic torus action of complexity one. Then X is equivariantly isomorphic to a variety

Spec R(A, P)o acted on by the torus Hyo/H, where R(A, P) is as in Construction
and the columns of P generate the extremal rays of a pointed cone in Q5.

In Section we turn towards the geometry of the varieties of complexity one con-
structed in this section, presenting i.a. methods for the resolution of singularities.

Finally, in Section [2.4] we illustrate our methods by discussing the well-known case of
normal affine K*-surfaces [30, [38]. We take a closer look at du Val singularities and show
how their Cox rings and resolutions are obtained using our framework; see [33], [62), [29]
for earlier treatments based on other methods.
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2.2 Proofs of the results of Section 2.1

We first show that the algebras provided by Constructions [2.1.1] and [2.1.4] have indeed
the desired properties: the assertions of Theorem [2.1.2] are verified in Propositions [2:2.]]
to where we restrict to Type 1 and refer to [0, Section 3.4.2] for the corresponding
statements on Type 2. Then Theorems [2.1.5] 2.1.7] 2:1.§ and Corollary 2.1.9are proven.
We work in the notation of Constructions 2.1.1] and 2.1.4

Proposition 2.2.1. Let R(A, Py) be a K-algebra of Type 1 as in Construction |2.1.1]
Then every Ko-homogeneous invertible element of R(A, Py) is constant.

Lemma 2.2.2. Notation as for Type 1 in Construction [2.1.1. For any two indices
1<4,5<r, set
. s
Gij = TL” —Tjj + a; — a;.

)

For any three 1 <1i,j,k < r, we have g;j = gir — gjr and G :={gir; 1 <i<r—1}isa
reduced Grobner basis with respect to the lexicographical ordering for (gi,...,Gr—1)-

Proof. The identities among the g;; are obvious. Since g; = g;i4+1 holds, we see that G
generates (g1,...,gr—1). With a;; := a; — a;, the S-polynomials of G are of the form

T:L-liTiT _ Tl7

. I
j T,,{T + T:L'llajr - T’j]air = gir(Tir + Oljr) - gjr(Tr,%T + air)-

In particular, they all reduce to zero with respect to G and thus G is the desired Grobner
basis for (g1,...,gr—1). Obviously G is reduced. O

Proof of Proposition [2.2.1. Let f € K[T};, Si] define a Ky-homogeneous unit in R(A, Fp)
with inverse defined by g € K[T};, Si]. We first show that f and hence g is of K(-degree
zero. We have a presentation

r—1
fa—1 = hig, h; € K[Tij, Sk)-
=1

Suppose that f is of nonzero Ky-degree. Then ¢ is so and the constant term of fg — 1
equals —1. Thus, at least one of the h; must have a nonzero constant term and we may
rewrite the presentation as

r—1 r—1
~ ~ . li
fa—1 = > higi+Bigi = > higi + Bi(T) — T — i),
i=1 =1

where the fNLZ- € K[Tij, Si] have constant term zero and at least one ; is nonzero. Adding
1 to the left and the right hand side gives

r—1
~ . lz
fg = > higi+ Bi(T) = Ty,

=1
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By Lemma [2.2.2] at least two different le»j , T,i’“ are not cancelled on the right hand side.

Consider monomials f;, f of f dividing T]l-j , 1 ,ik respectively. Since f is Kp-homogeneous,
the exponents of f; and f; differ by an element of the row lattice of Fy. This works
only for f; = 1 or f; = le»j . We conclude that f and hence g is of Ky-degree zero; a
contradiction.

Having seen that f and g are of Ky-degree zero, we conclude that they are polynomials
in the TZZZ Using the structure of the g;, we may bring the representatives f and ¢ in
the form

f= 2 8T, g = Y ri(Tr).
i j

Then also fg — 1 is a polynomial in T'. Since fg — 1 belongs to (g1y,...,gr_1+), its
reduction by the set G of Lemma equals zero. This means fg — 1 = 0 and thus
fig € K% O

Proposition 2.2.3. Let R(A, Py) be a K-algebra of Type 1 as in Construction .
Then R(A, Py) is an integral, reqular complete intersection of dimension n+m —r + 1.
The Ky-grading of R(A, Py) is effective and of complezity one. Moreover, the degree zero
part R(A, Py)o is a polynomial ring in one variable over K.

Lemma 2.2.4. Let G be a quasitorus and X a (normal) affine G-variety with only
constant invertible homogeneous functions. Then X is connected (irreducible).

Proof. Consider the induced action of G on the set ¥ = {X;,...,X,} of connected
components. Then Y is a single G-orbit, because otherwise we can write X as a union of
disjoint open G-invariant sets which in turn yields nonconstant invertible functions on X.
The stabilizer G; C G of X7 € Y is a closed subgroup and we have the homomorphism
m: G — G/Gy. Write X; = g;- X3 with suitable g1, ..., g, € G. Then, for every character
X on G/G1, we obtain an invertible regular function fx on X sending z € g; - X1 to
X(7(g;)). By construction, fx is homogeneous with respect to X. Thus every fx is
constant, which means G = (G; and thus X = Xj. O

Proof of Proposition[2.2.3. Consider X := V(g1,...,g,—1) C K™". We first show that
for every z € X the Jacobian of g1, ..., g,_1 is of full rank. The Jacobian is of the form
(Jg,0) with

(51’1 (5172 0 0
0 d22 613 O

0 d2p—2 O1p—1 O
0 0  d2p—1 01y

where each d;; is a nonzero multiple of J; := grad Tlll Let z € K™ be any point with
Jg(2) not of full rank. Then 6;(2) = J;(2) = 0 for some i # j. This implies z;, =0 = zj
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for some 0 < k < n;, 0 <1< ny. It follows T} (z) = T]l](z) =0 and thus z ¢ X. So the

Jacobian is of full rank for any z € X.

We conclude that gi,...,¢,_1 generate the vanishing ideal of X and that X =
Spec R(A, Py) is smooth. Lemma yields that X is connected and, by smooth-
ness, irreducible. Thus R(A, P) is integral. Moreover the dimension of X and hence
R(A, Py) isn+m — (r — 1) and thus R(A, Fy) is a complete intersection.

Effectivity of the Ko-grading means that the degrees of the generators T;; and Sy generate
Ky as a group and is given by construction. As well by construction, the monomials
Tlll, ..., Tl generate the degree zero part of the Ko-grading of K[T};, Sg]. Lemma
yields the relations Tll1 = Tllz —aj + a;, where 2 < i < r,in R(A, Py) and we arrive at
R(A, Py)o = K[T"] = K[T]. D

Proposition 2.2.5. Let R(A, Py) be of Type 1. Then the variables T;j, Sy, define pair-
wise nonassociated Ko-prime elements in R(A, Py). If furthermore the ring R(A, Py) is
factorial, Py # [2E>,0] and n;l;; > 1 holds, then Tj; is even prime.

Proof. First observe that, by the nature of relations, any two different variables define a
zero set of codimension at least two in X. Thus the variables are pairwise non-associated.
Since R(A, Py) is integral and R(A, Py) = R(A, P})[S1, ..., Sm] holds with P obtained
from Py by deleting the zero columns, the Sy are even prime.

We now turn to the 7;; and exemplarily treat T7;. The task is to show that the divisor
of T11 in X is Ho-prime that means that its prime components have multiplicity one and
are transitively permuted by Hy. First we claim

V(Y, TH) = V(Tn) NX = Hy- -z C K™,
Indeed, the zero set of T11 in X is given by the equations
T, = 0, Tslszas—al, 2<s<r.

Set h:=Tya---Trp, - S1--- Sy and let z € KZH" be a point satisfying the above equa-
tions. Then z is of the form (0, z12, ..., Zrn,, 21, - - -, Zm) With nonzero z;; and z;, and any
other such point 2’ € K}t is given as

2 =t-2=1(0,t19212, - s trn, Zrny s 11215 - - - s tmZm),  t € (K" tl; =1.

This means t € Hg and V(Xp,;T11) = Hp - z. Since the common zero set of any two
different variables is of codimension at least two in X, our claim follows. In particular,
Hj permutes transitively the components of the divisor defined by T7; on X. To obtain
only multiplicities one, observe that the Jacobian of the above equations is of full rank
at any point of Hy -2 C V(X;T11).

The supplement is shown in O

Proposition 2.2.6. Let R(A, Py) be of Type 1. Then R(A, Py) is Ko-factorial.
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Proof. First observe that the quasitorus Hy = Spec K[Ky] equals the kernel of the ho-
momorphism of tori

: T 5 T7 (i) — (t ).

Denote the coordinates of T" by Uy, ...,U,.. Then the relations g; are pullbacks of the
affine linear forms

g; = QO*(hZ‘), hZ‘ = UZ' — Uz‘+1 — (ai+1 — ai) & K[Uli, .. .,U;tl].
The h; generate the vanishing ideal of an r times punctured affine line in T" and thus
(R(A, Po))o = KIUF, ..., U /(h1, ... hee1)

is a factorial ring, where ¢ is the product over all the variables T;; and S;. Now Propo-
sition and [0, Cor. 3.4.1.6] tell us that R(A, Py) is Ko-factorial. O

Proposition 2.2.7. Let R(A,Py) be of Type 1. Then the variable T;; is prime in
R(A, Py) if and only if 1 = ged(lg1, - . -, lkn,) holds for all k # i.

Proof. We treat exemplarily T11. By Lemma the ideal of relations of R(A, Fy) is
generated by g19,...,91,. Thus 171 generates a prime ideal if and only if the following
ideal is prime
l; . .o
(T7 +aj—ar; j#1) C K[LG; (i,7) # (1, 1)].

This is equivalent to the statement that (I2,0,...,0),...,(0,...,0,l,) generate a prim-
itive sublattice of Z"~"™ . This in turn holds if and only if lj1,...,lk,, have greatest
common divisor one for all k£ # 1. O

Proposition 2.2.8. Let R(A, Py) be of Type 1 with Py # [2E5,0] and suppose that r > 2
and n;l;; > 1 hold for all i,j. Then the following statements are equivalent.
(i) The ring R(A, Py) is factorial.
(ii) The group Ky is torsion free.
(iii) We have ged(lin, ... lin;) =1 fori=1,...,r.
(iv) The variables T;; are prime for alli,j.

Proof. Let Ky be torsion free. Then Kjy-factoriality implies factoriality of R(A, F),
see [6, Thm. 3.4.1.11]. If R(A, P) is factorial, then Proposition says that the gen-
erators T;; are prime. This implies ged(lg1, ..., lkn,) = 1 for all k, see Proposition
If the latter holds, then the rows of Py generate a primitive sublattice of Z"™ and thus
K is torsion free. O

Proof of Theorem[2.1.5. We first show that every K-homogeneous unit f € R(A, P),, is
constant. For this, it suffices to show that f is Kp-homogeneous, see Proposition [2.2.1
From [6, Rem. 3.4.3.2] we infer that the downgrading map Ky — K has kernel Z°.
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Consider the inverse g € R(A,P)_, of f € R(A,P), and the decompositions into
Ky-homogeneous parts

f = _fi. fi€R(A P, 9 = Y95 i €R(A Py,

where u; = wo + v with v} € Z* and v; = —wy —i—v} with v; € Z°* for some fixed wg € K
projecting to w € K; we identify the kernel of Ky — K with Z°. Let fi,, fi,, 9jy, 951

denote the terms, where u; , v’ are minimal and uj,, v} are maximal with respect to
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the lexicographical ordering on Z°®. As 1 is of Ky-degree zero, we obtain

0 = deg(fingj) = wo+uj, —wo+vj = uj +v

and analogously uj + v; = 0. We conclude uj = uj and vj = v} . Consequently, f is
homogeneous with respect to the Ky-grading.

Using [6l, Lemma 2.1.4.1], we see that the K-grading of R(A, P) is almost free. By [6),
Lemma 3.4.3.5], the variables Tj; and Sy define pairwise nonassociated K-primes in
R(A, P). Finally, [6, Thms. 3.4.1.5, 3.4.1.11 and Cor. 3.4.1.6] show that the K-grading
of R(A, P) is factorial. O

Now we turn to the converse statements. For this, we adapt the ideas of [49] to our more
general setting.

Proof of Theorem [2.1.3 Consider X = Spec R with the action of H := Spec K[K]
defined by the grading. We follow the lines of [6, Sec. 4.4.2]. Denote by Ei,...,Ep,
the prime divisors on X such that for any = € E}, the isotropy group H, is infinite and
consider the H-invariant open subset

Xo = {x € X; H, is finite} C X.

Then there is a geometric quotient Xy — Xo/H with a possibly non-separated smooth
curve Xo/H. Consider the separation Xo/H — Y and let a,,...,a, € Y be points such
that every fiber of Xo/H — Y comprising more than one point lies over some a; and
every prime divisor of X with non-trivial general H-isotropy lies over some a;; we denote
these prime divisors by D;;, where the 7 indicates that D;; lies over a;.

According to [6, Thm. 4.4.2.1], this quotient is the characteristic space over the possibly
non-separated curve Xo/H and we have a canonical well-defined pullback isomorphism
of K-graded algebras

R(Xo/H)[Tij, Skl /(T}) — 1.,,) — T(X,0),

where S and Tj; are sent to functions with divisor Ey and Dj; respectively and 1., is
the pullback of the canonical section of a point z;; € Xo/H lying over y; € Y. As Xo/H
is smooth, has only constant invertible global functions and finitely generated divisor
class group, we end up with Y being either the affine or the projective line. The Cox
ring of Xo/H is given as

R(Xo/H) = RY)[Us]/{Uir - Uin, — 1a,),
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where the Uj; represent the canonical sections of the points z;1,. .., 2y, € Xo/H lying
over a; € Y and 1,, is the pullback of the canonical section of a; with respect to Xo/H —
Y, see [6, Prop. 4.4.3.4]. Now, if Y = K holds, we set 2 := 1 and represent R(Y") as

R(Y) = KW,...,V;]/{Vi = Vis1 — (ait1 — @i)).

Plugging this into the above descriptions of R(Xo/H) and I'(X, O) gives us Type 1
of Construction If Y = P; holds, then we set 2 := 0, replace the a; € Y with
representatives a; € K? \ {0} and obtain

Vi Vigr Vi
R(Y) = K[‘/D""7‘/7"]/<gﬂa'-’7gr—2>, hz = det[ +1 +2 ‘| ]

Qi Qi+1 Q42

Combining this description with the above presentations of R(Xy/H) and I'(X, O) leads
to Type 2 of Construction [2.1.1]

So far, we verified that the algebra R = I'(X, O) has the desired generators and relations.
The generators are homogeneous with respect to K = X(H). As the Ky-grading of
R(A, Py) is the finest possible with this property, we obtain a downgrading map Ky — K.
Using the arguments of the proof of [6], Thm. 4.4.2.2], we see that Ky — K is an
isomorphism. ]

Proof of Theorem[2.1.7}. From [6, Thm. 3.2.1.4] we infer all listed properties except ra-
tionality. For the latter, let U C X (A, P) be the open subset obtained by removing the
prime divisors corresponding to the T;; and Si. Then U is affine, T acts freely on U
with a geometric quotient p: U — C onto a smooth affine curve C. Suitably shrinking
U, we find invertible T-homogeneous functions fi,..., fs on U, the weights of which
form a Z-basis of the character group of 7. Then (p, f1,..., fs) defines an isomorphism
U= C x (K*)*. Since Cl(X) is finitely generated, also C1(C) is so. Consequently, C is
rational and thus X is rational. O

Proof of Theorem [2.1.8 One follows exactly the proof of [6, Thm. 4.4.1.6], but uses our
more general Theorem instead of [6, Thm. 4.4.2.2]. O

Proof of Corollary[2.1.9. Theorem tells us X = X(A,P,®) as in Construc-
tion Since X is affine, the open subset X (A, P,®) equals the total coordinate

space X (A, P). The latter means that ® contains the trivial cone {0}. This is equiv-

alent to saying that the columns of P generate the extremal rays of a pointed cone in
Qr—i—s' ]

2.3 Geometry of complexity one T-varieties

In this section we adapt the construction of a canonical toric ambient variety from [6),
Sec. 3.2.5]. As a first application we show that varieties X (A, P,®) with Cox ring
R(A, P) of Type 1 such that l;1 + ...+ lin, > 1 holds for all ¢ = «,...,r are non-toric.
Moreover we extend the resolution of singularities [6, Thm. 3.4.4.9] to our setting.
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Remark 2.3.1. Consider the defining matrix P of a K-graded ring R(A, P) as in Con-
struction Write v;; = P(e;;) and v, = P(ey) for the columns of P. The i-th
column block of P is (vj1, ..., Vin,;) and by the data of this block we mean [; and the
s x n; block d; of d. We introduce admissible operations on P:

(i) swap two columns inside a block v;1, ..., vip,,

(ii) exchange the data l;,,d;, and [;,,d;, of two column blocks,
(iii) add multiples of the upper r rows to one of the last s rows,
(iv) any elementary row operation among the last s rows,

(v) swapping among the last m columns.

The operations of type (iii) and (iv) do not change the associated ring R(A, P), whereas
the types (i), (ii), (v) correspond to certain renumberings of the variables of R(A, P)
keeping the (graded) isomorphy type.

111

Remark 2.3.2. If R(A, P) is not a polynomial ring, then we can always assume that P
is ¢rredundant in the sense that l;; + ...+ l;p, > 1 holds for ¢ = ¢,...,r. Indeed, if P is
redundant, then we have n; = 1 and [;; = 1 for some i. After an admissible operation
of type (ii), we may assume i = r. Now, erasing v,; and the r-th row of P and the last
column from A produces new data defining a ring R(A, P) isomorphic to the previous
one. Iterating this procedure leads to an R(A, P) isomorphic to the initial one but with
irredundant P.

Toric embeddability is important in our subsequent considerations. More specifically,
there is even a canonical embedding X — Z into a toric variety such that X inherits

many geometric properties from Z. The construction makes use of the tropical variety
of X.

Construction 2.3.3. Let X = X(A, P, ®) be obtained from Construction [2.1.6]
The tropical variety of X is the fan trop(X) in Q" consisting of the cones

Ai = cone(v;1) + lin(ept1,...,6r4s) fori = ¢,...,m, A= AN N A,

where v;; € 7" 7% denote the first n columns of P and e, € Z" % the k-th canonical basis
vector; we call \; a leaf and A the lineality part of trop(X).

Type 1 Type 2

Construction 2.3.4. Let X = X (A, P, ®) be obtained from Construction [2.1.6] For a
face dp < 0 of the orthant § C Q"™ let &} < § denote the complementary face and call
oo relevant if
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e the relative interior of P(dy) intersects trop(X),
e the image Q(4}) comprises a cone of P,

where Q: Z"t™ — K = Zntm/P*(Z7+5) is the projection. Then we obtain fans ¥ in
Z"T™ and X in Z"* of pointed cones by setting

S = {8 = do; 6y =< 6 relevant}, ¥ = {0 2 P(do); dp =< 0 relevant}.

The toric varieties Z and Z associated with ¥ and ¥, respectively, and Z = K"t™ fit
into a commutative diagramm of characteristic spaces and total coordinate spaces

X(A,P) < Z

Ul Ul

X(A,P®) < Z
//Hl J{//H

X(A,P®) < Z

The horizontal inclusions are T-equivariant closed embeddings, where T acts on Z as
the subtorus of the (r + s)-torus corresponding to 0 x Z* C Z"*5. Moreover, X (A, P, ®)
intersects every closed toric orbit of Z.

We call Z from Construction the minimal toric ambient variety of X = X (A, P, ®).
Observe that the rays of the fan ¥ of Z have precisely the columns of the matrix P as its
primitive generators. In particular, every ray of ¥ lies on the tropical variety trop(X).

Theorem 2.3.5. Let X := X (A, P,®) be as in Construction with R(A, P) irre-
dundant of Type 1. Then X is not a toric variety.

Proof. Assume X is a toric variety. Then its Cox ring R(X) = R(A, P) is a polyno-
mial ring and X := Spec R(A, P) = K holds. By construction X is endowed with an
Hy := Spec K[Kjl-action of complexity one. As X is factorial Hy is indeed a torus and
the Hp-action on X induces an action of a torus T!~! on K*. By [I5] [I6] this torus action
arises as a subtorus action of the maximal torus. Consider the H-invariant isomorphic
open subsets

(K)o := {1‘ € K Ti! is finite } C K¢, Xo:= {ZE € X; (Hp), is finite } Cc X.
Then there are geometric quotients
(Kt)o — (Kt)() // T!=! and Yo — Yo // H,

with possibly non-separated smooth curves (K)o / T=! and X¢ / Ho. Consider the
separation Xg / Hy — Y and call a points a € Y, where a fiber of Xg ) Hy — Y
comprising more than one point lies over a or a prime divisor of X with non-trivial
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general Hy-isotropy lies over a, a doubling point of Y. Analogously, consider the sepa-
ration (K%)g / T~ — Y’ and call the points a’ € Y, where a fiber of (K)o / Tt~ — Y’
comprising more than one point lies over a’ or a prime divisor of (K')y with non-trivial
general T' !-isotropy lies over o', a doubling points of Y’. Note that as X = K* holds
as T-varieties, the number of doubling points of Y/ and Y coincide. Thus we compare
the number of doubling points of Y’ with the ones of Y.

As T*=1 acts as a subtorus of the maximal torus the quotient (K')g / Tt~! has at most
one doubling point at zero.

For counting the doubling points of Y we consider the embedding X C K", We obtain
the following commutative diagramm:

Yo - Kngm
Yo/H() c K6L+m/H0

| |

Y c K,

where Kj™™ C K" is the subset of all points with finite Hp-isotropy and
Xo=K§t" N X holds. First we determine the orders of isotropy groups. Every point
in T"*™ has trivial Ho-isotropy. Thus, we only have to look what happens on the sets
V(Ti;) N KGT™. Applying [6, Prop. 2.1.4.2] we obtain that the order of isotropy group
of Hy at any point z € V(T;;) N K§™™ equals ;;. Moreover the Ho-invariant divisors
V(X,T;;) are prime and two divisors V(X,T;;) and V(X,T;;/) are identified isomor-
phically under the separation map Xo/Hy — Y In particular any term of the defining
relations of X with I3 + ...+ i, > 1 gives rise to exactly one doubling point of Y.
As R(A, P) has at least one relation and P is irredundant we obtain more than two
doubling points on Y. This contradicts X = K*. O

We turn towards resolution of singularities. The minimal toric ambient variety is crucial
for the resolution of singularities. The following recipe for resolving singularities directly
generalizes [0, Thm. 3.4.4.9]; a related approach using polyhedral divisors is presented
in [62].

Construction 2.3.6. Let X = X (A, P,®) be obtained from Construction and
consider the canonical toric embedding X C Z and the defining fan ¥ of Z.

e Let X' = X Mtrop(X) be the coarsest common refinement.
e Let X7 be any regular subdivision of the fan X'.

Then X" — ¥ defines a proper toric morphism Z” — Z and with the proper transform
X" C 7" of X C Z, the morphism X" — X is a resolution of singularities.

Remark 2.3.7. In the setting of Construction the variety X" has again a torus
action of complexity one and thus is of the form X" = X (A", P” ®"). We have A” = A
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and P” is obtained from P by inserting the primitive generators of X" as new columns.
Moreover, ®” is the Gale dual of X", that means that with the corresponding projection
Q" and orthant §” we have

(I)” — {Q”((SS)7 60j6//; P”(éo) 62”}.

Proposition 2.3.8. Consider a variety X = X (A, P, ®) of Type 2 as provided by Con-
struction |2.1.6 Then the following statements are equivalent.

(i) One has X =X

(ii) The variety X is affine.

(iii) The minimal toric ambient variety Z of X is affine.

(iv) One has Z = Z = K™,
If one of these statements holds, then the columns of P generate the extremal rays of a
full-dimensional cone o0 C Q" and we have Z = SpecK[o" NZ"5].

Proof. Only for the implication “(ii)=-(iii)” there is something to show. As X is of
Type 2, we have 0 € X C Z = K""™. Since X is affine, we have X = X and thus 0 € Z.
We conclude Z = Z and thus Z = Z/H is affine. O

The characterization m (i) allows us to omit the bunch of cones ® in the affine case:
we may just speak of the affine variety X = X (A4, P) := X JH.

Corollary 2.3.9. Let X = X (A, P) be affine of Type 2. Then the following statements
are equivalent.

(i) The variety X is Q-factorial.

(ii) The variety Z is Q-factorial.

(iii) The columns of P are linearly independent.

Proof. The equivalence of (i) and (ii) is [6, Cor. 3.3.1.7], The equivalence of (ii) and (iii)
is [24, Thm. 3.1.19 (b)]. O

Corollary 2.3.10. Let X = X (A, P) be affine of Type 2. Then the Picard group of X
is trivial.

Proof. Proposition [2.3.8] says that the minimal toric ambient variety Z is affine. Thus,
Z has trivial Picard group; see [24, Prop. 4.2.2]. According to [0, Cor. 3.3.1.12], the
Picard group of X equals that of Z. O

More generally one can show that in fact every normal affine variety admitting a torus
action with an attractive orbit has trivial Picard group: every bundle can be linearized
and the non-vanishing loci of its homogeneous sections form an invariant trivializing
open cover. As one of these covering sets contains the attractive orbit, the bundle is
trivial.
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2.4 Application: affine K*-surfaces

To illustrate our methods, we consider the well-known case of normal affine K*-
surfaces [36], B8] and take a closer look at those with at most du Val singularities. By
Corollary any affine rational normal variety X with only constant invertible func-
tions and a torus action of complexity one is of the form

X = X(A,P) := SpecR(A,P)y.

Moreover, using the fact that the columns of P generate the extremal rays of a pointed
cone in Q"T* we directly obtain the following.

Remark 2.4.1. Consider a rational normal affine K*-surface X = X (A, P). Then we
have s = 1 and there are three possible cases for the defining matrix P:

(i) The elliptic case: we are in Type 2 and we have ng = ... =n, =1 and m = 0.
(ii) The parabolic case: we are in Type 1 and we have ny =...=n, =1 and m = 1.
(iii) The hyperbolic case: we are in Type 1 and we have ny,...,n, <2 and m = 0.

Example 2.4.2. We consider the unique normal affine K*-surface X of parabolic type
with Cox ring
R(A, P) := K[T11, Tor, $1]/(T{y + T5y + 1),

where

20
P =10 2
11

_ o O

In this case the total coordinate space X is isomorphic to K* x K. The divisor class group
of X is Cl(X) = Z/2Z x Z/27Z and the Cl(X)-grading of the Cox ring R(X) = R(A, P)
is given by

deg(Tll) = (67 T)7 deg(T21) = (6’ T)v deg(sl) = (T’ T)

We have
X = Spec R(A, P)'X) >~ V(T2Ty + T\ Ty + T2) C K3

and X is endowed with a K*-action given by ¢-x := (21, t?x9, tz3) for x € X and t € K*.
We obtain a fixed point curve consisting of the points (z1,0,0) mapping isomorphically
onto the quotient X /K* =2 K and thus X is of parabolic type as claimed.

We sketch how to regain the Cox ring out of the geometric data of X: The fixed point
curve (z1,0,0) corresponds to the free variable S; in the Cox ring of X. Moreover, the
orbits K*-(0,1,0) and K*-(—1, 1, 0) are of generic isotropy 2 and give rise to the relation
T2 + T2 + 1 in the Cox ring of X.

We take a closer look at the surfaces X = X (A, P) with at most du Val singularities.
Recall that these are exactly the singularities with a resolution graph of type A, D or E.
The singularities of type A are precisely the toric du Val surface singularities; we refer
to [24] for an exhaustive treatment of this case.
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Proposition 2.4.3. Let X be a parabolic or hyperbolic normal affine K*-surface. If
xo € X s a du Val singularity, then it is of type A.

Proof. In the parabolic and hyperbolic cases, the fan ¥ of the canonical ambient toric
variety is supported on the tropical variety trop(X) and we have ¥’ = ¥ in the first step
of the resolution of singularities according to Construction [2.3.6] The second step means
regular subdivision of the purely two-dimensional fan ¥’ = ¥ and, in the du Val case, we
end up with resolution graphs of type A; use [6, Sec. 5.4.2] for computing intersection
numbers. O

We turn to the elliptic case. In case of a singularity of type D or E, we determine
the possible X and present the defining data and the Cox ring for X as well as for the
minimal resolution X; see [33], 62} 29] for other approaches.

Proposition 2.4.4. Let X be an elliptic normal affine K*-surface with a du Val singu-
larity xo € X. If xo is of type A, then X is an affine toric surface. If xg is of type D
or E, then X =2 X (A, P), where

D!

the defining matrix P depends on the type of xo as shown in the table below; we addi-
tionally present a defining equation for X C K3 from [64)] and the relation g of the Cox
TZTLg R(X> = K[TlaT27T3]/<g>

o equation in K3 matriz P relation g
—2 q—2 0

D, 712+112eTi? -2 0 2 T? + 7972 4 13
—1 1 1

-3 3 0

Eq T2 4 13 + T -3 0 2 T8 4+ 13 + 12
—2 1 1
-4 3 0|

E; T2 4 T3 + ToT3 -4 0 2 T + T3 + 12
-3 1 1
-5 3 0] .

Eg T2 413 + 13 -5 0 2 T8 + 13 + 12
-4 1 1

Moreowver, Constructionpmvides a minimal resolution of singularities X — X with
X = X (A, P,®), where P depends on the type of xo as shown below; we list the relation
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g of the Cox ring R(X) = K[Tj;, S1]/(3)-

o matriz P relation g
2 -1 g—-2 ¢-3 ... 1 0 0 0 )
D, 2 1 0 0o ... 0 2 1 0 T2 T2+ T4 % Ty goo + T2 Ta2
-1 0 1 1 11 1 1
-3 -2 -1 3 2 1 0 0 0
E;g -3 —2 -1 0 0 0 2 1 0 T3, T2, 13 + T3 T2, Tas + T3 T2
S o 1 1 1 1 1 1

2
E; [4 -3 -2 -1 0 0
1

0 0
2 1 0 ] T - Tig + T3 T3 Tos + T4 Ta2
1 1

-5 -4 -3 -2 -1 3 2 1 0 0 0 i )
Eg -5 -4 -3 -2 -1 0 0 0 2 1 0 TP -+ Tis + Ta T3, Tos + Tg Ta2
-4 -3 -2 -1 o0 1 1 1 1 1 1

The fan Y of the canonical ambient toric variety Z of X is the unique fan with only two-
dimensional mazimal cones, all of them lying on trop(X), and having as one-dimensional

cones precisely the rays through the columns of P. The corresponding bunch of cones ®
is the Gale dual of X.

Proof. We only have to consider the case that X = X (A, P) is not a toric surface and
thus can assume r > 2 and [; :=1;; > 1 for all ¢ = 0,...,r. We resolve the singularity
zo € X according to Construction [2.3.6] The first step gives us a fan with 4 1 maximal
cones, each of dimension two:

cone(vg, €r41), - - ., cone(vy, €,41),

where v; € Q™! denotes the i-th column of P and we may assume that e, is the
(r 4+ 1)-th canonical basis vector. In the second step, we perform the minimal regular
subdivision of these cones. This gives indeed a minimal resolution X — X of 2o and the
resulting picture reflects the resolution graph. We see that xy cannot be of type A und
thus is of type D or E. We end up with r = 2 and defining data

—lo L1 O
e Y N
do dy d

Moreover, because all exceptional curves are of self intersection —2, we must have d; = 1
mod I; for ¢ = 1,2,3. That means, that we inserted /; — 1 new rays to obtain the minimal
regular subdivision of the i-th cone.
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As a sample, we continue the case of an Eg-singularity. By the shape of the corresponding
resolution graph, we have [y = [y = 3 and [y = 2 after renumbering the columns suitably.
This establishes the Py-block. By suitable row operations we can achieve

-3 3 0
P =P = -3 0 2
1+3c 1 1

Every c € Z yields a matrix P, admissible for Construction[2.1.4, The minimal resolution
X, of X, is the K*-surface defined by A and the matrix

] -3 -2 1321000
B, = 3 -2 1000210
1+3¢ 1+2 1+4c 1 1 1 1 11

Only for ¢ = —1, we obtain self intersection —2 for all exceptional curves; in fact, the
one corresponding to (0,0,1) is important here. The fan 3 of the canonical ambient
toric variety Z of X = X_; sits on the tropical variety trop(X) and looks as follows:

Resolution of the Eg-Singularity

O]

Remark 2.4.5. Note that the approach via the defining data A and P establishes a
posteriori that every du Val surface singularity can be realized as the fixed point of
an elliptic K*-surface. Similarly, the defining equation for X C K3 is easily seen to be
the defining relation of the Veronese subalgebra I'(X,0) = R(A, P)y of the Cox ring
R(X)=R(A,P).






CHAPTER
THREE

LOG TERMINAL VARIETIES AS QUOTIENTS

Looking at the well understood case of log terminal surface singularities, one observes
that each of them is the quotient of a factorial one by a finite solvable group. The derived
series of this group reflects an iteration of Cox rings of surface singularities. We extend
this picture to log terminal singularities in any dimension coming with a torus action of
complexity one. In this setting, the previously finite groups become solvable finite torus
extensions. The results of this chapter have been published in the joint publication [5].

