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Zusammenfassung

In dieser Arbeit wurden verschiedene Arten von (Prä-) Weißen Zwergen (WZ) mittels
statischen und expandierenden non-LTE Modellatmosphären analysiert mit dem Ziel,
ein besseres Verständnis der späten, heißen Stadien der Sternentwicklung zu erhalten.
In der ersten Arbeit, Reindl et al. (2014c), wurde zum ersten Mal die zeitliche Ent-
wicklung der Sternparameter des sich ungewöhnlich schnell entwicklenden, wasserstoff-
reichen Zentralsterns eines Planetarischen Nebels (ZSPN) SAO 244567 quantitativ be-
stimmt. Wir bestätigen, dass es sich um einen Stern mit geringer Masse (M < 0.55M�)
handeln muss. Somit stehen die schnelle Entwicklung von SAO 244567 und sein junger
PN im starken Widerspruch zur klassischen Entwicklungstheorie. Wir glauben, dass
der Stern vor Kurzem einen späten thermischen Puls erlitten hat. Alternativ könnte
SAO 244567 auch das Endprodukt einer engen Doppelsternentwicklung sein. Damit
wäre er ein Vorläufer eines massearmen (0.35M�) Helium-WZ, der kürzlich eine Com-
mon-Envelope-Phase durchlebt hat, bei der der PN abgestoßen wurde.
Das Ziel der Arbeit Reindl et al. (2014b) war es, Anhaltspunkte für die Entwick-
lung der exotischen O(He)-Sterne zu erhalten. Neue optische Beobachtungen erlaubten
uns eine bessere Bestimmung der atmosphärischen Parameter der ZSPN K 1−27 und
LoTr 4. Zudem wurden Obergrenzen für die Massenverlustraten von K 1−27, LoTr 4,
HS 1522+6615, und HS 2209+8229 bestimmt. Die Elementhäufigkeiten der O(He)-
Sterne wurden mit denen anderer Sternklassen sowie Sternentwicklungsrechnungen ver-
glichen, um eine heliumdominierte Entwicklungssequenz zu erklären.
In Reindl et al. (2014a) wurden 24 DO-WZe, die wir in der zehnten Datenveröffent-
lichung des Sloan Digital Sky Survey gefunden hatten, zum ersten Mal mit non-LTE
Modellatmosphären analysiert. Zwei der Objekte sind die kühlsten DO-WZe, die noch
beträchtliche Mengen an Kohlenstoff aufweisen, und stehen damit im starken Wider-
spruch zu Diffusionsrechnungen. Ein schwacher Sternwind könnte die hohen Kohlen-
stoffhäufigkeiten aber erklären. Des Weiteren stimmt die Massenverteilung der DO-WZe
nach dem Windlimit nicht mit der der Objekte vor Windlimit überein. Wir führen diese
Diskrepanz auf verschiedene evolutionäre Eingangskanäle zurück. Zur wasserstoffarmen
WZ Sequenz tragen post-EHB-Sterne zu 13% bei und PG 1159- und O(He)-Sterne im
jeweils etwa gleichem Ausmaß.
Die letzte Arbeit, De Marco et al. (2015), trägt zur Suche nach engen Doppelstern-
systemen unter den ZSPN bei. Dazu wurden die Keplerlichtkurven von fünf ZSPN
auf photometrische Variabilität untersucht. Mein Beitrag zu dieser Arbeit bestand in
der Spektralanalyse dreier ZSPN. Dadurch konnten wir Pa 5 als zehntes Mitglied der
O(He)-Sterne nachweisen. Obwohl nur bei einem Objekt die photometrische Variabilität
eindeutig auf einen nahen Begleiter zurückzuführen ist, schlussfolgern wir, dass der An-
teil von kurzperiodischen ZSPN sehr viel größer sein muss als der gegenwärtig geschätzte
Anteil von 15%.





