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Zusammenfassung

Die vorliegende Arbeit beschaftigt sich mit der evolving surface finite
element method (ESFEM), zu Deutsch, Finite-Elemente-Methode auf
bewegten Oberfldchen. Eines der vielen Einsatzgebiete der ESFEM
ist das Ndhern von Losungen parabolischer partieller Differential-
gleichungen auf bewegten Oberfldchen. Solche Gleichungen spielen
bei der Modellierung von Problemen der mathematischen Biologie
eine Rolle. Beispielsweise kann das Wachstum eines Tumors auf
diese Weise modelliert werden.

Das Hauptaugenmerk dieser Arbeit liegt auf der numerischen
Analyse der ESFEM, angewandt auf parabolische Probleme. Es
werden fiinf verschiedene Problemstellungen betrachtet.

Die Arbeit ist wie folgt aufgebaut: Zu Beginn werden im We-
sentlichen bekannte Ergebnisse zusammengefasst, auf die im Laufe
der Arbeit verwiesen wird. Im nachfolgenden Kapitel werden die
Problemstellungen, die in dieser Arbeit behandelt werden, vorge-
stellt. Fiir jedes Problem wird die partielle Differentialgleichung,
die gewihlte numerische Methode und das Endresultat angegeben.
Nach diesen einleitenden Kapiteln folgt die ausfiihrliche Betrach-
tung der Beweise der Theoreme. Alle wichtigen Techniken und



Ideen werden vorgestellt und erldutert. Im Anschluss daran wird
verdeutlicht, welche dieser Techniken und Ideen neu sind und bis-
her noch nicht bekannt waren. Zu jeder Problemstellung werden
numerische Experimente vorgestellt. Im letzten Kapitel wird noch
ein neues Resultat bewiesen, dass wahrend der Entstehung dieser
Dissertation entdeckt worden ist.

Die vier bereits publizierte Forschungsresultate, sind im Anhang
beigefiigt.
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Abstract

The present work investigates the evolving surface finite element
method (ESFEM). One of its many applications is to approximate the
solution of a parabolic partial differential equation on an evolving
surface. Such equations are of interest for mathematical biology.
For example, the growth of a tumor can be modeled with such an
equation.

The main interest of this work is the numerical analysis of the
ESFEM, applied on some parabolic problems. Five different prob-
lems are considered here.

The structure of the work is as follows: The first chapter summa-
rizes results, which are essentially already known in the literature.
The subsequent chapter presents the investigated problems. The au-
thor explains for each problem the partial differential equation, the
chosen numerical method and the final result. These introductory
chapters are followed by a detailed summary and discussion of the
proofs of the corresponding theorems. All important techniques
and ideas are presented and explained. Afterwards, the author em-
phasizes the originality of the work. Every problem is concluded by
some numerical experiments. In the last chapter the author proves
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a novel result, which has been discovered during the preparations
of this thesis.
The four already published results are provided in the appendix.
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Chapter 1.

Introduction

Let no one ignorant of geometry enter.

— Inscription over the entrance of the worlds first
university at a place called Academy, named after
an ancient hero Academus.

The present work studies the stability and convergence of the evol-
ving surface finite element method, i.e. a finite element method
for surface problems, where the surface is changing in time. In
all our problems we are considering advection diffusion equations,
which are used to model important problems. We briefly describe
our problems. Our first problem consists of analyzing an arbitrary
Lagrangian-Eulerian evolving surface finite element method. It is
well known that for the standard evolving surface finite element
method mesh distortion may quickly happen. Thus, it make sense
to analyze numerical schemes, which try to prevent mesh distortion.
The second problem consists of analyzing a quasilinear advection
diffusion equation. Since many important problem are nonlinear,
the author considers analyzing such a problem as interesting. The
third problem is the derivation of maximum norm bounds for the



1. Introduction

evolving surface finite element method. The author thinks that
the topic fits well within the current literature, since they are a
nontrivial extension of both L2-based bounds of evolving surface
finite elements and maximum-norm bounds of finite elements on
Euclidean domains. Our forth problem consists of analyzing finite
elements on an evolving surface driven by diffusion. Numerical
experiments, done by the author, show that regularizing with a
velocity law, like it is done in the problem, is competitive to the
standard mean curvature regularization. Hence, analyzing such a
scheme is of great interest. The fifth problem consists of analyzing
the last mentioned problem for linear finite elements. Since the ma-
jority of evolving surface finite element simulations are performed
with linear finite elements, the author considers this problem as
important. The analysis of this fifth problem has been done during
the preparation of this thesis. It has not been submitted yet.

The thesis is organized as follows: First, we introduce notation
and recall basic results from the literature. Then, we present the
objectives of our four submitted articles. This is followed by a
carefully selected summary of the submitted and published results.
The summary is enriched by additional content, which for different
reasons was not included in the published articles. The last chapter
analyzes the fifth problem.
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Chapter 2.

Notation and preliminaries

In this chapter we introduce the evolving surface finite element
method (ESFEM) and collect results known from the literature. If
the reader is familiar with the ESFEM, then the author recommends
the following quick guide for the notation: The generic notation
below, the notation “X is an evolving surface” (2.11), the notation
for material derivative (2.13) and velocity (2.14), the notation for
bilinear forms (2.19) with their product rule (2.20) and the finite
element nodal value notation (2.29).

This chapter is organized as follows: The first section introduces
evolving surfaces and cover necessary analytic tools for them. The
next two sections are devoted to ESFEM. First, evolving meshes
with finite element functions are covered. Then, the lifting pro-
cess with some geometric perturbation errors are presented. The
preliminaries are closed with some finite element error bounds.

Generic notation

The author denotes the generic constant with const. The notation
const (1.1) is used, if the author wants to refer to the generic constant
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from equation (1.1). 'v means the transpose of v. The symbol
1x: X — X denotes the identity map. I; € R*? is used for the unit
matrix of dimension d € IN, where IN denotes the set of positive
integers.

2.1. Evolving surfaces

The aim of this section is to give a rigorous definition of an evolving
surface together with the necessary analytic tools and identities
to efficiently work with them. Since the finite element method,
analyzed in this work, does not use level set functions, we restrain
ourselves to parametric evolving surfaces. This section is organized
as follows: The author begins with a rigorous definition of surfaces.
Then, tangent space and normal vector fields are introduced. Then,
the oriented distance function is explained. Next, the tangential gra-
dient, the extended Weingarten, the mean curvature, the tangential
divergence, the tangential Jacobian, the Laplace-Beltrami operator
and the tangential Hessian are defined. Intrinsic definitions are
used, which imply the corresponding extrinsic characterizations.
Afterwards, Lebesgue and Sobolev spaces on surface are given.
Finally, evolving surfaces are defined. The author extends the ori-
ented distance function to the time depending case and concludes
with the definition of the material derivative together with some
useful product rules.

Surfaces

We write Q € RY, if and only if () is an open set with compact
support.

For k € IN we call T C R? a surface of class C¥, if and only for
every point x € T there exists an open neighborhood U € R? of x,
and a parametrization X € Ck(y; R?), with O € R?, such that X is
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injective, X(Q2) = UNT and the Jacobian of X has full rank. X is
called local parametrization and we set 0 == X 1.

We say f € CK(T), if for every local parametrization X of T’ we
have fo X € CK(O; R).

The tangent space at x € I is the linear span of 9;X and 9,X,
where X is a local parametrization around x. The subspace is
denoted with T,I' and ¢ € T,I is called tangent vector. T,I is
well-defined, i.e. it is independent of X. A vector orthogonal to T, I’
is called normal vector, if it has unit length. We calln € Ck=1(T; R3)
a normal field, if for every x € I' we have that n(x) is a normal
vector.

From now on we will always assume that T € C? is a compact surface
equipped with the outwards pointing normal field n.

Oriented distance function

For .# @ R3 we say that dr € C?(#) is an oriented distance
function for I, if I' C .4 and for each p € .4 there exists only
one x € I with minimal distance to p and in addition we have the
formula

p = x +dr(p)n(x). (2.1)

For X € C? such a function always exists, cf. [46, lemma 14.16].
As a consequence a function f:I' — R can always be extended to
f: /" — R be setting f(p) == f(x). In particular this applies to n
itself and a short calculations reveals

Vgsdr = 1. (2.2)

From now on we will always assume that n is defined on A" like above.
Further, we denote with f € CX(¥') an arbitrary extension of f € CK(T).
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Derivatives
For f € CY(I') we define the tangential gradient at x € I via
2
V@) = (V). Vf() = ) 005702, X(0),  (23)
ij=1

where (g'/ (9))1-2,]-:1 is the inverse of (gi]-(()))f’jzl with ¢;;(6) = 9;X(6) -
0;X(0). Again, this is well defined. We also have the alternative
formula

V@) = (I - n@) 'n) Vg fx) = prpp Vs ), (2.4)

where f is an extension of f on ./, 'n denotes the transpose of n and
Vs f(x) denotes the R3-gradient of f at x. For f = (f1,..., f%) €
CK(T; R?) we take

Vi) = (V) - Vfix) e R>
The extended Weingarten map is defined as
H(x) = Vn(x) = Vian(x) = (Vgsnl(x) -+ Veeni(x)).

Obviously, H(x) is symmetric with pry  H(x) = H(x) pry = H(x).
The mean curvature is defined as

H(x) = trace(H(x)).

Note that we are following the convention of not taking the arith-
metic mean.

For an arbitrary vector field F € C L(T; R?), not necessarily tangent
to I', we define the tangential divergence via

2
div F(x) = Y 7(6)9;X(6) - 9,F(9). (2.5)
i,j=1
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We also have the alternative formula
div F(x) = trace (prp p ‘(jacgs E(x))),

where trace denotes the trace of a matrix and jacy; F(x) denotes the
R3-Jacobian matrix of F at x.
For F:T';y — I'; we define the tangential Jacobian as

2 . .
jacF(x) =) 9;Y(0)ok(p' o Fo X)(0)g"(9;X(0)),  (2:6)
i,jk=1

where Y is parametrization around F(x) with p = (o}, p?) = YL
Using the chain rule for F = Y o (p o F) one easily sees that we have
the following alternative formula

jac F(x) = Prr, L jacgs F(x) Prrr, -

We observe
I"Gac F)|| < [ VE], (27)
where || - || denotes the operator norm induced by the Euclidean
norm. Further, we have the following chain rule
Vr,(f o F)(x) = "(jac F(x)) Vr, f(F(x)). (2.8)
The Laplace-Beltrami operator is given via
Af =divVf,

where f € CXI;R). For f = (f1,..., f%) € CXT;R") we set Af =
(AfY, ..., AfY.
Finally, for f € C?(T) we define the tangential Hessian as
V2f(x) = V(VI() = (V(VA) - VVFP)
We have the following alternative formula
V2f(x) = pry r Vs f(x) pry p —n(x) - Vigs f(0)H(x) — HV s f(x) 'n(x)
= prr,p Vip /() prr,r —n(x) - Vs @A) = HV f(x) 'nx).
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where V%, f(x) denotes the R?-Hessian of f at x. From this we
deduce the commutator relation

VIVIf(x) = VIVIf(x) = (HVf)Yn' = (HY f(x))'n)

and further the following useful formula for numerical experiments
AF() = Bps f — n(0OVE F(ON(E) — - Vigs fH,

were Aps f(x) is the R3-Laplace of f at x.

Lebesgue and Sobolev spaces on surfaces

We consider on T’ C R3 the Hausdorff measure of dimension 2. For
p € [1,00] and f € CO(T) we define the p-Lebesgue norm for p < oo

as
A1y = [ 1V

and for p = c0 as

HfHLw(r) mf SUP |f(x)]

where N C I' ranges over all null sets. L7 (I') is the completion of
CT) w.r.t. the norm || - l1p(ry- For k € {0,1,2} and f € CKT) we
define the (k, p)-Sobolev norm as

Hf”wkp(r ZvaHLP(F)

|+ llwxrry is the completion of CK(T) w.r.t. WEP(T). We set HK(T) =
WK2(T). The (k, p)-Sobolev seminorm is given by

k
’f|wk,p(r) = [V fHLP(F)‘

10



2.1. Evolving surfaces

For explicit computations we have the useful formula

N
[F=X [ e@r0)/z@0, 29)
=

where (U;)Y, is an open covering of I with subordinated partition
of unity (¢;)}; and with /g = , /det(g;))? -1

Integration by parts reads for f € C}(T') or equivalently for F €
Cl(T;R3) as

/er= /ern, /rdiVFZ /an-F. (2.10)

Parametric evolving surfaces

For a < band I,k € N. We say f € Cl(a,b;CKT;R?)), if f:T x
[a,b] — R3 and if 85’8’1‘1 852 f(x, ) exists for I’ <l and ki + ky < k.

A dynamic parametrization is a map X € Cl(a, b; CX(T; R?)) such
that for all t € [a, b] we have that

XeT =R, Xi(x) = X(x, 1), (2.11)

is injective and the Jacobian of X;(0) has full rank. As a consequence
we have that I'(t) :=I'; = X(T, t) is a surface.

A family of surface (I'(t))ic[q,p), Or simply I'(t), is called a para-
metrizable evolving surface, if and only if there exists a dynamic
parametrization for it. We say “X € Cl(a, b; CX(I'; R?)) is an evol-
ving surface”, if we want to emphasize that we are considering an
evolving surface I'(t) with a fix dynamic parametrization.

Time dependent oriented distance function

We say that dr):.#/” — R is a time dependent oriented distance
function for I'(t), if and only if Ujcp, 4 X {t} = # € R xR

11
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with T(t) C 4 € R3? and for each p € .#(t) there exists only one
x € I'(t) having minimal distance to p, which satisfy

p = x+drp(p, tin(p, 1), (2.12)

where we have used that n is extended on ./, cf. (2.1). With the
same reference as in the stationary case [46, lemma 14.16] we can

easily see existence and observe that dr; inherits its regularity from
X.

Time derivative for evolving surfaces

For an evolving surface I'(t) we say f € Cl(a, b; CK(T})), if and only if
(x,1) = f(X(x,1),t) € Cl(a, b; CK(T)). This is well-defined, i.e. it does
not depend on X. Similar we define the spaces Li(a, b; W5P(T))
and C!(a, b; WFP(T})). The latter two spaces are equipped with the
obvious norms.

For an evolving surface X we define the material derivative of

f € Cl(a, b;CY(Ty)) as

df(X(xg, t),t
I f(x,b) = dj{Xlxo,8), 1 (dt? 2 (2.13)
and the velocity of X via
0X(xp,t
ox(x, ) = 9X1(x, t) = %, (2.14)

where we assumed that xg € T and x = X(xg, f). For the material
derivative we have the alternative formula

aff;;’ H + Vs f(x, b). (2.15)

O flx, 1) =
Having the definition of material derivative and velocity we want

to comment on the definition of evolving surface. For an evolving
surface the notion of spatial derivative does not depend on the

12
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dynamic parametrization. The notion of time derivative depends
on the chosen dynamical system, i.e. for two evolving surfaces X
and Y with X(T,t) = Y(T, t) we have in general 0} # ). However,
in that case we still have

vx(x,t) —vy(x, t) € T, I(¢). (2.16)
This readily follows from %Y;l o Xt(x0) € Ty, I' and the equation

Y, 1(x)
ot

= —jac(Y; H(x)vy(x, t).
As a consequence, (2.16) with (2.15) imply
O f(x, ) = ) f(x,t) = (ox(x, ) —vy(x, ) - VF(x,8).  (2.17)
The following commutator relation is useful
XV f —VoXf=—VoxVf+n'n"(Vox)VSf. (2.18)
This follows from a tedious calculation with (2.3).

Time derivatives of some bilinear forms

The following bilinear forms are frequently used

m(f. 9= mef,9= [ fs, (2.192)
af,9) = altif,9) = [ YA (2.19b)
a’(f,8) = a*(t; f,8) = m(f,g) +a(f,g), (2.19¢)
@m)(f,9) = @FmE £ | , divoxfg (2.19d)
@S, 9) = @Faf.9) = [ 2NV Vg, (2.190)

@7 a*)(f,8) = @a" )t f,8) = @ m)(f, &)+ @ a)f,8), (2.19f)
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2. Notation and preliminaries

where 2(X) = divox — Vox — (Vouy). We claim the following
product rule:

Sf.g) = @Rmf )+ m@ . m(f, oK), (2200
Salf9) = GRa,R+ @i g +alf, oD, (220b)
d

379 = @Ffa*)(f,g) +a*@ff, )+ a*(f, ). (2.20¢)

The last equation is obviously a consequence of the first and second
one. The first equation follows from (2.9) and (2.5). For the second
equation we use additionally (2.18). Of course, if we are in the
situation of (2.16), then we interchange the letter X with Y for the
product rule.

2.2. Evolving discrete surface

In this section the spatial discrete counterpart of evolving surfaces
together with some useful tools and identities are introduced. Ge-
ometric perturbation errors are not covered here. This topic is
postponed to the subsequent section. This section is organized as
follows: First, the definition of an admissible linear mesh is given.
Then, the discrete tangent space, discrete normal fields and discrete
tangential derivatives are given. Next, Lebesgue spaces and Sobolev
spaces together with an useful local formula are given. Afterwards,
finite element functions are given. The author continues with the
discrete dynamic parametrization and introduces discrete bilinear
forms together with some useful product rules. This section is
completed with the definition of finite element matrices together
with some useful Lipschitz estimates.
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2.2. Evolving discrete surface

Evolving meshes

Denote by A?> C R? the standard simplex of dimension 2 and
let [a, b] be a time interval. A linear evolving mesh or evolving
discrete surface on [a, b] consist of continuously time depending
nodes (xi(t))iN: 1 C R? and 2-dimensional simplex relations (Ez(t))f\fl,
where we identify E,(t) C R® with the simplex itself, which we
require to satisfy:

e For:=1,...,M we have that E,(t) = (x,q),...,%,3)) is non-

degenerated, i.e. the map T;: A? x [a,b] — E,(b),

T,(0,1) = x,0) + (x,3) — X1y Xy2) — Xy1y) O

(2.21)
=Xt D’(t)G,
is a bijection.

e The intersection of two simplices is a common edge, a com-
mon node or empty.

e There are no boundary simplices, i.e. every edge is the inter-
section of two different simplices.

We set the mesh width  as

h(t) = maxdiam(E,(t)), = sup ht),
=1 te[a,b]

where diam denotes the 2-dimensional diameter, the in-ball radius
at time t as

M
himin(f) = min P(Ei(t)),
where p denotes the radius of the maximum inner circle. We set
xp(t) = (x;())Y, € RN ® R? and

M

T(xy) = T(xu(t) = Ty(t) = Tpe = | J Eu(D).
1=1

15



2. Notation and preliminaries

The degeneracy of I';(t) is measured via

h(t)
o(h) = su .
te[,};] hmin(t)

A family (I';(t)),0 is called admissible, if and only if

sup o(h) < const. (2.22)
h>0
From now on we denote with I'y(t) an admissible family of evolving
meshes.

Discrete spatial derivatives

We consider on T';(t) C R? the Hausdorff measure of dimension
2. Since any element has a smooth parametrization, we can define
for1=1,...,Mon E,(t)\ 0E,(t) derivatives as in the smooth surface
case. This gives us for almost every point x € I';(t) the notion of
a discrete tangent space, a discrete normal field nj,(x,t) and an
element-wise extended function f (x,t). Indeed, the tangent vectors
are the first column Dj(t) and second column Dj(t) of D'(t), cf.
(2.21). Hence, we define

(84(0)? _, ='D'®OD'®). (2.23)

is denoted by (gfj (t))?

The inverse of (g}]-(t)) hi=1-

2
ij=1

The discrete tangential gradient of a function f:Tj(t) — R on
E,(t) \ 9E,(t) is given by

2 .
vhf(xr t) = Z alf(el t)g;](t)Dzl(t)r (2'24)

i,j=1
where f(6,t) = f(T,(6,1),t). The discrete tangential divergence of a
function F:Tj,(t) — R3 on E,(t) \ 9E,(t) is given by

2,
div, F(x,t) = Y g/ ()Di(t) - 9;F (6, £), (2.25)
ij=1
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2.2. Evolving discrete surface

where F(0,t) = F(T,(6,t),t). Assume that for two evolving discrete
surfaces I'(xy), I'(yy,) the function F:T'(x,) — I'(y;,) maps the element
E,(t) C T'(x;) onto the element El(t) C I'(yn). Then, the discrete
tangential Jacobian of F on E,(f) \ dE,(t) is given by

jac, F(x, t) == Di(Hd(p o F o X)(0, Dl 'Di(H),  (2.26)

2
ijk=1

where p = (o}, 0?) is the inverse of Ti: A2 x [a,b] — El-(t), cf. (2.21).
As in the smooth case we can give alternative (extrinsic) formulas
for the discrete tangential gradient, discrete tangential divergence
and discrete tangential Jacobian:

Vif(x, t) = (Is — np(x, 1) 'np(x, 1) Vs f(x, 1)
= pry.p,, Vi /(5 D),
divy, F(x, t) = trace (pry ‘(jacgs F(x, 1)),
jac, F(x,t) = per(x)T(yh)jaC]R3 F(x,t) PIT, ()
where Vs f(x, t) and jacps F(x,t) are the gradient and Jacobian,
respectively, w.r.t. the spatial variable x € I';(f) C R>. Note that
these formulas are only almost everywhere defined. Also observe

that for the discrete Jacobian the estimate (2.7) and the chain rule
(2.8) almost everywhere holds.

Integration

The Lebesgue space L? (I'; ;) and even the Sobolev space wlrp (Trp)
are readily defined having in mind that the derivative is element-
wise given. Formula (2.9) now becomes

M
/l"h(t)f - ;/Az f(0,8)y/8n,i(t) A6, (2.27)

17



2. Notation and preliminaries

where f(0,t) == f(T;(0,t),t) and +/gni(t) = det((gf](t))lzljzl), cf.

(2.21) for T; and (2.23) for (gf](t))ijzl- Unfortunately, there is no

meaningful integration by parts formula on I';(t).

Finite element functions

On an evolving discrete surface I',(t) we define fori =1,..., N the
i-th Lagrange basis function via the requirement

Xi):Tn()) = R, xi(x;(t), £) = xi(H)(x;(t)) = dij, (2.28)

where J;; denotes the Kronecker delta, e.g. we have §;; = 1 iff
i = jand §;; = 0 else, and for each element E;(t) we require that
Xi(T;(0), 1):A% x [a,b] — R is, for a fix t € [a,b], a polynomial of
degree 1. We define the finite element space as

Sn(xn(t)) = Sp(xp) = Sp(t) = span{x1(t),..., xn(t)},

where span denotes the linear span. We write Sj(xj ;RY), if the
finite element function takes values in R? for d € IN. If we want to
emphasize that ¢, € Sj,(xy,) is defined on x,(t), then we write ¢ [x;].

For the analysis of some consistency errors we define the follow-
ing finite element Sobolev dual norm

Ionlless op = SUP e
Hh (rh(t)) 07!1/’11 GSh(t) || lph || Hl (rh(t))

We introduce a special nodal value notation. If
= d
Pu(t) = Y 9i(HX(t) € Su(ERY),
i=1

then we overload the symbol and also denote the nodal value vector
with

o) = (GO, = (LD, ..., '), e RNO R (2.20)
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2.2. Evolving discrete surface

It will be always clear from the context, if we are considering a
function or a degree of freedom vector. The reason for introducing
this notation is that the authors gets constantly confused, if the
degree of freedom vector is denoted by an other unrelated letter, as
it is usual in the literature.

Discrete dynamical parametrization

Unlike for I'(t), there is for I';(f) only one meaningful dynamical
parametrization. The discrete dynamical parametrization is given
via

N
Xp:Tp(a) x [a,b] = R®,  (xo, ) = Y xi(t)xilxn(@)](x0).
i1

Just like in (2.13) and (2.14), we define the discrete material deriva-

tive as i N
o0 flt) = % (2.30)
and the discrete velocity as
0x, (X, 1) = Uy, (x, 1) = af(“]l(x, t) = M/

ot

where x = Xj,(xo, t).

We remark, that we have purposely avoided the notation 9/ f,
because for consistency reasons this would have forced us to define
vy, which is already heavily overused in the literature.

From (2.28) we immediately deduce x;(X}(x;(0), 1), t) = ;;, which
implies

Bf(h)(i =0. (2.31)

Having this result and the nodal value vector notation (2.29) in
mind we write

dxy(t)
T Uy, (1)
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2. Notation and preliminaries

With basically the same proof we can show the discrete counter part
of the commutator relation (2.18) is given by

af("vhf — Vhaf(hf = —thxh Vhf +1ny, tnh t(thXh)Vhf. (2.32)
In this case we use (2.24).

Time derivatives of some discrete bilinear forms

The following discrete bilinear forms are frequently used

m(f, 9 = mtf.9= [ fs, (233
an(f,g) = an(t; f,g) = /r Vi Vig, (2:33b)
ai(f,9) = ai(t; f,8) = m(f, §) + an(f, $), (2330)
@5 ma)(f,8) = @Fm)(t; f,g) = /r  dioxfs, (233d)

@Fan)(f,g) = @Fan)(t; f,g) = /r FECOTRATANCEED

@ ap)(f,9) = @ ap)(t; f,8) = @ m)(f,g)+ @ an)(f,g),
(2.33)

where 2(X;) = divj, vx, — V,ox, — (V4vx,). The following dis-
crete product rules are proven just like for (2.20):

d

3 ™(,8) = O mi)(f,8) + ma(0," f,8) + mi(f,0,"8),  (2342)
d

q; (f,8) = @ an)(f, &)+ an@;" f,8) + an(f,9;"g),  (2.34b)
S a9 = G+ GO0+ Al (2340

This requires the integral representation (2.27), the definition of
tangential divergence (2.25) and discrete commutator relation (2.32).
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2.2. Evolving discrete surface

Finite element matrices

The mass matrix and stiffness matrix are defined as

M(t) = M(x) = (mi(xi, X)), 1y

AW = AG) = (an(ci X)),y

From (2.31) and (2.34) we deduce

d d
M) = M) = (@ m) 06, ),y

d d

3 AD = ;M) = (@ hah)(Xifo))N

ij=1"
Further, for a nodal value vector ¢, € S;,(t) we write
M(£)py = M(t)Pn(F).

In this work, finite element matrices appear in every time stability
lemma. Hence, Lipschitz bounds for them are of interest. Assuming
that

v, ||L°°(a,b;W1/°°(F;,,t)) < const (2:35)

we claim for ¢y, ¢, € Sy(t) and s, t € [a,b] with |s — t| sufficiently
small that
|pn - (M(E) — M($)) | < [t — 5| [Pnlpqe) [¥n] ey const, (2.36a)
Pn - (A®) — AG)nl < [t —s|[Pnlage) ¥l agy const, (2.36b)

i (M) — M)l < 18— 5] [l agoro |94 argy const,
(2.36¢)
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2. Notation and preliminaries

where
bl = B - MBYPn = llgnll T, (2:372)
’4’}1&1@) = ¢ - At)pn = ’4’h’%{1(rh,t)r (2.37b)
|Pnlhg 10y = Pn - M (O, (2.370)
Inll? ;= @n - (M(t) + At) ™ . (2.37d)
(2.37€)

We sketch how to prove (2.36). Consider

t
M(t) — M(s) = /s %M(T)dr.

For 4y, = ¢, we get

t
2 2 2
|Pnlmey < 1l + [ [¥nlage dT const (2.35).
S

Using a Gronwall estimate together with a size restriction on |f — s|
gives us the desired bound. The other bounds are proven with
similar arguments.

2.3. Lift

In this section we provide tools to compare functions and bilinear
forms on the continuous surface with their discrete counter parts
on the finite element mesh. This section is organized as follows: We
begin with a formal definition of lifted function and then describe
the standard evolving surface mesh. Then, we introduce the lifted
discrete material derivative. Afterwards, we present geometric
perturbation error and sketch some proofs. After discussing the
equivalence of discrete and continuous norm we list some bilinear
form errors and sketch their proofs.
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2.3. Lift

Lifting process

We recall that the time depended oriented distance function is
introduced in (2.12). We say I',(t) can be compared with I'(t), if
and only if we have I';(t) C 4#/(t) and I';(t) is a single covering of
I'(t), i.e. there is a bijection between p € I';(t) and x € I'(t), which is
given through (2.12),

p = x+dr(p, t)n(p, t).

We say that x = x(p) is the lift of p and p = p(x) is the negative lift
of x. For a function f:T(t) — R we define its lift f':T(t) — R via

f1(x) = f(p), (2.38)

where p is the negative lift of x. The negative lift of function is
given by (f))™' = f. We say f € Si(t), if f = ¢}, for some ¢y, € S ().

A standard way to approximate I'(t) is to take an initial triangula-
tion of (xi(O))fi 1 C I'(0), then to set

xi(t) = X(x;(0), t) (2.39)
and finally to assume that x, () does not degenerate.

From now on we assume (2.39) unless otherwise stated.

Lifted discrete dynamical parametrization

The lifted discrete dynamical parametrization is per definition the
function X!. It is an important additional dynamic parametrization
of T'(t). Its matenal derivative is called lifted discrete material
derivative 0, X, and its velocity is called lifted discrete velocity Uxi -
Using the definitions (2.13) and (2.38) we observe that the hfted
material derivative commutes in some sense with the lifting process:

@) =i g, (2.40)
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2. Notation and preliminaries

The following identities are corollaries from the previous section
and commonly used: From (2.17) we deduce the following formula
for the difference of the material derivative and the lifted material

derivative:
1
Xh

X fx, 1) — 0, " f(x,t) = (vx(x, B =0y (x, 1) - VI, 1).  (241)

From (2.20) we deduce the following product rule:

d 1 | ]
a m(f,g) = (85(”m)(f, 9+ m(af(hf, Q)+ m(f, af("g), (2.42a)
Satr9)= g, f 9 ar e, (24

d ) 1 ]
S0 = @V, +a @9+ a (f07g). (2420

Geometric perturbation estimates

We recall that n=! = n. In this sense we may consider Prr e as a
function on I (¢).

We define J; = J;(t):T';(t) — R via the requirement that for all
fu € LY (T'y,) it holds

o= [ bnfa (2.43)
/r(t>f " e fh

We collect some bounds.

Hdr(t)HLw(rhlt) < h? const, (2.44)

HPrT,,rh(t)nHLW(Fh,,) + [ln = ny [, ,) < hconst,  (2.45)

<9 < t .46
<0 < const (2.46)
11 =0l oqr, ) < h? const, (2.47)

2
IPrr, 1y = Prr,r) P11, PrT 1 o, ) < 17 cOnst,  (2.48)
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2.3. Lift

b'e
107 " drey | Lory, ) < h? const, (2.49
X
|0 h(PrT,,rh(t) n)HLw(rM) < hconst, (2.50

|\af(h5hy|mrh,t) < h?const, (2.51

)
)
)
Haf(h (prTxF(t) ~ Pr1.rn PIT,1m,0) PrTxr(t))”Lw(r,,,t) < h*const. (2.52)

Bounds (2.44) — (2.51) have bee done by Dziuk and Elliott [34, 35].
(2.52) appears in [66]. We sketch all proofs. For (2.44) observe
that after rotation we may consider dr as a function on a straight
element E;(t). Since on the nodes it vanishes, the interpolation
of dr is zero. For (2.45) take (2.2) into account. Since we have
assumed that ny, is the third standard basis vector of R?, this shows
that the first and second component of n are in O(h). Hence, we
have
IPrr,r,@ Mls(r, ) < fconst.

To deduce (2.45) note that n has unit length and assume that 1 < hg
is sufficiently small.
For (2.47) and (2.46) consider [34, (4.12) and below]. These proofs

rely on (2.45).
For (2.48) observe that

Prr.r¢ — Prr.re) PTT,r,0) PrT,r(r) = PIT,0(H) T ‘i PIT.ret) -
The stated bound follows from
HprTxl"(t) || = ||prTxl"(t)(nh —n)|| < hconst,

where we have used (2.45).

(2.49) and (2.50) follow from the same arguments as for (2.44)
and (2.45), since af(”dr(t) vanishes on the nodes.

For (2.52) it suffices to show

X
Hat ! (Pl‘Txr(t) nh)H < hconst.
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2. Notation and preliminaries

Observe that
X X X,
9" (Prr,ry ) = 9 ! (PrT,,r,,(t) Prr r ™) + 9; " (ny, 'y Prr gy )

= — 85(’7 (perrh(t) n'nny) + afh (ny, 'y, Prr. e n).
Use (2.45) and (2.50) and observe that

X X taX X
9" Prr ey = 9 'n'n+n (9;"n), J;"n-n=0.

Equivalence of horms

We want to compare Lebesgue and Sobolev norms on I'(t) and T (t).
For any p € [1, c0] we claim

1
T') const

L2

< HfHLp(rM) < ||leLP(rf) const . (2.53)

The case p = o is trivial. The other cases follow from (2.46). Using
(2.12), (2.4) and the chain rule we deduce the formula

Vif(p) = PrT,T, (prr,r —dx(P)H(p))V f(x). (2.54)

Again using (2.46) we deduce

1
< [flwr,y < If o, const. (2.55)

1
f |Wl'p(rf)const <

Bilinear form bounds
For f,¢:T;(t) — Rand p,q € [1,00] with p~!1 + 47! = 1 we claim
|m(flfgl) — my(f, 8)| < s HleLP(r,) HngM(n) const,
(2.56a)

|”(fl/gl) - ah(f/ 8)| < h2 ‘fl‘WlfP(l"r) ’gl|W1"7(Ft) const,
(2.56b)
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2.4. Some finite element bounds

Xl
1@, "m)(f, 8" — @ mu)(f, )| < W | f ey 118"l oqr comst,

(2.56¢)
1
1@; " a)(f, &) — @ a)(f, )| < 1 | F oy 18 Iwraqr const.
(2.56d)

All four inequalities use (2.43) and either (2.53) or (2.55). The first
inequality is an immediate consequence of (2.47). For the second
inequality we use (2.54). Then we have to take care of

X (Iy —dx(p)H(p)) PIr 11

where X represents a line break for a too long product. This is easily
controlled with (2.44) and (2.48). For the third inequality observe

d 1

S F= / O F! 4+ Fl div oy,

dt Jre IN0) h

g Fl = g OnF = af<h5hF + 5haf<”1-" + 0, F divy, Uy,
dt Jre dt Jr) 0

The estimate follows using (2.47) and (2.49). For the forth and last
inequality we use the same idea. To handle the discrete material
derivative of (2.57) use (2.49) and (2.52).

2.4. Some finite element bounds

In this section we introduce bounds for the Lagrange finite element
interpolation operator, the lifted discrete velocity and a Ritz map.

An interpolation operator

For f € H?(T) we define the Lagrange finite element interpolation
operator %, f € Sy(t) via the requirement .%,f(x;) = f(x;). The
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2. Notation and preliminaries

following estimate is well known:

If— fhlfHU(l"t) +h|f - f;ff’Hl(rf) < h? const. (2.58)

We remark that the constant above depends on const (2.22).
Using (2.30), (2.31) and (2.40) we easily see that the interpolation
satisfies

Xl
I f = A, 9" I} f = Aol f. (2.59)

Having (2.17) and (2.60) in mind we say that the interpolation
operator essentially commutes with the material derivative.

Bounds for the lifted discrete velocity

In general we have leh # Uxt, which implies that the following
bounds are not trivially obtained:

2
llox — Uxt [ poory + 1 lox — vxI lwieory < h°const. (2.60)
We also have higher-order material derivatives bounds

1 1
1@ Y (wx — UX;I)HLoo(Ft) +h |05 )Y (wx — UX£)|W1,OO(D) < h? const,
(2.61)
where k € IN. This can be found in [66, lemma 6.3].

A Ritz map

The Ritz map %, H'(T;) — S(t) is defined via the requirement that
for all ¢, € S;,(t) we have

a*(f, §4) = a(Zuf, Pn)- (2.62)
The bounds

If - ‘%IifHLZ(Ft) +h|f— ‘%llszHl(Ft) < h? const, (2.63)
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2.4. Some finite element bounds

are standard in the literature, cf. [63, 66]. We sketch how to prove
them. The H'-estimate follows from the pseudo Galerkin orthogo-
nality

a*(f = Zf, )| < B\ flleney I9nll mr,s (2.64)

which requires (2.56), and the interpolation H!-bound (2.58). The
L2-bounds follow from an Aubin-Nitsche trick with a PDE a priori
estimate.

In contrast to the interpolation operator, we know that in gen-
eral the Ritz map does not commute with the material derivative.
However, we still can prove for arbitrary higher-order material
derivatives

x! x!
1@ (f = Zi Pl 2y + 1 1@ (F = Bl r,y < B const,
(2.65)
where | € IN. We sketch how to obtain the first-order material

derivative bound. The basic idea is to take the time derivative of
(2.62) to get the Galerkin-type equation

0 (F, ) — @i f, dn) = X al)(Buf, ) — @F a*)(f, ).

An H'-bound can be obtained by using (2.59) and the H!-bounds
for the Ritz map. The L2-bound uses an Aubin-Nitsche argument.
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Chapter 3.

Obijectives of this work

We present four different parabolic problems, which correspond
to the articles [57, 56, 58, 55], respectively. A recently discovered
unpublished result will be presented in chapter 5.

In all our problems it is assumed that the surface evolution and
the solution of the partial differential equation (PDE) are sufficiently
regular, i.e. we have enough spatial and temporal derivatives for
our analysis.

3.1. An arbitrary Lagrangian-Eulerian evolving
surface finite element method

PDE 3.1.1. Let X € C'(0, T; C%(I'}; R?)) be an evolving surface,
uy € H?(Tp) an initial value and f € L*(0, T; L*(T})) a forcing
term. Find u € L?(0, T; H*(T';)), which satisfies

@F +div(vx) — A)u = f, u(0) = uy.
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We can approximate u by combining the ESFEM with the implicit
Euler method. Convergence in L2-based norms is known assum-
ing we have a quasi uniform mesh; cf. [34, 35, 33, 37, 31] for the
analysis and cf. (2.22) for the quasi uniform mesh condition. How-
ever, the standard algorithm, cf. (2.39), does not guarantee that the
resulting finite element mesh stays regular. This may lead to a
large const (2.22), which implies a bad approximation. Two natural
questions arise:

1. Is there another evolution .A compatible with X and reason-
able computable such that the resulting const (2.22) is smaller
on the same time interval?

2. Does the resulting scheme converge?

Question 1 is investigated by Kovécs in [53]. Our aim is to answer
question 2.

Let us make the notion of “compatible” and “resulting scheme”
more precise.

Definition 3.1.2. An evolving surface A is an arbitrary Lagran-
gian-Eulerian (ALE) map for X, if and only if for all ¢ it holds
AT, t) = X(To, 1)

As a consequence we can prove that the difference of the velocities,
(vx —v4), is a tangent vector. This observation implies that the
solution of PDE 3.1.1 agrees with the solution of the next

PDE 3.1.3. Let X, ug and f be like in PDE 3.1.1 and let A be an
ALE map for X. Find u € L?(0, T; H*(T})), which satisfies

@7 +div(vy) — A)u + div((vx —v)u) = f, u(0) = up.

The basic idea is to discretize PDE 3.1.3 instead of PDE 3.1.1.
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3.1. Arbitrary Lagrangian-Eulerian ESFEM

We describe our computational method. Modify the finite ele-
ment mesh movement, cf. (2.39), by using the nodes (A(x;, t))f\i 1
instead of (X(x;, t))Y,. Denote the resulting parametrization with
Aj. Redefine T, (t) == Aj(T'y,0,t) and search for a numerical solu-
tion in the finite element space Sj,(Ay,). This modification is called
the arbitrary Lagrangian-Eulerian evolving surface finite element
method (ALE-ESFEM).

The matrix vector formulation of the ALE-ESFEM reads as

d
a (Muy) + Auy + Buy, = fy, uu(0) = Huo (3.1)

where M, A, B and f;, are the mass matrix, stiffness matrix, ALE
matrix and load vector, respectively. The novel ALE matrix is given
by
Bjj(t) = / Xi(0a, — 2hox) - Vix;,
Tu(t)

where (x;) C Sy(Ay) denotes the usual Lagrangian finite element
basis. Note that the sign above is correct.

For the initial value problem (IVP) above we consider two dif-
ferent classes of higher-order time stepping schemes: Backwards
difference formulas (BDF) and Runge-Kutta methods (RKM). Of
course, we restrict ourselves to a certain class of RKM, which will
contain the Radau Ila method. Both time stepping schemes are
popular stiff integrators and contain the implicit Euler method as a
special case. We start with the description of the BDF.

Let T > 0 be the time step size and, for simplicity, assume that
N € NN exists with T = TN. Set t,, := nt. The k-step BDF applied on
(3.1) reads as

k
Z(SjMn,juEP}; + TAnuBDF + TBnuEDF =Tfy, n2>k (3.2)
j=0

where M, = M(t,), A, = A(t,) etc. and the coefficients (‘Sj);‘{:o
are given by Z;'(:o Sjx) = Yk, 1(1 — x). To keep things simple, we
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3. Objectives of this work

assume that the initial steps uEDF = Su(ty), forn=0,...,k—1, are
given.
On the other hand, if we discretize (3.1) using a RKM with Butcher
tableau
(¢j)ia ‘ (@i); i1
O

then the resulting scheme reads as

S
RKM RKM ’
Myt = Myy™ + 1Y " bill,;,
=1

S
Myl = Myug™ + 7Y " a5y, (3:3)
j=1
Unj = fnj - Anjunj - anunjr
where i =1,...,s and where we have set M,;; .= M(t, + T¢;), A, =
A(t, + Tc;) etc. In the above equations Unj is an unknown and not

the time derivative of U,;. We will assume that our RKM satisfies
the following

Definition 3.1.4. A RKM of stage order 4 > 1 and classical
order p > 1 is called admissible, if and only if it satisfy:

@) p=g+1,

(ii) (a;) is invertible,
(iii) b; > 0 and (b;a;; — bjaj; — bib]-)f-,]-:l is non-negative definite,
(iv) bj =asjand ¢s = 1.

In [49], property (iii) is called algebraic stability, which is stronger
then A-stability, and property (iv) is called stiff accuracy.
The objective of [57] was the following
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Theorem 3.1.5. Let u be the solution of the PDE 3.1.3. For the
ALE-ESFEM together with the k-step BDF method there exists hy
and Ty such that for all h < hy and T < Tp we have
Ju(t) — (“EBF)Z o0, Tsr2(r) < (t* + h?) const,
|M(t) — (uEBF)l |L2(O,T;H1 T)) S (Tk + I’l) const.

For the ALE-ESFEM together with an admissible RKM there exists
ho and Ty such that for all h < hy and T < 19 we have

||u(t) — (uE,IZM)l 1,120 < (TF + h?) const,

lu(t) — (ul,f}flM)l | 120,711 1y < (T7+ h) const.
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3.2. Full discretization of a quasilinear problem
on evolving surfaces

Many important evolving surface problems are nonlinear. It comes
as a surprise that for quasilinear problems there was not much
rigorous analysis done. The author wanted to fill this gap.

PDE 3.2.1. Let &/:R — R be a Lipschitz continuous function
that is bounded from above and below by some positive con-
stant. For given evolving surface X € Cl(O, T; Cz(l"2 ; ]R3)), initial
Data uy € H?(T), forcing term f € L2(0, T; L*(T'})) and « find
u € L?(0, T; H*(T';)), which satisfies

oXu + div(vy)u — div(e/(w)Vu) = f, u(0) = ug.

For the choice &7(z) = 1 we get the linear PDE 3.1.1 from the
previous section. We want to consider a fully discrete scheme to
approximate u. We use a standard ESFEM discretization. The
matrix vector formulation reads as

;(M”h) + A(up)up = fr, up(0) = Fuo, (3-4)

where the novel nonlinear stiffness matrix A(u) is given by
Aty = [ )i Vi
Tiu(t)

We consider two different time discretization methods for the IVP
(3-4): Linearly implicit BDF and fully implicit RKM. Fully implicit
BDF are also covered in [56], but since the linearly implicit variant
is computationally more interesting, we restrict ourselves to the
latter method here.

Again, let T > 0 be the time step size and, for simplicity, assume
that there exists N € IN such that T = TN. Set t, := nt. The linearly
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3.2. Full discretization of a quasilinear problem

implicit k-step BDF applied on (3.4) reads as

25 M, ]uBDF +TA, (Z vju EDEﬂ) BOE = 7f, n>k (35

where M,, = M(t,), fn = fu(ty) and the coefficients ('yj);?:’()l and
(5j);'<=o are given by

k—1

. k .
Z vjx = X —(x—=1F and Zéjx] = (1 —x),
j=0 j=0

| =

k
/=1
respectively. The nonlinear stiffness matrix is given by

An(pp) = /r o A (Pr)VuXi - Vix;-

To keep things simple, we assume that the initial steps uBPF =
Jpu(ty), forn=0,...,k—1, are given. Note that uBDF only requires
us to solve a linear system.

On the other hand, if we discretize (3.4) using an admissible RKM,
cf. definition 3.1.4, with Butcher tableau,

()i | @)

| s

then the resulting scheme reads as

s
RKM RKM )
Mn+1un+1 = Mnun +T2b]'un]',
j=1

S
Myl = Myuy™ + 7Y " a5y, (3.6)
=1
un] = fn] - An](un])un]/

wherei=1,...,s, M,; = M(t, + Tc;) etc. Again, Unj is an unknown
and not the time derivative of U,;.
The objective of [56] was the following
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Theorem 3.2.2. Let u be the solution of the PDE 3.2.1. For the
ESFEM together with the linearly implicit k-step BDF method there
exists ho and Ty such that for all h < hy and T < T we have

Hu(t) - (uEBF)l HLW(O,T;LZ(D)) S (Tk + hz) const,

|1/l(t) — (HE’BF)Z ’LZ(O,T;Hl Ts) S (Tk + h) const.

For the ESFEM together with an admissible RKM there exists hy and
T such that for all h < hy and T < 19 we have

[u(t) — (s || oo o2y < (T°+ B?) const,

lu(t) — (uE,IZM)”LZ(O,T;Hl(Ft)) < (t7+h) const.



3.3. Some maximum-norm error estimates

3.3. Some maximum-norm error estimates

During the preparation of our last theorem, the author proved an
optimal W'*-stability bound for our Ritz map. Since the techniques
were already developed by the author, we asked for maximum-norm
estimates for the ESFEM. Such error bounds are a technically non-
trivial extension of the corresponding L?-based bound for ESFEM
and maximum-norm error bounds for FEM on Euclidean domains.

Consider the linear heat equation on evolving surface, PDE 3.1.1.
We use the ESFEM without any further time stepping method.

Theorem 3.3.1. Let u be the solution of the PDE 3.1.1. Then for the
ESFEM there exists hg such that for all h < hg we have the estimate

I 4
I = | oo 71y < 1P [log h|” const,

4
|lu— u§l||Lw(O/T;W1,oo(rt)) < h |logh|" const.

This theorem has been shown in [58]. As a prerequisite we also
had to prove its elliptic counterpart, which is by itself an interesting
result.

Theorem 3.3.2. Let u be sufficiently regular. Then we have for the
Ritz map %y, (2.62) the following estimates

l|u— %LuHLm(m <K \logh\% const,
|lu— %}{lunwl,m(rt) < h |logh| const,

Xl
[0y " (u — f%];z”)HLoo(rt) < I? \logh\3const,

l 5
Haf(h(” - ﬁli”)HwLoo(rt) < h |log h|? const.

We remark that the logarithmic order in the inequalities above, is
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certainly not optimal. Since for evolving surfaces there are very few
results presented, we consider that as not essential.
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3.4. A regularized coupled problem

3.4. A semilinear parabolic problem coupled with
a reqgularized velocity law

A starting point for studying ALE-ESFEM is an article by Elliott
and Styles [42]. In that paper they considered a problem which
originates from mathematical biology. The task is to compute an
unknown surface, whose evolution is coupled with the solution of
a reaction diffusion equation on the surface. In a private communi-
cation with Prof. Madzvamuse during a workshop in Oberwolfach
it was revealed that originally Elliott and Styles wanted to consider
the coupled problem

@ +div(ox) — A)u = £, 1(0) = up,
vx = gnx, X(To,0) = Ty. (3-7)

The ESFEM approximation to this problem behaves badly. Their
solution was to regularized the velocity law (3.7) to

vx = gnx +eAX, X(To,0) =Ty, (3.8)

where £ > 0 is a small parameter. The ESFEM discretization of that
problem leads to satisfactory results.

Independently, Prof. Lubich and Buyang Li observed by a theo-
retical argument that it should not be possible to derive stability for
the velocity law (3.7). The numerical analysis of (3.8) in two space
dimensions is currently out of reach. Hence, Prof. Lubich suggested
to study the following

PDE 3.4.1. For a given surface F% C R3, « > 0, initial Data

uy € H?*Tp) and forcing terms f,¢ € CHR x R?) find an
evolving surface X € CY(0, T; C3(T'p; R%)), and a function u €
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3. Objectives of this work

L%(0, T; H%(T})), which satisfy

@ +div(vx) — A)u = f(u, Vu), u(0) = uo,
vx — aAvy = g(u, Vu)nry, X(To,0) = To.
In contrast to (3.8) we regularize with —aAvy on the left-hand side
instead of —eAX on the right-hand side.
We describe the computational method. We modify the standard
ESFEM algorithm, cf. (2.39). We recall that xj(t) = (xi(t))f\:] 1 €
RN ® R? are the nodes of our approximation surface and u(t) =

(ui(t))iN: 1 € RN are the nodal values of our finite element function.
M(xy), A(xy) are the mass and stiffness matrices on I'(x;,). We set

Mz(xp) = M(xy) ® I3, Az(xp) = Axy) @ I3,
M*(xy) = M3(xy) + Az (xp).

Since X is unknown we determine x;, and u;, via the following ODE
system:

d
a(M(xh)uh) + A(xp)up = fu(xp, up), up(0) = Fuo,
dx, (3-9)
M*(xh)g = gu(xp, up), x,(0) = xp0,
where fj,(xy,, up,) = (fl-(xh,uh))f\:]1 € RN with
fiCxp, up) = / fun, Viup)xi,
T(xy)
and gy, (xp,, up) = (gi(xn, up))Y, € RN @ R3 with

Si(xp, up) :=/ S(up, Viyup)nr,)Xxi-
T(xy)

In [55] we have shown stability and convergence for (3.9). We need
some additional notation for the statement. If y;(t) = (yi(t))iN: 1 €
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3.4. A regularized coupled problem

RN @ R? denotes some other admissible mesh, then we set u,[y;] ==

Y wixilynl and xlyn] = LR xixilynl, where (xilynl) < Su(yn)
denotes the usual Lagrange finite element basis. The main result is
the following

Theorem 3.4.2. Let X and u be the solution of the PDE 3.4.1. As-
sume that for an admissible initial mesh (xi)ili 1 C To, and then
for every refinement, we have that the mesh yy(t) = (yi(t))iN: 1=
(X(xi,t))f\:’ 1 C T(t) stays admissible. Then, it holds that for the
ESFEM of order k > 2 there exists a sufficiently small hy > 0 such
that for all h < hg we have the estimates

| — ”h[]/h]l HL“(O,T;LZ(D)) < KF const,
HM — uh[yh]l HLZ(O,T;Hl(D)) S hk ConSt,
||1F(t) — X []/h]l HL°°(0,T;H1(1—})) S hk const,

lox — tlyn] L0, 111y < 1* const,

where Xy, = %xh.
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Chapter 4.