3.1 Platonic tuples and iteration of Cox rings

We begin with a brief discussion of the well known surface case [4, 20} [30]. The two-
dimensional log terminal singularities are exactly the quotient singularities C?/G, where
G is a finite subgroup of the general linear group GL(2). The particular case that
G is a subgroup of SL(2) leads to the du Val singularities A,, D,, Es, E7 and Eg,
named according to their resolution graphs. They are precisely the rational double
points, and are also characterized by being the canonical surface singularities. The du
Val singularities fill the middle row of the following commutative diagram involving all
two-dimensional log terminal singularities:

/ C\\

Eg Ay, R D43 f:Rl Eg—2 S F;
L Dy I
E! A D** D B3 E EL
8 n,k (n+3)/2 n+3 6 6 7

Here, all arrows indicate quotients by finite groups. The label “CR” tells us that this

35
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quotient represents a Cox ring; recall that the Cox rings of (the resolutions of) the du Val
singularities C2/G have been computed in [29} [33], see also the example given below. So,
Ejg is the spectrum of the Cox ring of Fr etc.. In fact, the chain of Cox rings reflects the
derived series of the binary octahedral group Sy C SL(2), producing the E7 singularity:

Sy D Ay D Dy D {+I} D {I},

where Ay is the binary tetrahedral group, Dy the binary dihedral group, and Iy stands for
the 2x 2 unit matrix. The respective CR labelled arrows stand for quotients by the factors
of this derived series. The arrows passing from the middle to the lower row indicate index-
one covers: the upper surface is Gorenstein, one divides by a cyclic group of order 2 and

the lower surface is of Gorenstein index :. Finally, the superscripts 2 in D(znZ +3)/2 and 3

in Eg’ " denote the “canonical multiplicity” of the singularity, generalizing the “exponent”
discussed in [28, [31]; see[3.3.2] For a discussion of the surface case based on the methods
provided in this chapter, see Example [3.3.8]

Another feature of the log terminal surface singularities is that, as quotients C2/G by a
finite subgroup G C GL(2), they all come with a non-trivial C*-action, induced by scalar
multiplication on C2. The higher dimensional analogue of C*-surfaces are T-varieties X
of complexity one, that means varieties X with an effective action of an algebraic torus
T which is of dimension one less than X. The notion of log terminality is defined in
general via discrepancies in the ramification formula; see Section [3.2|for a brief reminder.
In higher dimensions, log terminal singularities form a larger class than the quotient
singularities C" /G with G a finite subgroup of GL(n). Our aim is, however, to extend
the picture drawn at the beginning for the surface case to log terminal singularities with
a torus action of complexity one in any dimension.

If X comes with a torus action of complexity one, then the Cox ring R(X) admits an
explicit description in terms of generators and very specific trinomial relations. Vice
versa, one can abstractly write down all rings that arise as the Cox ring of some T-
variety X of complexity one. Let us briefly summarize the procedure; see Section [2.]]
and [44] for the details.

Construction 3.1.1. Fix integers m > 0, ¢+ € {0,1} and r,n > 0 and a partition
n=mn,+---+n,. Foreveryi=¢,...,rlet l;:= (li1,...,lin,) € ZL) with 1 > ... > lip,
and [,; > ... > [,1 and define a monomial

li . gl Ling
o= T
Denote the polynomial ring C[T}j, Sg; i =¢,...,r, j=1,...,n4 k=1,...,m] for short
by C[T;j, Si]. We distinguish two types of rings:

Type 1. Take ¢+ = 1 and pairwise different scalars 01 = 1,60s,...,60,_1 € C* and define for
each7=1,...,7 — 1 a trinomial

ol lit1 ]
g = T —Ti o,
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Then we obtain a factor ring

R = C[T3, Skl/(g1,- -, gr-1)-

Type 2. Take ¢+ = 0 and pairwise different scalars g = 1,61,...,60,_o € C* and define for
eacht=0,...,7 — 2 a trinomial

gi = 0T+ T + Ti5

Then we obtain a factor ring

R = C[ﬂjaSk]/<907---agr—2>-

As we explain later, the rings R come with a natural grading by a finitely generated
abelian group Ky and suitable downgradings Ky — K give us Cox rings of rational,
normal, varieties X with C1(X) = K that come with a torus action of complexity one.
More geometrically, X arises as a quotient of an open set X C X of the total coordinate
space X = Spec R by the quasitorus H having K as its character group. Conversely,
basically every rational, normal variety X with a torus action of complexity one can be
presented this way.

Geometrically speaking, Type 1 leads to the T-varieties of complexity one that admit
non-constant global invariant functions and Type 2 to those having only constant global
invariant functions. The varieties of Type 1 turn out to be locally isomorphic to toric
varieties. In particular, they are all log terminal and the study of their singularities is
essentially toric geometry, see Corollary for a precise formulation. We therefore
mainly concentrate on Type 2. There, the true non-toric phenomena occur, as for
instance the singularities D,,, Fg, 7 and Eg in the surface case.

Characterizing log terminality for a T-variety of complexity one of Type 2 involves
platonic triples, that means, triples of the form

(5,3,2), (4,3,2), (3,3,2), (2,2,2), (z,9,1),

where © > y € Z>o9. We say that positive integers ao, ..., a, form a platonic tuple if,
after reordering decreasingly, the first three numbers are a platonic triple and all others
equal one. Moreover, in the setting of Construction [3.1.1] we say that a ring R of Type 2
is platonic if every (loj,, ..., lrj.) is a platonic tuple.

Example 3.1.2. The platonic rings of Type 2 in dimension two are the polynomial ring
C[T1,T»] and the factor rings C[T1, T, T3]/(f), where f is one of

TV + T3+ T3, y€Zs, TP+T3+TE, TH+T5+TE TP +Ts+Th.

Endowed with a suitable grading, C[T}, T3] is the Cox ring of A, and the other rings,
according to the above order of listing, are the Cox rings of D,_2, Eg, E7 and Eg.
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Our first result says that a rational, normal variety X with a torus action of complexity
one of Type 2 has at most log terminal singularities if and only if there occur enough
platonic tuples (lojy,--.,lm,) in the Cox ring R; see Theorem for the precise
meaning of “enough”. In the affine case, the result specializes to the following; compare
also [38, Ex. 2.20] for an earlier result in a particular case and [62], Cor. 5.8] for a related
characterization.

Theorem 3.1.3. An affine, normal, Q-Gorenstein, rational variety X with torus action
of complexity one of Type 2 has at most log terminal singularities if and only if its Cox
ring R is a platonic ring.

Set for the moment [; := ged(l1, - . ., lin, ). Then, by Proposition[2.2.8} a ring R of Type 1
is factorial if and only if [; = 1 holds for all ¢ = 1,...,r. Moreover, a ring R of Type 2
is factorial if and only if the [; are pairwise coprime for ¢ = 0,...,r, see Theorem [2.1.2
or [44, Thm. 1.1].

Example 3.1.4. In dimension two, the factorial platonic rings R of Type 2 are the
polynomial ring C[T1, T3] and the ring C[T}, Ty, T3] /(T + T5 + T3).

To extend the iteration of Cox rings C?> — A; — Dy — Eg — E; observed in the surface
case to higher dimensions, we have to allow instead of only finite abelian groups also
non-finite abelian groups in the respective quotients.

Theorem 3.1.5. Let X1 be a rational, normal, affine variety with a torus action of
complexity one of Type 2 and at most log terminal singularities. Then there is a unique
chain of quotients

x, My, ey I I

Xl:

where X; = Spec(R;) holds with a platonic ring R; for i > 2, the ring Ry, is factorial
and each X; — X;_1 s the total coordinate space.

Note that iteration of Cox rings requires in each step finite generation of the divisor
class group C1(X) of the total coordinate space of X. The latter merely means that
the curve Y with function field C(X)H0 is of genus zero, where HY C Hy is the unit
component of the quasitorus Hy with character group Cl(X). In Theorem we
establish a formula for the genus of Y in terms of the entries /;; of the defining matrix
P of R =R(X), generalizing the case of C*-surfaces settled in [76, Prop. 3, p. 64]. This
allows us to conclude that for log terminal affine X, the total coordinate space is always
rational. Together with the fact that the total coordinate space of a log terminal affine
X is canonical, see Proposition [3:4.1} we obtain that Cox ring iteration is possible in
the log terminal case; see Remark for a discussion of a non log terminal example
with rational Cox ring. The final step in proving Theorem [3.1.5]is to show that the Cox
ring iteration even stops after finitely many steps. For this, we compute explicitly in
Proposition the equations of the iterated Cox ring. It seems to be interesting to
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study Cox ring iteration also more generally; note that a Q-factorial variety has a log
terminal Cox ring if and only if it is log Fano [21], [41].

The next result shows that, in a large sense, the log terminal singularities with torus
action of complexity one still can be regarded as quotient singularities: the affine plane
C? and the finite group G C GL(2) of the surface case have to be replaced with a factorial
affine T-variety of complexity one and a solvable reductive group.

Theorem 3.1.6. Let X be a rational, normal, affine variety of Type 2 with a torus
action of complexity one and at most log terminal singularities.
(i) X is a quotient X = X')JG of a factorial affine variety X' := Spec(R') by a
solvable reductive group G, where R’ is a factorial platonic ring.
(ii) The presentation of Theorem is regained by H; == GU1/G0 and X; =
X’/G(i_l), where G is the i-th derived subgroup of G.

Example 3.1.7. Every log terminal affine C*-surface is a quotient of C? or the Fg-
singular surface V(TP + T + T3) C C? by a finite solvable group.

3.2 The anticanonical complex and singularities

First recall the basic singularity types arising in the minimal model programme. Let X
be a Q-Gorenstein variety, i.e., some non-zero multiple of a canonical divisor Dx on X
is an integral Cartier divisor. Then, for any resolution of singularities p: X’ — X, one
has the ramification formula

Dy —¢*(Dx) = > _aiE;

where the E; are the prime components of the exceptional divisors and the coefficients
a; € Q are the discrepancies of the resolution. The variety X is said to have at most log
terminal (canonical, terminal) singularities, if for every resolution of singularities the
discrepancies a; satisfy a; > —1 (a; > 0, a; > 0).

Remark 3.2.1. In our subsequent considerations we will use the description of the
Cox rings of varieties of complexity one as introduced in Constructions [2.1.1] and [2.1.4]
This allows more flexibility than the simpler version presented in However, given
any R(A,P) as in Construction we can achieve l;; > ... > [y, for all 7 and
l[,1 > ... > 11 by means of admissible operations of type (i) and (ii), see Remark
Moreover, via suitable scalings of the variables T;;, we can turn the coefficients of the
relations g; into those presented in Section [3.1

In [13], the “anticanonical complex” has been introduced for Fano varieties X (A, P, @)
and served as a tool to study singularities of the above type. The purpose of this section is
to extend this approach and to generalize results from [I3] to the non-complete and non-
Q-factorial cases. As an application, we characterize log terminality in Theorem [3.2.15)
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via platonic triples occuring in the Cox ring. For the affine case, the result specializes
to Theorem [3.1.3]

Now, let X = X (A, P,®) be a rational T-variety of complexity one arising from Con-
struction Consider the embedding X C Z into the minimal toric ambient variety.
Then X and Z share the same divisor class group

K = CI(X) = CI(2)

and the same degree map Q: Z"™™ — K for their Cox rings. Let ez € Z"™™ denote
the sum over the canonical basis vectors e;; and ej, of Z™t™_ Then, with the defining
relations g,,. .., gr—2+, of the Cox ring R(A, P), the canonical divisor classes of Z and
X are given as

r—2+41
Kz = —Q(ez) € K, Kx = Y deg(gs) +Kz € K.

1=t

Observe that if X is of Type 1, then its canonical divisor class equals that of the minimal
toric ambient variety Z. Define a (rational) polyhedron

B(-Kx) == Q7'(~Kx)n QL™ C Q™

and let B := B(g,)+ ...+ B(gr_2+,) € Q""" denote the Minkowski sum of the Newton
polytopes B(g;) of the relations g,, ..., gr—24, of R(A, P).

Definition 3.2.2. Let X = X (A, P,®) such that —Kx is ample and denote by X the
fan of the minimal toric ambient variety Z of X.

(i) The anticanonical polyhedron of X is the dual polyhedron Ax C Q"% of the
polyhedron
By := (P YB(-Kx)+ B —ex) C Q.

(ii) The anticanonical complex of X is the coarsest common refinement of polyhedral
complexes

AS = faces(Ax) M X Mtrop(X).

(iii) The relative interior of A% is the interior of its support with respect to the inter-
section Supp(2) N trop(X).
(iv) The relative boundary 0AS is the complement of the relative interior of A in A%.

Remark 3.2.3. Consider a subdivision ¥/ — X of fans in Q™ and the associated toric
morphism Zsy — Zs.. Then the toric Cox constructions P: Z® — Z" and P': ZF — 7",
where R = ¥(1) and R’ = ¥'(1) define homomorphisms of tori

TR — T « TE.

For a polynomial g € C[T,; o0 € R] without monomial factors the push-down of g
is the unique polynomial p.(g) € C[11,...,T,] without monomial factors such that
T+p*(p«(g9)) = g holds for some Laurent monomial T# € C[T;; ¢ € R]. We define
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the shift of g to be the unique ¢’ € C[Ty; o € R'| without monomial factors such that
Pi(g") = p«(9)-
Let X’ — X be a resolution of singularities as in Construction [2.3.6, Then the Cox ring
of X’ is given as

R(X") =ClTy; o € R/{gss- -+ 9r—4.):
with the shift g/ of g;. Due to [I3, Lemma 2.4] the exponents of g; correspond to the

exponents of g/ and for any exponent v of g; the corresponding exponent v’ of g, satisfies
I

Vo

Vo.

A first statement expresses the discrepancies of a given resolution of singularities via
the anticanonical complex; the proof is a straightforward generalization of the one given
in [I3] for the Fano case but for the sake of completeness we give a proof here.

Proposition 3.2.4. Let X = X (A, P, ®) such that —Kx is ample and ¢: X' — X a
resolution of singularities as in Construction . For any ray o € X", let v, be its
primitive generator, v; its leaving point of AS provided o € A% and D, the corresponding
prime divisor on X". Then the discrepancy a, along D, satisfies

[|vell

1Al

Proof. We use the notation of Remark Note that the exceptional divisors of ¢
are exactly the divisors Dg(/, obtained as pullbacks of the toric divisors in Zy, given by
the rays ¢/ € ¥'(1) \ £(1). We fix such a ray ¢ and compute the discrepancy of ¢
along Dg(/,. Let B := B(g,) + ...+ B(gr—2+.) and B" := B(g)) + ...+ B(g,_54,) be the
Minkowski sums of the Newton polytopes B(g;) and B(g}). The inverse image P~!(¢') is
contained in a maximal cone 7 € N (B(—Kx)+ B). Let n € B(—Kx) + B be the vertex
corresponding to 7. Then n = v_x, + v with vertices v_x, € B(—Kx) and v € B.
Write v/ € B’ for the vertex corresponding to v € B in the sense of Remark We
fix the following representatives of the anticanonical classes of X and X':

DS =Y (-1+v)D%, DS := > (-1+v,)D%,.
0€R 0€ER’

a, = —1+ if o € A%, ap, <=1 if o C A%.

Note that DS, — ¢* D% is supported on the exceptional locus as v, = v, holds for all

0 € 3(1). We use this representatives to compute the discrepancy of g along DQI,.

Let o € 3 be the cone with relint(¢’) C relint(c). Then, on the corresponding chart
Xs = XNZ,, the divisor D% is rationally principal and we claim that on X, the divisor
has a presentation

1
D% = —div(x™) with u:= (P*) " (v_x, +v —ex),
m
where m € Zsg such that mu is integral and x"" denotes the pullback of the toric
character function on Zy, associated to mu. We obtain

L. mu *
%le(X )= Z (u,v0) D% = Z (P"u,e0) D = Z vy +v —exm,e0) D
o€o(1) o€o(1) o€o(1)
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Thus in order to verify the claim, we have to show that (v_x,e,) = 0 holds for all rays
o of o. Due to amplesness of the anticanonical class we obtain B(—/Kx)Nrelint(G+Nvyg)
is non-empty and thus contains some element e. As relint(o’) C relint(o) holds, we can
choose a vector p1 = 3~ ¢ (1) boo With positive b, in the preimage P~Y(¢'). By the choice
of e we have (e, u) = 0 and as v_x, € B(—Kx) is a minimizing vertex of x, we conclude
(V_k, i) =0 and thus (v_i,e,) = 0 for all rays o of o.

We obtain that the discrepancy ay of ¢: X’ — X along Dg(,, is the multiplicity of
DS, — div(x") along Dg(,, and thus

CLQ/ =—1 + I/é/ — <u7'l)g/>.

In a last step we show that 1/;, equals zero. Then evaluating (u,v,) gives the assertion.
First note that we can find a decomposition v = v, +. ..+ v,_24,, where v; € B(g;). Let
v/ be the corresponding exponent vector of the shift g;. Then we have a decomposition
Vi =y, +...+ 19, Weclaim that v;, = 0 foralli =,...,7—2+. By definition, v;
lies in the face of B(g]) which is cut out by P'~1(¢’). Consequently, the corresponding
exponent vector of the pushed down equation p.(g;) lies in the face of B(p«(g;)) that is
cut out by ¢'. Then [I3] Lemma 2.5] gives the assertion. O

The next result characterizes the existence of at most log terminal (canonical, termi-
nal) singularities in terms of the anticanonical complex; again, this generalizes a result
from [13].

Theorem 3.2.5. Let X = X (A, P,®) be such that —Kx is ample. Then the following
statements hold.

(i) A% contains the origin in its relative interior and all primitive generators of the
fan ¥ are vertices of A% .

(ii) X has at most log terminal singularities if and only if the anticanonical complex

S s bounded.

(iii) X has at most canonical singularities if and only if O is the only lattice point in
the relative interior of A% .

(iv) X has at most terminal singularities if and only if 0 and the primitive generators
v, for o € Y are the only lattice points of A%

Proof. By construction of the desingularization [2.3.6] X is strongly tropically resolvable.
Thus following the lines of [I3], Theorem 1.4] but replacing [13], Proposition 2.3] with our
more general Proposition [3.2.4] gives the assertions. O

We describe the structure of the anticanonical complex in more detail, which generalizes
in particular statements on the Q-factorial Fano case obtained in [I3]. For Type 1, the
situation turns out to be simple, whereas Type 2 is more ample.

Proposition 3.2.6. Let X = X (A, P,®) be of Type 1 such that —Kx is ample. Let ¥
be the fan of the minimal toric ambient variety of X and denote by Ag, ..., A\ the leaves
of trop(X).
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(i) Every cone o € ¥ is contained in a leaf \; C trop(X). In particular, ¥ M trop(X)
equals 3.
(ii) The boundary of AS is the union of all faces of Ax that are contained in Supp(X).

(iii) The non-zero vertices of AS are the primitive generators of ¥, i.e. the columns
of P.

Corollary 3.2.7. Let X = X (A, P,®) be a T-variety of Type 1. Then X has at most
log-terminal singularities. Moreover, it has at most canonical (terminal) singularities if
and only if its minimal toric ambient variety Z does so.

Construction 3.2.8. Let X = X (A, P,®) be of Type 2 and ¥ the fan of the minimal
toric ambient variety of Z. Write v;; := P(e;5) and vy, := P(ey) for the columns of P.
Consider a pointed cone of the form

T = cone(Vojy,---,Vrj,) < Qrts,

that means that 7 contains exactly one v;; for every ¢ = 0,...,r. We call such 7 a
P-elementary cone and associate the following numbers with 7:

T

logo oy -
by = %forz:o,...,r, by = (1—T)loj0~'lrjr—|—§lm.

Moreover, we set
o(T) == Lrgvojo + ...+ Lryvrj, € ZTT, o(t) == Qxp-v(r) € Q.

We denote by T(A, P, ®) the set of all P-elementary cones 7 € ¥. For a given o € X,
we denote by T(c) the set of all P-elementary faces of o.

Remark 3.2.9. Let X = X (A, P,®) be of Type 2. Let ¥ be the fan of the minimal
toric ambient variety of X and Ag,..., A, C trop(X) the leaves of the tropical variety of
X. As in [13] Def. 4.1], we say that

(i) a cone o € X is a leaf cone if o C \; holds for some i =0,... 7,

(i) a cone o € X is called big if 0 N A # () holds for all i = 0,...,7.

Observe that a given cone o € ¥ is big if and only if ¢ contains some P-elementary cone
as a subset.

Proposition 3.2.10. Let X = X (A, P,®) be of Type 2 such that —Kx is ample. Let ¥
be the fan of the minimal toric ambient variety of X, denote by Ag, ..., A the leaves of
trop(X) and by A = XoN...N N, its lineality part.
(i) The fan ¥ M trop(X) consists of the cones o N\ and o N \;, where 0 € ¥ and
1=20,...,7. Here, one always has c N A <o N A\;.
(ii) The fan ¥ M trop(X) is a subfan of the normal fan of the polyhedron Bx. In
particular, for every cone o N A;, there is a vertex us; € Bx with

0AS No NN = {v €oNA; <ug7i,’l)> = —1}.
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(iii) If a P-elementary cone T is contained in some o € ¥, then T is simplicial, v(T) € T°

holds, o(7) is a ray, o(T) = TN X holds as well as Qo(7) = QT N .
(iv) Let 0 € ¥ be any cone. Then, for every i = 0,...,r, the set of extremal rays of
oNX; € XMtrop(X) is given by

(N X)Y = {o(c0); o0 € T(0)}U{oe ;o C N}

(v) The set of rays of ¥ Mtrop(X) consists of the rays of ¥ and the rays o(og), where
o0 € T(A, P, ®).
(vi) If a P-elementary cone T is contained in some o € X, then the minimum value
among all (u,v(T)), where uw € Bx, equals —{;.
(vii) Let the P-elementary cone T be contained in o € ¥. Then o(1) € AS holds if and
only if £- > 0 holds; in this case, o(T) leaves A at v(7) = {7 (7).
(viii) The vertices of AS are the primitive generators of ¥, i.e. the columns of P, and
the points v(og)' = {;1v(00), where og € T(A, P,®) and {y, > 0.

Proof. Assertion (i) holds more generally. Indeed, the coarsest common refinement ¥ M
Y9 of any two quasifans ¥; in a common vector space consists of the intersections o1 Noo,
where o; € 3;. Moreover, the faces of a given cone o1 N oy of 31 M Xy are precisely the
cones o} N o4, where o} < o;.

We show (ii). Let ¥’ be the complete fan in Q"% defined by the class —Kx € K.
Since —Kx is ample, the fan ¥ is a subfan of ¥’. The preimage P~!(X’) consists of the
cones P~1(0"), where o/ € ¥/, and is the normal fan of B(—Kx) C Q""™. Moreover,
P~!(trop(X)) turns out to be a subfan of the normal fan of B C Q"*™. It follows that
P~y P~ (trop(X)) is a subfan of the normal fan of B(—Kx) + B. Projecting the
involved fans via P to Q""* gives the assertion.

To obtain (iii), consider first any P-elementary 7 = cone(vojy,...,vrj.). Then
V0jo, - - - » Urj, is linearly dependent if and only if v(7) = 0 holds. The latter is equiv-
alent to 0 being an inner point of 7. Thus, if 7 is contained in some o € X, then 7 is
pointed an thus must be simplicial. The remaining part is then obvious; recall that the
lineality part of trop(X) equals the vector subspace 0 x Q% C Q" .

We turn to (iv). First, we claim that if oy € X is big and o(7) = o(7') holds for any
two P-elementary cones 7,7/ C o, then o( is P-elementary. Assume that o is not
P-elementary. Then we find some 1 < ¢ < r and cones

T = COl’le(’U(]jO, o Utge 15 Utges Uty - - - ’v'rjr) c 90,

/
7' = cone(vpjy, . . - s Utje— 15 Vtjls Utjorrs - - - ,Urj,.) C 09

the greatest common divisors ¢, and ¢,/ of the entries of v(7) and v(7") respectively.
Then even ¢;'4,; > ¢, ; must hold for all 1 <i < r. Since, the rays o(7) and o(7")
coincide, also their primitive generators c¢_,'v(7') and ¢;1v(7) coincide. By the definition
of v(7) and v(7'), this implies

1 . —1 E -1 -1
Crr ET/7tvtj£ = ¢ ET,k'Utjt + (CT 67'77; —Cp fT’ai)Uiji'
i#£t

with j: # j, and thus 7 # 7/. Here, we may assume that c;ll;, > c;,lltjé holds with
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We conclude Vgjr € T. Since Vgjr is an extremal ray of o9 and 7/ C o holds, vyj; generates
an extremal ray of 7. This is a contradiction to the choice of j; and the claim is verified.

Now, consider the equation of (iv). To verify “C”, let ¢ be an extremal ray of o N \;.
We have to show that ¢ = p(0p) holds for some oo € T (o) or that p is a ray of o with
0 C \i. According to (ii), there is a face 0, < o such that p = oc,NAor o =0, N\
holds. We choose o, minimal with respect to this property, that means that we have
0° C o,. We distinguish the following cases.

Case 1. We have 9o = o, N A. If 0, C A holds, then we obtain ¢ = 0, and thus o0 C \;
is an extremal ray of . So, assume that o, is not contained in A. Then, because of
oo N A # 0, there is a P-elementary cone 7 C 7,. Using (i), we obtain

o(t) = 7TNA C g,NA = o

and thus o = o(7). As this does not depend on the particular choice of the P-elementary
cone 7 C 0, the above claim yields o¢ := 0, € T(0) and ¢ = 0(00).

Case 2. We don’t have o = 0, N A. Then o = 0, N \; and ¢° C A} hold. If 0, C \;
holds, then we obtain ¢ = 0, and thus ¢ C ); is an extremal ray of 0. So, assume that
0, is not contained in A;. Then o, N )\;’ is non-empty for all j = 0,...,r. Thus, there is
a P-elementary cone 7 C 0,. Using (i), we obtain

o(t) = 1NA C g,NA = o

and thus o = o(7). As this does not depend on the particular choice of the P-elementary
cone 7 C 0, the above claim yields og := 0, € T(0) and ¢ = 0(00).

We verify the inclusion “2”. Consider a face oy € T(0). As seen just before, the extremal
rays of oo N \; are p(og) and the rays of o that lie in \;. Since 09N A; is a face of N A,
the ray o(0p) is an extremal ray of o N \;. Finally, consider an extremal ray ¢ < o with
0C X, Then p = pN \; is a face of o N ;.

The proof of Assertion (iv) is complete now. Assertion (v) is a direct consequence of (iv).

We turn to Assertions (vi), (vii) and (viii). Let 7 < & < QZ{™ be the faces with
P(7) = 7 and P(G) = 0. Moreover, let e, € 7 be the (unique) point with P(e,) = v(7).
The minimum value (u,v(7)) is attained at some vertex u € By. For this u, we find
vertices e, € B(—Kx) and eg € B with

u = (P*) e, +ep—ez).

Here, e, is any vertex of B(—Kx) such that & is contained in the cone of the normal fan
of B(—Kx) associated with e,; such e, exists due to ampleness of —Kx and e, vanishes
along ¢. Together we have

,
er = 2 ligcij (u,0(7)) = (6o +ep—ez,er).
=0
As mentioned, (e, er) = 0 holds. Moreover, (e,e;) = (r — 1)lyj, - - - 15, holds for every

e € B. We conclude (u,v(r)) = —¢, and Assertion (vi). Moreover, Assertions (vii)
and (viii) are direct consequences of (vi) and (ii). O



46 Chapter 3. Log terminal varieties as quotients

Example 3.2.11. Consider the Fg-singular affine surface X = V(zf + 23 + 23) C C3.
It inherits a C*-action from the action

t- (Zb 22, 23) - (tSZh t4227 t6z3)
on C3. The divisor class group and the Cox ring of the surface X are explicitly given by
ClX) = Z/3Z, R(X) = C[Ty, Ty, Ts]/(T} + T3 + T3),

where the C1(X)-degrees of Ty, Ts, and T3 are 1, 2 and 0. The minimal toric ambient
variety is affine and corresponds to the cone

o = cone((—3,-3,-2),(3,0,1),(0,2,1)).

Denoting by e; € Q3 the i-th canonical basis vector, the tropical variety trop(X) in Q3
is given as

trop(X) = cone(ey, teg) U cone(ea, +e3) U cone(—e; — eg, te3).

The anticanonical polyhedron Ax C Q3 is not bounded with recession cone generated
by (—1,-1,-1), (1,0,0), (0,1,0). The vertices of Ax are

(-3,-3,-2), (3,0,1), (0,2,1), (0,0,1).

The anticanonical complex AS = Ax M3 Mtrop(X) lives inside trop(X) and looks as
follows.

Corollary 3.2.12. Let X = X (A, P,®) be of Type 2 such that —Kx is ample. Let
T be a P-elementary cone contained in some o € 3. Assume o(1) € A% and denote
by ¢, the greatest common divisor of the entries of v(7). Then, for any resolution of
singularities p: X" — X provided by the discrepancy along the prime divisor of
X" corresponding to o(t) equals ¢ 10, — 1.

Corollary 3.2.13. Let X = X(A, P,®) be of Type 2 such that —Kx is ample and let

T = cone(vgjy, - - -, Urj,.) be contained in some o € X.
(i) If X has at most log terminal singularities, then laj(l) +...+ l;]i >r — 1 holds.
(ii) If X has at most canonical singularities, then ZO}% +...+ l;ﬁ >r—1+ chaJ%) . l;ﬁ
holds.

(iii) If X has at most terminal singularities, then laj%) +...+ l;ji >r—1+clt

.
0jo rjr
holds.
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Remark 3.2.14. Let ag, ..., a, be positive integers. Then aal +...4+a;t >r—1holds
if and only if (ag,...,a,) is a platonic tuple.

Theorem 3.2.15. Let X = X (A, P, ®) be of Type 2 such that —Kx is ample and let ¥
be the fan of the minimal toric ambient variety of X. Then the following statements are
equivalent.

(i) The variety X has at most log terminal singularities.
(ii) For every P-elementary T = cone(vojy,...,Vrj,) contained in a cone of ¥, the
exponents loj,, . - ., lrj, form a platonic tuple.

Proof. Assume that X = X (A, P,®) is log terminal. Then Corollary [3.2.13| (i) tells
us that for every P-elementary 7 = cone(vgjy,...,vrj,) contained in a cone of ¥, the
corresponding exponents loj,, . . ., l; form a platonic tuple.

Now assume that (ii) holds. Then every (lyj,, .-, rj.) is a platonic tuple. Consequently,
we have £, > 0 for every P-elementary cone 7. Proposition shows that A% is
bounded for X = X (A, P, ®). Theorem (ii) tells us that X is log terminal. O

Remark 3.2.16. Let X = X (A, P,®) be affine of Type 2 such that Lx is Q-Cartier.
Then —Kx is ample. The fan 3 of the minimal toric ambient variety Z of X consists
of all the faces of the cone o generated by the columns of P. In particular, every P-
elementary cone is contained in o. Thus, Theorem [3.1.3] follows from Theorem [3.2.15
Moreover, the rays o(og), where o9 € T(A, P, ®), are precisely the extremal rays of the
intersection of o and the lineality part of trop(X).

3.3 Gorenstein index and canonical multiplicity

If a normal variety X is Q-Gorenstein, then, by definition, some multiple of its canonical
class ICx is Cartier. The Gorenstein index of X is the smallest positive integer ¢x such
that 1 x KCx is Cartier. We attach another invariant to the canonical divisor of X.

Remark 3.3.1. Let X = X (A, P) be a Q-Gorenstein, affine T-variety of Type 2. We
consider canonical divisors Dx on X that are of the following form, cf. [6, Prop. 3.3.3.2]:

r—1 Mg,
=Y Dij =Y Ep+ ) > lijDin, 0<iq <. (3.1)
i.j K a=1j=0

Corollary says that 1x Dx is the divisor of a T-homogeneous rational function.
Any two 1x Dx with Dx of shape differ by the divisor of a T-invariant rational
function, and thus, all the functions with divsors 1xDx, where Dx as in , are
homogeneous with respect to the same weight nx € X(T).

Definition 3.3.2. Let X = X (A, P) be a Q-Gorenstein, affine T-variety of Type 2. We
call nx € X(T) of Remarkthe canonical weight of X. The canonical multiplicity of
X is the minimal non-negative integer (x such that ny = (x -7’y holds with a primitive
element 7'y € X(T').
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Proposition 3.3.3. Let X = X (A, P) be a Q-Gorenstein, affine T-variety of Type 2
with at most log terminal singularities. Then (x > 0 holds. Moreover, for any positive
integer 1, the following statements are equivalent.

(i) The variety X is of Gorenstein index 1.

(ii) There exist integers pq, . ..,y with ged(py, ..., pr,Cx,2) = 1 such that with ug :=

(r—1) — py — ... — py we obtain integral vectors
. v — pili;
Vi = Vi1, ..., Vin;) With vy = —
Cx
1
V= (v, .0 with vy, = —

Cx
and by suitable elementary row operations on the (d,d’)-block, the matriz P gains
(vo, .- v, V') as its last row, i.e., turns into the shape

—lyg I 0 0

P =15 0 l, 0
* * * %

vg 1 v, v

Proof. We work with an anticanonical divisor Dx on X such that —Dx is of the

form :
ng
Dy = ZDU + ZEk — (7“ — 1) ZZOjDUj'
7,7 k 7j=1

According to Corollary the Picard group of X is trivial. Thus, 1xDx is the
divisor of some toric character x*, where

U = (/’Llw"?urvnl?"'ans) S ZT+S-

Note that —(n1,...,ns) € Z° = X(T') is the canonical weight nx of X. Moreover, the
divisor 1x Dx = div(x") corresponds to the vector P*-u € Z™*" under the identification
of toric divisors with lattice points via D;; — e;; and Ej — ey.