Summary

In this work, different kinds of hot (pre-) white dwarfs (WD) were analyzed by means
of static and expanding non-LTE model atmospheres to obtain a better understanding
of the late, hot stages of stellar evolution.
In the first paper, Reindl et al. (2014c), we derived for the first time the temporal
evolution of the atmospheric parameters of the unusually quick evolving, hydrogen-rich
central star of planetary nebula (CSPN) SAO 244567. We confirm that SAO 244567
must be a low-mass star (M < 0.55M�). The slow evolution of the respective canoni-
cal stellar evolutionary models is, however, in strong contradiction to the observed fast
evolution and the young planetary nebula. We speculate that the star could be a late
He-shell flash object. Alternatively, it could be the outcome of a close-binary evolution.
Then SAO 244567 would be a low-mass (0.35M�) helium pre-WD after the common-
envelope phase, during which the planetary nebula was ejected.
The paper Reindl et al. (2014b) aimed to obtain clues about the nature of the exotic
O(He) stars. The new optical spectra allowed a more precise determination of the at-
mospheric parameters of the two CSPNe K 1−27 and LoTr 4. Furthermore, upper limits
for the mass-loss rates of K 1−27, LoTr 4, HS 1522+6615, and HS 2209+8229 were de-
rived. Finally, the atmospheric parameters of the O(He) stars were compared to those
of other helium-dominated stars and stellar evolution calculations in order to explain a
helium-dominated stellar evolution sequence.
In Reindl et al. (2014a), we identified 24 DO WDs in the tenth data release of the Sloan
Digital Sky Survey and analyzed them for the first time by means of non-LTE model
atmospheres. Two of our objects are the coolest DO WDs ever discovered that still show
a considerable amount of carbon in the atmosphere. This is in strong contradiction with
diffusion calculations and we suggested that a weak mass-loss is present in DO WDs.
The mass distribution of DO WDs beyond the wind limit strongly deviates from the
mass distribution of the objects before the wind limit. We address this phenomenon
to different evolutionary input channels. We argue that the DO WD channel may be
fed by about 13% by post-extreme-horizontal branch stars and that PG 1159 stars and
O(He) stars may contribute in a similar extent to the non-DA WD channel.
The final paper, De Marco et al. (2015), contributes to the search for close binary
CSPNe. We examined the Kepler lightcurves of five CSPNe and searched for photo-
metric variabilities. My contribution to this paper was the determination of the atmo-
spheric parameters of three CSPNe. By that, we could identify Pa 5 as the tenth known
O(He) star. Although the photometric variability of only one CSPN can certainly be
ascribed to a close companion, we conclude that there are a lot more short periodic
close binaries than the currently estimated fraction of 15%.





Preface

The precise knowledge of the properties and evolution of stars is of central importance
to astrophysics. The study of stars provides not only the understanding of different
stellar populations’ properties, but offers us also knowledge about cosmological basic
principles, e.g., on the chemical evolution of the Universe or important standard candles
such as Cepheid variables or progenitor systems of type Ia supernovae.

Figure 0.1: Artist’s impression of Tycho Brahe observing of a ”new star” (a supernova)
on November 11, 1572. From Flammarion’s Astronomie Populaire (1880), reproduced
in Sky and Telescope, November 1998.

Over a human life span, stars seem to undergo no changes, therefore they were considered
as immutable for a long time. In fact, in Europe this idea held up until 1572 when Tycho
Brahe observed a very bright star, now named Supernova 1572, which had unexpectedly
appeared in the constellation Cassiopeia (Fig. 0.1). He found that this object does not
show any parallax against the background of the fixed stars over several months and
thus, he concluded that this star must belong to the fixed stars (Gingerich, 2005).
This discovery fundamentally changed the astronomical world view, because fixed stars
were now not longer considered as unchangeable objects. In the meantime it is well
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established that stars are actually born, live their life and die.

Studying the evolution of stars is, however, not an easy task, since the long stellar evolu-
tionary time scales make it in general impossible for an astronomer to directly “watch”
a star evolving. Therefore we are normally restricted to observe at a given time the
characteristics of a large sample of stars and trying to reconstruct the main phases
of their evolution by comparing their observed properties (Mowlavi, 1999). For this
purpose stellar evolution is often depicted in the Hertzsprung-Russell diagram (HRD,
Fig. 0.2), which gives the relationship between the stars’ luminosities versus their effec-
tive temperatures1. Because a star stays at its position in the HRD up to billions of
years, the evolution through the HRD normally cannot be seen directly. In this way
misleading conclusions can sometimes be drawn. The most popular example might be
the main sequence, which was firstly thought to represent the evolution of one star that
radiates energy by converting gravitational energy into radiation through the Kelvin-
Helmholtz mechanism. Only when nuclear fusion was identified as the source of stellar
energy, it became clear, that the main sequence is actually a mass sequence of stars that
are fusing hydrogen in their cores. Still today, our knowledge about stellar evolution
depends on our understanding of the underlying physics, the amount and quality of the
observations, and also the computing power to analyse the data or to simulate various
evolutionary mechanisms.

In a few cases, however, the evolution of the surface properties of a given star occurs
on a time scale shorter than a human life-time, and can thus be witnessed by careful
observations performed at different times. This provides a unique way to gain a direct
knowledge of stellar evolution and defines stellar evolution in real-time (Mowlavi, 1999).
This phenomenon can not only be seen at the end of the life of massive stars (e.g.
luminous blue variables, supernovae) but has also been observed amongst intermediate
mass stars. Some of the latter will be discussed in Sect. 1.1.3.