Summary and discussion

We will discuss the techniques and ideas developed to prove the
theorems presented in the last chapter. For the convenience of the
reader, we use dependency graphs in our discussion. The arrow tips
in the graphs should be read as “depends on” and a highlighted
black box represents a final theorem.

All numerical experiments, which have been coded by the author,
have been written in the C++ programming language. The Dune-
FEM library, [22], provided the basis for our ESFEM code. Algebraic
computations have been done with SAGE [24].

4.1. On an arbitrary Lagrangian-Eulerian evolving
surface finite element method

We sketch how to show convergence for some fully discrete ALE-
ESFEM schemes, theorem 3.1.5. This is done in four steps. First, we
recall the problem using bilinear form notation. Then, we control
the spatial discretization error. In the last two steps, we consider
time stability of backwards difference formulas and Runge-Kutta
method. Afterwards, the author discusses the contributions made
in this work. Finally, numerical experiments are discussed.
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Summary

Let us recall the basic idea of the ALE-ESFEM mentioned in section
3.1. Using an ALE map A we are able to express u as the solution of
the PDE 3.1.3, which differs from the original PDE 3.1.1. Using the
mass and stiffness form notation (2.19) and (2.33) we may express
the weak form of PDE 3.1.3 as

% (m(u, ) + a(u, p) + m(u, (vq — vx) - Vo) = m(f, ¢) + m(u,ag4 ).
(4.1)

For the precise construction of the ALE-ESFEM we refer to section
3.1. The finite element weak form reads as

% (my(up, $n)) + an(up, on) + my(uy, (Fox —v4,) - VP)

= 1y (fi, 1) + 1, 3, ).

(4.2)

The corresponding matrix ODE system is formulated in (3.1). The
schemes resulting from applying BDF or RKM on (3.1) are formu-
lated in (3.2) and (3.3), respectively.

We will now sketch how to control the error. Regardless of time
stepping method we split the error as

U(tn) =y, = [U(tn) — Bu(tn)] + [Bu(ty) — uy] = p +6),,

where %), is the Ritz map (2.62).

We can bound p with (2.63). The main difficulty was to control 6,,.
In graph 4.1 we display some steps necessary to achieve this goal.
We start to discuss the gray frames above the black frame, which
correspond to the spatial discretization error. Then, we proceed
with the gray frames below the black frame, which correspond to
the time stability.



4.1. On an arbitrary Lagrangian-Eulerian ESFEM

Controlling the novel term

m(@py,, (04, — Ihox) - V) — my(n, (.4, — Fhox) - Vi)

T

Bounding the semidiscrete residual

T

Convergence of some fully discrete
ALE-ESFEM (theorem 3.1.5)

Y

RKM stability BDF stability
Energy estimates A multiplier with G-stability

Graph 4.1.: Some dependencies for theorem 3.1.5
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4. Summary and discussion

Spatial discretization error

The semidiscrete residual R;, € S;(.A) is given via the equation

% (mh(%hu, (Ph)) +ah(uh,%hu)+mh(%hu, (jhUX — UAh) . V(P)

= my(F ™, ) + myug, 97 Py + m(Ry, ).

(4-3)

Using the matrix vector notation we get
d
a (M.%hu) + A%hu + B,%’hu = th + MRy,

where have used our nodal value notation (2.29) (a finite element
function and its nodal value vector are denoted by the same symbol).
To show the bound

||Rh||Hh_1 ) = h? const, (4-4)

we take the difference of (4.3) and (4.1). The following ancillary
bound is novel.

Lemma 4.1.1. For linear finite elements ¢y, P, € Sy(.A) we have
the estimate

m(@Py,, (04, — Fvx) - V) — myu(pn, (0.4, — Ihox) - Vi)
< h? const.

Such an estimate also appears in the work of Elliott and Venkatara-
man [43, lemma B.3]. Unfortunately with the arguments presented
there we could only deduce a first order estimate in h.

Proof of lemma 4.1.1. We start with
my(Pn, (VA, — Inox) - ViPp)
1
= m(‘Péﬂ (UIA,, - fhlUX) sl PrTrh(I — d AH) prop V"Piz)‘
h



4.1. On an arbitrary Lagrangian-Eulerian ESFEM

Using (2.44) and (2.47) it suffices to prove the critical estimate

|(prpr — Prop prTrh)(leh — fhl vx)| < h* const.

A quick calculation reveals

PTrr — Pryr, Pror = (n;, —n+ (n; —n) - nyn) 'ny,.

Having (2.45) in mind it suffices to show

Iny, - (v€4h — fhlvx)] < hconst,

which is equivalent to
| An - (04, — Hvx)| < heonst.
Set F, == v 4, — #,vx and note that .#;n - F, vanishes on the nodes
of I',. Fix an element E C I';, and assume for simplicity that E is

times the standard 2-simplex of A C R? C R®. Since we have linear
finite elements, a straightforward calculation using Lagrange basis

reveals

— I - (vy, — Fox) =

(n(h,0,0) — n(0, h,0)) - (Fy(h,0,0) — E,(0, h, 0))%

-3)
*Z)'

Using the lifted product rule (2.42a), the definition of our Ritz
map (2.62), the bilinear form bounds (2.56a), (2.56¢), the Ritz map

bounds (2.63), (2.65) and lemma 4.1.1 we deduce (4.4).

+ (n(0, 1,0) — n(0)) - (Fy(0, h,0) — Fh(O))% <1 - %
+(n(k,0,0) — n(0)) - (Ex(i,0,0) — Fh(O))% <1 — %

A Taylor expansion argument concludes the proof. n
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Time stability of backwards difference formulas

The perturbation defect 5EDF, for n > k, is given via the equation
25 M, 0728 + TA0PT + B0 T = Tfy + Ry + 655, (4.5)

A tedious calculation using Peano kernels shows that we have the
bound

k T
2 2 Ay 2
J68PF 2, = 632, < 7Y [ 107 8y o it comst.
1=0
Using the lift identity (2.40), the material derivative Ritz map
bounds (2.65), the identity (2.41) and material derivative velocity
bounds (2.61) we deduce that the integral term above is bounded.
We sketch how to derive the stability bound

n
|9BDF 4 TZ |GBDF (Tz H&?DFHi,j
j=k

+ [ max |9?Dp\i4i) const.
We combine Dahlquist’s G-stability theory [20] together with Nevan-
linna’s and Odeh’s multiplier technique [69]. This means that for a
sufficiently small 7 € (0,1) (depending on the method) there exists
a positive definite matrix (g,]) _, such that we have the crucial
estimate

(627" = 16,21) - M 25 GBDF Z Z i hei - M OBDk+J
i,j=1
- BDF BDF
o 2 gi]'gnfkflfi ’ Mnen,kflf]-.
ij=1

We note that for the A-stable BDF 1 and BDF 2 we can even choose
7 = 0. The estimate above implies that we can test (4.5) with the
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4.1. On an arbitrary Lagrangian-Eulerian ESFEM

multiplier 65PF — 46PPF. Differences of mass matrices are handled
with (2.36a), while differences of stiffness matrices are handled with
(2.36b). For the novel term B,, we readily deduce bound

ly - BH)z| < [z|pqy [y gy const.. (4.6)

This in conjunction with some Young inequalities lead to the stabil-
ity bound.

Time stability of Runge-Kutta methods

ORKM and

The perturbation defects
tion system

SRKM are defined via the equa-

s
Mn+19541_<1M = MHQSKM + szj@nj + (SII}KM,
j=1
s
M,;®,; = MnQSKM + Tzaij®nj + (57131'KM/ (4.7)
j=1

Onj = MyjRpj, —ApjOnj — ByjOnj,

wherei=1,...,s, Ryj == R(t,j) etc. We remark that in this context

0, is a mere symbol and not the time derivative of ®,;. Using
Peano kernels we can bound the defects with

p T
2 Aj 2
|’511§KM||*,n < T2p ZA ||(at ’)l‘%huHLz(Fh(t)) dt const,
1=0
RKM ||2 2 . T Al 2
160 i < T pZ/O 107™") Znul| 2 (r, ry) Af comst .
1=0

With the same arguments as in the BDF case we deduce that the
integral term above is bounded.
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We sketch how to show the stability bound

HRKM‘ +,r§:‘9RKNqik

2

M2 n [ sRKM
< CfJeRE, 42Ty MRl o+ 73|
k=1 i=1 M,
g 1 sRKM |2 1 sRKM |2
+T) Z<|M1§ O Iy, + [ My O |Ak,-)}'

k=0 i=1

Test (4.7) with GEEM Since the method is admissible we can use

property (iii) from definition 3.1.4 This leads to the estimate

|0REM|%,, . < (1+ T const) + 27 Z by - M (MO + 6)
i=1

2
5n+1

+ T |Ops1 ﬁv{m + (1 + T const)T

Ml'

n+1
The novel term B is hidden in ©,,;. We use the same matrix estimates
as for the BDF case. Additionally, we need (2.36c).
Contribution
The contribution of the author can be summarized as:
e Giving a new proof for a bilinear form bound.

e Proving convergence for ALE-ESFEM with admissible RKM
fully discrete schemes. In particular the important Radau Ila
method is included as a time stepping method.

e Providing pictures and numerical experiments. More details
in the next section.
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The author read the first time about ALE-ESFEM in a computational
paper of Elliott and Styles [42]. After reading an article of Formaggia
and Nobile [45] the author understood how to formulate the ALE-
ESFEM. The new proof for lemma 4.1.1 has been added by the
author during the preparations of this thesis. The RKM stability
proof was done by the author. He adapted a proof from Dziuk,
Lubich and Mansour [37] and Mansour [66] to the ALE setting.

We discovered after submitting our article that independent from
our work Elliott and Venkataraman formulated the same ALE-
ESFEM as we did, cf. [43]. They proved error bounds for the
semidiscrete ALE-ESFEM and for the fully discrete variant with
BDF 2 as time stepping method. The last result is contained as a
special case of our theorem 3.1.5.

We want to make clear in which points the analysis differs. In
their analysis they use the Ritz projection R"

a(R"z, 4’;1) =a(z, (piz), for [z =0and V¢, € S,(Ap),

which is not the Ritz map %), (2.62). Further their stability analysis
does not use Dahlquist G-stability or Nevanlinna and Odeh multi-
plier technique, which is the reason why higher-order BDF schemes
could not be considered there.

Numerical experiments

Consider the following experiment: For a(t) == 1+ 0.25sin(27tt) we
consider the following family of implicit given surfaces

()= {xeR®|a ()3 +x3+x3-1=0}, tel0,1].

The dynamic parametrization for the PDE 3.1.1 is chosen such that
the velocity has no tangential component. This evolution is not
computed analytically but numerically with the same time stepping
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method as for the fully discrete scheme. On the other hand, we
choose the ALE map for PDE 3.1.3 to be

A(x, t) = (%xl, X2, X3> )

The movement of the corresponding meshes are illustrated in figure
A.1 . For the PDE we calculated f such that u(x, t) = e % x1x, is the
exact solution of the problem. The fully discrete scheme is ALE-
ESFEM with BDF 1 or BDF 3. The sequence of meshes are chosen
such that for the maximum element diameter we have h; ~ 2h;,1,
i=1,...,4. This is achieved by roughly doubling the number of
nodes of the mesh. For the sequence of time steps we choose for
BDF 1 7; = 47;;1 and for BDF 3 7; = VAT, i=1,...,4. The k-th
experimental order of convergences, k = 2,...,5, for the errors E;_1
and E; with mesh and time step sizes (hx_1, Tx—1) and resp. (hy, Tk)
is given via the formula

EOC, = — "~ (4.8)

They are measured in table A.1 and table A.2. Some figures with
convergence slopes are given in figure A.2, A.3, A.6, A.7.

The figure with the mesh movement has been plotted by the
author. Forcing terms, error tables and error slopes for the BDF 1
and BDF 3 time stepping method have been computed by the author.
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4.2. On a full discretization of a quasilinear
problem on evolving surfaces

We sketch how to show convergence for some fully discrete ESFEM
schemes for a quasilinear problem, theorem 3.1.5. This is done in
five steps. First, we recall the problem using bilinear form notation.
Then, we introduce a suitable Ritz map for the quasilinear problem.
We analyze the new Ritz map and prove Sobolev maximum norm
stability for this Ritz map. This is followed by a bound of the spatial
discretization error. In the last two steps, we consider time stabil-
ity of backwards difference formulas and admissible Runge-Kutta
methods. Afterwards, a discussion of our contributions follows.
This section is concluded with some numerical experiments.

Summary
The weak form of PDE 3.2.1 reads as

& () + s, §) = mf, )+ M@ g, (49)
where the quasilinear form is given via

a(u; v, w) == a(t;u,v,w) = /r(t) o (u)Vo - Vw.
The ESFEM version reads as
% (i, i) + an(ut; s dn) = mu(Fu, P) + (3" sy, ).,
where the discrete quasilinear form is given via

ap(w; v, w) = ap(t;u, v, w) == / o (W)Vyv - Vyw.
Tu(t)

The corresponding matrix ODE system is formulated in (3.4). The
schemes resulting from applying linearly implicit BDF or fully
implicit RKM on (3.4) are formulated in (3.5) resp. (3.6).
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We will now discuss how to control the error. To obtain optimal
order error bounds in the L2-norm we need to introduce a suitable
Ritz map for our nonlinear problem.

Definition 4.2.1. For given y,u € L*(0,T; HY(T})) we define
Inu = Xp(Pp)u € Sp(t) via the requirement that for all ¢, €
Sp(t) it holds

ar (' Byu, dr) = a* (p; u, ).

With this Ritz map we split regardless of time stepping method the
error as

Utn) =y, = [u(tn) — Zju(ta)] + [Bu(ta) — ] = p +6,.

Generic constant

Compared to the numerical analysis of the preceding ALE-ESFEM
section it is now essential that the generic constant depends on some
Sobolev maximum norm of the exact solution. In our original work
[56], we have led the generic constant depend on the W?*-norm of
the exact solution. This made the presentation there easier. In the
present work we will let the generic constant depend only on the
WL®-norm of the exact solution.
On the formal level we assume that u is an element of the set

S = {47 € L0, T, H'(T) | 19l oo, rwimry < const}. (4.10)

Then, we let the generic constant depend on const (4.10).

Error bounds for a Ritz map

Consider graph 4.2. We start do discuss the gray frames above the
highlighted black frame, which corresponds to the spatial discretiza-
tion errors.
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4.2. On a full discretization of a quasilinear problem

Definition of a different Ritz map

T

Error estimates for that Ritz map

T

Maximum norm bound for that Ritz map

T

Bounding a semidiscrete residual

T

Convergence of some fully
discrete schemes (theorem 3.2.2)

SN

RKM stability BDF stability
Energy estimates A multiplier and G-stability

Graph 4.2.: Some dependencies for theorem 3.2.2
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We need the following bounds for p:
lollz2 + 1 llpll g < B const, (4.11)
e e
10" oll 2 + 1 @Yol < W const, (4.12)

where m > 1. To derive the H!'-bounds in (4.11) we require a
pseudo Galerkin orthogonality of the type

\a*(; u — Zhu, Pl)| < h? const.
For this we needed the bilinear form bound
la(p;u, ¢) — an(;u~!,¢")| < h? const,

and the boundedness of 7. To derive the L?-bound in (4.11) we
employed a Aubin-Nitsche argument, which relies on the a priori
estimate

[l < £ 12 const, (4.13)
for the elliptic part of PDE 3.2.1,
u — div(e/(§) V) = f. (414)

For (4.12) we need to assume that
1
3,/ () € L¥(0, T; L™(T)))

holds. Then, we can extend a standard proof for (2.65).

A Sobolev maximum-norm bound for a Ritz map

We sketch how to prove
|8l < [l comst. (4.15)

A related estimate for the usual Ritz projection on the plain domain
has been shown by Rannacher and Scott [74]. It is not a good

58



4.2. On a full discretization of a quasilinear problem

strategy to repeat their proof with our Ritz map %). The reason is
that % is not a projection, %, %\ u # %yu. We present a workaround.
Define an auxiliary Ritz projection Zu = %>()u via

a*(; Zau, ¢y) = a* (i u, ¢}),  Pu € Sp(t),

where ¢, u € H'(T;). The technical part is to verify that the tech-
niques shown in [74] extend to the evolving surface case:

| %21t || yre0 < ||| 1,00 cOnSE . (4.16)

The only serious obstacle are calculations with weight functions of

the type
02 =[x — 2| + K202, (4:17)

where x > 0 is a big number independent of /1. We postpone that
discussion to the next section, cf. section 4.3 (4.25).

With (4.16) we can deduce (4.15) as follows: Consider only one
component of VZ}u and denote it with 0%} u. Assume that 0%} u
takes its maximum on a lifted element E C I'. Let x € E. Consider
a regularized delta function Jy for E, i.e. 6, € CS(E) such that we
have

m(Sy, ) = ¢ (x), Vi € Sy,
10x]l 1 < h=20=1/P) const .

Let ¢ € H'(T) be the solution of

a*(; 8, ¢) = m(5,0¢).
One easily gets the a priori estimate

gl < B! const.
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4. Summary and discussion

Since &%);lu is constant on E, we calculate

OZ U = m(OZLu, 8y) = a*(W; Zhu, g) = a* (Y; Zhu, %rg)
a*(; Zypu, %28) — ay (s By, By ' g) + a* (; Zau, §)
a*(p; Zhu, %28) — ay (W~ Byu, 5 Q) + m(0%au, ).

For the last term we use a Holder estimate in conjunction with
(4.16). For the bilinear form error we calculate

| (p; B, %08) — ai (™ R, %59
< s H‘%}lzunlm ||<@2g||wl,1 const
< I ||} 1)) 1.0 const
This shows

IV Bull o < b Bl + 1]l y) comst

Repeat the argument for %} u instead of 9%, u for a suitable choice
of x in dy. For a sufficiently small 1 < hy we get (4.15).

Spatial discretization error

The semidiscrete residual Ry, is defined via the equation

jt (m(Zpu, o)) + an(Zpu; Zpu, p) (4.18)

X, -1
= my (A, Oy " ¢n) + m(f ", Pn) + mu(Rp, i)
or using the matrix vector notation

% (M%Zpu) + A(Zpu)Znu = fr, + MRy,

We take the choice %) (1)u = Z,u. We sketch how this implies the
bound
HRhHHh—l < h? const. (4.19)
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4.2. On a full discretization of a quasilinear problem

Using the lifted product rule (2.42a), the bilinear form bounds
(2.56a), (2.56c) and the new Ritz map bounds (4.11), (4.12) we can
bound every term except for the stiffness form difference. For the
latter the definition of %, (u) to get

a5y (Fon; B, fn) — a* (1; 1, )
= aj(%nu; Topt, Pn) — ai(u™'; By, i)
N /r (o (Pput) — o (™)) Vit - V-

h

Using that .« is Lipschitz continuous together with the Sobolev max-
imum norm bound (4.15) we can bound this term with an L2-L®-L2
Holder-estimate. This finishes the proof. Obviously, const(4.19)
depends on const (4.10).

Time stability of backwards difference formulas

The perturbation defect 6EDF, for n > k, is given via the equation

k
) My 0.2
j=0
k—1 k=1
+T <An (Z 7j<%)hu(tn—k+j)) — An (Z ’YjuED}I:ﬂ‘))‘%)hu(tn)
j=0 j=0
n—k+j

k-1
+TA, (Z 'yjuBDF )GEDF = M,R,.
j=0

A tedious calculation using Peano kernels shows that we have the
bound

k T
BDF |2 BDF |2 2k Ayl 2
I052F % o= NI, < 7Y [ 107" Bt g, ot comst.
1=0
Using the lift identity (2.40), the new material derivative Ritz map

bounds (4.12), the identity (2.41) and material derivative velocity
bounds (2.61) we deduce that the integral term above is bounded.
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4. Summary and discussion

We sketch how to derive the stability bound
n n
2 2 2
0" 1, L 1677, < (r;‘: 167812
J= J=

+ [ fax |6FDF\?W> const.
Like in the previous section we us Dahlquist’s G-stability theory
together with Nevanlinna’s and Odeh’s multiplier technique, i.e.
we can use the multiplier 65PF — 765PY. Differences in the nonlinear
term can be handled by using Lipschitz estimates and letting the
generic constant depend on const (4.10). The nonlinear term can
be changed to the usual stiffness matrix norm by using the lower
bound of it.

Time stability of Runge-Kutta methods

The perturbation defects 5,§KM and (55KM

tion

are defined via the equa-

S
RKM RKM . RKM
MO = Muby ™M+ 1) 0,0, +6,;M,

j=1

s
RKM : RKM
Mm'@m' = Mnen +T Zaij®nj + 5111' ,

j=1
©yj = MyyiRyj — (Anj (Znu(tn))) — Anj(Unj)) Zpi(ty)
— Ayj(U,)OFM,

where i = 1,...,s, Ryj == R(tyj) etc. Using Peano kernels we can
bound the defects with

P T
2 A 2
oML, <Py /0 197" Zou | 12r, ) At const,
1=0

P T
2 AT 2
ORI, < 7Y [ 1@ Byl gl comst.
1=0
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4.2. On a full discretization of a quasilinear problem

With the same arguments as in the BDF case we deduce that the
integral term above is bounded.
We sketch how to show the stability bound

2 2
’9RKM|M + TZ |9RKM|Ak

k=1
RKM (2 n—1 s (5RKM
< (1B, + T L MRl —[.,
k=1 i=1

- S
Z ) (|Ml:z‘1‘511§iKMﬁv1 |Mk115RKM 2 )) const,
k=0 i=1

Like in the ALE section, we test the perturbed equation with ORKM.
Using again that the method is admissible we a similar bound like
in the ALE section. The nonlinear difference is hidden in ®,,;. Like
in the BDF case, we can handle differences of the nonlinear term by
using Lipschitz continuity and by letting the constant depend on
const (4.10).

Contribution

The contribution of the author can be summarized as follows:

e Formulating together with the coauthor a suitable Ritz map
for a quasilinear problem on evolving surfaces.

e Providing existence and an a priori bound for the PDE (4.14).
e Proving Wl *®-best-approximation bounds for our Ritz map.

e Providing all numerical experiments. More details in the next
section.

The formulation of the Ritz map was done with the coauthor to-
gether. The coauthor extended the L?-error bounds by using an
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4. Summary and discussion

appropriated PDE lemma proven by the author. Material deriva-
tive bounds were partly derived by the author. The W'*-best-
approximation bounds for our Ritz map have been done by the
author alone. The proof presented here is not presented in the
article [56]. There the author used a simpler bound and let the
generic constant depend on the W2®-norm of the exact solution.

Numerical experiments

The numerical experiments have been coded solely by the author in
C++.

Consider the following experiments: Let [y C R> be the unit
sphere and let [0, T] = [0, 1]. As an evolving surface we choose

X:Tox [0, T] = R, (x,t) — (a(t)x1, x2, x3, ),

with a(f) = 1+ 0.25sin(27t). Set «7(z) = 1 — Le~#/4. For the PDE
3.2.1 we choose the forcing term f such that u(x,t) = e %xx; is the
exact solution. We use the implicit Euler method and the linearly
implicit BDF 3 for time stepping. We already discussed in the last
section how to choose the time steps, the meshes and what EOC
means. In table B.1 we computed the EOC for the ESFEM with the
implicit Euler method. For figure B.1 and figure B.2 we calculate the
numerical solution until the end time T =1 for different step sizes
and meshes. The first mentioned figure is for the implicit Euler
method and the second figure is for the linearly implicit BDF 3.
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4.3. On some maximum-norm error estimates

4.3. On some maximum-norm error estimates

In this section we discuss how to prove parabolic maximum norm
bounds for the ESFEM, theorem 3.3.1, and how to prove maximum
norm bounds for the Ritz map and its material derivative, theorem

3.3.2.
Summary

We consider a standard linear parabolic PDE on an evolving surface,
PDE 3.1.1, and discretize that equation with the ESFEM. We split
the error as follows:

u— ui =(u —%}Zu)+(<@£u —uil) = p+9,l1,
where %), is the Ritz map
an( R, i) = a(u, @), Vi € Sy,

The semidiscrete residual Ry (t) satisfies per definition for all ¢, € S,
the equation

(50X By, i) + 07 my ) (& Ty, dn) + an(t; Ry, dy,)
= my(t; £, ¢n) + mu(t; Ri(t), o).

As a consequence we have

1yt 0O, pn) + (97" i) (t O, ) + an(t; O, P) = muy(t; Ry (£), P)-
If E;(t,s): Sp(s) — Su(t) denotes the solution operator of the ODE

d
a(Muh) + Auh =0,

that means t — Ej(t,s)¢y, solves the ODE with initial value ¢, at
time s, then the variation of constant formula implies

t
6,,(t) = Ey(t, 0)6,,(0) + /0 Ej(t, 5)Ry(s) ds.
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4. Summary and discussion

Hence, we have maximum-norm bounds,
| — ul]| +h|lu—ul < h? |log h|P const
il L=, T;Le>(T)) illL=, ;W) = &
for some power p > 1, if we can prove the estimates

HPHLW(O,T;L”(D)) +h HPHL‘”(O,T;WI/W(D)) < I llogh|p const,  (4.20)
IRkl 0,1, ) < h? |log h|” const, (4.21)

| En(t, O)HLW(O,T;Lw(rh,t)) < |logh|" const. (4.22)
In addition inequality (4.21) calls for the estimate
105 0ll Loogo,ri10(ry < B> [log h|P const. (4-23)

Consider graph 4.3. Next, we discus the connection between the
maximum-norm with some weighted norms. This requires a com-
parison of an extrinsic distance with an intrinsic distance. After-
wards, we sketch how to proof maximum-norm Ritz error bounds,
(4.20), in three steps. The second step is the difficult derivation of
some weighted a priori estimates. Then, we sketch how this tech-
niques enable us to obtain maximum-norm bound for the material
derivative Ritz error, (4.23). Time stability is derived via the weak
discrete maximum principle, (4.22). This is obtained by bounding
the maximum norm of an elliptic finite element Greens function
and by considering the adjoint dynamic of E(t, s).

Extrinsic and intrinsic distance

For our moving surface X:I'g x [0, T] — R3 we define the extrinsic
distance on I'(t) = X(T'g, t) as the Euclidean distance between two
points, |x —y|, and the intrinsic distance as the Riemannian dis-
tance between two points, dr(x, y), which means length of a length
minimizing geodesic joining them." For the analysis it is important

'The Hopf Rinow theorem implies that on a compact manifold without boundary
two points can always be joint by a length minimizing geodesic.
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4.3. On some maximum-norm error estimates

Extrinsic/ intrinsic distance

T

Weighted a priori estimates

T

' Bounding a Ritz error and
its material derivative
(theorem 3.3.2)

T

Maximum-norm
convergence of ESFEM
(theorem 3.3.1)

l

Weak discrete maximum principle

N

Finite element a priori estimate | Bounds for a Greens function

l

An adjoint problem

Graph 4.3.: Some dependencies for theorem 3.3.1 and theorem 3.3.2
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to consider weight functions of the type

nx,y) = |x —yl>+p0?, (4.24)

fi(x,y) =/ |x =y + 12, (4.25)

where p? = yh? |log h| with a large number 7 > 0, which we require
to be independent of /. A natural question arise: “Is it beneficial to
stay with the extrinsic distance or is it better to change everything to
the intrinsic distance”. Calculating the material derivative or the lift
of some weight function is better done with the extrinsic distance.
By some nontrivial argument we can show that for a function f(r)
with r = dr(x, y) we have the estimate

R
AM%@WMSAermmm.

This means that integral calculation via polar coordinates are feasi-

ble with the intrinsic distance. To have all the mentioned benefits

without any trade-offs we show that both distances are equivalent.
The following inequality is trivial:

|x =yl < dr(x,y).
The converse inequality,
dr(x,y) < |x —y|const, for const > 1,

follows by some calculations in a local chart.

Some weight functions on evolving surfaces

With the weight function (4.24) we can establish a weak equivalence
of the maximum-norm and some weighted norm. We step into the
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4.3. On some maximum-norm error estimates

details. Set

—a (2
[l = [0 1uP,
el = Nl + IV 0lI22 00
1l = lullp o + V20l -
For simplicity assume that ¢, € S, takes its maximum (and also the

maximum of its derivative) on E C I';(¢). Using an inverse estimate
we verify

1/2
Ik Iy = I@hllwie) < 7 log ] [1¢h ]l 1 1 const,
H(PLHL‘”(D) = H‘P;;HL“’(E) < h[logh|o~"||ul|;2 , const.

On the other hand, we calculate for arbitrary ¢ € H D)

H(ID;IHH],I < P_l H(PLHWL“’(D) const,

1/2 1 41
9122 < 1og ol 9}l winr, const
This means that || - ||y1 and || - || g1 ; are equivalent up to |logh|.
Further, || - |11 and || - [[ 2, can be considered as equally strong

norms. This is advantageously for the analysis. The upshot of this
calculation is that we can formulate our maximum norm problem
in a Hilbert space setting.
Maximum-norm bounds for a Ritz map
Lemma 4.3.1.
112 1112
[ = Ayull 2 + |l = Ayl

<K |logh|3/2 HuH%vz,m(rr) const.

We sketch the proof in three steps.
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4. Summary and discussion

First step for lemma 4.3.1. Let us introduce the notation ¢, e; and
ey via

e=u—%u=u—Iu)+(Iu—Zu)=e +e.

e1 is nice, because lemma 4.3.1 with fhl instead of %L is correct.”
ey is a finite element function. We can exploit that fact for the
following inequality

_ _ h
1l — TG @) o < <p +h) (I9hlli22 + |V} 2.1 const,

where we require ¢, € S;. For a sufficiently small h < hy and
sufficiently large v > 7o, cf. (4.24), we can make the first factor
arbitrary small. Thus, using e, = ¢ — 1 and a triangle inequality we
can perform helpful absorption arguments.

Our goal is to prove

lelf , < (4 llog o [|u][jyacs + Ile]l2 ,) const. (4.26)
An elementary calculation leads to the bound
lel|3, < ale,pte) + ||€H%z,2 const .
We split the first term as
ale,ute) = ale, pter) +ale, u ter — Fl(uler)) + ale, £ (n te))

Using the definition of the Ritz map and the already mentioned
arguments, we can handle all three terms. [ |

21t is even correct with |log h| instead of |logh\3/2.
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4.3. On some maximum-norm error estimates

Lemma 4.3.2 (second step). The solution u of
—Au+u=puf,
satisfy the a priori estimate

][z < p~* [log |l fII7z , comst.

Proof of lemma 4.3.2. By some complicated eigenvalue argument
we can reduce the task into finding a lower bound for the Rayleigh-
quotient
2
24
w0 [|ullZ; ,

Hence, we are done if we can prove the bound
lullZ2z < 072 llogpl [lullz-

A Holder inequality shows

HuHL22 = HVHLZP H“HLqu
with p~! +47! = 1. Observe that

pt/lloghl — const .

Using the quantitative Sobolev estimate

[l 20 < g l[u]| pn comst,

where the constant is independent of g, we can deduce the claim

for the choice q = 4/[log p|. |

Third step of lemma 4.3.1. Let e == u — %,lzu. It suffices to show
show that for arbitrary § > 0 we have

2
lell72, < dllellfn 1 +A* llulljyzr const. (4-27)
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We employ a Aubin-Nitsche type argument. Let w be the solution
of
w— Aw =y 2.

We calculate
HEH%Z,z = a*(e,w) = a*(e,w — I} w) + a*(e, I} w)
Using the a priori estimate
o0l 2,1 < (I~ ?ell 2,1 + |wll ) const

together with lemma 4.3.2, a sufficiently small & < hy and suffi-
ciently large oy > -y concludes the proof. n

We remark that with (4.15) we can obtain a log free W"*-bound.
Maximum-norm error bound for the material derivative of a Ritz
map
Lemma 4.3.3.
X! X! I
[0} " (u — '@Ii)H%ZZ + [0y " (u — %h)H%{u

P 2
< ch? [log h|*([|ullzsqrey + 195 #llwzsreny)-

Proof. We introduce the notation d;e, d;e1; and 9;e5:
1 1 1
de =0 — By =@ — 7%u) + (FoF¥u — 3 %)
= atel + at€2.

diey is a good term, because lemma 4.3.2 with 9dse; instead of o;e
is valid.3 o;e; is a finite element function and the same arguments
as for e; in the proof of lemma 4.3.1 apply. For simplicity we let

3The estimate would be still correct, if we would replace |10gh\4 with |log K.
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4.3. On some maximum-norm error estimates

from now on the generic constant depend on u. Then, d:e satisfy
the inequality

|a*@re, ¢1)| < (H2[|9se]| gy + B [log 1|72 | £,y comst,

which is our substitute for the usual Galerkin orthogonality.
Step 1: This is similar as the first step for lemma 4.3.1. We aim to
show
l9rel3, < (4 [log h|* + ||9re]72 ) const .

We start with
HateH%p,l < a(0se, " '9se) + HateH%m const,
and split the first term as follows

a(ose, y‘late) = a(dse, ],t_latel) + a(ate,y_latez - f}f(;flafez))
+a(ose, ﬂé(y’lat@)).

All three terms can be handled by the arguments mentioned above.
Step 2: We aim for the estimate

HateH%Z’Z < (5H8te|\%{1,1 + 12 [log h|* const,
where 6 > 0 is an arbitrary small number. Let w be the solution of
w— Aw = u " *de.
We calculate
Hateﬂizlz = a*(9se, w) = a*(Ore, w — F W) + a* (e, S w).

The first term can be handled like in lemma 4.3.1. The second term
is surprisingly technical due to the weighted norms. We refer to the
original source, lemma C.4.8. n
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4. Summary and discussion

A Lebesgue projection

We want to discuss how to reach the weak discrete maximum
principle. We require a suitable Lebesgue projection. The L?-
projection &7,: L2 (I'n,t) — Sy, is defined via the requirement that for
all ¢, € S;,(t) we have

my(Pnf, on) = my(f, Pn). (4.28)

The L?-projection is stable in any LP-norm, i.e. it holds for all
p e[l ]

“@thLP(I’h/t) S ||fHLp(rh,t) const.

Further, it satisfy the following exponential decay property: For
disjoint Ay, A, C I'y(t) with supp f C A; we have

H ‘@thLZ(AZ) <e disty,(Aq,A2)h~ 1 const Hf”L2(A1) const,

where disty, is the intrinsic distance of I'j(t).

This difficult result was shown for Euclidean domain finite ele-
ments in [27]. By using definition (4.28) we can simply repeat their
arguments. Stability bounds for the bounds for the L2-projection
will be useful to prove the parabolic finite element maximum prin-
ciple.

A finite element delta function

The whole analysis is based on the finite element delta function
5;1”‘ € Sy(t), where x € I'y(t), which satisfies per definition for all

¢n € Sp(t)
mu(8,", pn) = Pu(x).

6" is compatible with the weight function o*(y) = o(x, y), cf. (4.25),
i.e. it satisfies the bound

|06, || ;2 < [logh| const. (4-29)
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4.3. On some maximum-norm error estimates

The proof of this requires the Lebesgue projection with its stability
and exponential decay property.

Two important finite element functions are related with (5;1”‘: An
elliptic finite element Greens function and a parabolic finite element
Greens function.

An elliptic finite element Greens function

The elliptic finite element Greens function G,i’x satisfies per defini-
tion for all ¢, € 5,(t)

ai (G, ¢n) = pu(x).

With the operator T, 1 8u(H) — Sy(t), which fulfills per definition for
all ¢, € 55,(t)
my(up, $n) = aj(T; un, ¢n),
we have the identity G;/* = T,"'6,".
To analyze Gfl’x we need its smooth counter part.

Theorem 4.3.4. There exists an elliptic Greens function G(t;x,y)
for I'(t) with the properties

|G(t; x,y)| < log(1+ |dr(x,y)|) const,

IV*G(t;x,y)| < const,

dr(x/y)
1

== Hd —/ Gt x, ) Aro(y, Hdy,

@(x, 1) V/m)qo(y)y - (t; x, y)Are(y, t)dy

where ¢ € C*(T(t)) and V denotes the 2-dimensional Hausdorff
measure of T(t) C R3.

Proof. First, we observe that the inverse function theorem can be
extended in such a way that for a family of diffeomorphism (f;),
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4. Summary and discussion

which depend smooth on ¢, the open neighborhood, on which f;
is a diffeomorphism, is independent of t. Then, we show that the
injectivity radius of I'(t) can be bounded from below independent
of t. With this we can repeat the construction of Aubin [5] to get
our desired Greens function. |

The existence of G(t; x, y) implies for arbitrary ¢, € S;, the estimate

I 3 g
ppll Loogr,y < Nogh|? {|y || gar,) const. (4-30)
An immediate consequence is the following nice observation

IG* 17 < |logh] |G} || 3 const

|log 1| G, (x) const

IN

G|l . |log 1| const,

which gives us the bound
16l < llog h const. (431

An adjoint evolution operator

We already introduced the evolution operator Ej(t, s). Its adjoint
En(t,5)": Sp(s) — Su(t),

satisfies per definition for all ¢;,(s) € Sj,(s) and ¥, (t) € Sy(t)

my (£ En(t, $)Pn(s), Yu(t)) = mp(£; ¢u(s), En(t, ) pu(D)).

A calculation shows that Ej(t,s)* is the solution operator of the
ODE

M) S(s) — Als)uy(s) = 0. (4.32)
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The sign before A(s) is correct, since the time variable s is going
backwards in time. (4.32) comes with an important energy estimate.
The solution uy, satisfy

2
H“hHU(o,t;LZ(rh,S)) < my(t; T;'t“h/”h)COHSt- (4.33)

The proof of this estimates relies essentially on the matrix vector
formulation of ODE (4.32).

A parabolic finite element Greens function

We calculate
uh('xl t) = m(t/ Up, 5;,,3() = m(tl Eh(t/ O)uh/ (S]i/x) = m(ol Up, Gx(t/ O))/

where G*(t, s) == E(t, s)*éfl’x is the parabolic finite element Greens
function. This means that the weak discrete maximum principle

il oo, 7ty < 1108 Bl | o, 0y
follows if we have the bound
IG*(t, 0)|1(r, ) < [logh| const.
We sketch the proof. We calculate

IG*(t, 0)[1r < (@) M2 0¥ G (t, 0)]] 12
< |logh|1/2 ||oc*G*(t,0)]| 2 const .

By using a generalization of the L2-projection for the ESFEM and by
using bilinear form bounds we reach after a tedious calculation at

d 2 2
s Gt ) tar, ) + 107 VOG (Wt 9) L2,

2 2
S ( HU’xGx(t, S) H Lz(rh,s) + H Gx(t, S) || LZ(rh/s)) const.

77



4. Summary and discussion

With a backward Gronwall estimate we deduce

2
[*G*(t, 0|72, )

x5t |2 e a2 (4-34)
= (H‘T o HLZ(th)/O IG* ()l 12, ) ds) const.

We conclude the proof by a combination of (4.29), (4.33) and (4.31).

Contribution

The following list details the contributions made by the author:
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e Providing all necessary tools to extend techniques based on

weighted norms for evolving surfaces problems. This includes

- equivalence of an extrinsic and an intrinsic distance to-
gether with some helpful bounds on its spatial derivative
and material derivative,

- providing all necessary calculations to transfer polar co-
ordinate calculations on moving surfaces.

Proving existence of an elliptic Greens function together with
some bounds on its derivative. This has been investigated for
stationary surfaces, but to our knowledge we provide the first
proof for the evolving surface case.

Giving a new proof for the weighted norm a priori estimate
lemma 4.3.2.

Unfortunately, the proof of Nitsche could not be extended to
the evolving surface case. He explicitly uses that the smallest
Eigenvalue of

—Apanu = Ay‘zu, on O C R4 with ”|aQ =0,
are monotonic decreasing w.r.t. (), i.e. we have

ﬁ o0 — /\min(ﬁ) < Amin(Q2).



4.3. On some maximum-norm error estimates

Obviously this argument cannot be extended for surfaces. The
author wants to thank Buyang Li for teaching him a refined
Sobolev bound, which was essential for the proof.

Proving maximum-norm bounds for the Ritz error (4.20) and
maximum-norm bounds for the material derivative of the Ritz
error (4.23).

In the initial phase of our article [58] we wanted to restrain
ourselves to prove the weak discrete maximum principle (4.22)
and then to search for an appropriate reference for (4.20). The
state of art for maximum-norm estimates on surfaces at that
time was an article of Demlow [23, corollary 4.6]. We want to
make clear why that article does not imply (4.20):

— Demlow considered an elliptic PDE on a stationary sur-
faces.

— His Ritz projection (in his notation uy, cf. equation (3.7))
is not identical to our Ritz map. The ancillary functional
F, which may encode geometric errors resulting from the
discrete approximation of the surface, is required to be
in the factor space H'(I')/RR.

In addition, our sketch for the proof of (4.23) makes clear that
(4.23) is not a simple corollary of (4.20).

We want to remark that recently Korner [59] also derives error
bound for a full discretization of a heat equation. In that
work the surface is stationary and the error bounds are in
O(|log h|h + +/T). We suppose that a power of & is lost because
of the absence of a bound like 4.23.

Formulating the adjoint problem (4.32).

In the original work of Schatz, Thomée and Wahlbin [75]
they based their analysis on the semi-group corresponding to
linear heat equation on a bounded domain. The author is not
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4. Summary and discussion

aware that a semi-group theory for evolving surface problems
has been developed. The author wants to thank Prof. Lubich,
whose intuition led to the discovery of this adjoint problem.

e Proving the energy estimate (4.33) for this adjoint problem.

Since the adjoint problem did not appear in Schatz, Thomée
and Wahlbin [75], the above mentioned estimate was not
required. Actually, we do not have a heuristic argument
why this estimate should be correct. After reaching (4.34)
the author guessed that such an energy estimate should be
correct.

e Verification of some technical weighted estimates and an ex-
tension of a L2-projection for evolving surfaces. This has been
done with the coauthor together.

e Providing all numerical experiments.

A numerical experiment

The numerical experiments have been coded solely by the author in
Ct++.

Let Ty C R3 be the unit sphere and let [0,T] = [0,1]. As an
evolving surface we choose

X:Tox [0,T] = R, (x,t) — (a(t)x1, x2, %3, ),

with a(t) := 1+ 0.25sin(27tt). For the PDE 3.1.1 we choose the
forcing term f such that u(x,t) = e % x;x, is the exact solution. We
used a time stepping method with such a small time step such that
the spatial error was clearly dominating. Cf. section 4.1 for the
choice of meshes. For this problem we are considering the norms
|+ | zso(zy @and || - || 2 gyiy- So, the errors in the EOC-formula (4.8)
have to be taken w.r.t. that norms. A error table is given in table
C1.
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4.4. On a regularized coupled problem

4.4. On a semilinear parabolic problem coupled
with a regularized velocity law

In this section we discuss how to analyze the coupled problem (3.9)
and to prove convergence, theorem 3.4.2. For the convenience of
the reader we recap and introduce some notation. Then, we discuss
some evolving surface finite element matrix estimates and proceed
with stability estimates. We sketch how to obtain the residual
estimates and conclude with some numerical experiments.

Notation
Throughout this section we will assume that

o xu(t) = (a())Y; and yu(t) = Wi(t)Y; with x(t), y(t) € RN @
R4*! represent the nodes of some admissible finite element
meshes, with silently fixed element relations,

o uy(t) = (ui(t);, wi(t) = (W)Y, and z(t) = (z;())Y; with
uy(t), wy(t), z;(t) € RN are the nodal values of some scalar-
valued finite element function,

o iy (t) = (@)Y, D(t) = @ (D), and Zj,(t) = (Z()Y, with

=17
ity (1), (1), Zu(t) € RN ® R® are the nodal values of some
vector-valued finite element function, where uy,(t), wy,(t) and
zj,(t) are not connected with i, (t), @y (t) and Zj,(t), respectively,

e and that (y;,, wy) are typically tied to something “close” to
the exact solution while (xy,, u;,) are generically the solution of

(3-9)-
We define
lunly, = un - M(yp)up,

a3, = wn - Ayn)un,
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4. Summary and discussion

2, = 1w - M(yn) (M + A) ™ () M)

Note that | - |, and | - |[,,, arenorms, but [ - [|, is only a seminorm.
Further, we define the norms

2
lxnlly, = xn - M* ()X,

||xh||i,yh = xp - M(yp) M* (yi) ™ M(yp)xp.

Note that we have overloaded | - [|,, and || - [[, . Their meaning
depend on the meaning of their arguments. If y; represents some

“good” nodes, then we write |-|, |- || or |- ||, instead of |-]| ,

or || - , respectively. Finally, we set |xy |1y, = %4110

H ’ Hyh H*,yh
as the WY*(T'(y;))-seminorm of the corresponding finite element
function.

Summary

We split the error as

u —uy[ypl' = (u — wulyn]) + @nlyal' — unlyal’)
= pw +eulynl’,
Ir — xlynl" = (Ur = yalyn]) + Wulyn)' — xulynl)
= oy +exlynl,
ox — Xulyn]' = (@x — Iyl + @alyal’ — 2ulynl)
= py +exlynl’,
and take the choice y; == X(x;(0), t) and wy[y;] = Huly,]. Since we
are working with higher-order finite elements, we refer to Kovacs

[54] for the bounds on py, py and py. Our task is derive stability
estimates for e, e, and ey. For this we observe that y;, and wy, satisfy
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4.4. On a regularized coupled problem

the following perturbed equation system

& My + A0y = Fulyi i) + 60 w4(0) = u(0),
a dy, (4-35)
M*(yh)g = ¢n(Yn, wy) + 8y, yn(0) = x4(0),

where &, and J, are some semidiscrete residuals. We claim for the
perturbation residuals the following

Lemma 4.4.1. For the choice y; = X(x;(0),t) and wy, = FZulyy]
we have the bounds

H‘SyH* < h* const, HéwH* < ¥ const .
A nice feature about our stability analysis is that the calculations

are detached from the residual estimates. However, to derive the
required stability bound on the whole time interval we need lemma

4.4.1.
Lemma 4.4.2. Assume that lemma 4.4.1 holds for k > 1. Then,

there exists hg > O sufficiently small such that for all h < hg and for
all t € [0, T] it holds

T T
el*@)+ [ lledP@ds+ led P+ [ lledPords  @36)

T
< (leaP )+ llee )+ [ 16,19 + [ s) ds ) const,

Consider graph 4.4. We will first describe the finite element Lip-
schitz estimates in the unknown nodes. Then we will describe
how to derive the stability estimates. Then, we continue with the
residual estimates. We conclude the section with some numerical
experiments.
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4. Summary and discussion

Perturbation defect bounds

T

Convergence of the ESFEM
scheme (theorem 3.4.2)

l

A stability estimate

l

Lipschitz estimates for the ESFEM

Graph 4.4.: Some dependencies for theorem 3.4.2

Evolving surface finite element estimates

As a first step, we establish some conditionally equivalence of
norms.

Lemma 4.4.3. If [ex[yp]]; o < %, then we have the bound

1
const = lunlxnlly o < [unlynlly o const.

|uh[yh] |1,oo cons

Proof. We use the discrete tangential Jacobian (2.26) with the chain
rule (2.8) to deduce

Vrgunlynl = Vryunlxnljac, (xulysl)
= Vrg)unlxn] (1 —jacy,(ex[yn])),

Use the von Neumann series to get

|t —acytestn) ™|, < e i
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4.4. On a regularized coupled problem

where || - ||, denotes the operator norm induced by the Euclidean
norm | - |. Conclude the proof with bound (2.7). [

Such an conditionally equivalence statements also holds for mass
norm |- | and stiffness seminorm || - ||. For our error analysis we
require the following Lipschitz estimates.

Lemma 4.4.4. Provided |ex[y]|,., < 3 we have the following
bound for scalar valued finite element functions

[up - (M(x) — M(yn))wn| (4.37a)

< ‘uh|yh ’wh|yh |xh - yhywl,oo(r(yh)) const,
d

it g (M) — M(yn)) s (4.37b)
< [unly, (lxn = ynlly, + 20 = 9nlly,) [wnly,  const,

lup - (A(xn) — Ayn))wy (4.37¢)
< ||uh||yh Hwthh |xh - yh|W1,oo(r(yh)) const,

[up - (A(xn) — Ayn))ws| (4.37d)
< ||uh||yh ’wh|w1,°°(r(yh)) Hxh - thyh const,

z | (fuCyn wn) — fu(xn, un))| (4-37€)

< lznly, Clyn = xully, + |lwp — upl,, + [Jwy —uyl],, ) const,

and the following bounds for vector valued finite elements functions

|ty -+ (M (x) — M*(y) )@ | (4.38a)
< l[#nlly, 1@nlly, 1xn = Ynlwieg,) const,

ity - (M (x) — M*(y1,)) @y | (4.38b)
H”hH/h Hwhlew(r(yh)) || xn — thyh const,

1Zh - (81, wn) — n(xn, un))| (4-38¢)
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4. Summary and discussion

H < Znly, (lyn = xully, + lwp — upl,, + [Jwn —u],, ) const.

The basic idea is to introduce the intermediate mesh I'y, where
6 < [0,1] with the corresponding nodes vj + 6(x;, — y,). Then,
proceed similar as for (2.36), by replacing t with 6, and use lemma

4.4.3.
A stability estimate

Without doubt the most important result in this section is the
derivation of the stability estimates, lemma 4.4.2. We sketch the
proof in three steps.

First step for lemma 4.4.2. We want to show that lemma 4.4.2 is
correct on a feigned smaller time interval. The following idea is
due to Buyang Li. For a given hg > 0 choose t* € (0, T] maximal in
the sense that the estimate

les]yo(t) < B2, VE € [0, 1], (4-39)

holds on the biggest possible time interval. Existence of t* is clear,
because we anyway assume ,(0) = x(0). |

Lemma 4.4.5 (second step for lemma 4.4.2). Bound (4.39) im-
plies the stability bound (4.36) on the time interval (0, t*), i.e. replace
T with t* in the inequalities. const (4.36) is independent of t*.

Proof. (a) Surface error bound: For € > 0 arbitrary small we claim
d 2 2 2 2 2 11512 ;
qp lexll™ + llesll™ < eflewll™+ (flex]” + feu]” + 116y [I%) const.

Calculate
7 lexl® < (llesll? + fles]|*) const..
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4.4. On a regularized coupled problem

Then, formulate the error equation for e;:
M*(yn)ex = (M*(yn) — M*(xn)) % + §nYn, wn) — gn(Xn, Up) + dy.
Test with ey and use (4.38a), (4.38b), (4.38¢c) and (4.39) to deduce
leaI* < € flewl® + (llexI® + eul® + 116y [1%) const.

This implies (a).*
(b) Heat error: For ¢ > 0 we claim

d 2 2 d
37 leal + lleul < 5 (e (M) — M(xi))es)

+elex])® + (Jew]” + [lex]]* + [|6w]%) const .