We claim that nx is non-trivial. Otherwise, n; = ... =ns = 0 holds. As noted, the ij-th
and k-th components of the vector P* - u are the multiplicities of D;; and Dy in 1x Dx,
respectively. More explicitly, this leads to the conditions

m = 0, ix((r—Dloj — 1) = (1 + ...+ pr)loj, 1x = pilij

for all 4 and j. Plugging the third into the second one, we obtain that l(] + ...+ l;ji
equals r — 1 for any choice of 1 < j; < m;. According to Corollary [3.2.13| (i), this
contradicts to log terminality of X. Knowing that nx is non-zero, we obtain that (x is
Nnon-zero.
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Now, assume that (i) holds, i.e., we have » = 1x. Let u € Z""* as above. Then we
have (x = ged(n1,...,ns) and div(x*) = «Dx implies ged(p1, ..., pr, Cx,2) = 1. Next,
choose a unimodular s x s matrix B with B~ - (n1,...,n5) = (0,...,0,(x). Consider
P .= diag(E,, B*) - P and

u = (/.Ll,...,,ur,o,...,o,CX) € ZT+S.

Observe that we have P*-u = P*.@. Comparing the entries of P*-@ Witp the multiplicities
of the prime divisors D;; and Dy, in @D x shows that the last row of P is as claimed.
Conversely, if (ii) holds, consider w := (u1,..., i, 0,...,0,{x). Then we obtain 1Dy =

div(x"). Using ged(u, ..., pr, Cx,2) = 1, we conclude that ¢ is the Gorenstein index of
X. O

Remark 3.3.4. Let X = X (A, P) be a Q-Gorenstein, affine T-variety of Type 2 and Dx
a canonical divisor on X as in (3.1). Then 1x Dx is the divisor of some toric character
x", where

w o= (U1ye s sy, ms) € Z7T5
In this situation, we have nx = (91,...,7ns) € X(T) for the canonical weight of X and

the canonical multiplicity of X is given by (x = ged(n1,...,ns). If P is in the shape of
Proposition then nx = (0,...,0,{x) holds and —p1, ..., —p, satisfy the conditions

of B33 (i).

Remark 3.3.5. The defining matrix P of a given Q-Gorenstein, affine T-variety X =
X (A, P) is in the shape of Proposition if and only if for every ¢ = 0,...,r, the
numbers p; = (1x — CXl/il)li_ll satisfy

(i) Cxvij+pilij=w1x fori=1,...,rand j=1,...,ny,

(ii) (xro; + poloj =1x, for po :=a1x(r—1) —p1 — ... —pp and j=1,...,ng,
(111) ng(:u’la v 7,U’T’JCX71X) = 17
(iv) {xy, =wx for k=1,...,m.

Corollary 3.3.6. Let X = X (A, P) be a Q-Gorenstein, affine T-variety of Type 2 with
at most log terminal singularities. Then, for every 1 € Z>1, the following statements are
equivalent.

(i) The variety X is of Gorenstein index 1 and of canonical multiplicity one.

(ii) One can choose the defining matriz P to be of the shape

—lo i ... 00
—lp 0 ... I 0>
r—ar—1l 2 ... 1

where 1 stands for a vector (1,...,1) of suitable length.
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Proof. 1f (i) holds, then we may assume P to be as P in Proposition Adding
the u;-fold of the i-th row to the last row brings P into the desired form. If (ii) holds,
take u = (0,...,0,—1) € Z"t5. Then P* -u € Z"™™ defines a divisor 2Dy with Dx a
canonical divisor of shape and we see (x = 1. O

Proposition 3.3.7. Let X = X (A, P) be a Q-Gorenstein affine T-variety of Type 2
with at most log terminal singularities and canonical multiplicity (x > 1. Then we can
choose P of shape (ii) such that l;; = 1 and v;; = 0 holds for i = 3,...,r and

j=1,...,n; and, moreover, P satisfies one of the following cases:
Case | (lo1,l11,121) (vo,v1,v2) Cx 1x
(1) (4,3,2) x4+ 1lo, ox —txli,ex —12) | 2 | 0 mod 2

(ZZ) (3,3,2) (’Lx—l(), 1x + 14, ’I,X_Z)(lg) 3 0 mod 3

Wl

(le) (2]€+1,2,2) (zx—ZXlo, zx—ll, 1X+l2) 4 2 mod 4

el

(i’U) (2k,2,2) (ZX —lp,ex +11,1x — ’Lxlg) 2 0 mod 2

N[

(’U) (/{,2,2> %(’I,X_leo, 1x — I, ’Lx—l—lg) 2 0 mod 2
(vi) (Ko, k1,1) (vo, 11, Cx' (ax —1x12))
where vx stands for a vector (1x,...,1x) of suitable length, and in Case (vi), all the

numbers (1x — 10;,Cx)/loj, and (v1j,¢(x —1x)/l1j, are integral and coincide.

Proof. Since X = X (A, P) has at most log terminal singularities, Theorem guar-
antees that the Cox ring R(X) = R(A, P) is platonic. Thus, suitably exchanging data
column blocks, we achieve l;; = 1 for all ¢ > 3. Next, we bring P in to the form of
Proposition m (ii). Finally, subtracting the v;;-fold of the i-th row from the last one,
we achieve v;; =0 for ¢ =3,...,r.

Observe that our new matrix P still satisfies the conditions of Remark B.3.5l For the
integers p; defined there, we have

o+ p1+pe = p3 = ... = pp = 1x. (3.2)

Moreover, for i = 0,1,2 set ¢; := lpil11l21/l;1. Then, because of 1x + pli; = vi;(x, we

obtain
2

ged(fo, 01, 62) ™" " li(ex — pilij) = alx  for some a € Z. (3.3)
=0

Finally, Remark ensures

1 = ged(pr, .-y ey Cxyox) = ged(pr, p2, Cx,0x)- (3.4)
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We will now apply these conditions to establish the table of the assertion. Since
(lo1, 111, 121) is a platonic triple, we have to discuss the following cases.

Case 1: (lp1,011,021) equals (5,3,2). Our task is to rule out this case. Using (3.2)
and (3.3)), we see that (x divides

1x = 317,)( — 30(}10 + pu1 + /LQ) = 6(ZX — 5[10) + 10(2_}( — 3,&1) + 15(ZX — 2/12).

Consequently, becomes ged(p1, p2,(x) = 1 and from 1x — pili; = vi;(x we infer
that (x divides bug, 31 and 2us. This leaves us with the three possibilities (x = 2, 3, 6.
If (x = 2 holds, then (x divides pg and g1 but not po; if (x = 3 holds, then (x divides pg
and po but not 1. Both contradicts to the fact that (x divides 1x = po+ p1 + po. Thus,
only (x = 6 is left. In that case, (x must divide pg. Since (x divides 1x = po + p1 + po,
we see that (x divides uj + pa. Moreover, (x | 3u1 gives p = 2u) and Cx | 2u2 gives
o = 3uh with integers p), pub. Now, as (x = 6 divides 21} + 3uf, we obtain that pf and
hence pg are even. This contradicts ged(pg, p2,(x) = 1.

Case 2: (lp1,111,021) equals (4,3,2). Similarly as in the preceding case, we apply (3.2)
and (3.3)) to see that (x divides

1
1x = 131x — 12(#0 + pu1 + ,LLQ) = 5(6(7,)( — 4#0) + 8(@)( — 3”1) -+ 12(@)( — 2#2)).

As before, we conclude ged(p1, 2, x) = 1 and obtain that (x divides 4pg, 311 and 2us.
This reduces to (x = 2,3, 6.

If {x = 3 holds, then (x divides pg and pe but not pp, contradicting the fact that (x
divides 1x = po + p1 + p2. If (x = 6 holds, then we obtain py = 3u(, u1 = 2p) and
w2 = 3uh with suitable integers u). Since (x divides 1x = uo + p1 + p2, we obtain that
e is divisible by 3, contradicting ged(p1, 2, (x) = 1.

Thus, the only possibility left is (x = 2. We show that this leads to Case (i) of the
assertion. Observe that p; is even, pg is odd because of ged(u1, p2,(x) = 1 and pg is
odd because 1x = ug + p1 + p2 is even. Recall that the vectors v; in the last row of P

are given as
1 1 ;
v, = a(’t}( — ,LLili) = QZX — %lz.
Thus, adding the (—pg — p2)/2-fold of the first row and the (ug —1)/2-fold of the second
row to the last row brings P into the shape of Case (i).

Case 3: (lo1,l11,121) equals (3,3,2). As in the two preceding cases, we infer from ([3.2))
and (3.3)) that (x divides

1
1x = Tix —6(po + p1 4 p2) = g(ﬁ(lx —3po) 4+ 6(2x — 3u1) + 9(ex — 2p2)).

Since ged(u1, p2,(x) = 1 and (x divides 3uo, 31, 212, we are left with (x = 2,3,6. If
(x =2 or (x = 6 holds, then pg, p1 and 1x = pg + @1 + p2 must be even. Thus also pa
must be even, contradicting ged (1, 12, (x) = 1.
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Let {x = 3. We show that this leads to Case (ii) of the assertion. First, 3 divides po and
1x = Mo + p1 + pe, hence also pg + p1. Moreover, 3 divides neither pg nor p; because
of ged(p1, p2,(x) = 1. Interchanging, if necessary, the data of the column blocks no. 0
and 1, we achieve that 3 divides ug — 1 and p; + 1. So, at the moment, the v; in the last
row of P are of the form
1 1 ;
v; = &(lx —,U,llz) = ng - %ll

Adding the (p1 + 1)/3-fold of the first and the (—pp — p1)/3-fold of the second to the
last row of P, we arrive at Case (ii).

Case 4: (lo1,111,121) equals (k,2,2) with £ > 3 odd. Then (3.2)) and (3.3]) show that (x
divides

1
x = (2+2]€)Zx—2k‘(u0+u1—|—,&2) = 5(4(’0{—]{:#0)—1—2/{(2)(—2#1)—1—2/{(2)(—2#2)).

Case 4.1: (x doesn’t divide 1x. Then we have 2:x = alx with a € Z odd. Thus, (x
is even and 2u; = 1x — v;jCx implies that 4y, is an odd multiple of (x for i = 1,2. In
particular, 4 divides (x. Moreover, implies ged(u1, 2, Cx/2) = 1 and we obtain
(x = 4. That means 1x = 2 mod 4. Since (x = 4 divides 1x — kug and k is odd, we
conclude pp = 2 mod 4. Then pg + p1 + p2 = 1x = 2 mod 4 implies that 4 divides
w1 + po. Interchanging, if necessary, the data of the column blocks no. 1 and 2, we can
assume (3 = —pp = 1 mod 4. Then, adding the (u; — 1)/4-fold of the first and the
(2 +1)/4-fold of the second to the last row of P, we arrive at Case (iii) of the assertion.

Case 4.2: (x divides 1x. Then becomes ged (1, 2, (x) = 1. Since (x divides 2
and 249, we see that ¢ = 2 holds and 1, p2 are odd. Adding the (u; — 1)/2-fold of the
first and the (ug + 1)/2-fold of the second to the last row of P leads to Case (v) of the
assertion.

Case 5: (lo1, l11,121) equals (k,2,2) with & > 2 even. Then (3.2)) and (3.3)) show that (x

divides

1x = (kﬁ + 1)ZX — ki(uo + M1 + ,MQ) = 2(4(2)( — k,uo) + 2]€(ZX — 2M1) + 2]6(7,)( - 2#2)).
As earlier, we conclude that (x|2u; for @ = 1,2 and (x = 2. Since ged(u1, pu2,2) =1
holds and pg + w1 + po = 1x is even, two of the u; are be odd and one is even. If g
and g2 are odd, then adding the (p; — 1)/2-fold of the first and the (u2 + 1)/2-fold of
the second to the last row of P leads to Case (v). Now, let 19 be odd. Interchanging, if
necessary, the data of the column blocks no. 1 and 2, we achieve that u; is odd. Then
we add the (u; + 1)/2-fold of the first and the (—po — p1)/2-fold of the second to the
last row of P and arrive at Case (iv) of the assertion.

Case 6. (l01,l11,l21) equals (ko,kl, 1), where ko,kjl S Z>0. We subtract the I/21—f01d
of the second row of P from the last one. Since v9; = (1x — p2)/C(x holds, we obtain
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vy = C)_(l(zX —1xl2). Moreover, || becomes po + p1 = 0. We arrive at Case (vi) of
the assertion by observing

(1x — v0juCx)/lojo = o = —p1 = (v1;,¢x —1x)/ly,-
O

Example 3.3.8. We discuss the rational affine C*-surfaces X with at most log terminal
singularities. First, the affine toric surfaces X = C2/C} show up here, where Cj, is the
cyclic group of order k acting diagonally. In terms of toric geometry, these surfaces are
given as

X = SpecClo¥ NZ?, o = cone((k,1), (1, k +m)),

where k,m € Z-¢ with ged(k,2) = ged(k + m,1) = 1 and ¢ is the Gorenstein index
of X; see [24, Chap. 10] for more background. Now consider a non-toric C*-surface
X = X (A, P) of Type 2. As a quotient of C? by a finite group, X has finite divisor class
group and thus P is a 3 x 3 matrix of the shape

—lor lLin O
P =1 —lpr 0 lIxn
dor di1 da

Theorem says that (lp1,[11,l21) is a platonic triple. Moreover, Corollary and
Proposition provide us with constraints on the d;;. Having in mind that P is of
rank three with primitive columns, one directly arrives at the following possibilities,
where ( = (x is the canonical multiplicity and + = 1x the Gorenstein index:

Type P ¢ 2

Dl { 75?}5 (2; (2: } 1 ged(e,2n) =1
Dy, { (:lggﬁ Z/Zj 2/2—§ w 2 ged(z,8n —4) =4
Eg" { _222 S 2 } 1 ged(z,6) = 1
E3 { Z/sfg Z/Bj ﬂ/g } 3 ged(1,18) = 9
E { ;33 3 3 } 1 ged(1,6) = 1
Ey' [ _242 8 3 ] 1 ged(2,30) = 1

For geometric details on these surfaces, we refer to the work of Brieskorn [20], and, in
the context of the McKay Correspondence, Wunram [88] and Wemyss [86].
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3.4 Geometry of the total coordinate space

We take a closer look at the geometry of the total coordinate space X of a T-variety X
of complexity one. The first result says in particular that X is Gorenstein and canonical
provided that X is log terminal and affine.

Proposition 3.4.1. Let R(A, Py) be a platonic ring of Type 2. Then the affine variety
X = Spec R(A, Ry) is Gorenstein and has at most canonical singularities.

Proof. Adding suitable rows, we complement the matrix Py to a square matrix P of full
rank with last row (1 —(r—1)lp,1,...,1), where 1 indicates vectors of length n; with all
entries equal to one; this is possible, because the last row is not in the row space of Fj.
Then X = X (A, P) is a Q-factorial affine T-variety. Theorem tells us that X has at
most log terminal singularities and Corollary ensures that X is Gorenstein. Thus,
X has at most canonical singularities. Since X — X is finite with ramification locus of
codimension at least two, we can use [53, Thm. 6.2.9] to see that X is Gorenstein with
at most canonical singularities. O

Now we investigate the generic quotient Y of X by the action of the unit component
HY C Hy, in other words, the smooth projective curve Y with function field C(Y) =
(C(Y)Hg . Note that the curve Y occurs also in [3], where it carries the polyhedral divisor
of the Cox ring.

Definition 3.4.2. Consider the defining matrix Py of a ring R(A, Py) of Type 2 and the
vectors l; = (lj1, ..., lin;) occuring in the rows of Fy. Set

= ged(lis, . . -, lin, ), [:=gcd(lo,..., L), i = ged(I71G, 171),

[:=lem(lp,..., 1), by =71, b(i) := ged(by; j # 1).

Theorem 3.4.3. Let R(A, Py) be of Type 2 and consider the action of the unit component
HY C Hy of the quasitorus Hy = Spec C[Ky] on X = Spec R(A, Ry). Then the smooth
projective curve Y with function field C(Y') = @(Y)HS is of genus

Lemma 3.4.4. Let R(A, Py) be of Type 2, consider the degree u := deg(go) € Ko of the
defining relations and the subgroup

Ko(u) := {w € Ko; aw € Zu for some a € Z~o} C Kjy.

Then the Veronese subalgebra R(A, Py)(u) of R(A, Py) associated with Ko(u) of Ko is

generated by the monomials Téo/[o, ey T,W[",
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Proof. First, observe that every element of R(A, Py)(u) is a polynomial in the variables
T;j. Now consider a monomial T' in the T;; of degree w € Ko(u), where [ € Z"™. Then
aw € Bou holds for some « € Z~g and [y € Z. Moreover, there are S1,..., 5, € Z with

al = Boly + Br(ly — 1)) + ...+ Br(Ih, — 1), where I} :=lj1e;1 + - .. + lin, €in,

reflecting the fact that ol — Byl lies in the row space of Py. Consequently, we obtain
I = Byly+ - ..+ Bl for suitable 3, € Q. Since [ has only non-negative integer entries, we
conclude that every ! is a non-negative integral multiple of [;” ! Thus, T" is a monomial
in the Tih/ " The assertion follows. O

Proof of Theorem [3.4.3. The curve Y occurs as a GIT-quotient: Y = X (u°)/H],
where u° € X(H{)) represents the character induced by u = deg(go) € Ko = X(Hy).
In other words, we have Y = Proj R(A, Py)(u") with the Veronese subalgebra defined by
u?. We may replace u° with

1
w’ = ?uo € X(HY).

Then R(A, Py)(u®) is replaced with R(A, Py)(w") which in turn equals the Veronese

subalgebra treated in Lemma Moreover, the generators Tili/ “ e R(A, Py)(w°) are
of degree b;u® € X(Hg), respectively. We obtain a closed embedding into a weighted
projective space

i+1 i+2

l; lit1 li+2
Y = V(hoa--'vh'r—Q) C P(b07--~7b7‘)7 h; = detln T, T, ‘|’
a; Qi1 Q42

where the h; generate the ideal of relations among the generators of the Veronese sub-
algebra R(A, Py)(w®). The idea is now to construct a ramified covering Y’ — Y with a
suitable curve Y’ and then to compute the genus of Y via the Hurwitz formula. Consider

T [
Y = V(R ... By C P, B o= det | T Tirn Tivz |
a; Qi1 42

The Y’ C P, is a smooth complete intersection curve. Computing the genus of Y’
according to [39], we obtain

r—1

o) = (=17~ + DT 41,

bo ’ Zbr

The morphism P, — P(by, ..., b,) sending [z, ..., 2] to [2,°, ..., 2] restricts to a mor-
phism Y’ — Y of degree by---b,.. The intersection Y N U; with the i-th coordinate
hyperplane U; C P, contains precisely ! points and each of these points has ramifi-
cation order b; - b(i) — 1. Outside the U;, the morphism Y’ — Y is unramified. The
Hurwitz formula then gives g(Y). O
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We now use Theorem to characterize rationality of X = Spec R(A, Py). For the

special case of Pham-Brieskorn surfaces, the following statement has been obtained in [9].

Proposition 3.4.5. Let R(A,FPy) be of Type 2 with r = 2, that means that
X = Spec R(A, Py) is given as

Vv o~ l lon 1 l’ﬂ [ l2n
X = V(I Doy + Tyt Tyt + Tf o Tyyy?) © C
Then the hypersurface X is rational if and only if one of the following conditions holds:
(i) there are pairwise coprime positive integers cg,c1,co and a positive integer s such
that, after suitable renumbering, one has
ged(c,8) =1, lo=sco, hh=sc1, l=c;
(ii) there are pairwise coprime positive integers co,c1,co such that
[0 = 260, [1 = 261, [2 = 202.
Lemma 3.4.6. Fori=0,1,2, letl; = (Li1, ..., lin,) be tuples of positive integers. Define
[, l; and lij as in Definition[3.4.9 for r = 2. Then the following statements are equivalent.

(i) We have [([[01[02[12 - ([01 + lgo + [12)) = 2.
(ii) One of the following two conditions holds:
(a) there are pairwise coprime positive integers cy,c1,co and a positive integer s
such that, after suitable renumbering, one has

ged(eg,8) =1, ly=sco, U1 =sc1, lo=cy;
(b) there are pairwise coprime positive integers co,c1,ca such that
lo =2¢cy, 1 =2c1, lb=2co.
Proof. If (ii) holds, then a simple computation shows that (i) is valid. Now, assume
that (i) holds. Then the following cases have to be considered.
Case 1. We have [ = 1. Then g1 (lp2l12 — 1) = lp2 + 12 — 2 holds. From this we deduce

lo1(lo2liz —1) = (lor — 1)(lo2liz = 1) + (lo2 — 1)(lig — 1) + lp2 + l12 — 2
> g2+l — 2,

where equality holds if and only if at least two of [y, lp2, [12 equal one. So, we arrive at
Condition (a).

Case 2. We have [ = 2. Then we have lp1(2lp2l12 — 1) + 1 = lp2 + l12. In this situation,
we conclude

lo1(2lp2lie — 1) +1 = (lpg — 1)(2lp2l12 — 1) + lo2li2
+([02 — 1)([12 — 1) + oo+ Lo —1
> g2 + ho,

where equality holds if and only if we have lg; = lgo = l12 = 1. Thus, we arrive at
Condition (b). O
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Proof of Proposition[3..5. First, observe that X is rational if and only if Y is rational
or, in other words, of genus zero. For r = 2, Theorem [3.4.3| gives

[
g(Y) = 5([[01[02[12 —lp1 — o2 — h12) + L.

Thus, according to Lemma condition g(Y) = 0 holds if and only if (i) or (ii) of
the proposition holds. O

Remark 3.4.7. If the defining polynomial in Proposition [3.4.5| is classically homoge-
neous, then it defines a projective hypersurface X’ C P*~! and the following statements
are equivalent.

(i) X’ is rational.

(ii) C1(X') is finitely generated.

(iii) Condition (i) or (ii) holds.

Corollary 3.4.8. Let R(A, Py) be of Type 2. Then X = Spec R(A, Py) is rational if and
only if one of the following conditions holds:

(i) We have ged(l;, ;) =1 for all0 <i < j <r, in other words, R(A, Fy) is factorial.
(i) There are 0 <i < j <r with ged(l;, ;) > 1 and ged(ly, L) = 1 whenever v & {3, j}.
(iii) There are 0 < i < j < k < r with ged(l;, ;) = ged(l;, ) = ged(l, ) = 2 and

ged(ly, l,) = 1 whenever v & {i, 7, k}.

Lemma 3.4.9. Let A, Py be defining data of Type 2, enhance A to A’ by attaching a
further column and Py to P} by attaching 1,11 to lo,... L. If ged(l;, l41) = 1 holds
fori=0,...,r, then we have g(Y) = g(Y') for the curves associated with R(A, P) and
R(A’, P}) respectively.

Proof. Denote the numbers arising from P’ in the sense of Definition by I}, I etc.
Then we have

U= Thp, V() = ged(L,T/T; j#4) = b@), i=0,....m,

b(r+1) = ged( /lo,...,.U/L) = L.
Plugging these identities into the genus formula of Theorem [3.4.3] we directly obtain
g(Y") = g(Y). O

Lemma 3.4.10. Let R(A, Py) be of Type 2 and assume that the curve Y associated with
R(A, P) is of genus zero. Then there are 0 < i < j < k <1 with gcd(ly, [,) = 1 whenever

v & {i,j,k}.

Proof. According to Theorem the fact that the curve Y associated with R(A, P)

is of genus zero implies

-1,
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As b(i) divides I;, we see that b(i) # [; can happen at most three times. Moreover,
b(i) = [; is equivalent to ged(l;, ;) = 1 for all j # 1. O

Proof of Corollary[3.7.§ We may assume that the indices 7,7 and k of Lemma [3.4.10
are 0,1 and 2. Then Lemma w says that X is rational if and only if the trinomial
hypersurface defined by the exponent vectors lg, l1, [ is rational. Thus, Proposition [3.4.5
gives the assertion. O

Corollary 3.4.11. Let R(A, Ry) be a platonic ring of Type 2. Then X = Spec R(A, Py)
is rational.

Remark 3.4.12. It may happen that for a rational T-variety X of complexity one, the
total coordinate space X is rational, but the total coordinate space of X is not rational
any more. For instance consider

X3 = V(T}+ Ty +T§) C C3.

Then, according to Proposition the surface X3 is not rational. Moreover, X3 is
the total coordinate space of an affine rational C*-surface Xy with defining matrix

-4 4 0
P = -4 0
-3 1 1

The divisor class group of Xy is Cl(X2) = Z/4Z x Z/AZ and the Cl(X32)-grading of the
Cox ring R(X2) = C[Ty, T, T3] /(T + Ty + T4) is given by

deg(Tl) = (T7T)v deg(TZ) = (T7§)7 deg(T3) = (§7T)

For an equation for X5, compute the degree zero subalgebra of R(X3): it has three
generators S1, 52,53 and S} + S5 + S3 as defining relation. Thus,

Xy = V(S§ 4S5 +85) € C

To obtain a rational affine C*-surface having X as its total coordinate space, we take
X1, defined by

-3 3 0
P1 = -3 0 4
-2 11

The divisor class group of X is C1(X;) = Z/3Z and the Cl(X;)-grading of the Cox ring
R(X1) = C[Sy, Sa, S3]/(S? + S5 + S§> is given by

deg(T1) = 1, deg(Ty) = 2, deg(T3) = 0.

We have constructed a chain of total coordinate spaces X3 — X9 — X7, where X7 is a
rational affine C*-surface, X5 is rational and X3 not.
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Finally, we determine the factor group of the maximal quasitorus by its unit compo-
nent acting on a given trinomial hypersurface; the proof is a direct consequence of the
subsequent lemma.

Proposition 3.4.13. Let R(A, P) be any ring of Type 2, where r = 2. Then, for the
quasitorus Hy acting on the corresponding trinomial hypersurface

X = V(I Tyt + T Ty + T Ty2) € C°,

Ong 2n9

the factor group Ho/H§ by the unit component H) C Hy is isomorphic to the product of
cyclic groups C(I) x C'(y1lo2l2).

Lemma 3.4.14. Consider a matriz Py with m =0 and r = 2 as in Type 2 of Construc-

tion [2.1.2)
—lo L1 0O
R = [ ]
—lp 0 I

As earlier, set [; = ged(li, ..., lin;). Then, with ;; = ged(l;, 1;) and [ = ged(lo, I1, l2), we
obtain
KPS = (Z™/im(Py)*™ = O(I) x O(llolpalya).

Proof. Suitable elementary column operations to Py transform the entries I; to
(1;,0,...,0). Thus, Kt = (Z3/im(P}))%*™ holds with the 2 x 3 matrix

o [u oo
T
The determinantal divisors of Py are ged(lp,[1,[2) and ged(lply, lpla, [12). Thus, the
invariant factors of Py are [ and [ly1lp2l12; see [72]. O

3.5 Proof of Theorems [3.1.5 and [3.1.6

We are ready to prove the main results of this chapter. The proof of Theorem will
be in fact constructive in the sense that it allows to compute the defining equations of
the Cox ring in every iteration step; see Proposition [3.5.6

Remark 3.5.1. Let R(A, P) resp. R(A, Py) be a ring of Type 2. Applying suitable
admissible operations, one achieves that P resp. Py (is ordered in the sense that l;; >
oo 2 lip, for all t = 0,...,7 and lopy > ... > l;1 hold. For an ordered P resp. F, the
ring R(A, P) resp. R(A, ) is platonic if and only if (lp1,111,l21) is a platonic triple and
l;1 = 1 holds for ¢ > 3.

Definition 3.5.2. The leading platonic triple of a ring R(A, P) resp. R(A, Py) of Type 2
is the triple (lp1,{11,l21) obtained after ordering P resp. Fj.
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Lemma 3.5.3. Let R(A, Py) be of Type 2 and platonic such that l;; > ... > liy, holds
for all i and l;; = 1 for i > 3. Moreover, assume ged(l1,le) = . Then, with Ky =
Z"™ [im(Py), the kernel of Z"™ — Ko/ K{°™ is generated by the rows of the matriz

r -1 1 ]
sl 0 g1 0 00 ... 0
—1 1
2ed (o) 0 0 wdlom 2 0 0
P o= A 0 1 0 : E
L o 0 0 10 ... 0|

where, as before, the symbols 1 indicate vectors of length n; with all entries equal to one.

Proof. Observe that the rows of Py generate a sublattice of finite index in the row lattice
P;. Thus, we have a commutative diagram

Ko Ko/ K

>~ T

Zm T [im(Py)

It suffices to show, that Z"™™/im(P}) is torsion free. Applying suitable elementary
column operations to P;, reduces the problem to showing that for the 2 x 3 matrix

lo 5 0
ged(lo,l1)  ged(lo,l)
lo ?

— 0

lo
ged(lo,l2) ged(lo,l)

all determinantal divisors equal one. The entries of the above matrix are coprime and
its 2 X 2 minors are

lolo 115 loly
ged(lo, I1) ged(lp, [2) ged(lo, 1) ged(lo, [2) ged(lo, 1) ged(lo, )

up to sign. By assumption, we have ged(ly, [) = [. Consequently, we obtain
ng([o[Q, [0[1, [1 [2) = ng([o[, [1[2) = ng([o, [1) ng([o, [2)

and therefore the second determinantal divisor equals one. As remarked, the first one
equals one as well and the assertion follows. ]

Lemma 3.5.4. Let R(A,Py) be of Type 2 and X = Spec R(A,Py). Then, for the
generator Tyy of R(A, Py), we have

V(X,To1) = V(ITn) V(TP =Tl i=2,...,r) € CvF™,
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In particular, the number of irreducible components of V(X,To1) equals the product of
the invariant factors of the matriz

- b 0
L 0 [

Proof. First observe that the ideal (Tp1, go, ..., gr—2) € C[T};, Sk] is generated by bino-
mials which can be brought into the above form by scaling the variables appropriately.
Now consider the homomorphism of tori

l l
_ t tr
m: Tttt et (t1,.. . tp) = <tl21’,t;1>
1 1

Then the number of connected components of ker(m) equals the product of the invariant
factors of the above matrix. Moreover, T~ x ker(m) x T™ is isomorphic to V (X, Ty1) N
T™*t™. Finally, one directly checks that V (X, Tp1) has no further irreducible components
outside T™+™, O

Lemma 3.5.5. Let R(A, Py) be of Type 2 and platonic. Assume that Py is ordered.
Then the number c(i) of irreducible components of V(X ,T;;) is given as

il o | 1 | 2 | =3
c(i) || ged(l1,l2) | ged(lo, I2) | ged(lo, 1) | Ploilo2hie

Proof. Suitable admissible operations turn 7;; to Tp:1. Then the number of components
is computed via Lemma ]

Proposition 3.5.6. Let R(A, Py) be of Type 2, platonic and non-factorial. Assume that
Py is ordered and let Py be as in Lemma[3.5.5 Set

nm, e ,nijc(i) = Ny, lij,la e 7Z7Lj,c(i) = ng((Pl)l,ija ey (Pl)r,ij)-

The lio = (Litas---slinga) € Z™= build up an r' x (n' + m) matriz Pj, where
n':=¢c(0)ng + ...+ c(r)n,. With a suitable matriz A’, the following holds.
(i) The affine variety Spec R(A', P)) is the total coordinate space of the affine variety
Spec R(A, Py),
(ii) The leading platonic triple (I.p.t.) of R(A’, P}) can be expressed in terms of that
of R(A, Py) as

Lp.t. of R(APy) | Lp.t. of R(A", P
(4,3,2) (3,3,2)
(3,3,2) (2,2,2)
(y,2,2) (z,2,1) or (4,2,2)
(.T, Y 1) gcd(gfo,h)’ gcd(gfo,h)’ 1
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Proof. We compute the Cox ring of X = Spec R(A, Py) according to [6, Thm. 4.4.1.6];
use Corollary 1.9 [50] to obtain the statement given there also in the affine case. That
means that we have to figure out which invariant divisors are identified under the rational
map onto the curve Y with function field C(X)#5 and we have to determine the orders
of isotropy groups of invariant divisors.

Let P; be as in Lemma m Then the torus HY acts diagonally on C"™™ with weights
provided by the projection Q: Z"*™ — K{, where K = Z"™™/im(P}) equals the
character group of HY. Consider the commutative diagram

Yo c (CBH_m
Xo/HY < Cy'™/HY
Y C P

where Xo € X and (Cngm C C™™ denote the open Hg—invariant subsets obtained
by removing all coordinate hyperplanes V' (S;) and all intersections V (T3, ;,, Tj,j,) with
(i1,71) # (2, j2) from C"*™, Moreover, the geometric quotient spaces in the middle row
are possibly non-separated and the maps to the lower row are separation morphisms.
We determine the orders of isotropy groups. Every point in T"*™ has trivial H{-isotropy.
Thus, we only have to look what happens on the sets V(T};) N C{™™. According to [6],
Prop. 2.1.4.2], the order of isotropy group of H{ at any point z € V(T;;) N (C8+m equals
the greatest common divisor of the entries of the 7j-th column of P;:

|H8’$| = l;j = ng((Pl)l,ija ceey (Pl)r,ij) for all z € V(E]) N Cg+m

Now we figure out which Hg—invariant divisors of X are identified under the map Xy —
Y. Lemma [3.5.5] provides us explicit numbers ¢(0),...,c(r) such that for fixed i and
j=1,...,n;, we have the decomposition into prime divisors

V(Y, T”) = Dij,l Uu...u Dij,c(i)7

in particular, the number ¢(i) does not depend on the choice of j. The components
Dij1, ..., Dyj @) lie in the common affine chart Wy C X obtained by localizing at all
Tyrjr different from Tj;. Their images thus lie in the affine chart Wo/HY C Xo/HS.
Consequently, the D;;q,...,D have pairwise disjoint images under the composition
YD — Yo / Hg —Y.