In the context of this thesis both methods are used to deepen our knowledge about
stellar evolution. The focus of the work lies on the late, hot stages of intermediate mass
stars. They are located around the knee of the evolutionary tracks (upper left corner)
in the HRD, so they are stars which are in their planetary nebula (PN) phase and/or
stars which are just about to enter or just entered the white dwarf cooling sequence. In
particular, the thesis aims to provide a better understanding of hot, hydrogen-deficient
stars and one unusually quickly evolving hydrogen-rich central star of a planetary nebula
(CSPN). Finally, the thesis contributes to the search for close binary systems amongst
CSPNe.

In the following Chapter 1, I give firstly an introduction on the evolution of intermediate
mass stars (Sect. 1.1). In Sect. 1.2, I describe the detection of hot (pre-) white dwarfs
(WDs) in large sky surveys and finally note some analysis issues of these objects in
Sect. 1.3. The aim of Chapter 2 is to describe the connections between the content of
this thesis and the current state of research as well as the motivation for the work. In

1The effective temperature of a star is the temperature of a black body with the same luminosity per
surface area as the star (Teff).
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Figure 0.2: Hertzsprung-Russell diagram showing the evolution of a star with an initial
mass of one solar mass (M�), http://skyserver.sdss.org/dr1/en/astro/stars/stars.asp .

Chapter 3 the publications written during this thesis work are presented. Chapter 4
summarizes the results of the four papers. Finally, Chapter 5 gives an outlook on future
work.
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1 Introduction

1.1 On the evolution of intermediate mass stars

1.1.1 Canonical stellar evolution

It is believed that 97% of the stars in the Galaxy will eventually end up as WDs (Fontaine
et al., 2001). Most of them have initial masses between 0.8− 8M� and after depleting
all the hydrogen and helium in the core, these stars will go through the Asymptotic
Giant Branch (AGB) stage. During this phase stars will become extremely luminous
and cool and will, consequently, undergo very strong mass-loss that can expel up to
90% of their initial mass to the interstellar medium. Due to this strong mass reduction
the star will depart from the AGB evolving to form first a dust enshrouded post-AGB
star then, when the ejected material is ionized by its strong UV radiation, a CSPN. The
post-AGB star moves blueward at constant bolometric luminosity until it reaches its
maximum effective temperature. When nuclear burning ceases, the star enters the WD
cooling sequence as a carbon-oxygen WD (CO-WD) with a mass between 0.5M� and
1.2M�. Canonical stellar evolution predicts that throughout all evolutionary phases
the stars retain hydrogen-rich envelopes which, however, can become contaminated by
processed material from the interior by dredge-up events occurring in the Red Giant
Branch (RGB) and the AGB stages (Werner and Herwig, 2006). This classical picture is
thought to account for the evolution of the vast majority of intermediate mass stars and
directly connects the hydrogen-rich CSPNe to WDs with a hydrogen-rich atmosphere,
corresponding to the DA spectral type.