Formulate the error equation for e,:

< M) + A = 3 (M) — M)

dt
+ (A(yn) — ACxen)un + fu(yn) — fu(xn) + .
Test with ey, use (4.37a), (4.37b), (4.37¢), (4.37d), (4.37€) and (4.39).
(C) Combination: Sum up (a) and (b) and absorb. Then, integrate

the resulting bound from 0 to t*. After absorbing a term on the
right-hand side with (4.39) we get for all ¢ € (0, t*)

e+ [ leslZ@ds + leu*0+ [ llalP) s
)
< ([ Nlesl?6)+ e @) ds + lles 70)+ feu PO
.
+ [ 18,126+ ]2 ds) const.

A Gronwall inequality finishes the proof. [ |

4We remark that without the parameter « we would not be able to reach that
inequality.
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4. Summary and discussion

Third step for lemma 4.4.2. Assuming that the defect is in O(hF),
lemma 4.4.1, where k > 2 is the degree of the finite element space,
a combination of (4.36) and an inverse estimate shows

lex]] o0 < H=1 const .

Since t* is maximal and the constant above is independent of t* a
sufficiently small /g implies t* = T. |

Residual estimates

The residual estimates do not use any new or unknown technique.
We sketch the proofs. Denote by Yj,(t) = YV, yi(t)x[x;(0)] the para-
metrization for I'(yy(t)). For the diffusion equation we calculate

1S, 1) = 114D} 0y, dp) + @} 1) (wy,, )
+ ap(wy, pn) — my(f Wy, Viwy), dr)
= (@10, ) — m(@) ', ¢1)
+ (@) awon, ) — @) m)(w, ¢1)
+ (an(wy, o) — au, ¢h))

+ (m(f(u, Vu), ¢p) — my(f(wy, Viwy), dn))
=I1+12+I3+I4.

I, ..., I require higher-order version of the bilinear form bounds
(2.56) and interpolation estimates (2.58). Both may be found in [54].
For I; we require in addition

1
AloXu — afhy,ju = (UY; —vx) - Vu,
1
FloXu = apﬂ,fu.
For I, we need Lipschitz continuity of f, the identity

(Viwy) = pry(I — dxH)Vw,
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4.4. On a regularized coupled problem

where pr denotes the projection onto the tangent space and pr;,
denotes the projection onto the discrete tangent space, and the
bound

|pr — pr,, pr|| < hconst.

For the regularized velocity law observe that with y;, = ,vx we
have

my(Sy, ¢n) = my(Fvx, Pp)+a ap(Iox, Pn) — m(g(wy, Vywp)nrey,), )
= (mp(Fox, ¢n) — m(vx, Pl))
+a (ap(Fox, ¢n) — a(ox, Ph))
+ (m(g(u, Vi)nrg, ¢1,) — my(g(wn, Viwy)nry,), ¢n)),

where ¢, € Sp,(yy; R%) is temporarily a vector-valued finite element
function. There are no new hidden techniques, thus, the already
mentioned arguments imply lemma 4.4.1.

Contribution

The contribution of the author can be summarized as follows:

e Discussing several matrix bounds with the authors. The proof
presented here for lemma 4.4.3 has been done by the author.

e Discussing and calculating the important stability lemma 4.4.5.
e Prove stability for a regularized mean curvature flow.

e Providing all pictures and numerical experiments.

Numerical experiments

The numerical experiments have been coded solely by the author in
CH++.
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4. Summary and discussion

We use in all our experiments linear finite elements instead of
higher-order estimates, because they are easier to implement.> Also,
we use a time stepping method with such a small time step that the
spatial error was clearly dominating. The sequence of meshes are
the same as in the previous numerical experiments.

We consider three different test cases. In our first test case, we
calculate some EOC, cf. (4.8). This shall illustrate our convergence
theorem 3.4.2. The PDE was

(@7 +div(ox) — Au = (¢, %),
vx — aAvx = dunr + g(t, x)nr,

with the parameters T =1, « = 1 and ¢ = 0.4. The forcing terms f
and g are such that X(p, t) = r(t)p with

Tork
re Kt +rg(1 — e~kt)’

r(t) =

(4-40)

with the parameters 1o = 1, r, = 2 and k = 0.5, and u(X,t) =
X1 Xpe o are the exact solution of the problem. We refer to table
D.1 for the results. We observe that the surface and surface velocity
errors behave like we would expect. Also, the L®(L?)-errors for u
are as expected. For the L?(H!)-errors we calculate an EOC of 2.
Our theory cannot explain that.

In our next test case, we want to compare quantitatively the
velocity law (3.8) with our velocity law, cf. PDE 3.4.1. For this we
considered the PDE

Ox — DCAUX — ‘BAX = g(t, x)nr.

The exact solution is again (4.40) with the common parameters
T=2r=1rxk=2k=0.5. Our first experiment was done with
(«, B) = (0,1) and the second with («, 8) = (1,0). In table D.2 we plot

5The subsequent chapter discusses convergence for the linear ESFEM.
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4.4. On a regularized coupled problem

the results. We observe that the L®(H")-error of the mean curvature
velocity is growing for our sequence of meshes. The author believes
that it should not be possible to show convergence in this norm.
For our regularized velocity we predicted convergence in this norm
and also observe it. Additionally, every error calculated with our
velocity law is smaller then the mean curvature corresponding one.

In our last test case, we want to compare qualitatively the two
velocity laws. We consider the following PDE

@ +div(vyx) — A)u = fi(u, w),
@F +div(vx) — DA)yw = fo(u, ),
vx — alAvx — BAX = dunr,

where

fi(u,w) =@ —u+ uZw), fo(u, w) = y(b — uzw),

with non-negative parameters D.,<,a,b,a, . This is a variation
of a PDE, which appeared in Elliott and Styles [42] and Barreira,
Elliott and Madzvamuse [6]. The common parameters are D, = 10,
v =100,a =0.1,b =0.9, T = 5. The generation of the initial values is
a complicated task.® We take small perturbation around the steady

state N
(Llo) _ <a+b+81(x)>

where £1(x), e2(x) € [0,0.01] take random values. Then, we apply
the stationary surface finite element method and solve the problem
until T = 5. We take that result as initial values for the coupled
problem, ug = (T) and wg = @(T).

We remark that it appears that the actual values of the initial
perturbation have little effect on the solution (#(T), &(T)). Further,
we observed that the parameter 7 influences the number of dots

T want to thank Raquel Barreira for explaining me the procedure.
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4. Summary and discussion

on the surface: a small value of y generates few dots and big dots,
while a huge value of - generates many and smaller dots.

We computed the solution for (x1, 1) = (0,0.01) and (a2, B2) =
(0.01,0). The result is displayed in figure D.1. Clearly, our new
velocity law is competitive.

Implementation

The author wants to describe, which C++ technical obstacles ap-
peared during the implementation of the code.

e Slow compilation times.

Dune makes heavy use of C++ templates. We briefly describe
that feature. For C++ (also for C and Fortran) there is a sepa-
ration between compilation of code (translation into machine
language) and execution of code.” C++ templates only exe-
cutes during compilation, i.e. the resulting binary cannot tell,
if the code used templates at all. This means

- we can perform flow control (1f, else, for), and hence
theoretically every computation, during compile time,

- and further perform inlining of short function, i.e. instead
of calling a function, which is expensive if the body of
the function is short, we directly include the function
body in the binary.

It is known that proper usage of templates can lead to amaz-
ingly fast code. However, our initial code, which we got from
a Dune school, also used templates in places, where it does
not give substantial benefits (templates are no panacea). This
led to code, which took the compiler more then one minute
to produce an executable, regardless how small our changes

7Matlab on the other hand uses a JIT compiler (just in time compiler). It is very
difficult for the user to manipulate the compilation process.
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4.4. On a regularized coupled problem

were. This made testing and debugging a horror. Our solu-
tion was to break the big template file into multiple smaller
translation units. There we specialized our template classes
and functions. Afterwards, we could reduce the compilation
time to less then 10 seconds (in many cases).

e The finite element mesh is a private member.

Dune hides the actual values of its meshes from the users.
Once a mesh is constructed from a dgf-file (Dune grid format)
there is no way to change that values. This is not desirable for
evolving surface problems. However, it is possible to give the
corresponding Dune class an explicit parametrization. This pa-
rametrization does not change the underlining mesh. Instead
Dune generates for every for-loop on the fly the new mesh via
the given parametrization. To simulate an evolving surface
mesh, we use a so called hash-map.® After constructing a
reasonable efficient hash function, we could easily manipulate
the image of our hash-map, which leads to our finite element
mesh movement.

8A hash-map is something like a more complicated and efficient red-green
balanced binary tree, where every node consist of a key value pair.
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Chapter 5.

Almost best approximation for
linear finite elements on an
evolving surface driven by
diffusion on the surface

In this section we present a novel result, which has not been sub-
mitted elsewhere.

5.1. Objectives

We consider PDE 3.4.1. In section 3.4 we stated the convergence
theorem 3.4.2. There are three aspects, which the author considers
as unnatural:

e The convergence rate in the L>-norm is too low.

e It is not possible to state the result with the natural lift on the
numerical computed surface.
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5. Almost best approximation for linear finite elements

e The analysis only works for a higher-order finite element
method. The computationally import linear ESFEM case is
not covered.

Using the notation introduce there we can formulate our main

Theorem 5.1.1. Let X and u be the solution of the PDE 3.4.1. As-
sume that for an admissible initial mesh (xi)f\:] 1 C To, and then
for every refinement, we have that the mesh yy(t) = Fi(t)N, =
(X(x;, t))iN: 1 C I'(t) stays admissible. Then, for every ¢ > 0 there
exists for the linear ESFEM a sufficiently small hg > 0 such that for
all h < hg we have the estimates

[ — “h[xh]lHLw(o,T;LZ(rt» < h?~¢ const,
[lu — uplxn] ||L2(O,T;H1(r,)) < h'~¢ const,
ldr) | L0, 7.1 (r(x,)) < h*~¢ const,

lox = gnlxnl' | 20, 1oy < B2 const,

where Xy, = %xh.

For simplicity we set from now on & = 1 in PDE 3.4.1.

5.2. Preliminaries

We require a modified result from our previous work. Assume for
an admissible mesh v, that for r > 3 we have the bound

1
||dr(t)||Loo(r(yh)) < h'™*2 const.
Then repeating the proofs for (2.45), (2.47) and (2.48) we get

_1
HperFh(t)nHL“’(l"(yh)) +|n— nh||L°°(r(y,,,)) < h""2 const, (5-12)
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11 = Onll ooy < h? ! const, (5.1b)
2r—1
HPrTxr ~ Prr,r P, 1(y) PrTXrHLW(r(yh)) < h"" const. (5.10)

We require the following PDE a priori estimate for evolving sur-
faces.

Lemma 5.2.1. For d; € L3 (I;) and dy € W'3(T'y; R3) there exists
an weak solution u € H'(T';) of the PDE

u—Au= dl + diV(dz),
with the a priori estimate

HuHLm(Ft) < (||d1||L3(Ft) + ||d2||L3(D))COl’ISt.

Proof. The estimate
H”wa(r,) < (Hd1HL3(D) + ||d2HL3(1"t))COHSt

has been shown in the Euclidean domain case in [25]. This can
be extended by using a dynamic parametrization with local charts
to the evolving surface case. A Sobolev estimate concludes the

proof. [ |
Theorem 5.2.2. For %,: H{(I'; R%) — S| (y4; R®), which satisfies
per definition for all ¢, € Sp(yy; R3)

a* (yp; Zou, ) = a* (s u, @),
it holds

[u — Zout|| por,y < [loghl [Ju — jhluHL‘”(Ft) const .
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5. Almost best approximation for linear finite elements

Proof. Such a result has been proven for the scalar valued Ritz
projection on a Euclidean domain with mixed boundary conditions
by Leykekhman and Li [61]. The theorem above follows by repeat-
ing their arguments. We sketch the steps. First, replace in that
work every occurrence of —A with 1 — A and every occurrence of
(V -,V ) with a*(-, -). The Poincaré lemma is not needed since
| -ll;z2 < || |l;p. PDE existence and a priori estimates are also
correct in our case, since we have no boundary in contrast to the
polygonal boundaries appearing in [61]. We want to extend [61,
lemma 9]. The proof of this lemma is done in [61, section 4]. [61,
lemma 10] states the existence of a Green’s function with some
auxiliary bounds. For the evolving surface case this has been estab-
lished by us in theorem 4.3.4. A regularized delta function is then
introduced together with a regularized Green’s function, which also
exists in the evolving surface case. In [61, lemma 11] the domain
() is subdivided in disjoint radial symmetric subdomains. In [61,
lemma 12] bounds for the regularized Green’s function on such sub-
domains are proven. Such subdivision arguments were also present
for the proof of our parabolic maximum norm theorem 3.3.1. In
section 4.3 we showed that the intrinsic and extrinsic distance on
I'(t) are equivalent and further showed how to calculate integrals
with geodesic polar coordinates. This technique allows us to extend
both lemmata to the evolving surface case. The last step is [61,
section 4.1], which can be repeated without any obstacles. [ |

5.3. Road map

Before stepping into the technical aspects we outline how to prove
theorem 5.1.1. We split the error as follows.

u—uplxp]' = @ — wylynl") + @ilyal’ — unlynl)

+ (uplynl’ — uplxnl))
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5.3. Road map

= Pw +eulynl +0u,
I — xp[xp]" = (U = yalynl) + Wlyn) — xulynl)
+ (ealya]' — xulxn])
= py +exlynl' + 0%,
ox — %ulyal’ = (0x — ulynl) + Gnlyn) — 2ulyn])
+ (talyal' — xulxn])
= py+ ex[yh]l + 0%.
Set y;,(t) as the Ritz mesh, which we define later, and set wy,[y;] =
Fyulyy], where %), is our usual Ritz map (2.62), which is not %5.

First, we prove the following fundamental lemma for the Ritz
mesh.

Lemma 5.3.1. For h < hq sufficiently small the Ritz mesh is an
admissible mesh for t € [0, T]. For any € > 0 there exists an hy > 0
sufficiently small such that for all h < hy and foralli=1,..., N we
have

7(8) — yi(8)| < 1< const, (5.22)
ldr ol ey < W22 const, (5.2b)
lox — vlyh | rooqry < h?~¢ const . (5.2¢)

The Euclidean norm of p, is the absolute value of dr(;. Hence, (5.2b)
and (5.2c) imply the bound

2—
prHL“(O,T;L”(I})) + oyl L0, T;Lo () = h”~¢ const.
The Ritz map bound

||Pw||L2(rt) +h HPwHHl(D) < 1?7 const,

are readily obtained by repeating the standard proofs with (5.2b)
and (5.1).
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5. Almost best approximation for linear finite elements

The next step is to bound e, ey and e;. We consider the perturbed
error equation system (4.35) from section 4.4. We will show the
following bounds for the semidiscrete Residuals 6, and 4.

Lemma 5.3.2. For the Ritz mesh y,(t) with the Ritz map w), =
FEyulyy] we have the bounds

16yl < h?~¢ const, |60, < h* ¢ const.

Assume for the moment that the lemma above is correct. Then, we
may apply stability lemma 4.4.2 to deduce

Heu[yh]l||L°°(O,T;L2(I’S)) + Heu[yh]l||L2(O,T;Hl(l’t)) < 1*~¢ const,
! ! —
lex[ynl HL°°(O,T;H1(1"t)) + [lexlyn] HLZ(O,T;Hl(D)) < 1*7¢ const.
Use the forbidden Sobolev estimate,
1
||¢;z||L°°(Ft) < [logh|? ||4)]l’l||H](rt) const,
cf. (4.30), to arrive at
lewlyn) |10, 2y + Nealynl 20, ryemnryy < B const,  (5.3a)
! ! -
[ex[yn] HL°°(O,T;L°°(F,)) + [lexlyn] HLZ(O,T;L""(D)) < h*“const, (5.3b)

where we let ¢ be a little bit larger. Assume for the moment the
following

Lemma 5.3.3. It holds
I _
||‘7uHLw(0,T,-L2(rt)) < h®~¢ const,

) —
HO_xHLW(O,T;L""(D)) + ||UJI€|’L2(O,T;L°°(rt)) < 1?7 const.

Use an inverse estimate to bound the lift-lift error ¢, in the norm
| - | .2¢z)- This shows theorem 5.1.1.
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5.4. A Ritz mesh

It remains to show that the assumed lemmata are correct. We
will first give a definition of the Ritz map and then prove the
fundamental Ritz mesh lemma 5.3.1. Then, we will proceed with
the residual estimate lemma 5.3.2. The final part consist of the proof
of lift-lift error lemma 5.3.3.

5.4. A Ritz mesh
We start with a

Definition 5.4.1. The Ritz mesh y;(t) of an evolving surface X
is given via the requirement that for all z;, € ¢y, (vy; R3) we have

1
a,Yn; 0y, zn) = ayYn; x5 Zn)

with y;,(0) = 71,(0).

Short-time existence of an admissible Ritz mesh vy () follows by the
same argument as for the numerical solution x;(t) of (3.9): y,(t) is
the solution of an ODE, where the right-hand side is Lipschitz in
yn(t), cf. matrix bounds in lemma 4.4.4. Long-time existence of an
admissible Ritz mesh y;,(t) follows, if the fundamental lemma 5.3.1
is correct.

Proof of the fundamental Ritz mesh lemma

The proof is subdivided into four steps.

First step

Let [0,5] C [0, T] be the maximal time interval such that the bound

1
ldre Lo (C(y) = h™z, (5-4)
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5. Almost best approximation for linear finite elements

with r > % is correct. We define d; € H'(I';) and d, € H'(T; R?) as

/ —dyz}, — dy - Vzl, = a* (vx — vlyh,zéq).
r
Using (5.1) we calculate

1]l ey + 1l 3y < B2 [0y, — vx [l wraqr) const
< th_l(HU;h - fhlUXHWlﬁ(r)
+ HJ;EUX — UXHWm(r))const
< W03 [0}, — Ffox | gy + ) const

_4 1
< (W3 vy, — Ox| poo(ry + h?") const .
According to lemma 5.2.1 there exists w € H'(T) such that
a*(w,z) = / diz+dy-Vz,
r
with the a priori estimate
[wllps < (lldalps + [ld2]] 2) const.
Because of the opposite sign above we get the crucial identity
Ulyh =% (vx +w).

Using the almost best approximation property of the Ritz projection,
theorem 5.2.2, we calculate

|lox +w — vi/h ooy < Nloghl [|ox +w — Iy + W) || poo(ry cOnst

A

1
log | ([|w][ peory + lox — x| () cOnst

IN

_4 1
(5 |log h| Hvyh - Z’XHL°°(r)

+h*" |log h|) const,
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5.4. A Ritz mesh

On the other hand we have
[ox — U;h HLoo(r) < |lox+w — v]z/h HLoo(r) + HwHL“(F)'

An absorption argument, which requires h < hg sufficiently small,
shows
|lox — vlyh ooy < h* |log h| const . (5.5)

Second step
We want to use (5.5) to show
ldre || Lo Ty < < h*" |log h| const. (5.6)

Recall the definition of the lifted velocity oy cf. text before (2.40).
Let y = y(t) € I'(yy) flow according to the discrete mesh movement
and denote by p = p(t) € I'(f) its corresponding lift. A quick
calculation using (2.12) reveals

adx(]// t) 8n(y, t)

vy (p, 1) =

(y/ t) dr t)(y/ t)
+ (perr(t) —drp (v, HH(Y, t))vyh (y, t).

(5.7)

Note that the first summand points in normal direction and the
other terms are tangent vectors. Further, use (2.16) to get

_od
XD~ ox(p, )iy, b 59

Since p — y points in normal direction we have

1d
sap P~ y|? = (v, (p, ) = vy, (y, 1) - (p — )

= (ox(p,t) — v}, (p, 1) -0y, Oy, 1) - (p — y)
< h¥ ]logh|2const+% lp—yl*.

A Gronwall argument shows (5.6).
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5. Almost best approximation for linear finite elements

Third step

We want to show
lyi(t) — yi(t)| < h? |log h| const. (5.9)

Denote by p; = p;(t) € I'(t) the lift of y;. According to (5.6), it suffices
to show
|7:(t) — pi(t)| < h*" |log h| const. (5.10)

Using (5.5), (5.6), (5.7) and (5.8) we easily see
lox(p, t) — vyz(p, t)| < h* |logh| const.
For the velocity we calculate
[ox Wi, £) — vy (pi, D < [ox(i, £) — ox(pi, D] + [0x(pi, 1) — v, (pi )]
< (| — pil + *" [log h|) const .
Combine the bound above with the estimate

1d . o 1,4 1 ~ 2
< 2T — b — . _ . )
2 df ‘yl pz’ ) ‘yz pz’ + 7 |UX(yl(t)/ t) U%(Pz(t); t)‘

Use a Gronwall argument to deduce (5.10).

Fourth step

With a sufficiently small i < hy we can use (5.6) to show that (5.4)
must be already correct on a larger time interval. The bound (5.9)
guarantees that the mesh stays admissible. Lemma 5.3.1 follows

from (5.5), (5.6) and (5.9).
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5.5. Residual bounds

In this section we prove the semidiscrete residual bound lemma 5.3.2.
We calculate for the diffusion equation defect 6, using ¢, € Sy ()

1y (8w, pn) = (M 0] At o) + " mp)(Ryu, py) + an(Znut, dn))

— (@, @}) + @ m)(u, @)) + a(u, ¢L)
+ (my(f( R, V), b)) — m(f(u, V), o))

All terms, except for the last nonlinear f term, can be handled with
standard arguments. For the surface defect 6, we calculate using

$n € Sn(yn; R)
my(Sy, Pn) = (an(vy,, Pn) — mu(§(%nu, V  Zyu)nrgy,), $r))
— (a(ox, @) — m(g(u, Vinrg, §))-
Using definition 5.4.1 of our Ritz mesh it remains to bound the term
with g.
A normal bound

The following bound is novel and critical

Lemma 5.5.1. Let y;, be an evolving discrete mesh, which satisfies
bounds like in lemma 5.3.1. For all f, ¢ € WY*(T';) we have

[ = e £ < B sy const,
t

2_
/r(t) (Prr, e — Perr(yh))f g <h | f - gllwar, const.
Proof. For the second inequality observe that

t
Pr1,r() — PrT,r() = (M) — 0rey) (0rgy,) — 0re)

+ 1y (N, — 1) + () — Nrg) g
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5. Almost best approximation for linear finite elements

A combination of the first bound with (5.1a) shows the second
bound. Hence, it remains to show

/r (t)(nl"(t) —nrg,) - f < B fllwiag,) const .

The key idea is to use partial integration on the discrete normal
vector nr(,), which is not obvious. We explain how this is done. We
parametrize I'(y;,) via the map

Y:Tox[0,T] = R3, X,(x7',t),

where X, is the parametrization of T'(y;,) and x,' is the negative lift
of xo € I'p on I'(y;(0)). We note that Y is Lipschitz and hence in
WLy x [0, T]). In particular, we can use partial integration. For
the normal we have the formula

01Y(xp) A 92Y(x0)
101Y (x0) A 92Y (x0)|”

nr(yh)(x_l, t) =

where A denotes the outer vector product on R?, x € T'(t) with
X(xg,1) = x and Y(xg, t) = x~'. The formula above is also correct for
nr;) and X instead of nr(,,) and Y. We observe that the right-hand
side above is Lipschitz continuous in the six variables (d:Y, 02Y).
Denote its first and second derivative w.r.t. this six variables with
Dn(X) and D?n(X), where the argument X means “insert the vari-
ables (91X, 0,X)”. Using Taylor expansion we get

nr() — Nrgy,) = Dn(X) (01(X —Y),0(X - Y))
+ /01 D?n(0X + (1 — 0)Y) (31(X — Y),3:(X — Y))2 de. (5-11)

A straightforward calculation shows X — Y = O(h?*~¢) and 9;(X —
Y) = O(h'~¢). Thus, the Taylor remainder is in O(h?>~%). Use the
local integral formula (2.9) and partial integration to conclude the
proof. |
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5.5. Residual bounds

Bounding the semilinear term

Lemma 5.5.2. If f,g € C(I';) then we have for linear finite ele-
ments

(4, Vg — [ f@R, Vi)
F(t)f ? F(yh)f " L
< B2 ||l 1 comst.
g, Vuynry - ¢, — / 8t VnAytt)nry,) - P
T(t) T'(yn)

< 12 [yl s comst.

Proof. It suffices to show the second bound. We calculate

o g(u, Vu)nrg) - §, — )g(%)hu, Vi Zunry,) - P

T'(yn
= /r 80 Vmre - iy = 8w, pr, VAyone,) - G
’ / 8(u, pr, VAT, - ), — / g™, Vi pi)nr,) - G
() T'(yn)
+ /r( ) (g™, V1 Zyu) — (%, V) )nry,) - Gn,
Yn
where pr;, = Py re 18 the projection on the discrete tangent space.

Using (5.1b) and the Lipschitz continuity of ¢ we easily bound
the second and third difference. We introduce notation (only for
this proof!): We set pr = pry (), §(u, Vu) = g(Vu), nj = nr(,,) and
uy = #Zyu. Denote by ¢, and g,, the Jacobian and Hessian of g,
respectively, w.r.t. the argument Vu. We calculate

/g(Vu)n —g(pry, Vuj)ny - P
= [ (8(Vu) ~ g(pr,, Vi))n-

+ [ (8tpr, Vi) = g(pr, Vul))n -
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+ [ (8, Vi) — (Va0 ~ ) -

+ [ 8w, Vun — ) - 6,

=h+hL+L+14

I3 and I are easy. For I3 use the standard normal bound (5.1a),
Lipschitz continuity of ¢ and the usual H!-bound for our Ritz map.
For I; we use our normal vector lemma 5.5.1.

For I; calculate

§(Vu) — g(pr;, Vu) = ¢,(Vu)(pr — pr;,)Vu

1
+ /0 Spp (Vu+60(pr —pr;,)Vu) ((pr — prh)Vu)2 de.

(5.1a) implies that the Taylor remainder is in O(h*%). Bound the
first term with the normal vector lemma 5.5.1.
For I, calculate

g(pr, Vu) — g(pr, Vul) = gp(pr), Vu)V(u — uj)
— gp(pr), Vun,(n, —n) - V(u — uz)

1
[ o (P, ¥ (-4 8, = 1)) (pr, Vi — 1))’ .

The second and the Taylor remainder term are in O(h?~¢). For the
first term we calculate

gp(pry, Vu) = gp(Vu)

1
+ /0 gpp (pry, +0(pr — pr,)Vu)(pr — pr, ) Vu do.

Use the partial integration formula (2.10) for V(u — uﬁl) and the
L%-bound for the Ritz map to bound I. |
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5.6. Bounding the lift error

In this section we want to prove lemma 5.3.3. We start with an
ancillary

Lemma 5.6.1. For every p € I'(t) there exists an unique y € T'(y;,)
and an unique x € I'(xy,) such that the lift of y and x is equal to p.
For x exists a unique Y € I'(yy) such that x € Ex(xy), Y € Ex(yn)
and x,Y share the same standard simplex coordinates, cf. (2.21). For
Y exists a unique lifted point q € I'(t). It holds

|p — q| < h*~¢ const.

Proof. Existence of x, y, Y and g is obvious. Note that (5.3b) implies
|x — Y| < h*>~¢ const.
Using the definition of lift (2.12) we have
p—q = (x — drp(In(x)) — (Y — drg(V)n(Y)).
The expression above is Lipschitz in x and Y. This gives us
lp —q| < |x — Y| const. [
Proof of lemma 5.3.3. We calculate for o,

unlynl () — wnlxnl' (p) = wnlynl () — wnlxnl(x)
= uplynl(y) — unlynl(Y)
= uplynl (p) — unlyal' (@)

1
= | Vit (r+0G = ) - g - pro,
where we have extended uh[yh]l on .4 according to (2.1). Deduce
with (5.3a) and an inverse estimate that || [y]'|| (1) is bounded.

Using lemma 5.6.1 we deduce the first stated bound in lemma 5.3.3.
The other bounds follow similarly. [
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5.7. Contribution

Buyang Li has shown the author the Ritz best approximation prop-
erty and the PDE a priori estimate used in this section. Further, he
discussed with the author, different kinds of Ritz meshes. Apart
from that, all proofs in this chapter has been done solely by the
author.
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Appendix A.

Higher-order time
discretization with arbitrary
Lagrangian Eulerian finite
elements on evolving surfaces

The content of this section is accepted for publication, cf. [57].

Abstract

A linear evolving surface partial differential equation is first dis-
cretized in space by an arbitrary Lagrangian Eulerian (ALE) evol-
ving surface finite element method, and then in time either by a
Runge-Kutta method, or by a backward difference formula. The
ALE technique allows one to maintain the mesh regularity during
the time integration, which is not possible in the original evolving
surface finite element method. Stability and high order convergence
of the full discretizations is shown, for algebraically stable and stiffly
accurate Runge-Kutta methods, and for backward differentiation
formulas of order less than 6. Numerical experiments are included,
supporting the theoretical results.
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A.1. Introduction

There are various approaches to solve parabolic problems on evol-
ving surfaces. A starting point of the finite element approximation
of (elliptic) surface partial differential equations is the paper of [29].
Later this theory was extended to general parabolic equations on
stationary surfaces by [32]. They introduced the evolving surface
finite element method (ESFEM) to discretize parabolic partial differen-
tial equations on moving surfaces, and shown H L_error estimates,
cf. [31]. They gave optimal order error estimates in the L?-norm, see
[35]. There is a review by [34], which also serves as a rich source of
details and references.

Dziuk and Elliott also studied fully discrete methods, see e.g. [33].
The numerical analysis of convergence of full discretizations with
higher-order time integrators was first studied by [37]. They proved
optimal order convergence for the case of algebraically stable im-
plicit Runge-Kutta methods, and [63] proved optimal convergence
for backward differentiation formulas (BDF).

The ESFEM approach and convergence results were later ex-
tended to wave equations on evolving surfaces by [62] and [67]. A
unified presentation of ESFEM for parabolic problems and wave
equations is given in [66].

These results are for the Lagrangian case.

As it was pointed out by Dziuk and Elliott, “A drawback of our
method is the possibility of degenerating grids. The prescribed velocity
may lead to the effect, that the triangulation T'(t) is distorted”*. To
resolve this problem [42] proposed an arbitrary Lagrangian Eulerian
(ALE) ESFEM approach, which in contrast to the (pure Lagrangian)
ESFEM method, allows the nodes of the triangulation to move
with a velocity which may not be equal to the surface (or material)

Quoted from Gerhard Dziuk and Charles M. Elliott from [31, Section 7.2]
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velocity. They presented numerous examples where smaller errors
can be achieved using a better mesh.

Arbitrary Lagrangian Eulerian FEM for moving domains were
investigated by [45]. They also suggest some possible ways to
define the new mesh if the movement of the boundary is given. [12,
13] proved stability and optimal order a-priori error estimates for
discontinuous Galerkin time discrete Runge-Kutta-Radau methods
of high order.

This paper extends the convergence results and techniques of [37]
for the Runge-Kutta discretizations and of [63] for the backward
differentiation formulas (both shown for the Lagrangian case), to
the ALE framework.

[42] proposed a fully discrete ALE ESFEM algorithm to solve
parabolic problems on evolving surfaces. [43] proved convergence
results for this type of scheme and in addition prove convergence
of fully discrete ALE ESFEM with second-order backward differen-
tiation formulas. They also give numerous numerical experiments.
The primary consideration of the present work is to prove conver-
gence of ALE ESFEM with higher-order time discretizations. We
use different techniques to achieve this and thus give a new proof
for the convergence of the fully discrete method suggested by [42].

We prove stability and convergence of these higher-order time
discretizations classes, and also their convergence as a full discretiza-
tion for evolving surface linear parabolic PDEs when coupled with
the arbitrary Lagrangian Eulerian evolving surface finite element
method as a space discretization. The stability results do not require
a time step restriction by powers of the mesh size, i.e. no CFL-type
condition is required.

First, the stability of stiffly accurate algebraically stable implicit
Runge-Kutta methods (having the Radau IIA methods in mind)
is shown using energy estimates and the algebraic stability as a
key property, using some of the basic ideas appeared in [64] for
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quasilinear parabolic problems.

Second, we show stability for the k-step backward differentiation
formulas up to order five. Because of the lack of A-stability of
the BDF methods of order greater than two, our proof requires a
different technique than [43], namely we used G-stability results
of [20], and multiplier techniques of [69]. Therefore, we handle all
BDF (k=1,2,...,5) methods at once.

For the fully discrete convergence results, in both cases, the study
of the error of a generalized Ritz map, and also for the error in its
material derivatives, plays an important role.

In the presentation we focus on the main differences compared
to the previous results, and put less emphasis on those parts where
minor modifications of the cited proofs are sufficient. In most cases
the Lagrangian proof can be repeated in the ALE case, these are
therefore omitted.

Our convergence estimates for BDF 1 and BDF 2 match the ones
achieved with a different technique in [43].

This paper is organised as follows. In Section A.2 we formulate
the considered evolving surface parabolic problem, and describe
the concept of arbitrary Lagrangian Eulerian methods together with
other basic notions. The ALE weak formulation of the problem
is also given. In Section A.3 we define the mesh approximating
our moving surface and derive the semidiscrete version of the ALE
weak form, which is equivalent to a system of ODEs. Then we
recall some properties of the evolving matrices, and some estimates
of bilinear forms. We also prove the analogous estimate for the
new term appearing in the ALE formulation. The definition of the
used generalized Ritz map is also given here. In Section A.4 we
prove stability of high order Runge-Kutta (R-K) methods applied to
the ALE ESFEM semidiscrete problem and the same results for the
BDF methods. Section A.5 contains the main results of this paper:
convergence of the fully discrete methods, ALE ESFEM together
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with R-K or BDF method, having a high order convergence both in
time. Finally, in Section A.6 we present numerical experiments, to
illustrate our theoretical results.

A.2. The arbitrary Lagrangian Eulerian approach
for evolving surface PDEs

In the following we consider a smooth evolving closed hypersurface
I'(t) c R™1, 0 <t < T, with m < 3, which moves with a given
smooth velocity v. Let 0°u = d;u +v - Vu denote the material
derivative of u. Define the tangential gradient Vr by Vru = Vu —
Vu -nn, where n is the unit normal and denote by Ar = Vr - Vr the
Laplace-Beltrami.

We consider the following linear problem derived in [31]:

0%u(x, t) +u(x, t) Vg - v(x, t)
—Argpu(x, t) = f(x,t) onTI(t), (A.1)
u(x,0) = ug(x)  on I'(0).

Basic and detailed references on evolving surface PDEs are [31,
34, 35] and [66]. We are working in the same framework as these
references.
For simplicity reasons we set in all sections f = 0, since the exten-
sion of our results to the inhomogeneous case are straightforward.
An important tool is the Green’s formula (on closed surfaces),
which takes the form

Viz-V =—/A .
/rrZ re r(rz)q)

We use Sobolev spaces on surfaces: For a smooth surface I' we
define
HI(T) = {g € LX) | Vrg € LX)},
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and analogously HX(T) for k € IN [31, section 2.1]. Finally, Gr
denotes the space-time manifold, i.e. Gr = Useo,r T(£) x {t}. We
assume that Gr C R"*2 is a smooth hypersurface (with boundary
9Gr = (I'(0) x {0}) U (I(T) x {T}))-

The weak formulation of this problem reads as
Definition A.2.1 (weak solution, [31, definition 4.1]). A func-

tion u € H'(Gr) is called a weak solution of (A.1), if for almost
every t € [0, T]

d
4 [ V- Vg = / 2° A.
a7 /r " ug - rol - Vrpe o ud® @ (A.2)

holds for every ¢ € H'(Gr) and u( -, 0) = u.

For suitable uy existence and uniqueness results for (A.2) were
obtained by [31, theorem 4.4] and in a more abstract framework in
[3, theorem 3.6] (both works consider inhomogeneous problems).

A.2.1. The ALE map and ALE velocity

We assume that for each t € [0, T], T > 0, I"(t) C R™*! is a closed
surface. We call a subset I"™ C R™! a closed surface, if T is an
oriented compact submanifold of codimension 1 without boundary.
Moreover we assume m = 1,2 or 3 and that I' € C*®, evolving
smoothly, cf. [34]. We assume that there exists a smooth map
n: Gr — R™! such that for each t the restriction

n(-,8):T(t) — R™!
is the smooth normal field on T'(¢).

Now we shortly recall the surface description by diffeomorphic
parametrization, also used by [31], and by [13]. An other important
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representation of the surface is based on a signed distance function.
For this we refer to [31].
We assume that there exists a smooth map

®:T(0) x [0, T] — R™*!

which we call a dynamical system or diffeomorphic parametrization
satisfying that

D:T(0) = T(t),  Piy) = Py, 1)

is a diffeomorphism for every t € [0, T]. (®;) is called the flow of P.
We observe:

o If F:U C R™ — I'(0) is a smooth parametrization of I'(0) then
F; = ®; o F is a smooth parametrization of I'(t), hence the
name diffeomorphic parametrization.

e If we interpret I['(0) x [0, T] C R™*? as a hypersurface, then ®
gives rise to a diffeomorphism

O:T(0) x [0, T] = Gr, Dy, 1) = (Pr(y), 1).

The dynamical system & defines a (special) vector field v and
(special) time derivative 0° as follows: First, consider the differential
equation (for @)

oP(-,t)=0v(P(-,1),t), P(-,0)=1. (A.3)

The unique vector field v is called the velocity of the surface evolution,

or the material velocity. We assume, that the material velocity is the

same velocity as in problem (A.1). It has the normal component v™.

Second, the derivative 9° is defined as follows (see e.g. [31, Section

2].2 or [13, Section 1]): for smooth f:Gr — R and x € I'(t), such

that y € I'(0) for which ®,(y) = x, the material derivative is defined as
d

0 f(x,t) = 4 » fod. (A.g)
v,
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Suppose that f has a smooth extension f onto an open neighbour-
hood of I'(t), then by the chain rule the following identity for the
material derivative holds:

of -
°f(x,t) = a]; ( t)+v(x,t) -Vfx,t),

which is clearly independent of the extension by (A.4). In section

2.3 [34] has shown how to use the oriented distance function to
construct an extension f.

Remark A.2.2. An evolving surface I'(f) generally posses many dif-
ferent dynamical systems. Consider for example the (constant)
evolving surface I'(t) = T'(0) = S™ C R™! with the two (dif-
ferent) dynamical system ®(x,t) = x and ¥Y(x,t) = a(t)x, where
«:[0, T] = O(m + 1) is a smooth curve in the orthogonal matrices.

Definition A.2.3. Let A # ® be any other dynamical system for
I'(t). It is called an arbitrary Lagrangian Eulerian map (ALE map).
The associated velocity will be denoted by w, which we refer
as the ALE velocity and finally 9" denotes the ALE material
derivative.

One can show that for all t € [0, T] and x € T'(¢)
v(x,t) —w(x,t) is a tangential vector. (A.5)

The formula for the differentiation of a parameter-dependent sur-
face integral played a decisive role in the analysis of evolving surface
problems. In the following lemma we will state its ALE version,
together with the connection between the material derivative and
ALE material derivative.
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A.2. ALE for evolving surface PDEs

Lemma A.2.4. Let I'(t) be an evolving surface and f be a function
defined in G, such that all the following quantities exist.

(a) (Leibniz formula [31]/ Reynolds transport identity [13]) There
holds

d
— = oA Vi - w. A6
T /ra)f o f+fVrg-w (A.6)

(b) There also holds

f =9"f+(w—0v) Vrf. (A7)

Proof. At first we prove (b): consider an extension f of f. Use the
chain rule for 9+ f and 0°f and note the identity (cf. (A.5))

To prove (a) use the original Leibniz formula from [31]:

O?t/rf=/ra'jwfvr-v.

Now use (b) and Greens identity for surfaces to complete the proof.
|

A.2.2. Weak formulation

Now we have everything at our hands to derive the ALE version of
the weak form of the evolving surface PDE (A.1).

Lemma A.2.5 (ALE weak solution). The arbitrary Lagrangian Eu-
lerian weak solution for an evolving surface partial differential equa-
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tion is a function u € HY(Gr), if for almost every t € [0, T]

ue + Vipu -V
/r " % T I(t) INGLY

—0) Vi = oA
+/r(t)u(w 0)- Vi@ r(t)u )

holds for every ¢ € HY(Gr) and u(-,0) = uq. If u solves equation
(A.2) then u is an ALE weak solution.

Proof. We start by substituting the material derivative by the ALE
material derivative in (A.2). Now using the relation (A.7), connect-
ing the different material derivatives (cf. (A.5)), i.e. by putting

*¢=03"¢+(@—w) Vre

into (A.2), and rearranging the terms, we get the desired formula-
tion. |

A.3. Semidiscretization: ALE evolving surface
finite element method

This section is devoted to the spatial semidiscretization of the pa-
rabolic moving surface PDE with the ALE version of the evolving
surface finite element method. The ESFEM was developed by [31].
In the original case the nodes were moving only with the material
velocity along the surface, which could lead to degenerated meshes.
One can maintain the good properties of the initial mesh by having
additional tangential velocity.

The ALE ESFEM discretization will lead to a system of ordinary
differential equations (ODEs) with time dependent matrices. We
will prove basic properties of those matrices, which will be one
of our main tools to prove stability of time discretizations and

120



A.3. Semidiscretization: ALE evolving surface finite element method

convergence of full discretizations. We will also recall the lifting
operator and its properties introduced by [31], which enables us to
compare functions from the discrete and continuous surface.

A.3.1. Basic notations

First, the initial surface I'(0) is approximated by a triangulated one
denoted by I';(0), which is given as

r,0 = |J E©).

E(0)eT,(0)

Let a;(0), i = 1,2, ..., N), denote the initial nodes lying on the initial
continuous surface. Now the nodes are evolved with respect to the
ALE map A, i.e. a;(t) = A (a;(0), t). Obviously they remain on the
continuous surface I'(t) for all t. Therefore the smooth surface I'(t)
is approximated by the triangulated one denoted by I';(¢), which is
given as
[(t) = U E(t).
E(MeTu(®)

We always assume that the (evolving) simplices E(t) form an admis-
sible triangulation 7j(t) with & denoting the maximum diameter.
Admissible triangulations were introduced in [31] section 5.1: every
E(t) € Ty(t) satisfies that the inner radius o3, is bounded from below
by ch with ¢ > 0 and I';,(t) is not a global double covering of I'().

The discrete tangential gradient on the discrete surface I';(t) is
given by
Vo,of = Vf=Vf mn=pr,(Vf),

understood in a element-wise sense, with n; denoting the normal
to I'y(t) and pr;, =1 — nhn,f.

For every t € [0, T] we define the finite element subspace

S, (t) = {cph € C(Tu(t)) | ¢nlp is linear, for all E € 77,(t)}
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The piecewise linear moving basis functions x; are defined by
X;j (ai(t),t) = 6; foralli,j=1,2,..., N, and hence

Sh(t) = Span{X1( ty t)/XZ( ty t)/ v /XN( Cy t)}

We continue with the definition of the interpolated velocities on
the discrete surface I';(t):

N
V(- t) = Zv (Cl](t), t)X]( /1),

N (A.8)
Wi(-,8) = Y w (a;(t), )xj(-, )

=

are the discrete velocity, and the discrete ALE velocity, respectively.
The discrete material derivative, and its ALE version is given by

My = Oy + Vi - Vo, 97y, = 0ipy, + Wy, - Vb,

where 0:¢y(x, tg) and V¢(x, ty) is meant in the following sense:
Denote by Gy, == Usego,r) Tn(f) % {t} C R™*? the discrete time space
manifold and for simplicity assume that the coefficients of ¢;,: G, —
R w.r. to the standard finite element basis are smooth in t. Assume
that x is lying in the interior of E(ty) C I'y(to) and denote by E(t)
the evolution of E(tp). Finally set £ = Uco,1) E(t) X {t}. For the
restricted function ¢y, |¢ there exists an smooth extension ¢, on a
(m + 2)-dimensional neighborhood of £. We set d;¢, = ;¢ and
V¢, = V. A straightforward calculation shows that 93¢, and
97y, are well-defined.
In the ALE setting the key transport property is the following

Mxe=0 for k=1,2,...,N. (A.9)

It can be shown as its non-ALE version, see [31, proposition 5.4].
The spatially discrete ALE problem for evolving surfaces is for-
mulated in
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Problem A.3.1 (Semidiscretization in space). Find U, € S,(t) so
that

uy h"'/ Vr Uh'Vrld?h/ U,(Wy — Vi) - Vr,¢n
r P S VO " e ’

= o Widiten (9n € S10), (A0

with the initial condition Uj(-,0) = Ug € 5,(0) is a sufficient

approximation of uy.

A.3.2. The ODE system
The ODE form of the above problem can be derived by setting

N
Un(-, 1) =) ajt)x;( -, t) (A.11)
j=1

and testing by ¢, = xx for k =1,2,...,N in (A.10) and using the
transport property for evolving surfaces (A.9).

Proposition A.3.2 (ODE system for evolving surfaces). The spa-
tially semidiscrete problem is equivalent to the ODE system for the
vector a(t) = (w;(t)) € RN, representing Uy, (-, 1),

d
{ = (M(t)a(b) + A(Dat) + B(ba(t) = 0 (A.12)

dt
a(0) = ag

where M(t) and A are the evolving mass and stiffness matrices defined

by

Mty = /r A Al = /r o) Vi,
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and the evolving matrix B(t) is given by
B(t)ij = /r o Xi(Wh = Vi) - Vi, Xk (A.13)
h

The proof of this proposition is analogous to the corresponding one
in [37, section 3].

Remark A.3.3. In the original ESFEM setting there was no direct
involvement of velocities, but in the ALE formulation there is. We
remark here that since the normal components of the continuous
ALE and material velocity are equal, during computations one can
work only with the difference of the two discrete velocities. We keep
the above formulation to leave the presentation plain and simple.

A.3.3. Lifting process

In the following we define the so called lift operator, which was
introduced by [29] and further investigated by [31, 35]. The lift
operator can be interpreted as a geometric projection: it projects a
finite element function ¢;,:I';(f) — R on the discrete surface I'(t)
onto a function (,b;l: I'(t) — R on the smooth surface I'(t). Therefore
it is crucial for our error estimates.

We assume that there exists an open bounded set U(t) C R"*!
such that dU(t) = I'(t). The oriented distance function d is defined as

—dist (x,I'(£)), x € U(1),

R™! %[0, T] = R, d(x,t) =
dist (x,I'(f)), else.

For yu > 0 we define N(t), = {x € R™! | dist (x,I(t)) < u}.
Clearly N (£)u is an open neighbourhood of I'(f). In [46] lemma
14.16 it is shown the following important regularity result about

d.
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Lemma A.3.4. Let U(t) C R™! be bounded and T(t) € C* for
k > 2. Then there exists a positive constant y depending on U such
that d € CK(N(#),).

The same reference also mentions that ~! bounds the principal
curvatures of I'(¢).

In the following we recall the lift operator from [29, equation (2)].
For each x € I'(t), there exists a unique p = p(x, t) € I'(t) such that
|x — p| = dist(x,I'(t)), then x and p are related by the important
equation:

x =p+n(p, t)d(x,t). (A.14)

We assume that I';(t) C N (t). The lift operator £ maps a continuous
function ¢,:I';(t) — R onto a function L£(¢y,):I'(t) — R as follows:
for every x € I'y(t) exists via equation (A.14) a unique p = p(x, t).
We set pointwise

LOmm)(p, 1) = 11,(p, 1) = 7a(x, b).
L(¢p): T — R is continuous. If ¢, has weak derivatives then L(¢y,)

also has weak derivatives.

Finally, we have the lifted finite element space

Si(t) = {on = ¢} | ¢n € Su(t)}.

A.3.4. Properties of the evolving matrices

Clearly the evolving stiffness matrix is symmetric, positive semi-de-
finite and the mass matrix is symmetric, positive definite. Through
the paper we will work with the norm and semi-norm introduced

by [37]:

2Oy = 1120l 2, vy (A13)
|Z(t)|A(t) = ||VD,ZhHL2(r,,(t))/
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for arbitrary z(t) € RN, where Z;,(-,t) = Z}il zi(B)x;( -, 1)
A very important lemma in our analysis is the following.

Lemma A.3.5 ([37, lemma 4.1] and [63, lemma 2.2]). There are

constants p, x, depending on ||V - w|| (), but independent of h,
such that

2" (M(s) — M(t)y < (" = 1) |z| yyep) ¥l seo (A.16)

2" (M7 s) = M7 ())y < (@7 = 1) |zlprag [YIyrg (A17)

2" (As) — Ay < (€79 —1) 12l agty Y] e (A.18)

forally,z € RN and s, t € [0, T].

We will use this lemma with s close to t (usually, t = s+ k7 for
some positive integer k independent of the time step 7). Hence,
(et=H — 1) < 2u(s — t) holds. In particular for y = z we have

’Zﬁv{(s) < (1+2u(t —9)) ’Z‘%\/I(t)/ (A.19)
\Z\i‘(s) < (1+2k(t —s)) \z[i(t). (A.20)

The following technical lemma will play a crucial role in this paper,
while handling the nonsymmetric term.

Lemma A.3.6. Lety,z € RN and t € [0, T] be arbitrary, then

BBz y)| < calzlpe [Wlaw,

where the constant c 4 > 0 depends only on the velocity difference
w—v.

Proof. Using the definition of the matrix B(t) (see (A.13)) we can
write

126



A.3. Semidiscretization: ALE evolving surface finite element method

[(B(H)z|y)| = ‘/r Z (Wi — Vi) - Vrth‘
h
< Wi = Villisroy [, 123 195,
h
For a first order finite element function ¢; € Sy(t) it holds

| @nll L,y = l@n(p)]

for an appropriate node p € I’y (t). Hence using (A.8) we can
estimate as

Wi — VhHL""(l"h(t)) < (m+1) flw— UHL‘X’(F,,(t))' (A.21)

Now apply the Cauchy-Schwarz inequality and using the equiva-
lence of norms over the discrete and continuous surface (cf. [31],
Lemma 5.2) to obtain the stated result. |

A.3.5. Interpolation estimates

Let [ CT'(t)) — SL(t) be the lifted Lagrange interpolation operator,
where C(I'(t)) denotes the space of continuous functions on I'(t); cf.
[31] for further details on the interpolation operator. The following
interpolation estimate holds.