On the other hand, V(X,T;;) and V(X,T;;/) are identified isomorphically under the
separation map X /H8 — Y Thus, suitably numbering, we obtain for every i, and
a=1,...,c(i) a chain

ij,c(i)

Dil,av e aDini,ay
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of divisors identified under the morphism Xo/H{ — Y. The order of isotropy for any
x € Djj o equals lgj. Now, using [6, Thm. 4.4.1.6], we can compute the defining relations

of the Cox ring of X, which establishes the two assertions. O

Remark 3.5.7. Let R(A, Py) be a non factorial platonic ring with ordered Py and
leading platonic triple (lo1,111,121). Denote by R(A’, P}) the Cox ring of Spec R(A, P).
Then the exponents of the defining relations of R(A’, P)) are listed in the following table,
where 1,,, denotes the vector of length n; with all entries equal to one.

leading plat. triple exponents in R(A’, P))

(4,3,2) I, 11, lo/2, 1n, and 2 x 1, for i > 3.
(3,3,2) o, I, Iz, 1ng, 1o, and 3 x 1y, for i > 3.
(,2,2) and [=2 | lo/2, lp/2, 2 X 1, 2 X 1,,, and 4 x 1,,, for i > 3.
(x,2,2) and 21 lo, lo, 1p,, 15, and 2 x 1,,, for i > 3.

(,2,2) and o =1 lo/2, la, lg, n, and 2 x 1,,. for i > 3.
(x,y,1) gcd(lfo’[l), gcd([o oy ged(lo, 11) x 1, for i > 2.

Proof of Theorem [3.1.5. We start with a rational, normal, affine, log terminal X; of
complexity one. According to Theorem the Cox ring Ry of X7 is a platonic ring. If
the greatest common divisors of pairs [;, [; of Ry all equal one, then Ry is factorial by [44)
Thm. 1.1] and we are done. If not, then we pass to the Cox ring R3 of X5 := Spec Ry and
so on. Proposition ensures that this procedure terminates with a factorial platonic
ring R,. O

Proof of Theorem[3.1.6 Let X; be any rational, normal, affine variety with a torus
action of complexity one of Type 2 and at most log terminal singularities. Then Theo-
rem provides us with a chain of quotients

x, Mty Mz sy T s T

such that X; = Spec(R;) holds with a platonic ring R; when ¢ > 2, the ring R, is
factorial and each X;41 — X; is the total coordinate space. The idea is to construct
stepwise solvable linear algebraic groups G; C Aut(X;1) acting algebraically on X1
such that the unit component GY C G is a torus, G; contains H; as a normal subgroup,
G;—1 = G;/H; holds and we have G; = H;

Start with G; := Hj, acting on X3. According to [6, Thm. 2.4.3.2], there exists an
(effective) action of a torus G; on X3 lifting the action of G on X5 and commuting with
the action of Hy on X3. Moreover, [7, Thm. 5.1] provides us with an exact sequence of
groups

1—— H2 —— Aut(Xg, HQ) S Aut(Xg) —1 ;
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where Aut(X3, He) denotes the group of automorphisms of X3 normalizing the quasitorus
Hs. Set Gy := 7T_1(G1). Then Hggl, as a factor group of the torus Hg X G1 by a closed
subgroup, is an algebraic torus and it is of finite index in Go. Thus, G5 is an affine
algebraic group with GY = HYG; being a torus. By construction, Hy C Gs is the
kernel of o := 7|, and hence a normal subgroup. Moreover, Gy is solvable and acts
algebraically on X3. Iterating this procedure gives a sequence

Qp—2 Qp—3 g

a1
Gp1 TGy 2

@Q

Ga G

of group epimorphisms, where, as wanted, G; is a solvable reductive group acting alge-
braically on X, such that H; = ker(ay;_1) is the characteristic quasitorus of X;. In
particular, the group G := G,—1 C Aut(X,) satisfies the first assertion of the theorem.

We turn to the second assertion. From [6, Prop. 1.6.1.6], we infer that G; = H; acts
freely on the preimage Us C X5 of the set of smooth points U; C X; and moreover, the
complement X \ Us is of codimension at least two in Xs. Let Us C X3 be the preimage
of Uy C X5. Again, the complement of Us is of codimension at least two in X3 and,
as Uy consists of smooth points of Xo, the quasitorus Hs acts freely on Us. Because of
Go/Hy = G1, we conclude that Us is Ga-invariant and Gy acts freely on Us. Repeating
this procedure, we end up with an open set U, C X, having complement of codimension
at least two such that G acts freely on U,. Thus, G acts strongly stably on X,. Now
consider

G=Dy 2Dy 2O ...

1

Dp_g :_) Dp—l = 1, 'Dl = ker(ozi ©0...0 Ozp_g).

Then we have X; = X,,/D;_1 and H; = D;_1/D;. Moreover for each D;, its action on
X, is strongly stable, as remarked before, and X, is G-factorial because it is factorial.
Using [7, Prop. 3.5], we obtain a commutative diagram

B

X/ [Di, Di Xy Disa
//Di/[Dm\ %+
X, //D;

where the left downward map is a total coordinate space. As D;/D;1 = H;1 is abelian,
[D;, D;] is contained in D;;1 and we have the horizontal morphism 5. Since the right
hand side is a total coordinate space as well, we infer from [0, Sec. 1.6.4] that g is an
isomorphism. This implies D;11 = [D;, D;], proving the second assertion. O



CHAPTER
FOUR

CHARACTERIZATION OF ITERABILITY OF COX RINGS

We consider normal algebraic varieties X defined over the field C of complex numbers
with finitely generated divisor class group K and only constant invertible global regular
functions. If the K-graded Cox ring Ry of X is a finitely generated C-algebra, then one
has the total coordinate space X; := Spec Ry. We say that X admits iteration of Cox
rings if there is a chain

x, Moty Mz ) T

dominated by a factorial variety X, where in each step, X;;1 is the total coordinate
space of X; and H; = Spec C[Kj;] the characteristic quasitorus of X;, having the divisor
class group K; of X; as its character group. Note that if the divisor class group K of
X is torsion free, then R; is a unique factorization domain and iteration of Cox rings
is trivially possible. As soon as K has torsion, it may happen that during the iteration
process a total coordinate space with non-finitely generated divisor class group pops up
and thus there is no chain of total coordinate spaces as above, see Remark

In Chapter [3| we showed that for affine X with I'(X,0)T = C and at most log terminal
singularities, the iteration of Cox rings is possible. In this chapter, we characterize all

varieties X with a torus action of complexity one that admit iteration of Cox rings. The
results of the Sections to of this chapter have been published in [51].

4.1 TIterability of Cox rings

First consider the case I'(X,0)T = C. In order to have finitely generated divisor class
group, X must be rational and then the Cox ring of X is of Type 2 as introduced
in Construction and thus of the form R = C[T;;, S;]/I, with a polynomial ring
C[T}j, Sk) in variables Tj; and Sj, modulo the ideal I generated by the trinomial relations

To +Th 4T T + TR+ T, .., 6 TP+ T + T,

65
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with Tlll = Tilfl .- ﬂls:’ For each exponent vector I; set [; := ged(l1, ..., lin,). The Cox
ring R is factorial if and only if the [; are pairwise coprime; see [44] Thm. 1.1]. We
say that R is hyperplatonic if (51 + ...+t > 7 —1 holds. After reordering lo, ..., I,
decreasingly, the latter condition precisely means that [; = 1 holds for all ¢ > 3 and
(o, l1, I2) is a platonic triple, i.e., a triple of the form

(57372)’ (4)3)2)7 (35372)7 (:Ca272)) (ajvya 1)) xayGZZl

Theorem 4.1.1. Let X be a normal T-variety of complexity one with I'(X,0)T = C.
Then the following statements are equivalent.

(i) The variety X admits iteration of Cox rings.
(ii) The variety X is rational with hyperplatonic or factorial Cox ring.

Note that we have to check rationality in each iteration step. See Remark [3.4.12] for an
example, where X and its total coordinate space X are rational but the total coordinate
space of X is not any more.

We turn to the case I'(X, O)T # C. Here, O(X)* = C* holds and finite generation of the
divisor class group of X force I'(X,0)" = C[T]. We end up with a Cox ring of Type 1
and obtain the following simple characterization.

Theorem 4.1.2. Let X be a normal T-variety of complexity one with T'(X,0)T # C.
Then X admits iteration of Cox rings if and only if X and its total coordinate space are
rational with only constant globally invertible functions. Moreover, if the latter holds,
then the iteration of Cox rings stops after at most one step.

Note that there exist indeed rational T-varieties of complexity one with only constant
globally invertible functions, having a rational non-factorial total coordinate space X
of Type 1 with non-constant globally invertible functions; see Remark for an
example.

As a consequence of the two theorems above, we obtain the following structural result,
generalizing Theorem but using analogous ideas for the proof.

Corollary 4.1.3. Let X be a normal, rational, affine variety with a torus action of
complexity one admitting iteration of Cox rings. Then X is a quotient X = X' | G of a
factorial affine variety X' := Spec(R'), where R’ is a factorial ring and G is a solvable
reductive group.

On our way of proving Theorem we give in Proposition an explicit description
of the Cox ring of a variety Spec R for a hyperplatonic ring R. This allows us to describe
the possible Cox ring iteration chains in more detail. After reordering the numbers
lo, ..., I associated with R decreasingly, we call (ly, l1, [2) the basic platonic triple of R.

Corollary 4.1.4. The possible sequences of basic platonic triples arising from iteration
of Cox rings of normal, rational varieties with o torus action of complexity one and
hyperplatonic Cox ring are the following:
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(i) (1,1,1) = (2,2,2) — (3,3,2) — (4,3,2),
(i) (1,1,1) = (z,2,1) — (2,2,2),
(i) (1,1,1) = (2,2, 1) = (2,2, 2),
(iV) ( -t 0, [01 1,1 ) — ([0, [1,1 ), where lg1 := ng([[), [1) > 1.

4.2 Proof of Theorem 4.1.1

In order to iterate a Cox ring R(A, ), it is necessary that Spec R(A, Py) has finitely
generated divisor class group. The latter turns out to be equivalent to rationality of
Spec R(A, Py). From Corollary we infer the following rationality criterion.

Remark 4.2.1. Let R(A, Py) be a ring of Type 2 as in Construction and set
l; := ged(li1, . .., lin;). Then Spec R(A, Fy) is rational if and only if one of the following
conditions holds:

(i) We have ged(l;,[;) =1 for all 0 <@ < j <7, in other words, R(A, Pp) is factorial.
(ii) There are 0 < ¢ < j < r with ged(l;, [;) > 1 and ged(ly, [,) = 1 whenever v & {i, j}.
(iii) There are 0 < i < j < k < r with ged(l;, [;) = ged(l;, [x) = ged(l;, ) = 2 and

ged(ly, [,) = 1 whenever v & {3, j, k}.

Definition 4.2.2. Let R(A, Py) be a ring of Type 2 such that Spec R(A, Fy) is rational.
We say that Py is ged-ordered if it satisfies the following two properties

(i) ged(li, ;) =1foralli=0,...,7and j=3,...,7,

(ii) ng([l, [2) = ng([o, [1, [2).

Observe that if Spec R(A, Fy) is rational, then one can always achieve that Py is ged-
ordered by suitably reordering lg,...,l.. This does not affect the Ky-graded algebra
R(A, Py) up to isomorphy.

Lemma 4.2.3. Let R(A, Py) be a ring of Type 2 such that Spec R(A, Fy) is rational and
Py is ged-ordered. Then, with Ko = Z"™ /im(Py), the kernel of Z"t™ — Ko/ K™ is
generated by the rows of

ng(foh)lO gcd([o,[l)l1 0 0O 0 ... 0
ey L ey LI 0

P1 = _ZO 0 l3 0
L o 0 0 L, 0 ... 0]

Proof. The arguments are similar as for Lemma The row lattice of Py is a sublattice
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of finite index of that of P; and thus there is a commutative diagram

Ky Ko/ K&

>~ T

Zr [im(Py)

We have to show, that Z"*™ /im(Py) is torsion free. Suitable elementary column oper-
ations on P; reduce the problem to showing that for the r x (r 4+ 1) matrix

- . _
ged(lo,l1) lo gcd(lo,1) 51 0 e 0
@ 0 mawml O 0

_[0 0 [3 0
L —lp 0 .. 0 [ ]

the r-th determinantal divisor and therefore the product of the invariant factors equals
one. Up to sign, the » X r minors of the above matrix are

1
[ - -
ged(lo, 1) ged(lo, )
Suppose that some prime p divides all these minors. Then p ¢ [; holds for all j > 3,

because otherwise we find an ¢ # j with p | [;, contradicting gcd-orderedness of Py. Thus,
p divides each of the numbers

'[i—l‘[z’+1"'[r7 Whereizo,...,r.

[0[2 [1[2 [0[1
ng([g, [1) ng([o, [2)’ ng([o, [1) ng([g, [2)’ ng([o, [1) ng([o, [2) '

By the assumption of the lemma, [ := ged(ly, [2) equals ged(lp, [1, [2). Consequently, we
obtain

ng([Q[Q,[Q[l,[l[g) = ng([o[, [1[2) = ng([Q,[l)ng([g,[Q).

We conclude p = 1; a contradiction. Being the greatest common divisor of the above
minors, the r-th determinantal divisor equals one. O

Lemma 4.2.4. Let R(A, Py) be a ring of Type 2 and X := Spec R(A, Py) be rational.
Assume that Py is ged-ordered. Then, with | := ged(ly, l2), the number c(i) of irreducible
components of V(X,T;j), where j =1,...,n;, is given by

1 0 1 2 >3

c(i) | ged(ly, l2) | ged(lp, ) | ged(lo, 1) l[gcd(ll,lz) ged(lp, I2) ged(lo, [1)

Proof. The assertion is a direct consequence of Lemma [3.5.5 O
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We are ready for the main ingredient of the proof of Theorem [£.1.1] the explicit descrip-
tion of the iterated Cox ring.

Proposition 4.2.5. Let R(A, Py) be of Type 2 non-factorial with Spec R(A, Py) ratio-
nal. Assume that Py is ged-ordered and let Py be as in Lemma[{.2.3. Define numbers
n':=c(0)ng + ...+ c(r)n, and

i1y ,ni7c(i) = Ny, lij,la e 7lij,c(i) = ng((Pl)l,iju ey (Pl)r,ij)-

Then the vectors li o := (lit,ay - - - s ling.a) € Z"™= build up an ' x (n' +m) matriz Pj with
" =1¢(0)+...4+¢(r) = 1. With a suitable matriz A’, the affine variety Spec R(A', P)) is
the total coordinate space of the affine variety Spec R(A, Fy).

Proof. The idea is to work with the action of the torus HJ := Spec C[K(/K{°™] on
X := Spec R(A, Py) and to use the description of the Cox ring of a variety with torus
action provided in [49]. For this, one has to look at the exceptional fibers of the map
7: Xo — Y, where Xg C X is the set of points with at most finite HJ-isotropy and
the curve Y is the separation of Xo/H{. Following the lines of the proof of Proposition
one uses Lemma to determine the number of components for each fiber of 7
and Lemma to determine the order of the general (finite) H-isotropy groups on
each component. The rest is application of [49]. O

The defining property of a hyperplatonic ring R(A, Pp) is [O_1 +...+ 71 >r—1. Thus,
for any such ring we find a (unique) platonic triple (I, [, ;) with ¢, j, k pairwise different
and all [, with v different from i, j, k equal one. We call ([;, [;, [;;) the basic platonic triple
(bpt) of R(A, Py).

Remark 4.2.6. Let R(A, Py) be non-factorial and hyperplatonic with basic platonic
triple (lp, l1,2). Then Remark ensures that X := Spec R(A, Pp) is rational. More-
over, Lemma and Proposition yield that the exponent vectors of the defining
relations of the Cox ring R(A’, P)) of X are computed in terms of the exponent vectors
loy ...l of R(A, Py) according to the table below, where “a x [;” means that the vector
l; shows up a times.

bpt of R(A, Py) | exponent vectors in R(A’, P’)

(4,3,2) 2 x Iy, 3lo, 3l and 2 x [; for i > 3

(3,3,2) 3 X lg, %lo, %ll and 3 x ll for 7 >3

(2,2,2) and 2|z | 2 x 3o, 2 x 311, 2 % 1y and 4 x [; for i > 3

(2,2,2) and 2fz | 2 x lo, 311, 5l and 2 x I; for i > 3

(z,y,1) gcd(lx,y)l()? gcd(lx,y)ll and ged(z,y) x [; for i > 2
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Lemma 4.2.7. Let R(A, Py) be a ring of Type 2, non-factorial and assume that X :=
Spec R(A, Py) is rational. If the total coordinate space of X is rational as well, then
l; > 1 holds for at most three 0 < i <.

Proof. We may assume that Py is ged-ordered. Then Proposition provides us with
the exponent vectors of the Cox ring R(A’, P)) of X. As R(A, Pp) is rational and non-
factorial, Remark leaves us with the following two cases.

Case 1. We have ged(lp,l1) > 1 and ged(l;,[;) = 1 whenever j > 2. This means in
particular lp,l; > 1. Assume that there are 2 <14 < j < with [;,[; > 1. According to
Proposition [4.2.5 we find c() times the exponent vector I; and ¢(j) times the exponent
vector [j in Pj. Lemma[4.2.4]tells us c(j) = c(i) = ged(lp, [1) > 1. Thus, for the first two
copies of [; and I;, we obtain ged(l;1,1i2) = [; > 1 and ged(l;1,152) = [; > 1 respectively.
Remark shows that Spec R(A’, P}) is not rational; a contradiction.

Case 2. We have ged(lp, l1) = ged(lp, l2) = ged(lh,2) = 2. Assume that there is an
index 3 < i < r with [; > 1. Proposition and Lemma [£.2.4] yield that the ex-
ponent vector l; occurs ¢(k) = 4 times in the matrix P}. As in the previous case we
conclude via Remark that the total coordinate space Spec R(A’, P}) is not rational;
a contradiction. O

Proof of Theorem [{.1.1. We prove “(ii)=-(i)”. Then X is rational and has aring R(4, P)
of Type 2 as provided by Construction as its Cox ring. If R(A, ) is factorial, then
there is nothing to show. So, let R(A, Py) be non-factorial and hyperplatonic. Then,
after reordering the [; decreasingly, (lo,[1,l2) is the basic platonic triple of R(A, F).
From Remark we infer that X; := Spec R(A, Py) is rational with hyperplatonic
Cox ring R(A’, Pj). So, we can pass to Xy := R(A’, Pj) and so forth. The table of
possible basic platonic triples given in Remark [.2.6] shows that the iteration process
terminates at a factorial ring.

We prove “(i)=-(ii)”. Since X has a Cox ring, X must have finitely generated divisor
class group. As for any T-variety of complexity one, the latter is equivalent to X being
rational. The Cox ring of X is a ring R(A, Py) of Type 2. If R(A, Fy) is factorial, then we
are done. So, let R(A, Py) be non-factorial. Then we may assume that Py is gcd-ordered
and, moreover, lp; # 1. Since X; = Spec R(A, Fy) has a Cox ring R(A’, P}), it must be
rational. Preserving the gcd-orderedness, due to Lemma @ we may assume [; = 1
whenever j > 3 holds. Remark leaves us with the following cases.

Case 1. We have [y := ged(lp, 1) > 1 and ged(l;, [j) = 1 whenever j > 2 holds. Then
we may assume [g > [4.

1.1. Consider the case lp; > 3. By Lemma the exponent vector Iy occurs [y times
in the defining relations of the Cox ring R(A’, P}) of X;. Since Spec R(A’, P)) is rational,
Remark yields [ = 1. We conclude that (lo, [1, [2) is platonic.

1.2. Assume lg; = 3. Then [5 occurs 3 times as exponent vector in the defining relations
of R(A’, F}). Remark shows o < 2. Thus, (ly, [1,[2) is platonic.
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1.3. Let lp; = 2. If [p = [; = 2 holds, then (lp, [1,[2) is a not necessarily ordered platonic
triple for any l. So, assume [y > [; > 2. As we are in Case 1, the number [, must be
odd. If I = 1 holds, then (lp,[1,[2) is a platonic triple and we are done. So, assume
I # 1. By Proposition and Lemma we find the exponent vectors 1/21y and
1/21; as well as twice Iy in Pj. Since X; = Spec R(A’, Pj) is rational and [y > [; holds,
Lemma shows [} = 2 and the triple of non-trivial ged’s of exponent vectors of P} is
(lo/2,12,12). After ged-ordering P, we can apply Case 1.1 and with [p/2 > 1 we obtain
lp =4 and [y = 3. In particular, (lp, l2, [;) is platonic.

Case 2: We have ged(lp, ;) = ged(lp, l2) = ged(li,l2) = 2. Then we may assume
l[p > [; > l. Proposition [£.2.5]and Lemma [£.2.4] tell us that each of the exponent vectors
1/21p,1/21; and 1/215 occurs twice in P. Since Spec R(A', P}) is rational, Lemma[4.2.7]
yields [; = [ = 2. Thus, (lp, [, l2) is platonic. O

4.3 Proof of Theorem 4.1.2

As a first step we relate the total coordinate space of a rational variety with torus action
of complexity one admitting non-constant invariant functions to the total coordinate
space of one with only constant invariant functions; see Corollary This allows
us to characterize rationality of the total coordinate space using previous results; see
Corollary [£.3.4] Then we determine in a similar manner as before, the iterated Cox ring;
see Proposition This finally allows us to prove Theorem [4.1.2

Recall from Chapter 2] that the suitable downgradings of the rings R(A, Py) of Type 1
as provided by Construction yield precisely the Cox rings of the normal rational
T-varieties X of complexity one with I'(X,0)T = C[T]. Suitable downgradings of the
rings R(A, Py) of Type 2 yield precisely the Cox rings of the normal rational T-varieties
X of complexity one with I'(X, 0)T = C.

Construction 4.3.1. Consider a ring R(A, Py) of Type 1 as in Construction with
A= (ay,...,a;). Set l; := ged(li, ..., lin,) and £ :=lem(ly, ..., ). Then, writing Lo for
the column vector —(¢,...,¢) € Z", we obtain a ring R([l, ]50) of Type 2 with defining
matrices

- -1 a1 ... a ~
A= l 0 i ;], Py = [Lo, ).

Proposition 4.3.2. Let R(A, Py) be a ring of Type 1 and R(A, Py) the associated ring
of Type 2 obtained via Construction |4.5.1 Fir a;; € 7 with [; = clin + ... + inglin, -
Then one obtains an isomorphism of graded C-algebras

4
La;;

R(/Lif’o)fm — R(A, Py)[Ton, Ty, T — To1, Tij = Ty

Proof. By construction, R(A, Py) is a factor algebra of C[T};,S;] and R(A,P,) of
C[Ti;, Sk]. We have an isomorphism of C-algebras

~ ~ ~ ~ iaz ~
Y: C[T35, Skl,, — ClTij, Skl [To1, Tor'l,  Ton = Tor, Tij = Ty Tyi ~ Sk~ Sk.
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Observe w(’fili) = T(flTiZi. We claim that 1 is compatible with the gradings by Ky on
the Lh.s. and by Z x K on the r.h.s., where the latter grading is given by

deg(TOl) = (1,0) € 7 x Ky, deg(Tij) = (0, €ij + HII(P;)) € 7 x Ky.
Indeed, because of w(TO_lETili) = Tili, the kernels of the respective downgrading maps
zrtitm K ZrHEm s 7% Ky

generated by the rows Py and Py, correspond to each other under ). The defining ideal
of R(A, ) is generated by the polynomials g1, ..., g,—1, where

T T T
gi = det | —1 q Qi+1
0 1 1

The above isomorphism sends §; to Toegi, where the g; are the generators of the defining
ideal of R(A, Fy), and thus induces the desired isomorphism. O

Corollary 4.3.3. Let X := Spec R(A, Py) be the affine variety arising from a ring of
Type 1 and X := Spec R(A, Py) the one arising from the associated ring of Type 2. Then
X x C* is isomorphic to the principal open subset XTm C X. In particular, X is rational

if and only if X is so.

Proof. Only for the supplement, there is something to show. If X is rational, then
obviously X is so. Now, let X be rational. Then the divisor class group C1(X) is finitely
generated. Thus, also CI(XTOI) = Cl(X x C*) = CI(X) is finitely generated and, as it
carries a torus action of complexity one, X must be rational; see [0, Rem. 4.4.1.5]. O

Corollary 4.3.4. Let R(A, Py) be a ring of Type 1. Then X := Spec R(A, Py) is rational
if and only if one of the following conditions holds:

(i) One has l; =1 for all 1 <i <r, in other words, R(A, Py) is factorial.

(ii) There is exactly one 1 < i <r with [; > 1.

(i) There are 1 <i < j<r withl; =1; =2 and [, = 1 whenever u ¢ {i,j}

Proof. Combine Corollary [£.3.3] with the rationality criterion of Remark O

Lemma 4.3.5. Let R(A, Py) be of Type 1 with X := Spec R(A, Py) rational and assume
that (I1,...,1.) is decreasingly ordered. Then the number c(i) of irreducible components
of V(X,Ti;) is given as
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Proof. Due to Corollary we can realize X x C* as a principal open subset of the
associated variety X of Type 2. Then the irreducible components of V(X,Ti;) x C*
are in one-to-one correspondence with the irreducible components X NV (X, T};). The
assertions follows. O

Proposition 4.3.6. Let R(A, Py) be non-factorial of Type 1 with Spec R(A, Py) ratio-
nal with only constant globally invertible functions and (Iy,...,1.) decreasingly ordered.
Define numbers n' := ¢(1)ny + ... + ¢(r)n, and

Ni1y--- ,’n@c(i) = Ny, li,l; e 7li,c(7;) = [*lz
7
Then the vectors l; o € Z"™= build up an v’ x (n' +m) matriz P§. With a suitable matriz
A’ the affine variety Spec R(A', P}) is the total coordinate space of the affine variety
Spec R(A, Py).

Proof. First observe that the kernel of Z"*™ — Ky/K{°™® is generated by the rows of
the following r x (n + m) matrix:

Now one determines the Cox ring of X = Spec R(A, Fy) in the same manner as in the
proof of Proposition by exchanging the matrix P; used there by the matrix above
and applying Lemma 4.3.5 O

Proof of Theorem[].1.7. 1f the Cox ring of X is a factorial ring R(A, Py) of Type 1,
then we are done. So, let R(A, Py) be non-factorial and rational of Type 1. Then
Proposition shows that the Cox ring of Spec R(A, Fy) is factorial. Thus, iteration
of Cox rings is possible for X if and only if the total coordinate space of X is rational.
Moreover, if the latter holds then the iteration of Cox rings ends after at most one
step. ]

4.4 Divisor class groups of total coordinate spaces

To complete the picture drawn in we calculate explicitely the divisor class groups
of all affine rational T-varieties X := Spec R(A, Py) arising from a ring of Type 2. We
obtain the following result:

Theorem 4.4.1. Let X := Spec R(A, Py) be an affine, rational, non-factorial variety
arising from a ring of Type 2 and set i := Y ;i_o((c(i) — 1)n; — (i) + 1).
(i) If ¢ := ged(lp, l1) > 1 and ged(l;, ;) = 1 holds whenever j ¢ {0,1}, then the class
group Cl(X) is isomorphic to

(Z)ZV) ™ % < (L) 2N X 2P,
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(ii) If ged(lp, 1) = ged(ly,l2) = ged(lo,l2) = 2 and ged(l;,l;) = 1 holds whenever
Jj ¢ {0,1,2}, then the class group CI(X) is isomorphic to

Z.)(lohlo /N ZX (Z) ) x ... x (L)L) x 7.

The rationality criterion of Corollary shows that indeed all rational varieties are
treated in the above Theorem.

Remark 4.4.2. As a direct consequence of the above theorem, we can compute the di-
visor class groups of all affine varieties arising from a hyperplatonic Cox ring. We list the
basic platonic tuple (bpt) of R(A, Py) and the divisor class group of X := Spec R(A, P)
in a table:

Case | bpt of R(A, Py) | divisor class group

(i) (4,3,2) Znitnsttne—(r—=1) o 7/3Z
(i) | (3,3,2) 2 (nattne=(r=1)) 5 7,/97, x /2L
(iii) | (z,9,1) 7(ged(@,y)—1)-(n2+-+ny—(r—1))

(iv) | (x,2,2) and 2t | Zrotnsttne—0=1) » 7,07,

(v) (2,2,2) and 2 | 2 | Zrotmitnet3(nattne=(r=1)) » 7 /77,

Recall that the exponents of the relations of the Cox ring R(A, Py) of a variety of
complexity one give rise to the matrix Py, see Construction 2.1.1] This matrix defines
the maximal grading keeping the relations and the variables of the Cox ring homogeneous
and any other such grading coarsens this maximal one. Moreover, if we endow R(A, Py)
with a grading, such that it arises as the Cox ring of a variety of complexity one, we find
a description of this grading via a stack matrix

P
P o |; d ]
as defined in Construction In particular its transpose P* defines an injective map.
Thus, let Py be as above and define Ky := Z"™™ /im(Pg). Then
K™ C K := Z"™ /im(P*)

holds for any matrix P as above and we call C1(X )%™ := K{°' the compulsory torsion
of the class group CI(X) of any X having R(A, Fy) as its Cox ring.
We use the notation introduced in Proposition [£.2.5]

Lemma 4.4.3. Let R(A, Py) be non factorial of Type 2 such that X := Spec R(A, P)
is rational.
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(i) If ¢ == ged(lp,l1) > 1 and ged(l;, ;) = 1 holds whenever j ¢ {0,1}, then the

compulsory torsion of the class group of X 1is
(Z)Z) ™ % - x ()L

(ii) If ged(lo,l1) = ged(ly, o) = ged(lo,l2) = 2 and ged(l;, ;) = 1 holds whenever
Jj ¢40,1,2}, then the compulsory torsion of the class group of X is

Z)(10/2)Z x Z.](11/2)Z x 7./ (Ia/2)Z x (Z/5Z)> x - - x (Z/GZ)>.

Proof. We prove (i). With our subsequent considerations we obtain that the class group
of X is given as Z" 1 /im(P’), where P’ is some (r' 4+ §') x (n/ + m) stack matrix

7
d/ 9

of full row rank, and with Proposition we get that P is the r' x (n’ + m) matrix
build up by the exponent vectors ¢y, ¢ 'l; and ¢ copies lit,... lic of l; for i > 2.
Thus, to obtain the assertion, we compute the Smith Normal Form of Fj. Suitable
elementary column operations transform P} into

cy ¢y 0 ... 0 0 ... 0
C_l[o 0 o1 0
cly 0 Le O 0

As ged(l;, ;) = 1 holds for 4,5 ¢ {0,1} we obtain for 1 < ¢ < ¢ that the (r' — ¢+ 1)-th
determinantal divisor of P} equals 57" - [¢7. The assertion follows.

For the proof of (ii) we note that in this case P is built up by 2 copies of 1/2ly,1/2l;
and 1/2ls and 4 copies of each term [; for ¢ > 3. Then, applying the same arguments as
above, we obtain the assertion. ]

Construction 4.4.4. Let X be an irreducible, normal variety with O(X)* = C* and
finitely generated divisor class group. Denote by WDiv(X) the group of Weil-divisors of
X and fix a finitely generated subgroup Z" = (Dy,...,D,) < WDiv(X) such that the
map 7: Z" — Cl(X) sending each Weil divisor D to its class [D] € Cl(X) is surjective.

Let f1,..., fr be any linear relations such that
n
fi([D1], .., [Dn]) =Y e[ Di] = [0] € CU(X)
i=1
and set
a1 oo Op
P .=

Qprl ... QOpp
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Then there is a commutative diagramm:

zn u C1(X)

N, T

7" /im(P¥)

In particular C1(X) is a factor group of Z"/im(P*).
Lemma 4.4.5. Let l; € ZZ,) be any tuple, k € Z>1 and consider the matriz

L. 0
Ak, 1) == 0 lf € Mat(k + ny, k - ni, Z),

where E,,, denotes the identity matriz of size n;. Then A(k,l;) has rank n; — 1 + k and
the (n; — 1+ k)-th determinantal divisor divides [ffl with l; = ged(li, - .., lin,)-

Proof. Choose for any 2 < ¢ < k an integer 1 < j; < n; and denote by e;, the column
vector having 1 as ji-th entry and all other entries equal zero. Consider the following
(ni — 14 k) x (n; — 1 + k) square matrix obtained by deleting the first row and several
of the last (k — 1) - n; columns of A(k,[;)

0 ... 0 Lyjy ... O
0 0 0 Liji
Enz- €jp .- €4

The determinant of this matrix equals up to sign l;j, - - - l;;,. With [; = ged(liny oy ling)
we obtain

k
ged([ [ lije: je € {1,...,mi}) =170,
t=2
This shows that the (n; — 1 + k)-th determinantal divisor divides [i-c*l. Moreover as
A(k,1;) is obviously not of full rank this proves the assertions. O

Remark 4.4.6. Let R(A,P)) be a ring of Type 2 defining a rational variety
X := Spec R(A, Py). Then the prime divisors D;j1,... D;j ) inside V(X;Tj;), where
1 < j < ny, correspond to the variables Tjj1,...,T;; o) in the Cox ring R(A’, Pf) of X
as described in Proposition In particular we have

deg(Tij) = [Dije] € CLX).