1.1.2 Hydrogen-deficient post-AGB stars

Greenstein (1958) was the first who pointed out that the spectra of WDs subdivide into
two well marked types – with and without hydrogen lines, whereas the latter corresponds
to the non-DA type. The prototype of the hottest subclass of the non-DA WDs, the
DO WDs, is HZ 21 (e.g., Eggen and Greenstein 1965). The optical spectra of the hot
DO WDs show basically only broad He II lines, whereas in the spectra of the cooler
DO WDs, He I lines can also be seen. Heap (1975) was one of the first reporting about
a CSPN, (NGC 246), that exhibits only carbon, oxygen, and probably helium lines,
what was already suggesting the existence of hydrogen-deficient post-AGB stars. She
described the exciting star of NGC 246 as “the fulfillment of the theoretician’s dream,
in the sense providing observational evidence of the triple-α process”. Later it turned
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out that NGC 246 belongs to the group of the PG 1159 stars, named after its prototype
PG 1159−035, which was discovered – among many other hot, hydrogen-deficient (pre-)
WDs – in the Palomar-Green Survey (Wesemael et al., 1985; Green et al., 1986). The
optical spectra of these stars are characterized by weak and broad absorption lines of
He II and C IV, sometimes with central emission reversals. In contrast to the hydrogen-
rich post-AGB stars, PG 1159 stars do not exhibit just traces of intershell matter in
their photospheres, but their outer layers are essentially made up of intershell matter.
Therefore they indeed offer the possibility to study intershell abundances directly and
understand also the physical processes leading to the composition.
The hydrogen-deficient and helium, carbon, and oxygen-rich atmospheres of PG 1159
stars (typically He : C : O = (0.30− 0.85) : (0.15− 0.60) : (0.02− 0.20) by mass, Werner
and Herwig, 2006), can be explained by a (very) late thermal pulse ((V)LTP) that
occurs either during the blueward excursion of the post-AGB star (LTP), or during its
early WD cooling phase (VLTP, Fig. 1.1). The release of nuclear energy by the flashing
helium-shell forces the already very compact star to expand back to giant dimensions -
the so-called born-again scenario. This scenario was first explored in detail by Fujimoto
(1977) and Schönberner (1979) and later invoked to explain the hydrogen-deficiency
observed in some hot post-AGB stars (Iben et al., 1983).
Carbon-rich Wolf-Rayet-type CSPNe are believed to be the direct progenitors of the
PG 1159 stars, because of their strong similarities in derived atmospheric compositions.
As a consequence of the higher mass-loss rates compared to PG1159 stars, they show
essentially pure emission line spectra, mainly presenting broad and bright lines of helium,
carbon, and oxygen. There are also some [WC]-PG 1159 transition objects known (e.g.,
Abell 30, Abell 78), which show mixed absorption/emission line spectra.
As a PG 1159 star cools down, gravitational settling removes heavy elements from the
photosphere and turns it into a DO WD (unless it is of the subtype hybrid-PG 1159,
then it turns into a DA WD, Unglaub and Bues 2000). With further cooling, the
star will then first become a DB WD until around Teff ≈ 12 000 K dredge-up becomes
important and the star will turn into a carbon-dominated, hot DQ WD (Brassard et al.,
2007). The carbon pollution will decrease again with further cooling, mainly because
carbon sinks back into the star as a result of its partial recombination and the star
finally becomes a helium-dominated DQ WD (Pelletier et al., 1986).
Besides the carbon-dominated PG 1159 stars, there exists another class of very hot,
hydrogen-deficient post-AGB stars, namely the O(He) stars. The spectral sub-type
O(He) was introduced by Méndez et al. (1986) for CSPNe showing an almost pure
He II absorption-line spectrum in the optical wavelength range. From their effective
temperatures and surface gravities, these stars are found in the hot post-AGB region of
the log Teff – log g diagram, just amongst the luminous PG 1159 stars, and hydrogen-
rich CSPNe. Closely related to the O(He) stars are R Coronae Borealis (RCB) stars,
extreme helium (EHe) stars, [WN]-type central stars and helium-rich subdwarf O (He-
sdO) stars, whose atmospheres are dominated by helium as well (He ≥ 90%, by mass).
An extensive discussion about these objects can be found in Reindl et al. (2014b) and
will not be repeated here.
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1.1. On the evolution of intermediate mass stars

Figure 1.1: VLTP evolution of a star with an initial mass of 2M� in the HRD. The
black curve represents a canonical evolutionary track. When the star suffers a VLTP
during its early WD cooling phase (yellow flash symbol) it will evolve back to the AGB,
and after a second loop it will cool down as a hydrogen-deficient WD (red curve).

1.1.3 Real-time stellar evolution objects

During a late thermal pulse, the evolution through the HRD is extremely fast (decades).
Well known examples for “caught in the act” born-again stars are V605 Aql (e.g. Clay-
ton et al. 2006), V4334 Sgr (Sakurai’s object, e.g., Hajduk et al. 2005) and FG Sge (e.g.,
Jeffery and Schönberner 2006).
V605 Aql, the central star of the planetary nebula A58, was discovered in 1919 and
firstly classified as a slow nova, but is now considered to be in a post born-again stage.
Within only a few years it turned into a born-again giant and remained as a giant with
a hydrogen-poor and carbon-rich atmosphere with the spectral appearance of an RCB
star for a further couple of years. As expected theoretically, recontraction occurred on
a longer timescale. At present, V605 Aql is a hot (≈ 95 000 K), luminous [WC] central
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star and about to complete its first born-again loop (Schönberner, 2008).
V4334 Sgr was detected in the 1990s and showed a remarkably rapid cooling of 1460 K/yr
in 1996/1997 (Duerbeck et al., 1997), accompanied by a reduction of the already small
atmospheric hydrogen content from 0.04 to 0.004 (mass fractions, Asplund et al. 1999).
During the second half of 1998, an optically thick dust shell obscured Sakurai’s Object,
causing a rapid decrease in visibility of the star, until in 1999 it disappeared completely.
Van Hoof et al. (2007) reported an increasing radio flux of the shell since 2006, which
they attributed to a stellar temperature rise to about 12 000 K.
FG Sge has been transformed over an interval of 120 years from a hot, hydrogen-rich
post-AGB star into a very luminous cool supergiant. The cooling rate (≈ 350 K/yr) was
lower than in the case of V4334 Sgr and since about 1980 the temperature remained
constant at ≈ 5500 K. A study of the surface abundances has revealed that hydrogen has
been depleted and s-process element abundances have generally maintained a steady en-
hancement of around 1–2 dex between about 1960 and 1995. While V605 Aql and V4334
Sgr are considered to have undergone a VLTP, which produces a hydrogen-free stellar
surface already during the flash, this scenario cannot account for the hydrogen-rich sur-
face of FG Sge. FG Sge must instead have experienced a LTP. Within this scenario,
the convective shell triggered by excessive helium burning is not able to penetrate the
hydrogen-rich envelope from below because the entropy jump across the helium/hydro-
gen interface is too large. Only when the star evolves back to its Hayashi limit on the
AGB (Teff . 7000 K), envelope convection sets in again (Blöcker and Schönberner, 1996,
1997; Schönberner, 2008).
The detection and the repeated observation of such quickly evolving objects makes it
possible to derive the temporal evolution of their stellar parameters and offer a unique
opportunity to directly test the accuracy of stellar evolution modeling under extreme
conditions.