Lemma A.3.7. For m < 3and p € {2,00} there exists a constant
¢ > 0 independent of h and t such that for u € W>P (T(t)):

[t — Iyl oy + 1l Ve — L) || oy
< ch? (HV%MHLP(F(t)) + 1| Vru|| o)

Proof. Since m < 3 and I'(f) is smooth and compact, a Sobolev
embedding theorem, cf. [5, theorem 2].20, implies W>?(T'(t)) C
C(I'(t)). Hence I,u is well defined.
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The estimate for the case p = 2 is stated in [31, lemma 5.3]. On the
reference element a interpolation estimate for the case p = co was
shown in [76, theorem 3.1]. Using the estimates appearing in the
proof of [29, lemma 3] and combining these with standard estimates
of the reference element technique we obtain the stated result. W

A.3.6. Discrete geometric estimates

We recall some notions using the lifting process from [29], [31] and
[66] using the notation of the last reference. By J;, we denote the
quotient between the continuous and discrete surface measures, dA
and dAj, defined as ¢, dA;, = dA. Further, we recall that

pr=1-— nn’ and pr,=1— nhnz;/

are the projections onto the tangent spaces of I' and I',. Finally H
(Hij = g—;‘;) is the (extended) Weingarten map. For these quantities
we recall some results from [31, 35] and [66], having the exact same
proofs for the ALE case.

Lemma A.3.8. Assume that I'y(t) and T(t) satisfy the above, and
T'(t) is C* in time, then we have the estimates

HdXHL"O(Fh) < Cth Hn - nhHL“’(rh) < ch,
— 0y 0 -~ c 7 (<] -~ c Vi
11 = ullpe,y < ch? 1@Vl gy < b2
lpr — prpr, pril s, < ch?,

where (8,:)“) denotes the (-th discrete ALE material derivative.

Proof. The first three inequalities have been proven in [35] lemma
5.4. The fourth inequality for ¢ > 1 is presented in [66] lemma 6.1.
The last inequality has been shown in [31] lemma 5.1. |
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A.3.7. Bilinear forms and their properties

We use the time dependent bilinear forms defined as in [35] section
3.3. For z, € H' (T'()) we set
’ = \Y -V ’
a(z, @) /F(t) rz-Vre
me 9= [ =9
8(w;z, ) = / (Vr - w)zg,
NG
b(w; z, ¢) = /( ) B(w)Vrz - Vre,
I(t

and for Z;, ¢, € Sy(t) we define their discrete analogs as

an(Zn, pn) = Y /Evrhzh “Vr,n,

EeT,

my(Zy, $n) = /r o Zydy

Sh(Wh; Zy, 1) =/ (Vr, - W) Zp,

Iy (t)

b(Wi; Zn, i) = ) /Bh(Wh)Vthh - Vr,¢n,
E€T, E

where the discrete tangential gradients are understood in a piece-
wise sense, and with the matrices

B(w)ij = 6;j(Vr - w) — (Vr)iw; + (Vr)jw;),
Bu(Wi)ij = 6i(Vr - Wi) — ((Vr,)i(Wh)j + (Vr,)i(Wh)i),

wherei,j=1,2,...,n.

Following [35] the ALE velocity of lifted material points is defined
as follows: Denote by Ly:I',(0) — I'(0) the Lift for the initial surface
and denote by L:Tj,(t) — T['(t) the lift at time ¢, cf. equation (A.14).
In a straightforward way the ALE dynamical system 4 on I'(t)
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defines a discrete ALE dynamical system Aj, on T';(f). Aj, can be
interpreted as the interpolation of A. It holds

dAj,

F(xgl t) = Wh(Ah(x2/ t)/ t)

Define
AL:To x [0, T — R™Y,  (xo, 1) > L' <Ah (ﬁgl(xo),t)).

Obviously it holds Al (T, ) = I(t). We note that A}, is just curved
element wise smooth. Analogous to equation (A.3) we define the
corresponding velocity T(t) — R™*!, x +— wy(x, t) via

d
wy, (Al (xo, 1), t) ’:aAL(XOI f). (A.22)
Again like in section A.2.1 the map

Al:To x [0,T] = Gr

is bijective and now analogously to equation (A.4) we define the
corresponding discrete ALE material derivative for function on the
smooth surface as

3, 1) = & fo Al

dt ‘(Zz)wx,w

If f denotes an extension of f on an open neighborhood of Gr then
we have

a;lﬁlf(x, t) = aa{

+wp(x, t) - VF(x, t).

(x,1)

130



A.3. Semidiscretization: ALE evolving surface finite element method

Lemma A.3.9. There exists c > 0 independent of h such that

|w —w | gy < ch?.

Proof. The proof has been done in [35] lemma 5.6. For the conve-
nience of the reader we recap the main arguments. Applying the
chain rule at the right-hand side of (A.22) leads to

wy(x, t) = Lw(x, t) — dx ((ﬁt)_l(x), t) (H(x, ) w(x, t) + E;l(x, t))

~n(x, b (a;l—f (LY 1), 1) +n(x, 1) - Lw(x, t)) .
Since
wy(x,t) -n(x, t) = w(x, t) -n(x, t)
and 3
a—?(x, BH-n(x,t) =0

it follows that multiplying the equation above by n(x, t) yields

(L0, 1) = i )i ).

The claim now follows by lemma A.3.8 and lemma A.3.7. |

Lemma A.3.10 ([35, lemma 4.2], [43, lemma 3.8]). For lifted ele-
ment functions zy, ¢y, € S]li(t) with discrete ALE material derivatives
o'z, o7t gy, € S) (t) we have:

d
am(zh, o) = m(7\z, @n) + m(zy, 37 pp) + §(wWp; 21, @1),

d
aﬂ(zh, @n) = a(d7\z, @n) + a(zy, 3 @r) + b(wy; 21, Pp)-
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Versions of this lemma with continuous non-ALE material deriva-
tives, or discrete bilinear forms are also true, see e.g. [66] lemma
6.4.

We will need the following estimates between the continuous and
discrete bilinear forms.

Lemma A.3.11 ([35], [43]). For arbitrary Zy, ¢y, € Sy(t), with cor-
responding lifts zy,, gy, € S} (t) we have the bound

m(zn, @) — mu(Zn, )| < B ||zl 2oy 1@nll 2oy
\a(z, @) — an(Zy, ¢n)| < ch? @l 2wy 1Vr@nll 2y
|8(@n; 20, @n) — 8e(Whi Zis )| <l ||zl 2 ey 1@l 2oy
|m(zp, (w — ) - Vrop) — my(Zy, Wy, — Vi) - Vi, én)|

< ch? Izl 2y IV @nll 20 ry)-

Proof. For the first three inequalities we refer to [35] lemma 5.5.
For the last inequality observe that

[z, (@ —0) - Vrgw) = m(Zy, (Wi = Vi) - Vi, )|
< [man, (w =) = (W} = V})) - Vrgn)

+ |z, (Wi = Vi) - Vi) = mi(Za, (Wi = Vi) - Vr, )|
< ch? Iznll 2y Ve @nll 2y

+ G, (W, = Vi) - Vrgw) = mu(Zn, (Wi = Vi) - Vr, )

7

where we have used lemma A.3.7 for the last inequality. The
inequality

[, (W= Vi) - Frqu) = my(Z, (Wi = Vi) - Vi, )
< c? ||zl 2y 1V @nll 2y
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follows from [43, lemma B.3]. For the convenience of the reader we
recap the arguments. It holds

/ 2z (W), — V) - Vrgp dA — / Zy(Wy — V) - Vr, ¢ dAy
I'(t) ru(t)

- /r ) 2(WL = V) - (pr —(6)) "V pr, (I — dH) pr) Vi gy dA.
Using lemma A.3.8 we estimate as

|pr —((5%)*1 pr, (I — dH) pr|
< ch? + (I —pr,,(I — dH)) pr| < cl?,

which implies the claim. [ |

A.3.8. The Ritz map

We use nearly the same Ritz map introduced in [62] definition 8.1,
but for the parabolic case a much simpler version suffices:

Definition A.3.12. For a given z € HY(I'(t)) there is a unique
Pz € Sy(t) such that for all ¢, € S;,(t), with the corresponding
lift ;, = ¢}, we have

a;(Puz, ¢n) = a"(z, 1), (A.23)

where a* := a+m and aj, = aj, + my,, to make the forms a and
ay, positive definite. Then P,z € S;l(t) is defined as the lift of

Pwhz, ie. Pyz = (ﬁz)l.

Remark A.3.13. The Ritz map in (A.23) is a simplified version of
the Ritz map considered in [66] definition 7.1 and [62] definition
8.1. The Ritz map in the first reference is actually a more general
one then (A.23), since for the choice { = 0 there, we obtain our Ritz
map, see the proof below.
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A different Ritz projection has been used [35] and [43] appendix
C. In these articles a Ritz projection is defined via

Q(PhZ, (Ph) = a(zl (Ph)/ V(Ph € S;l(t)

/ PozdA = / 2dA =0.
() T(t)

More recently in [40, section 3].6, a different Ritz map is defined via

ay(Pyz, o) = a(z, L), Vi, € Si(t)

and

and

ﬁzszh:/ zdA.
T () I'(#)

Lemma A.3.14. The Ritz map satisfies the bounds, for 0 <t < T
and h < ho with a sufficiently small hy,

Iz = Puzll 2y + 1 V0 = Pud)ll 2wy < B 120 gy
¢ ¢
||(8,“14)( )(Z - 73hZ)HLZ(r(t)) +h HVF((aﬁl)( )(Z — Puz)) HL2(r(t))

¢
< c® Y 110Nzl ey
0

where the constants c and c, are independent of h and t € [0, T].
Proof. [66] has defined a Ritz map as follows. For given { € HY(T'(t))
he defined P;: H(I'(t)) — Sy(t) via the equation

ai(Puz, ¢n) = a*(z, ¢h) +m(, (o — ) - Vrdl) oy, € Su(h),

where v, plays no role in our setting. Nevertheless, since the proof
includes the case { = 0 our claim follows from [66, theorem 7.2 and

7.3]. [ |
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A.4. Stability

A.4.1. Stability of implicit Runge-Kutta methods

We consider an s-stage implicit Runge-Kutta method (R-K) for the
time discretization of the ODE system (A.12), coming from the ALE
ESFEM space discretization of the parabolic evolving surface PDE.
In the following we extend the stability result for R-K methods of
[37], Lemma 7.1, to the case of ALE evolving surface finite element
method. Apart form the properties of the ALE ESFEM the proof is
based on the energy estimation techniques of [64, theorem 1].1.

For the convenience of the reader we recall the method: for
simplicity, we assume equidistant time steps t, = nt, with step
size T. Our results can be straightforwardly extended to the case of
nonuniform time steps. The s-stage implicit Runge-Kutta method,
defined by the given Butcher tableau.

(ci) | (ai))
;) ’
applied to the system (A.12):
S (M(t)a(t)) + AB)a(t) + B(t)a(t) = 0
«(0) = ap,

where we have set Ug = ijil ao,jX;( -, 0), reads as

S
M, = My, + TZai]-ticn]-, i=1,2,...,s, (A.24a)
j=1

S
My1041 = My, + sziﬁ‘nir (A.24b)
i=1
where the internal stages satisfy
0=d, + By + Aoy, 1=1,2,...,

2]

, (A.240)
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A. Arbitrary Lagrangian Eulerian finite elements on evolving surfaces

with Am' = A(tn + CZ'T), B, = B(tn + CZ'T), M, = M(tn + CZ'T) and
M1 = M(ty+1). Here &, is not a derivative but a suggestive
notation.

We recall that Uy(-,t) = Z]-Iil aj(t)x;( -, t) for the semidiscrete
case from section A.3.2, and for the fully discrete case we define
Up = Ty (- ).

Assumption A.4.1. We assume that:

e The method has stage order 4 > 1 and classical order p >
q+1.

e The coefficient matrix (a;;) is invertible; the inverse will be
denoted by upper indices (a”).

e The method is algebraically stable, i.e. b; > 0 Vj and the follow-
ing matrix is positive semi-definite:

(bia,‘]‘ - b]-aj,- - bibj)ls',]‘:y (A.25)
e The method is stiffly accurate, i.e. for j=1,2,...,s it holds

bj = asj, and cs = 1. (A.26)

Instead of (A.12), let us consider the following perturbed equa-
tion:

A.
7(0) = &, (A-27)

{ (ML) + ABR() + BEE) = M(Dr(t),

The substitution of the true solution a(t) of the perturbed problem
into the R-K method, yields the defects A,; and 4,;, by setting
€n = 0y — &(tn)/ Eni = ayi — E(tn +¢;T) and Eni = Qi — E‘(tn +¢;7),
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again E,; is not a derivative. Then by subtraction the following error
equations hold:

s
M,;E,; = Mye, + Tza,‘]’En]' AT (A.28a)
j=1
s
M, 1ep41 = Myey, + sziEni — Ons1, (A.28Db)

i=1
where the internal stages satisfy:
Eni + ApiEyi + ByiEyi = — Myityi, (A.28¢)
with ry,; =r(t,+¢T)andi=1,2,...,n.

Similar to [37], lemma 7.1 or [66], lemma 3.1, we present a stability
estimate (such that the choice of 7 is independent of h) for the
above class of Runge-Kutta methods. Since the method (A.24) and
the error equation (A.28) both involve only matrices and vectors,
we first establish this stability estimate in terms of nodal error
vectors with corresponding time-dependent norms (A.15). Using
(A.15) this estimate can be translated into L?- and H'-norms of the
corresponding finite element error functions. This result will be
related to the norms of Uy, through the error, later in theorem A.5.2
and A.5.3.

Lemma A.4.2. For an s-stage implicit Runge-Kutta method satisfy-
ing Assumption A.4.1, there exists a Ty > 0, depending only on the
constants y and «, such that for T < 19 and t, = nt < T, that the
error ey is bounded by

n n—1 s
2 2 2 2
lenliy, + 7Y lela, < C{ leolng, + T ) Y I Miiriill i
k=1 k=1 i=1
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2 n—1

+ri

n S
My k=0 i=1

+TY

_ 2 _ 2
(’MkilAki|Mki + ’MkilAki|Ak,-> }/
k=1

k
T

where HwHik = wT (A(ty) + M(ty)) 'w. The constant C is inde-
pendent of h, T and n, but depends on u, x, T and on the norm of
the difference of the velocities. The constant Ty depends on the ALE
velocity, see lemma A.3.5.

Proof. (a) By using (A.28a) — (A.28c) and algebraic stability (A.25)
the following inequality holds for the ALE setting:

S
|€n+1 |§\/{n+1 < (1+2pu7) |en|?\/1,, +27 Zbi <Eni ’ Mn_+11 ’ M, Eyi + Ani>
i-1
2 ni1 |
+T |Epsaly,, + (1 +30)7 | = . (A.29)
T M1

n+1

We want to estimate the second term on the right-hand side of
(A.29). Obviously the equation

<Eni | Mn_+11 | MyiEyi + Api) = <Eni | M;il | MyiEpi + Dpi)
+ (Eni | M, Y, — MV | MyiEi + Ayi) - (A30)

n+l

holds. The second term on the right-hand side of (A.30) can be
estimated by (cf. [66] lemma 3.1, (3.14)):

(Eni | My — Mt | MyiEgi + D)

n+l
2 : 2 2
< C{lenlin, + 1o 1Euilin, + Bl }- (A30)
j=1

(b) We have to modify the estimation of the first term on the right-
hand side of (A.30). Using the definition of internal stages (A.28c),
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A.4. Stability

we have
<Eni | M;il | MniEni + Ani> = - ’Eni&m - <Mnirni | Eni + M,:ilAni>
- <Eni ’ Ani | M;ilAni>
- <BniEni ’ Em' + M;l'lAni>- (A32)

The last term can be estimated by Lemma A.3.6 as
| (BuiEni | Eni+ My Aui)| < [(BiEni | Eni)| + | (BiEni | My Aui)|
<C |Eni’Mm- |Eni|Am. +C ‘Eni|Mni |M;1'1Ani|Ani

1 _
< C|Euil3y, + 1 |Enil%y, +C |Enil3y, +C M Auils . (A33)

While the other terms can be estimated by the following inequality
(shown in [66] lemma 3.1):

- ’Eniﬁ\n, + ‘<Mni7’ni ‘ Ei+ M;;ilAniH + ‘<Em‘ ’ Api ’ M;;ilAniH
1 1
< ) ‘Eni&ni g |Eni|?\/1n,~
+C(IM Ay, + M Ail})- - (A34)
We continue to estimate the right-hand side of (A.32) with (A.33),
(A.34) and arrive to

) B 1 2 2
E,; 1 Ei+ M) < —= |E,,; E,i
(Eni ’Mn+1 | MiiEpi + i) < 4 | ”Z‘Am‘ +C(] ”Z‘Mm' ) (A.35)

_ 2 -
+ |MnilA7’li’Mm- + |MnilAni|A,1,‘ )'

(c) Now we return to the main inequality (A.29), consider equation
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(A.32) and plug in the inequalities (A.31) and (A.35) to get

1 S

2 2 2

‘ff’n+1‘Mﬂ+1 - ’€n|MH + [LT_lebi ‘Eni’Am-
=

S
2 2 2
< cr{lealhy, + Lo 1Bl + [Magri 12, (A.36)

j=1

: 1 2 1 2 Ons1 2

V(M Al + M AT )+ 222
. -1
j=1 M, 4

(d) Next we estimate |Enj|?v1njr in [66] lemma 3.1 one can find the
estimate:

S
|Enil3y, < C<|€n\i4n + 7Y aij (Enj | Eni) + ‘M,;'lAniﬁ\/[m)- (A.37)
=i

We have to estimate (E,; | E,;), with equation (A.28c) we get

<En] ’ Eni> = - <En] ’ Anj ’ Eni> - <Mnjrnj ’ Em’> - <anEnj ‘ Eni>-
(A.38)
The following inequalities can be shown easily using Young's-
inequality (¢ will be chosen later) and Cauchy-Schwarz inequality:

- <Enj | Ayj | Eni) < C(K)(‘Enj&,,j + |Eni|i}m)r
1
- <anEnj | Eni> <e |En]|?\/1n] + @C(K) |Eni|%4n,-

1
- <Mnj7nj ‘ Eni> < C(Vr K)(& ||Mnfr”j

2 2 2
i+ e(Euly, + |Eulh))-

Using the above three inequalities to estimate (A.38), we get

(Euj | Eus) < CG,3) (¢ |Euili, + C@ il

) ) (A.39)
+ |Enj\Aﬂ]. + C(e) || Myjrj|

*,1j "
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A.4. Stability

Using this for a sufficiently small ¢ (independent of T) we can
proceed by estimating (A.37) further as

2 2
[Enili, < C(leal3s,

S
2 2 - 2
+ Tzﬂij(‘E”f’Am’ + HMnj”njH*,nj) + |Mni1A”i‘Mm)'
j=1

(e) Now for a sufficiently small T we can use the above inequality
to estimate (A.36) to

2 2 1.8 2
|en+1|Mn+1 - |€n|Mn + gTZ;bi |E"i|Am~ <
1=

S S
2 2 — 2
Cr{ lealis, + 3 IMuirnll? s + Lo (IM Al +
i=1 i=1
5n+1 2

T

— 2
’MnllAnl ’Am' ) +

3

Summing up over n and applying a discrete Gronwall inequality
yields the desired result. u

M—l

n+1

A.4.2. Stability of Backward Difference Formulas

We apply a backward difference formula (BDF) as a temporal dis-
cretization to the ODE system (A.12), coming from the ALE ESFEM
space discretization of the parabolic evolving surface PDE.

In the following we extend the stability result for BDF methods of
[63], Lemma 4.1 to the case of ALE evolving surface finite element
method. Apart from the properties of the ALE ESFEM the proof is
based on the G-stability theory of [20] and the multiplier technique
of [69]. We will prove that the fully discrete method is stable for
the k-step BDF methods up to order five. Again the stability holds
without a CFL-type condition.
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We recall the k-step BDF method, applied to the ODE system
(A.12), with step size T > 0 and given starting values a,,_¢, ..., &,_1:

1k
= Z():(S]-M(tn,j)ocn,j + A(ty)a, + B(t))a, =0, (n>k),  (A.40)
]:

where the coefficients of the method is given by J({) = Z;‘:O 5]-Cj =
ZIE(=1 %(1 — 0)!, while the initial values are ag, a1, . .., &¢_1. Again Uy,
and « is related through (A.11). The method is known to be 0-stable
for k < 6 (but not A-stable for k > 3) and have order k, for more
details we refer to [49] chapter V.

Instead of (A.12), let us consider again the perturbed problem

Gif(M(t)Ec(t)) +A(ta(t) + B(Ha(t) = M()r(t)
(A.41)

#(0) = &.
By substituting the true solution &(t) of the perturbed problem
into the BDF method (A.40), we obtain
1k
= }:bjéjM(tn,j)acn,j + A(tn) iy + B(ty) &, = —d,, (n > k).
J=
Then by introducing the error e, = a,, — &(t,), multiplying by 7, and
by subtraction we have the error equation
k
Y 6iM,_jen_j+TAue, +TBye, = Tdy, (n > k). (A.42)
j=0

We recall two important preliminary results.
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A.q. Stability

Lemma A.4.3 ([20]). Let 6(C) and u(g) be polynomials of degree at
most k (at least one of them of exact degree k) that have no common

divisor. Let (- | - ) be an inner product on RN with associated norm
-1l 1f 50
Re—2 >0, or <1,

then there exists a symmetric positive definite matrix G = (g;;) €
Rk and real Y0, - - -, Yk such that for all vy, ..., v, € RN

k k k
<Z5ivki Zﬂivki> =Y gij (vi|vj)
i=0 i=0

i,j=1
k k

- Z 8ij (Vi1 !qu) + ‘Z’Yﬂ?i
i=0

ij=1

:

holds.

Together with this result, the case u(¢) = 1 — g will play an
important role:

Lemma A.4.4 ([69]). If k < 5, then there exists 0 < n < 1 such
that for 3(7) = Ly $(1 - 0)",

(%)
Rel—nC>O’ for |C|< 1.

The smallest possible values of 1 is found to be y = 0, 0, 0.0836,
0.2878, 0.8160 for k =1,2,...,5, respectively.

We now state and prove the analogous stability result for the BDF
methods. Again using (A.15) this estimate can be translated into L2-
and H!'-norms of the corresponding finite element error functions,
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see later in theorem A.5.4.

Lemma A.4.5. For a k-step BDF method with k < 5 there exists
a 19 > 0, depending only on the constants y and «x, such that for
T < 1yand t, =nt < T, that the error e, is bounded by

n n
2 2 2 2
|en‘Mn +T]gk: ’ej’A]- < ergk; “dj“*'7+cogrnig&}<)i1 ‘ei‘M,-

where Hwﬂ*lkz = wT (A(ty) + M(ty)) 'w. The constant C is inde-
pendent of h, T and n, but depends on u, x, T and on the norm of
the difference of the velocities. The constant Ty depends on the ALE
velocity, see lemma A.3.5.

Proof. Our proof follows the one of lemma 4.1 in [63].

(a) The starting point of the proof is the following reformulation
of the error equation (A.42)

k k
My Y _bien_j+TApen + TByen = Tdy + Y 6;(My — My_j)ey_j
=0 =1

and using a modified energy estimate. We multiply both sides by
ey — ney—1, for n > k+1, which gives us:

Li+11L, =111, +1V, -V,

where

In = <;5]en] ‘ Mn €n — 77671—1>/

I, =7 (en| Anlen — nen_1),
I, =7 (dy | en — nes_1),

k
V= Y e | M= M e = 1),
j=1
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A.q. Stability

Vn =T <6n | Bn | ey — 176n71>.

(b) The estimates of I,,, I1,,, 111, and IV, are the same as in the
proof of [63, lemma 4.1]. For the convenience of the reader we
repeat them:

2 2
L 2 |[EallG 0 = [1En-1llG,0r

I, _ 21 . )

7” Z 2 |el’l|An - C77 |e”_1|An,1’
|I11, ’ l -7 2 2

T 1 Hd H 2 (E |ei’l‘An + ‘en’Mn)

2
+(1 ’7)C<|3n 1|A,11 |3n71|Mn,1)r

1V

e (N A )

We note that during the estimation of I1I, we used Young's
inequality with sufficiently small (T independent) .

The nonsymmetric term V, is estimated using Lemma A.3.6 and
Young's inequality (with sufficiently small ¢, independent of 7):

[Vu| < Ct |en‘Mn( ‘eﬂ’A,, +1] len—l‘AH)
=Ct ’e"’Mn ’e"’An +Cyt ’e"’MH "371—1|AH
1 2 2 1 2 2
< TCE ]en]Mn +eT ]en|An + TCE \en\Mn + 87721' ‘en—llAﬂ,l
(c) Combining all estimates, choosing a sufficiently small & (in-

dependently of 1), and summing up gives, for T < 1 and for
k>n+1:

2
[EnllG,, + (1= ;1 lejl%, < Ct Z IEilIE,
] +
n

2 2
+CT Y I3, + O e,

j=k+1
(A.43)
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where E, = (e, ..., €,_k+1), and the

k
HEnHZG,n = Z &ij <€n—k+1 | M, | en—k+j>-
ij=1

(d) To achieve the stated result we have to estimate the extra term
|ek|%/1k +T |ek|ik. For that we take the inner product of the error
equation for n = k with ¢ to obtain

k
50|€k|M +T|€k|A =T dk|ek 25] Mk,]-ek,]-|ek>
j=1
+7 |{ex | Bx | ex)|-

Then the use of Lemma A.3.6 and Young’s inequality (again with
sufficiently small €) and (A.16), yields

2 2 2 2
leicl, + T lexla, < CTlldillie+C max el

Similarly as in [63, lemma 4.1] using the discrete Gronwall inequal-
ity for (A.43) and the above estimate concludes the result. ]

A.5. Error bounds for the fully discrete solutions

We start by connecting the stability results of the previous section
with the continuous solution of the parabolic problem. Then using
the Ritz map of u we will show the convergence of the error, which
— together with the stability results — leads us to our main results.
We will prove that the full discretizations, ALE evolving surface
finite element method coupled with Runge-Kutta or BDF methods
converges. The convergence does not require a bound on T in terms
of h.
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A.5.1. Bound of the semidiscrete residual

Before turning to the fully discrete problem we show error bounds
for the semidiscretization.

Since the stability analysis only uses the matrix-vector formula-
tion (A.27), (A.41), but not the semidiscrete weak form, we follow
[63, Section 5], using the Ritz map, to define the finite element
residual,

N
Ru(-, 1) =) ri®xi(-, 1) € Su(),
j=1
by duality pointwise in time, as follows. Let

- Ryu( -, )pn = Li(Pr), Vi € Sp(t), (A.44)

where, for a fixed t € [0, T], the linear functional L; : S;,(t) — R is
defined as follows: for a given finite element function

N
dn =Y cixi(-,t) € Su(t),
j=1

define the temporal extension ¢y(s) € Sy(s) as the finite element
function with the same nodal values

N
Pu(s) = }_cixj(+,5) € Su(s), (s € [0, T]).
j=1

Then, 97 ¢y (s) = 0 for all s, by the transport property (A.g) of the
basis functions. We now define

d ~ ~
L) =5 [ P, 0gu( 0+ [ e, B
0= g |, P g0+ [ I P,
Ing 0+ [ P D0~ Vi) g,
h
and determine the residual Ry( -, t) by (A.44).
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The above construction yields the following linear ODE system
with the vector r(t) = (r;(t)) € RN:

%(M(f)ﬁé(f)) + A(Da(t) + B(ta(t) = M(b)r(t),
which is the perturbed ODE system (A.27) and (A.41).

We show second order error bounds for the residual R, using the
bounds on the Ritz map.

Theorem A.5.1 (Bound of the semidiscrete residual). Let u, the
solution of the parabolic problem, be smooth. Then there exists a
constant C > 0 and hy > 0, such that forall h < hyand t € [0, T],
the finite element residual Ry, of the Ritz map is bounded by

2
HRh( ) rt)HHh‘l(l“h(t)) < Ch%,

where the constant C is independent of h and t, but depends on T
and on the solution u. The H, *-norm of Ry, is defined as

Rh( ty t)/ h
HRh( ty t)HH_l(l"h(t)) = sup < (P >L2(rh(t))
" ¢n#0 o HHl(Fh(t))

4

where ¢y, € Sy(t) is fix in time.

Proof. (a) We start by applying the discrete ALE transport property
to the residual equation (A.44) and using the definition of L;, for
Pru € Sp(t):

my(Ryy, dn) = my @i Pit, gn) + an(Prit, o) + u(Wi; Prid, @)
+my(Ppu, (Wi, — Vi) - Vi, 0p).

(b) We continue by the transport property with discrete ALE
material derivatives from Lemma A.3.10, but for the ALE weak
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form (from Lemma A.2.5)
0= m(ahAu, <p§l) +a(u, (pi) + g(wp; u, goi) +m(u, (w —v) - Vr(pi).

(c) Subtraction of the two equations, and using the definition of
the Ritz map (A.23), we obtain the following expression for the
residual:

my(Ry, ¢n) = my 05 Pytt, pn) — m(@7'u, @})
+ 8n(Wiis Putt, @) — g(wp; 1, 9})
— (mu(Pyut, pn) — m(u, @}))
+ my(Pytt, Wiy — Vi) - Vi, @) — m(u, (w — v) - Vrh).

(d) We estimate these pairs separately, we show the basic idea by
using the nonsymmetric term: We aim to use lemma A.3.8 and the
error estimate for the Ritz map, Lemma A.3.14, namely we estimate
as —

my(Pyt, Wy — Vi) - Vi, @n) — m(Pyut, (w — v) - Vrg})

+m(Pyu — u, (w — 0) - Vre)) < CH || @} | rep)-

The other pairs can be estimated in the same way: by Lemma A.3.11
and the errors in the Ritz map (in fact they can be bounded by

CI? [|onl r2rry)- u

A.5.2. Error bounds

The direct application of the stability lemmata for Runge-Kutta
methods and BDF methods (Lemma A.4.2 and Lemma A 4.5, re-
spectively) gives error estimates between the projection Puu( -, ty)
and the fully discrete solution U}’ (ALE ESFEM combined with a

temporal discretization), i.e.

N
Ui =Y alxi(-, tn) € Si(b),
j=1
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where the vectors a”" are generated, either by an s-stage implicit
Runge-Kutta method (A.24), or by a BDF method of order k (A.40).

Implicit Runge-Kutta methods

Now we can prove the analogous error estimation result from [37,
theorem 8.1] ([66, theorem 5.1]).

Theorem A.5.2. Consider the arbitrary Lagrangian Eulerian evol-
ving surface finite element method as space discretization of the
parabolic problem (A.1) with time discretization by an s-stage im-
plicit Runge-Kutta method satisfying Assumption A.4.1. Assume
that the solution u and the surface I'(t) is smooth. Then there exists
T > 0, independent of h, but depending on the ALE velocity (see
lemma A.3.5), such that for T < 7, for the error

Ef = U — Pyu( -, t)

the following estimate holds for t, = nt < T:

NI=

n
i 12
1Ry + (T2 IV Bl )
j=

N|—

n—1 s
< CBuge +C(T L L IR b+ D)y e
k=0

i=1
0
+C HEhHB(rh(to))/

where the constant C is independent of h and T, but depends on T,
and we have

" T A0S
Phg = /0 Y @O Pan)(-, Ol 2, vy
/=1
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q+1 N i
+ Y 1V, @ O Py, )| de.
/=1

Later on in the proofs we will use the existence of high order
material derivatives of Pju. This follows as a combination of the as-
sumed regularity of the evolution of I'(t) and the assumed regularity

of the exact solution u.

The version with the classical order p from [37] Theorem 8.2
(or [66, Theorem 5.2]) also holds in the ALE case, if the stronger

regularity conditions are satisfied:

d(k],,k])

gk-1
-1
FPGEY (Amme) )dtfc—l

1 d(kj ..... kl) df(fl
i dtk-1

(M(t)ﬁc(t))

M) <,

|M(t)1

(M@®E®) |4 < 7,

forallkj21andl~czq+1withk1+---+kj+l~c§p+1,where

d(k]-,..,,kl)f dk]-—lf dk1—1f
dt(k],,kl) = dtkjfl e dtklfl

Theorem A.5.3. Consider the arbitrary Lagrangian Eulerian evol-
ving surface finite element method as space discretization of the para-
bolic problem (A.1), with time discretization by an s-stage implicit
Runge-Kutta method satisfying Assumption A.4.1 with p > q+ 1.
Assuming the above regularity conditions. There exists 19 > 0
independent of h, but depending on the ALE velocity (see lemma
A.3.5), such that for T < Ty, for the error Ej} = U}’ — ﬁlu( -, ty) the
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following estimate holds for t, = nt < T:

n . 2 %
1B oo + (T 1V re) Bl iz )
j=1

n—1

N|—

2
< Gy’ +C (T |Ru( -ty + Cz'T)HH,;l(rh(tkﬂir)))

S

k=0 i=1
0

+C ||E, ||L2(F;,(t0))'

where the constant Cy is independent of h and T, but depends on T
and .

Proof of theorem A.5.2 and A.5.3. The proofs of the two theorem
above is a combination of our previous results, especially the stabil-
ity lemma, lemma A.4.2, and the relation

IMarnlln = IIRRC o )l e,y

cf. [66] (5.5). Otherwise they are the same as the proof in [37, section
8] or see [66, theorem 5.1, 5.2]. The & and T independency holds
since the used stability lemma is also independent of them. n

Backward differentiation formulas

We prove the analogous result of [63, theorem 5.1] ([66, theorem
5-3))

Theorem A.5.4. Consider the arbitrary Lagrangian Eulerian evol-
ving surface finite element method as space discretization of the
parabolic problem (A.1) with time discretization by a k-step backward
difference formula of order k < 5. Assume that the solution u and the
surface I'(t) is smooth. Then there exists Ty > 0, independent of h,
but depending on the ALE velocity (see lemma A.3.5), such that for
T < T, for the error E}} = U}l — ﬁu( -, tn) the following estimate
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holds for t, = nt < T:

NI

n .
2
(AT COM A AT
j=1
~ k n 2
j=

N|—

i
+ Cogningakx_1 HEh HLZ(F;,(fi))/

where the constant C is independent of h and T, but depends on T,
and we have

B T k+1 -
Bi= [ LIOHOPun(-, Dl .
(=1

Proof. The proof of this theorem relays on the corresponding h
and T independent stability result, i.e. lemma A.4.5. Otherwise we
follow the proof of [63, theorem 5.1], or [66, theorem 5.3]. [

Remark A.5.5. The quantities Eﬁq and E%k from theorem A.5.2 and
theorem A.5.4 require existence of higher order discrete ALE mate-
rial derivatives of the Ritz projection of u and further that they are
bounded w.r. to the L? resp. H! norm. The existence of higher order
material derivatives can be seen as follows: Rewrite equation (A.23)
as a matrix vector equation for the coefficients of Ppu. Discrete ALE
material derivatives corresponds to usual time derivatives for the
coefficients of Pju. Hence if we assume that the ALE dynamical
system is smooth and that the exact solution is smooth, then it
follows that higher order discrete ALE material derivatives of u
exists. The boundedness of them follow from lemma A.3.14.
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A.5.3. Error of the full ALE discretizations

We compare the lifted fully discrete numerical solution uj = (U};‘)l
with the exact solution u( -, t,) of the evolving surface PDE (A.1),
where U} = Z]-Iil oc}“ Xj( -, tn), where the vectors a" are generated by
the Runge-Kutta (A.24) or the BDF method (A.40).

Now we state and prove the main results of this paper.

Theorem A.5.6 (ALE ESFEM and R-K). Consider the arbitrary
Lagrangian Eulerian evolving surface finite element method as space
discretization of the parabolic problem (A.1) with time discretization
by an s-stage implicit Runge—Kutta method satisfying Assumption
A.q.1. Let u be a smooth solution of the problem, as in theorem A.5.2
and A.5.3, and assume that the initial value is approximated as

Hu](/)l - (Phu)( : ’O)HLZ(F(())) < Cohz.

Then there exists hg > 0 and 9 > 0, such that for h < hy and
T < 1, the following error estimate holds for t, = nt < T:

NI—

n
j 2
i = o)l iz + 1 (710 1 = 4 ) B
=1
< C (77 + 1?).

The constant C is independent of h, T and n, but depends on T and
on the solution u.

Assuming that we have more regularity: conditions of Theorem
A.5.3 are additionally satisfied, then we have p instead of q + 1.

The analogous statement with BDF time discretization reads as
follows.
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A.5. Error bounds for the fully discrete solutions

Theorem A.5.7 (ALE ESFEM and BDF). Consider the arbitrary
Lagrangian Eulerian evolving surface finite element method as space
discretization of the parabolic problem (A.1) with time discretization
by a k-step backward difference formula of order k < 5. Let u be a
smooth solution of the problem, as in theorem A.5.4, and assume that
the starting values are satisfying

i 2
onax, [ty = (Pu)(+, £ 120y < Coh™

Then there exists hg > 0 and Ty > 0, such that for h < hy and
T < 19, the following error estimate holds for t, = nt < T:

NI—=

n
‘ 2
[y — u(- /tn)HLZ(l"(tn)) +h (TZ |”§, —u(- /tj)‘Hl(l"(t]-)))
j=1
< C(Th+1?).

The constant C is independent of h, n and n, but depends on T and
on the smooth solution u.

Proof of theorem A.5.6—A.5.7. The global error is decomposed into
two parts

= (e, ta) = (= Py, 1) + (P 1) = u(-, 1)),

and the terms are estimated by previous results.

The first term is estimated by a combination of the theorems and
lemmas form the previous sections, in particular the convergence
results for Runge-Kutta or BDF methods: theorem A.5.2, A.5.3 or
A.5.4, respectively, together with the residual bound theorem A.5.1,
and the errors for the Ritz map and for its material derivatives,
lemma A.3.14.

The second part is estimated again by the error estimates for the
Ritz map, lemma A.3.14.
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The h and T independency holds, since all our previous results
are shown to be independent of these quantities, therefore this
property is preserved. The constant 7y depends on the ALE velocity,
see lemma A.3.5. |

A.6. Numerical experiments

We present numerical experiments for an evolving surface parabolic
problem discretized by the original and the ALE evolving surface
finite elements coupled with various time discretizations. The fully
discrete methods were implemented in Matlab and DUNE [22],
while the initial triangulations were generated using distmesh from
[71].

The ESFEM and the ALE ESFEM case were integrated by identical
codes, except the involvement of the nonsymmetric B matrix and
the evolution of the surface. The ODE system giving the surface
movement (see (A.45) below) was solved by the exact same time
discretization method as the PDE problem itself (with the same step
size), while in one experiment the ALE map is given (see (A.46)).
To illustrate our theoretical results we choose two problems which

were intensively investigated in the literature before, see [37, 63, 43]
and [6]. Specially for ALE experiments see [42] and [43]. For all
experiments the material velocity equals the normal velocity.

Observed order of convergence: With the aid of the first experiment we
will present experimental order of convergences (EOCs). We choose
a problem which was presented before in, e.g. [37].

Namely the surface is given by

T = {x € B® | a()) " +x3+23 — 1 =0},
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where a(t) =1+ 0.25sin(27tt). The problem is considered over the
time interval [0, 1]. The right-hand side f was computed as to have
u(x, t) = e % x1x, as the true solution of the problem (A.1).

The normal velocity is given by the above distance function, cf.
[31, section 2]. The ALE velocity is chosen to be

0.257t cos(27tt) .
1+0.25sin(27tt)"

wi(x, t) = wy(x,t) =0, ws(x,t)=0.
Discretization in space is always done with ALE ESFEM. Discretiza-
tion in time is done with BDF 1 and BDF 3. For k = 1,...,n let
(Tx(t)) and (7¢) be a series of triangulations and time steps. In
general we choose 2h; ~ hy_1. For BDF 1 we choose 47 = T
with initial step 73 = 0.1 and for BDF 3 we choose \S/irk = Tp_1 with
initial step 71 = 0.01. By e, we denote the error corresponding to
the mesh 7i(t) and stepsize 7;. Then the EOCs are given as

In(ey/ex—1)

E =
OC In(2)

, (k=2,3,...,n).

In table A.1 and table A.2 we report on the EOCs, for the ALE
ESFEM with backward Euler method (BDF 1) and BDF 3, respec-
tively, corresponding to the norm and seminorm

/12y . n
LR max [l —uC bl e,
2 1 al n 1/2
L*(H'"): (TZ Ve, (uy — u 'ftn))||L2(r(tn>>> :
n=1

The results for BDF 1 have already independently been reported
in [43]. The non-ALE data for the same example can be found in

[37, 66].

Comparison of ALE and non-ALE methods: We consider the evolving
surface parabolic PDE (A.1) over the closed surface I'() given by
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level

dof

L*(L?)

EOCs

L2(HY)

EOCs

1

2
3
4
4

126
516
2070
8208
32682

0.02455766
0.00753037
0.00201268
0.00051164
0.00012858

1.7053
1.9036
1.9759
1.9923

0.05203599
0.01689990
0.00583376
0.00282697
0.00141542

1.6224
1.5345
1.0451
0.9980

Table A.1.: Errors and EOCs for BDF 1 in the L*(L?) and L?(H')
norms for the ALE case

level

dof

L*(L?)

EOCs

L2(HY)

EOCs

1

2
3
4
5

126
516
2070
8208
32682

0.00917003
0.00246862
0.00061587
0.00015516
0.00003929

1.8932
2.0030
1.9889
1.9815

0.02266929
0.00977487
0.00442116
0.00210023
0.00098204

1.2136
1.1447
1.0739
1.0967

Table A.2.: Errors and EOCs for BDF 3 in the L*(L?) and L?(H')
norms for the ALE case

the zero level set of the distance function

d(x, 1) = 2 + 3% + K(1)2G (L’(‘E)z) ~K(E?,
ie.,

T(t) = {x € R®|d(x,t) = 0}.

Here the functions G, L and K are given as

G(s) = 200s (s ~ %),

L(t) =1+ 0.2sin(47t),
K(t) = 0.1+ 0.05 sin(27tt).
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The velocity v is the normal velocity of the surface defined by the
differential equation (formulated for the nodes):

d
% =V (A-45)
where,
—8td(a]-, i’) Vd(a], t)
‘/j = = n] = —
[Vd(aj, b)| [Vd(aj, b)|

The right-hand side f is chosen as to have the function u(x,t) =
e~% x;1x, to be the true solution of (A.1).
Finally we give the applied ALE movement (from [42] and [43]):

(@0 = @O, @02 = @Ok
| e (A46)
(@01 = @Ok o),

hence d(a;(t),t) =0 for every t € [0, T], fori=1,2,...,N.

The discrete surfaces evolved with normal and ALE velocities
shown in Figure A.1, for time t = 0, 0.2, 0.4, 0.6. In the following
we compare the ALE and non-ALE methods with three spatial
refinements, and integrate the evolving surface PDE with various
time discretizations, with a time step 7, until T = 0.6. We set
ep(-,t) = up(-,T)—u(-,T) (T = nt). and compute the following
norm and seminorm of it

lenlp = llenC Dl 2reryy- lenl 4 = [ Vren(-, DIl 2(ry)-

The following plots show the above error norms at time T = 0.6
(left M-norm, right A-seminorm) plotted against the time step size
T (on logarithmic scale), different error curves are representing
different spatial discretizations.

In the experiments we used three different time discretizations.
The convergence in time can be seen (note the reference line). For
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£
7NN
A
'1\%&“%5:

Figure A.1.: Meshes with 376 nodes. Left: normal movement, with
Radau IIA method (s = 3). Right: ALE movement.
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A.6. Numerical experiments

sufficiently small time steps T the spatial error is dominating, in
agreement with the theoretical results. The figures show that the
errors in the ALE ESFEM are significantly smaller than for the
non-ALE case.

Figure A.2 and A.3 show the errors obtained by the backward
Euler method coupled with the two different spatial discretizations.

The following plots, Figure A.4 and A.5, show the same norms
but they are made by the five order Radau IIA method (s = 3) as a
time integrator. The last two figures, Figure A.6 and A.7, show the
results obtained by the three step BDF method.

In the case of BDF methods with non-ALE ESFEM, for bigger
values of 7, the surface itself (but not the PDE) is evolved with
smaller time steps, due to difficulties within the time integration of
the surface.
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Figure A.2.: Errors of the ESFEM and the implicit Euler method

Figure A.3.: Errors of the ALE
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Figure A.6.: Errors of the ESFEM and the BDF3 method
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Figure A.7.: Errors of the ALE ESFEM and the BDF3 method
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Appendix B.

Error analysis for full
discretizations of quasilinear
parabolic problems on
evolving surfaces

The content of this chapter is published as [56].

Abstract

Convergence results are shown for full discretizations of quasilinear
parabolic partial differential equations on evolving surfaces. As
a semidiscretization in space the evolving surface finite element
method is considered, using a regularity result of a generalized Ritz
map, optimal order error estimates for the spatial discretization is
shown. Combining this with the stability results for Runge-Kutta
and BDF time integrators, we obtain convergence results for the
fully discrete problems.
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B. Full discretization of a quasilinear parabolic problem

B.1. Introduction

In this paper we show convergence of full discretizations of quasi-
linear parabolic partial differential equations on evolving surfaces.
As a spatial discretization we consider the evolving surface finite
element method. The resulting system of ordinary differential
equations is discretized, either with an algebraically stable Runge-
Kutta method, or with an implicit or linearly implicit backward
differentiation formulae.

To our knowledge [40] is the only work on error analysis for
nonlinear problems on evolving surfaces. They give semidiscrete
error bounds for the Cahn-Hilliard equation. The authors are not
aware of fully discrete error estimates published in the literature.

We show convergence results for full discretizations of quasilinear
parabolic problems on evolving surfaces with prescribed velocity.
We prove unconditional stability and higher-order convergence
results for Runge-Kutta and BDF methods. We show convergence
as a full discretization when coupled with the ESFEM method as a
space discretization for quasilinear problems. Similarly to the linear
case the stability analysis relies on energy estimates and multiplier
techniques.

First, we generalize some geometric perturbation estimates to the
quasilinear setting. We define a generalized Ritz map for quasilinear
operators, and use it to show optimal order error estimates for
the spatial discretization. For deriving the optimal order L*-error
bounds of the Ritz map we will use a similar argument as Wheeler
in [78], and elliptic regularity for evolving surfaces. A further
important point of the analysis is the required regularity of the
generalized Ritz map. This will be used together with the assumed
Lipschitz-type estimate for the nonlinearity, analogously as in [26,
64, 2].

We show stability and convergence results for the case of stiffly
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accurate algebraically stable implicit Runge-Kutta methods (having
the Radau IIA methods in mind), and for an implicit and linearly
implicit k-step backward differentiation formulae up to order five.
These results are relying on the techniques used in [64, 37] and
[2, 63]. By combining the results for the spatial semidiscretiza-
tion with stability and convergence estimates we show high-order
convergence bounds for the fully discrete approximation.

A starting point of the finite element approximation to (elliptic)
surface partial differential equations is the paper of Dziuk [29]. Var-
ious convergence results for space discretizations of linear parabolic
problems using the evolving surface finite element method (ESFEM)
were shown in [31, 35], a fully discrete scheme was analysed in [33].
These results are surveyed in [34].

The convergence analysis of full discretizations with higher-order
time integrators within the ESFEM setting for linear problems were
shown: for algebraically stable Runge-Kutta methods in [37]; for
backward differentiation formulae (BDF) in [63]. The ESFEM ap-
proach and convergence results were later extended to wave equa-
tions on evolving surfaces, see [62].

A unified presentation of ESFEM and time discretizations for
parabolic problems and wave equations can be found in [66].

A great number of real-life phenomena are modeled by nonlin-
ear parabolic problems on evolving surfaces. Apart from general
quasilinear problems on moving surfaces, see e.g. example 3.5 in
[32], more specific applications are the nonlinear models: diffusion
induced grain boundary motion [16, 44, 50, 21, 42]; Allen-Cahn and
Cahn-Hilliard equations on evolving surfaces [15, 39, 40, 41, 19];
modeling solid tumor growth [17, 42]; pattern formation mod-
eled by reaction-diffusion equations [60, 65]; image processing [52];
Ginzburg-Landau model for superconductivity [28].

A number of nonlinear problems, in a general setting, were
collected by Dziuk and Elliott in [31, 32, 34], also see the references
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therein. A great number of nonlinear problems with numerical
experiments were presented in the literature, see e.g. the above
references, in particular [31, 32, 42, 21].

The paper is organized in the following way: In section B.2 we
formulate our problem and detail our assumptions. In section B.3
we recall the evolving surface finite element method, together with
some of its important properties and estimates. We introduce the
generalized Ritz map, and show optimal order error estimates for
the residual, using the crucial W»* regularity estimate mentioned
above. section B.4 covers the stability results and error estimates for
Runge-Kutta and for implicit and linearly implicit BDF methods.
section B.5 is devoted to the error bounds of the semidiscrete resid-
ual, which then leads to error estimates for the fully discretized
problem. In section B.6 we briefly discuss how our results can be
extended to semilinear problems, and to the case where the upper
and lower bounds of the elliptic part are depending on the norm
of the solution. Numerical results are presented in section B.7 to
illustrate our theoretical results.

B.2. The problem and assumptions

Let us consider a smooth evolving compact hypersurface I'(t) C
R™1 (m < 2),0 < t < T, which moves with a given smooth
velocity v. Let 0°u = d;u +v - Vu denote the material derivative
of the function u, where Vr is the tangential gradient given by
Vru = Vu — Vu - vy, with unit normal v. We are sharing the setting
of [31, 35]. We consider the following quasilinear problem for
u = u(x,t):

0*u+uVry -v— Viy - (A(u)Vr(t)u) =f, onI(t),
u(-,0)=ug, onI(0),

(B.1)
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where A:R — R is sufficiently smooth function. For simplicity we
set f =0, but all our results hold with an non-vanishing f as well.

Remark B.2.1. The results of the paper can be generalized to the
case of a sufficiently smooth matrix valued diffusion coefficient
A(x,t,u) : T,I'(t) = TxI'(t). The proofs are similar to the ones
presented here, except they are more technical and lengthy, therefore
they are not presented here.

The abstract setting of this quasilinear evolving surface PDE is a
suitable combination of [64, section 1] and [3, section 2.3]: Let H(t)
and V/(t) be real and separable Hilbert spaces (with norms || - [,
| - [l/¢), respectively) such that V(t) is densely and continuously
embedded into H(t), and the norm of the dual space of V(¢) is
denoted by || - ||y The dual space of H(t) is identified with
itself, and the duality (-, - ), between V(t)’ and V(t) coincides on
H(t) x V(t) with the scalar product of H(t), for all t € [0, T].

The problem casts the following nonlinear operator:

(A (), w), = /r(t) AWw)Vro - Viw.

We assume that A satisfies the following three conditions:
The bilinear form associated to the operator A (u): V() — V(t)' is
elliptic with m > 0

(A ww,w), >m |w|},, @ e V), (B.2)

uniformly in u € V(t) and for all t € [0, T]. It is bounded with
M >0

(A o, w) | < M [[olly [[wllye, (0w e VD), (B.3)

uniformly in u € V(t) and for all ¢ € [0, T]. We further assume that
there is a subset S(t) C V/(t) such that the following Lipschitz-type
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estimate holds: for every § > 0 there exists L = L(J, (S(#))o<t<T)
such that

1 (A (w1) = A @2))ulygy <0 [[wr —wallyg + L [lwr — w2l g,
(B.4)
foru € S(t), wi,wr € V(t), 0 <t < T.
The above conditions were also used to prove error estimates
using energy techniques in [77] and in [64, 26], or more recently in

[2].
The weak formulation uses Sobolev spaces on surfaces: For a
sufficiently smooth surface I' we define

HY(T) = {5 € L*T) | Vry € L2 (@)™},

and analogously HK(T) for k € N and WKP(T) for k € IN, p € [1, 0],
cf. [31, section 2.1]. Finally, Gt = Usepo,rI'(f) X {t} denotes the
space-time manifold.