Moreover each free variable Sy gives rise to a prime divisor V(X; Sg) = Ej with infinite
H{-isotropy. This leads to a free variable S}, in R(A’, P}) with

deg(Sy,) = [Ex] = [0] € CI(X).
Note that all free variables of R(A’, P}) arise this way.
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Lemma 4.4.7. Let R(A,Py) be a ring of Type 2 defining a rational wvariety
X :=Spec R(A, Py) such that ged(lp,l1) > 1 and ged(l;,1;) = 1 holds whenever j ¢
{0,1}. Then the defining relations of the Cox ring R(A’, P}) of X have Cl(X)-degree

ZETO0.

Proof. Note that for a ring R(A, Py) as above there is at least one integer i € {0, 1,2}
such that V(X,T;j;) = D;;, is irreducible for j = 1,...,n;. Thus Koy-primeness of the
variable T;; implies that D;; 1 is a principal divisors for j = 1,...,n;. We conclude

deg(T, sz 1] =0 € CI(X).

As ﬂlfl’l occurs as a term in at least one relation of R(A’, P}) the assertion follows. [

Proof of Theorem Case (i). Set HY := Hy/HE°™. We recall that the H{-invariant
prime divisors with finite isotropy generate the class group of X = Spec R(A, Py) and
those are exactly the irreducible components of V(X, Tj;), where i =0,...,rand 1 < j <
n;. Our aim is to determine some relations between the Cl(X)-degrees of the divisors
arising this way. Using Construction [£.4.4] this gives rise to an abelian group having
Cl(X) as a factor group.

Let Djj1U---UD;; ;) be the decomposition of V(X, Tj;) into prime divisors. As R(A, P)
is Ko-factorial and Tj; is Ko-prime (see [6, Theo. 3.4.2.3]) we get

(%)
> [Dije] = 0 € CI(X). (4.1)

t=1
Moreover we observe that in the Cases (i)-(iv) ged(lp, l1,2) = 1 holds and so due to
Lemma {4.4.7 the defining relations of R(A’, P}) have degree zero. In particular, due to

.. . l; lij lin,, .
Proposition [4.2.5( we obtain a term 7};" = T’} - - T " of degree zero for fixed i and t.
This gives rise to relations

n;
Z lij,t[Dij,t] =0¢ CI(X), (42)
j=1
where i = 0,...,r and t = 1,...,¢(i). Aslj1 = -+ = l; o) holds for any i = 0,...,7,
the relations (4.1]) and (4.2) give rise to block matrices A(c(),l;1) in a matrix P as in
Construction In particular we get an m’ x n’ matrix with m’ := Y7 (n; + ¢(7))
and n' :=Y7_;¢(i) - n; of the following form
A(C(O), 1071) 0 ce 0
0 Ale(l ,l171 e 0
e (43)

0 0 A b)
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Note that P is of rank >°7_(n; — 1+ ¢(4)) and the rk(P)-th determinantal divisor of P
equals the product of the (n; — 1 4 ¢(i))-th determinantal divisors of the block matrices
A(ce(i),1;,1). With Lemma we conclude that the class group of X is isomorphic to
a factor group of the group

7" [im(P*) = 7V~ P) » @ (4.4)

[c(r)—l‘

with some finite abelian group G of order k with k|[8§§])_1 el

We show that even Z" /im(P*) < C1(X) and therefore equality holds. For this purpose
we compare the dimensions of X = Spec R(A, Py) and X = Spec R(A', P}):

dim(X) —dim(X)=n'"— (' = 1) — (n — (r — 1))

:n'—ZC(i)+2—Zni+(r—1) =n' —rk(P).
=0

=0

With X = X / Spec C[C1(X)] we conclude Z" () < CI(X). The assertion follows
with
|Cl(X)Ct0rS‘ S |G| S |Cl(X)CtOrS"

We turn towards the proof of the second assertion of Theorem

Definition 4.4.8. Let X be an irreducible normal variety and Y C X a prime divisor.
Let furthermore 2 := (fi,..., f;) < O(X) be any ideal. Then we define the order of A
along Y to be min(ordy (f;); i =1,...,r) =: ordy ().

Lemma 4.4.9. Let X be an irreducible normal variety, A := (f1,..., fr) < O(X) any
ideal and f € O(X). Then the following statements are equivalent:

(i) ordy (A) = ordy (f) holds for all prime divisors Y C X.

(ii) (f) =2 holds, i.e. A is a principal ideal.
In particular the Weil-divisor D := Y ordy (), where the sum runs over all prime
divisors Y C X, is principal if and only if A is a principal ideal.

Proof. We prove (i) = (ii). Observe that f | f; holds for i = 1,...,r as div(f) < div(f;)
by construction. In particular (f) D 2. We prove the other inclusion. Consider the
covering U;_,U; of X where

Ui=X\ (Y, U---UY, ),
where all prime divisors Y with ordy (f;) # ordy () occur among the Y;,. Then inside

Ui we have f; | f. We obtain ¢; - f; = f with ¢; € O(U)*. Considering the associated
sheaf 2 of 2 we obtain f € 2A(X) = 2. The other implication is clear. O
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Lemma 4.4.10. Let R(A, Py) = C[T;;, Si]/I be a hyperplatonic ring with go of the form
T +TH + T2 and basic platonic triple (x,2,2). Fiz an integer y € Zso with y | = and
set

A, = (TP i 1)/ Ty < R(A, Py).

Then A is a principal ideal if and only if y = 1 holds.

Proof. Note that 2; = <T11/2l1 + iT21/212> holds in R(A, Py). So let y # 1 and assume
there is an f € 2, with (f) = . Then there exist g1, g2, h1,he € K[T};, Sk] with

g fHI=T"" 4+ Tand gy - f+ T =T} +473/*> + T and
hy - T3V 4 hy (T2 iy /2y 4 T = F 4+ 1.
Inserting the third formula into the first one we obtain
TV 4 T= g1 hy Ty 4 g1 by (V20 0Ty %) 41

and so in particular

hi=(g1-h1—1)-Ty"" + g1 - ho - (T i1,/ ™) e 1. (4.5)
As there can not occur any term Tol Vo 0 T for y # 1, we conclude that g; and hg
each have a constant term. Inserting the third formula above into the second we ob-

tain a constant term in g9 and hs with similar arguments. But this leads to a term
A (T 43 T2/ with A # 0 in (4.5), which contradicts h € I. 0

Proof of Theorem Case (ii). With the same arguments as in the Case (i) we get

relations of the form (4.1]). Moreover since the degrees of the relations and thus all terms
occuring in the Cox ring R(A’, P}) of X = Spec R(A, Py) coincide, we obtain

no T4
Z loj,1[Dojn] = Z Lij+(i)[Dije)) € CUX), (4.6)
=1 =1

where ¢ = 0,...,7 and 1 < #(i) < ¢(i¢). Those replace the relations (4.2)). Suitably
ordered this gives rise to a matrix

—1/2ly 1/2l, 0 0
Eny  Eng 0 0
* 0 A(C(l),ll’l) 0 ,
* 0 0 oo Ale(r), )

where we use ¢(0) = 2, lpq = lop2 = 1/2-1p. and the * indicates that there might be
some entries not equal to zero. By suitably swapping columns and applying elementary
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row operations one achieves a matrix

—1p ‘ 0 0
* A(C(l),lLl) 0 0
P = : : .. : :
* 0 oo Ale(r),lpa) | O
E,, 0 - 0 E,,

The rank of P’ equals Y_i_(n; — 1+ ¢(i)). Using l; 1 = l;2 = ;/2 for i = 1,2, we obtain
with Lemma [£.4.5|that the (n; —1+¢(i))-th determinantal divisors of A(c(i),1;1) divides
l;/2 for i =1,2. Using l;; = ... =l;4 = [; for i > 3 we obtain that the (n; — 1+ ¢(7))-th
determinantal divisors of A(c(i),l;1) divides I3 for i > 3. Thus considering the maximal
square submatrices just including one of the first ng columns, Laplace expansion with
respect to the first row shows that the rk(P’)-th determinantal divisor of P’ divides [y.
If we delete all of the first ny columns we observe that the (rk(P’) — 1)-th determinantal
divisor of P’ divides 1, i.e., it equals 1. Thus CI(X) is a factor group of

7" /im(P*) = 7"~ @q,

where G is a finite group of order k with k|lo(I;/2)(I/2)5 ... 2.

We show equality of these groups. Observe that we may assume the relation gg of
R(A, Py) to be of the form Tp° 4+ Ti + T%. In particular the irreducible components
Dyj1 and Dyj o of V(X;Tp;) are of the form

Doj1 = V(Toy, TV 40 - T0/2) and  Dyjo = V(Toy, TV — i T3/,

We conclude that for y € Z>¢ with y | [y
no 1
D := Z *ZOjDOj,l = Zordy@ly)
=Y Y

holds with 2, as in Lemma[4.4.10} As 2, is principal if and only if 5 = 1 holds, we obtain
Z/WZ and thus in particular Z/2Z as a factor of the class group of X. Calculating the
difference between the dimensions of Spec R(A, Fy) and Spec R(A’, P}) as in the proof
of the case (i) we conclude Z" ~**(") < CI(X) and the assertion follows with

2. | Cl(X)CtorS‘ S |G| S 9. |Cl(X)CtorS|.
O

To conclude this chapter we give a necessary criterion for the factoriality of a ring
R(A, Py) of Type 1 using the methods developed so far.

Proposition 4.4.11. Let R(A, Py) be a factorial ring of Type 1 with lyn; > 1 for all
i=1,...,r. Then one of the following statements hold:
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(i) We have [; =1 foralli=1,...,r.
(ii) We have Py = [2E>,0].

Moreover, if (i) holds, the variables Tj; are even prime.

Proof. Factoriality of R(A, Py) implies rationality of Spec R(A, Py). Thus it suffices to
go through the cases of Corollary In Case [4.3.4(i) we have [; = 1 for all ¢ and it is

nothing to show.

Now let R(A, Py) be as in Case [£.3.4[ii). Then, after suitable renumbering, I; > 1
and [; = 1 holds for all ¢ > 2. The associated ring R(A, Py) of Type 2 has the terms
Téi, Tlll, ..., T% in the defining relations. In particular due to [6, Theorem 3.4.2.3] it is
not factorial. As Tp; is prime due to [6, Lemma 3.4.2.7] we conclude that the localization
R(A, Py)1y, = R(A, Py)[To1, Ty;'] is not factorial and thus R(A, Py) is not factorial, see
[65, Theorem 20.2]; a contradiction.

We turn to Case M(iii). After suitable renumbering [; = [ = 2 and [; = 1 holds for
all ¢ > 3. In particular l;1n; > 1 implies n; > 2 for all i = 3,...,r. We are left with the
following two cases:

We have r = 2 and n1 = ny = 1: In this case we have

R(A, P()) = (C[Tn, T, Sk]/<T121 + T221 + 1) = (C[T, Tﬁl, Sk]

and Py = [2E», 0] holds.

We have r = 2 and n1 < ng > 2 orr > 3: We show that these assumptions contradict
factoriality of R(A,Py). Consider the corresponding ring R(A, Py) of Type 2, which
is hyperplatonic with basic platonic tuple (2,2,2) and has the terms T021,Tf1, N A
in the defining relations. Set X := Spec R(A, Py) and X := Spec R(A4, By) and note
that div(To1) = Do1,1 + Do1,2 holds with prime divisors D11, Do1,2 C X. In particular
[Do1.1] = —[Do12] € CI(X) holds. Using this and factoriality of X x C* 2 X \ V(Tp,),

we obtain an exact sequence
7> T Cl(X) — CI(X x C*) =0,

where 7(e1) = [Do11] and 7(e2) = [Do12] = —[Do1.1] and thus m(Z?) is a cyclic group.
Due to Remark [£.4.2] we have

CI(X) = Z/QZ x Zn0+n1+n2+3(n3+,..+nrf(rfl))

and ng +mn1 +n2+3(ng+...+n, — (r—1)) > 1 holds by assumption. As the image of
7 is a cyclic group this contradicts surjectivity of 7 and thus factoriality of R(A, Pp).

The supplement is a direct consequence of Proposition [2.2.7] O]

Remark 4.4.12. It may happen that for a rational T-variety of complexity one with
only constant globally invertible functions, the total coordinate space X is rational and
non-factorial of Type 1 but has non-constant globally invertible functions. For instance
consider

Xo = V(T{HTH, — T — 1) € C°,
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where T11T12 + To; € O(X)*. According to Corollary and Proposition [4.4.11| the
surface Xs is rational and non-factorial. Moreover X5 is the total coordinate space of
an affine rational C*-surface X; with defining matrix

2
0
-1

Py =

= O N
= N O

X1 has only constant globally invertible functions, see [6, Theorem 3.2.1.4], the divisor
class group of X is Cl(Xy) = Z/2Z x Z/AZ and the Cl(X;)-grading of the Cox ring
R(Xl) = C[Tn,Tlg,T21]/<T121T122 — T221 — 1> is given by

deg(Tu) = (6, T), deg(T12) = (T, §)7 deg(Tgl) = (T, é)



CHAPTER
FIVE

VARIETIES WITH TORUS ACTION OF HIGHER
COMPLEXITY

In this chapter we extend the Cox ring based combinatorial theory for rational varieties
with torus action of complexity one to Mori dream spaces with torus action of arbitrary
high complexity. The key idea is to work over the maximal orbit quotient, which keeps
finite generation of the Cox ring. As a sample class we investigate Mori dream spaces with
a projective space as maximal orbit quotient having a general hyperplane arrangement as
critical locus. Here we obtain simply structured resulting Cox rings directly generalizing
the case of rational T-varieties of complexity one. The results of this and the following
chapter have been published in the joint publication [46].

5.1 Mori dream spaces with torus action

In this section, we introduce a general framework to construct Mori dream spaces with
torus action. The key input is the main result of [49]. There, the Cox ring

R(X)= P I'(X,0x(D))
CI(X)

of a normal variety X with an effective torus action T x X — X, only constant invertible

global functions and finitely generated divisor class group Cl(X) was described in terms
of the open subset of points with finite T-isotropy and a certain quotient:

Xo = {z € X; T, is finite} C X, T X --» Y.

More precisely, [83], Cor. 3] yields a quotient x: Xo — Xo/T, where the orbit space Xo/T
is a normal, possibly non-separated prevariety. Using [49, Prop. 3.5], we obtain a normal

83
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variety Y and a commutative diagram of rational maps

X = Xo/T
Ve

such that there are an open set W C X, with complement Xy \ W of codimension at
least two and prime divisors Cy, ..., C, on Y with the following properties:

(i) the map 7 is defined on W, the image V := w(W) C Y is open with complement
of codimension at least two,
(ii) the image k(W) C Xo/T is open, o: k(W) — V is a surjective local isomorphism
and it is an isomorphism over V' \ (Co U ... UC}),
(iii) for every i = 0,...,r, the inverse image m~!(C;) C W is a union of prime divisors
Di1,...,D;y, €W and all prime divisors of X with nontrivial generic T-isotropy
occur among the D;;.

We call the rational map w: X --+ Y the maximal orbit quotient, the morphism 7: W —
V a big representative and Cy, . .., C;. the doubling divisors of m. Keeping their notation,
we extend the D;; to X by passing to their closures. Moreover, we denote by Ei, ..., E,,
the prime divisors in the complement X \ Xy. Then the main result of [49] says that the
Cox ring R(X) of X is given as

R(X) = R(Y) [Ty, Sil /(T — 1), T =T T
where R(Y) is the Cox ring of Y, by 1¢, € R(Y) we denote the canonical section of Cj,
the variables T;;, Sk represent the canonical sections of D;;, Ej and [l;; is the order
of the isotropy group T, for a general x € D;;. Moreover, the Cl(X)-grading on the
r.h.s. assigns to T;;, Sy the classes of D;;, Ej, and turns the C1(Y')-grading of R(Y) into
a Cl(X)-grading via the pullback homomorphism 7*.

The idea of this section is to go in the reverse direction. That means that we start with
a normal variety Y having only constant invertible global functions, finitely generated
divisor class group Cl(Y) and finitely generated Cox ring R(Y); for example, ¥ might
be any Mori dream space. The aim is to construct from Y in a systematic way basically
all varieties X with finitely generated Cox ring coming with a torus action that have
maximal orbit quotient X --» Y.

Our construction will link to toric geometry by using suitable toric varieties as ambient
spaces. This means in particular, that we have to deal with varieties Y admitting toric
embeddings. According to [87], the latter just means that Y is an As-variety, that means
that any two points of Y admit a common affine open neighborhood; this is the case,
for instance, if Y is affine or projective.

We are ready to enter the construction. The reader preferring to see a concrete example
before may jump directly to Example [5.2.10]

Construction 5.1.1. Let Y be a normal As-variety with only constant invertible global
functions, finitely generated divisor class group C1(Y') and finitely generated Cox ring



5.1. Mori dream spaces with torus action 85

R(Y). Fix a choice a = (fo,..., fr) of pairwise non-associated Cl(Y)-prime generators
of R(Y) and an associated toric embedding Y C Za, where Za arises from the fan A in
the lattice Z!. Denote by uq, ..., u, the primitive generators of the rays of A and write

them as the columns in a t x (r 4+ 1) matrix

B = [uo ur].
Note that CI(Y) = Cl(Za) equals Kp := Z""!/im(B*). We build a larger matrix P
from B as follows. Fix positive integers ng,...,n, and set n :=ng+ ...+ n,. Let m,s
be nonnegative integers such that ¢t + s < n + m. For every pair i, j, where ¢ =0,...,r
and j = 1,...,n;, fix a positive integer /;; and an intergral vector d;; € Z®. Moreover,
fix integral vectors d,...,d], € Z°. Set u;j := l;ju; and consider the (t + s) x (n + m)
matrix
P = |"U@1 oo UOng -+ Url ... Uprp, 0 O]
doir .. dong --- dy1 oo dpp, dy ... dL|

where we require that the columns v;; = (u;5,d;;) and v, = (0, d},) are pairwise different
and primitive and generate Q'** as a vector space. Now choose any fan ¥ in Z!*$
having the columns v;;, vy as the primitive generators of its rays and denote by Zy, the
associated toric variety. We obtain a commutative diagram

X —— 75
\ [
I I
A Y
Y ——ZA

where the downwards rational map from Zy to Za is given by the projection of tori
Tt+s — T* and we define

X = X(a,P,%) = (YNTH xT* C Zy

to be the closure of the inverse image of Y under T!*® — T*. Then X is invariant under
the action of T®. We have

Kp = Z""™/im(P*) = Cl(Zx).

Now, consider the monomials ' := T} LT e K[Tij, Sk] and let hq,...,hq be

iTLi
generators for the ideal of relations between fy,..., fr. Then the factor ring

R(a, P) := K[Ty, Sk)/(hi (T2, ..., T, ... hy(T, ... TH))

becomes K p-graded by assigning to the generators T;;, S the classes of the canonical
basis vectors e;;, e, in Kp as their degrees. Moreover, we have a unique homomorphism
of graded rings R(Y) — R(«, P) sending f; to Tzll

Remark 5.1.2. If, in Construction the toric ambient variety Zy, is affine (com-
plete, projective), then the resulting X is affine (complete, projective).
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Proposition 5.1.3. Let X = X («, P,%) arise from Construction |5.1.1. Suppose that
R(a, P) is integral, normal with only constant homogeneous units and the variables T;;
define pairwise nonassociated Kp-primes in R(a, P). Then the following statements
hold.

(i) The T*-variety X is normal with only constant invertible global functions, is of
dimension s + dim(Y'), has divisor class group Cl(X) = Kx, Coz ring R(X) =
R(«a, P) and it comes with a T*-equivariant toric embedding X C Zs,.

(ii) Let Z& C Zs be the union of the open toric orbit and all those corresponding to
variables T;; and Zi C Za the union of all toric orbits of codimension at most
one. Then X7 := X N Zé C Xo maps onto Y1 :=Y N Zi and X1 — Y1 is a big
representative of of the mazximal orbit quotient m: X --» Y.

Proof of Construction[5.1.1] and Proposition[5.1.3. Consider the toric Cox construc-
tions of the fan A living in Na := Z! and the fan ¥ living in Ny := Z!*$; see for
example [24], Sec. 5.1]. They fit into a commutative ladder of lattices with exact rows

0 Ly Fy—L2o Ny
Lo
0 La Fa——> Na

where the lifting A: Fx, — Fa of the projection Ny — N sends the canonical basis
vectors e;; € Fy = Z" ™ to ljje; € FA =Z' ! and e € Fy = Z" to 0 € Fp = 271,
Dualizing gives a commutative ladder of abelian groups with exact rows

0 Kp<2 By <2 0
o]
0 Kp~g—BEa<z Ma 0

By construction, e; € Ex is sent by C to deg(f;) € Kp = CI(Y). Consequently, the
induced map +: K — Kp sending deg(f;) € Kp to the class of l;1e;1 + ... + lin,€in,; in
Kp. The fact that we have a homomorphism of graded rings R(Y) — R(«, P) sending
fi to Tili is then obvious. This proves all statements made in Construction .

Let Y € K™t and X C K" denote the closures of the inverse images of Y N T*
and X N T*"* under the homomorphisms of tori b: T"*1 — T! and p: T*™ — Tits
defined by B and P respectively. Then Y is the total coordinate space of Y and has
R(Y) as its algebra of functions. Observe that with the quasitori Hy := Spec K[Kp]
and Hy := Spec K[Kp] and the homomorphism of tori a: T"*™ — T"*! defined by A,
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we have a commutative diagram

X Trm /H?X XN THs

T

— H

YnTr+1/TY>YmTt,
Consider the product f € R(Y) over all the generators f; of R(Y) and the product
g € R(a,P) over all the generators T;; and S, of R(«,P). Then, using the above
diagram, we see

RYN™ = @ (RO = ((Rla,P))"™)"

Since the Lh.s. ring is factorial, also the r.h.s. ring is so. By assumption, R(«, P) is in-
tegral, normal and the generators T;; are K p-prime. Thus, we can apply [6, Cor. 3.4.1.6]
and see that R(a, P) is factorially Kp-graded. Consequently, we are in the setting of [6]
Constr. 3.2.1.3] which establishes Proposition (i).

For the second assertion of the Proposition, observe that Zé — Zi defines the maximal
orbit quotient of the T*-action on Zsx.. As toric prime divisors of Zé and Zi cut down to
prime divisors of X3 and Yj respectively, we can conclude that X; — Y7 bigly represents
the maximal orbit quotient of the T*-variety X. O

Theorem 5.1.4. Let X be an irreducible, normal, As-mazximal variety with torus action
having only constant invertible global functions, finitely generated divisor class group and
finitely generated Cox ring. Then X is equivariantly isomorphic to a variety X (o, P,X)
arising from Construction [5.1.1]

Proof. Consider the maximal orbit quotient Xy --+ Y. As outlined at the beginning
of the section, the main result of [49] yields a presentation of the Cox ring of X via
Cl(X)-homogeneous generators and relations:

. . . Lin.,
R(X) =2 R(Y)[Ti;, Sl /(T — 1c,), T) = T T

) ing

where we ensure that the canonical sections 1¢y,...,1c, generate the Cox ring of Y.
The Cl(X)-grading of R(X) reflects the action of the characteristic quasitorus H :=
Spec K[C1(X)] on the total coordinate space X := Spec R(X). Moreover, there is an
H-invariant open subset X C X with complement of codimension at least two in X such
that we have a good quotient p: X X= )A(//H

Let T x X — X be the torus action on X. According to [6, Thm. 4.2.3.2], there is an
action of T on X such that we have t-h-z =h-t-z and p(t-z) = t* - p(z) with a fixed
positive integer b for allt € T, h € H and x € X. Since X C X has a small complement
and X is normal, we can extend the T-action to X.

The Cox ring generators T;; and S} are H-homogeneous. We show that they are also
T-homogeneous. Consider f := Tj; € R(X). Since div(T}) = p*(D;;) is T-invariant,
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also the component div(f) of this divisor is T-invariant. For each ¢ € T, we define a
rational function on X by
f(t-x)

f(z)

Numerator and denominator have the same divisor and both are H-homogeneous. Thus,
g+ is an invertible H-homogeneous element of R(X) and hence constant; see [6]. We
conclude that there is a character x € X(T) with f(¢-z) = x(¢) f(z). The same arguing
works in the case f = S.

g1 x —

The toric embedding X C Z defined by the (T x H)-homogeneous Cox ring generators
T;; and Sy, is T-equivariant, where T acts as a subtorus of the acting torus Tz of the
ambient toric variety Z. The inclusion T C Ty is reflected by a splitting Z! x Z* of the
lattice of one parameter subgroups of T, where Z* represents the factor T = T*®. The
toric variety Z is defined by a fan ¥ in Z! x Z* and the projection Z' x Z* — Z° gives
rise to a commutative diagram

—z

| l

\ \

Y ——= 7\,
where A in Z? is the fan having the projected rays corresponding to the generators T;;
as its maximal cones. The r.h.s. downwards arrow defines the maximal orbit quotient
for the T-action on Z = Zs, and as the toric divisors of Zx, cut out the prime divisors of
X, the L.h.s. downwards arrow defines the maximal orbit quotient for the T-action on
X.

Now consider the toric Cox construction of Zy,. It is given by a homomorphism Z"+™ —
Z's. Let P denote the corresponding (n + m) X (¢t + s) matrix and write v;;, vy for
the columns indexed according to the Cox ring generators Tj; and S;. Computing
the T-isotropy along the toric divisors of Zy, according to [6, Prop. 2.1.4.2], we obtain
V1y...,0m € {0} x Q° and see that the v;; have a non-trivial Z!-part being the [;;-fold
multiple of the primitive generator w; € Z' of the ray through the image of v;;. Thus,
P looks as in Construction [5.1.1]

To conclude the proof, we still have to show that Y C Z is the toric embedding arising
from the Cox ring generators 1¢,, ..., 1c,. By construction, the pullbacks to X of the
divisors on Y C Za cut out by the toric prime divisors equal the pullbacks to X of the
divisors Cy,...,C,. Thus, Cy,...,C, are in fact the divisors cut out by the toric prime
divisors of Za. The toric Cox construction of Za is given by the lattice homomorphism
7'+ — 7! sending the i-th canonical basis vector to w;. The monomial map

e Kt KL (z,w) — (zéo, L2

»er

is the categorical quotient by the action of the quasitorus ker(u) on K"t™. The total
coordinate space X C K" is invariant and thus maps onto a closed set Y C K"t!. By
construction, Y lies over Y C Za. Moreover, we have

o) = OX)kW = R(Y).
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Thus, Y is a total coordinate space for Y, showing that Y C Za is the toric embedding
arising from the Cox ring generators 1¢,, ..., lc,. O

Corollary 5.1.5. Let X be a Mori dream space with effective torus action T x X — X.
Then the T-variety X arises from Construction[5.1.1]

Remark 5.1.6. If, in Construction [5.1.1} we fix a and P, then the possible choices
of polytopal fans ¥ having the columns of P as their primitive generators give us all
projective Mori dream spaces sharing the Kp-graded ring R(«, P) as Cox ring.

Remark 5.1.7. In order to describe a projective Mori dream space with torus action
via polyhedral divisors [I], 2], it happens that one has to start with a non Mori dream
space. For example, the maximal torus action on the Grassmannian G(2,n) has the
moduli space Mom as its Chow quotient and for n > 10, it is known that Mo,n and
hence all its blow ups have a non-finitely generated Cox ring [22), 42} [48].

5.2 First properties and examples

We begin this section with adapting concepts and statements from [6, Chap. 3] to the
setting of Construction[5.1.1} This allows us to describe basic geometric properties of the
resulting varieties. Then we turn to more specific properties around the torus action.
Finally, we elaborate an explicit example, showing how Construction [5.1.1] works in
practice and we indicate how an existing description of rational T-varieties of complexity
one fits into the framework of Construction (.11l

Remark 5.2.1. Let X = X («, P, X) and the toric ambient variety Z = Zy, be as in
and The total coordinate spaces X and Z, that means the spectra of the Cox rings
R(X) and R(Z), are explicitly given as

X = X(o, P) == V(W (TP,..., T, ... he(T{, ..., Tl")) € K™ = Z.

The grading of R(X) and R(Z) by K, = CI(X) = CI(Z) defines the actions of the
characteristic quasitorus H = Spec K[Kp] on X and Z, which respect the embedding
X C Z. Moreover, we have a commutative diagram

X c 7
/H i//H
X ¢ Z

where Z — Z is the toric Cox construction [24, Sec. 5.1] and X = X N Z holds. The
induced good quotient X — X is the characteristic space over X.

We take a closer look at the decomposition of X = X («a, P, X)) obtained by cutting down
the orbit decomposition of the ambient toric variety Z = Zs,. Recall that, for o € X, the
associated distinguished point z, € Z is the common limit point of all one-parameter
groups given by vectors from the relative interior of o.
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Definition 5.2.2. Let X = X(«, P,X) be as in |5 1. 1| and |5 1. 3} Set v := QZ{™. An
X -face is a face 9 < Q"™ such that the complementary face v < v satlsﬁes

K™ 2> X(y) == X N ']I‘""'m-zyg # 0.

For a cone o € ¥ and the face 79 < v with P() = o, consider the intersection of the
corresponding toric orbit of Z = Zy with X:

X(y) = X(0) == XNTH .2, C Z

We say that o € ¥ and vy < v are X -relevant if X (y9) = X (o) is non-empty. Moreover,
we denote
rlv(X) := {v < 7v; 7 is X-relevant}.

Note that each X (v) € X is locally closed and X is the disjoint union of the X (o),
where 79 <y runs through the X-relevant faces. Moreover, if 7o < 7 is X-relevant, then
we have X (70) € X and X (o) maps onto X (70). In terms of the pieces X (o) C X, we
can characterize the following local properties; for the proofs see [6, 3.3.1.8 to 3.3.1.12],
the notation is as in Construction 5.1}

Proposition 5.2.3. Let X = X(a, P,X) be as in|5.1. 1| and|5.1.5. Let vy < v and thus
o = P(v;) € ¥ be X-relevant. Then the following statements are equivalent.

(i) The piece X (o) consists of Q-factorial points of X.

(ii) The cone o is simplicial.

(iii) The cone Q(y0) € Kq is of full dimension.

Proposition 5.2.4. Let X = X(a, P,X) be as in|5.1.1 and|5.1.3. Let o < v and thus
o= P(v;) € ¥ be X-relevant. Then the following statements are equivalent.

(i) The piece X (o) consists of locally factorial points of X.
(ii) The cone o is regular.
(iii) The set Q(yo NZ"T™) generates K as a group.

Moreover, X (o) consists of smooth points of X if and only if one of the above statements
holds and X () consists of smooth points of X.

As well, we can use the X-relevant faces to describe global data as the Picard group and
the various cones of divisor classes; compare [6, Cor. 3.3.1.6 and Prop. 3.3.2.9].

Proposition 5.2.5. Let X = X(«a, P, %) be as in|5.1.1] and |5.1.3. Then, in Kp =
CI(X), the Picard group of X is given by

Pic(X) = (] Qling(y)NZ"*™).
YoErlv(X)

Moreover, in (Kp)g = Clg(X), the cones of effective, movable, semiample and ample
divisor classes are given by

Eff(X) = Q(v), Mov(X) =[] Q)

Yo facet
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SAmple(X) = (] Q) Ample(X) = (] Q)"

Yo€Erlv(X) Yo€Erlv(X)

Remark 5.2.6. Let X = X (a, P,X) be as in and Assume that X is projec-
tive, and take any u € (Kp)g from the relative interior of the ample cone Ample(X).
Then ¥ can be chosen as the normal fan X(u) of the polytope

(P)7HQ T (w)ny) —e) € QFF,
where v = @”+m and e € Q""" is any element with Q(e) = u; note that in terms of the

faces 7o < 7, the normal fan is given as

Y(u) = {P(v5); 70 < v with u € Q(70)°}.

Conversely, for any v € Mov(X)®, the normal fan X(u’) defines a projective variety
X' = X(a,P,X(u')) and there is a small quasimodification X --» X’ which is an
isomorphism if and only if u and u’ belong to the same Mori chamber.

We turn to more specific properties of the varieties produced by Construction [5.1.1}
involving in particular the torus action.

Proposition 5.2.7. Let X = X(«a, P,X) be as in|5.1.1 and|5.1.5. Suppose that the Cox
ring presentation R(Y') = K[f1,..., fr]/(h1,..., hq) is a complete intersection. Then,
with hl, := hu(Téo7 ..., T, also the Cox ring presentation

R(X) = K[Tyj, Skl/(hy, ..., hp)

is a complete intersection. Moreover, in the latter case, the canonical divisor class of X
s given by

Kx = —iideg(ﬂﬂ—ideg(SkHZdeg(h;) e Kp = CI(X).
k=1 u=1

i=0j=1

In particular, with the canonical divisor class Ky € Kp = Cl(Y') and the mazimal orbit
quotient m: X --» Y, we have

Kx —7*( ZZ ij — 1) deg(T Zdeg (Sk)-

=0 j=1

Proof. The second and third statement follow from [6, Prop. 3.3.3.2]. The first one is
seen via a simple dimension computation:
dim(X) = dim(X)+ 1k (Cl(X))
= s+dim(Y) +rk (Cl(X))
= s+dim(Y) —rk (CI(Y)) + 1k (C1(X))
= s+(r+l—q)—(r+1—-t)+(n+m—t—ys)
= n+m-—gq.
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For the next observation, note that in Construction [5.1.1] we may remove successively
maximal cones that are not X-relevant from the fan . The result is a minimal fan %
defining still the initial X. We call Zy, in this case the minimal ambient toric variety of
X.