1.1.4 AGB-manqué stars

WDs with masses smaller than about 0.5M� cannot have been produced by the above
mentioned evolutionary scenario, because the respective low-mass progenitor stars would
not have finished their main sequence evolution yet1,2. However, hot subdwarfs lie
between the main sequence and the WD sequence and far beyond the horizontal branch
– a region which is not covered by the canonical evolutionary tracks for stellar masses
which agree with the age of the universe. These stars are expected to have undergone
a strong mass-loss already on the RGB. The mass-loss rate, Ṁ , along the RGB can be
parameterized by the empirical Reimers (1975) formula,

Ṁ = −4× 10−13 ηR
L

g R

M�
yr

,

1The oldest globular clusters in the Galactic halo are currently producing 0.53M� WDs (Kalirai et al.,
2009).

2The main-sequence time of a star with an initial mass of 0.5M� is about 50 billion years, which is
about 3.6 times the age of the Universe.
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1.1. On the evolution of intermediate mass stars

where L , g, and R are the stellar luminosity, gravity, and radius in solar units, and
ηR is the Reimers mass-loss parameter. The driving mechanism behind RGB mass-
loss is not well understood, different metallicities, initial helium abundances, rotational
velocities, or binary interactions may, in principle, produce enhanced mass-loss rates
(Miller Bertolami et al., 2008). Evolutionary calculations of Brown et al. (2001) for
example showed that for a star with an initial mass of 0.862M�, the models remain
tightly bound to the RGB until the central helium flash as long as ηR ≤ 0.740 (case
a in Fig. 1.2). However, depending on the amount of mass-loss, the star will reach a
different zero-age horizontal branch (ZAHB) position (the higher ηR, the hotter the
ZAHB position becomes). Still, the envelope mass of the ηR ≤ 0.740 models is sufficient
to let the star evolve to the AGB after the central helium burning phase. These stars
will evolve as described in Sect. 1.1.1. For 0.740 < ηR < 0.937, the stars will leave the
RGB and ignite helium while evolving to or descending the WD cooling curve (cases b
and c in Fig. 1.2). These stars fail to evolve to the AGB and instead experience a post-
extreme horizontal branch (post-EHB) evolution. For even higher values of ηR, stars
fail to ignite helium and instead directly evolve to become helium core WDs (He-WDs,
post-RGB evolution, case d in Fig. 1.2). In the following, the latter two scenarios will
be described more in detail.

Post-EHB stars

Canonical EHB models (e.g., Dorman et al. 1993) are characterized by a core mass of
nearly half a solar mass and a tiny inert hydrogen-rich envelope. The core mass of a
RGB star is fixed at the onset of the helium core-flash (HeCF) at the tip of the RGB
and depends only slightly on metallicity and helium abundance. This restricts the mass
of EHB stars to a very narrow range from 0.46 to 0.5M� (Heber, 2009). If the star ex-
periences the HeCF after departing from the RGB tip, during the evolution at constant
luminosity in the HRD (early hot flasher scenario, case b in Fig. 1.2), it will become a
hot subdwarf with a hydrogen-rich envelope. The high helium-burning luminosity at
the peak of the helium core flash (LHe = 1010 L�) drives a temporary convection zone
that extends from the site of the flash outward through the core (Heber, 2009). Ordinar-
ily, the flash convection zone does not penetrate into the hydrogen envelope because of
the high entropy of the hydrogen-burning shell (Lanz et al., 2004). However, when the
HeCF happens on the WD cooling curve (case c in Fig. 1.2), it does so in the presence
of a much weaker hydrogen-burning shell. The associated entropy barrier is then lower
and can be overcome, allowing the flash convection zone to penetrate into the hydrogen
envelope. The thin hydrogen envelope is then quickly mixed into the helium-burning
core. Hence, hydrogen might be mixed into hotter layers and be burnt there, leading to
a helium-enriched surface (Lanz et al., 2004).
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1.1. On the evolution of intermediate mass stars