The weak problem corresponding to (B.1) can be formulated by
choosing the setting: V(t) = HYT'(t)) and H(t) = L? (I'(t)), and the
operator:

(A (), w), = /F(t) Aw)Vro - Vrw.

Assumption B.2.2. The coefficient function A: R — IR satisfies the
following conditions.

(a) It is bounded, and Lipschitz-bounded with constant /.

(b) The function A(s) > m > 0 for arbitrary s € R.

Throughout the paper we use the following subspace of V(t), for
r >0,

S(t) = S(t,7) = {u € H*(T(t)) | [l wereray < 73

i.e. W2 (T(t)) functions with norm less then r.
Then the following proposition easily follows.
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Proposition B.2.3. Under Assumption B.2.2 and u € S(t) (0 <
t < T) the above operator A satisfies the conditions (B.2), (B.3) and
(B.4) (with § = 0), they possibly depend on S(t,r).

Proof. The first two conditions (B.2) and (B.3) follow from (a) and
(b). Condition (B.4) holds, since for u € S(t), wy, w, € H (T'(t)) and
any z € HY(T'()), we have

(At = AGn)unz) | =| [ (Alwn) ~ Atwd) Vieu- Tz

< ol [fwr — wal| 20y 12l oy

hence L = cfr, where the constant ¢ is from Assumption B.2.2
(a). |

Definition B.2.4 (Weak form). A function u € H'(Gr) is called
a weak solution of (B.1), if for almost every ¢ € [0, T]

d
il A@W) V- Vg = / 2° B,
dt r(t)uqH/r(t) WVru-Vre F(t)u ¢ (B.5)

holds for every ¢ € H'(Gr) and u( -, 0) = uy.

B.3. Spatial semidiscretization: evolving surface
finite elements

As a spatial semidiscretization we use the evolving surface finite

element method introduced by Dziuk and Elliott in [31]. We shortly

recall some basic notations and definitions from [31], for more
details the reader is referred to Dziuk and Elliott [29, 35, 34].
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B.3.1. Basic notations

The smooth surface I'(t) is approximated by a triangulated one
denoted by I',(t), whose vertices a;(t), i =1,2,..., N, are sitting on
the surface, given as

= (J E®.

E(eTu(®)

We always assume that the (evolving) simplices E(t) are forming
an admissible triangulation 7j(t), with & denoting the maximum
diameter. Admissible triangulations were introduced in [31, section
5.1]: I'(f) is a uniform triangulation, i.e. every E(t) € Tj(t) satisfies
that the inner radius ¢}, is bounded from below by ch with ¢ > 0,
and I'(f) is not a global double covering of I'(t). Then the discrete
tangential gradient on the discrete surface I';(t) is given by

VFh(P = ng - qu - nyny,

understood in a piecewise sense, with n; denoting the normal to
L (t) (see [31]).

For every t € [0, T] we define the finite element subspace Sy(t)
spanned by the continuous, piecewise linear evolving basis func-
tions x;, satisfying x; ((a;(t), t) = ¢; foralli,j =1,2,..., N, therefore

Sh(t) = Span{?ﬂ( : /t);XZ( : ,t), s /XN( T t)}

We interpolate the surface velocity on the discrete surface using the
basis functions and denote it with V},. Then the discrete material
derivative is given by

0 n =0t + Vi - Ve, (P € Sp(t)).

The key transport property derived in [31, proposition 5.4], is the
following
oxk=0, fork=1,2,...,N. (B.6)
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The spatially discrete quasilinear problem for evolving surfaces
is formulated in

Problem B.3.1 (Semidiscretization in space). Find Uj € S;(t) such

that
d

dt Jry
= [ Uidin Yy € S0,
()

U U u, -
h4>h+/rh(t)«4( WV, Uy - V1, B:)

with the initial condition Uy(-,0) = Uﬁ € 5,(0) being a suitable
approximation to ug.

We postpone existence and uniqueness of (B.7) to the next sub-
section.

B.3.2. The ODE system
The ODE form of the above problem can be derived by setting

N
uh( s t) = Za](t)X( T t)
=

into (B.7), testing with ¢, = x; and using the transport property
(B.6).

Proposition B.3.2 (quasilinear ODE system). The spatially semi-
discrete problem (B.7) is equivalent to the following nonlinear ODE
system for the vector a(t) = (aj(t)) € RN, collecting the nodal values

Of Uh( cy t).’

d
2 (MOa®) + A (a®)a®) = 0, (B.8)
«(0) = ap,

where the evolving mass matrix M(t) and a nonlinear stiffness matrix
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B. Full discretization of a quasilinear parabolic problem

A («a(t)) are defined as

M(t)j = /r " XjXks
h

A (Dé(t))k] = /r 0 A(uh)vth] ' VF;,X]{/
h

for a(t) defining U, = Zjlil ai(Hx( -, 1)

The proof of this proposition is analogous to the corresponding one
in [37].

Existence and uniqueness of (B.8) and hence of (B.7) can be shown
as follows. Since A(u) is Lipschitz continuous in u, we deduce that
A (n)a is Lipschitz continuous is a. Then since M(t) is invertible,
the existence and uniqueness of a(t) for the system (B.8) follows
from the Picard-Lindelof theorem.

Time discretizations

We briefly introduce the time discretizations applied to the above
ODE system (B.8). However, more details can be found in section
B.4.

We use algebraically stable s-stage implicit Runge-Kutta methods,
defined by its Butcher tableau, with step size T > 0:

s
Mm'(Xm'ZMnOén+TZﬂi]‘ljén]‘, for i=1,2,...,s,
=1

S
Myt = Moy + szi&ni/
i=1
Ozljéni+A(0éni)IXni for i=1,2,...,s,

with Mm' = M(tn + CiT) and Mn+1 = M(tn+1).
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B.3. Spatial semidiscretization

We also use k-step BDF methods with step size T > 0:
1k
T ZO:(S]'M(tnfj)“nfj +A(@p)a, =0, (n=>k),
]:

where the coefficients of the method are given by
k

Q=) ;00"

=1

Similarly, we also consider their linearly implicit modification, using
the polynomial (7)) = ¥ — (¢ — 1)

1 k k
YL oMty e+ A (Y v )n =0, (1> k).
Tj=o =1

B.3.3. Discrete Sobolev norm estimates

Through the paper we will work with the norm and semi-norm
introduced in [37]. We denote these discrete Sobolev-type norms as

1z mey = 1Znll 2, 1) 20| agy = IV, Znll 12,1y, (B-10)

for arbitrary z(t) € RN, where Z;,(-,t) = Zjlil zj(t)x;( -, t), turther
by M(t) we mean the above mass matrix and by A(t) we mean the
linear (but time dependent) stiffness matrix:

A(t)yj = /l“z o Vi, Xj - Vi, Xk-

A very important lemma in our analysis is the following:

Lemma B.3.3 ([37, lemma 4.1]). There are constants y, x (indepen-
dent of h) such that

2T (M(s) — M(b))y < ("¢

zZI(M(s) — M7\ (t)y

< = zlmee ¥ My
<

(e'sh —1) \Z|M—1(t) ‘y‘M—l(t)l
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2 (A(s) — A®)y < (@ = 1) |z 4 ly] age

forally,z € RN and s, t € [0, T).

B.3.4. Lifting process and approximation results

In the following we recall the so called lift operator, which was
introduced in [29] and further investigated in [31, 35]. The lift
operator projects a finite element function on the discrete surface
onto a function on the smooth surface.

that oU(t) = I'(t). The oriented distance function dx is [46] in lemma
14.16 have shown the following important regularity result about
dx.

Using the oriented distance function dx ([31, section 2.1]), for a
continuous function ¢;: I',(t) — R its lift is define as

np,t) = du(x,t),  x €T(t),

where for every x € I',(t) the value p = p(x,t) € I'(t) is uniquely
defined via x = p +n(p, t)dx(x,t). By 7! we mean the function
whose lift is 7.

We now recall some notions using the lifting process from [29, 31]
and [66]. We have the lifted finite element space

Sh(t) = {@n =} | P € Su(H)}.

By 4, we denote the quotient between the continuous and discrete
surface measures, dA and dAj, defined as ¢, dA;, = dA. Further,
we recall that

el m+1
pr = (d;j — ViVj)i,j=1 and  pr, = (jj — ‘/hrivh/f)iffﬂ

are the projections onto the tangent spaces of I' and I';. Further,
from [35], we recall the notation

1
Qy= 5([ —dH)prpr, pr(l —dH),
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B.3. Spatial semidiscretization

where H (H;; = @) is the (extended) Weingarten map. For these

~ 0x;j
quantities we recaljl some results from [31, lemma 5.1], [35, lemma
5.4] and [66, lemma 6.1].

Lemma B.3.4. Assume that I';(t) and T(t) is from the above setting,
then we have the estimates:

]| Lo, oy < €, il pooqr, @y < €l
11 = Onll ooy < ch?, 1054 Lo, ) < ch?,
Ipr = Qnll o,y < €% IPr@RQm) Prll ey < b’

with constants depending on G, but not on t.

Lemma B.3.5. For 1 < p < co there exists constants c¢1,c2 > 0
independent of t and h such that the for all uy, € WP (T}, (t)) it holds
that u!, € WP (T(t)) with the estimates

3 H”hwa(rh(t)) < ||“§l||w1,p(r(t)) <0 HuhHWLP(Fh(t))'

Proof. The proofs follows easily from the relation
Vr,uy = pry,(I — dH)Vrul,

cf. [29, lemma 3]. |

177



B. Full discretization of a quasilinear parabolic problem

B.3.5. Bilinear forms and their estimates

Apart from the ¢ dependence, we use the time dependent bilinear
forms defined in [35]: for arbitrary z, ¢, & € HY(T), & € S(t) we set

m(z, ¢) = /r 7
WGz 9)= [ AQVrz: Vg,
8(v;z,¢) = /r (t)(Vr - 0)z9,
bGviz9) = [ BEo)Viz- Vi,

and for their discrete analogs for Z;, ¢y, ¢, € Sy we set

Zp dp) = / z
mu(Zy, on) - hPn
ﬂh(@h;zh,¢h)=/r(t) AC)VT,Zn - Vr,¢n,
h
Vi Zudw = [ (Vr, - VidZugh,
I (®)
by (Cn; Vi Zn, ) = /r " Bu(Gn; Vi)V, Z - V1, Pn,
h

where the discrete tangential gradients are understood in a piece-
wise sense, and with the tensors given as

B(Z;v)ij = 9°(A(Q)) + Vr - vA(G) — 2A(E)D(v),
Byy(&n; Vi)ij = 95,(A(En) + Vr, - Vi AGr) — 2A(C1) Dr(V),

fori,j=1,2,...,m+1, with
1
D(v);j = E((Vr)ivj +(Vr)jvi),
1
Dy(Vi)ij = E(th)i(Vh)j +(Vr,)i(Vii),

fori,j=1,2,...,m+1. For more details see [35, lemma 2.1] (and
the references in the proof), or [34, lemma 5.2].
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B.3. Spatial semidiscretization

We will also use the transport lemma (note that 07z, = 0;z), + vy, -
Vz, foraz, € Si(t)):

Lemma B.3.6. For arbitrary &}, € S (t) and z,, @y, 9zy, Iy €
S;l(t) we have:

d ° .
am(zh/ q’h) = m(ahzh/ q’h) + m(zhl ah Qoh) + g(vh; Zh/ Goh);

d [ ) [ ]
aﬂ(éﬁ; zn, @) = a(&ly; Ofzn, @n) + a(&h; zn, Of @n)

+ (& o 20, 1),

where vy, is the velocity of the surface, see [35, definition 4.9].

Proof. This lemma can be shown analogously as [35, lemma 4.2],
therefore the proof is omitted. n

Versions of this lemma with continuous material derivatives, or
discrete bilinear forms are also true.

Lemma B.3.7 (Geometric perturbation errors). For any § €
S(t), and Zy, ¢, € Sy(t) with corresponding lifts zy, ¢, € SL(t)
we have the following bounds

|m(zp, @n) — mp(Zn, o) < ch® 1zl 2 | @nll 2,

1a(&; 20, 1) — an@ "5 Zn, ¢) < |znl g @nl s
180n; zn, @) — 80 (Vi Zis )| < ch* ||zl 2 | @nll 2

(& v 20, @1) — br(& 5 Vi Zi, 1)) < B |zi| i1 | @] -

Proof. The first estimate was proved in [35, lemma 5.5] and the

third in [62, lemma 7.5].
The proof of the second estimate is similar to the linear case
found in [34, lemma 4.7]. For the convenience of the reader we
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B. Full discretization of a quasilinear parabolic problem

recap the arguments. Using

1
Q= 5(1 —dH)prpr, pr(I —dH)
we obtain

AE YT, Zy - Vi, dn = 0 AE Qi Vrzi(p, ) - Vrgn(p, ). (B.11)

Similarly as in [35, lemma 5.5], the boundedness (proposition B.2.3)
and the geometric estimate ||pr — Q|| (r,) < ch? provides the esti-
mate

’ﬂ(é, Zn, (Ph) - ﬂh(C_I;Zh, (Ph)‘
. dA — - Zy - dA
/r(t) A)Vrzy, - Vo /rh(t) AC )V, Zy - Vr,¢n dAy,

= ‘ - A@)(pr —Qn)Vrzy - Vroy, dA‘

< M ||[(pr —Qn) Vrznll ey [1Qnlloocr, @y | Vr@nll 2
< Mcl? IVrzill 2oy 1 Veonll 2y
To prove the fourth estimate we follow [62]: starting with the
equality
d

d
e O  \ AR =—/A Iz, -V
at Jre (€ IV, Zy - Vr,én at Jre (©)Q,Vrzy - Vroy

then the transport lemma (lemma B.3.6 above) yields

ACHILZy- I+ [ ATEVEZ - V0
Ty(6) Ty(6)

+ Bu(& Vi)Vt Zi - Vi, ¢ =/ A@®QLVrdtzy - Vrgy
I (t) I'(t)

. ) . . l
n /r , Ve AQQ Vrdgn + /r , BEoQl Vi

Vg + /r o A@Q)Vrzi - Vrg.
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B.3. Spatial semidiscretization

Therefore using that the lift of 9} Zj, is d}z;, (B.11) and lemma
B.3.4 provides

645 Vi Zis 1) — D(E5 015 Zis )|
=| ], A©RQ)Vrz1 - Vroy]
#| [, B&o) (Q ~ DVra- Vrgy)
< ek [IVrzull 2y 1 Vronll 2

where the last estimates follow from lemma B.3.4, similarly as in
[62, theorem 7.5]. |

B.3.6. Interpolation estimates

By I: HY(T(t)) — Sz(t) we denote the finite element interpolation
operator, having the error estimate below.

Lemma B.3.8. For m < 3, there exists a constant ¢ > 0 independent
of h and t such that for u € H*(T(t)):

et — Tl | 2y + T 1 = Tntel g pgyy < % ([l ey
Furthermore, if u € W>*(T(t)), it also satisfies

|1/l — Ihu|W1/°°(1"(t)) < ch ||uHW2/°°(F(t))’

where ¢ > 0 is also independent of h and t.

Proof. The first inequality was shown in [29]. The dimension re-
striction is especially discussed in [34, lemma 4.3].

The analogue of the second estimate for a reference element were
shown in [76, theorem 3.1]. Denote by Ej(t) C I',(t) an arbitrary
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B. Full discretization of a quasilinear parabolic problem

element and denote by E(t) C I'(t) the lift of this triangle.

[Vr(u — Ih“)HLw(E(t)) <c vah(”il - Ihuil)”L“(Eh(t))

1 . .

Sy [VRa (@ — Inid)|| ooy
1 .

<y IVl sy

1 —1
< Cﬁhz |VE,u (e, ey

< ch ||ullware(egey

where E; C RZ? is the standard unit simplex, #:Ey — R is the
representation of u=t E,(t on Eg w.r.t. a suitable affine linear trans-
formation and V%Rzﬁ denote the usual Hessian of . For the first and
the last inequality we have used, that the discrete and continuous
norms are equivalent. The intermediate steps uses the uniformity of
the triangulation together with standard estimates for the pullback,
cf. [14] or [4, section 10.3]. [ |

B.3.7. The Ritz map for nonlinear problems on evolving
surfaces

Ritz maps for quasilinear PDEs on stationary domains were inves-

tigated by Wheeler in [78]. We generalize this idea for the case of

quasilinear evolving surface PDEs. We define a generalized Ritz

map for quasilinear elliptic operators, for the linear case see [62].
By combining the above definitions we set the following.

Definition B.3.9 (Ritz map). For a given z € H!(I'(t)) and a
given function §:I'(f) — R there is a unique Pyz € Sj,(t) such
that for all ¢, € Sy (t), with the corresponding lift ¢;, = ¢}, we
have

ai(E Pz, dn) = (& 2, on), (B.12)
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where
a*(G;z, gn) = a(C;z, gn) + m(z, pp)
and
ap (&2 pn) = an@ iz )+ muz ),
to make the forms a*(-; -, -) and a;(-; -, -) positive definite.
Then Pz € Si(t) is defined as the lift of ﬁz, ie. Pyz = (73,22)1.

We recall here that by ¢~/ we mean a function (living on the discrete
surface) whose lift is ¢.

Galerkin orthogonality does not hold in this case, just up to a
small defect:

Lemma B.3.10 (pseudo Galerkin orthogonality). For any given
& € S(t) there holds, that for every z € HY(T(t)) and ¢, € S;l(t)

|a*(&; 2 — Puz, on)| < B | Puzll oy ll9nll ey, (B13)

where c is independent of ¢, h and t.

Proof. Using the definition of the Ritz map we get
|a* (&2 — Pz, gu)| = |ai(& 5 Poz, ¢u) — a* (& Paz, o)
< Ml (| Puzl| ey 110l e ey

where we used lemma B.3.7. |

Error bounds for the Ritz map and for its material derivatives

In this section we prove error estimates for the Ritz map (B.12)
and also for its material derivatives, the analogous results for the
linear case can be found in [35, section 6], [66, section 7]. The ¢
independency of the estimates requires extra care, previous results,
e.g. the ones cited above, or [62, section 8], are not applicable.
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B. Full discretization of a quasilinear parabolic problem

Theorem B.3.11. The error in the Ritz map satisfies the bound, for
arbitrary ¢ € S(t)and 0 < t < T and h < hg with sufficiently small
ho,

Z—= 73hZHLZ(r(t)) +hz— PhZHHl(F(t)) < ch? ||ZHH2(F(t))'

where the constant c is independent of ¢, h and t (but depends on m
and M).

Proof. (a) We first prove the gradient estimate.

Starting by the ellipticity of the form a and the non-negativity of
the form m, then using the estimate (B.13) we have:

2
m ||z — Pzl < 476z — Puz, z — Pyz)

a*(§;z — Puz,z — Iyz) + a* (8, z — Ppz, Iz — Ppz)
<M |z - PhZHHl(F(t)) |z — IhZ”Hl(l"(t))

+ch* || Przll g ey 110z = Przll e
< Mch ||z = Pzl gy 121 2w

2 2 2
+ ol (212 = Puzliingey + 125 + o 1zlee)-

using the interpolation error, and for the second term we used the
estimate
1Pzl 1wy 1110z — Przll gy
< (I1Puz = 2l + Il e

(152 = 2lncey * 2 = Paclsncy)

2 2 2
< 2|z = Puzllingy) + 12 + 0 12l i)
Now using Young’s and Cauchy-Schwarz inequality, and for suffi-
ciently small (but ¢ independent) 1 we have the gradient estimate

5 1
1z = Puzll iy < EMChZ 121l 2y -
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B.3. Spatial semidiscretization

(b) The L?-estimate follows from the Aubin-Nitsche trick. Let us
consider the problem

—Vr- (AQ)Vrw) +w =z — Pyz on T(t),
then by elliptic theory, cf. theorem B.8.1, we have the estimate, for
the solution w € H2(I'(t))
1wl 2y < € 12 = Pzl 2y

where c is independent of t and §. By testing the elliptic weak
problem with z — P,z we have

2 .
Iz = Puzll 2wy = 47 Gz — Puz, w)

=a*(§z— Puz,w — Lw) + a*(§;z — Pz, [w)
< M ||z = Puzllin ey |[w = Inwl g g

+ B (| Puzll i ey 1hw | g oy -
Then the estimates of the interpolation error and combination of
the above results yields
1 2
|z — PhZHLZ(F(t))E lwll g2y < N1z — Pzl iz
2
< Mech™ ||zl gy 10l g2

which completes the proof of the first assertion. [

Lemma B.3.12. For k > 0 it holds there exists a constant ¢ = c(k) >
0 independent of t and h such that

1@p)® (@ — o[ Looqrry + 1 IVr@n)® (0 - )| Loy < ch?.

We need to control higher-order material derivatives of the error
(8;)(")(0 — vy), because we want to show error estimates for higher-
order material derivatives of our Ritz map.

A proof of this lemma can be found in Mansour [66, lemma

6.3].
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Theorem B.3.13. Assume that ¢ € S(t) and in addition that for
k > 1 it holds (33)® (A(¢)) € L*(Gr). The error in the material
derivatives of the Ritz map satisfies the following bounds, for 0 <
t < Tand h < hy with sufficiently small hy,

1@p)®(z - Pu2)ll 2y +h IVr@p)®(z - P2l 12y

k 4
< Mcl? Yol (a}.l)(])ZHHZ(F(t))‘
j=1

The constant ¢, > 0 is independent of ¢ and h (but depends on « and
M).

Proof. The proof is a modification of [66, theorem 7.3].

For k = 1: (a) We start by taking the time derivative of the defi-
nition of the Ritz map (B.12), use the transport properties (lemma
B.3.6), and use the definition of the Ritz map once more, we arrive
at

a*(& 00z, on) = —b(& 0wz, o) — 80wz, i) + (& 04 Pz, dn)
+ bu(C ™ Vis Pz, ) + (Vi Paz, ).

Then we obtain

a*(¢; 0z — 0, Pz, o) = —b(G; vn;z — Pz, ¢n) (B.14)

— &(on;z — Pz, ¢on) + Fi(@n),
where
Fi(gn) = (a;(E500 Pz, ¢n) — (& 33 Puz, on)) + (n(E "5 Vi Paz, )
— b(& v Pz, o)) + (81 (Vs Prz, 1) — 801 Paz, ).

Using the geometric estimates of lemma B.3.7 F; can be estimated
as

[Fi(@i)| < eME (105 Puzl ey + 1Pzl eeey) 10|y
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Then using 9P,z as a test function in (B.14), and using the error
estimates of the Ritz map, together with the estimates above, with
h < hy independent of ¢, we have

108 Pzl gy < M 0%z girgey) + Mch ||z gy

Combining all the previous estimates and using Young’s inequality,
Cauchy-Schwarz inequality, for sufficiently small (¢ independent)
h < hy, we obtain

a”(G; 93z — 9, Pz, ¢n)
< Mch (112l ey + 1 102 ey ) 1ol ineey-
Then as in the previous proof we have

m [[0hz — aZ,PhZH%{l(F(t))
< a*(g;0pz — 0, Pz, 05z — 05 Ppz)
=a*(C;0pz — 05 Pyz, 05z — [;,0°z2)
+a*(G; 05z — 9y Pz, 1,0°z — 0, Ppz)
< M |95z — 9, Puz| prepyy 1952 — 1n0° 2| 1 rry

+ MCh( 1zl p2rgey + 1 Ha.ZHHl(F(t))> 1119°z — O3 Pzl 1 (ry)-

Then the interpolation estimates, Young’s inequality, absorption
using h < hy, yields the gradient estimate.

(b) The L2-estimate again follows from the Aubin-Nitsche trick.
Let us now consider the problem

—Vr- (A@)Vrw) +w =dpz — 93 Prz, onI(t),

together with the elliptic estimate (cf. theorem B.8.1), for the solution
w € H2(T(t))

HwHHz(r(t)) <cllopz — aZPhZHLz(r(t))f
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again, c is independent of ¢ and ¢.

Then a similar calculation as [35, theorem 6.2], [66, theorem 7.3]
provides the L?>-norm estimate.

For k > 1 the proof is analogous. n

Remark B.3.14. If & € WF*(T(t)) and A € WF*(R) then it holds
that (8;)("),4(@) € L®(I'(t)). For the convenience of the reader we
give a proof for k = 2. It holds

(O (AQ) = 95 (A'(©)9;2) = A"(@)@30)* + A'@)(@)PE.
We have the identity
93¢ = 0°C+ (v, —v) - Vrd.
For the second derivative we calculate

©ONP¢ = @)D + (v, — v) - VORE + 0 (vy, — 0)
V& + (v — v) - V& + VEE(v), — 0)°.

Using lemma B.3.12 the claim follows.

Regularity of the Ritz map

The following technical result will play an important role in showing
optimal bounds of the semidiscrete residual.

Lemma B.3.15. For m < 2, there exists a constant ¢ > 0 inde-
pendent of h and t such that for a function u € W>*(T(t)) for all
t € [0, T, the following estimate holds

IIVrPhMHLoo(r(t)) <c ||”||w2/°°(r(t)>'

Proof. Using the triangle inequality we start to estimate as
IVrPu]| ooy < NVE(Pru — )| poorepy)
+ [Vl — )| oy + 1 Vru| gy
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The last term is harmless. The second term is estimated using
lemma B.3.8. For the first term, using the inverse estimate, error
estimates for the Ritz map and for the interpolation operator we
obtain

IVr(Pitt = T llqriy < b=/ [V (Pyt = 1) | e
< ch”"/2< IVr(Pru — )| 2r )

+ || Vr(u — Ihu)HLZ(r(t)))
< ch™"/h ]l gz reyy

S c ||u||wz,oc(r(t)). .

Remark B.3.16. In fact the assumption u € WY (T(t)) is sufficient
to show the stronger bound

IV Puull eorey < € llullwres -

However, the proof requires more sophisticated arguments, which
are beyond the scope of this article, cf. [72].

B.4. Time discretizations: stability

B.4.1. Runge-Kutta methods

We consider an s-stage algebraically stable implicit Runge-Kutta
(R-K) method for the time discretization of the ODE system (B.8),
coming from the ESFEM space discretization of the quasilinear
parabolic evolving surface PDE.

In the following we extend the stability result for R-K methods of
[37, lemma 7.1], to the case of quasilinear problems. Apart form the
properties of the ESFEM the proof is based on the energy estimation
techniques, see Lubich and Ostermann [64, theorem 1.1]. Generally
on Runge-Kutta methods we refer to [49].
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B. Full discretization of a quasilinear parabolic problem

For the convenience of the reader we recall the method: for
simplicity, we assume equidistant time steps t, := nt, with step
size T. Our results can be straightforwardly extended to the case of
nonuniform time steps. The s-stage implicit Runge-Kutta method,
defined by the given Butcher tableau

(ci) | (aij) y
, fori,i=1,2,...,s,
(b) J

applied to the system (B.8), reads as

S
M, in,; = My, + TZaijbcnj, fori=1,2,...,s,
j=1

S
My10p41 = Mpon + T 2 bibi,
i=1
where the internal stages satisfy

0=dy, +A (), fori=1,2,...,s,

with M,; = M(t, +¢;7) and M1 = M(t,;1). Here &, is not a
derivative but a suggestive notation.

We recall that the fully discrete solution is U = Zjlil Wi Xi (s )
Existence and uniqueness of the Runge-Kutta solution can be ob-
tained analogously to [48, theorem 7.2].

For the R-K method we make the following assumptions:

Assumption B.4.1. e The method has stage order 4 > 1 and
classical order p > g +1.

e The coefficient matrix (a;;) is invertible.

e The method is algebraically stable, i.e. b > 0 forj=1,2,...,s
and the following matrix is positive semi-definite:

(biaij + b]a]l — blb])f,]:l
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e The method is stiffly accurate, i.e. b]- = a5, and ¢; = 1 for
ji=12,...,s.

Instead of (B.8), let us consider the following perturbed version
of the equation:

d N i~
{ — (M(OE(E) + A@EA(E) = M(E)r(b) (B.15)

d
%(0) = .

The substitution of the true solution «(t) of the perturbed problem
into the R-K method, yields the defects A,; and §,;, by setting
€n = &n — &(tn)/ Eni = api — &(tn + CiT) and Eni = &y — a(tn + CiT)/
then by subtraction the following error equations hold:

S
MiEpi = Myey + T _aiiEyj — Ay (B.16a)
j=1
S
My1en41 = Myey + sziEm’ — Ons1, (B.16b)
i=1

where the internal stages satisfy
Eni +A (“ni)Eni = _(A (“ni) —A (&ni))ani — Myitni, (B-16C)

wherei=1,...,s and r,; = r(t, + ¢;T).

Now we state one of the key lemmas of this paper, which pro-
vide unconditional stability for the above class of Runge-Kutta
methods.

Lemma B.4.2. For an s-stage implicit Runge-Kutta method satisfy-
ing Assumption B.4.1. If the equation (B.5) has a solution in S(t) for
0 <t < T. Then there exists a Ty > 0, such that for T < 1y and
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B. Full discretization of a quasilinear parabolic problem

t, = nt < T, that the error e, is bounded by

n
2 2
lenlpg, + T Z lex|'a,

k=1
5 n—1 s 5 n 5k 2 (B )
< C( leolhs, +7 X X IMarl 2+ TY | %[ Bz
k=1 i=1 k=1 k
n—1 s 1 : 1 :
+Ct) Yy, <|M;§ Akilag, + 1My Aki\Ak,.)>,
k=0 i=1

where HwHik = wT (A(ty) + M(ty))'w. The constant C is inde-
pendent of h, T and n (but depends on m, M, L, u, x and T).

Proof. The combination of proofs of theorem 1.1 from [64] and
of lemma 7.1 from [37] (or [66, lemma 3.1]) suffices, therefore it
is omitted here. To be precise, the proof of this result is more
closely related to [37]. Except the estimates involving the (nonlinear)
internal stages, see [64].

(a) We start as in the cited papers, i.e. to be able to benefit from
algebraic stability, we write

M—l

n+1

2 = |2
‘Mn+1en+1’M;+11 = ‘Mnen + szjEnj
j=1

-1
Mn+1

S
-2 <Mnen + szjEnj 5n+1> + |64 ﬁvrll'
]':1 n+

and by expressing Me, from the Runge-Kutta method (B.16a), for
the first term, we obtain

s o2
‘Mnen +7T Z b]En]
i1

M—l

n+1

S
= [Muenlpy1 +2T ) by (Enj | MY | MyEnj+ D)
j=1

192



B.4. Time discretizations: stability

S S
+72) Y (bibj — biaij — bjaj) (Ei | M, Y | Enj),
i=1 j=1
where the last term is non-positive by algebraic stability. The
middle term is rewritten as
<En] | M;+11 | MnjEnj + An]> = <En] | M;jl | Mn]'En]' + An]>
+ (Bu | Miy — Myt MyiEyj+ Ayp). - (B.18)

All the terms in the above equations can be estimated identically as
in the mentioned proofs, except the first term in (B.18).

(b) To estimate this term, including the nonlinearity, we use
proposition B.2.3 (i.e. the inequalities (B.2), (B.3) and (B.4)), like in
[64]. Using (B.16c), the internal stages, give

(Enj | My' | MiyjEnj + D)
= (Enj| Enj) + (Eyj | M;lenj>
= — (A (@n)Enj | Enj) — (A () Enj | M} | Ayj)
— ((A (@) = A @)y | Enj + M, D)
— (Myj rj | Enj + M A
Using the results of proposition B.2.3 and that &,; = u( -, t, +¢;7)

is assumed to be in S(t, + ¢;T), we can estimate as follows (using
Cauchy-Schwarz and Young’s inequality)

. _ 2 1
’<En] | Mnjl ‘ Mn]En] + An]>| <-m ’Enj|Anj + M ‘Enj|A;zj ’Mn] Anj|Anj

+L |Enj|Mnj |Enj + Mn_]'lAnj|An/-

+ [ (Mt | Enj + M, )|

& 2 —1 2
< = [Enila, + C My Auily,,
_ 2 2
+C |Mnj1Anj\Mj +C|Enjl,

2
+C HMnjrnjH*,nj‘
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B. Full discretization of a quasilinear parabolic problem

Since the right-hand side of this estimate is the same as in the cited
proofs, it can be finished in the exact same way as in the mentioned
references. [ |

Then, using the above stability results, the error bounds are
following analogously as in [37, theorem 8.1] (or [66, theorem
5.1]).

Theorem B.4.3. Consider the quasilinear parabolic problem (B.1),
having a solution in S(t) for 0 < t < T. Couple the evolving surface
finite element method as space discretization with time discretization
by an s-stage implicit Runge-Kutta method satisfying Assumption
B.4.1. Assume that the Ritz map of the solution has continuous
discrete material derivatives up to order q+2. Then there exists
T > 0, independent of h, such that for T < 7y, for the error E}! =
Uy — Pyu( -, ty) the following estimate holds for t, = nt < T:

NI—

n
112
||EZHL2(rh(tn)) + (TZ |‘vFll(tj)El]/lHLZ(rh(t]')))
j=1

[ay

n—

S
< CB, T+ C (T Yo ) lIRuC t+ CiT)HiIh_l (rh(tk+CiT)))
k=0 i=1

+C | Epll 2,0

N—=

where the constant C is independent of h, T and n (but depends on
m, M, L, u, x and T). Furthermore

- T q+2 o
B - /0 Y @O P+, 1)l 2,y At
(=1

T 9+1
+ /0 Y IV, o@D P Bl 2, py At
=

194



B.4. Time discretizations: stability

The H, Lnorm of Ry, is defined as

(RuC- /0, @) 122 ¢,y
IRAC Dl iy = SUP h (B.19)

0% €Sn(b) pnll 11y 0y

Proof. Our proof is similar to [66, theorem 5.1].
We estimate the terms of the right-hand side of (B.17). At first we

connect | - [ x and [| - [[ -1 (r, ¢,

IMr], = (M (A+ M) M) = (A + M) 20
= sup rT(A + M)fl/zw _ sup T’TMZ
0#weRN wlw 0#zeRN (ZT(A + M)Z)1/2
R iz

sup

)
= HRhH —1 .
ospres,  IPnllmnr, H, ()

By Taylor expansion, the definition of stage and classical order, and
with the bounded Peano kernels K and K;, the defects satisfy

tna1 t—t -
Spar = 711 / K(==) w2y at,
ty

O
Ay =1 / Ki(“ ) (@D at,
ty

hence, by a simple but lengthy calculation (cf. [66]) the following
bound is obtained:

1 (5k 2 n—1 s B ) B , )
TZ ‘7‘ ver Z Z<|Mki1Aki’Mi + |Mki1Aki’Aki> < C:B%z,q(TqH)zz
k=1 M k=0 i=1

and therefore, by inserting everything into (B.17), the proof is com-
pleted. n
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B. Full discretization of a quasilinear parabolic problem

B.4.2. Backward differentiation formulae

We apply a k-step backward difference formula (BDF) for k <5 as
a discretization to the ODE system (B.8), coming from the ESFEM
space discretization of the quasilinear parabolic evolving surface
PDE. Both implicit and linearly implicit methods are discussed.

In the following we extend the stability result for BDF methods
of [63, lemma 4.1], to the case quasilinear problems. Apart from
the properties of the ESFEM the proof is based on Dahlquist’s G-
stability theory [20] and on the multiplier technique of Nevanlinna
and Odeh [69].

We recall the k-step BDF method for (B.8) with step size T > 0:

1 k
— Y GMby D+ A =0, (120, (B.20)
j=0

where the coefficients of the method are given by 4({) = 2;;0 (5j§f =
Z’,f:l %(1 —2)!, while the starting values are g, a1,...,ar_1. The
method is known to be 0-stable for k < 6 and have order k (for more
details, see [49, chapter V]).

The linearly implicit modification is, using the polynomial () =

BRI AR (A s
1 k
g jzzof%M(fnj)anj + A(jzzl'rjvcnj) 0, =0, (m>k). (B21)

For more details we refer to [2], in particular for existence and
uniqueness of the BDF solution see section 3.1 in [2].

Instead of (B.8) let us consider again the perturbed problem (B.15).
By substituting the true solution &(t) of the perturbed problem into
the BDF method (B.20), we obtain

1 - o~
- E OiM(ty—jan—j+ A(ap)ay = —dy, (n > k).
j=0
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B.4. Time discretizations: stability

By introducing the error e, = &, — &(t,), multiplying by 7, and by
subtraction we have the error equation

k
Z(SjMnfjenfj +TA (an)ey + T(A (ay) — A (an))&n =1dy, (n2>k).
j=0
(B.22)
In the linearly implicit case we obtain:

k k
Z 5jMn,jen,j +TA (Z 'yjzxn,]) ey
=0 =1
k k A
+T <A (2 'y]-ocn,]) —A (Z fy]-&nj>>&n =1d,, (n>k),
=) =)

where d, have similar properties as d,, therefore it will be also
denoted by d,,.
The stability results for BDF methods are the following.

Lemma B.4.4. For a k-step implicit or linearly implicit BDF method
with k <5 there exists a 1o > 0, such that for t < tyand t, = nt <
T, that the error e, is bounded by

n n
2 2 2 2
|en’M” +T]§k: |€j|Aj < CT};{ deH*,j +C0£1§kx_l |ei|M,v

where ||w||i,< = wT (A(t) + M(tx)) "w. The constant C is indepen-
dent of h, T and n (but depends on m, M, L, u, x and T).

Proof. The proof follows the proof of lemma 4.1 from [63], and
[2] section 6, using G-stability from [20] and multiplier techniques
from [69]. Except in those terms where the nonlinearity appears,
see theorem 1 in [2].
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B. Full discretization of a quasilinear parabolic problem

(a) The starting point of the proof is the following reformulation
of the error equation (B.22):

k
M, Z (5]‘6”,]' +TA (an)en + T (A (an) — A (@n))&np
j=0
k
= ’L'dn + 25] (Mn — Mn_]-)en_]-
j=1

and using a modified energy estimate. Following [69], we multiply
both sides with the multiplier e, — 7e,—1, where the smallest possi-
ble values of 7 is found to be = 0, 0, 0.0836, 0.2878, 0.8160 for
k=1,2,...,5, respectively, cf. [69]. This gives us, for n > k +1:

L+ 11} + 112 = 111, + 1V,

where

k
) S YA
j=0
1} =7 {en | A (an) | en — 17€0_1),
113 = T (A (an) = A @))&n | en — fen-1),
111, = 7 (d, | en — ne,_1),
k
V=) (en—j| My — My_j| €n = 1€n-1).
j=1

We only have to estimate these terms in a suitable way.
(b) We start by bounding the nonlinear terms. First, we will
estimate II! from below using (B.2) and lemma B.3.3:

T UL = (en | A(an) [en) — 171 {en] A (an) [ en1)]
> mfenly, — M 7 lenla, lenla,

m 2 1.5 2
s (= ) bl — b1 250)

198



B.4. Time discretizations: stability

The other term is estimated using (B.4), Young’s inequality, and
again by lemma B.3.3:

T > — [ {((A @) — A @) | en = 60|
> —L len|p, (lenla, +77len-1l4,)
m 2 1 2
Z -7 lenla, — ELZ len i,

L L
- 517 \€n|12\4” + 517(1 + 2KT) \en_1|i‘”_l.
Combined, and using that 0 < # < 1, we have

1 2 1 L 2
10+ 18 2 t5m ey, - TU(ELZ + E) lenl?s

— T (EM + §>(1 + 2KT) ’enfl‘AH
The estimations of I, 111, and IV, are the same as in the proof in
[63], with G-stability of [20] as the main tool.

(c) Combining all estimates and summing up gives, for T < 1
and forn > k+1:

m n ) n—1 n ) ’
Eulgnt T X lefla, < CT L IE[G+CT 3 [ldill; + Cr lexla,,
j=k+1 j=k j=k+1

where E,, = (e, ..., €, k1), and

k
HEnHé,n =Y Qij (enieri | M | €n_raf)-
=]

This is the same inequality as in [63], hence we can also proceed
with the discrete Gronwall inequality.

(d) To achieve the stated result we have to estimate the extra term
C ( \ekﬁwk +T |ek]?4k). For that we take the inner product of the error
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B. Full discretization of a quasilinear parabolic problem

equation for n = k with ¢, to obtain Similarly as for II}, use the
properties of operator A and lemma B.3.3, yields

2 2 2 2
ekl + 7o lexls, < CTlldillif+C max leifjy,.

The insertion of this completes the proof.
The result follows from analogous arguments for linearly implicit
methods, cf. [2, section 6]. [ |

Again, using the above stability results, the error bounds are follow-
ing analogously as in [63, theorem 5.1] (or [66, theorem 5.3]).

Theorem B.4.5. Consider the quasilinear parabolic problem (B.1),
having a solution in S(t) for 0 < t < T. Couple the evolving surface
finite element method as space discretization with time discretization
by a k-step implicit or linearly implicit backward difference formula
of order k < 5. Assume that the Ritz map of the solution has
continuous discrete material derivatives up to order k + 1. Then there
exists 19 > 0, independent of h, such that for T < Ty, for the error
E; = U} — Pyu( -, t,) the following estimate holds for t, = nt < T:

NI—

n
2
B8l 00+ (7 IR0 Bl )
]:

Nl—=

n
— )
< Chux+ (TZ IRRC- 2 £ (m(t;)))
j=1
i
* Co%?&ﬂ HEhHLZ(rh(ti))’

where the constant C is independent of h, n and T (but depends on
m, M, L, u, x and T). Furthermore

B T k+1
Bk =/0 Y 1@ OPuw)(-, Dl 2 r, @y At
=1
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B.5. Error bounds for the fully discrete solutions

Proof. The proof of this result is analogous to that of theorem B.4.3,
it uses the norm identity, and bounded Peano kernels. For details
see the above references. [

B.5. Error bounds for the fully discrete solutions

We follow the approach of [63, section 5] by defining the FEM
residual Ry(-,t) = Zj]\il ri)x;( -, t) € Sp(t) as

d r ~ — — —
/r Rigi= g /r P+ /r APV (Pt Vi~ /r Puodign,
(B.23)

where ¢, € Sj(t), and the Ritz map of the true solution u is given as
- N
Puu(-, 1) = ) _&(Ox;(-, ).
j=1

The above problem is equivalent to the ODE system with the vector
r(t) = (rj(t)) € RN:

ci(M(t)&(t)) + A@(t))a(t) = M(H)r(),

which is the perturbed ODE system (B.15).

B.5.1. Bound of the semidiscrete residual
We now show the optimal second order estimate of the residual Rj,.
Theorem B.5.1. Let u, the solution of the parabolic problem, be in

S(t) for 0 <t < T. Then there exists a constant C > 0 and hg > 0,
such that for all h < hg and t € [0, T}, the finite element residual Ry,
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B. Full discretization of a quasilinear parabolic problem

of the Ritz map is bounded as
IRl g-1(r, 1y < ch?.

Proof. (a) We start by applying the discrete transport property to
the residual equation (B.23)
d 5 5
my(Ru, ¢n) = ;0 (Prtt, §n) + an(Putt; Pyt @) — my(Pit, O pn)
= my (@} Putt, ¢n) + an (P Pytt, ¢) + g (Vi Prit, dp)-

(b) We continue by the transport property with discrete material
derivatives from lemma B.3.6, but for the weak form, with ¢ =

Pn = Pi:

d .
0= am(ul Goh) + H(M; u, Goh) - m(ula (Ph)
= m(Apu, @p) + a(u; u, oy) + g(op; u, @p) + m(u, 0@ — 0° @y).
(c) Subtraction of the two equations, using the definition of the
Ritz map with ¢ = u in (B.12), i.e.
ay (™t Py, dp) = a* (w1, @),
and using that
0¢n — O = (op —v) - Vroy
holds, we obtain
my(Ry, i) = my, (O Pyit, p) — m@ju, 1)
+ 8 (Vi Putt, 1) — 8(vn; 1, ¢p)
+ aj,(Pytt; Pytt, ¢n) — aj(u™"; Pt )

+ m(u, o) — my(Pyit, dy)
+m(u, (v, —v) - Vrey).
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B.5. Error bounds for the fully discrete solutions

All the pairs can be easily estimated separately as ch* || ¢y || 2y,
by combining the estimates of lemma B.3.7, and theorem B.3.11 and
B.3.13, except the third, and the last term.

The term containing the velocity difference (v;, — v) can be esti-
mated, using |v;, — v|+h|Vr (v, — v)|< ch? from [35, lemma 5.6], as
ch? || Vo 12(r(r)- The nonlinear terms are rewritten as:

@ (Pat; P, o) — aj,(u™"; Py, ¢)
= aj,(Pyt; Py, @) — a” (Pyat; P, 91)
+a" (Pyu; Pyut, on) — a*(u; Py, @)
+a" (u; Py, @n) — aj (™ Pyt, )
For the first and the third term lemma B.3.7 provides an upper
bound ch? | V|| 12(r(py (similarly like before).

Finally, using lemma B.3.15 we obtain, similarly to (B.4), that the
second term can be bounded as

|a* (Puw; Pt on) — a*(u; Py, @p)|

=| [, (AP — AG) VrPy - Vrgy)

< cl ||Ppu — ”||L2(r(t)) ||Vr73h““L°°(r(t)) ||Vr¢h||L2(r(t))
< ol [Py —ull 2y €7 1Vr@nll 2

< clr? || Vrgnll 2agy-

Therefore, by (B.19), and using the equivalence of norms [29] (¢! =
®n), we have

mu(Ry( -, t), $n)
[ Ri( -, t)HHfl @ty = SUp onll ¢
" o#pnesuny N Pnllmnqr,m)

||§0h||H1(r(t>) < o2 -

< ch? <
pnll b,
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B. Full discretization of a quasilinear parabolic problem

B.5.2. Error estimates for the full discretizations

We compare the lifted fully discrete numerical solution uj = (U};‘)l
with the exact solution u( -, t,) of the evolving surface PDE (B.1),
where U}/ = ijil uc;? Xj(-,t), where the vectors a" are generated by a
Runge-Kutta or a BDF method.

Theorem B.5.2 (ESFEM and R-K). Consider the evolving surface
finite element method as space discretization of the quasilinear para-
bolic problem (B.1), with time discretization by an s-stage implicit
Runge-Kutta method satisfying Assumption B.4.1. Let u be a suffi-
ciently smooth solution of the problem, which satisfies u( - ,t) € S(t)
(0 <t <T), and assume that the initial value is approximated as

Hu?l - (Phu)( : IO)HLZ(I‘(())) < Cohz.
Then there exists hg > 0 and 9 > 0, such that for h < hy and

T < 1, the following error estimate holds for t, = nt < T:

n

j 2
[y — uC t) 2,y + 1 (TZ |uj, — u( -, fj)|H1(r(tj))>
=

NI—

< C (7T + h?).

The constant C is independent of h, T and n, but depends on m, M
and L, from (B.2), (B.3) and (B.4), on u, x, from lemma B.3.3, and
onT.

Theorem B.5.3 (ESFEM and BDF). Consider the evolving surface
finite element method as space discretization of the quasilinear pa-
rabolic problem (B.1), with time discretization by a k-step implicit
or linearly implicit backward difference formula of order k < 5. Let
u be a sufficiently smooth solution of the problem, which satisfies
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u(-,t) € S(t) (0 <t <T), and assume that the starting values are
satisfying

i . 2
pmax = (Pun)(-, )l ey < Colr™

Then there exists hg > 0 and Ty > 0, such that for h < hy and
T < 1, the following error estimate holds for t, = nt < T:

NI

n .
2
oy — uC t) |2,y + 1 <TZ |, — (- /tj)|H1(F(ti))>
1
< C(Th+1?).

The constant C is independent of h, T and n, but depends on m, M
and L, from (B.2), (B.3) and (B.4), on u, x, from lemma B.3.3, and
onT.

Proof of theorem B.5.2-B.5.3. The global error is decomposed into
two parts:

uf, = (-, ta) = (= (P, 1)) + (P, ) = (- 1))

and the terms are estimated by previous results.

The first one is estimated by our results for Runge-Kutta or
BDF methods: theorem B.4.3 or B.4.5, respectively, together with
the residual bound theorem B.5.1, and by the Ritz error estimates
theorem B.3.11 and B.3.13.

The second term is estimated by the error estimates for the Ritz
map (theorem B.3.11 and B.3.13). |

B.6. Semilinear problems extension

The presented results, in particular theorem B.5.2 and B.5.3, can be
generalized to semilinear problems. Convergence results for BDF
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B. Full discretization of a quasilinear parabolic problem

method were already shown for semilinear problems in [2]. For the
analogous results for Runge-Kutta methods follow [64, remark 1.1].
Problems fitting into this framework can be found in the references
given in the introduction.

Following remark 1.1 from [64], the inhomogeneity f(t) in the
evolving surface PDE (B.1) can be replaced by f(t, u) satisfying a
local Lipschitz condition (similar to (B.4)): for every § > 0 there
exists L = L(d, r) such that

£t wr) = f(Ew)|lyy < 6 llwr — wally

holds for arbitrary wi, w, € V() with ||w1lyq, [[w2]lye < 7, uni-
formly in t. Such a condition can be satisfied by using the same S
set as for quasilinear problems.

To be precise: In this case the bilinear form a(t; -, -) is not
depending on ¢, it reduces to the case presented in [35]. Therefore,
Section B.3 here would reduce to recall results mainly from [31, 35].
There is no ¢ dependency in the definition of the generalized Ritz
map, hence it is the one appeared in [62, 66], together with the error
bounds presented there. The regularity result of the Ritz map is
still needed from section B.3.7.

The stability estimates for the Runge-Kutta and BDF methods
are needed to be revised in a straightforward way, cf. [64] and [2],
respectively. To give more insight we give some details in the case
of BDF methods. Runge-Kutta methods can be handled in a similar
way.

The error equation for the semilinear problem reads as

k
ZéjMn_]-en_j + TAnen = T(f(tn, &n) — f(tn, @n)) + Tdy, (n > k).
j=0
After testing with the multiplier e, — 7e,_1 we obtain

Li+11, =111, +1V,+ V,.
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The new nonlinear term is now estimated as
7! |Vn| = ’ <f(tn/ 0p) — f(tn; &n) ‘ ey — 77€n71>’
< Hf(tr ‘Xn) - f(tr &”)HHEI (Ty(1)) |en - 77611*1|An

(¢ ’en|An +L ‘en’Mn) (‘en’An +7 ‘eﬂ—1|An)

<20 Jenl%y +Cr len_ily, +Clenlty,

IN

The other terms are either estimated as before, or in a much simple
way, for instance in the case of II, which is now linear, cf. [63].

B.7. Numerical experiments

We present a numerical experiment for an evolving surface quasi-

linear parabolic problem discretized by evolving surface finite ele-

ments coupled with the backward Euler method as a time integrator.