Proposition 5.2.8. Let X = X («, P,X) be as in[5.1.1 and[5.1.5. Consider the sublattice
L := {0} x Z*% C Z'"* corresponding to the inclusion T* C T'T¢ of tori and assume that
Zyx, is the minimal toric ambient variety of X.

(i) The normalization of the general T%-orbit closure of X is the toric variety defined
by the fan X1, in L, where

Yy = {r; 7 (6NLg), 0 €L}

(ii) If the maximal orbit quotient m: X --+ Y is a morphism, then X1, is a subfan of
3.

Proof. As Zy is the minimal toric embedding, the general T*-orbit closure of X equals the
general T*-orbit closure of Zy.. This reduces the problem to standard toric geometry. [

Corollary 5.2.9. Let X = X(a, P, %) be as in|5.1.1 and |5.1.5. Assume that X is
complete and X1, is a subfan of 3. Then we have

rk (C1(X)) — tk (CU(Y)) > n—r—1.

Proof. According to Proposition the general T*-orbit closure of X has divisor class
group of rank m — s > 0. Thus, the assertion follows from
tk (CI(X)) = n+m—1t—s, tk (Cl(Y)) = r+1—t.
O

We conclude the section by producing an explicit example of a Mori dream space with
torus action via Construction B.1.1]

Example 5.2.10. Consider the surface Y := P; x P;. Then we have Cl(Y) = Z? and
the Cox ring of Y is the polynomial ring K[Tp, T}, T, T3], where the Z2-grading is given
by

deg(Tp) = deg(T1) = (1,0),  deg(T3) = deg(T3) = (0,1).
Consider the redundant system o = (fo,..., f5) of generators for R(Y') consisting of
fi:=1T; for i =0,...,3 and the canonical sections of the diagonals

f4 = TOT3 —TlTQ, f5 = TOTQ _T1T37

both being of degree (1,1). A matrix B of relations between the degrees of generators
fo,--., f5 is given by

L
oo o=

|

—_
co =~ O
o~ oo
— o oo
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Then Y is embedded into the toric variety Za, the fan A of which lives in Z* and has
the following four cones as its maximal ones

Cone(’l)z‘,’l)j,’l)k,’l)4,’l)5), OSZSJ Ské?’?

where v; denotes the i-th column of B. Note that Y is given in Cox coordinates by the
equation fy = fofs — fife and f5 = fofo — fifs. To build the variety X, consider the
matrix

-1 1 00 00 0 0]
0 0-11 00 0 O
po_ |1 0-10 20 0 0
' -1 0 -10 01 2 0
-1 -1 11 -1 1 -1 -1
0 1 01 01 2 —1|

obtained from B by firstly doubling the last column, then multiplying its last and third
last columns with 2, adding a zero column and, after that, adding two new rows as
d,d" part. We gain polynomials by modifying the variables of the describing relations of
Y C Za accordingly to the column modifications:

g1 =T} — Tor1Ts1 + Ti1 T, g2 := T51 T2 — To1 Tor + Ti1T31,

By construction, the polynomials g; are homogeneous with respect to the grading of
KI[T3;, 51] given by

deg(Tij) = Q(eij) € K, deg(Sl) = Q(el) S K,

where Q: Z8 — K := Z8/im(P*) = 72, is the projection and e;;,e; € Z® are the
canonical basis vectors, numbered according to the variables T;; and Si. Let ¥ = ¥(u)
in Z° be the normal fan of the polytope

(PHHQMw)n) —e) C Q°,

where u := (8, —4) € K and e € Z8 is any point with Q(e) = u. Then X has the columns
of P as its primitive generators. Moreover, the projection Z® — Z% onto the first six
coordinates sends the rays of ¥ into the rays of A. This gives a rational toric map
w: Zy --+ Za. Now, define a variety

X = X(a,P,%) == m (Y NTY C Zs.

Then X is invariant under the action of the subtors T := (1,1, 1, 1, K*, K*) of the acting
torus T of Zs)(u)- The T-variety X is normal, of dimension four with divisor class group
and Cox ring given by

ClIX) = 72, R(X) = K[T, 51]/(g1,92),

where the grading of the Cox ring is the one given above. This involves application
of Proposition [5.1.3} the necessary assumptions are directly verified. Now, applying
for instance Propositions [5.2.3 [5.2.5] and [5.2.7, we obtain that X is a Q-factorial Fano
variety of Gorenstein index 30.
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Example 5.2.11. We show how to retrieve the description of rational T-varieties of
complexity one provided in Chapter [2] via Construction [5.1.1

Type 1. We have Y = K. Then CI(Y) = {0} and R(Y) = K[7] hold. As a system
of Cox ring generators, take o = (fo,..., fr), where f; = T — a; with a; € K. Then
Construction succeeds with the unit matrix B = E,41 and the relations

h; = Si—Si+1—(ai—ai+1) S K[So,...,sr}, 1=0,...,r—1.

Type 2. We have Y = P;. Then CI(Y') = Z holds and the Cox ring is R(Y) = K[T1, T3]
with the classical grading. As a system of Cox ring generators, take o = (fo,..., fr),
where f; := a;1T1 +a2T5 and [a;; : a;2] € Py are pairwise different points for i = 0,. .., r.
The matrix

B = [eg,e1,...,e], €y i=—€] —...— e

defines the fan A of the projective space Zp = P, and Construction [5.1.1] succeeds with
the relations
a1 Ai+1,1 Gi42,1
hi = det | a;2 ait12 ai122
Si Sit1 Sit2

Then one has to verify the assumptions of Proposition for both types. Together
with Theorem [5.1.4] this basically gives the desired results.

5.3 Arrangement varieties

We use the results of Section [5.1]to produce all T-varieties X with maximal orbit quotient
X --» P, such that the doubling divisors form a general hyperplane arrangement in
the projective space P.. This leads to a natural and direct extension of the Cox ring
based approach to complete rational T-varieties of complexity one developed in [45]
49, 44, [6]. The resulting Cox rings R(X) allow a direct description. We proceed by
presenting and discussing the Cox rings first and then see how the varieties X arise via

Construction B.1.11

Construction 5.3.1. Fix integers r > ¢ > 0 and ng,...,n, > 0 as well as m > 0. Set
n:=ng+ ...+ n,. The input data is a pair (A, Py), where
e Aisa (c+1)x (r+1) matrix over K such that any ¢+ 1 of its columns ay, ..., a,
are linearly independent,
e Py is an integral r X (n + m) matrix built from tuples of positive integers l; =
(li1y .-, lin;), where i = 0,...,r, as follows
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Write K[T;;, S| for the polynomial ring in the variables T;;, where i = 0,...,7, j =
1,...,n;, and S, where k = 1,...,m. Every [; defines a monomial
. . Lin,
T} = T T € KTy, Sl
Moreover, for every t = 1,...,r—c, we obtain a polynomial g; by computing the following
(c+2) x (c+ 2) determinant

ao Qe Qe+t
lo [ lc+t
T .. Tk T

[

S K[Tij, Sk]

Now, let e;; € Z" and e, € Z™ denote the canonical basis vectors and consider the
projection

Qo: Z"" — Ko :=Z"" /im(F)
onto the factor group by the row lattice of Py. Then the Ky-graded K-algebra associated
with (A, Py) is defined by

R(A, Po) = K[T’Z‘j, Sk]/(gla e 7grfc>7
deg(T35) == Qolesj), deg(Sy) := Qolex).

We list the basic properties of the resulting graded algebra. Recall that a grading of a
K-algebra R = @x R, by a finitely generated abelian group is effective if the weights
w € K with R, # {0} generate K as a group and pointed, if Ry = K holds and
Ry # {0} # R_,, is only possible for torsion elements w € K. Finally, we say that the
grading is of complezity c if dim(R) — rk (K) = ¢ holds.

Theorem 5.3.2. Let R(A,Py) be a Ky-graded K-algebra arising from Construc-
tion m Then R(A, Py) is an integral, normal, complete intersection ring satisfying

dim(R(A, Py)) = n+m—r+c, R(A, R)* = K.

The Ky-grading of R(A,Py) is effective, pointed, factorial and of complexity c. The
variables Tij, Sy define pairwise nonassociated Ko-primes in R(A, Fy), and for ¢ > 2,
they define even primes.

The following auxiliary statements for the proof of this theorem are also used later. We
begin with discussing the specific nature of the matrix A and its impact on the ideal of
relations of R(A, P).

Remark 5.3.3. Situation as in Construction m For any tuple I = (i1,...,4ic4+2) of
stricly increasing integers from [0, ], consider the matrix

A(I) = [ail,...,aiHQ],



96 Chapter 5. Varieties with torus action of higher complexity

Let w(I) € K2 denote the cross product of the rows of A(I) and define a vector
v(I) € K™+ by putting the entries of w(I) at the right places:

I); =45 in I =(i1,...,1%
o) = w(l);, i = 1; occurs in (11, det2),
0, else.

Then any linearly independent choice of vectors v(I),...,v(I,_.) is a basis for ker(A).
Note that any non-zero v € ker(A) has at least ¢ + 2 non-zero coordinates.

Remark 5.3.4. Situation as in Construction m Every vector v € ker(A4) C Krt!
defines a polynomial

Gy = ’UOTéO—i—...—FUTT,,l,T S <gl7"'?g7"—c>'

Moreover, if a subset B C ker(A) generates ker(A) as a vector space, then the polyno-
mials g,, v € B, generate the ideal (gi,...,g,—.). In particular, we have

<91,~-79r—c> = <gv(I); I= (ila-- . aic+2)a 0<i <...<icp2 < T>,

with the tuples I from Remark Observe that each g,, 0 # v € ker(A), has at least
¢+ 2 of the monomials Tlll and all the g, share the same Ky-degree.

Lemma 5.3.5. Let R(A, Py) be a graded algebra arising from Construction|5.3.1.
(i) If we have ljz + ...+ lin, = 1 for some i, then R(A, Fy) is isomorphic to a ring
R(A’, P}) with datar' =7 —1 and ¢ = c.
(ii) For any generator T;j, the factor ring R(A, Py)/(Tij) is isomorphic to a ring
R(A’, P}) with data ' =7 —1 and ¢ =c— 1.

Proof. To obtain (i), let A’ be the matrix obtained by deleting the i-th column from A.
Then the respective ideals defined by A and A’ produce isomorphic rings. Adapting the
matrix Py accordingly, gives the desired Pj.

We show (ii). As elementay row operations on A neither change the required properties
of A nor the defining ideal of R(A, P), we may assume that a;; # 0 holds and all other
entries of the i-th column of A equal zero. Then the matrix A’ obtained by deleting
the first row and the i-th column from A satisfies the assumptions of Construction [5.3.1
with v/ = r — 1 and ¢ = ¢ — 1. Using Remarks [5.3.3| and [5.3.4, we see that the ideal
defined by A’ corresponds to the defining ideal of R(A, Py)/(T;;). Again, adapting the
matrix Py accordingly, gives the desired Pj. O

Lemma 5.3.6. Situation as in Construction [5.3.1 Let us say that a point z € K™
with coordinates z;;, zj s of
e big type, if for every i = 0,...,r, there is an inder 1 < j; < n; such that z;;, = 0
holds,
e leaf type, if there is a set I, = {i1,...,i.} of indices 0 < i1 < ... < i, < r, such
that for all i, j, we have z;; =0 =1 € 1.
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If z € K""™ js of one of these types, then also all translates t - z, where t € T"™  are
s0. Moreover, for X =V (g1,...,9r—c) C K" we have the following statements.

(i) Ewvery point z € X is of big type or of leaf type.

(ii) Every z € K" of big type is contained in X .

(iii) For every z € K"™™ of leaf type, there is a t € T"™™ witht-z € X.

Proof. To obtain (i), we have to show that any z € X which is not of big type must be of

leaf type. Otherwise, there are indices 71 < ... < icq1 and associated j, with z;_;, = 0.
As z is not of big type, there is at least one index iy with z;,; # 0 for all j =1,...,n,.
Remarks and provide us with a relation g € (g1, ..., gr—c) involving precisely
the monomials Tllz for i = 4g,41,...,4c41. Then g(z) = 0 implies z;,; = 0 for some
j=1,...,n4; a contradiction.

We verify (ii) and (iii). Let z € K®™™. If 2z is of big type, then we obviously have
gi(z) =0 fori=1,...,7 —c. Thus, 2 € X. Now, assume that z is of leaf type. First
consider the case I, = {1,...,c}. Then, suitably scaling z.111, we achieve g;(z) = 0.
Next we scale z.421 to ensure go(z) = 0, and so on, until we have also g,_.(z) = 0.
Then we have found our ¢t € T"™ with t- z € X. Given an arbitrary I,, Remarks
and yield a suitable system g¢f,...,g._, of ideal generators that allows us to argue
analogously. O

Lemma 5.3.7. Situation as in Construction|5.3.1. Let X = V(g1,...,gr—c) C K**™

and denote by J the Jacobian of gi,...,9r—c. Then, for any z € X, the following
statements are equivalent:

(i) The Jacobian J(z) is not of full rank, i.e., we have rk (J(2)) < r —c.
(i) The point z € X is of big type and there are iy < ... < i.io such that each of these
iq fulfills one of the subsequent two conditions:
® 2, =0 and liqjq > 2 hold for at least one 1 < j, < Nig,
e 2,j =0 andl;,; =1 hold for at least two 1 < j < n;,.
In particular, the set of points z € X with J(z) not of full rank is of codimension at least
c+11mX.

Proof. Assertion (ii) directly implies the supplement and, by a simple computation,
also (i). We are left with proving “(i)=-(ii)”. So, let z € X be a point such that J(z) is
not of full rank. Then there is a non-trivial linear combination annulating the lines of
J(2):

mgrad(g1)(z) + ... + nr—cgrad(gr—c)(z) = 0.

The corresponding g := 7191 + - . . + Nr—cgr—c satisfies grad(g)(z) = 0 and is of the form
g = g» with a non-zero v € ker(A) as in Remark The condition grad(g)(z) = 0
implies z;;, = 0 for some 1 < j; < n; whenever the monomial Til" shows up in g. As
observed in Remark [5.3.4] the polynomial g has at least ¢+ 2 monomials. Thus, we have
25, = 0 for at least ¢ + 2 different . By Lemma the point z € X is of big type.
Moreover, the two conditions of (ii) reflect the fact grad(g)(z) = 0. O
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Proof of Theorem[5.3.3. For ¢ = 1, the statement is proven in [44, Thm. 1.1 and
Prop. 2.2]. So, assume c¢ > 2. First we show that X = V(g,...,9r—¢) C K" is
connected. By construction, the quasitorus Hy € T™"™ is the kernel of the homomor-
phism T?™™ — T" defined by P,. Consider the multiplicative one-parameter subgroup
K* — Hp, t ~ (1,1%), where

¢ = (n(]"'n’/‘ZOI"'lrnr no - nelor - len,

e e T, = (1,...,1) € T™.
n(]lOl nrlrnr ) 5 ( )

This gives rise to a K*-action on X having the origin as an attractive fixed point.
Consequently, X is connected. Moreover, we can conclude that all invertible functions
as well as all Hyp-invariant functions are constant on X.

Now, Lemma allows us to apply Serre’s criterion and thus we obtain that R(A, Fy) is
an integral, normal, complete intersection. By construction, the Ky-grading is effective
and as seen above, it is pointed. To obtain factoriality of the Ky-grading, localize
R(A, Py) by the product over all generators Tj;, Sy, observe that the degree zero part of
the resulting ring is a polynomial ring and apply [12, Thm. 1.1]. Finally, primeness of
the generators T;; follows from Lemma (1). O

Construction 5.3.8. Let (A4, Py) be input data as in Construction Moreover, fix
1 <s<n+m—rand let d be an integral s x (n + m) matrix such that the columns
vij, vg, of the (r +s) x (n +m) stack matrix

[

are pairwise different, primitive and generate Q"¢ as a vector space. Consider the factor
group K := Z"*™ /im(P*). Then the projection Q: Z"*™ — K factors through Qg and
we obtain the K -graded K-algebra associated with (A, P):

R(A7P) = K[njﬂsk]/<gla~--vgr—c>a

deg(Ti;) :=wij == Q(ei;),  deg(Sk) :==wy = Q(ex)
Now, let ¥ be any fan in Z"** having precisely the rays through the columns of P as

its one-dimensional cones and let Z be the associated toric variety. Then we have a
commutative diagram

V(giye s Gree) = X ¢ Z = 7znm
vl Ul
X ¢ Z

>
T
-~
-~
\
T

<
N
<--N

~
o
~
5
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with the quasitorus H = Spec K[K], the toric Cox construction Z — Z and the induced
quotient X — X, where Z := X N Z. The resulting variety X = X(A, P,¥) is normal
with dimension, invertible functions, divisor class group and Cox ring given by

dim(X)=s+e¢, D(X,09=K" Cl(X)=K, R(X)=R(A,P).

Moreover, the inclusion Z¢ C Z*"¢ defines a subtorus T' C T of the acting torus of Z
leaving X C Z invariant and the induced T-action on X is effective and of complexity c.
Finally, the dashed arrows indicate the maximal orbit quotients for the T-actions and
P, C P, is the linear subspace given by

ag ... Qe Gett
P. = ey hpl hy == d K . .
c V(hl, 5 h c)a t et Uy ... U. Ucht S [U07 5 Ur]
The doubling divisors of Xg — P, are precisely the intersection of P, with the coordinate
hyperplanes of P, and thus form the general hyperplane arrangement

Hy,...,H. C P, H; = {z€ P ajpzo+ ...+ ajcze = 0}.

Remark 5.3.9. Situation as in Construction Then the Cox ring R(Y) of Y := P,
is generated by the canonical sections f; € R(Y) of the hyperplanes H; C P., where
i=0,...,r. Enter Construction [5.1.1]|with Y =P, and o = (fo,..., fr). Set t := c and
let A € Z! the standard fan of Y = P, that means

-1 1 0
-1 0 1
Then running Construction leads to a variety X (o, P,Y) = X (A, P,X), where the

(c+1) x (r+ 1) matrix A has the normal vectors a; € K1 of the hyperplanes H; C P,
as its columns. This verifies in particular all claims made in Construction [5.3.8|

Remark 5.3.10. According to Lemma (i), we may always assume that the defining
data P of Construction is irredundant in the sense that ;o + ... + l;y, > 2 holds
for every ¢ =0,...,r. In this case, we also say that X (A, P,¥) is irredundant.

Definition 5.3.11. By an arrangement variety we mean a normal projective T-variety
X with only constant invertible global functions and maximal orbit quotient 7: X --» P,
such that the doubling divisors Cy, ..., C, C P, form a general hyperplane arrangement.

Theorem 5.3.12. Let X be an As-maximal arrangement variety. Then X is T-
equivariantly isomorphic to some X (A, P,X) arising from Construction .

Proof. Take the canonical sections of the doubling divisors on the maximal orbit quotient
Y = P. as generators of the Cox ring R(Y) and enter Construction As outlined
in the proof of Theorem this reproduces X = X (a, P). Thus, Remark gives
the assertion. O
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5.4 Examples and first properties

We begin with two example classes. First, in Example we show how intrinsic
quadrics arise as arrangement varieties. Second, in Examples [5.4.2] and [5.4.14] we ex-
hibit a series of arrangement varieties producing many smooth Fano examples. Then,
we provide basic structural properties of arrangement varieties, also needed in the sub-
sequent sections. Finally, as a first application, we show that the smooth projective
arrangement varieties of Picard number one are just the classical smooth projective
quadrics; see Proposition [5.4.15

Example 5.4.1. An intrinsic quadric is a normal projective variety with a Cox ring
defined by a single quadratic relation; see [I8, [34]. From [34, Prop. 2.1], we infer that
every intrinsic quadric admits a representation X = X (A, P,Y) in the sense of Construc-
tion [5.3.8 with a matrix P having left upper block

—lp I 0
: . , lo=...=l;=11), lgp=...=0L=(2),
—lg 0 Iy
where —1 < ¢ < r and the variables T;; with ¢ = ¢ + 1,...,r have pairwise distinct

K-degrees. In particular, we obtain that intrinsic quadrics are arrangement varieties.
Moreover, for the dimension of X, the rank of the divisor class group and the complexity
of the torus action, we have

dim(X) = r—1+s,  1k(Cl(X)) = m+qg+2-s, ¢ =r-1

Example 5.4.2. Fix integers r > ¢ > 1. Consider the product Z = P, x P, and the
intersection X = V(g1) N...NV(gr—c) € Z of the r — ¢ divisors of bidegree (a,b) in Z
given by

g1 = MoTG T + AaThTh + .+ M THTh + g+1,1Tcl7+1,27

Ir—c = )‘rfc,OT(()llT(l)E + )‘T*C,lTlalTIbQ +.oF e 4T+ THTY,

where a,b > 0 are coprime integers and any c¢ + 1 of the vectors \; = (Ao, ..., \ic) are
linearly independent. Observe that for » > ¢+ 1, the divisors V(g;) C Z are singular.
We have X = X (A, P,Y) in the sense of Construction where the stack matrix P
has upper and lower blocks

[ —ly I 0
Py = : , lo=...=1, = (a,b),
L —lo O Ly
[ —dp d; 0
d = : , do=...=d, = (v,u),
L —do O dr
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where v and v are integers with ua — vb = 1. Observe that the toric ambient variety
Z = Zy is indeed the product P, x P.. To see this, apply the following unimodular
matrix to P from the left:

—v - E, a- B,

u-E, b~ET]

Moreover, X is of dimension r + ¢ and comes with an effective r-torus action. The
anticanonical class of X is given by

—Kx = ((a—Dr—ac—1,(b—1r—bc—1) € CI(X) = Z2,

see Proposition In particular, X is a Fano variety if and only if (a — 1)r —ac > 1
and (b—1)r — be > 1 hold.

We begin with our collection of structural properties of arrangement varieties. The first
one shows that there may occur inavoidable torsion in the divisor class group.

Proposition 5.4.3. Let X = X (A, P,X) arise from Construction . Then the finite
group Z" /im(Py) is a subgroup of the divisor class group C1(X).

Proof. The divisor class group of X equals K = Z"*™ /im(P*). Moreover, Z" /im(Fp)
is the torsion part K{™ of the factor group Ko = Z"*™/im(P;). Applying the snake
Lemma to the exact sequences arising from Fj and P* yields that the kernel of Ky — K

injects into Z*. Consequently, the torsion part K™ maps injectively into K. O

Definition 5.4.4. Consider the setting of Construction [5.3.8] and let o € 3. We say
that the cone o is

(i) big (elementary big) if o contains at least (precisely) one column v;; of P for every
1=0,...,7,

(ii) a leaf cone if there is a set I, = {i1,...,i.} of indices 0 < i; < ... < i, < r such
that for any i, we have v;; € 0 =i € I,.

Proposition 5.4.5. Let X = X (A, P,X) arise from Construction. Then, for every
o € %, the following statements are equivalent.

(i) The cone o is X -relevant.
(ii) The cone o is big or a leaf cone.

Proof. Consider the face 79 < v with P(y}) = o. Then the points = € X(y9) are
precisely those x € X satisfying z;; = 0 if and only if v;; € 0. The assertion thus follows
from Lemma [5.3.6] O

Remark 5.4.6. Consider the setting of Construction Set L := {0} x Z°. Then,
for any o € 3, the following statements are equivalent.
(i) The cone o is big,
(ii) The projection Q"% — Q" maps o onto Q",
(iii) We have 0 Z Lg and ¢° N Lg # 0.
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Proposition 5.4.7. Consider the setting of Construction [5.3.8 Assume r > c. Set
L := {0} x Z* and let 1, be the fan in Z™° consisting of all the faces of the cones
o N Lg, where o € X. Then the following statements are equivalent.

(i) X is a subfan of X.

(ii) X contains no big cone.

(iii) X consists of leaf cones.

Proof. The equivalence of (ii) and (iii) is clear by r > ¢. We prove “(i)=-(ii)”. Assume
that there is a big cone ¢ € ¥. Then o N Lg belongs to ¥; but not to ¥ according
to (iii); a contradiction. We turn to “(ii)=-(i)”. The task is to show that for
every cone o € Y, the intersection o N Lg is a face of 0. Let 7 < ¢ be the minimal
face containing o N Lg. Then 7° N Lg is non-empty. Since 7 € X is not big, we can
use [5.4.6] (iii) to conclude T C Lg. This means o N Lg = 7. O

Proposition 5.4.8. Let X = X (A, P,Y) arise from Construction . Assume that P
s irredundant, X is locally factorial, ¥ consists of leaf cones and each of the sets
cone(vi1) + L is covered by cones of ¥. Then n; > 2 holds for alli =0,...,r.

Proof. Assume that n; = 1 holds for some i. Let o denote the ray through v;; and
consider the cone 7 := o+ Lg. We claim that for every o € X, the intersection 7 N o is
a face of 0. Indeed, as ¥ consists of leaf cones, the image of pr(o) under the projection
pr: Q"% — Q" is a pointed cone, having pr(p) as an extremal ray. Thus, 7 = pr—!(pr(p))
cuts out a face from o.

By our assumptions, the above claim implies that 7 = ¢o 4+ Lg is a union of cones of .
Any cone of ¥\ ¥, contained in 7 is necessarily of the form p+o, € ¥ with o, € ¥. We
conclude that in particular all the cones o = ¢ + o, where dim(oz) = s, must belong
to X. As o and oy, are leaf cones, they are X-relevant by Proposition [5.4.10 Thus,
Proposition yields that o and o, are regular. This implies [;; = 1; a contradiction
to the assumption that P is irredundant. ]

Corollary 5.4.9. Let X = X(A, P,X) arise from Construction[5.3.8 Assume that X is
non-toric, projective, locally factorial and that X consists of leaf cones. Then the Picard
number of X satisfies

p(X) > r+3 > c+4.

Proof. Since X is non-toric, we may assume that P is irredundant with » > ¢. Moreover,
as X is projective, we may assume that 3 is complete. Thus, Proposition applies
and we obtain n > 2r + 2. Then Corollary yields the desired estimate. O

Proposition 5.4.10. Let X = X (A, P,X) arise from Construction . Assume that
X is Q-factorial. If X admits a big cone, then it admits an elementary big cone.

Proof. Let o € ¥ be a big cone. Then o is X-relevant according to Proposition [5.4.10]
Proposition tells us that ¢ is simplicial. Now, any elementary big face of ¢ is as
wanted. ]
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Corollary 5.4.11. Let X = X (A, P,X) arise from Construction[5.3.8 Assume that X
is mnon-toric, projective and locally factorial. If X is of Picard number p(X) < ¢+ 3,
then X admits an elementary big cone.

Definition 5.4.12. Let X = X (A, P, ) arise from Construction [5.3.8] We say that X
is quasismooth if for every X-relevant face yo < 7, the set X (79) C X consists of smooth
points of X.

Proposition 5.4.13. Let X = X(A,P,X) arise from Construction [5.3.8 Assume
that P is irredundant, X is quasismooth and o = cone(voj, + ...+ vy, ) is an elementary
big cone of X.

(i) We have l;j, > 2 for at most ¢+ 1 different i =0,...,r.

(ii) We have n; =1 for at most ¢ + 1 different i =0, ...,r.

Proof. We have o = P(v3) with an X-relevant face 79 < 7. Since X is quasismooth,
every z € X(7o) is a smooth point of X and thus the Jacobian J(z) is of full rank.
Because of z;;, = 0 for every i = 0,...,r, Lemma [5.3.7 implies that l;;, > 2 or n; > 2
can hold for at most ¢ + 1 different i. O

Example 5.4.14. We continue Example Note that suitably renumbering the
variables we achieve a > b. Then X is smooth if and only if one of the following
conditions is satisfied.

(i) Wehaver =c+1,a>1and b= 1.

(ii) We have r = ¢+ 2 and a = b =1 holds.

Indeed, one first checks that cone(vgj,,. .., vrj,.), where {jo,...,j} equals {1,2}, are
precisely the elementary big cones of ¥. Then Lemma (ii) and Proposition 5.4.13
verify the claim.

Proposition 5.4.15. Let X be a non-toric, smooth, projective arrangement variety of
Picard number one. Then X is a quadric V(T¢ + ...+ T?) C P,.

Proof. According to Theorem |5.3.12) we may assume X = X (A, P, ) is as in Construc-
tion Moreover, we may assume that P is irredundant and ng > ... > n, holds.
Finally, we have Kg = Q and may assume that the effective cone of X is Q>o.

First we show that m = 0 holds. Otherwise, consider the X-relevant face y; = cone(e;) <
~. Smoothness of X implies that the Jacobian of ¢y, . .., g, does not vanish at the point
x1 € X(71) having z1 = 1 as its only non-zero coordinate; see Proposition This
implies ;1 + ... + lin, = 1 for some 7, contradicting irredundance of P.

According to Corollary the fan ¥ admits an elementary big cone. Proposi-
tion [5.4.13] tells us ng > 2. Thus Y0; = cone(egj) = «v is an X-relevant face. Propo-
sition [5.2.4] yields that deg(7p;) generates K. We conclude K = Z and deg(Tp;) = 1.
Additionally, smoothness of X (1) implies that grad(g;)(xz) # 0 holds for every point
z € X(y01). We conclude ng = 2 and deg(g1) = 2. This implies deg(7;;) = 1 and for all
1, J, we obtain [;; = 1 or [;; = 2 according to n; = 2 or n; = 1.
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Finally, observe that ¢ = r—1 holds, i.e., that there is only one defining relation. Indeed,
otherwise, we find generators ¢, ..., g._., each involving precisely ¢+ 2 monomials and

g,_. all different from Téo. Then the corresponding Jacobian vanishes at any = € X (y01),
showing that X (vp1) is singular. A contradiction. O

Remark 5.4.16. Consider X = X (A, P,X) as in Construction m such that X is
smooth, projective, of Picard number one and P is irredundant. By Proposition [5.4.15
the divisor class group Cl(X) is torsion free. Thus, Proposition yields

—lo L 0

1,1
Py = : , lo=...=l_1=(1,1), I, = {(, ), m even,

(2), n odd.

Moreover, the torus action on X is the action of the maximal torus of Aut(X) = O(n).
In particular, the torus action on X is of complexity

. 5 — 2, n even,
nol _ n odd.



CHAPTER
SIX

CLASSIFICATION RESULTS FOR SMOOTH ARRANGEMENT
VARIETIES WITH p(X) = 2

In this chapter we contribute to the classification of smooth Fano varieties. In the toric
case classification was done up to dimension nine by work of V. Batyrev, M. Kreuzer,
B. Nill, M. @bro and A. Paffenholz [10, [IT 60, [73] [78]. Extending recent classification
work in complexity one [35], we consider smooth arrangement varieties of Picard number
at most two. For Picard number one, we obtained in Proposition [5.4.15| precisely the
projective quadrics. The situation in Picard number two is much more ample: In Sec-
tion we derive constraints on the defining data and prove our classification results,
which are listed in Section

6.1 Towards the classification

According to Theorem we may assume that X arises from Construction [5.3.8]
Here are first bounds on the defining data.

Proposition 6.1.1. Let X = X(A, P,X) arise from Construction where P is
trredundant and we have ng > ... > n,. Assume that X is smooth, projective of Picard
number two and that the torus action is of complexity two. Then we have Cl(X) = Z2
and one of the following statements holds.

(I) We have r = 3 and the tuple (ng,n1,n2,ns) together with the number m fits into
one of the cases below, where ng > nq > 3:

(a) m >0 and (ng,n1,2,2), (f) m>0 and (2,2,2,2),
(b) m >0 and (ng,2,2,2), (g) m >0 and (2,2,2,1),
(¢) m >0 and (ng, 2, 2 1), (h) m >0 and (2,2,1,1),
(d) m=0 and (3,2,1,1), (1)) m >0 and (2,1,1,1)
(e) m=0 and (3,1,1,1),

105
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(II) We have r = 4 and m = 0 and the tuple (ng,n1,na,n3,ng) is one of
(2,2,2,2,2), (2,2,2,2,1), (2,2,2,1,1), (2,2,1,1,1).

The proposition is a direct consequence of the more general statements
and [6.1.7] presented and proven below. As in the corresponding case of complexity one,
elaborated, in [35], the idea is to extract bounding conditions on the defining data of X
from smoothness of suitable small strata X (79) C X. The following applies to arbitrary
X (A, P, X) and generalizes [35, Lemma 3.9)].

Lemma 6.1.2. Situation as in Construction . Consider the orthant v = Q?gm,
its extremal Tays v;; 1= cone(e;j) and vy, := cone(ey) and the two-dimensional faces

Vkrke = Vi T Vhar  Vigk = Yig T Vk>  Virgisizgz = Yitjr T Vizgo-

(i) All vk, resp. Ve, ko, are X-faces and each X (Vk), resp. X (Viy k,), consists of sin-
gular points of X.

(ii) A given 7ij, Tesp. Yijk, s an X-face if and only if ni > 2 holds. In that case,
X (vij), resp. X (vijr), consists of smooth points of X if and only if r = ¢+ 1,
n; = 2 and li,g_j =1 hold.