Figure 1.2: Evolution of a star from the main sequence (MS) through the helium flash to
the ZAHB (dotted curve) for different amounts of mass-loss on the RGB. For sufficiently
large mass-loss, a star evolves off the RGB to high effective temperatures before igniting
helium. The peak of the helium flash is indicated by a red asterisk. Flash mixing does
not occur for the sequences in panels a and b. In panel c, the flash convection zone
reached the hydrogen envelope at the plus sign. In panel d, the star does not ignite
helium and becomes a He-WD. Figure taken from Heber (2009) and modified.

Post-RGB stars

In the case of post-RGB evolution, the resulting WDs can have extremely low masses
(below 0.2M�), which are commonly referred to as extremely low-mass (ELM) WDs.
They are believed to be the result of a compact binary evolution, during which the
envelope of a RGB star was removed via a common envelope (CE) evolution before the
core reached enough mass to ignite helium. Thanks to the result of many surveys, e.g.
the SPY and ELM survey and the WASP surveys (see Koester et al. 2009; Brown et al.
2010, 2012; Maxted et al. 2011), the number of detected WDs with very low stellar
masses has increased considerably in the recent years. The recent discovery of pulsating
He-WDs with stellar masses below 0.23M� and effective temperatures below 10 000 K
(Hermes et al., 2012, 2013), was a big step towards the understanding of the formation
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1.1. On the evolution of intermediate mass stars

and evolution of ELM WDs. Many ELM WDs are indeed found in close binary systems,
several of them have even millisecond radio pulsars companions (Lorimer, 2008). With
respect to our understanding the PNe phase and their central stars, it is also worth
to mention the work of Hall et al. (2013). They showed for the first time that not
only post-AGB stars may have a planetary nebula phase, but also post-RGB stars with
masses greater than about 0.3M� and that leave the CE phase in thermal equilibrium.

1.1.5 Post-merger evolution

Following orbital decay by gravitational-wave radiation, very close (periods less than a
few hours) WD binary systems may merge within a Hubble time and form a single star
if

q ≡ m2

m1
≥ qcrit =

5

6
+
ζ(m2)

2
,

where m2 and m1 are the masses of stars in the binary, and ζ(m2) ≡ d ln r/d lnm is
obtained from the WD mass-radius relation (Zhang et al., 2014). As a consequence of the
transfer of angular momentum, the radius of the larger (less massive) WD will increase
more quickly than the separation leading to unstable mass transfer on a dynamical
time-scale (a few seconds, Zhang and Jeffery 2012b). Stable mass transfer will occur for
q ≤ qcrit and possibly lead to the formation of an AM Canum Venaticorum (AM CVn)
binary3. If the system contains two sufficiently massive WDs, this evolutionary path
can lead to a type Ia supernova (Webbink, 1984). Because the total mass of the merging
system can vary significantly, the luminosity of the supernovae can vary considerably,
too. Hence, this evolutionary channel is in particular important to understand in view of
the applicability of type Ia supernovae as standard candles. If the total mass of the two
merging WDs does not exceed the Chandrasekhar limit, RCB stars, EHe stars, He-sdO
stars or O(He) stars may be produced. In Fig. 1.3, the rates of different, possible double
WD mergers for a single starburst (normalized to 1011M�) are shown. These systems
include only mergers arising from WD binaries which fill their Roche lobes within a
Hubble time.
The hydrodynamics of the merger process remains difficult to compute, however, it is
possible to compute the evolution of a double WD merger following the destruction of
one component. Such calculations became available only recently (e.g., Staff et al. 2012;
Zhang and Jeffery 2012b,a; Zhang et al. 2014) and they are discussed in Reindl et al.
(2014b) in regard to explain a helium-dominated stellar evolutionary sequence.

3AM CVn binaries are a rare group of hydrogen-deficient, ultrashort period, mass-transferring WD
binaries.
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Figure 1.3: Frequency of possible mergers from CO+CO, CO+He and He+He WD
systems for a single starburst (normalized to 1011M�). Figure taken from Zhang et al.
(2014).