The fully discrete methods were implemented in DUNE-FEM [22],

while the initial triangulations were generated using DistMesh [71].
The evolving surface is given by

T(t)={x € R®|a(t) x}+x3+x5 —1=0},

where a(t) = 1+ 0.25sin(27tt), see e.g. [31, 37, 66]. The problem is
considered over the time interval [0, 1]. We consider the problem
with the nonlinearity A(u) = 1 — %e_”z/ 4 This satisfies the con-
ditions in assumption B.2.2, since it has lower bound 1/2, upper
bound 1, and its derivative A’(u) = %e*”Z/ 4 is also bounded, hence
A is Lipschitz continuous. The right-hand side f is computed as
to have u(x,t) = e %xx, as the true solution of the quasilinear
problem

BZu + MVF(t) 0 — VF(t) . (.A(M)Vr(t)u> = f on F(t),
u(-,0)=ug on I'(0).
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level  dof L%(L?) EOCs [2%H')  EOCs

1 126 0.07121892 - 0.1404349 -

2 516 0.02077452 1.78 0.0404614 1.80
3 2070 0.00540906 1.94 0.0111377 1.86
4
5

8208 0.00136755 1.98  0.0033538 1.73
32682 0.00034289 2.00  0.0011904 1.49

Table B.1.: Errors and EOCs in the L®(L?) and L?(H') norms

The time integrations require the solution of a nonlinear system
at every timestep. As it is usual for Runge-Kutta methods, we used
the simplified Newton iterations, cf. [49, section IV.8].

Let (Tx(t))k=12,.,n and (Tk)k=1,2,... » be a series of triangulations and
timesteps, respectively, such that 2h; ~ hy_1 and 47 = 11, with
71 = 0.1. By er we denote the error corresponding to the mesh
Tk(t) and step size 7. Then the experimental order of convergences
(EOCs) are given as

In(ex/ex—1)
EOC, = ————, k=2,3,...,n).
In table B.1 we report on the EOCs, for the ESFEM coupled with
backward Euler method, corresponding to the norm and seminorm

/12y . n
L*®(L7): max, [y —uC o t)ll 2,

N 1/2
2
L*(H"): (TZ IV (= uC o )l 20 ) :
n=1

We computed the numerical solution using the backward Euler
method coupled with ESFEM for four different meshes and a series
of time steps, until the final time T = 1. Then we computed the
errors in the discrete norm and seminorm, cf. (B.10), these error
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B.7. Numerical experiments

) ESFEM . ESFEM
10 10
dof =126 dof =126
dof =516 e dof =516
dof =2070 . dof =2070
107" dof =8208 P f 107" dof =8208
— — —slope 1 i — — —slope 1

discrete L2-error
discrete H'-error

10 107 107 107 107 107
step size (1) step size (1)

Figure B.1.: Errors of the ESFEM and the backward Euler method
attime T'=1

curves are displayed in figure B.1. The convergence in time can
be seen (note the reference line), while for sufficiently small 7 the
spatial error is dominating, in agreement with the theoretical results.
Figure B.2 shows a similar plot: the errors here were obtained by
the three step linearly implicit BDF method coupled with ESFEM
for five different meshes and a series of time steps. Again the
results are matching with the theoretical ones. We note that, for
this example, no significant difference appeared between the fully
implicit and linearly implicit BDF methods.
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B. Full discretization of a quasilinear parabolic problem

Figure B.2.: Errors of the ESFEM and the 3 step linearly implicit
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B.8. A priori estimates

The result presented here gives regularity result, with a ¢ indepen-
dent constant, for the elliptic problems appeared in the proofs of
the errors in the Ritz map.

Theorem B.8.1 (Elliptic regularity for evolving surfaces). Let
I'(t) be an evolving surface, fix a t € [0, T] and a function ¢:T'(t) —
R.

(i) Let f € H-Y(T(t)) and
L(u) = —=Vr - (A(E)Vru) +u. (B.24)
Then there exists a weak solution u € H'(T(t)) of the problem
L(u) = f (B.25)
with the estimate
]l ey < € N 11y (B.26)

where the constant above is independent of t.
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B. Full discretization of a quasilinear parabolic problem

(ii) Let L(u) be (B.24), let f € L?(T(t)) and let u € H'(T(t))
be a weak solution of (B.25). Then u is a strong solution of
(B.25), i.e. u solves (B.25) almost everywhere and there exists
a constant ¢ > 0 independent of t and u such that

H“HHZ(r(t)) < C(H”HLZ(r(t)) + Hf||L2(r(t)))~

Proof. For (i): The Lax-Milgram lemma shows the existence of the
weak solution u. Because the coercivity and boundedness constants
(B.2) and (B.3) are independent of ¢, the constant in (B.26) also
not depends on t. For (ii): Basically we consider pullback of the
operator L to I'(0), rewrite it in a local chart and then apply the
corresponding results of [46].

By assumption there exists a diffeomorphic parametrization of
our evolving surface I'(t), i.e. we have a smooth map

®:T(0) x [0, T] — R™!
such that
®:T(0) — R™L,  dy(x) = d(x, 1)
is an injective immersion which is a homeomorphism onto its image
with ®(T(0)) = I'(t). Because I'(0) is compact, there exists a finite
atlas ’
(900 Un(0) € TO) — Rm)n_

such that ¢, (U,(0)) C R™ is bounded and a finite family of compact
sets (Vn(O))ﬁ:1 with V,(0) C U,(0), and Uﬁ:l Vu(0) =T'(0). Using the
properties of the diffeomorphic parametrization the new collections,

Va(t) = th(Vn(O)), Uy (t) = q)t(un(o))r (Pn(t) = Gon(o) o @t_l,

still have the same properties. Now consider the following standard
formulae of Riemannian geometry [38]:

A(h o @u(t)™) A(@u(®))
oxi oaxi

vrh(x/ t) = Z gfaj(x/ t)
i,j=1
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B.8. A priori estimates

where

d(n(t -1 d(@u(t -1
ijn(x, 1) = (q)agci) ). (q)ai].) )

X

is the first fundamental form and gn (x t) are entries of the inverse
matrix of g, = (gij»), and

ij

1]1

UG and

where X is a smooth tangent vector field with X; = X - ===

= /det(gy). It is straightforward to calculate that
8 &

m 201 o 1
(~Vr- AV +u) 0 9071 (¥) = . ajulx, t)w

ij=1

o § by, p 200 9507

i=1
+cp(x, uo gon(t‘)’1

for appropriate a;;,, € WY (Uy(t)) and b; ., cu € L®(Uy(t)) where
ajj, represents a uniform elliptic matrix. Observe that the assump-
tions (B.2), (B.3) and (B.4) implies that the function above can be
bounded independently of t. Now [46, theorem 8.8] states that,
if uo ¢,(t)! is the H'-weak solution of (B.25), then it must be a
strong solution as well.

For the estimate in (ii) observe that [46, theorem 9.11] gives us for
Viu(t) in particular the estimate

|10 @ut HHZ(V/(t) < c(|[uo @u(t)” HLZ(U/(t))
+[|f o pu(t)” 1HL2(U§,(t)))r (B.27)

where V; == ¢, ()(Va(t)) and Uj, == @,(t)(U,(t)) are obviously inde-
pendent of t. Thus the constant above is independent of {. Then
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B. Full discretization of a quasilinear parabolic problem

theorem 3.41 in [1] shows that

[l g, 1y < @) [uo G”n(t)_lHHZ(v,g(t)) <clluo @n(t)_lﬂHZ(vnf(t))r

where the constant in the middle depends continuously on ¢, hence
the last constant is independent of t. A similar estimate holds for
the right-hand side of (B.27). An easy calculation finishes the proof
for (ii). |

214



Appendix C.

Maximum norm stability and
error estimates for the
evolving surface finite element
method

The content of this chapter is based on [55].

Abstract

We show convergence in the natural L®- and W»®-norm for a
semidiscretization with linear finite elements of a linear parabolic
partial differential equations on evolving surfaces. To prove this we
show error estimates for a Ritz map, error estimates for the material
derivative of a Ritz map and a weak discrete maximum principle.

C.1. Introduction

Many important problems can be modeled by partial differential
equations (PDEs) on evolving surfaces. Examples for such equations
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C. Maximum norm analysis for the ESFEM

are given in material sciences, fluid mechanics and biophysics
[44, 51, 41]. The basic linear parabolic PDE on a moving surface is

0°u + MVr(t) % Ar(t)lxl = f on F(t)

Here the velocity v is explicitly given and we seek to compute a
numerical approximation to the exact solution u. Dziuk and Elliott
[32] introduced the evolving surface finite element method (ESFEM)
to solve this problem. Error estimates for the semidiscretization
with piecewise linear finite elements in the L?- and H'-norm are

given in [35, 31].

The aim of this work is to give error bounds for the semidiscreti-
zation with linear finite elements in the L~ and W*-norm. Such
estimates are of interest for nonlinear parabolic PDEs on evolving
surfaces and if the velocity v is not explicitly given, but depends
on the exact solution u. Example of such problems are given in
[21, 44, 8, 42, 17] and the references therein. The treatment of such
more general equations are beyond the scope of this paper.

Our convergence proof for the semidiscretization of the linear
heat equation on evolving surfaces relies on three main results. In
our first result we give some error bounds in the L®- and Wh*-
norm for a suitable Ritz map. We give a proof based on Nitsche’s
weighted norm technique [70].

Our second result gives bounds in the L®- and W!*-norm for
our material derivative Ritz map error, since the time derivative
does not commute with our Ritz map.

Our third result extends a weak finite element maximum prin-
ciple, which is due to Schatz, Thomée and Wahlbin [75], to the
evolving surface case. In [75] they use basic properties of the semi-
group corresponding to the linear heat equation on a bounded
domain. Since there is no semigroup theory for the linear heat equa-
tion on evolving surfaces we are going to use a different approach.
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The layout of the paper is as follows. We begin in section C.2 by
fixing some notation and introducing the most basic notion. In the
first three subsection of section C.3 we quickly develop the evolving
surface finite element method (ESFEM) and recall basic results
and estimates. In the following three subsection we introduce a
surface version of Nitsche’s weighted norms and finish with an
L?-projection. In section C.4 we give error bound in the maximum
norm for our Ritz map. In section C.5 we derive a weak ESFEM
maximum principle. In section C.6 we give error bounds for the
semi discretization of the linear heat equation on evolving surfaces
in the L®- and W'*®-norm. In section C.7 we present the results of
a numerical experiment. We gather technical details for calculations
with our weight functions in appendix C.9.

C.2. A parabolic problem on evolving surfaces

Let us consider a smooth evolving closed hypersurface T'(f) C R"*!
(our main focus is on the case m = 2, but some of our results
hold for more general cases), 0 < t < T, which moves with a
given smooth velocity v. More precise we assume that there exists
a smooth dynamical system ®:T'g x [0, T] — R™! such that for
each t € [0, T] the map ®; = P( -, 1) is an embedding. We define
['(t) == ®(I'p) and define the velocity v via the equation 0;®(x, t) =
v(®(x,t),t). Let 0°u = dsu + v - Vu denote the material derivative of
the function u. The tangential gradient is given by Vru = Vu — Vu -
vv, where v is the unit normal and finally we define the Laplace-
Beltrami operator via Aru = Vr - Vru. This article shares the setting
of Dziuk and Elliott [31, 35], and [66].

We consider the following linear problem derived in [31, section

3l

(C.1)

*u+uVryp -v—Arpu=f on I'(t),
u(-,0) =ug on I'(0).
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C. Maximum norm analysis for the ESFEM

We use Sobolev spaces on surfaces: For a sufficiently smooth surface
I'and 1 < p < oo we define

WYP(T) = {5 € LF(T) | Vry € LP(T)"™*1},

and analogously W*P(T) for k € IN [31, section 2.1]. We set H(T) =
Wk2(T). Finally, Gr denotes the space-time manifold, i.e. Gr =
Uteto, T (#) % {t}.

If f = 0 then a weak formulation of this problem reads as fol-
lows.

Definition C.2.1 (weak solution, [31] Definition 4.1). A function
u € HY(Gr) is called a weak solution of (C.1), if for almost every
te[0,T]

d
— U + Vipu -V = uo®
at Jr P - I(t) INOLY o P

holds for every ¢ € HY(Gr) and u(.,0) = ug.

For suitable f and u( existence and uniqueness results, for the
strong and the weak problem, were obtained in [31, section 4].

Throughout this article we assume that f and 1 a such regular
that u € W3'°°(QT). Furthermore we set for simplicity reasons in all
sections f = 0, since the extension of our results to the inhomoge-
neous case are straightforward.

C.3. Preliminaries

We give a summary of this section. In section C.3.1 we introduce
the ESFEM, which is due to Dziuk and Elliott [31]. In section C.3.2
we recall the lifting process, which originates in Dziuk [29]. In
section C.3.3 we collect important results from Dziuk and Elliott
[35] and sometimes state them in a slightly more general fashion.

218



C.3. Preliminaries

In section C.3.4 we introduce weighted norms, which are due to
Nitsche [70], and give connections to the L*-norm. In section C.3.5
we give interpolation estimates in the L?-, L*- and weighted norms
and further give some special interpolation estimates in weighted
norms. The latter two were first stated in Nitsche [70]. In section
C.3.6 we introduce an L2-projection, give a stability bound in LP-
norms and finish with a error estimate with respect to a different
weight function. The basic reference for this is Douglas, Dupont,
Wahlbin [27] and Schatz, Thomée, Wahlbin [75].

C.3.1. Semidiscretization with the evolving surface finite
element method

The smooth surface I'(t) is approximated by a triangulated one
denoted by T'j,(f), whose vertices a;(t) = ®(a;(0), t) are sitting on the
surface for all time, such that

= J E®.

E(t)eTu(b)

We always assume that the (evolving) simplices E(t) are forming
an admissible triangulation 7;(t), with i denoting the maximum
diameter. Admissible triangulations were introduced in [31, section
5.1]: Every E(t) € Tj(t) satisfies that the inner radius oy, is bounded
from below by ch with ¢ > 0, and T,(t) is not a global double
covering of I'(t). The discrete tangential gradient on the discrete
surface I',(t) is given by

Vr,m® = V¢ — V¢ vy,

understood in a piecewise sense, with v, denoting the normal to

T (t) (see [31]).
For every t € [0, T] we define the finite element subspace Sj(t)
spanned by the continuous, piecewise linear evolving basis func-
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tions yx;, satisfying
Xj(ai(t),t) = 6jj foralli,j=1,2,...,N,
therefore

Sp(t) = span{x1(-, ), x2(-,t), ..., xn(-, 1)}

We interpolate the dynamical system @ by ®;,:T,(0) — R™*!, the
discrete dynamical system of I';(t). This defines a discrete sur-
face velocity Vj, via 0;®(yy, t) = Vi (Pu(yy, t), t). Then the discrete
material derivative is given by

O =0pr+ Vi -V, (¢ € Sp(t)).

The key transport property derived in [31, Proposition 5.4], is the
following
opxk =0 for k=1,2,...,N. (C.2)

The spatially discrete problem for evolving surfaces is: Find
Uy, € Sp(t) such that for all ¢, € Sy(t)

d

2 u +/ Ve l, -V =/ U,9% by, C.
dtrm)h@I b Tt T, Pn ) 1nOuPn (C3)

with the initial condition U,(-,0) = Ug € 5,(0) being a sufficient
approximation to ug.

C.3.2. Lifts

In the following we recall the so called lift operator, which was
introduced in [29] and further investigated in [31, 35]. The lift
operator projects a finite element function on the discrete surface
onto a function on the smooth surface.

Using the oriented distance function d ([31, section 2.1]), for a
continuous function 7;,: I';(t) — R its lift is define as

Thod, b = (e t),  x e T(),
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where for every x € I'j,(t) the value x! = xl(x,t) € T(t) is uniquely
defined via x = x' + v(x!, )dx(x, t). This notation for x! will also be
used later on. By 7~/ we mean the function whose lift is 77, and by
E! we mean the lift of the triangle Ej,.

The following pointwise estimate was shown in the proof of
lemma 3 from Dziuk [29]:

1
z Ve D] < [V @] < ¢ [V ). (Ca)

We now recall some notions using the lifting process from [29, 31].
We have the lifted finite element space

Sp(t) = {@n = ¢}, | o € S}

By 6, we denote the quotient between the continuous and discrete
surface measures, dA and dAj,, defined as ¢, dA;, = dA. For these
quantities we recall some results from [31, Lemma 5.1], [35, Lemma
5.4] and [66, Lemma 6.1].

Lemma C.3.1. We have the estimates
]| ey < €020 N1 = Onll sy < B2

with constants independent of t and h.

C.3.3. Geometric estimates and bilinear forms

Let us denote by @ﬁl: Io x [0, T] — R™! the lift of ®,. We define
the velocity vy, via the formula atq>§1(x, t) = vh(cbél(x, t),t). Then the
discrete material derivative on I'(t) is given by

opu = +vy, - Vu,
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which satisfies the following relations, cf. [35]:

0°u =dpu+ (v, —v)- Vru,

o — vh”L‘X’(F(t)) +hlv— UhHWLw(r(t)) < ch? HUHWZ‘X’(F(t))/

(C.5)
(C.6)

We use the time dependent bilinear forms defined in [35, Section

3.3]: For z, ¢ € HY(I'(t)) we set
tz, )= Vrz - Vro,
a(t; z, @) /r(t) rz-Vre
£z, )= ,
m(t; z, ¢) /r oY
g0z, 9) = / (Vr - 0)ze,
T(t)

b(t;v;z, @) = - B(©)Vrz - Vre,

and for Zy, ¢, € H'(T;(t)) we set

an(t; Zn, ) = ) /EVF;,Zh - Vr,$n,

E€Ty,

iy (t; Z, ) = /F o 2
h

sn(t; Vh}Zh;(Ph):/r(t)(VFh'Vh)Zh¢h/

h

bt Vi Zo, ) = Y /E Bu(Vi)Vr, Zn - Vi, 1,

E€T,

where the discrete tangential gradients are understood in a piece-

wise sense, and with the matrices

B(v)j = 6ij(Vr - 0) — (Vr)ivj + (Vr);vi),
Bi(Vi)ij = 6ij(Vr - Vi) = ((Vr,)i(Vi)j + (Vr)i(Vi)i),

wherei,j=1,2,..., m+1
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First, we state a lemma for the time derivatives of the bilinear
and then state bounds of the geometric perturbation errors in the
bilinear forms. Important and often used results are the bounds of
the geometric perturbation errors in the bilinear forms.

Lemma C.3.2 (Discrete transport property). For z, p € H (T'(t))
we have

d [ ] (]

Em(z, @) =m(9yz, @) + m(z, 0, ¢) + §(vy; Z, P),
‘ (C7)

aa(z, ®) = a(dyz, p) +a(z, 0, ) + b(vy; z, P).

Similarly for Zy, ¢, € HY(T',(t)) we have

d
amh(zh, Pn) = my(0° Zy, py) + my(Zy, 0°pp) + 81 (Vi Zn, ),

%ah(zh/ ¢n) = an(0° Zy, pn) + an(Zy, 0° Pp) + by (Viy; Z, dn).
(C.8)

Lemma C.3.3. For all 1 < p,q < oo, that are conjugate, p‘l +
g1 =1, and for arbitrary Z;, € L¥ (T;(t)) and ¢y, € L1(Ty(t)), with
corresponding lifts z, € LP(I'(t)) and ¢, € L1(I'(t)) we have the
following estimates:
m(zn, @n) — mu(Zn, )| < el |zull ooy 110l ooy
|a(zh, @n) — an(Zn, o)l < ch* |znlwirey 198wy
18n; 2, @) = 81V Zn, P < e |1zl ooy | @nll gy
|b(W; zn, @n) — Ou(Vi; Z, $n)| < ch? ’Zh|w1,p(r(t)) |(Ph‘w1,q(r(t))/

where the constant ¢ > 0 is independent from t € [0, T] and the
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H mesh width h.

Proof of lemma C.3.2 and C.3.3. These geometric estimates were
established for the case p = g = 2in [35, Lemma 5.5] and [62, Lemma
7.5]. To show the estimates for general p and g, the same proof
apply, except the last step where we use a Holder inequality. W

C.3.4. Weighted norms and basic estimates

Similarly, as in the works of Nitsche [70], weighted Sobolev norms
and their properties play a very important and central role. In this
section we recall some basic results for them.

Definition C.3.4 (Weight function). For v > 0 sufficiently big
but independent of t and /1 we set

p:[0,00) — [0,00), p* = p*(h) == yh* |logh|.

We define a weight function u = wu(t; - ):I'(t) = R via the
formula

HE) = poy) = [x—yf+p> VxeT®.  (Co)

The actual choice of v is going to be clear from the proofs.

Definition C.3.5 (Weighted norms, [70, section 2]). Let y be a
weight function and « € R. We define the norms

— 2
ey = [ 1wl

el o = uellZ2 o + 11 VT2l 72,00

lull,0 = Nl o + IV R,
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Lemma C.3.6. Let dimI'(t) = 2. Let ¢y, € Sy,(t) with corresponding
lift gy, € S!(t). Then there exist constants ¢ > 0 independent of t, h
and -y such that

||<PhHL°°(r(t)) < ch [log hl||@nl[ 12,2, (C.10)

[ @nllwreqey < ey llog 1| g, £ 1 (C.11)

Proof. There is a point y; € Eg C I';(t) such that

pnllwree, @y = 1€ + [Vr,0nom)| = lPnllwre(z,)-

Note that on Ej the estimate p,(x;) < cp2 holds for h < hg, hg
sufficiently small. Then the second bound yields from using inverse
inequality (lemma C.3.13) and (C.54). The bound (C.10) is proved
using similar arguments. n

Lemma C.3.7. Let dimI'(t) = 2. Let u:I'(t) — R be a sufficiently
smooth function. Then the following estimates hold, with a sufficiently
small hy > 0,

lulliz < o [l powgrieyy (C.12)
1/2
lull g1 < c [log "/ [l wres ey (C.13)

for 0 < h < hy, where the constant ¢ = c(hg) > 0 is independent of
t, hand .

Proof. For a =1 or 2 we obviously have

1
el 22,0 < [leell pooqreyy 112 ey

Then a straightforward calculation, using appendix C.9 shows both
estimates. n
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Naturally, there is a weighted version of the Cauchy-Schwarz
inequality, namely we have

"G )| < il i, Co
5.0 0] < clzallall i,

and similarly for the bilinear forms g and b. Furthermore, this
yields a weighted version of the geometric errors of the bilinear
forms (lemma C.3.3).

Lemma C.3.8. The following estimates hold, with a constant ¢ > 0
independent of t, h and -y,

|a* (2, 1) — ai(Zn, )| < P2} || i1 w | Phl 1 —ar (C.15)
(g + b) (01 24, L) — (8 + o) (Vis Zi, )|

(C.16)
g AP (A e
Lemma C.3.9. (i) Derivatives of u~! are bounded as
Ve <2u7, AT s (Cap)

with ¢ > 0 independent of t, h and -y.

(ii) For arbitrary u € H(T(t)) the following norm inequalities
hold:

™ w1 < ellfulliz + [l 1), (C.18)

||F‘_2”||L2,—1 < P_1H”||L2,2- (C.19)

Proof. (i): The first esitmate follows from

_ _ 2|x— 21
Vit < [yt < 2B < B
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For the second inequality consider the formula,
Arf=Af —V*f(v,v)— Hv-VF,

where f:U — R is an extension of the sufficiently smooth function
f to an open neighborhood U C R™! of I'(t), V2f denotes the
Hessian of f and H denotes the trace of the Weingarten map of T'(#).

(ii) In order to show these estimates we use the bounds (C.17)
obtained above. |

C.3.5. Interpolation and inverse estimates

Here we collect some results involving evolving surface finite ele-
ment functions.

For a sufficiently regular function u: T'(t) — R we denote by I,u €
Sp(t) its interpolation on I',(t). Then the finite element interpolation
is given by Iu = (L) € S! (t), having the error estimate below, cf.
[34].

Lemma C.3.10. For m < 3and p € {2,00}, there exists a constant
¢ > 0 independent of h and t such that for u € WP (T(t)):

[ = Tyl o ey + BV e (e = Tnw) Lo
< Chz( IVEUll Loy + 1 ||VF”||LP(r(t))>~

The interpolation estimates hold also if weighted norms are con-
sidered.

Lemma C.3.11. There exists a constant ¢ > 0 such that for u €
W2>(T(t)) it holds

2
|lu— Ihu||%2,2 +||u— Ihu||%{1’1 < ch? |log h [ul[2ee(rry - (C-20)
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Proof. Use a Holder inequality, lemma C.3.10 and lemma C.3.7
(C.12), (C.13) with the choice u = 1. |

Lemma C.3.12. There exists hg > 0, yg > 0 such that for allx € R
there exists a constant ¢ = c(ho, o) > 0 independent of t and h such
that for all oy > 7y for the weight u, cf. (C.9), and for all h < hy the
following inequalities holds:

(i) Let u € HY(T(t)) be curved element-wise H. The interpola-
tion Iyu € SL(t) satisfies

H“ - Ih””Lz,a + thF(“ - Ih”)HLZ,a (C.21)
< ([ VEull 2,0 + chl| Vel 2,),
where | V3| 2, is understood curved element-wise.

(ii) For any ¢, € SL(t) the following estimate holds:

1 on — L on) || 1

L (C.22)
< c(p + h) (lenllz2 + [ Vr@nll2,q)-

Proof. (i): To prove inequality (C.21) it suffices to show that there
exists a constant ¢ = c¢(«) > 0 independent of t, i such that for each
element K € 7,(t) it holds

/K, u((w — Lw)? +h [ Ve(w — Lw)[?)

< [ e(Vhul s ch [Trof)

where K! C T(t) denote the lifted curved element of K. It is easy to
show that there exists 7y = yo(hp) > 0 and ¢ = c(yg) > 0 such that
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for all y > 7 it holds
max(méxxew pxs y)> <ec.
KeT, \ min, cp pi(x,y) ) —

A straightforward calculation finishes the proof.

(ii): For an arbitrary function f:I';(f) — R, which is element-wise
H?, a short calculation, similar to the one done in Dziuk [29, lemma
3], shows that

(Ve ()] < c([(Vr)iVr)if) | +ch V()

for a sufficiently small ip > h > 0. A straightforward calculation
combined with (i) and (C.17) shows the claim. |

The following general version of inverse estimates for finite element
functions plays a key role later on, cf. [75].

Lemma C.3.13 (Inverse estimate). Let 1 < g < p < co and
0 < m < k < 1. Then here exists c(q, p, m, k) > 0 such that for
each triangle E,(t) C I'y(t) the following inequality holds for all

@n € Sp(t)

K _
[l wer e, @y < ch™ 20/a=1/p) [ n®)lwmae, 1)

The lemma above does not require a separate proof, since it uses
the referent element technique.

Lemma C.3.14. There exists ¢ > 0 with

1/2
+c [logh| / HVPGOhHLZ(r(t))-

1
@nl Loy < 'V /F(t) en(y)dV(y)

Proof. Follow the steps in Schatz, Thomée, Wahlbin [75] using the
Green’s function from theorem C.8.1 and calculating with geodesic
polar coordinates. [
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C. Maximum norm analysis for the ESFEM

C.3.6. Estimates for an L>-projection

This section shows some technical results for the L2-projection,
which is denoted by P, o (in contrast with the Ritz map which will
be denoted by P).

Definition C.3.15 (L2-projection). We define
Pyo(t): L*(Tj(t)) = Su(t)

as follows: Let u, € L2(T(t)) be given. Then there exits a
unique finite element function Py, o(t)u € Sy(t) such that for all
¢y € Sy(t) it holds

1y, (Ppo(t)up, ¢) = my(up, ). (C.23)

Theorem C.3.16. For p € [1,00] let uj, € LP(I'y(t)). Then there
exists a constant ¢ > 0 independent of h and t such that

I Pro®ttnll Lo,y < € 1l oo, -

Further there exists ¢y, c3 > 0 independent of h and t such that for
Al(t) and A3(t) disjoint subsets of T'y(t) with supp(uy,) C A} we
have

—c3 disty, (AL,Ai)h71

[[Pho(E)tin || 242y < c2¢ lunll 21y (C-24)

where disty(x,y) = distr,)(x,y) is the intrinsic Riemannian dis-
tance of T (t).

We do not need to reprove this result from Douglas, Dupont and
Wahlbin [27, equation (6) and (7)], since their proof holds without
any serious modification in our setting.
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For the proof of our discrete weak maximum principle we are
going to use a different weight function then (C.g). Let [0, T] —
R™1,t — y(t) be a curve with the property y(t) € T(t). In the
following we write y instead of y(t). We define

o) = oY) = olry) = (Jx =y + )2 (Ca)
We gather some estimates concerning ¢ in the next lemma.

Lemma C.3.17. There exists a constant ¢ > 0 independent of t and
h such that the following estimates hold

100l ey < € N9h0 oy < € (C.26)
1
IVrellisqey <1, [Vio] < C(a i 1>,

IV Loy < €

(C.27)

The proof of this lemma is a straightforward calculation and is
omitted here.

Lemma C.3.18. There exists c > 0 such for fixed t € [0,T], x;, €
T(t), o = o™, ¢ € Sp(t) and Wy, = Pyo(c?ey) the following
inequality holds:

2 2
lopn — ull 2r, @y + 1 1V, (0 D0 — W)l L2, )
< ch( pnll 2, @y + 1oV TPl 2r, 6))-

Proof. Consider a triangle E;, C I';(t) and set g, == INh((Tz<ph). Use
lemma C.3.17 and (C.55) and follow the steps in Schatz, Thomée
and Wahlbin [75, lemma 1.4]. |
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C.4. A Ritz map and some error estimates

Just as in the usual L?*-theory the Ritz map plays a very important
role for our L*-error estimates. This section is devoted to the careful
L*- and weighted norm analysis of the errors in the Ritz map.

Definition C.4.1 (Ritz map, [62]). We define P, 1 (t): H (I(t)) —
Si(t) as follows: Let u € H'(T(t)) be given. Then there exits a
unique finite element function Py, ;(t)u € Sy(t) such that for all
¢n € Sy(t) with @ = (])il it holds

ay(Ppi(Ou, pp) = a*(u, ¢y). (C.28)

This naturally defines the Ritz map on the continuous surface:

Pi(Bu = (Poa(Bu)' € Shb).

Note that the Ritz map does not satisfy the Galerkin orthogonality,
however it satisfies, using (C.15), the following estimate, cf. [62].
For all ¢, € Sél(t) we have

|a* (u = Pi(By, @u)| < k|| Pu(tyul| o ol @l 1, (C.29)

In this section we aim to bound the following errors of the Ritz
map:

u—Pi(Hu and o) (u— Pi(tu),
in the L®- and W*®-norms. Previously, H!- and L2-error estimates

have been shown in [31, 35].

C.4.1. Weighted a priori estimates

Before turning to the maximum norm error estimates, we state and
prove some technical regularity results involving weighted norms.
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Lemma C.4.2 (Weighted a priori estimates). For f € L*>(T(t)),
the problem

—Arw+w=f on I'(t),

has a unique weak solution w € HY(T(t)). Furthermore, w €
H2(T(t)) and we have the following weighted a priori estimates

w1 < el fllzz, -1 + [lwll ) (C.30)
@]l 2,1 < e fllzz,—1 + l[wll ), (C.31)

where the constant ¢ > 0 is independent of t, h and -y.

Proof. Existence and uniqueness of a weak solution follows from
[5]. Using integration by parts, Young inequality and |Vryu| < /i a
short calculation shows (C.30). For the details on elliptic regularity
and a derivation of the a priori estimate

[wll g < cfl=Arw+ w2,

where ¢ > 0 is independent of ¢, we refer to [56, appendix A].

Because of (C.30) it suffices to prove (C.31) for HV%wH%z,_l as

the left-hand side instead of ||w||?,, . Apply the usual elliptic a
priori estimate on (x' — yi)w fori=1,...,m+1 to get the desired
estimate. [

Lemma C.4.3. For g € L*(T(t)) the problem
—Arw+w = u2g.

has a unique weak solution w € HYT'(t)). Furthermore, w €
H2(T(t)), and there exists a constant ¢ > 0 independent of t and h
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C. Maximum norm analysis for the ESFEM

such that
[wl|Fn < cp~? logpl 1812 - (C.32)

Proof. Lemma C.4.2 gives us existence, uniqueness and regularity
of w. Consider the number

AN = sup{fln | £ € HAT®), [=Arf+ flf , <1}
Inequality (C.32) is proven if we show
AN < cp? [logpl,

where c is t independent. A short calculation shows that the smallest
eigenvalue Amin(t) of the elliptic eigenvalue problem

—Arf+f=Au"2f onT(t)
is equal to A(t). The weighted Rayleight quotient implies

¢ Il
i TR,

min —

Hence it suffices to prove

If1122, < co™2 [log(o)| I flI 7, (C.33)

for a f € H'. With a Holder estimate we arrive at

_2p 1/p 2 1/q
< (f,02) ([, )
5 vr o
([, 1) W

where 1 < p,q < oo satisfies p~! +47! = 1. We take the choice
=/ |logp|. It is easy to prove the following quantitative Sobolev-
Nierenberg inequality for moving surfaces:

Hf”m(r(t)) <cq ”fHHl(F(t))/
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C.4. A Ritz map and some error estimates

where c is independent of t and q. A straightforward calculation
with geodesic polar coordinates using lemma C.9.2 and lemma C.9.1
shows inequality (C.33). [

C.4.2. Maximum norm error estimates

Before showing L*- and W'*-norm error estimates for the Ritz

map, we show similar estimates for weighted norms. Then, by

connecting the norms, use these results to obtain our original goal.
Throughout this subsection, we write P;u instead of P (f)u.

Lemma C.4.4. There exists hy > 0 sufficiently small and o > 0
sufficiently large and a constant ¢ = c(ho, yo) > 0 such that for
u € W2>(T(t)) it holds

2
Ju — Pl”H%Z,z +Ju— Pl”“%{l,l < ch? [log [ul[wosory- (C-34)

Proof. Step 1: Our goal is to show
2 A
[ — Pl“H%{l,l < ch? |log [ rgey + Ellu — P1MH%2,2- (C.35)

Similarly as in Nitsche [70, theorem 1], (C.17) and partial integration
yields

|lu — PluH%{l,l <a*(u— Pyu, pHu — Plu))+c/r(t)(Ary2)(u —Pyu)?
< a*(u— P, p N — Pyu)) +cllu — P72,
For simplicity we set e = u — Pju, and use I,u = (I,u)" to obtain
a*(e,u te) = a* (e, u H(u — Lu))
+a* (e, N (Iyu — Pyu) — I (u Y (Du — Plu)))

+at (e, Iy (= (Tyu — Pm))) L+ DL+
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C. Maximum norm analysis for the ESFEM

Using lemma C.3.8 (C.14), lemma C.3.9 (C.18), lemma C.3.11 (C.20)
and e-Young inequality we estimate as

2
L] < 5||3H%11,1 + ch? |log h| ||”Hw2/°°(r(t))-

For the second term use in addition lemma C.3.12 (C.22) and a
0 < h < hg sufficiently small to get

|| < ellelfF, +c(h* log h| [|ullyzesrgy + llell 22)-
For the last term use in addition lemma C.3.8 (C.29) to reach at

3| < SHeH%{l,l +c(h? [log HMHWZ‘”(F(t))"' lell12,2)

These estimates together, and absorbing |le||2,, ,, imply (C.35).
Step 2: Using an Aubin-Nitsche argument we prove that there
exists v > 7o > 0 sufficiently large such that for all § > 0 the

following estimate holds
Ju — Pl”H%Z,z < ch* HMH%VZ/""(F(t)) +6|u — Pl“H%{l,l- (C.36)
Let w € H*(I'(t)) be the weak solution of
—Arw+w = "%,

Then by testing with e we obtain

lellF2 = (a™(e,w) — a’(e, Iyw)) + a* (e, Iya)
= a*(e,w — Iyw) + a* (e, I,w)
In addition to the already mentioned lemmata in Step 1 use lemma

C.4.2 (C.31), lemma C.3.9 (C.19), lemma C.4.3 (C.32) and a suffi-
ciently large v > 9 > 0 to estimate

1 )
a*(e,w— 1) < gllelBzp + 5l
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C.4. A Ritz map and some error estimates

For the other term we estimate
1
2
|a* (e, yw)| < ch® |lel| g | Tl g < ch* [|ullyzoqrey + ZHeH%z,z-

By absorption, this implies (C.36).

The final estimate is shown by combining (C.35) and (C.36), and
choosing 6 > 0 such that ¢ < 1. Then an absorbtion finishes the
proof. u

Theorem C.4.5. There exist constants ¢ > 0 independent of h and t
such that for all u € W>*(T(t)) it holds

! 3/2
[t = (Pua (D)) || ory < ch* [log Bl / 124l o ey
!
[ — (Py(t)u) HWLW(F(t)) < ch [logh| HuHWZr""(F(t))'

Proof. Using lemma C.3.10, lemma C.3.6 (C.11) and lemma C.3.7
(C.13) we get
|1 = Pruf| iy < [l — Inttllwroorqey + € 11 ntt — Poatt|l i, @)
< ch |[ullwarqrey + € llog h|"/?|| Tyu — Py 1l g
< ch log h| ||ullwaes(r, ey + cllu — Py 1) [ 1

For the W'®-estimate use lemma C.4.4 to estimate the weighted
norms. The L*-estimate is obtained in a similar way. [

C.4.3. Maximum norm material derivative error estimates

Since in general time derivatives are not commuting with the Ritz
map, i.e. dy Piu # P1dyu, we bound the error dj(u — Pyu). Again we
first show our estimates in the weighted norms, and then use these
results for the L®- and W *®-norm error estimates.
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C. Maximum norm analysis for the ESFEM

For this subsection we write P, yu instead of P ;(t)u and further
Piu instead of P;(t)u.

We first state a substitute for our weighted pseudo Galerkin
inequality (C.29).

Lemma C.4.6. There exists a constant ¢ > 0 independent of h and t
such that for all u € W**(Gr) and ¢y, € S!(t) it holds

0" @3 — P, )] < e(W1105u = Pra) 5

+h ]logh|1/2( HMHWZr“(F(t)) + Ha.uHWL‘”(F(t)))) | onll 1, —1-
(C37)

Proof. The main idea is given by Dziuk and Elliott in [35]. Using
(C.5) and lemma C.3.7 (C.13) it is easy to verify

105 Prell gy < [0fu — O Pruel[ g

1/2 °
+c[log h|" 2 (10% 1| iy + 1 11l waceriey)-

(C.38)

Let ¢, € Sp(t) such that ¢, = ¢}. Taking time derivative of the defi-
nition of the Ritz map (C.28), using the discrete transport properties
(C.7) lemma C.3.2, and the definition of the Ritz map, we obtain

a* @ — 03Py, gn) = @@} Pt fn) — 0”4 Pitt, 1)
+ (@0 + ) (Vis 1™, pn) — (g + b)(0p; 1, @)
— (gn+ b)) (Vigu™" — Pyu, ).
(C.39)
Then estimate using lemma C.3.8 (C.15), (C.16), lemma C.4.4 (C.34)

and the above inequality to finish the proof (cf. [66, Theorem 7.2]).
[
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C.4. A Ritz map and some error estimates

Lemma C.4.7. For k € {0, 1} there exists ¢ = c(k) > 0 independent
of t and h such that for u € W>*(Gr) the following inequalities hold

[0 — 10*u | i rgey) (C.40)
< e ([[ullwarmqray + 19%ullwemry),

|95 — 1% ul|3, + [|9f 1 — 10" ull3p (C.q1)
2 . 112 '
< ch? |log h|( w2y + 110° 1wy -

Proof. Using (C.5) we get

l[0Ru — 1n0°u | wreorpy)

< [ = on) - Vit ooy + [10°8 — 10 || oo rey) -

Use lemma C.3.10 and (C.6) to show the first estimate.
For the second inequality use a Holder estimate, and (C.40) with
lemma C.3.7 (C.12) and (C.13). |

Lemma C.4.8. There exists hg > 0 sufficiently small and vy > 0
sufficiently large and a constant ¢ = c(ho, yo) > 0 such that for
u € W3*(Gr) the following holds

95 — 0f Pru|| 2, + 10fu — O3 Prulf3p
2 4 2 o 112 (C.42)
< ch” [logh| (||”||W2/°°(F(t))+ |0 MHWZ/W(F(t)))‘

Proof. This proof has a similar structure as lemma C.4.4, and since it
also uses similar arguments, we only give references if new lemmata
are needed. For the ease of presentation we set e = u — Pju and
split the error as follows

ope = (0pu — I,0°u) + ([,0°u — 9, Piu) =: 0 + 6y,.
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Step 1: Our goal is to prove

° 2 ° 2 Al ®
Haheuéu < ch? |log h|( H”szw(r(t)) + |0 uHWZr""(F(t))) + CHaheH%Z,z-
(C43)
We start with

[9feln s < a* (D5, w05 ) +clldgell?:
and continue with
a* (e, utare) = a* (e, u o)
+a* (e, u 0, — I(n16y))
+a* (e, I(u10y) = L + I + 5.

We estimate the three terms separately. For the first e-Young in-
equality and lemma C.4.7 (C.41) yields

. 2 o |12
L] < ell9gellFn,y +ch® log k| ([[ullaery + 191 y2esqry):
For a sufficiently small 0 < h < hy we obtain
|| < ell9fellFn,, +cllfellz »
2 o 112
+ 12 [1og 1| (][]l + 0%l [wasoqriey)-

Using lemma C.4.6 (C.37) and a 0 < h < h; sufficiently small we
arrive at

15| < ellofellf, +c(lofellf
2 o 12
+ 1 |log | ([|u][ e (rgey) + 1101wz (rieyy))-

These estimates together, and absorbing ||y e|| 1 1, imply (C.43).
Step 2: Using again an Aubin-Nitsche like argument we show
that, for any 6 > 0 sufficiently small, we have

° ° 4 2 ° 2
HaheH%Z,z < ‘5Hah€|’12ql,1 +ch? |log h| (HMHWZ“‘(F(t)) + |0 u||W2/°°(F(t)))'
(C.44)
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Let w € H2(T(t)) be the weak solution of
—Arw+w = u*3e.
Then we have
l|lonell12 = a*(Ore, w — Iyw) + a*(dpe, Iw).

Again let ¢ > 0 be a small number. For ¢y > v sufficiently big we
get

|a*(@he, w — Liw)| < ellopellFn , +]0felT2

Using equation (C.39) and proceeding similar like in Dziuk and
Elliott [35, theorem 6.2], by adding and subtracting terms, we get
—a*(dye, [w)
= (a* (95 Pru, Iyw) — aj(0;Py1u, Ith))
+ (g + D) op; w, Iyw) — (gn + bp) (Vi u™', [w))
+ ((gn + bw)(Vigu™" = Pyyu, Iyw) — (g + b)(oy; u — Pru, [yw))
+ ((g+b)(wp; u — P, [w) — (g +b)(v;u — P, [w))
+ ((g+b)(v;u — Pyu, Iw) — (g + b)(v;u — Pyu, w))
+(g+b)(v;u — Piu, w)
=h++3+]a+]5+]6
Use lemma C.3.8 (C.16), (C.38), lemma C.4.4 (C.34) and the inequal-

ity
hll w1 < el|9gel[ 12,2,

for v > v sufficiently big, we reach at

2 2
i+ + sl < 8ll0rell iy +ellofellfn + ch?(flullwas + 110%ufpyre).
With the same arguments like for a*(dje, w — I,w) we estimate

Js| < ellogellfn 1 +ollorell 7z,
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for v > 7, sufficiently big. For v > 73 sufficiently big we estimate
the last term as follows

[J6| < cllel|r21]|w]|p2,—1

1/2
P)\w|| g2, 1

< cllef|~ [logp|
< o [log ™" || e |0 2,
< el0fellfz o + ch® loghl* fulfyzs
By absorption, these estimates together imply (C.44).
The final estimate is shown by combining (C.43) and (C.44), and
choosing 6 > 0 such that ¢/ < 1. Then an absorbtion finishes the
proof. |

From the weighted version of the error estimate in the material
derivatives, the L*-norm estimate follows easily.

Theorem C.4.9 (Errors in the material derivative of the Ritz pro-
jection). Let z € W3*(Gr). For a sufficiently small h < hy and a
sufficiently big v > 7y there exists ¢ = c(hg, yo) > 0 independent of
t and h such that
195(z = (Pu1(1)2)) | rey
3 °
< ch? [log h|” (||z[lwzsqriey + 102l wamsqry )
° 1
105 (z — (Pr,1()2)) [l wiee(rey

5/2 °
< ch [log > (|12l waerey + 19°2lwaesreey)-

Proof. The above results are shown by exactly following the proof
of theorem C.4.5, lemma C.4.8 (C.42) being the main tool. |
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C.5. Maximum norm parabolic stability

The purpose of this section is to derive a ESFEM weak discrete
maximum principle. The proof is modeled on the weak discrete
maximum principle from Schatz, Thomée, Wahlbin [75]. For this we
are going to need a well known matrix formulation of (C.3), which
is due to Dziuk and Elliott [31]. It was first used in Dziuk, Lubich,
Mansour [37] for theoretical reasons, namely a time discretization
of (C.3). Using the matrix formulation we derive a discrete adjoint
problem of (B.7), which does not arise in Schatz, Thomé, Wahlbin
[75], but arises here, since the ESFEM evolution operator is not self
adjoint. Then we deduce a corresponding a priori estimate and
finally prove our weak discrete maximum principle.

C.5.1. A discrete adjoint problem

A matrix ODE version of (C.3) can be derived by setting

Z

Up(-, 1) =Y aj(O)xi(-, 1),

j=1
testing with the basis function ¢, = x;, where Sj(t) = span{y; |
j=1,...,N}, and using the transport property (C.2).

Proposition C.5.1 (ODE system). The spatially semidiscrete prob-
lem (C.3) is equivalent to the following linear ODE system for the
vector a(t) = (aj(t)) € RN, collecting the nodal values of Uy,( - ,t):

d
{ T (M(t)a(t)) +A(Ha(t) =0 (C.45)

a(0) = ag

where the evolving mass matrix M(t) and stiffness matrix A(t) are
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defined as

M(t)j = XjXks A(f)kj=/ VX Vr,Xk-
JTu(H) Tu(t)

Definition C.5.2. Let 0 < s <t < T. For given initial value
wy, € Sp(s) at time s, there exists unique solution uy, (cf. [31]).
This defines a linear evolution operator

En(t, s): Sp(s) = Su(t),  wy — up(t).
We define the adjoint of Ej(t,s)
En(t, )": Sp(t) — Sp(s)
via the equation
my(t; En(t, $)pn(s), wn(t)) = my(s; ou(s), En(t, s) wn(t)), (C.46)

where @y (s) € Sy(s) and wy(t) € Sy(t) are some arbitrary finite
element functions.

Lemma C.5.3 (Adjoint problem). Let s € [0, t] where t € [0, T]
and wy,(t) € Sy(t). Then s — E(t,s)*wy(t) is the unique solution of

my(s; 0y, @) — an(s; un, @n) = 0, on T(s)
{ o e ¥ (C47)

uy(t) = wy(t), on I'(t).

where 0, is the discrete material derivative with respect to s.

Remark C.5.4. The problem (C.47) has the structure of a backward
heat equation, where s is going backward in time. Hence we
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considered (C.47) as a PDE of parabolic type. We recall, that using
lemma C.3.2 we may write equation (C.3) equivalently as

mh(tl azuh + (VF;, . Vh)uh/ (Ph) + ﬂh(t,’ Uy, GDh) = O/ on r(t)/
up(0) = wy, on I'(0)
(C.48)

The problems (C.48) and (C.47) differ in the following way: If the
initial data for (C.47) is constant then it remains so for all times.
In general this does not hold for solutions of (C.48). On the other
hand (C.48) preserves the mean value of its initial data, which is in
general not true for a solution of (C.47).

Proof of lemma C.5.3. First we investigate the finite element matrix
representation of Ej(t, s) with respect to the standard finite element
basis, which we denote by Ej(t,s). From (C.45) we have

%(M(t)Eh(t/ 0)un(0)) + A(t) Ep(t, 0)uy(0) = 0

Let A(t, s) the resolvent matrix of the ODE

d¢ x_
4 FAOMO g =0.

Then obviously it holds
Ey(t,s) = M(t)"LA(t, s)M(s).

Denote by Ej(t,s)* the matrix representation of Ej(t,s)*. From
equation (C.46) it follows

Ey(t,s)" = M(s) " Ej(t,s)" M(t) = A(t,5)".
Now we calculate %. Note that A(t,s) = A(s, t)~! and it holds

dA(s, t)! dA(s )

_ 1
ds = —AGY

A, )7L
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From that it easily follows

LD At 9A@ME) ™,
ds
which now implies
% = M(s) L AG)Ey(t, 5)*. m

C.5.2. A discrete delta and Green’s function

Let 0), = 6" = 8, € S;(t) be a finite element discrete delta function
defined as

my(t:0,", on) = en(xn, ) (on € Su(b)). (C.49)

If 5*n: T (t) — R is a smooth function having support in the triangle
Ej, containing xj, then since dimI',(f) = 2 one easily calculates
[6%1 0| 12r, ) < ¢ for some constant independent of / and ¢. For
the discrete delta function ¢;, a similar result holds.

Lemma C.5.5. There exists c > 0 independent of t and h:

||Ux"5;fh||L2(r;,(t)) <c (xn € Ty(h)).

The proof is a straight forward extension of the corresponding
one in Schatz, Thomée, Wahlbin [75] and uses the exponential decay
property of the L2-projection, cf. theorem C.3.16 (C.24).

Next we define a finite element discrete Green’s function as
follows. Let s € [0, T]. For given uj € Sy(s) there exists a unique
Py, € Sp(s) such that

an(s; Y, on) = my(s; up, @) Vi € Sy(s).
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This defines an operator
T,°:Sp(s) = Sp(s), T, up = .

We call G;”* := T,*6;" a discrete Green’s function.
A short calculation shows that for all 0 # ¢, € Sy(s) it holds

my(s; T, on, on) > 0,
which implies that G;”*(x) > 0. Actually we can bound the singular-
ity x with ¢ [log h.

Lemma C.5.6. For the discrete Green’s function G, we have the
estimate
G, (x) < c|loghl.

Proof. Using lemma C.3.14 with (C.4) we estimate as
1/2 1/2
1G3 ey < € Mog I G [l e = € log I/ Gy ().
[

The next lemma needs a different treatment then the one pre-
sented in Schatz, Thomée and Wahlbin [75]. The reason for that is
that the mass and stiffness matrix depend on time and further the
stiffness matrix is singular.

Lemma C.5.7. Let be uy, a solution of (C.47). Then we have the
estimate

t
2
/o [tn |72, oy ds < € - mu(t; Ty, ).

Proof. Note that lemma C.3.2 (C.8) reads with the matrix notation
as follows: If Z;, and ¢, are the coefficient vectors of some finite
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element function, then we have the estimate
dM(s)
T
21 S b < 0 ZIMO Zin /ST M),

dA
z] d:S) n < o\ ZT A6 Ziy [ ST AG) .