(iii) A given 7ij, i, With j1 # jo is an X -face if and only if n; > 3 holds. In that case,
X (Vijy,ij,) consists of smooth points of X if and only if r = ¢+ 1, n; = 3 and
lij =1 for the j # ji,j2 hold.

(iv) A given v, j, inj, With i1 # iz is an X -face if and only if we have either n;,,n;, > 2
orni, =ni, =1 and r = c+ 1. In the former case X (Vi j1.inja) CONSists of smooth
points of X if and only if one of the following holds:

er=c+1,n;,=2andl;3j =1 forate{l, 2},
o r=c+2, n;y =n;, =2, li1,37j1 = li273,]’2 =1.

Proof. Lemmas [5.3.6] and [5.3.7] directly yield the assertions. O

Observe that the above statements (iii), (iv) and (v) depend on the complexity c¢. To
proceed, we have to figure out the X-relevant ones from the above X-faces in our concrete
situation. Propositions [5.2.3| and lead to the following description.

Remark 6.1.3. Let X = X (A, P,Y) arise from Construction Assume that X is
projective and has divisor class group Cl(X) of rank two. Then the effective cone of X
is of dimension two and decomposes as

Ef(X) = 7T uUrxur,

where 7x C Eff(X) is the ample cone, 7+, 7~ are closed cones not intersecting 7x and
77 N 7~ consists of the origin. Due to 7x C Mov(X), each of the cones 7 and 7~
contains at least two of the weights

wi; = deg(Tij) = Qes ), wy = deg(Sk) = Qlex).



6.1. Towards the classification 107

Moreover, for every X-face {0} # vy < v precisely one of the following inclusions holds:

Q(y) C 71, x € Q)" Q(v) € 7.

The X-relevant faces are exactly the X-faces 9 < v with 7x € Q(10)°. Note that the
ample cone Tx is of dimension two if and only if X is Q-factorial.

Lemma 6.1.4. Let X = X(A, P,X) arise from Construction [5.5.8 Assume that X is
projective and has divisor class group C1(X) of rank two.
(i) Suppose that X is Q-factorial. Then wy ¢ Tx holds for all 1 < k < m and for all
0 <@ <r withn; > 2 we have wj; ¢ 7x, where 1 < j < nj.
(ii) Suppose that X is quasismooth, m > 0 holds and there is 0 < iy < r with n;, > 3.

Then the w;j, wy withn; >3, j =1,...,n; and k = 1,...,m lie either all in 77
or all in 7.

(iii) Suppose that X is quasismooth and there is 0 < iy <r with n;, > 4. Then the Wi
with n; >4 and j = 1,...,n; lie either all in 7 or all in 7.

(iv) Suppose that X is quasismooth and there exist 0 < iy < iy < r with n;,,n;, > 3.
Then the w;; with n; >3, j =1,...,n; lie either all in 77 or all in 7.

(v) Suppose that X is quasismooth. Then wy, ..., wy, lie either all in 77 or all in 7.

Proof. Follow the lines of the proof of [35, Lemma 3.11], replacing [35, Lemma 3.9] with
the more general Lemma O

Proposition 6.1.5. Let X = X(A, P,X) arise from Construction where P is
irredundant and ng > ... > n, holds. Let X be non-toric, projective, quasismooth
with divisor class group of rank two. Assume that m > 0 holds and that X admits an
elementary big cone.

(i) We have r = ¢+ 1 and are in one of the following situations:
(a) We have ng = 2 and there exist indices i and j such that n; = 2 holds and
Yij i s X-relevant for all k.
(b) We have ng > 3 and there exist indices i1 # is and ji,jo such that n;, =
N, = 2 holds and v;, j, ks Vigjo,k are X-relevant for all k.
(ii) Assume ¢ = 2. Then we have r = 3 and the constellation of the n; is (no,n1,2,2),
(no,2,2,2), (no,2,2,1) (2,2,2,2), (2,2,2,1), (2,2,1,1) or (2,1,1,1), where ng >
ni Z 3.

Proof. Due to Lemma (v), we may assume wy, ..., W, € 7. As X is non-toric we
have at least one relation g;. Thus, » > ¢+ 1 holds and Proposition (ii) yields
ng > 2. Lemma (i) says that none of the w;; with n; > 2 lies in 7x. Moreover,
at least one of the w;; with n; > 2 lies in 7~ ; otherwise, since all relations g; share the
same degree, we had w;; € 7" for all i with n; = 1, meaning that 7~ contains no weights
at all; a contradiction. In particular, if ng = 2 holds, then there exists a w;; € 7~ with
n; = 2 and all 7,5 are X-relevant. Assume ng > 3. Then Lemma (ii) yields
wi; € 7T whenever n; > 3. Moreover, because all relations g; have the same degree,
wi; € 71 holds for all ¢ with n; = 1. Since 7~ contains at least two weights, we find
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11,12 and j1,j2 with n;; = ny, = 2 and w;j;, wi,j, € 7. Note that all v; i, &, Visjo k
are X-relevant. Now, Lemma (ii) yields » = ¢+ 1. Thus, Assertion (i) is proven.
Assertion (ii) is a direct consequence. O

Proposition 6.1.6. Let X = X (A, P,X) arise from Construction where P is
irredundant and ng > ... > n, holds. Let X be non-toric, projective, quasismooth with
divisor class group of rank two. Assume m = 0 holds and that 3 admits an elementary
big cone.

(i) We are in one of the following situations:
(a) We have r = c+ 1, ng = 3 > ny and there exists an index j such that yo1,0;
is X -relevant.
(b) We have r = c+ 1 and there exist indices 0 < iy < iy with n;, = n;, =2 and
indices jo, j2 such that Yojq,i.j, 5 X-relevant.
(¢) We have r = ¢+ 2 and ng = n1 = 2 and there ezist indices 0 < i1 and jo, j1
such that vojq.i,5, 18 X-relevant.
(ii) Assume ¢ = 2. Then the constellation of the n; is one of the following, where
ng > ni > 3 holds:

r=3: (7’LO,7’L1, 27 2)7 (n07 2a 27 2)7 (n()a 2> 27 1)7 (37 2> 1> 1)a (37 17 1> 1)1
(27 2,2, 2)3 (27 2,2, 1)7 (27 2,1, 1)
r=4: (2,2,2,2,2),(2,2,2,2,1),(2,2,2,1,1),(2,2,1,1,1).

Proof. Only for the first assertion, there is something to show. As X is non-toric we
have at least one relation g; and conclude r > ¢ 4 1. Moreover, Proposition (ii)
yields ng > 2. Finally, Lemma (i) shows that none of the w;; with n; > 2 lies in
Tx. We distinguish the following cases.

First, let ng > 4 or ng =n; = 3. By Lemma (iii) and (iv), we may assume w;; € 7
for all ¢ with n; > 3. Then w;; € 71 holds as well for all i with n; = 1. Since 7~ contains
at least two weights, there are i1 < i2 and j1, jo with n;, = n;, = 2 and w;,,, wi,j, € 7.
Observe that vop1,i,5, is X-relevant. Moreover, Lemma (iv) shows r = ¢+ 1. We
arrive at Case (b) of (i).

Next, let ng = 3 > n;. If all weights wy; lie either in 77 or in 77, then we can argue
as above and end up in Case (b) of (i). Otherwise, wg; and some wy; for j = 2,3 lie on
different sides of 7x. Then ~v¢1,0; is X-relevant. Lemma (iii) yields » = ¢+ 1 and
we are in Case (a) of (i).

Finally, let ng = 2. The common degree of g1,...,g,—. and hence all w;; with n; =1
lie in precisely one of the cones 77, 7~ or Tx, where we may assume that this is not
7. Then no pair w;1,w;2 lies in 77. As there must be at least two weights in 77, we
conclude n; = 2 and find the desired g, 1j,. Lemma (iv) yields r < ¢+ 2. Thus,
we are in one of the Cases (b) or (c) of (i). O

Corollary 6.1.7. Let X be a smooth projective arrangement variety of Picard number
two. Then we have C1(X) = Pic(X) = Z2.
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Proof. Corollary [5.4.17] tells us that ¥ admits an elementary big cone. Thus Proposi-
tions and provide an X-relevant face vy < v. Then the two weights stemming
from 7o generate K as a group. This implies C1(X) = K = 72 O

The further proof of Theorems [6.2.1] [6.2.2] and [6.2.4] goes through the list of cases
established in Proposition

Remark 6.1.8. Let X = X(A, P,¥) as in Construction be smooth, projective
and of Picard number two. Corollary ensures C1(X) = Z? and we will write

deg(Tij) = Qley) = wij = (wij,yi5) € Z°,

deg(Ty) = Qlex) = wp = (zk,yx) € Z°

for the weights. Moreover, the (common) degree of the relations g1, ..., g,—. will be
denoted as deg(g;) = p = (u1, u2) € Z*. Recall that for each i = 0,...,7 we have

n; U
=) lijeij, pa = Y lijyij-
=1 =1

Consider the decomposition of the effective cone Eff(X) = 77 U 7x U7t from Re-
mark Choosing names suitably, we can fix the following orientation:

If a pair w,w’ € Q? is positively oriented, for instance w € 7~ and w' € 77,
then det(w,w’) is positive. Moreover, if w,w’ are the weights stemming from a two-
dimensional X-relevant face vy < v, then we have det(w,w’) = 1 by Proposition
In that case, we can achieve

w = (1,0), w' = (0,1)

by a suitable unimodular coordinate change on Z2. Then w” = (2”,1) holds whenever
w,w” stems from a two-dimensional X-relevant face and, similary, w” = (1,4") holds
whenever w”, w’ stems from a two-dimensional X-relevant face.

Lemma 6.1.9. In the situation of Proposition |6.1.1}, consider the case ¥ = 3, m > 0
andng > 3 > n1 =ne =2 >ns. Then the following constellation of weights can’t occur:

_l’_ p—
wo1, - - -, Wong, W12, W22 € T, wi, w21 € T .
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Proof. We may assume wog, ..., Won,, w21 € cone(woi,wii). Applying Remark
at first to 401,11 € 1lv(X) and then to all vo121,722,11,705,11,7,11 € rlv(X), where

j=1,....,ngand i =1,...,m, turns the degree matrix () into the shape
Q _ 0 o2 .- TOng 1 I12 1 22 | 31 ... X3ng r1 ... ITm
1 1 N 1 0 Y12 | Y21 1 Y31 -+ Y3ng 1 e 1 ’

where xj,y21 > 0 holds. Moreover, Yo1,11,701,21 € 11v(X) implies 12 = lpo = 1 due to
Lemma (iv). With 21 12 € rlv(X) we infer y12 = 14 yo21212 from det(war, wiz) =1
and, by the shape of @), obtain

3 < lor+-+lomy = p2 = y12 = 1+ yo1x10.

We conclude x12 > 0. Using 7p;21 € rlv(X) gives det(wa1, wo;) = 1 and thus zgjy21 = 0.
As the effective cone of X is pointed, w1 € 7~ implies y21 > 0. We arrive at zg; = 0
and thus u1 = 0 =l11 + x12. A contradiction to l11,x12 > 0. ]

Case (I)(a). We have r =3, m > 0 and ng > n1 > 3 > ny = ng = 2. This
setting allows no examples satisfying the assumptions of Theorem [0.2. 1]

Proof. By Lemma (iv) and (ii), we may assume that the weights woz, ..., Won,,

WL, -« -, Wip, and wy, ..., wy, all lie in 7F. At least two other weights lie in 7~. Renum-
bering suitably, we arrive at wo1, w31 € 7 and wag, w3z € 7T because of u € 7. Thus,
Lemma [6.1.9] gives the assertion. O

Case (I)(b). We have r =3, m >0 and ng > 3 > ny = ng = ng = 2. This gives
the varieties Nos. 1 and 2 of Theorem [6.2.1]

Proof. We claim that each of 7 and 7~ contains weights from w1, ..., won,. Oth-
erwise, due to Lemma (i), we may assume that all wp; lie in 77. If m > 0
holds, Lemma (i) yields wy,...,wy, € 7. As 77 contains at least two weights,
we can achieve wiy,ws; € 7~ and wig, wes € T by suitable renumbering; note that
w;1, Wi € T~ is not possible for i = 1,2, 3 because of u € 7. Lemma then verifies
the claim.

By the claim, we may assume wgi,wp2 € 77 and wp3 € 7. Lemma (ii) shows
m = 0 and Lemma (iii) gives ng = 3. There must be at least one more weight
in 77, say wi;. Applying Lemma (iii) to Y0403 € rlv(X) we obtain lo; = lp2 = 1.
Applying Lemma (iv) to suitable vp;,iyj, € rlv(X), we obtain

L1 =lia=1lo1 =ln=131 =132 =1.

We may assume wpg € cone(wgy, wp3). Then, applying Remark to 701,03 € rlv(X)
and afterwards to Yo1,11,702,03 € r1v(X) turns the degree matrix @ into the following
shape

Ta1 T22

L 0 02 1 1 T12
Q'_[ Y21 Y22

I 1 0|yn w2

r31 I32
Y3l Y32
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Note that we have z92 > 0 because of wye € cone(wpi, wp3). We distinguish the following
three cases according to the possible positions of the weights ws; and wos.

We have wa1,wee € 7—. Then p € 7~ holds and we may assume ws; € 7~ . Moreover,
we have 701,215 Y01,22, Y01,31 € I'lV(X) and conclude

To1 = T = x31 = 1, p=(2,2), T1p = Ty = x32 = L.

The determinants corresponding to 2,21, 702,22 € rlv(X) both equal one, which implies
yo1202 = 0 and y22x02 = 0. Because of yo1 4+ Y20 = o = 2, we obtain

zo2 = 0, log =p1 =2.

The considerations performed so far show that the defining relation g; and the degree
matrix () are of the following shape:

g1 = ToaToaTis + Ti1Ti2 + Tor Tos + T31 T,
0 01 1 1
Q_[llo as 2—&3‘|'
We claim that all w;;, where ¢ = 1,2,3, lie in 7. That means that we have to show
wia, w3z € 7~ . Otherwise, if w2 € 77 holds, then o312 € rlv(X) leads to

1 1
al 2—(11

1 1
a9 2—&2

1 = det(’wog,wlg) = ai.

This implies w11 = wo; € 7~ N 71, which is impossible. Analogously, one excludes
w3 € 7. Thus, we may assume a1 < as < ag and a; > 2 —a;. The latter implies a; > 1
and

SAmple(X) = 7x = cone((1,as),(0,1)).

We have woy,wyy € 7. Then we have u € 7+ and thus wis € 77. Consequently
703,12, 703,21, 721,22 € rlv(X) holds and we conclude

Y12 = Y21 = Y22 = 1, p2 =2, y11 = L.

Looking at the determinants associated with yo211,711,21, 711,22 € rIv(X) we see xp2 =
T91 = xoo = 0. This gives ly3 = p1 =21 + x22 = 0. A contradiction.

We have we1 € 7~ and woo € 7. Then we may assume w3y € 7~ and w3y € 7, as oth-
erwise, up to renumbering, we are in one of the preceding cases. Applying Remark
t0 701,21, 701,31, 703,22, Y03,32 € rlv(X) and using po = 2, one obtains

To1 = T31 = Y22 = Y32 = 1, Yo1 = y31 = L.

We claim y1; # 0. Otherwise, y12 = po = 2 holds. This implies det(wps3, w12) = 2, hence
Y03,12 ¢ rlv(X) and thus wia € 7. Then vp1,12 € 1lv(X) leads to z12 = 1 and p; = 2.
Thus wae = (1,1) = woy € 7. A contradiction. Now, y11 # 0 yields

xo2 = X2 = x32 = 0, p=(1,2), loz =1, r12 = 0.
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due to v11,02,711,22, 711,32 € rlv(X) and homogeneity of the relation g;. We conclude
wiz = (0,y12) € 77 and 703,12 € rlv(X) shows y12 = 1. Finally, y11 = g2 —y12 = 1 holds.
For the relation, the degree matrix and the ample cone this means

g1 = To1To2To3 + Ti1T12 + To1To0 + 131130,
0 = 0 0 1|1 O0j1 0|1 O
o 11 01 1|1 1|1 1}’
SAmple(X) = 7x = cone((0,1),(1,1)).
O

Case(I)(c). We haver =3, m>0andng >3 >n1=ny=2>n1 = 1. This
gives the variety No. & in the Theorems|6.2.1 and[6.2.%

Proof. We claim that each of 7+ and 7~ contains weights from wo, . . . , Won,- Otherwise,
due to Lemma (i), we may assume that all wy; lie in 7F. Then we have p € 71
and thus ws; € 77. If m > 0 holds, Lemma (i) yields wi,...,wy, € 77. As
7~ contains at least two weights, we can achieve wi1, w1 € 7~ and wig,wee € 7T by
suitable renumbering; note that w;;,w;o € 7~ is not possible for ¢ = 1,2 because of
i € 7. Lemma then verifies the claim.

By the claim, we may assume wgi,wg2 € 7+ and wpz € 7. Lemma (ii) shows
m = 0 and Lemma (iii) gives ng = 3. We claim that w;1,w;s € 77 is not possible
for i = 1,2. Otherwise u € 77 implies w3; € 7 and there is no weight left to lie in 7.
Thus we may assume wi; € 7. Applying Lemma (iii) to Y0403 € rlv(X) we obtain
logr = lpo = 1. Applying Lemma (iv) to suitable v9;i,j, € rlv(X), where n;, = 2,
we obtain

it =lip=1l21 =l =1.

We may assume wpy € cone(woi, wp3). Then applying Remark to 701,03 and after-
wards to Yo1,11, 702,03 € rlv(X) turns the degree matrix @ into the following shape:

31

Y31 |’

Note that because of wpe € cone(wp, wpz) we have xgy > 0. We distinguish the following
three cases according to the possible positions of the weights wa1, wao.

T21 T22

0 o2 1 1 X192
o= [
Y21 Y22

I 1 0lyin w2

We have wo1,wee € 7. Then p € 7~ and thus w33 € 7. Moreover we have
V01,21, V01,22 € rlv(X) and conclude

Tor =T =1, p=1(2,2), wzp2=L

Irredundancy of (A, P) implies 31 = 2 and 231 = y31 = 1. The determinants correspond-
ing to 02,21, V02,22 € rlv(X) both equal one, which implies zp2y21 = 0 and zg2y22 = 0.
Because of y21 4 Y20 = po = 2, we obtain

xo2 = 0, log = p1 = 2.
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The considerations performed so far show that the defining relation g; and the degree
matrix @ are of the following shape:

Q = g1:= To1TooTy + T11Tia + Tor1Tog + T3

1 1
al 2—0,1

1 1
as 2 —as

1

1

0 01
110

We claim that w12 € 77 and thus all weights w;; for i = 1,2,3 lie in 7. Otherwise
Y0312 € rlv(X) leads to
1 = det(wos, wi2) = a1.

This implies w1 = wo; € 77 N7, which is impossible. Thus we may assume a; < as
and a; > 2 — a;. The latter implies a; > 1 and

SAmple(X) = 7x = cone((0, 1), (1, a2).

The anticanonical class is —Kx = (4,5). In particular the variety is Fano if and only if
a1 = a9 = 1 holds and there exists no truly almost Fano variety in this case.

We have wo1,wos € T : This case does not provide any smooth projective variety. The
proof is exactly the same as in Case (I)(b) with way,wae € 7.

We have wa1 € 77, wee € 7T : Applying Remarkto Y01,21, 703,22 € rlv(X) and using
2 = 2 we obtain

T2 = Y22 = 1, yo1 = 1.
We claim y11 # 0. Otherwise y12 = po = 2. This implies det(wps, w12) = 2, hence
Y03,12 ¢ rlv(X) and thus wia € 7. Then vp1,12 € 11v(X) leads to z12 = 1 and p; = 2.
Thus wae = (1,1) = w91 € 7. A contradiction. Now y11 # 0 yields

22 = 0, n = (1,2), l31 =1
due to 11,22 € rlv(X). This contradicts irredundancy of (A, P). O

Case [6.1.1] (I) (d) and (e). We haver =3, m =0 and no =3 > ny > ng =nz = 1.
This setting allows no examples satisfying the assumptions of Theorem [6.2.1].

Proof. We claim that each of 77 and 7~ contains at least one weight wg;. Otherwise,
due to Lemma (i), we may assume that all wp; lie in 7. We conclude p € 7+ and
thus we may assume w;; € 7+ for all i = 1,2,3. As n; < 2 holds there is at most one
weight wio left to lie in 7. As each of 77 and 7~ has to contain at least two weights
this is impossible.

By the claim, we may assume wo; € 77 and wog, w3 € 7~. Applying Lemma (iii)
to 701,03 € rlv(X) and afterwards to 791,02 € 11v(X) and using Remark we obtain

lor =lo2 =1, wor = (0,1), wo3 = (1,0), Yoz = 1, po = 2.

Thus irredundancy of P implies ly; = l31 = 2 and we obtain torsion in Cl(X). Corollary
gives the assertion. O
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Case (I)(f). We have r =3, m > 0 and ng = n1 = ng = ng = 2. This gives the
varieties Nos. 4 to 10 in the Theorems|0.2.1], 16.2.2 and|6.2.4),

Proof. Note that due to Lemma (i) any weight w;; lies either in 77 or in 77.
Moreover, if there is an integer i1 such that w;,1,w;,;2 € 7+ holds, we obtain p € 71 and
thus we may assume w;; € 7 for each i = 0,...,3. As each of the cones 7 and 7~
contains at least two weights we are left with the following five cases according to the
possible position of weights.

We have wyy € 77 and wy € 7 for each i = 0,...3. Applying Lemma (v)
we may assume wy € 71 for all k. We may further assume w;; € cone(wgr,wr2) for
all ¢ = 1,2,3. Then, applying Remark to yo1,12 € 1lv(X) and afterwards to

V01,22, 701,32, V12,21, V12,31, V12,6 € 1lv(X), where k = 1,...,m, turns the degree matrix
into the following shape:
Q: 0 o2 | 11 1 o1 1 I31 1 1 ... ITm
1 yoo|lyin O 1 yoof 1 w32 1 ... 1

Note that w;; € cone(wgr, wi2) implies x5, y;; > 0 for all i = 1,2,3 and thus pu1, g2 > 0.
For any integers 0 < 41,49 < 3 with 41 # 42 we have 7;,1,4,2 € rlv(X). Thus applying
Lemma (iv) yields l;,2 = 1 or l;,; = 1.

We claim that we may assume lg; = l11 = lo1 = 31 = 1. Otherwise after renumbering

we have I31 > 2 and I3 = 1. Applying Lemma (iv) to Yo01,32, 711,32, V21,32 € 1lv(X)
we obtain

log = lig =l = 1.
Thus after suitably renumbering we always have lg1 = 117 = lo1 = l31 = 1.

Note that due to Remark the tuples (w2, wo1), (we2, wa1 ), (w2, w31) are positively
oriented and we obtain

Zo2 > 0, T21Yy22 = 0, x31Yy32 = 0.

With 0 < p2 = 1 + yo2lo2 we conclude yp2 > 0 and thus all entries x;;, y;; of () are non
negative.

Considering the determinants corresponding to 02,11, Y02,21 € 11v(X) we obtain
To2y11 = 1 + yoor11, To2 — Yo2x21 = 1.

We claim 190 = 0. Otherwise 0 = y9ox91 implies 97 = 0 and we obtain zgo = 1. We
conclude
1+ yo2r11 = y11 = p2 = 1 + yozloz-

Thus ygo = 0 or x17 = lp2 holds. Assume ygo = 0 holds. Then ps = 1 and thus oo = 0.
A contradiction. If x1; = lp2 holds then

log = loowo2 = p1 = x11 + l12 = lo2 + l12.



6.1. Towards the classification 115

This is impossible.

By the claim, we obtain
p2 =1, Yoz = Y32 = 0, yin = 1.
For the relation g, the degree matrix () this means

g1 = To1 To2 + T TR + Ton T + T3 T2,

Q_Olallaglagldl...dm
|1 o0]1 o1 o1 o1 ... 1 |’
where we have a; > 0, lpo = a1 + li2 = ao + log = asg + l33 and we may assume
0<a; <as <agandd; <...<d,. The semiample cone and the anticanonical class

are given as
SAmple(X) = 7x = cone((1,0),(d,1)), —Kx=(4d+a2+az+ Z di, — l12,3 +m),

where d := max(as, d,,). In particular X is Fano if and only if the following inequality
holds
(3+m)-d<4+a2+a3+2dk—l12.

With l15 > 1 we conclude d < 2. We list all possibilities for the entries of ) and the
exponents of g in a table.

H (al,ag,ag,log,llg,lgg,lgg) ‘ restrictions on dy,

d=2 Ilip=1 (2,2,2,3,1,1,1) dy, = 2 for all k.
d=1 li9=2 (1, 1,1,3,2,2,2), (0, 1,1,2,2, 1,1) dr = 1 for all k.
li1a =1 (1,1,1,2,1,1,1) 0<dy <dy=1.

d=0 [li2=3 (0,0,0,3,3,3,3) dp = 0 for all k&
l19 =2 (0,0,0,2,2,2,2) —-1<di<dy=0

lio=1 (0,0,0,1,1,1,1) —2<di+dy <0

Moreover X is truly almost Fano if and only if the following equality holds:
(3+m)-d:4+a2+a3+2dk—l12.

We list all possibilities for the entries of () and the exponents of g1 in a table.
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| (a1,a2,a3,l02, 112,122, 132) |

restrictions on dj,

d=3 lip=1 (3,3,3,4,1,1,1) dy = 3 for all k
d=2 lp=1 (2,2,2,3,1,1,1) di=1,dy=2for k#1
lip =2 (1,2,2,3,2,1,1) dy = 2 for all k

(2,2,2,4,2,2,2) dy = 2 for all k
d=1 Ip=1 (0,0,0,1,1,1,1) dy = 1 for all k
(1,1,1,2,1,1,1) di=ds=0,d=1forall k>3
(1,1,1,2,1,1,1) di=—1,d,=1forall k+#1
lip =2 (0,0,1,2,2,2,1) dy =1 for all k
(1,1,1,3,2,2,2) di=0,d=1forall k#1
(0,1,1,2,2,1,1) di=0,dy=1forall k#1
lip =3 (1,1,1,4,3,3,3) dp = 1 for all k
(0,1,1,3,2,2,2) dy =1 for all k
d=0 lp=1 (0,0,0,1,1,1,1) Sdp= -3
lip =2 (0,0,0,2,2,2,2) Sdy = —2
lip =3 (0,0,0,3,3,3,3) di = —1,d, =0 for all k # 1
lip =4 (0,0,0,4,4,4,4) di = 0 for all k.

We have w;1 € 77 and wy € 7~ for i = 1,2,3 and woi, we2 € 7. We may assume

wp2, W12, W2 € cone(wp,wsz). Then, applying Remark to Y01,32 € rlv(X) and

afterwards to 702,32, V11,32, 721,32, 712,01, 722,01 € rlv(X) turns the degree matrix @ into
the following shape

L 0 zo2 x31 1

Q= l 11 g 0

o1 1
Ly

T11 1

I yi2 Yi oo Ym

r1y ... :L‘m]

Note that we have g2, y12, y22 > 0 because of wga, w12, was € cone(wpi, wsz). Moreover
2 < uo holds and thus y31 > 0.

We claim l11,l27 > 2. Otherwise after renumbering we may assume [;; = 1. With
2 < p2 = 1+ l12y12 we conclude y12 > 0. The determinant corresponding to 72,12 €
rlv(X) equals one, which implies zgoy12 = 0. This gives

xo2 = 0, 31231 + 132 =0, x31 < 0.

This contradicts ys; — y12w31 = det(wia, ws1) = 1.
Thus applying Lemma (iv) to v02,12, 701,12, V21,12, 731,12 € 11v(X) we obtain

lor = log = l32 = oo =1, o = 2, li1 =1lo1 =2, Y22 = Y12 =0

As the determinant corresponding to yi231 € rlv(X) equals one we obtain y3; = 1

and l3; = po = 2. Thus applying Lemma (iv) to v11,32,721,32 € rlv(X) implies
l1o =1 = l99. With

0<m=xz00=14+2-211=1+2-291=1+2-23
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we obtain x11 = 21 = 31 > 0 and xg2 > 0. With wi1,we; € 77 and Lemma (ii)
we conclude that the possible weights of type wy lie in 7—. Thus applying Remark
to Y014 € rlv(X) we obtain z;, = 1. Finally as the determinant corresponding to
Y2,k € 11v(X) equals one and zg2 > 0 holds we obtain y; = 0. For the relation g;, the
degree matrix () and the ample cone this means

91 = TorToo + T4 Ta + T3 Tog + T5 Tso

a 1 all...l]

1 0

a 1

1 1 1 0

0 2a+1
Q_[ 1 0|0 ... O

SAmple(X) = 7x = cone((1,0), (2a + 1, 1)),

where a > 0. The anticanonical class is —Kx = (3a + 3+ m,3). In particular X is Fano
if and only if 3a + 3 +m > 6a + 3 holds. This is equivalent to m > 3a. Moreover X is
truly almost Fano if and only if m = 3a holds.

We have wo1,wo2, w11, w2, w1, w31 € T and w,w3s € 7 . We may assume

wo2, W11, W12, wee € cone(woi,wse). Then, applying Remark to 01,32 € rlv(X)

and afterwards to 702,32, 711,32, 712,32, 721,32, V01,22 € 1lv(X) turns the degree matrix X
into the following shape

L 0 zo2 r31 1

@:= [ 1 1 ys1 O

o1 1
1y

T11 x12
1 1

1 ... ITm
i Ym |

Note that we have g2, 211,12, y22 > 0 because of woz, w11, w12, way € cone(wpy, ws2).
Moreover po > 2 holds and thus y3; > 0.

We claim ly; > 2. Otherwise lo; = 1 holds. With 2 < s =1 + ya2loo we conclude
y22 > 0. The determinant corresponding to 7pz,22 € rlv(X) equals one, which implies
T02Y22 = 0. This gives

zo2 = 0, 1 =0, l31731 + I32 = 0, x31 < 0.

This contradicts y31 — yooxsr = det(wag, w31) = 1.
Thus applying Lemma (iv) to 702,22, 701,22 € rlv(X) implies

lor = lo2 =1, p2 = 2, it =la=1, lo1 = 2, y22 = 0.

As the determinant corresponding to 722,31 € rlv(X) equals one we obtain y3; = 1 and
2 = o = l31. Thus applying Lemma (iv) to 22,31, 721,32 € rlv(X) we obtain [z =
log = 1. With we; € 77 and Lemma (ii) we conclude that possible weights of type
wy, lie in 77. Thus applying Remark to Yo1,5 € rlv(X) we obtain z; = 1. Finally
as the determinant corresponding to o2, € rlv(X) equals one and zg2 = 2221 +1 >0
we conclude zgz > 0 and thus y; = 0. For the relation g; and the degree matrix @ this
means

g1 = TonTog + T11Tiz + Ty Too + T3 Tso
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a31
1 0

ap a2

. 0 2a3+1
Q[ 1 1

1 1

as 1|1 ... 1
1 0/0 ... 0]

where 2a3 + 1 = a1 + a9, a; > 0 and we may assume a; < ae. The semiample cone and
the anticanonical class are given as

SAmple(X) = 7x = cone((1,0), (2a3 + 1,1)), —Kx = (4az + 3 +m,4).

In particular X is Fano if and only if 4a3 + 3 4+ m > 8as + 4 holds. This is equivalent to
m > 4as + 1. Moreover X is truly almost Fano if and only if m = 4a3 + 1.

We have woi,...,w31 € 717 and wss € 7. As each of 7= and 7T con-
tain at least two weights we have m > 1 and wp, € 7. We may assume
Wi, Wo2, - . ., Wwa2 € cone(wr,wp1). Then, applying Remark at to 1,01 € rlv(X)
and afterwards to v1,02,...,71,31,71,32 € rlv(X) turns the degree matrix @ into the
following shape

Q= 0 zo2 |z11 @12 | @21 xo2 w31 1 |1 1 ... 1
' 1 1 1 1 1 1 1 y32 |0 yo ... ym |’
Note that because of w;, wog, ..., wss € cone(wy,wpr) all entries of @ except x3; and Y32

non-negative.
Applying Lemma, (ii) to 1,01, --.,71,31 € rlv(X), we obtain

lotr =loo=l11 =lia =la1 =lp =132 =1, fo = 2

As the determinants corresponding to Yo2,32, 711,32, 12,32, V21,32, Y22,32 € rlv(X) all equal
one we conlude y3o = 0 or g2 = ... = x990 = 0.

Assume ysa = 0. Then 2 = pus = l31 holds. Moreover 1 = xg2 = 2231 + 1 and xg2 > 0
implies 231 > 0 and xp2 > 0. As the determinants corresponding to vg2 5 € rlv(X) for
k=1,...,m we obtain y2 = ... = y,, = 0. For the relation g; and the degree matrix
this means

g1 = To1Tog + T11Ti2 + Tor Too + T, Tso

0 = 0 2a5+1 as 11 ... 1
1 1 1 00 ... 0|’

al a
1 1

az aq
1 1

where 2a5+1 = a1 +a9 = az+ a4 and a; > 0. The semiample cone and the anticanonical
class are given as

SAmple(X) = 7x = cone((1,0), (2as + 1,1)), —Kx = (5as + 3 +m,5).

In particular X is Fano if and only if 10as + 5 < bas + 3 + m holds. This is equivalent
to bas + 2 < m. Moreover X is truly almost Fano if and only if 5a5 + 2 = m holds.