1.2 Astronomy in times of large sky surveys

Before hot, hydrogen-deficient stars in the post-AGB region enter the WD cooling se-
quence they are in their most luminous (they have a few 103 to 104 times the solar
luminosity) evolutionary state and thus they allow us observe them in a huge space
volume (several kpc3). However, their evolutionary time scales are rather short. De-
pending on their mass, the transition time from the AGB to the knee in the HRD lasts
only about 103 to a few 105 years. The typical lifetime of a DO WD is a few million
years, but as the star cools down its luminosity decreases to a few percent of the solar
luminosity4 until it reaches the DB region. Besides that, only about 20% of the stars in
the post-AGB region are expected to be hydrogen-deficient. That is why large surveys
are needed to improve the statistics of these rare objects and to understand their origin.
As already mentioned above, many PG 1159 stars and DO white dwarfs were discovered
by the Palomar-Green Survey. Of the 1874 objects in the Palomar-Green catalog of ul-
traviolet (UV) excess stellar objects, 1715 comprise a statistically complete sample that
covers 10 714 deg2 of sky down to an average limiting magnitude B = 16.1 (Green et al.,
1986). Another survey contributing to the number of known hot and hydrogen-deficient

4Time scales and luminosity as they can be derived from evolutionary calculations of Blöcker (1995)
and Althaus et al. (2009).
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(pre-) WDs was the Hamburg Quasar Survey (Hagen et al., 1995). This wide-angle
objective prism survey aimed to find bright, high-redshift quasars in an area of about
14 000 deg2, but also provided a rich source of faint (13 . B . 18) blue stars.
Finally, the data from the Sloan Digital Sky Survey (SDSS, York et al. 2000; Yanny
et al. 2009; Eisenstein et al. 2011; Dawson et al. 2013) have more than doubled the
number of known hot, hydrogen-deficient (pre-) WDs. The SDSS is a multi-filter imag-
ing and spectroscopic survey using a 2.5 m wide-angle optical telescope at Apache Point
Observatory (APO) in New Mexico, USA and has continuously operated since 2000.

Figure 1.4: (u − g, g − r) color-color plot illustrating the location of SDSS DR7 spec-
troscopic objects. The locations of DA WDs (blue), non-DA WDs (magenta), quasars
(green) and main sequence stars (grey) are shown. Figure taken from Girven et al.
(2011).

The basic procedure of the SDSS is the following: after imaging the sky in five passbands
(u, g, r, i, z), potential targets are selected for spectroscopic follow-up based on the five-
band photometry. This spectroscopic selection process is referred to as ”targeting”, and
many different targeting categories are used to fill all the fibers available on each 640
fiber spectroscopic plate. Where there are not enough primary targets (i.e., galaxies,
quasars, etc.) to fill a given plate, the lower priority targeting categories (which may
include various stellar categories) get to allocate fibers (Kleinman et al., 2004). Thus
there are many Galactic spin-off projects resulting from the survey, although the main
focus of the SDSS was extragalactic during its early phase.
In a color-color diagram, as shown in Fig 1.4, hot WDs can be found relatively easy at
the upper left end of the WD banana (red curve). Fortunately, hot WDs fall into the
hot standard star criterion in the region of the Legacy survey, which comprises bright
(14 < g < 19), isolated, hot (−1.5 < (u−g)0 < 0 and−1.5 < (g−r)0 < 0) stars. Because
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of the relative rarity of these objects in the sky and their importance in calibration, the
SDSS gave hot standard stars the highest priority in assigning fibers. Their completeness
can be expressed as a function of Galactic latitude and object brightness and is about
77 % for the DR4 (Krzesiński et al., 2009). However, in the SEGUE survey the hot
standard class was not tiled, which decreases the completeness (e.g. Girven et al. 2011
estimated the overall spectroscopic completeness of DA WDs in the SDSS DR7 to
44.3%).
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1.3 Spectral analysis of hot (pre-) WDs

Quantitative analysis of stellar spectra is one of the most important tools of modern
astrophysics, because all our knowledge about the structure and evolution of stars is
primarily based on the interpretation of their electromagnetic spectrum. The observed
spectrum stems from the star’s photosphere, a very thin layer at the surface of the star.
To derive the basic photospheric parameters, the temperature and pressure stratifica-
tion of the atmosphere needs to be calculated, which then allow the computation of
synthetic spectra that can be compared with the observations.
The classical stellar atmosphere problem requires the solution of the radiation-transfer
equations simultaneously with the equations for hydrostatic, radiative, and statistical
equilibrium. A stellar atmosphere is an open thermodynamic system and by that it is not
in thermodynamic equilibrium (TE) and cannot be characterized by a single tempera-
ture. If the atomic transition collision rates dominate radiative rates and photon-mean-
free-paths are small, the atmosphere may be assumed to be in local thermodynamic
equilibrium (LTE), which means that small volume elements can be considered to be in
TE. This holds for high-gravity and low-temperature objects (e.g. cool WDs or main
sequence stars with spectral type B or later, see Fig. 1.5).