In the following with drop the s dependency. Let u be the time
dependent coefficient vector of u;. Then we have

du du
0= —Md— Au——ME+(A+M)u—Mu.

Equivalently we write this equation as

(C.50)

— %%[uTM(A + M) Mu]

= —u'Mu+u"M(A+ M) 'Mu — ! Td

S [M(A + M)~ !M]u.

The last term expanded reads

]. T d 1
rd d(A+ M)
ds

Using (C.50) and a Young inequality we estimate as

1
M(A+M) 1Mu+2 u'M Mu=1 + L.

1
L] <c- uTM(A + M) Mu + EuTMu,.

14(A + M)
ds
<c- uTM(A + M) 'Mu

|| = = |uf M(A + M)~ (A+ M) 'Mu

Putting everything together we reach at
“ds [u M(A + M) "Mu] < —u"Mu+c-u"M(A + M) Mu.

The claim then follows from lemma C.10.1. [ |
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C.5. Maximum norm parabolic stability

C.5.3. A weak discrete maximum principle

Proposition C.5.8. Let U, (x,t) € Sy(t) the ESFEM solution of our
linear heat problem. Then there exists a constant ¢ = ¢(T,v) > 0,
which depends exponentially on T and v such that

[UnOI| Lo r, ey < € [log | | UnO) | Lor, oy -

Proof. There exists x;, € I';(t) such that
U] = |UnCxn, B)] = my (£ Un(b), 8, = my(t; E(t, 00U, 5,
= my(0; Uy, E(t,0)*6,™) < Ul | ECt, 008, | 1.
[ |

The claim follows from lemma C.5.9.

Lemma C.5.9. For G}(t,s) = Ej(t,s)*8,", where 6, is defined via
(C.49) and Ey(t,s)* is defined via (C.46), it holds
1G*(t, 0)[| 1110 < ¢ [log ],

where the constant ¢ = c¢(T, v) depending exponentially on T and v
such and is independent of x, h, t and s.

Proof. The proof presented here is a modification of the proof from
Schatz, Thomée and Wahlbin [75, lemma 2.1]. We estimate

IGO0 < 111/ iz, 0y 107 Grt O)l 2r, o) -
With subsection C.9.1 it follows
2
11/0* |1 72(r, 0 < ¢ [loghl.
It remains to show

2
107G, (t, 0| 12(r, 0y < ¢ |loghl.
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C. Maximum norm analysis for the ESFEM

In the following we abbreviate ¢ = ¢* and G, = Gj(t,s) With
equation (C.47) and the discrete transport property we proceed as
follows
1d
2ds
= — mh(s; 8;'5Gh, (TZGh) + ah(s; Gy, 0'2Gh)
— th (S; UVF;, Gh, GthhO’)

2 2
oGl T2, ) + 10V, Grll 2w, o)

—my(s; 0,70, oG?) — %mh(s; *G2,Vr, - Vi)
= — mh(S;aZ’sGh, O'ZG;Z — lph) +ah(s; Gh/ O'ZGh — ll)h)

— th(S;UthGh,GthhU)
1
— mh(s; Gha;z’sa, UGh) — Emh(S;O’ZG%, Vrh . Vh)
=h+DL+13+ 14+ Is.

For the choice ¢, = Ph,O(OZGh) we have I; = 0. Using Cauchy-
Schwarz inequality, lemma C.3.18 and an inverse estimate C.3.13
we get

2
|| < c(1Galltzr, sy + 1Gll 2@,y - 10V TGl 2, s))-
Using lemma C.3.17 (C.27) we reach at
13| < ¢ |Gl 12, sy 10V, Gall 12, 5))-

Using lemma C.3.17 (C.26) we have

|| < cl1Gull iz, sy 107G 2, 5y

2

|I5] <c ||0'Gh||L2(rh(s))-

After a Young inequality we have

d

2 2
T ds ||‘7Gh||L2(rh(s)) + H‘TVFhGh”LZ(rh(s))

2 2
<c ||GhHL2(Fh(s)) +c H‘TGh||L2(rh(s))~
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C.6. Convergence of the semidiscretization

Lemma C.10.1 yields

t
2 >
leGr(t, 0)| 22, 0p < C</O 1Gh(t, )| 72(r, s ds + H‘Tx(sszp(rh(O)))-

For the first term we get from lemma C.5.7 and lemma C.5.6 the
bound

t
| 1GHE 9,y < e o

The last term is bounded according to lemma C.5.5. [

C.6. Convergence of the semidiscretization

Theorem C.6.1. Let I'(t) be an evolving surface, let u:T'(t) — R be
the solution of (C.1) and let uy, = U}Il € HY(T(t)) be the solution of
(C.3). If it holds

th,l(t)u - UhHLOO(rh(t)) S Chz,

then there exists hy > 0 sufficiently small and ¢ = c(hg) > 0
independent of t, such that for all 0 < h < hy we have the estimate

10— v | poqrey + 1 11— vnllwre e

4 .
< ch? log 1|"(1 + )( H”wa(r(t)) + |0 uHWZ""(I’(t)))'

Proof. It suffices to prove the L*-estimate, since an inverse inequal-
ity implies the W *-estimate.

For this proof we denote by P, 1u = Py (t)u, Piu = (Ph,lu)l and
uy = ll,i. We split the error as follows

u_uhz(u_Plu)+(Ph,1M—uh)l=0’+9;l.
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C. Maximum norm analysis for the ESFEM

Because of theorem C.4.5 it remains to bound 6;,. Obviously there
exists R, € Sy(t) such that for all ¢, € S;,(t) it holds

d
2/ 0 +/V9~V —/ 0,0° =/R.
at Jryo MO Jry VT VTP ORORPR = J R

By the variation of constant formula we deduce

t
0u(H) = Ent, 0000) + | Ex(t,5)Ry(o) .
0
With Proposition C.5.8 we get
||9h||L°°(rh(t)) <c |108h|(||9h(0)||L2(rh(t)) +tsrg[3>t<] ||Rh(s)||L°°(Fh(t)))'

Observe that if we denote by ¢, = ¢!, then a quick calculation
reveals

my(Ry, ¢n) = my (05, P11, §p) + gn(Vi; Py aut, d) + ap(Py1ut, dr)

— (m@yu, ) + g(0n; u, @) +alu, gp))
(C.51)
lemma C.6.2 finishes the proof. |

Lemma C.6.2. Assume that R;, € Sy(t) satisfies for all ¢y, € Sp(t)
with ¢y = ¢! equation (C.51). Then it holds

3 °
IR Lo r, iy < B 1Mog B ([l peo ey + 1101w o)

Proof. Using Definition C.3.15 (C.23), (C.51) and since L* is the
dual of L' we deduce

IRnll o,y = sup  mu(Ry, fr) = sup  mu(Ry, Puofn)-
frn€L (Tn(B) fr€LN Ty (D)
HthLl(]"h(f))zl Hf]l”Ll(Fh(t))zl
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Now consider

my(Rp, Profu) = mu@n Pyt Profi) — m@5u, Pyofr)
+ §n(Vi; Puatt, Poofu) — §(on; 11, Profy)

+an(Puau, Profy) — a(u, Pyofh)
= 11 + 12 + 13.

Using lemma C.3.3 and theorem C.3.16 it is easy to see

| < c(l[ofu — a5 (Py1u) Il L(rry

+ 12(110%u]| Loy + B el wrsorn) 1fll e,
|| < c(]ju— Ph,l”l||L°°(F(t)) + 12 |l poorn) 1l e, o
Is] < c(h [l ooy + 110 = i) | Loy 1l e, oy

Theorem C.4.5 and theorem C.4.9 imply the claim. |

C.7. A numerical experiment

We present a numerical experiment for an evolving surface parabolic
problem discretized in space by the evolving surface finite element
method. As a time discretization method we choose backward
difference formula 4 with a sufficiently small time step (in all the
experiments we choose T = 0.001).

As initial surface Ty we choose the unit sphere S> C R3. The
dynamical system is given by

D(x,y,z,t) = (\/1 +0.25sin(27t)x, y, z),
which implies the velocity

v(x,v,z,t) = (7t cos(27tt) /(4 + sin(27tt))x, 0, 0),
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C. Maximum norm analysis for the ESFEM

over the time interval [0,1]. As the exact solution we choose
u(x,y,z,t) = xye*(’t. The complicated right-hand side was calculated
using the computer algebra system Sage [24].

We give the errors in the following norm and seminorm

L=(L*™): max, [ — uC s t) |l Lo,y

) Lo N , 5 1/2
L* (W) : (TZ gy, — u( '/tn)!wwr(tn))) :
n=1

The experimental order of convergence (EOC) is given as

_ In(ex/ex_1)
EOC = nR2) '

where ¢, denotes the error of the k-th level.

k=2,3,...,n),

level dof L*(L%) EOCs L2(Wh®) EOCs

1 126 0.00918195 - 0.01921707 -

2 516 0.00308305 1.57  0.01481673 0.37
3 2070 0.00100752 1.61 0.00851267 0.80
4 8208 0.00025326 1.99  0.00399371 1.09

Table C.1.: Errors and EOCs in the L®(L*®) and L?(W'*) norms
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C.8. A Green’s function for evolving surfaces

Appendix

C.8. A Green’s function for evolving surfaces

Aubin [5, section 4.2] proves existence of a Green’s function on a
closed manifold M, that is a function which satisfies in M x M

A distr. G(P, Q) = 0p(Q),

where A is the Laplace-Beltrami operator on M. The Green’s func-
tion is unique up to an constant. For lemma C.3.14 we need that the
first derivative of a Green’s function can be bounded independent
of t.

Theorem C.8.1 (Green’s function). Let I'(t) with t € [0, T] be an
evolving surface. There exists a Green's function G(t; x, y) for I'(t).
The value of G(x,y) depends only on the value of dr(x,y). G(x,y)
satisfies the inequality

I\ViG(t;x,y)| < c

1
dr(x, 3/) .

for some ¢ > 0 independent of t.
Furthermore for all functions ¢ € C*(Gr) it holds

1
== Oy~ [ Gt Are, Hdy. (C.
o(x, 1) V/m)fp(y My = |, CEx Ao, Hdy. (C52)

Proof. As noted in Aubin [5, 4.10] the distance 7 = dr(x, y) is only a
Lipschitzian function on I'(t). To use his construction we therefore
need to revise that the injectivity radius at any point P € I'(f) can
be bounded by below by a number independent of P and t. This
follows if the Riemannian exponential map is continuous in ¢ and
from lemma C.10.2. To prove that the Riemannian exponential map
is continuous one carefully revises the construction of exponential
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C. Maximum norm analysis for the ESFEM

map as it is given in Chavel [18, Chapter 1]. Formula (C.52) follows
from Aubin [5, theorem 4.13] and that the constant is independent
of t is a straightforward calculation. |

C.9. Calculations with some weight functions on
evolving surfaces

C.9.1. Integration with geodesic polar coordinates on
evolving surfaces

Assume we have sufficiently smooth function f:I'(t) x I'(t) — R,
where the value f(x, y) depends on the distance r = dr(x, y) and we
want to estimate the quantity fl"(t) f(x,y)dy for a fix y.

Applying the well known coarea formulae to the distance function
r, cf. Chavel [18, theorem 3.13] and Morgan [68, theorem 3.13], we
reach at

/r<t> Sy dy = /0 /{dr(x,w:r} Jndwdr
e H {dr L) =1Y) o m
_/0 f(r)r dr/

rm

where H™ denotes the m-dimensional Hausdorff measure. If I'(t) is
not a closed surface but R"*! then w would be constant.
For closed surfaces the situation is different. Obviously there exists
a positive number R > 0 independent of ¢t and x,y € I'() such that

for all » > R it holds

H™(dr(x,y)=71) =0.

Lemma C.9.1. There exists ¢ > 0 depending on t € [0,T] and
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YATL

VvV
p
wy, w11 W24
W31 w3
w2 1 W1 o 2,3

Figure C.1.: Illustration of a possible W, for the Torus as a subset
of R?® with induced metric. Note that the opposite
boundary of W, are identified. It holds exp,,(wj.) = g
and exp,(0) = p.

x € I'(t) such that

H"({dr(x,y) =1})

sup o <c
r>0

Proof. It holds
o {9 = 1)

r—0 r

= wi’l’u

where w,, is the volume of the m-dimensional sphere in R™1 of.
Gray [47, theorem 3.1]. Thus the proof is finished if find a ¢ > 0
such that

H"({dr(x,y)=71}) <c Vrel0,00).

This can be seen as follows. For a fix point p € I'(f) it is possible to
use the Riemannian exponential to flat out I'(t), cf. figure C.1 for an
illustration on the torus. We make this argument precise.

For r € [0, ) let

Sp(r) = {v € T,I(t) | gp(v,v) = *}
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be the sphere of radius r and for v € S,(1) consider the geodesic
for[0,00) =T, A expp()\v).

It is well known that a geodesic is just locally length minimizing.
Hence there exists a unique A.(v) > 0, such that f,|[0, A.(v)] is a
length minimizing geodesic and for every ¢ > 0 f,|[0, A.(v) + €] is
not anymore length minimizing. We define

Wyt) = {w e T,I(t) |w=A-vwithv € S, and A € [0, A.(0)]}.

Obviously it holds for every w € Wy(t) that dr(p, expp(w)) < R.
Further there exists for every g € I'a unique w € W, with exp,,(w) =
g. Clearly it holds

exp, (W N Sp(r)) = {dr(x,y) =7}

Now apply a general Area-coarea Formula, cf. [68, theorem 3.13],
to finish the proof. n

Using this lemma we have the estimate
R m
x,y)dy <c / ™ f(r)dr.
v Ay S ¢ i)

C.9.2. Comparison of extrinsic and intrinsic distance

Lemma C.9.2. There exists a constant ¢ > 0 independent of t such
that for all x,y € I'(t) the following inequality holds

c-dr(x,y) < |x —yl. (C.53)

Proof. For simplicity we assume that I'(t) = I'g for all ¢ € [0, T]. The
basic idea is to find a radius ¥ > 0 and two constant ¢, ¢, > 0 such
that (C.53) holds with ¢; for dr(x, y) < r and with ¢, for dr(x,y) > r.
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Observe that from the compactness from I’y it follows that there
exists r > 0 such that for all dr(x,y) < r it holds

v(x) - v(y) > cos(7/6).

After rotation we may assume x = 0, v(x) = e,,1 and that Iy may be
written as graph of a smooth function, that means that there exits
f:U(x) — R smooth with U(x) C R" an open subset, such that
z=(z,w) € Tp C R" x R with dr(z, x) < r if and only if z’ € U(x)
and w = f(z). For x = (0,0) and y = (v, f(v)) consider the path
t— (ty, f(ty')). We calculate

1
droy) € [ of1+ dfipy dt <31+ [ f R by
<A1+ 1 B by = 1

Now the derivatives of f are bounded by m - tan(7t/6).

To get the existence of c; > 0 observe that dr is continuous and
hence the set dy ' {r > 0} is compact. On this set the function |x — y|
does not vanish and takes it maximum and minimum. [

C.9.3. Weight functions

Definition C.9.3. Let u and i be like (C.9) resp. (C.25). For
given p, ji with curve y = y(t), we define a curve yj, = y;(t) =
y(t)~! € T;(t). Now we define a weight function on the discrete
surface

up:I'p(t) = R, resp. pup:Tu(t) = R,

via the same formula like (C.9) resp. (C.25).
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Lemma C.9.4. There exists a constant hy = ho(y) > 0 sufficiently
small and ¢ = c(hg) > 0 independent of t and h such that for all
0 < h < hy it holds

1

< <ep, (C.54)
1. - ~

S <o (C.55)

Proof. The main idea is to observe that we have the inequalities

|x’l —ypl <2d+|x—y|,
lx —y| <2d+ |x_l — nl,

where d = d(t) == maxycr(y distga (x, Ty (1)).
C.10. Modified analytic results for evolving
surface problems

Lemma C.10.1 (modified Gronwall inequality). Let ¢ > 0 be a
positive constant, let ¢, and p be some positive functions defined
on [t, T] and assume for all s € [t, T] we have the inequality

d
~ZL©+ ) < cp) +(6).
Then it holds

T T
o(T—1)
q)(t)+/t P(s)ds <e <(p(T)+/t p(s)ds).

Proof. Calculate — < [pe=“T~9)] and integrate from  to T.
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Lemma C.10.2 (modified inverse function theorem). Let
f:R" x[0,T] = R"

be a smooth map, denote by f(t)(x) == f(x,t) and assume that for all
t € [0, T] the map df(t)o = %(O, t) is invertible. Then there exists
r > 0 independent of t such that

fE:fOH{BAO} = R", x> f(x,h),
is a diffeomorphism onto its image and we have
B,2(0) C f(){B-(0)}
for all t, where B,(0) == {x € R" | |x| < r}. The map

¢:[0, T] x B,(0) — R", (t,x) — f()"'(x)

is smooth. In particular g is smooth in t.

Proof. The results follows from the compactness of [0, T] and the

smoothness of f.
|
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Appendix D.

Convergence of finite
elements on an evolving
surface driven by diffusion on
the surface

The content of this chapter is based on [58].

Abstract

For a parabolic surface partial differential equation coupled to
surface evolution, convergence of the spatial semidiscretization
is studied in this paper. The velocity of the evolving surface is
not given explicitly, but depends on the solution of the parabolic
equation on the surface. Various velocity laws are considered:
elliptic regularization of a direct pointwise coupling, a regularized
mean curvature flow and a dynamic velocity law. A novel stability
and convergence analysis for evolving surface finite elements for
the coupled problem of surface diffusion and surface evolution

263



D. Solution driven evolving surfaces

is developed. The stability analysis works with the matrix-vector
formulation of the method and does not use geometric arguments.
The geometry enters only into the consistency estimates. Numerical
experiments complement the theoretical results.

D.1. Introduction

Starting from a paper by Dziuk and Elliott [31], much insight into
the stability and convergence properties of finite elements on evol-
ving surfaces has been obtained by studying a linear parabolic
equation on a given moving closed surface I'(t). The strong formu-
lation of this model problem is to find a solution u(x, t) (for x € I'()
and 0 < t < T) with given initial data u(x,0) = uy(x) to the linear
partial differential equation

*u(x, t) +u(x, t)Vrey - v(x, t) — Arpu(x, t) = 0,

where 9°* denotes the material time derivative, Ar is the Laplace-
Beltrami operator on the surface, and Vr - v is the tangential
divergence of the given velocity v of the surface. We refer to [34] for
an excellent review article (up to 2012) on the numerical analysis of
this and related problems. Optimal-order L? error bounds for piece-
wise linear finite elements are shown in [35] and maximum-norm
error bounds in [58]. Stability and convergence of full discretiza-
tions obtained by combining the evolving surface finite element
method (ESFEM) with various time discretizations are shown in
[33, 37, 63]. Convergence of semi- and full discretizations using
high-order evolving surface finite elements is studied in [54]. Ar-
bitrary Euler-Lagrangian (ALE) variants of the ESFEM method for
this equation are studied in [42, 43, 57]. Convergence properties
of the ESFEM and of full discretizations for quasilinear parabolic
equations on prescribed moving surfaces are studied in [56].

264



D.1. Introduction

Beyond the above model problem, there is considerable interest
in cases where the velocity of the evolving surface is not given
explicitly, but depends on the solution u of the parabolic equation;
see, e.g., [6, 17, 42, 44] for physical and biological models where such
situations arise. Contrary to the case of surfaces with prescribed
motion, there exists so far no numerical analysis for solution-driven
surfaces in R?, to the best of our knowledge.

For the case of evolving curves in R?, there are recent preprints
by Pozzi & Stinner [73] and Barrett, Deckelnick & Styles [7], who
couple the curve-shortening flow with diffusion on the curve and
study the convergence of finite element discretizations without and
with a tangential part in the discrete velocity, respectively. The anal-
ogous problem for two- or higher-dimensional surfaces would be to
couple mean curvature flow with diffusion on the surface. Study-
ing the convergence of finite elements for these coupled problems,
however, remains illusive as long as the convergence of ESFEM for
mean curvature flow of closed surfaces is not understood. This
has remained an open problem since Dziuk’s formulation of such a
numerical method for mean curvature flow in his 1990 paper [30].

In this paper we consider different velocity laws for coupling the
surface motion with the diffusion on the surface. Conceivably the
simplest velocity law would be to prescribe the normal velocity at
any surface point as a function of the solution value and possibly
its tangential gradient at this point:

v(x, t) = g (u(x, t), Vrpu(x, t))vre(x), for x € I'(t),

where vr)(x) denotes the outer normal vector and ¢ is a given
smooth scalar-valued function. This does, however, not appear to
lead to a well-posed problem, and in fact we found no mention
of this seemingly obvious choice in the literature. Here we study
instead a regularized velocity law:

v(x, t) — aArpo(x, t) = g (u(x, t), Vg u(x, ) vre(x), x € T(t),
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with a fixed regularization parameter « > 0. This elliptic regular-
ization will turn out to permit us to give a complete stability and
convergence analysis of the ESFEM semidiscretization, for finite
elements of polynomial degree at least two. The case of linear finite
elements is left open in the theory of this paper, but will be consid-
ered in our numerical experiments. The stability and convergence
results can be extended to full discretizations with linearly implicit
backward difference time-stepping, as we plan to show in later
work.

Our approach also applies to the ESFEM discretization of cou-
pling a regularized mean curvature flow and diffusion on the surface:

v — alrpv = (—H +g (u, Vr(t)u))vr(t),

where H denotes mean curvature on the surface I'(¢).
The error analysis is further extended to a dynamic velocity law

0*v+0Vry - v — aAryv = g (U, Vipt) vrey-

A physically more relevant dynamic velocity law would be based
on momentum and mass balance, such as incompressible Navier—
Stokes motion of the surface coupled to diffusion on the surface. We
expect that our analysis extends to such a system, but this is beyond
the scope of this paper. Surface evolutions under Navier-Stokes
equations and under Willmore flow have recently been considered
in [11, 10, 9]. The paper is organized as follows.

In section D.2 we describe the considered problems and give
the weak formulation. We recall the basics of the evolving surface
finite element method and describe the semidiscrete problem. Its
matrix-vector formulation is useful not only for the implementation,
but will play a key role in the stability analysis of this paper.

In section D.3 we present the main result of the paper, which
gives convergence estimates for the ESFEM semidiscretization with
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finite elements of polynomial degree at least 2. We further outline
the main ideas and the organization of the proof.

In section D.4 we present auxiliary results that are used to relate
different surfaces to one another. They are the key technical results
used later on in the stability analysis. Section D.5 contains the
stability analysis for the regularized velocity law with a prescribed
driving term. In section D.6 this is extended to the stability anal-
ysis for coupling surface PDEs and surface motion. The stability
analysis works with the matrix-vector formulation of the ESFEM
semidiscretization and does not use geometric arguments.

In section D.7 we briefly recall some geometric estimates used for
estimating the consistency errors, which are the defects obtained on
inserting the interpolated exact solution into the scheme. Section
D.8 deals with the defect estimates. Section D.g proves the main
result by combining the results of the previous sections.

In section D.10 we give extensions to other velocity laws: the
regularized mean curvature flow and the dynamic velocity law
addressed above.

Section D.11 presents numerical experiments that are comple-
mentary to our theoretical results in that they show the numerical
behaviour of piecewise linear finite elements on some examples.

We use the notational convention to denote vectors in R? by italic
letters, but to denote finite element nodal vectors in RN and R3N
by boldface lowercase letters and finite element mass and stiffness
matrices by boldface capitals. All boldface symbols in this paper
will thus be related to the matrix-vector formulation of the ESFEM.
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D.2. Problem formulation and evolving surface
finite element semidiscretization

D.2.1. Basic notions and notation

We consider the evolving two-dimensional closed surface T'(t) C R?
as the image
I ={X(p,t) : pe I’}

of a sufficiently regular vector-valued function X : I' 0% [0, T] — RS,
where IV is the smooth closed initial surface, and X(p,0) = p. In
view of the subsequent numerical discretization, it is convenient to
think of X(p, t) as the position at time t of a moving particle with
label p, and of I'(t) as a collection of such particles. To indicate the
dependence of the surface on X, we will write

I'(t)=I(X(-,t)), orbriefly I'(X)

when the time t is clear from the context. The velocity v(x, t) € R?
at a point x = X(p, t) € I'(t) equals

9 X(p, t) = v(X(p, 1), b). (D.1)

Note that for a known velocity field v : R?® x [0,T] — R3, the
position X(p, t) at time ¢ of the particle with label p is obtained by
solving the ordinary differential equation (D.1) from 0 to ¢ for a
fixed p.

For a function u(x, t) (x € T'(¢), 0 < t < T) we denote the material
derivative as

’u(x,t) = :;tu(X(p, t),t) for x=X(p,t).

At x € T'(t)and 0 < t < T, we denote by vrx(x,t) the outer
normal, by Vrxu(x, t) the tangential gradient of u, by Arx)u(x, t)
the Laplace-Beltrami operator applied to u, and by Vr(x) - v(x, t) the
tangential divergence of v; see, e.g., [34] for these notions.
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D.2. Problem formulation and semidiscretization

D.2.2. Surface motion coupled to a surface PDE: strong
and weak formulation

As outlined in the introduction, we consider a parabolic equation
on an evolving surface that moves according to an elliptically regu-
larized velocity law:

*u+uVrx) -v— Arxyu = f(u, Vigou),

(D.2)
v — alrx)v = g, Vi u)vrix)-

Here, f: R x R® - Rand g: R x R®> — R are given continuously
differentiable functions, and « > 0 is a fixed parameter. This system
is considered together with the collection of ordinary differential
equations (D.1) for every label p. Initial values are specified for u
and X.

On applying the Leibniz formula as in [31], the weak formula-
tion reads as follows: Find u(-,t) € WY®(I'(X(-,1))) and o(-,t) €
WL=(T(X(-,1)))? such that for all test functions ¢(-,t) € H(X(t))
with 9°¢ = 0 and (-, t) € H'(X(t); R3),

d
da [ Vieou Voo = / R ,
T /r w0 /F(X) U V)@ r(X)J‘(M rx)U)¢Q

v-P+a Vo -V :/ u, Veooi) v -1,
/F(X) ¥ /r(x) rx)? - VP r(x)g( r)M) vrex) -

(D.3)
alongside with the ordinary differential equations (D.1) for the
positions X determining the surface I'(X).

We assume throughout this paper that the problem (D.2) or (D.3)
admits a unique solution with sufficiently high Sobolev regularity
on the time interval [0, T] for the given initial data u(-,0) and X(-, 0).
We assume further that the flow map X(-,t) : To — T'(t) C R? is
non-degenerate for 0 < t < T, so that I'(t) is a regular surface.
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D.2.3. Evolving surface finite elements

We describe the surface finite element discretization of our problem,
following [29] and [23]. We use simplicial elements and continuous
piecewise polynomial basis functions of degree k, as defined in [23,
Section 2.5].

We triangulate the given smooth surface I'? by an admissible
family of triangulations 7, of decreasing maximal element diameter
h; see [31] for the notion of an admissible triangulation, which
includes quasi-uniformity and shape regularity. For a momentarily
fixed 1, we denote by 2% = (x,...,x%) the vector in R3N that
collects all N nodes of the triangulation. By piecewise polynomial
interpolation of degree k, the nodal vector defines an approximate
surface I') that interpolates I’ in the nodes x?. We will evolve the

jth node in time, denoted x;(t) with x;(0) = x;-), and collect the nodes
at time t in a vector

z(t) = (x1(b), ..., xn() € RPN,

Provided that x;(t) is sufficiently close to the exact position x]*f(t) =
X(pj, t) (with p; = x?) on the exact surface I'(t) = I'(X( -, 1)), the
nodal vector «x(t) still corresponds to an admissible triangulation. In
the following discussion we omit the omnipresent argument ¢ and
just write x for x(t) when the dependence on f is not important.

By piecewise polynomial interpolation on the plane reference tri-
angle that corresponds to every curved triangle of the triangulation,
the nodal vector « defines a closed surface denoted by I';,(x). We
can then define finite element basis functions

¢jle] : Tp(x) - R, j=1,...,N,

which have the property that on every triangle their pullback to the
reference triangle is polynomial of degree k, and which satisfy

(P][.’ZZ](X]{) :5jk for all j,kZ 1,...,N.
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D.2. Problem formulation and semidiscretization

These functions span the finite element space on I';(x),

Sh(a:) = span{(pl[w], (Pz[:l:], e ,(PN[.’B]}

For a finite element function u;, € Sj(x) the tangential gradient
Vr, @) tn is defined piecewise.
We set

N
Xi(pn, ) = Y xj(t) ¢i[z(0)](pn), py €T},
=1

which has the properties that Xu(pj, t) = x(t) forj=1,...,N, that
Xi(pn, 0) = py, for all p;, € TY, and

Ip(x(t)) = T(Xu( -, ).

The discrete velocity vy(x, t) € R3 at a point x = X,(pp, t) € T(Xp,(-,t))
is given by
9t Xu(pn, t) = vp(Xn(pn, £, 1)

A key property of the basis functions is the transport property [31]:

d
5 (§e®1 P ) =0,
which by integration from 0 to t yields

¢ilx(O1(Xn(pn, 1) = Pilx(0)](pp)-

This implies for x € I';, ((t)) that the discrete velocity is simply
N
op(x, £) = Y _0i(O)gi[e()](x), with vj(t) = %;(t),
j=1

where the dot denotes the time derivative %.
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The discrete material derivative of a finite element function
N
up(x, 1) = Y ui(t) gile®)](x),  x €Ty (x(t),
j=1

is defined as

. d
dpup(x,t) = a”h(xh(ph/ t),t)  for x = X(pnt).

By the transport property of the basis functions, this is just

N
opup(x, t) = Y uj(t) pile()](x),  x €Ty (=(t).
=

D.2.4. Semidiscretization of the evolving surface problem

The finite element spatial semidiscretization of the problem (D.3)
reads as follows: Find the unknown nodal vector z(t) € R3N and the
unknown finite element functions uy( - ,t) € S,(x(t)) and v,(-,t) €
Sp(x(t))® such that, for all @y,(-,t) € Spy(x(t)) with o »on =0 and all

n( -, 1) € Sp(z(h)?,

d

— U + \Y% u, -V
at Jr, @ hPh @) Iy(x)Un Ty(x)Ph

fn, Vi, @un) @n,
e (D.4)

v Pt \V4 v,V
/rh(:c) he Pn /F;c (@) V@) Ph
/ §n, Vr,@un)vr, @) - Yn,

l"h(:n

and
0 Xn(pn, t) = on(Xu(pn, 1), 1), pn €T}, (D.5)

The initial values for the nodal vector u corresponding to uj; and
the nodal vector x of the initial positions are taken as the exact
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0

initial values at the nodes X;

of the triangulation of the given initial
surface T

x;(0) = x;?, uj(0) = u(x?,O) (G=1,...,N).

D.2.5. Differential-algebraic equations of the matrix-vector
formulation

We now show that the nodal vectors u € RN and v € RN of
the finite element functions u;, and vy, respectively, together with
the surface nodal vector x € RN satisfy a system of differential-
algebraic equations (DAEs). Using the above finite element setting,
we set (omitting the argument ¢)

N

uy = Zu]cp][az], uh(X]') =uj € R,
j=1
N

Op = 20]¢][x], Z)h(X]') =0 € R3,
=1

and collect the nodal values in column vectors u = (u;) € RN and
v = (’(’)j) € R3N.

We define the surface-dependent mass matrix M(x) and stiffness
matrix A(x) on the surface determined by the nodal vector «:

M(z)| = . oilzlpilx],
() G,k=1,...,N).
A@l= [ Inpflal Vi gidal,
W\
We further let (with the identity matrix I; € R3*?)

M) = L ® (M(ac) + ocA(a:)) . (D.6)
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The right-hand side vectors f(x,u) € RN and g(x,u) € R®*N are
given by

S = [ o G, V) gyl
g(x, w)|3-1)+¢= /r(w)g(uhfvrhuh) (vry@), ¢ilz],

forj=1,...,N,and ¢ =1,2,3.
We then obtain from (D.4)—-(D.5) the following coupled DAE
system for the nodal values u, v and «:

d
T (M(w)u) + A(x)u = f(z,u),
M*(iB)’U — g(a}’ U), (D7)

r=7.

With the auxiliary vector w = M(x)u, this system becomes

T=wv,
w= —Al@)u+ f(x,u),
0= — M*(z)v +g(x,u),
0= — M(z)u+w.
This is of a form to which standard DAE time discretization can be
applied; see, e.g., [49, Chap. VI].
As will be seen in later sections, the matrix-vector formulation

is very useful in the stability analysis of the ESFEM, beyond its
obvious role for practical computations.

D.2.6. Lifts

In the error analysis we need to compare functions on three different
surfaces: the exact surface I'(t) = I'(X( -, t)), the discrete surface I';(t) =
[y(x(t)), and the interpolated surface T';(t) = Ty(z*(t)), where @*(t) is
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the nodal vector collecting the grid points x;(t) = X(pj, t) on the
exact surface. In the following definitions we omit the argument ¢
in the notation.

A finite element function wy, : I, — R™ (m = 1 or 3) on the
discrete surface, with nodal values wj, is related to the finite element
function @y, on the interpolated surface that has the same nodal
values:

N
Z/l}h = Zw]¢][m*]
j=1

The transition between the interpolated surface and the exact sur-
face is done by the lift operator, which was introduced for linear
surface approximations in [29]; see also [31, 35]. Higher-order gen-
eralizations have been studied in [23]. The lift operator / maps a
function on the interpolated surface I'; to a function on the exact
surface I, provided that I'; is sufficiently close to I'.

The exact regular surface I'(X(-, t)) can be represented by a (suf-
ficiently smooth) signed distance function d : R® x [0, T] — R, cf.
[31, Section 2.1], such that

T(X(-, 1) ={x € R®|d(x,t) =0} C R>. (D.8)
Using this distance function, the lift of a continuous function
u: T, — R is defined as
M) =mx),  xeT},

where for every x € I'; the point y = y(x) € I' is uniquely defined
via
y=x—v()d).
For functions taking values in R® the lift is componentwise. By 77!
we denote the function on I'; whose lift is 7.
We denote the composed lift L from finite element functions on
I';, to functions on I' via I}, by

PPN
wy, = (wy) .
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D.3. Statement of the main result: semidiscrete
error bound

We are now in the position to formulate the main result of this paper,
which yields optimal-order error bounds for the finite element
semidiscretization of a surface PDE on a solution-driven surface as
specified in (D.2), for finite elements of polynomial degree k > 2.
We denote by I'(t) = I'(X(-,t)) the exact surface and by I',(t) =
[(Xy(-,1) = I'h(x(t)) the discrete surface at time t. We introduce
the notation

xb(x,t) = Xk(p, t) €T(t)  for x=X(p,t) € T(¢).

Theorem D.3.1. Consider the space discretization (D.4)—(D.5) of the
coupled problem (D.1)~(D.2), using evolving surface finite elements
of polynomial degree k > 2. We assume quasi-uniform admissible
triangulations of the initial surface and initial values chosen by finite
element interpolation of the initial data for u. Suppose that the
problem admits an exact solution (u,v, X) that is sufficiently smooth
(say, in the Sobolev class H*Y) on the time interval 0 < t < T, and
that the flow map X(-,t) : To — T(t) C R® is non-degenerate for
0 <t <T,so that I'(t) is a reqular surface.

Then, there exists hy > O such that for all mesh widths h < hy the
following error bounds hold over the exact surface I'(t) = I'(X( -, t))
for0 <t <T:

2
gy (-, ) — u( -, Ol 2y

t
+/0 Huﬁ( : /S) - M( : /S)H%—]l(r(s)) ds < Cth
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and
f :
</0 HUle( : /S) - U( : ’S)||H1(X(s);IR3) dS) < Chk,
||xl%( T t) - idr(f)||H1(X(t);]R3) < Chk

The constant C is independent of t and h, but depends on bounds of
the H*1 norms of the solution (u,v, X), on local Lipschitz constants
of f and g, on the reqularization parameter « > 0 and on the length
T of the time interval.

We note that the last error bound is equivalent to
Hxﬁ( T t) - X( T t)HHl(X(O);IR3) < Chk.

Moreover, in the case of a coupling function ¢ in (D.2) that is
independent of the solution gradient, so that ¢ = g(u), we obtain an
error bound for the velocity that is pointwise in time: uniformly for
0<t<T,

[0 () = o, Dl gy < CHE.

A key issue in the proof is to ensure that the W"® norm of the

position error of the curves remains small. The H! error bound and
an inverse estimate yield an O(h*~1) error bound in the W'* norm.
This is small only for k > 2, which is why we impose the condition
k > 2 in the above result.

Since the exact flow map X(-,t) : Iy — I'(t) is assumed to be
smooth and non-degenerate, it is locally close to an invertible linear
transformation, and (using compactness) it therefore preserves the
admissibility of grids with sufficiently small mesh width i < hy.
Our assumptions guarantee that the triangulations formed by the
nodes x]’f(t) = X(pj, t) remain admissible uniformly for ¢ € [0, T]
(though the admissibility bounds may degrade with growing ).
Since k > 2, the position error estimate implies that for sufficiently
small & also the triangulations formed by the numerical nodes
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xj(t) remain admissible uniformly for t € [0, T]. This cannot be
concluded for k = 1.

The error bound will be proven by clearly separating the issues
of consistency and stability. The consistency error is the defect on
inserting a projection (interpolation or Ritz projection) of the exact
solution into the discretized equation. The defect bounds involve
geometric estimates that were obtained for the time dependent case
and for higher order k > 2 in [54], by combining techniques of
Dziuk & Elliott [31, 35] and Demlow [23]. This is done with the
ESFEM formulation of section D.2.4.

The main issue in the proof of theorem D.3.1 is to prove stability in
the form of an h-independent bound of the error in terms of the de-
fect. The stability analysis is done in the matrix-vector formulation
of section D.2.5. It uses energy estimates and transport formulae
that relate the mass and stiffness matrices and the coupling terms
for different nodal vectors . No geometric estimates enter in the
proof of stability.

In section D.4 we prove important auxiliary results for the stability
analysis. The stability is first analysed for the discretized velocity
law without coupling to the surface PDE in section D.5 and is then
extended to the coupled problem in section D.6. The necessary
geometric estimates for the consistency analysis are collected in
section D.7, and the defects are then bounded in section D.8. The
proof of theorem D.3.1 is then completed in section D.g by putting
together the results on stability, defect bounds and interpolation
error bounds.

D.4. Auxiliary results for the stability analysis:
relating different surfaces

The finite element matrices of section D.2.5 induce discrete versions
of Sobolev norms. For any w = (w;) € RN with corresponding finite
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element function wy, = Zjl\:ll wigilx] € Sp(x) we note

2 2
W[y = w' M(z)w = lwn T2, @y (D.9)

2 2
w[a@) = wT A@)w = || Vr,@wnl| T2, @) (D.10)

In our stability analysis we need to relate finite element matrices
corresponding to different nodal vectors. We use the following
setting. Let =,y € R®N be two nodal vectors defining discrete
surfaces I';(z) and I';(y), respectively. Welete = (¢j) =z —y € R3N,
For the parameter 6 € [0, 1], we consider the intermediate surface
I'% = T',(y +0e) and the corresponding finite element functions given
as

N
62 = Ze]cp][y + 96]
j=1

and, for any vectors w, z € RN,

z

wz Zw]cp][y +0e] and zh = Zz]cp] y + 0Oe].
j=1 j=1

Lemma D.4.1. In the above setting the following identities hold:

1
w” (M(z) — M(y))z = /0 /r L w)(Vro - ez 6,

1
wT(Az) — A(y))z = /0 /r V) - (D) Vyoz) o,
h

with Driez = trace(E)I; — (E+ET) for E = vrgef1 € R3S,

Proof. Using the fundamental theorem of calculus and the Leibniz
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formula we write

1
_ 9 N
_ /0 /r (Vg ez de.

In the last formula we used that the material derivatives (with
respect to 0) of w9 and z{ vanish, thanks to the transport property
of the basis functions. The second identity is shown in the same
way, using the formula for the derivative of the Dirichlet integral;
see [31] and also [37, lemma 3.1]. [ |

A direct consequence of lemma D.4.1 is the following conditional
equivalence of norms:

Lemma D.4.2. If ||Vrz -eleLoo(rg) <pufor0<60<1,then

2
| pgyre) < €7 0]y

If [|Droejll oroy < 17 for 0 < 6 <1, then

2
|w‘A(y+e) <el ’w|A(y)'

Proof. By lemma D.4.1 we have for 0 <7 <1
|3 gysrey — W[y = T (M(y +Te) — M(y))w

T T
0 oN.,.0 0112
=/O [ ol (V1 -l o < y/o ) 22qre, 6

T2
H /0 ‘w’M(y+96) de,
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and the first result follows from Gronwall’s inequality. The second
result is proved in the same way. u

The following result, when used with w! equal to components of
¢!, reduces the problem of checking the conditions of the previous
lemma for 0 < 6 < 1 to checking the condition just for the case
8 =0.

Lemma D.4.3. In the above setting, assume that
0 1
Hth[y]ehHLwrh[y]) < 5 (D.11)

Then, for 0 < 6 < 1 the function wf = Z]-I\il wipily + Oe] on
'Y =Ty + fe] is bounded by

HVrgwiHLP(rg) < ¢p Hvrgwgﬂm(rg)/ I<p<oo

where ¢, depends only on p (we have ce = 2).

Proof. We describe the finite element parametrization of the discrete
surfaces 1"2 in the same way as in section D.2.3, with 6 instead of ¢
in the role of the time variable. We set

N
Y (qn) = Yu(qn, 0) = Y (v +0e)¢ilyl(@n), qn € Tulyl  (D.12)
=

so that
T(YY) = Tyly +6e] = TY.

Since Y,?(qh) = gy, for all g;, € T? = T},[y], the above formula can be
rewritten as

Y (qn) = qn + 0€)(qn).-
Tangent vectors to I'Y at y¢ = Y?(g;,) are therefore of the form
g naty, = 1,4

T
8Yj = DY} (qn) 04, = 0q1+6 (Vroeh(qn)) Sqn,
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where &gy, is a tangent vector to I') at gy, or written more concisely,
oqy € thl“?l.

Letting |-| denote the Euclidean norm of a vector in R3, we have
atyj = Y} (q)

T
(Vo)) oy Dt g
Vol = sup Ty DU,
' 5%’16%1"% |6/ o‘yzeTyzrg 10y}

Dw? DY qg,) 5
= sup wh(yhz) 0 (1) 09
SquETy, T |DY;; (qn) 64|

By construction of w{ and the transport property of the basis func-
tions, we have

N N
wh (Vi (qn) = Y wjigjly +0el(Y5 (qn) = Y_ wiei[y)(qn) = wj(qn).
j=1 j=1
By the chain rule, this yields
Dwi(y9)DY (1) = Dwi)(qn)

we have for

NI—

Under the imposed condition ||VF232HLw(rh[y]) <
0<0<1

T 1
[DY;i(@n) 01| > 16901 (Vroder(qn)” 6qu|> 50n.
Hence we obtain

Duw(a;) 8
Vi)l = sup B
1 svet,, 19 1D Y5 (1) 6]

D 0
sup wh(%) oqp

< Vo] = 2|Vwy(qn)-
SqueT, T9  2194n
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This yields the stated result for p = co. For 1 < p < co we note in
addition that in using the integral transformation formula we have
a uniform bound between the surface elements, since DY{f is close
to the identity matrix by our smallness assumption on Vrg e). W

The arguments of the previous proof are also used in estimating
the changes of the normal vectors on the various surfaces I') =
I'yly + Oe].

Lemma D.4.4. Suppose that condition (D.11) is satisfied. Let i =
Y?(qn) € TY be related by the parametrization (D.12) of T over I'9,
for 0 < 0 < 1. Then, the corresponding unit normal vectors differ by
no more than

[vro (3) — vro (U< COIVroeh ()|

with some constant C.

Proof. Let 6q; and dq7 be two linearly independent tangent vectors
of IV at g, € IV (which may be chosen orthogonal to each other
and of unit length with respect to the Euclidean norm). With
Syy' = DY{(qn) 4}, = 04}, +6 (Vryen(qn) g}, for i = 1,2 we then
have, for 0 < 6 <1,

(Sye,l y 5]/9’2

Since this expression is a locally L1psch1tz continuous function of

the two vectors, the result follows. (The imposed bound (D.11) is
sufficient to ensure the linear independence of the vectors 5y2’1.) u

Vro i) =

We denote by 95 f the material derivative of a function f = f(1/9,6)
depending on 6 € [0,1] and ¥ € TY:

d
d%f = @f(y?ﬂ@).
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From lemma D.4.4 together with lemma D.4.3 we obtain the follow-
ing bound:

Lemma D.4.5. If condition (D.11) is satisfied, then
Haévrgum(rg) <C HvrgegHLP(Fg)

where C is independent of 0 <0 < 1land 1 < p < co.

Proof. By lemma D.4.4 with Fg in the role of 1“2, we obtain
Iaévrg(y2)|= |£1g(‘) (Vrg+f(yZ+T) - Vrg(yfl))/ﬂ < C|Vrg€Z(yz)|,
which implies
Haévrgum(rﬁ) <C Hvrgf’,ZHLP(FZ)’
and lemma D.4.3 completes the proof. |

A bound for the time derivatives of the mass and stiffness matri-
ces corresponding to nodes on the I'(t) is a direct consequence of
[37, lemma 4.1].

Lemma D.4.6. Let I'(t) = I'(X(-,t)), t € [0,T], be a smoothly
evolving family of smooth closed surfaces, and let the vector x*(t) €
R3N collect the nodes x]*-‘(t) = X(pj, t). Then,

d
wTaM(iE*(t))Z < C || py 12 Mo
T d *
w aA(w M)z < C |w| gy 1] a1y

forall w,z € RN and s, t € [0, T]. The constant C depends only on
a bound of the WY norm of the surface velocity.
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D.5. Stability of discretized surface motion under
a prescribed driving-term

In this section we begin the stability analysis by first studying
the stability of the spatially discretized velocity law with a given
inhomogeneity instead of a coupling to the surface PDE. This allows
us to present, in a technically simpler setting, some of the basic
arguments that are used in our approach to stability estimates,
which works with the matrix-vector formulation. The stability
of the spatially discretized problem including coupling with the
surface PDE is then studied in Section D.6 by similar, but more
elaborate arguments.

D.5.1. Uncoupled velocity law and its semidiscretization

In this section we consider the velocity law without coupling to a
surface PDE:

0 — aArx)v = g Vr(x),

where ¢ : R3 xR — Ris a given continuous function of (x, t), and
« > 0 is a fixed parameter. This problem is considered together
with the ordinary differential equations (D.1) for the positions X
determining the surface I'(X). Initial values are specified for X.
The weak formulation is given by the second formula of (D.3)
with the function g considered here. This is considered together
with the ordinary differential equations (D.1) for the positions X.
Then the finite element spatial semidiscretization of this problem
reads as: Find the unknown nodal vector x(t) € R3N and the
unknown finite element function vy(-,t) € Sy(x(t))? such that the
following semidiscrete equation holds for every v, € Sy (z(t))*:

v P+ \V4 v,V = / v -y,
/r,,(@ e ¥n /rh@) (@) VTy@)¥h L, (2)8 T)(x) EU/ZD |
.13
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together with the ordinary differential equations (D.5). As before,
the nodal vector of the initial positions (0) is taken from the exact
initial values at the nodes x? of the triangulation of the given initial
surface T xj(0) = x;-) forj=1,...,N.

Asin section D.2.5, the nodal vectors v € R3N of the finite element
function vy, together with the surface nodal vector = € R3N satisfy
a system of differential-algebraic equations (DAEs). We obtain from
(D.13) and (D.5) the following coupled DAE system for the nodal

values v and x:
M*(z)v = g(z, t)

r =17

Here the matrix M*(x) = I3 ® (M(x) + « A(x)) is from (D.6), and the
driving term g(zx, t) is given by

(D.14)

g(x, t)|3-1)+= /r » (-, 1) (vry@), Pilz],

wherej=1,...,N,and ¥ =1,2,3.

D.5.2. Error equations
We denote by
o (t) = (xj(h) e RN with xi()=X(p;,t) (=1,...,N)

the nodal vector of the exact positions on the surface I'(X( -, 1)).
This defines a discrete surface I',(x*(t)) that interpolates the exact
surface I'(X( -, t)).

We consider the interpolated exact velocity

N
op(, ) =Y oi(Ogle" ()] with  vi(f) = 2/ (),
j=1
with the corresponding nodal vector

v*(t) = (vf (1) = &*(t) € R,
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D.s. Stability under a prescribed driving-term

Inserting v; and «* in place of the numerical solution v, and « into
(D.13) yields a defect dj( -, ) € Sy(x*(t))%: for every ¥, € Sp(x*())?,

’()* . + (X/ V . Z)* . V .
/I‘}’(w*) h ll]h r;,(:l}*) Fh($) h F;,(a: )¢h

= ULy (z) * h+/ di - Pp-
/rh@c*)g @) T ey Y

With dy(-,t) = Zjl\il dj(t)¢;j[x*(t)] and the corresponding nodal vec-
tor dy(t) = (d(t) € R3N we then have (I3 ® M(x*(t)))d,(t) as the
defect on inserting * and v* in the first equation of (D.14), and
the defect in the second equation is denoted d,. With MBl(z*) =
Iz @ M(x*), we thus have

M*(x*)v* = g(z*) + MBl(z*)d,,

¥ =v".

(D.15)

We denote the errors in the surface nodes and in the velocity by
e; = —x" and e, = v — v*, respectively. We rewrite the velocity
law in (D.14) as

M*(x*)v = — (M*(x) — M*(z*))v" — (M*(x) — M*(x"))ey + g(x).

Then, by subtracting (D.15) from the above version of (D.14), we
obtain the following error equations for the uncoupled problem:

M*(x%)e, = — (M*(x) — M*(x"))v* — (M*(x) — M*(z"))e,
+ (g(x) — g(x*)) — MPl(z*)d,,

€r = €y.
(D.16)
When no confusion can arise, we write in the following M(z*) for
MPl(z*) and | - ey for [+ [l xeymo) ete-

287



D. Solution driven evolving surfaces

D.5.3. Norms

We recall that M*(xz) = I3 ® (M(x) + #A(x)) and, for w € R3N
and the corresponding finite element function wj, = Z]-Iil wig;lx] €
Sy(x)3, we consider the norm

|w|§w($*) =w! M*(x*)w
2 2 2
= ||whHL2(r,,(m*)) ta HVFh(w*)whHLZ(rh(m*)) ~ ||wh||H1(Fh(:c*))'

For convenience, we will take « = 1 in the remainder of this section,
so that the last norm equivalence becomes an equality. For the
defect dj, € S,(z*)* we use the dual norm (cf. [63, Proof of theorem
5.1])

sup frh ) T ¥ . (D.17)

1l g1 ey =
Hh (")) 0#1/7}1651 *)3 Hw”’HHl (x* ]RS)

Further, a quick calculation shows

NI=

dI Mz )M*(x*) 1 M(x*)d,)>. (D.18)

Il 1 oy = €
We denote
Ido|? - = dy M@ )M" (@) M(z")d,
so that

el = Nl 1 ey

D.5.4. Stability estimate

The following stability result holds for the errors e, and e, under
an assumption of small defects. It will be shown in section D.8
that this assumption is satisfied if the exact solution is sufficiently
smooth.
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D.s. Stability under a prescribed driving-term

Proposition D.5.1. Suppose that the defect is bounded as follows,
with k > 1:
Hdv(t)H*,w*(t) S ChK’ te [0’ T]

Then there exists hy > 0 such that the following error bounds hold
forh <hyand 0 <t <T:

t
lec®lit ey < C [ @I e ds, (D:19)

t
les®liry < Cldo®l g +C [ do(@)IE 1 ds (D20)

The constant C is independent of t and h, but depends on the final
time T and on the reqularization parameter .