Assume xgo = ... = xos = 0. We have pu; = 0 and thus l3;231 = —1. This implies
l31 =1 and x31 = —1. Thus po = 2 = 1 4 y32 and we conclude y32 = 1. Finally as the
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determinants corresponding to 31 1 € rlv(X) all equal one, we conclude y; = 0. For the
relation gq, the degree matrix () and the ample cone this means

91 = To1To2 + T11T12 + To1Toe + 131132

Q_OOOOOO—lll...l
1 11 11 1)1 10 ... 0]
SAmple(X) = 7x = cone((1,1), (0,1)).

).

The anticanonical class is —Kx = (m,6). In particular X is Fano if and only if m < 6
holds and truly almost Fano in the case m = 6.

We have w;; € T for alli,j. Aseach of 7~ and 77 contain at least two weights applying
we conclude with Lemma (v) m>2and wg € 7~ for all k =1,...,m. Moreover
Yij,1 € rlv(X) implies l;; = 1 for all 4,j. We may assume w;;, wy € cone(wo,w) for all
1,7, k. Then, applying Remark at to v01,1 and afterwards to all other v;; 1,014 €
rlv(X) turns the grading matrix @ into th following shape

0= 0 wo2 | 711 w12 | 221 w22 |31 x32( 1 1 ... 1
S T T T T T A NS N 0 O T VS I
Note that all entries of () are non negative because of wj;, w, € cone(wor,wi). We
distinguish between the case that all entries ys,..., %, equal zero and the case they

do not.
We have yi = 0 holds for all k. Then we have

Tp2 = X11 + T12 = T21 + T2 = T31 + 32
and the relation ¢g; and the grading matrix ) have the following shape.
91 = To1Toz + T11T12 + To1To + T31T32
. 0 al 1 ... 1
Q= l 1 1 0 ... 0 ] ’
where a1 = a2 + a3 = a4 + a5 = ag + a7 and a; > 0. The semiample cone and the
anticanonical class are

ag as
1 1

a4 as
1 1

ag ary
1 1

SAmple(X) = 7x = cone((1,0), (a1, 1)), —Kx = (3a1 +m,6).

In particular X is Fano if and only if 3a; +m > 6a; and this is equivalent to m > 3a;.
Moreover X is truly almost Fano if and only if m = 3a; holds.

We have yi, > 0 for at least one k. We may assume 0 < ¢ < ... <y, and y,,, > 0. As
the determinants correspoding to v;; € rlv(X ) all equal one we conclude z;; = 0. For
the relation g; and the grading matrix @) this means

91 = To1To2 + T11T12 + To1Toe + 131132
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0 0j0 0j0O OjO Ofj1 1 ... 1
1 111 111 11 10 az ... am |’

where 0 < as < ... < ay, and a,, > 0. The semiample cone and the anticanonical class
are

SAmple(X) =7x = ((0,1), (1, am)), —Kx =(m,64+az+...+anm).

In particular X is Fano if and only if m - a,, < 64+ as + ...+ a,. This implies a,,, < 5.
Furthermore X is truly almost Fano if and only if m - a,, = 6 + a2 + ... + a,,, which
implies m < 6. ]

Lemma 6.1.10. In the situation of Proposition|6.1.1], consider the case r =3, m > 0
andng =n1 =2 > n9 > ng = 1. Then the following constellation of weights can’t occur:

+ p—
wo2, W12 € T wol, W11 €T .

Proof. We may assume wi; € cone(wgi, wi2). Applying Remark to yo1,12 € rlv(X)
we obtain

wor = (1,0), wiz = (0,1), x11,y11 > 0.

Moreover the position of weights implies det(wi1,w12) > 0 and det(wp1, we2) > 0 and
thus 11 > 0 and yp2 > 0. Applying Lemma (iv) to 01,12 € 1lv(X) we obtain
loo =1 or l1; = 1. With Y02,11 € I“IV(X) we obtain

le=1 = 1=det(wi1,wo2) = det(w11,l12wi2 — lorwo1) = Lizx11 + lo1y11,

=1 = 1=det(wi1,wo2) = det(lpywor — lizwiz, wo2) = lo1Yo2 + li2xo2,

where the second equality on the r.h.s. holds due to homogeneity of the relation.

We show [p2 > 1. Otherwise the above considerations show
y11 =0, lig =211 =1, p2 =1, I3 =y3 =1

This contradicts irredundancy of P.

Thus we have [1; = 1. Note that ygo > 0 implies zg2 < 0. The corresponding determinant
of Yo2,11 € rlv(X) equals one and we obtain 1 = x11yp2 — y11202. This implies

ynzoz = 0, 11 = yo2 = 1, p1 =1, lsg =231 = 1.
This again contradicts irredundancy of P. O

Case (T (g). We haver =3, m >0 and ng = ny = ng =2 > n3 = 1. This gives
the varieties Nos. 11, 12 and 13 in the Theorems|6.2.1],(6.2.9 and|6.2.4].

Proof. With Lemma [6.1.10| and Lemma, (i) we may assume woy,woe € 7. We
conclude p € 7 and thus w3; € 7. We distinguish between the following two cases

according to the possible positions of weights.
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We have woz, wy, € 7~ and all other weights in 7. As each of 77 and 7~ contains at
least two weights we conclude m > 1 and Lemma (v) yields wy € 7~ for all k.

Applying Lemma (iV) to ’)/01,1, 71171,"}/12,1, ’}’2171’)/22’1 S I"IV(X) we obtain
log =111 =lip =121 =1l22 =1

Then applying Remark to m11 €  1lv(X) and afterwards to
V01,15 712,1, V21,1722,1702,11, Y11,k € rlv(X) turns the degree matrix @ into the fol-

lowing shape:
11 ... 1
0 Y2 ... Ym ’

Q — [ ZL‘i)l 1 0 T12
We conclude ps = 2 and irredundancy of P gives I3; = 2 and y3; = 1. We obtain

1 1

31
Y31

To1 T22
1 1

Yo2

p1 = lorxor + 1 = x12 = l31231 = 2731

Thus 1 is even and we conclude that lg; and zg; are odd. Thus ygo = pg — lo1 is odd
and thus nonzero. The determinants corresponding to Yoz 12, V02,22 € rlv(X) both equal
one, which implies ygox12 = 0 and ygoxee = 0. We obtain

12 = 222 = 0 = pq, x21 = 231 = 0, o1 = —1, lo1 =1, Yoz = 1.

Finally o1 % € 11v(X) leads to det(wy,wo1) = 1 and thus y, = 0. For the relation, the
degree matrix and the ample cone this means

g1 = TinToz + Ti1Tho + Tor Tos + Ty

0 = -1 1/0 0({0 OO} 1 ... 1
|1 11 1)1 1|10 ... ©
SAmple(X) = 7x = cone((0,1), (1,1)).
Moreover the anticanonical class is given as —Kx = (m,5). Thus X is Fano if and only

if m < 5 and truly almost Fano if m = 5 holds.

We have w;j € T for all i. Consider the fact that each of 7+ and 7~ contains at least
two weights and applying Lemma (v) we conclude m > 2 and wy € 7~ for all k.

We may assume wj;, wy, € cone(wor,wr) for all 4, j, k. Applying Remark to Yo1,1 €

rlv(X) and afterwards to vo2.1,...,722,1, 701,k € rlv(X) turns the degree matrix @ into
the following shape
Q= 0 o2 | w11 w12 | w21 xo2 |73 |1 1 ... 1
' 1 1 1 1 1 1 Y31 0 Y2 ... Ym ’

Note that we have z;;,x; > 0 for all 4, j, k because of w;;,w, € cone(wpi,w;) for all
1,7, k. Applying Lemma (ii) to vijk € rlv(X) for i = 0, 1,2 we obtain

lor = =lp=1, po =2
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and thus irredundancy of P implies I3 = 2 and y31 = 1.

We distinguish between the case that all entries y equal zero and the case that there
exists at least one k with y; > 0.

We have yi = 0 for all k. Then the defining relation g1, the degree matrix @@ and the
ample cone are of the following shape:

g1 = To1Tog + T11Ti2 + Tor1Tog + T3
o 0 2a5 1 ... 1
Q= [ 0O ... 0 ‘| ’

1 1
SAmple(X) = 7x = cone((1,0), (2as,1)).

al ag
1 1

az aq4
1 1

as
1

as —Kx = (m+5as,5). In particular X is Fano if and only if m > 5as and truly almost
Fano if equality holds.

where a1 + a2 = a3+ a4 = 2a5 holds and a; > 0 for all ¢. The anticanonical class is given

We have yi, > 0 for at least one k. We may assume 0 = y; < ... < vy, and y,,, > 0.
Then Yo2,m € rlv(X) leads to det(wy,, wp2) = 1 and with z;; > 0 for all 4 this implies

zo2 =0, p1 =0, T12 = x21 = ®22 = x31 =0
For the relation g, the degree matrix () and the ample cone this means

g1 = To1Tog + T11Ti2 + Tor Tog + T3

0 = 0 00 0jO0 OjOjj1T 1 ... 1
1 11 1|1 110 dy ... dp |’
SAmple(X) = 7x = cone((0,1), (1,d))

where do < ... < d,,. The anticanonical class is given as
—Kx = (m, 5+ Zdl)

In particular X is Fano if and only if m - d,, < 5+ > d; and we obtain furthermore
m < 5. X is truly almost Fano if m - d,,, =5+ >_ d; holds. O

Case (D) (h). We haver =3, m > 0 and ng = n; =2 > ng = ng = 1. This
setting allows no examples satisfying the assumptions of Theorem [6.2-1]

Proof. For m > 0 we may assume due to Lemma (v) that wy,...,wy, € 77 holds.
Applying Lemma, we may always assume w1, w12 € 7+ and thus g € 7. This
implies wo; = w31 € 7. As each of the cones 7= and 77 contains at least two weights
we are left with the following two possible position of weights.
We have woa € 7~ and wo; € 7. Applying Lemma (iv) to yo1,1, 12,1, Y111 €
rlv(X) we obtain

log=1ln=ha=1
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Applying Remark to y11,1 € rlv(X) and afterwards to Yo1,1,712,1, 702,11, Y11,k €
rlv(X) turns the degree matrix @ into the following shape

Q — o1 1 1 1 N 1
’ 1 yo2 0 yo oo Um |
We obtain pe = 2. Thus either lo; = l31 = 2 holds, which contradicts torsion freeness

of the divisor class group of X or at least one of lo; or 31 equals one. This contradicts
irredundancy of P.

We have woi,wo2 € 7.  Applying Remark and Lemma (iv) to
Yo1,1, 702,15 V11,1, 12,1 € 11v(X) we obtain

0 x12
1 1

31
Y31

T21
Y21

To1 = To2 = T11 = 12 = 1, lor =loe =l11 = lip =1, w1 =2

Irredundancy of P thus implies lo; = 31 = 2, which leads to torsion in the divisor class
group of X; a contradiction. O

Case (I)(i). We haver =3, m > 0 and ng = 2 > ny = ng = n3 = 1. This setting
allows no examples satisfying the assumptions of Theorem [6.2.1].

Proof. Applying Lemma (v) we may assume wi, ..., W, € 7. Moreover we have
H = W11 = W21 = W31.

We claim that one of the weights wp; lies in 7F. Otherwise Lemma (i) implies
wo; € 7~ for j = 1,2. This implies s € 7~ and there are no weights left to lie in 77,
which is impossible. Thus we may assume wg; € 7.

Applying Lemma (ii) and Remark to 01,1 € rlv(X) we obtain
loz == 1, wo1 = (0, 1), w1 = (1,0)

Moreover as the class group of X is torsion free and P is irredundant we have pairwise
coprime ly1, lo1, 131 > 1. We distinguish the following two cases according to the possible
position of weights.

We have woz € 7~. As 77 contains at least two weights we may assume w1 € 7. This
implies u € 71 and thus wo; = w31 € 77. With wgy € 7~ we obtain cone(woz, wo1, w11) €
rlv(X). As X is locally factorial this implies (0,1), (w02, Y02), (¥11,y11) generate Z? as a
group. Thus ged(zg2, z11) = 1 holds and in particular not both equal zero. We obtain

0 < p1 =202 = L1711 = 01221

With ged(l11,l21) = 1 we conclude lo1|zg2 and lo1|2z11; This contradicts ged(zog, z11) = 1.

We have wga € 7. We obtain wi; = wo; = w31 = p € 7. As 77 contains at least two

weights we obtain m > 2. Applying Lemma (ii) and Remark to Yo2,1 € rlv(X)
we obtain

lo1 =1, Yyo2 = 1, po = 2.

Irredundanccy of P implies 11 = lo1 = l31 = 2 contradicting coprimeness. O
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Case (IT). We have r =4, m =0 and nop = ny = 2 > ng > ng > nyg. This leads
to No. 14 in Theorems|6.2.1) and|[6.2.2

We treat the cases (a) to (d) at once. Observe that if two weights wj, 1, w;,2 lie in one
cone 7~ or 7T homogeneity of the relations implies that all w;; with n; = 1 lie in this
cone as well. As each of 77 and 7~ contains at least two weights and m = 0 holds we
may thus assume wg, w11 € 7~ and wog, w12 € 77. In particular for each wy, 4, with
n;, = 2 there exist at least one wj,j, with v;,j, .5, € rlv(X). Thus considering r = 4
and applying Lemma (iv) we obtain [;; = 1 for all ¢ with n; = 2. We may assume
w1 € cone(wpr, wi2). Applying Remark to 701,12 € rlv(X) we obtain

Wo1 = (170)7 w12 = (07 1)7 x11, Y11 Z 0.
Applying Remark to 02,11 € rlv(X) we obtain
1 = det(w11, wo2) = T11Yo2 — To2y11 = 11 + Y11,

where the last equality follows with po = yo2 = y11 + 1. As by assumption wy; ¢ 7~ we
have x11 > 0 and conclude

x11 = 1, y11 =0, p=(1,1), zo2 =0, Yoz = 1.

This implies l;; = 1 for all ¢ with n; = 1. As P is irredundant the only possible
constellation is

n0=n1:n2:n3:n4:2, l01:...:l42:1.

With Lemma (i) may assume wa1, w31, wq; € 7~ and applying Remark to
V21,02, V31,02, V41,02 € rlv(X) we obtain

To1 = x31 = T41 = 1, Top = T32 = Tg2 = 0.

We conclude wao, w3s, was € 77, This in turn implies 701,22, 701,32, V01,42 € I"IV(X) and
applying Remark once more we obtain

1 = y22 = Y32 = Y2, Y21 = Y31 = ya = 0.
For the defining relations g1, g2, the grading matrix () and the ample cone we obtain
go :=To1To2 + T11 T2 + 121122 + 1311532
g1 := MTo1To2 + AoT11Th2 + To1Toe + TinTyo
1 0/1 01 0|1 0|1 O
0O 1/0 1{0 1]0 1|0 1|’
SAmple(X) = 7x = (Qx0)>.

The anticanonical class is —Kx = (3,3). In particular the variety is Fano.
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6.2 Classification Results

Here we give a complete list of all non-toric smooth arrangement varieties of complexity
two and Picard number two and classify in every dimension the smooth (almost) Fano
varieties of complexity two and Picard number two.

Theorem 6.2.1. Every non-toric smooth projective arrangement variety of complexity
two and Picard number two is isomorphic to precisely one of the following varieties X,
specified by their Cox ring R(X), the matriz [wi, ..

ample class u € C1(X) = Z2.

.,wy] of generator degrees and an

No. R(X) [wi, ..., Wy u dim(X)
K(T},...,To] [0 o1 1 1 1 1 1 1 } L
1 <T1T2T§+T4T5+T5T7+T8T9> 110a 2—a; a2 2—az a3 2—as az +1 6
1<a; <az <asg
p) K[T1,...,To] 001101010 1 6
(M ToT3+TsTs+TeT7+TsTy) 110111111 2
K[T4,...,Ts] [0 011 1 1 1 1} L
3 (TN ToT2+T4Ts +T6 Ty ¥T2) 110a; 2—aj az 2—ap 1 a1 5
1 <a1 <az
K[Ty,...,T5,51,..,5m] 01a; 1azlag 1‘d1 dm
T T2 ol s 16 T 1010101 0f1 1 d+1
4 (DT3P +TT A+ T T+ T T®) 0< a1 <as < as 1 m4+5
m>0 lo=ay1 +1lg4 =as +1lg =a3 + g d := max(a3, dm)
dip <...<dm
K[Tl"é"Ts’Sg“"sz] 02 +1alalalll 1
5 (WA TFTu+ T3 Te+17Ts) 1 1 101010[0...0 [2‘11'#2} m-+5
m>0 a>0
K[T1,...,T5,51,....,5m]
5 5 0 2a3+1 a1 a2 az 1 a3 1|1 ... 1
[0 (M T+ T3 Ta4T5 Te+T7Ts) 11 1 1 1010[0...0 [2“31*'2} m-+5
m>0 2a3+1=aj +az, 0<a; <az
K[T4,...,T8,51,...,5m] 0 2a5+1 a1 az a3z a4 as 1‘1 o1
7 (T To+T3Tu+T5Ts+T2Tg) 1 1 1 1 1 1 1 0[/0...0 [2a51+2} m+5
m>1 2a5 +1=a1 +a2 =a3g +aq
- a; >0
K[T1,...,T8,51,---,Sm]
Ty To+T5Tu+T5Te+ 17T 000000 —1 1|1 ... 1 1
§ (T 3m>156 5) [11111111om0 2 m+5
K[Th,...,T78,51,...,5m] |:O a1 az a3 a4 as ag a7‘1 1:|
9 (T T2+ TsTa+T5To+ 17 Ts) 1111111 1[0...0 {allﬂ] m+5
m>2 a1 =az +a3 =a4 +as =ae + a7
- a; >0
K[T1,. ., T5,51, .., 5m] 00000000|1 1 1
10 (Th T2+ T5T4+TsTe+T7Ts) 1111111 1‘0 dy ... dm [d 1+ 1] m+5
. 0<d2 < < dm,dm >0 "
K[Ty,...,T7,51,..,5m]
T\ To+T3Ty+T5Tg+T2 —-1100000]|1 1 1
11 < m>1 7) 1 1111110 0 2 m+4

K[T1,...,T7,51,...,5m]
12 (M1 T2+ T3 Tu+T5Te+T7)
m>2

0 2a5 a1 a2 a3z ag as
11 11 1 1 1

1 ...1
0...0
a1 +az =az + a4 = 2as

a; >0

m+4
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K[T1,...,T7,51,...,5m] 000000O0 0‘1 1 ... 1
13 <T1T2+T3T4+T5T6+T72> 11111110d2 dm |:d 1 1] m+4
m>2 0<dy <...<dm m +
B dm >0
1 K[T1,...,T10] 1010101010 1 6
< T\ To + T5Ts + T5Ts + T Ts, > 0101010101 1

AT3Ty + A2T5Te + T7Ts + ToTho

Moreover, each of the listed data defines a smooth projective arrangement variety of
complexity two and Picard number two.

As direct applications, we can classify in Theorem in every dimension the (finitely
many) smooth Fano arrangement varieties of complexity two and Picard number two and
in Theorem [6.2.4] the smooth truly almost Fano arrangement varieties of complexity two
and Picard number two, where truly almost Fano means that the anticanonical divisor
is semiample but not ample.

Theorem 6.2.2. Every non-toric smooth Fano arrangement variety of complexity two
and Picard number two is isomorphic to precisely one of the following varieties X,
specified by their Cox ring R(X) and the matriz [wi,...,w,] of generator degrees
w; € Cl(X) =72.

No. R(X) [wi, ..., wy —Kx dim(X)
1 K[T1,...,T5] 001111111 5 6
(T\To T3+ Ty Ts+Ts T +TsTo) 110111111 6
p) K[T4,...,To] 001101010 3 6
(T ToT3+TsTs+T6T7+TsTo) 110111111 6
P K[T1,...,Ts] 00111111 4 5
(M T T2 +TyTs+TcT7+T3) 11011111 5
K[37117~--1T87517-~7Sm]
ThT3+T3Ty+TsTe+T7Ts 01212121[2...2 74 2m
4-A (0T "0 ) [10101010‘1m1} |:3+rn:| m+5
K[Ty,...,T8,51,...,5m]
T3+ T3 T2+ TsT2+TT2 0111111 1]1...1 44 m
4-B (1T :n>06 ®) 10101010[1...1 3+m m+5
K[T17~--1T87517--~7S7n]
T\ T34+TsT;+TsTe+T7T; 01011111|1...1 44 m
4'0 (1T 3;n>056 7Ts) 10101010[1...1 3+m m+5
K[gl""’Tg’Sl""’S"L] 0111111 1]d 1...1
4.D  (TTZHTsTurt TsTo+T7Ts) 101010101 1...1 [5+g";1+d1}m+5
m
m=0 dy € {0,1}
K[Ty,...,T8,51,..,Sm]
T\ T3 +T3T34+TsT3+T7T3 01010101]0...0 3
4.5 (1T, fn>06 5 10101010[1...1 3+m m+5
Kng’”"fs’Sl’“;Sm] - 01010101|d 0...0 g
4.F  (OIGHDT+ T T+ T TE) 101010101 1...1 {31 1} m+5
m
m20 dy € {—1,0}
K[T,..., T, 51, Sm] 0101010 1|d; d2 O...0
4.G  (MTATTu+Ts Te+ T Ts) 101010101 1 1...1 [3"'3‘2;:612}771—!-5

m20 di,dz <0, di +dz > —2
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K[Tl’”Q"TS’SlZ""’S"L; 02e+1alaladll|l... 1
5  (MT+TiTa+T2Te+T7Ts) 1 1 101010[0...0 {3a+§’+m]m+5
m>1 a>0,m > 3a
K[T1,...,78,51,-.,5m] 0 2a3+1 a1 az az 1 asg 1‘1m 1
6 (A TsTa+T2Te+T2Ts) to1 111010000 {4“3 +43+m}m+5
m>1 0<a; <az, a;r +az =2a3 +1
- m > 4a3z +1
K[Tl Ty, 51 Sm] |:O 2a5 +1 a1 a2 a3 aa as ‘1 1:|
200y 801500y 1 1 1 1 1 1 1 0[0...0
7 (T1 T+ T3 Ta+T5To+ T2 T5) . {5% +3 +m:|m +5
a; =2 U,
m21 a1 +az =a3 +ag = 2a5 + 1,
m > 5as + 2
K[T1,...,78,81,---,Sm]
Ty To+T3Ty+Ts5Te+T7Ts 000000 —11|1...1 m
8 { 1<m<5 ) [111111110...0 6 m+5
0 a1 az a3z agq as ag a7|l... 1
KITh,... T5, 51, m] [1 11 1 1 1 1 1 ‘0.“ 0}
9 (ThTo+T3Ty+T5Te+T7Ts) >0 {3a16+ m:| m4+5
i >0,
m22 a1 = a2 + a3 =aq +a5 = ae + ar,
m > 3ai
K([T},...,Ts,S1,...,Sm) {0 000000 0‘1 1.. 1}
10 (TiTe+TsTy+T5Te+T7Ts) 11111111[0dz... dm [6 m d} m+5
m>2 0<dy < <dm, 0<dm <5 +
- m-dm <6+d2+...+dm
K[Tl,...,T7,S1,...,Sm]
11 (T To+TsTu+T5T6+T2) -110000 0‘1 | m m4+4
L<m<a 1 111111]/0...0 5
K[Tl Tr .5, S ] |:0 2a5 a1 az a3z ag (Ls‘l 1]
ALkl S T 8 LRAS Cod 1 11 1 1 1 1 1]0...0
(T To+TsTu+TsTs+T2) m + 5as
12 7 ail + a2 = a3z + aq = 2as m+4
m22 a; 20
m > 5as
[Ty, .. TrS1,...5m] [0000000‘11...1}
Lt L A TP LI 1111111[0dy ... dm
13 <T1T2+T3T4+T5T6+T72> 2 m m+4
0<dy<...<dm 5+ di
m22 dm >0
m-dm <5+da+...+dm
1/ K[Ty,...,T10] 1010101010 3 6
T1Ts + T3Ty + T5Ts + T7 T, 0101010101 3
M T3Ty + X2T5T6 + T7Ts + ToTio

Moreover, each of the listed data defines a smooth Fano arrangement variety of complex-
ity two and Picard number two.

Remark 6.2.3. Some of the above Fano varieties are intrinsic quadrics. Here is the
overlap with [34, Cor. 1.2]:

(i) Cases 10 and 13 are intrinsic quadrics of Type 1,
(ii) Cases 9 and 12 are intrinsic quadrics of Type 2,
(iii) Cases 8 and 11 are intrinsic quadricsof Type 3,
(iv) Case 4.G is an intrinsic quadric of Type 4.

Theorem 6.2.4. Every non-toric smooth projective truly almost Fano arrangement va-
riety of complexity two and Picard number two is isomorphic to precisely one of the
following varieties X, specified by their Cox ring R(X), the matriz [wy,...,w,| of gen-
erator degrees and an ample class u € C1(X) = Z2.
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No. R(X) [wi, ..., wy v dim(X)
K[Ihm)TB,Shm,Sm]
T T5+T3Ty+T5Te+T7Ts 01313131|3...3 4
4'A< 2 m>0 ) 10101010(1...1 1 m+5
K[T1,...,T8,81,:--,Sm]
T T3+TaTy+T5Te+T7 T 01212121[12...2 3
4‘B<12 3:L>056 ) 101010101 1...1 1 m+5
K[T4,...,T8,51;..,Sm]
T T34+T3T2+TsTe+T-Ts 01112121]|2...2 3
4‘C< 2 7:>0 ) 101010101 ...1 1 m+5
K[T1,...,75,51,:--,Sm]
4.D (VT +T3T2+TsT2+T7T2) 0121212 1‘2 L2 3 m+5
>0 101010101 ...1 1
K[Ty,...,75,51,..-,5m]
TiTo+T5T4+T5T6+17T 0101010 1]1...1 2
4'E<12 3;>056 vTs) [10101010‘1...1] H m+5
K[T1,...,78,51,-.,5m]
TT2+TT+TT+TT 01111111j001...1 2
4'F<12 37:>056 vTs) 101010101 11...1 1 m+5
K[T4,...,T8,51,...,Sm]
TT24+T3Ty+T5Te+T7Ts 01111111]-11 1 2
4'G<12 >0 ) 101010101 1...1 1 m+5
K[Ty,...,T5,51,..-,5m]
4_H(T1T§+T3T3+T5T62+T7T8> 0101011 1‘1 o1 2 m+5
m>0 101010101 ...1 1
K[Ty,...,T8,51,...,Sm] o
T\ T3+ T3T24+TsT2+T7T2 01111111/01...1 2
4"’( 2 jn>006 5) 101010101 1...1 1 m+5
K[T1,...,78,81,---,Sm] .
ThT24+T3T2+T5Te+T%T: 01011111/01...1 2
4"]<12 3;>056 7Ts) 101010101 1...1 1 m+5
K[Ty,...,T8,51,...,Sm] o
4'K(T1T§+T3T2+T5T63+T7T§') 0111111 1‘1 T 2 m+5
m>0 101010101 ...1 1]
K[T1,...,75,51,...,5m] L
4.L (T T3+ T5TZ+TsTZ+T7T3) 0101111 1‘1 L1 2 m+5
m>0 101010101 ...1 2]
K[T17~~>T8as1,~~7sm] 0101010 1|dy dm -
4.M (T T+ T3 TatTsTo+Tr Ts) 10101010]|1 1 1 m+5
m20 Ay <0, Y dp=-3 L
KLTlv“'{SvSl"-;Sm] = 0101010 1|dy dim, A
4.N AT AT+ TS Tg+ T Tg) 10101010]|1 1 1 m-+5
m>0 dp <0, Y dp =2 L
K[Ty,...,T8,51,..,Sm] o
T T3+ T3T+Ts TS+ T T3 01010101|-10...0 1
4'O< 2 jn>06 5 101010101 1...1 1 m+5
K[T1,...,75,51,...,5m] L
4.P (T T3+ T T+ TsTg+TTg) 0101010 1‘0 0 1 m+5
m>0 101010101 ...1 2]
K[Tl"'z"TB’Slz""’Sm; 02 +1alalailll...1
5 (MTeATiTa+TZTe+T7Ts) 1 1 101010/0...0 {QG;r?} m+5
m2>0 a>0, m=3a
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K[T1,...,75,51,.--,Sm]

0

2a3+1 a1 as a3z 1 a3 1‘1.“

1

6 (MTeATTu+TiTe+T2Ts) 1 1 1101 0f0... 0} [2a3+2] m-+5
m>0 0<a1 <a2,0<as, !
- m = 4a3z +1
0 2a5 +1 a1 a2 a3 a4 a5 1|1... 1
K[Tl"“’Ts’Sl"“7S”‘§] [1 1 11 1 1 1 0‘0... 0}
7 (T Te+T5Ta+T5Te+T2 Ts) w >0, |:2a51+ 2} m+5
m21 aj] + a2 = a3 + a4 = 2as5 + 1,
m = 5as5 + 2
K[T4,...,78,51,---,5m]
TiTo+T5T4+T5Te+17Ts 000000 —1 1|1 1 1
8 { me—6 ) [111111110 0 2 m+5
0 a1 a2 a3z a4 as ag a7 |l... 1
K[T,...,Ts,S1, ..., Sm] [1 11 1 1 1 1 1 ‘0.4. 0}
9 (TWT2+T3Tu+T5Te+T7Ts) <0 |:a11+1:| m4+5
a; =2 U,
m22 a1 =az + a3z =aq +as =ag + ar,
m = 3ai1
K[T},...,Ts,51,...,Sm) {0 000000 0‘1 1... 1]
10 iTe+TsTa+T5Te+T7Ts) 11111111[0dz... dm {d 1 1} m4+5
m>2 0<dy <+ <m0 < dm <6 m+
B m-dm =6+de+...+dm
K[Tl,...,T7,S1,...,Sm]
T\ To+T3Ty+TsTe+T2) 1 111111[0...0 1
11 . 7 ~1100000[1...1 of mtd
11 1 1 1 1 1[0...0
<TK[7?14;.-1;,§71§;~%7‘173J2> |:0 2a5 a1 a2 a3z aq as|1l... 1:| 2as + 1
1d2+1314+1516 5
12 v 2a5 = aj + a2 = a3 + a4, [ 1 }m+4
m22 a; >0
m = bSas
K[T1,...,T7,51,...,5m] 111111 1‘0 do dim,
13 (MDA TTa+TsTe+T17) 0000000f1 1. 1 J 1 m+4
m>2 0<dy < ... <dm m +1
B modm =5+da+ ... +dm

Moreover, each of the listed data defines a smooth truly almost Fano arrangement variety
of complezity two and Picard number two.
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X—face,
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admissible operations,
algebra of invariants,
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anticanonical polyhedron, [40]
arrangement variety, 09

basic platonic triple, [66] [69]
big representative,
bunch

5-5

true, [I2]
bunched ring, [12]

canonical toric embedding,
character, 0]
character group, [9]
characteristic quasitorus, @
characteristic space, [9]
complete intersections, [14]
cone, [I7]

X-relevant,

big, [T0T]

dimension,

dual,

elementary big,

face,
facet,
GIT, [[4]
lattice, [T1]
leaf,
pointed,
ray, 1]

Cox ring,

Cox rings
iteration of,

Cox shealf,

degree vectors,
divisor
doubling, 84
prime, [7]
principal, [7]
Weil, [7]
divisor class group, [7]
divisorial sheaf, [7]

elliptic,
envelope, [13]

fan, [T
complete,
lattice,

support, 1]

grading
almost free,
effective,
factorial,

pointed,

137

INDEX



138

Index

hyperbolic, [30]
hyperplatonic,

intrinsic quadric, [L00]
irredundant,

lineality part, [26]

maximal orbit quotient, [84]

MDS, [0

minimal ambient toric variety, [02]
minimal toric ambient variety,
Mori Dream Space, [J]

orbit cone,

parabolic,
Picard group, [7]

Picard number, [7]
platonic ring, [37]
platonic triple,
platonic triples, [37]
platonic tuple,

quasifan,
quasismooth,
quasitorus, [J]

quotient
geometric, [I0]

good, [10]

relevant face,

semistable points,
sheaf of divisorial algebras,
singularity
canonical,
log terminal,
terminal, 39

torus, [0
total coordinate space, [9} [89]
tropical variety,

variety

As-maximal,

Ay-property, [12] B4
G-,[

complexity, [95]

toric, [I1]

Type 1, o4
Type 2, 15} [T6, B7, [04]

weight cone, [T4]
weight monoid,



	Contents
	Acknowledgements
	Introduction
	Background
	Cox rings
	Graded algebras, quasitorus actions and good quotients
	Bunched rings

	Non complete rational T-varieties of complexity one
	Factorially graded rings of complexity one
	Proofs of the results of Section 2.1
	Geometry of complexity one T-varieties
	Application: affine K*-surfaces

	Log terminal varieties as quotients
	Platonic tuples and iteration of Cox rings
	The anticanonical complex and singularities
	Gorenstein index and canonical multiplicity
	Geometry of the total coordinate space
	Proof of Theorems 3.1.5 and 3.1.6

	Characterization of iterability of Cox rings
	Iterability of Cox rings
	Proof of Theorem 4.1.1
	Proof of Theorem 4.1.2
	Divisor class groups of total coordinate spaces

	Varieties with torus action of higher complexity
	Mori dream spaces with torus action
	First properties and examples
	Arrangement varieties
	Examples and first properties

	Classification results for smooth arrangement varieties with (X) = 2
	Towards the classification
	Classification Results

	Index