We note that the error functions e,( - ,t),ex(-,t) € Sp(x*(t))® with
nodal vectors e,(f) and ey(t), respectively, are then bounded for
t €[0,T] by

llea -, Ol e, @y < CH*

and
k
||€x( : /t)HHl(Fh(w*(t))) = Ch !

Proof. The proof uses energy estimates for the error equations
(D.16) in the matrix-vector formulation, and it relies on the results
of Section D.4. In the course of this proof c and C will be generic
constants that take on different values on different occurrences.

In view of condition (D.11) for y = *(t), we will need to control
the W' norm of the position error ex(-,t). Let 0 < t* < T be the
maximal time such that

IV @ @exC Dl Lo, @ @y < WD/ for te[0,t7].
(D.21)
At t = t* either this inequality becomes an equality, or else we have
t*=T.
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D. Solution driven evolving surfaces

We will first prove the stated error bounds for 0 < t < t*. Then
the proof will be finished by showing that in fact t* coincides with
T.

By testing the first equation in (D.16) with e,, and dropping the
omnipresent argument ¢ € [0, t*], we obtain:

|ev|§w($*) = el M*(x*)e, = — el (M*(x) — M*(x*))v*
— el (M*(2) — M*(@"))es
v (9(x) — g(a")) — e, M(z")d,
We separately estimate the four terms on the right-hand side in an
appropriate way, with lemmas D.4.1 - D.4.4 as our main tools.
(i) We denote, for 0 < 0 < 1, by e? and vh the finite element

funct1ons in 5,(I'; Y3 for 'Y = T),(z* + fe,) with nodal vectors e, and
*, respectively. Lemma D.4.1 then gives us

T(M*(az)—M*(w*)) *
/ /r@ Vre- )of d0+0¢/ / Vr (Drzeg)vrzvg dé.

Using the Cauchy-Schwarz inequality, we estimate the integral with
the product of the L? — L? — L™ norms of the three factors. We thus
have

v (M () — M* (")) v"
1
0 0 0
< [ el 195y - el e ey 40
1
0 0 0
va [ 1y IDryel iz [ Vg ohll ey 40

1
< C/o ||eg||H1(l"Z) HE?CHHI(TZ) HUZHWL“’(F;’[) de.
By (D.21) and lemma D.4.3, this is bounded by
el (M*(x) — M*(x*))v*

< cleoll g, @y lexll m, @y 198 lwie, @)
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D.s. Stability under a prescribed driving-term

where the last factor is bounded independently of /. By the Young
inequality, we thus obtain

1
b (M*(z) — M*(z"))v* < 6 HEUHHl(Fh(m*)) +C HeXHHl(Fh(m*))
2 2
g € [ie (@) * C €l (an-

(ii) Similarly, estimating the three factors in the integrals by L2 —
L® — L2, we obtain

2
o (M*(@) = M*(x"))ew < ¢ llewllrom, @y 1V, - Call o, @)
+ca || Vr,ey HLZ(I"h ||DF1,€m HL""(I"h(w*))

< Ch x=1)/2 |eU’M*(w*)’

where in the last inequality we used the bound (D.21).
(iii) In the following estimate we use lemma D.4.5. With the
finite element function ef Z] 1(ev)j¢j[x* + Oe;] on the surface

Fz =Tp(x* +0ey), for 0 < 6 < 1, we write
Fo@ =g = [ gy [ gy d
h

1d
:/on gvre e de.

Using the Leibniz formula, this becomes

T * ! . 0 0 0
el (g(a) — g(@)) = /0 /r 2 (95 (g - €9) + (gups - (Vg - € 6.
Here we have, noting that ageg =0,

° o\ _ 1 0 0 °
89 (gvrg 'ev) =8¢ VF;’I 2 +g891/1"2 " €y-
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D. Solution driven evolving surfaces

With lemmas D.4.3 and D.4.5 we therefore obtain via the Cauchy-
Schwarz inequality

/1*9 % (gl’rg -eg) < C%HX’HL‘” HeXHLZ(F;,(m*)) Heva(rh(m*))
h

+C%H§HL"° ||vrh($*)exHL2(Fh(m*)) ||€vHL2(r,,(x*))/

and again with lemma D.4.3,
/r?(erg '32)(Vrg ’e?c) < C%H8HL°° HeUHLZ(Fh(m*)) IVry @ - 6’XHLZ(rh(w))-

In total, we obtain a bound of the same type as for the terms in (i)
and (ii):

e, (9(@) — g(@")) < ¢ llex]l g, @y leoll 2, @y
= clez|yr @) €v|pean

1, 2
< 6 |e’U’M*(w*) +C ‘em’M*(w*)

The combination of the estimates of the three terms (i)—(iii) with
absorptions (for sufficiently small & < hp), and a simple dual norm
estimate, based on (D.18), for the defect term, yield the bound

2 2 2
’eU’M*(m*) <c ‘el”M*(m*) +c HdUH*,m* (D.ZZ)

Using this estimate, together with taking the ||, norm of both
sides of the second equation in (D.16), we obtain

1. p2 2 2 2
> x| @) = l€v|ir @) < € lealypr@n +¢ ol g (D.23)

In order to apply Gronwall’s inequality, we connect & |e, |%VI*(.1:*)

and |éw|12v1*(a;*) as follows:

1d

1 d
2 — ST AL (e *) 5 T %0 %
53 |€x|pp @) = €M™ (T")er + € (aM (x )) €x

< ’6m|%/l*(w*) +C |€m‘?w*(w*),
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D.6. Stability of coupling surface PDEs to surface motion

where we use the Cauchy-Schwarz inequality and lemma D.4.6 in
the estimate. Inserting (D.23), we obtain

1d 2 2 2
2d x|y < € lealyp(ay ¢ [ldoll 4
A Gronwall inequality then yields (D.19), using ¢;(0) = x;(0) — x? =0
for j = 1,...,N. Inserting this estimate in (D.22), we can bound
ey(t) for 0 <t < t* by (D.20).

Now it only remains to show that t* = T for h sufficiently small.
For 0 <t < t* we use an inverse inequality and (D.19) to bound
the left-hand side in (D.21):

-1
lexC s D)o@y < b lex( Dl @ o)
< ChilHew(t)HM*(:c*(t))
< cChF 1 < Ty
- -2
for sufficiently small #. Hence, we can extend the bound (D.21)

beyond t*, which contradicts the maximality of t* unless we have
already t* = T. [

D.6. Stability of coupling surface PDEs to surface
motion

Now we turn to the stability bounds of the original problem (D.4)-
(D.5), or in DAE form (D.7), which is the formulation we will
actually use for the stability analysis.

D.6.1. Error equations

Similarly as before, in order to derive stability estimates we consider
the DAE system when we insert the nodal values u*(t) € RN of
the exact solution u( - ,t), the nodal values x*(t) € R3N of the
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D. Solution driven evolving surfaces

exact positions X(-,t), and the nodal values v*(t) € R3N of the
exact velocity v(-,t). Inserting them into (D.7) yields the defects
dy(t) € RN and d,, € R3N: omitting the argument ¢ in the notation,
we have

i (M(m*)u*) + A@@N)u” = F@,ut) + M(z*)dy,
M*(@*)o* = g(z*, u*) + M(z*)dy, (D-24)

" =¥,

where again MBl(z*) = I; ® M(z*). As no confusion can arise, we
write again M(x*) for MBl(z*).

We denote the PDE error by e, = u — u*, and as in the previous
section, e, = v —v* and e, = © — =* denote the velocity error and
surface error, respectively. Subtracting (D.24) from (D.7), we obtain
the following error equation:

jt (M(m*)eu) + A(x)ey = —i ((M(az) _ M(:c*))u*)
- & (M@ — M@)e.)
— (A(z) — A(z"))u”
— (A(z) — A(z"))eq

+ (f(w, u) - f(.’L'*,’U,*)) - M(m*)du
M*(x*)e, = — (M*(x) — M*(z"))v*
— (M*(z) — M*(z")) ey
+(g(z,u) — g(z*, u")) — M(z")dy,
ér = €y. (D.25)

D.6.2. Stability estimate

We now formulate the stability result for the errors e,, e, and e
of the surface motion coupled to the surface PDE. Here, we use the
norms (D.9)-(D.10) and those of Section D.5.3.
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D.6. Stability of coupling surface PDEs to surface motion

Proposition D.6.1. Assume that the following bounds hold for the
defects, for somex > 1and 0 <t < T:

[ du()ls oy < ch, (| du(®)]] gy < ch®, for t €10, T].

Then there exists hg > 0 such that the following stability estimate
holds for all h < hgand 0 <t < T:

t
2 2 2
leal®)2an + /0 leu(®) ey 5+ lea ()2

t t
+ [ eslends <€ [ (1@ + [duts)I2,-) ds,
(D.26)
The constant C is independent of t and h, but depends on the final
time T and on the regularization parameter «.

We note that the error functions e, (-, t) € Sy (x*(t)) and the error
functions ey(-, 1), ex(-,t) € Sy(z*(t))®> with nodal vectors e, (t) and
ey(t), ex(t), respectively, are then bounded by

; 1/2
llew(, Ol 2, @ty * (/o Heu('/t)H%—Il(rh(m*(t))) ds) < Ch",

of 1/2
(/0 ||€U("t)H%-I](I‘h(m*(t))PdS) < Ch*, (D.27)
Hex(‘/t)||H1(r,,(gc*(t)))3§ Ch*, t € [0, T].

Proof. The proof is an extension of the proof of proposition D.5.1,
again based on the matrix-vector formulation and the auxiliary
results of Section D.4. We handle the surface PDE and the surface
equations separately: we first estimate the errors of the PDE, while
those for the surface equation are based on section D.5. Finally
we will combine the results to obtain the stability estimates for the
coupled problem. In the course of this proof ¢ and C will be generic
constants that take on different values on different occurrences.
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D. Solution driven evolving surfaces

Let 0 < t* < T be the maximal time such that the following
inequalities hold:

x—1 2
IV @ @nexC Dl s, @ oy < B

for te]0,t*],
lew(, Dl pory@r iy < 1

(D.28)
Note that t* > 0 since initially both e,(-,0) =0 and e,(-,0) =0.
We first prove the stated error bounds for 0 <t < t*. At the end,
the proof will be finished by showing that in fact t* coincides with
T.

Testing the first two equations of (D.25) with e, and e,, and
dropping the omnipresent argument ¢ € [0, t*], we obtain:

ui (M(zr: )eu> +el A(z")en = — ci ((M(a:) (a:*))u*)

rd

—el o ((M@) — M@"))eu)
— ey (A(@) — A(@"))u"
— ey (A@) = A@"))eu
ey (fl@w) - fl@',u)
— ezM(w*)du,

’e’vﬁ\/j*(w*) = —e, (M*(x) — M*(z"))v"
— ey (M(@) = M (@))ey
+ey (9@, u) - gla’, u"))
— eZM(m*)dv,

€y =€y —dy.
(A) Estimates for the surface PDE: We estimate the terms separately,

with Lemmas D.4.1 — D.4.3 as our main tools.
(i) The symmetry of M(z*) and a simple calculation yields

el (M@en) = 3 (clmenen) + el (M) en
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D.6. Stability of coupling surface PDEs to surface motion

14 1.,d. .
= 5 leuluen + 300 (dtM(w )>e“’

where the last term is bounded by lemma D.4.6 as

rd —M(x*)e,

d <C‘€u’M (z*)

(ii) By the definition of the A-norm we have
el A(x")ey = |eu|i(w*).

(iii) With the product rule we write

rd
en < (M@ - M@"))u*) D)
.29
= o] (M) ~ M@ + ] (& (M@) — M) )u
With Ffl(t) =T'[x*(t) + 0e,(t)] and with the finite element functions
e, t), u ( t) € Su(x*(t) + Oex(t)) with nodal vectors e,(t), u*(t),

resp., Lemma D.4.1 (with *(¢) in the role of y) yields for the first
term, omitting again the argument ¢,

1
ek (M(@) — M@")a' = [ [ el (Vyy-el) ojuf do.
0 Jr¢ 1
Using the Cauchy-Schwarz inequality we obtain for the first term
e (M(@) — M(z"))u"|

< /0 ||3zHL2(rg) Hvrz 'eile(Tﬁ) Haﬁug””"(rﬁ) de.

Under condition (D.28) we obtain from lemmas D.4.2 and D.4.3 that
for 0 <t <t*,

ey, (M(z) — M(x*)u*| < c e} ) HexHHl(r) HahuhHL“’(FO
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Now, the last factor is bounded by
o %0 .k
10514, Ml oo o)y < |27 [[ o< €

because of the assumed smoothness of the exact solution u and
hence of its material derivative 9*u(-, t), whose values at the nodes
are the entries of the vector 4" (t). Hence we obtain, on recalling the
definitions of the discrete norms,

—eq(M(m) — M(@"))* < C leu|pqe €] awn-

Using lemma D.4.1 together with the Leibniz formula, the last term
in (D.29) becomes

d 1
T * * _ 0 ~e RPCAY:
el (& (M(z) - M(z")) )u _/0 /ri ) (Vo - ) u) 6
1
+/0 /FZ &) (Vo - e uf) (Vo - 0f) .

where UZ is the velocity of l"g (as a function of t), which is the
finite element function in Sy (x* + 6e;) with nodal vector &* + fé,, =
v* + fe,, so that

ol = v+ 660, (D.30)
where UZ’G and ¢Y are the finite element functions on I') with nodal
vectors v* and e, respectively. In the first integral we further use,
cf. [36, lemma 2.6],

aﬁ(vrz o)) = Ve el — (s — sz(V;f)T)Vrgvfz) : Vrgeg

where : symbolizes the Euclidean inner product of the vectorization
of two matrices. Here we note that d7¢! is the finite element function
on Ffl with nodal vector e, = e,, so that 8,:62 = eg.

We then estimate, using the Cauchy-Schwarz inequality in the
tirst step, Lemmas D.4.2 and D.4.3 in the second step (using (D.28)
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D.6. Stability of coupling surface PDEs to surface motion

to ensure the smallness condition in these lemmas), the definition
of the discrete norms in the third step, and using the first bound of
(D.28) and the boundedness of the discrete gradient of the interpo-
lated exact velocity Vr,(,+v;; and of the interpolated exact solution
uy in the fourth step,

1
0 e 0y, *,0
’/O /rzeuah(vrz~ex)uh d9’

< [} Wbl (195 -y
+ HvrgUZ'GHLw(rg)'HvrgegHLZ(rg)
+ ||Vrgeg|\L2(rg)' ||Vrgeaec||L°°(rg)) ||“Z’9||L°°(r2) de
< clleull 2, @) (||Vrh(z*)€vHL2(rh(m*))
+ IV @) O L@@ [ Vyenex e, @)
+ ||Vrh<m*)€v||L2(rh<a;*))'||Vr,,(m*)€x||L°°<rh(m*>)> [uh ] Lo T, @y
< ¢ Jeulue (levlae + 11Vr,@ i i, @ 1€al ae
+len] g I Vry@esllism, ey ) 14l
< cleulu (levlnr@n + C lexlu@ + lealar@h® V2 C
< |eU|M(m*)(|ev’M*(x*) + \€m|M*(az*)>-

With the same arguments we estimate, on inserting (D.30),

1
0 Y 8
/0 /r (T (Vg -of) de‘
</1/ et czqrty Ve - €2l 2y o6 iy [ Vg - 03 ey 40
= Jo Jro Gl WV e~ Ecllzagy W ey 1V rg = O o)

1
,0
o[ ey IV - el I vy Vg - ey 06
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< ¢ leulp) ez p @y 1 ool Vi@ - Ol @)
+¢ |eulpen) IVr@nexlom, @) 1w leolev]p o)
<C |6U|M(w*)<|ev’M*(w*) + |€w|M*(m*)>~

Altogether we obtain the bound

el (M@ - M)
< C leulue (1€0ht@ * €2l )-

(iv) We obtain similarly

— eu% ((M(:c) M(:p*))eu)

=_16T(i(M(m) M(m*)))eu

5 51 (cEM@) ~ M)

< ¢ leul i (el + lecla) leull=yay

2 3 (M@ — Ma)e)

<C ’eu’M(m*)(‘eU’M*(m*) + ’e$‘M*(m*))
— 55 (b (M@) — M@))e.),

where we used the second bound of (D.28) in the last inequality.
(v) Lemma D.4.1 and the Cauchy-Schwarz inequality yield

— ey (Ax) — A(z"))u’
1
= —/0 . Vrzeﬁ . (Drzeg)vrgu;‘l’g de

<c |eU|A(w*) ’e$|A(:c*) V@ | Lo, @)

< Cleula@y €zl
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(vi) Similarly we estimate

el (A(x) — A@@"))eu < ¢leulien

| Drex|| Lo(Ty(z*))
2
ey Az*)’

where we used the first bound of (D.28).
(vii) The coupling term is estimated similarly to (iii) in the proof
of proposition D.5.1:

L@~ @) = [ fon, Vel [ f, Ve,
With

N
Zu +0(ew))) pilx” +beq] = uy’ 0 +0ef (D.31)
i1

we therefore have
1d
T koK) 0 0y 0
e, (flxz,u)— f(z*,u")) = /0 a0 /rgf(uh' Vrg”h)eu de

and with the Leibniz formula (noting that ¢ is the velocity of the
surface 1”,9Z considered as a function of 8), we rewrite this as

er (f(z,u) — f(z*, u*))
1
= ), (08, Vgl o fud, Vigif Vi ) e
Here we use the chain rule
RS, Vi) = 0, Vi) 35+ 9, ryu) 93V

and observe the following: by the assumed smoothness of f and
the exact solution u, and by the bound (D.28) for e, (and hence for
¢ by Lemmas D.4.2 and D.4.3), we have on recalling (D.31)

l0:f (i, Vigupllpsqy< €, i=1,2.
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We note

o 0 _ 0
aeuh_eu

and the relation, see [36, Lemma 2.6],
° . T T
93 Vpoujy = Vedguty — Voey Vot + v (i) (Viwel) " Vipoij.

We then have, on inserting (D.31) and using once again Lem-
mas D.4.2 and D.4.3 and the bound (D.28),

en(fx,w) — fz*,u"))
= /01 /FZ el (a1f(uz, Vrzufl)ez + 02 f (uf, Vrg uz)(Vrzeg
— Vioel Vg + Vg(vg)T(Vrgeg)TVrg”Z)> dé
< clleull 2,y (Heu [FET
+ IV @enl 2w,@y I Vi@ e e,y | Vi@l ey)
+ [V @pesliom,en | Vi enedlze,ey)
<C ‘eu‘M(x*)(’eU’M(m*) + ’eu‘A(m*) + ’eE‘A(m*) + ‘eu‘A(m*)>
<C |eU‘M(x*)<’eU|M(x*) +|eul g + |e$|M*(m*)>'

The above estimates combined, yield the following inequality: Com-
bined, the above estimates yield the following inequality:

1d 2 2 2
>4 leulm@ + leula@y < C leulpe

+C |eu] par (\ev|M*(:c*) + |e$‘M*(m*))

+C |eu| pia

€y ‘M*(m*) +c ‘eU‘M(m*) = ‘M*(:c*)

+ C ‘eU‘M(m*) eU‘M*({E*)
13 (L M@) - M@))e.)
2der\ ¢ v
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+C e |A(:1:*) ex |M*(a:*)

+ Ch(K_l)/Z |eu‘i(w*)

+C |eu|M(w*)<|eu|M(w*) +[eul gy * |e$’M*(w*))
+C lew] | dull -
Estimating further, using Young’s inequality and absorptions into
|eu|i(m*) (using h < hg for a sufficiently small /), we obtain the

following estimate, where we can choose p > 0 small at the expense
of enlarging the constant in front of ‘eu‘?w(m*):

1d 2 1 2 2 2
T, |eul iz > leul 4@y < clewlpay el @

1d

, . , (D.32)
TP |ev’M*(a:*) Todr (eu(M(m) - M(m*))‘%) +cl|dully g

(B) Estimates in the surface equation: Based on section D.5, we obtain

2 2 * 2
lewlye@n) < Cleali@ + ey (9( u) — g™, u)| +c |ldu]l5 4,

where the coupling term can be estimated based on (iii) in the proof
of proposition D.5.1 and (vii) above:
g (9@, u) — gla”, u”))]
< lev] m@n (|€ulmey + lew] a@n + 1€zl ps @)
We then obtain
.2 2 2 2 2
aliv @) < Clleavr@n + leulm@ + [eula@n + [dollser)- (D.33)
As in Section D.5, this provides the estimate

1d 2 2 2 2
> d; lea i@y < Cllealprar) + leulp@n) + [€ula@) + ||dv||3<w)

(D.34)
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D. Solution driven evolving surfaces

(C) Combination: We first insert (D.33) into (D.32), where we can
choose p > 0 so small that Cp < 1/2 for the constant C in (D.33).
Then we take a linear combination of (D.32) and (D.34) to obtain,
for a sufficiently small o > 0,

d 2 1 2 d 2
at leul izt 5 |€w| 4 MY x| (2

d

2 *

<c |eu|?\/1(w*) + ¢ |exlpp ey + a (ez(M(w) — M(z ))eu)
+ ¢l dull? g telldo| [ o

We integrate both sides over [0, t], for 0 <t < t*, to get
1 rt
eu®ie * 5 /0 leu(®) ey ds + 0 lea (2o
< 2 2 f 2 2 d
~ ‘eu(O)]M(x*) + ’6$(0)|M*(m*) +C 0 leu(S)|M(m*) + |€$(S)’M*(m*) S
—eu())T (M(z) — M(z"))eu(t)

f 2 2
+c 0 ||du(s)H*,w*+ HdU(S)H*,az* dS.

The middle term can be further bounded using lemmas D.4.1-D.4.3
and an L2 — L® — L2 estimate, as

eu(d (M(z) — M(x"))eu(t) = /0 1 /r Cu (Vrg - e)ely o

2
< clew® @) V@) - exll i, @)
< ch® V72 ey () 340y,

where we used the first bound from (D.28) in the last inequality.
Absorbing this to the left-hand side and using Gronwall’s inequal-
ity yields the stability estimates:

t
2 2 2
leul®) 2+ /0 leu(®) ey 5+ lea )2y

f 2 2
< [ Idu@E e + o) - s
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D.7. Geometric estimates

Inserting this bound in (D.33), squaring and integrating from 0
to t yields

t ) t ) )
| es®linn ds < [ (1du@l2 o+ ldu®2-) ds.

With the assumed bounds of the defects, we obtain O(/) error
estimates for 0 < t < t*. Finally, to show that t* = T, we use the
same argument as at the end of the proof of Proposition D.5.1. W

D.7. Geometric estimates

In this section we give further notations and some technical lemmas
from [54] that will be used later on. Most of the results are high-
order and time-dependent extensions of geometric approximation
estimates shown in [29, 31, 35] and [23].

D.7.1. The interpolating surface

We return to the setting of section D.2, where X( - ,t) defines a
smooth surface I'(t) = I'(X( -, t)). For an admissible triangulation of
I'(t) with nodes x]’f(t) = X(pj, t) and the corresponding nodal vector
x*(t) = (x;f(t)), we define the interpolating surface by

N
Xii(pn D) = ) %/ () ¢jlzO1(p),  pr €T},
j=1

which has the properties that X;(pj, t) = x;(t) = X(pj, t) for j =
1,...,N, and
I (8) = Tu(e™() = T(XG (-, 1))

In the following we drop the argument ¢ when it is not essential.
The velocity of the interpolating surface I';, defined as in section
D.2.3, is denoted by v;.
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D. Solution driven evolving surfaces

D.7.2. Approximation results

The lift of a function 7, : I'; (t) — R is again denoted by 17%1 :T(t) —
R, defined via the oriented distance function d between I'; (t) and
I'(t) provided that the surfaces are sufficiently close (which is the
case if h is sufficiently small).

Lemma D.7.1 (Equivalence of norms [29, lemma 3], [23]). Let
o Thp(t) — R with lift 17,11 : T(t) — R. Then the LV and WP
norms on the discrete and continuous surfaces are equivalent for
1 < p < oo, uniformly in the mesh size h < hg (with sufficiently
small hg > 0)and in t € [0, T].

In particular, there is a constant c such that forh < hpand 0 <t < T,
¢l < il < c [l
M2y = Wnllezeey) = € Rl @)
- I
¢! H’?hHHl(r;;(t)) < ”’7hHHl(r(t)) <c H’?hHHl(r;(t))-

Later on the following estimates will be used. They have been
shown in [54], based on [23] and [35].

Lemma D.7.2. Let I'(t) and I'}(t) be as above in Section D.7.1. Then,
for h < ho with a sufficiently small hyg > 0, we have the following
estimates for the distance function d from (D.8), and for the error in
the normal vector:

ke I k
1l Loz iy < €h™, ey = vryo iy < €H°

with constants independent of h < hy and t € [0, T].
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D.7. Geometric estimates

D.7.3. Bilinear forms and their estimates

We use surface-dependent bilinear forms defined similarly as in
[35]: Let X be a given surface with velocity v, with interpolation
surface X; with velocity v}. For arbitrary z, ¢ € H'(I'(X)) we set

m(X;z, ¢) = /r ® zQ,

a X;Z, Q)= N1z -V @,

( ) /( ) r r
;0,2 = / V . s

Q(X 0,2 q)) ( )( U)ZGD

and for Z;, ¢, € Sy(x*) we set
m(XZIZh/ (Ph) = /r( Zh(Ph/

*
h

a(Xp; Zn, n) = /r(x*) Vr,Zy - Vr,¢n,
h

X vt 7, :/ Vi 0D Zubn,
9(Xp; 05 Zn, $n) r(x;;)( T, O Zndn

where the discrete tangential gradients are understood in a piece-
wise sense. For more details see [35, lemma 2.1] (and the references
in the proof), or [34, lemma 5.2].

We start by defining a discrete velocity on the smooth surface,
denoted by 9. We follow sections 5.3 of [54], where the high-
order ESFEM generalization of the discrete velocity on I'(X) from
Sections 4.3 and 5.3 of [35] is discussed. Using the lifted elements,
I'(X) is decomposed into curved elements whose Lagrange points
move with the velocity 9;, defined by

0 (05, ,1) = SOD'C 0,
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D. Solution driven evolving surfaces

Discrete material derivatives on I'(X}) and I'(X) are given by for
¢n € Sp(x*) by

3;;;% = 0ty + Uy - Vpu,

93,9 = Ot), + 0 - V.

In [35, lemma 4.1] it was shown that the transport property of the
basis functions carries over to the lifted basis functions ¢;[z*]:

35,9l = @ ¢z’ ) =0 (j=1,...,N).

Therefore, the above discrete material derivatives and the lift opera-
tor satisty,

95,9 = 05 ¢n)', (D.35)
for ¢y, € Sp(X}).

Lemma D.7.3 (Transport properties [35, lemma 4.2]). For any
2(t), ¢(t) € H(T(X(-, 1)),

%m(X; z,¢) =m(X;9%°z, ¢) + m(X;z,0°¢) + q(X; v; z, ¢).

The same formulas hold when T'(X) is considered as the lift of the
discrete surface T'(X}) (i.e. T'(X) can be decomposed into curved
elements which are lifts of the elements of I'(X})), moving with the
velocity Oy,:

d o . N
am(X;z, @) = m(X;93,z, ¢) + m(X;z,95, ) + q(X; Op; 2, 9).

Similarly, in the discrete case, for arbitrary zj(t), pi(t) € Sp(x*(t))
we have:

d * *, e * °
3" Xi zns @) = (X35 95,2, @n) + 1m(X)y; zn, 95, Pn)

+q(X5; 0% Zn, P1),
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D.7. Geometric estimates

H where v} is the velocity of the surface I'(X}).

The following estimates, proved in lemma 5.6 of [54], will play a
crucial role in the defect bounds later on.

Lemma D.7.4 (Geometric perturbation errors). Forany Z;,;, €
Sy(x*) where I'(X})) is the interpolation surface of piecewise polyno-
mial degree k, we have the following bounds, for h < hy with a
sufficiently small hy > 0,

|m(X; Z3y, @) — m(XG; Zn, o)
< ch**! HZ;ZHLZ(I"(X)) HQDLHLZ(F(X))'
|a(X; Zj,, 9) — a(Xs; Zn, on)|
< ch**! ’ZMHl(F(X)) ’(Pil’Hl(F(X))/
19CX 03 Z}s 93) — (XG5 035 Zno )|
< cH N Z 2oy 190 20c0)-

The constant c is independent of h and t € [0, T].

D.7.4. Interpolation error estimates for evolving surface
finite element functions

For any u € H*(['(X)), there is a unique piecewise polynomial
surface finite element interpolation of degree k in the nodes x7,

denoted by Thu € Sp(x*). We set [u = (Thu)l : I'(X) — R. Error
estimates for this interpolation are obtained from [23, proposition
2.7] by carefully studying the time dependence of the constants, cf.

[54].

Lemma D.7.5. There exists a constant ¢ > 0 independent of h < hy,
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D. Solution driven evolving surfaces

with a sufficiently small hy > 0, and t such that for u(-,t) €
HMYT(@), for0 <t < T,

[ — Ih“HLZ(r(X)) +h|u— Ihu’H](l“(X)) < ch! H“HHW(F(X))'

The same result holds for vector valued functions. As it will always
be clear from the context we do not distinguish between interpola-
tions for scalar and vector valued functions.

D.8. Defect bounds

In this section we show that the assumed defect estimates of propo-
sition D.5.1 and D.6.1 are indeed fulfilled when the projection 1T,
is chosen to be the piecewise kth-degree polynomial interpolation
operator I, for k > 2.

The interpolations satisfy the discrete problem (D.4)-(D.5) only
up to some defects. These defects are denoted by d, € S,(x*),d, €
Su(x*)3, with *(t) the vector of exact nodal values x]’f(t) = X(pj,t) €
I'(t), and are given as follows: for all ¢, € Sy(x*) with 8;2 on =0

and ¢, € Sy(z*; R3),

d ~ ~
d =—/ Iyu +/ V@it - Vi@
/rhw) PTG Sy T ey ¥ D@ VT P
_/ Fntt, Vo Int) g,
rh(m*)
dy - =/ Iyo- +tx/ Vr, @) 110 - V@
/rh(w*) o ¥ Ip(x*) W P IV T (a*) h T (x )l/]h
- / g(EZM/ Vrh(w*)fhu)l/rh(w*) . ll)h_
Ty(z*)
Later on the vectors of nodal values of the defects 4, and d, are

denoted by d,, € RYN and d, € R3V, respectively. These vectors,
together with d, = 0, satisfy (D.24).
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D.8. Defect bounds

Lemma D.8.1. Let the solution u, the surface X and its velocity v be
all sufficiently smooth. Then there exists a constant ¢ > 0 such that
forall h < hg, with a sufficiently small hg > 0, and for all t € [0, T],
the defects d,, and d,, of the kth-degree finite element interpolation are
bounded as

||dUH*,m* < Chk

= ||d HH 1(F(X*))
k
Idoller = ol 1 ey < ch'

where the H, Lorm is defined in (D.17). The constant c is indepen-
dent of hand t € [0, T].

Proof. (i) We start from an identity for the dual norm as in (D.18),
(omitting the argument * of the matrices):

I du]| (dIM(M + A)""Md,,)? = ||d,

*w*_

I H, ' (T(X;)

In order to estimate the defect in u, we subtract (D.3) from the
above equation, and perform almost the same proof as in [35, section
7]. We use the bilinear forms and the discrete versions of the
transport properties from lemma D.7.3. We obtain, for any ¢, €
Sh(.’E*) with 8;; Pn = 0,

m(Xp,; du, op) = d m(Xh, Tnu, on) +a(X;; Tnu, ®n)
— m(Xh;f(Ihu, Vr, Ihu), ®n)
= m(X}; 9% Iy, @n) + (X35 03 e, @) +a(Xiy; e, )
—m(XG; f(Tue, Ve, D), @),

and

d
0= 4mXu, @l +a(X;u, ¢l) — m(X; f(u, Vreou), ¢))
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D. Solution driven evolving surfaces

= m(X;dg,u, @) +q(X; 05 u, @)
+a(X;u, @) — m(X; f(u, Vegou), gp)-
Subtracting the two equation yields
m(XZ/ dy, q)h)
= m(X;y; 35 e, p) — m(X; 93, u, },) + 4(X;:; 0y L, o)
= (X 010, ¢}) + (X T, i) — a(X; u, 9})
— (X3 e, Ve, Tyw), @) = m(X; f(u, V), 9}) ).
We bound all the terms pairwise, by using the interpolation esti-
mates of lemma D.7.5 and the estimates for the geometric perturba-
tion errors of the bilinear forms of lemma D.7.4. For the first pair,
using that (B;Z L) = a;h I,u, we obtain
|m(XG;; 95 Ty, @n) — m(X; 95, u, ¢},)|
< |m(XG; 9% Ty, @u) — m(X; 93, Ty, @})| + |m(X; 1,93,u — 95, 1, ¢},)|
< ch**! H(PMLZ(r(X))-
For the second pair we obtain
|q(XG; 035 Twtt, i) — 4(X; 0054, @)
< 1q(XGi; oj; Tty @n) — q(X; 05 L, @3)| + 196 07 Tt — w, )|
< ch*! HQDLHB(F(X))'

The third pair is estimated by

a(XG; Ty, @) — aC u, @)| < |a (X5 T, on) — a(X; Ty, @)
+[a(X; Tyt — u, @)
k /
< " Vol 2oy
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D.8. Defect bounds

For the last pair we use the fact that (f(u, Vru))™ = f(u™", (Vru)™)
and the local Lipschitz continuity of the function f, to obtain

m(X;s; f(Tut, Vi, Tw), @n) — m(X; f(u, Vru), gb)|
< |m(X55; f (T, Vo, Iw) — @™, (Vrw)™), op)|
+ [m(Xy; £, Vrw) ™, @p) — m(X; f(u, Vru), @)
< c || f@uu, Vi, ) — fu™, (Vru)fl)HU(r(X;;)) o5l 2

+ ch! Hq’fq HLZ(r(X))-

The first term is estimated, using the local Lipschitz continuity of f
and equivalence of norms, by

T, Ve, Te) = £, (Vo) ™) ey
< [ fllwre (C [Tt — ull 2y + € VU — )| 2rex))

+c ||(VF;1“_I)I - vFuHU(F(X)))'

where the first two terms are bounded by O(k*) using interpolation
estimates, while the third term is bounded, using remark 4.1 in [35]
and lemma D.7.2, as

(V™ = Vrull 2y < b
Thus for the fourth pair we obtained
m(Xi; fe, Ve, Tgw), @n) — m(X; f(u, Vru), @) < ch* [|9h]] 20
Altogether, we have
m(X5s; du, on) < cH* || @) | ey

which, by the equivalence of norms given by lemma D.7.1, shows
the first bound of the stated lemma.
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(ii) In order to estimate the defect in v, similarly as previously we
subtract (D.3) from the above equation and use the bilinear forms
to obtain

m(Xj,; dv, Pn)
= m(Xj; Lo, W) — m(X;0, )
+a (a(Xi Ty, ) — a(;0,9))
+m(Xj5; ¢, Ve, Tt)vros, ¥n) — m(X; g, Veuhvrc, 9).

Similarly as in the previous part, these three pairs are bounded
pairwise. For the first pair we have

[m (X5 Tvo, ) =m0, ) | < m(XG; Do, i) — m(X; Lo, )|
+|m(X; v — v, 1/1,11)]

k 1
< H* [l 2y
For the second pair we use the interpolation estimate to bound
|a(XGi; Tno, ¥n) — a(X; 0, 93) | < a(XGi; Tno, ) — a(X; 1o, )|
+|a(X; Iyo — v, )|
< ch* ||VI“¢£1||L2(F(X))’

The third pair we estimate, similarly to the nonlinear pair above, by

im(X;; g(Tu, Vr,jhu)l/r(x;), ¥n) — m(X; g(u, Vrurx), )]
< [m(X;; (§(Tyue, Vv, Inwe) — g(u, Vr) " Yvrex, )l

+ [m(X,; g(u, Vr“)fl(l’r(x;;) - VE(IX))z (/8]

+|m(Xj;; g(u, Vru)flvf(lx)/ W) — m(X; g(u, Vru)vrxy, ¥})|
<ch* [|g i ||¢;1||L2(F(X)) +¢ [ V(X = Xp)ll 20 H”b;zHLZ(F(X))

+ch** g2 v, 120
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k I k
<l I8 llwee (190l L2y + ch H%HB(F(X))
k !
< ch” |9l 2
where we have used the local Lipschitz boundedness of the func-

tion g, the interpolation estimate, lemma D.7.2, and lemma D.7.4,
through a similar argument as above for the semilinear term with

f.

Finally, the combination of these bounds yields

. k l
m(X,; do, Pn) < ch* [y i oy
providing the asserted bound on d,,. n

D.9. Proof of theorem D.3.1

The errors are decomposed using interpolations and the definition
of lifts from section D.2.6: omitting the argument ¢,

~ o~

ub —u= (i — Lu) + (Lu—u),
.o~

ok —v= (0, — o) + (I,v—0),
s vl

XL —X= (X, — L,X) +(I,X - X).

The last terms in these formulas can be bounded in the H'(I') norm
by Ch¥, using the interpolation bounds of lemma D.7.5.

To bound the first terms on the right-hand sides, we first use
the defect bounds of lemma D.8.1, which then together with the
stability estimate of proposition D.6.1 proves the result, since by the
norm equivalences of lemma D.7.1 and equations (D.9)—(D.10) we
have (again omitting the argument t)

~ ~ ~ ~
| (it — Iu) HLZ(r) <c |y — Ih”HLZ(r;) =c ’eu’M(m*)’
~ ~ ~ .
IV (i, — Iyu) HLZ(r) <c ||VF; (i — Ih”)HLZ(r;) =c ‘eu|A(a:*)’

and similarly for v), — I,vand X;, — I, X.
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D.10. Extension to other velocity laws

In this section we consider the extension of our results to different
velocity laws: adding a mean curvature term to the regularized
velocity law considered so far, and a dynamic velocity law. We
concentrate on the velocity laws without coupling to the surface
PDE, since the coupling can be dealt with in the same way as
previously. We only consider the stability of the evolving surface
finite element discretization, since bounds for the consistency error
are obtained by the same arguments as before.

D.10.1. Regularized mean curvature flow

We next extend our results to the case where the velocity law
contains a mean curvature term:

v — aArx)0 — BArx)X = (-, Hvrex) (D.36)

where ¢ : R® x R — R is a given Lipschitz continuous function of
(x,t),and &« > 0 and B > 0 are fixed parameters. Here Arx)X is a
suggestive notation for —Hn, where H denotes the mean curvature
of the surface I'(X). (More precisely, Arx)1 = —Hurx).)
The corresponding differential-algebraic system has the following
form:
M @) + A@)z = g(@). (D:37)

Similarly as before the corresponding error equation is given as

M*(x")e, + A(x*)ey = — (M*(x) — M*(z™))v”
— (M*(z) — M*(z"))ey
— (A(@) — Ax"))z" — (A(z) — A(z"))es
+ (9(x) — g(x*)) — M(z")d,

together with é, = e,.
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D.10. Extension to other velocity laws

Proposition D.10.1. Under the assumptions of proposition D.5.1,
there exists hg > 0 such that the following stability estimate holds for
all h < hg, for 0 <t <T:

t
2 2 2
ea OBy < C [ 1P + e e 85

2 2 g 2
eo®fin ey < CIdo®I 0 +C [ (o)

2
+ ‘dm(S)’M*(w*(s)) ds.

The constant C is independent of t and h, but depends on the final
time T, and on the parameters « and P.

Proof. We detail only those parts of the proof of proposition D.5.1
where the mean curvature term introduces differences, otherwise
exactly the same proof applies.

In order to prove the stability estimate we again test with e,, and
obtain

lev by = —eb (M (@) — M*(x"))v* — el (M*(x) — M*(x*))ey
— e, (A@) — A@@")z" — e, (A(@) — A(x"))es
— e?,A(a:*)ew + eg (g(x) — g(x)) — eIT,M(m*)dU.

Every term is estimated exactly as previously in the proof of
proposition D.5.1, except the terms corresponding to the mean
curvature term, involving the stiffness matrix A. They are estimated
by the same techniques as previously:

ey (A(@) — A@"))z" + e (Ax) — A(z"))ey
1, 2 2
<% l€v| (@) + € €l ()

* 1 2 2
el A(x*)e, < A €0y + € €| ()
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Altogether we obtain the error bound

2 2 2
‘6U|M*(w*) <c |e$‘M*(w*) +c HdUH*,w*’

which is exactly (D.22). The proof is then finished as before. |

With proposition D.10.1 and the appropriate defect bounds, theo-
rem D.3.1 extends directly to the system with mean curvature term
in the regularized velocity law.

D.10.2. A dynamic velocity law

Let us consider the dynamic velocity law, again without coupling
to a surface PDE:

0*v+0Vr(x) - v — alrxyo = g(-, 1) vr(x),

where again ¢ : R> x R — R is a given Lipschitz continuous
function of (x,t), and « > 0 is a fixed parameter. This problem is
considered together with the ordinary differential equations (D.1)
for the positions X determining the surface I'(X). Initial values are
specified for X and v.

The weak formulation and the semidiscrete problem can be ob-
tained by a similar argument as for the PDE on the surface in section
D.6. Therefore we immediately present the ODE formulation of the
semidiscretization. As in section D.2.5, the nodal vectors v € R3N
of the finite element function vy, together with the surface nodal
vector z € RV satisfy a system of ODEs with matrices and driving
term as in section D.5:

d (M(m)v) + A(z)v = g(x, t)

dt (D.38)

=,

By using the same notations for the exact positions z*(t) € R?Y,
the interpolated exact velocity v*(t) € RN, and for the defects d,(t)
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and d,(t), we obtain that they fulfill the following equation

d

a (M(m*)v*) + A(x*)v* = g(x*, t) + M(x*)d,

¥ =v".

By subtracting this from (D.38), and using similar arguments as
before, we obtain the error equations for the surface nodes and

velocity:

d (M@ ) + Aw*)es = 4 (M) - M@)o

dt dt
4 (@) - M@e, )
~ (A@) ~ A"’
~ (Al@) ~ A,
 (9@) — ga) - Ma")d,
€y =€y —dg.

We then have the following stability result.

Proposition D.10.2. Under the assumptions of Proposition D.5.1,
there exists hy > O such that the following error estimate holds for all
h < hg, uniformly for 0 <t < T:

e ()] 13r ey €0 oy
t t
+ [ les®l e ds < C [ 1u(@) e ds.

The constant C > 0 is independent of t and h, but depends on the
final time T and the parameter .

319



D. Solution driven evolving surfaces

Proof. By testing the error equation with e, we obtain

ezglt (M(az*)ev> + eIT,A(ac*)ev = — ezjt ((M(:L') — M(:c*))'v*)
e S (M) - M@)ey )

— ey (Ax) — A@z"))v*

— ey (A(@) — Ax"))ey

+ ey (gx) — g(x*)) — e, M(z*)d,.
The terms are bounded in the same way as the corresponding terms

in the proofs of Propositions D.5.1 and D.6.1. With these estimates,
a Gronwall inequality yields the result. |

With proposition D.10.2 and the appropriate defect bounds, the-
orem D.3.1 extends directly to the parabolic surface PDE coupled
with the dynamic velocity law.

D.11. Numerical results

In this section we complement theorem D.3.1 by showing the nu-
merical behaviour of piecewise linear finite elements, which are
not covered by theorem D.3.1, but nevertheless perform remarkably
well. Moreover, we compare our regularized velocity law with
regularization by mean curvature flow.

D.11.1. A coupled problem

Our test problem is a combination of (D.2) with a mean curvature
term as in (D.36):

0°u+uVr-v—Aru = f(t,x),

D.
v — aArv — BArX = dunr + g(t, x)vr, (D39)
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for non-negative parameters «,,6. The velocity law here is a
special case of (D.2) for § = 0, and reduces to (D.36) for § = 0. The
matrix-vector form reads

& (M @®)u®) + A @O = £ (t20)
M ()i (1) + BA (2(D)a(t) = ON (a(t)u) + g (1, ()

for 0 <t < T and given x(0) and u(0), where

N (z)ul3;-1)+e = / (nr,) juip;lx],
Iy(z)
forj=1,...,Nand ¢ =1,2,3.
In our numerical experiments we used a linearly implicit Euler
discretization of this system with step sizes chosen so small that the
error is dominated by the spatial discretization error.

Example D.11.1. We consider (D.39) and choose f and g such that
X(p, t) = r(t)p with

rorg

) =
r#) rxe K +1o(1 — e=kt)

and u(X, t) = X1 Xpe % are the exact solution of the problem. The
parameters are settobe T=1,2a=1,=0,0=04,7r9=1,rx =2
and k = 0.5.

We choose (7) as a series of meshes such that 2k =~ h;_1. In table
D.1 we report on the errors and the corresponding experimental
orders of convergence (EOC). Using the notation of section D.2.6,
the following norms are used:

et | o2y = ?uIiHﬁh( o) = T )l 2 )
0,T

T 2 :
_ i (s — T, ‘ ds) ,
llerty || 2y </o Huh( s) — Iyu(-,s) H(T;(s)) s)
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lerto|| ey =supl|on(-, ) = Io(-, D s o)
[0,T]
||eTTxHL°°(H1) = ?SJEH@( 1) — ﬂr;;(t)HHl(r;(t))-

The EOCs for the errors E(hy_q1) and E(h;) with mesh sizes h;_1, hy
are given via

E(ly_1)

10g< E(Zk)1 )
By

log <,’;—k1>

The degree of freedoms (DOF) and maximum mesh size at time T
are also reported in the tables.

In table D.1 we report on the errors and EOCs observed using
example D.11.1. The EOCs in the PDE are expected to be 2 for
the L*(L?) norm and 1 for the L>(H') norm, while the errors in

the surface and in the surface velocity are expected to be 1 in the
L®(H") norm.

EOC(hy—1, hy) =

Example D.11.2. Again we consider (D.39), but this time we quanti-
tatively compare the two different regularized velocity laws. Hence,
we let § vanish. We use a ¢ like in example D.11.1 and run two
tests with the common parameters T =2, 79 =1, rx =2 and k = 0.5,
and use the same mesh and time step levels as before. The first test
uses « =0 and B =1 and the second test uses « =1 and g = 0. The
results are captured in table D.2.

Our regularized velocity law provides smaller errors as regular-
izing with mean curvature flow. The EOCs in the errors in the
surface and in the errors for the surface velocity are expected to be
1in L®(H"), and L*(H'), norm, see table D.2.b. While it can be
observed that for this particular example the convergence rates for
« # 0 are higher then for g # 0.
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DOF h(T) Herru || Loo(Lz) EOC ||er1‘u H LZ(Hl) EOC

126 0.6664 0.1519165 - 0.2727214 -

516  0.4088 0.0896624 1.08 0.1498895 1.22
2070  0.1799 0.0222349 1.70 0.0344362 1.79
8208  0.0988 0.0070552 1.91 0.0109074 1.92
32682 0.0499 0.0018319 1.98 0.0029375 1.92

(a) Errors for u

DOF WT) lettol|jopny EOC |lerry| ey EOC

126 0.6664 0.2260428 - 0.1473157 -
516  0.4088 0.0595755 2.73  0.0298673 3.27
2070  0.1799 0.0158342 1.61 0.0106836 1.25
8208  0.0988 0.0053584 1.81 0.0042312 1.54
32682 0.0499 0.0019341 1.50 0.0017838 1.27

(b) Surface and velocity errors

Table D.1.: Errors and EOCs for example D.11.1

D.11.2. A model for tumor growth
Our next test problem is the coupled system of equations

°u+uVr-v—Aru = fi(u,w),
0°w+wVr-v— DArw = fo(u,w), (D.40)
v — aArv — BArX = dunr,

where
filw,w) = y(@a—u+uw),  folu,w) =y(b—u’w),

with non-negative parameters D, y,a, b, «, B.
For a = 0 this system has been used as a simplified model for
tumor growth; see Barreira, Elliott and Madzvamuse [6] and [42, 17].
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WT) L®(L?, EOC L®(HY), EOC L*(H'Y), EOC
0.6664  0.756045 - 131532 - 1.601255 -

0.4088 0.393067 134 078538 1.06  0.522342 2.29
0.1799 0.095914 1.72 0.96206 —0.25 0.137396 1.63
0.0988 0.035166 1.67 1.48784 —0.73 0.044666 1.87
0.0499 0.019755 0.85 2.73584 —0.89 0.013507 1.75

(a) Surface and velocity errors with parameters « =0 and = 1.

WT) L%, EOC L*(H'), EOC L*H'"), EOC
0.6664 0.149836 - 0.225114 - 0.143419 -

0.4088 0.036118 2.91 0.058147 2.77 0.024087 3.65
0.1799 0.009286 1.65 0.015843 1.58 0.009702 1.11
0.0988 0.002705 2.06 0.005361 1.81 0.003990 1.48
0.0499 0.000686 2.01 0.001935 1.49 0.001746 1.21

(b) Surface and velocity errors with parameters « = 1 and g = 0.

Table D.2.: Errors and EOCs for example D.11.2.

These authors used the mean curvature term with a small parameter

B > 0 to regularize their velocity law.

We used piecewise linear finite elements and the same time

discretization scheme as in [6, 42].

Example D.11.3. We consider (D.40) and want to compare qualita-
tively the two different regularized velocity laws a # 0 and B # 0.
As common parameters we use D, = 10, v = 100, a = 0.1, b = 0.9
and T = 5. The initial surface is a sphere and the initial values
up and wy are calculated by solving an auxiliary surface PDE as

follows. We take small perturbations around the steady state

(a +b+ el(x)>
ﬁ +er(x))’
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where €1(x), e2(x) € [0,0.01] take random values. We solve the
auxiliary coupled diffusion equations with the stationary initial
surface until time T = 5. We set ug = #i(T) and wg = @(T), which we
used as initial values for (D.40).

We perform two experiments with («, f) = (0,0.01) and («, §) =
(0.01,0). We present snapshots in figure D.1. We observe that both
velocity laws display the same qualitative behavior, also agreeing
with [42].
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(c) time t =2

Figure D.1.: Simulation for example D.11.3. The first column cor-

responds to («, ) = (0,0.01) and the second column to
(«, B) = (0.01,0).
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