Figure 1.5: Domains of static LTE and non-LTE codes and domain of wind codes.
The Eddington limits for pure hydrogen (blue) and pure helium (red) atmospheres are
marked. Figure taken from Rauch (2012) and modified.

The spectral analysis of hot post-AGB stars is, however, a more complex task, be-
cause it requires the calculation of non-local thermal equilibrium (non-LTE) model
atmospheres. The abandonment of the LTE assumption leads to a much more difficult
model-atmosphere problem, because of subtle couplings between the radiation-transfer
and atomic rate-equations (see Werner et al. 2003 for a review). The numerical solution
of this coupled, non-linear problem occasionally causes convergence problems, which
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may hinder the spectral analysis of hot objects.
The occurrence of the so-called Balmer line problem further complicates the analysis of
hot stars. It describes the failure to achieve a consistent fit to the Balmer line spectrum
of hot subdwarfs, CSPNe, DA and DAO WDs whose effective temperature exceeds ≈
70 000 K. Because metal opacities are time-consuming to deal with, non-LTE models
used to derive their basic stellar atmospheric parameters (effective temperature, surface
gravity, and the hydrogen to helium ratio), traditionally contained exclusively hydro-
gen and helium. Werner (1996) showed that the Balmer line problem can be solved
when surface cooling by photon escape from the Stark wings of CNO lines is accounted
for. However, the inclusion of the CNO elements only is not sufficient to overcome
this problem in the case of the O(He) stars (Reindl 2012, see also Reindl et al. 2014b).
While the addition of Ne to the models could solve zhe problem, it was however shown
that the opacities of other elements can have a significant influence on the tempera-
ture structure of the entire atmosphere and thus on the resulting line profiles of optical
He II and Balmer lines as well (e.g., Preval et al. 2014; Reindl and Rauch 2014; Reindl
et al. 2014a; Latour et al. 2013). The impact of Mg, Ne, Na or iron-group elements
(at solar abundances) on the temperature structure of a DA WD with Teff = 100 kK
and log g = 7.0 is shown in Fig. 1.6. While the impact of Na is small, Ne, Mg, and
the iron-group elements have a significant influence on the temperature structure of the
entire atmosphere. These elements cause a backwarming effect and the resonance lines
of Ne, Na, and Mg additionally cause a strong decrease of the temperature in the outer
atmosphere (logm ≤ −3).

Figure 1.6: Temperature as function of the column mass m that is measured from the
outer boundary of the model atmospheres. The impact of different elements on the
temperature structure for Teff = 100 kK and log g = 7.0. Formation depths of the
Balmer line cores are marked.

Finally, some of these hot stars still show some residual wind, as indicated by the pres-
ence of P-Cygni profiles in their UV spectra or strong emission lines in their optical spec-
tra. These lines can only be modeled using a code for an expanding model-atmosphere.
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Besides the effective temperature, surface gravity and the chemical composition, these
codes need additional physical input parameters (e.g., the luminosity of the star, mass-
loss rate, terminal-wind velocity, velocity law, clumping and filling factors) which even
further complicates the analysis.
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2 Work in context

2.1 The rapid evolution of the exciting star of the
Stingray Nebula

SAO 244567, the exciting star of the Stingray Nebula, is an unusually fast evolving star
that offers us the unique opportunity to study stellar evolution in real time. Based
on a spectral classification of the optical spectrum obtained in 1971, SAO 244567 was
found to be a B1 or B2 supergiant (Parthasarathy et al., 1995). Optical spectra in
1990 and 1992 as well as the IUE1 spectra (1992–1996) however display many nebula
emission lines, indicating that SAO 244567 has turned into a CSPN within twenty years
only. Previous analyses suggested that it has heated up from an effective temperature
of about 21 kK in 1971 to over 50 kK in the 1990s. From the Hβ flux, the luminosity,
and by that the mass of the CSPN can be estimated. Parthasarathy et al. (1993) and
Bobrowsky (1994) found that it must be below 0.60M�, however the slow evolution of
the canonical post-AGB stellar evolutionary models is in strong contrast to the observed
fast evolution. Recentely, Arkhipova et al. (2013) performed an analysis of the nebula
spectra taken in 1990, 1992, and 2011 and found significant changes in the relative line
intensities. Using a formula of Kaler (1978), they estimated that Teff decreased from
Teff = 57 kK (1990) to Teff = 40 kK (2011).
Fortunately, SAO 244567 was observed with various space-based telescopes from 1988
to 2006. However, these spectra have not yet been analyzed quantitatively. The aim of
this work was therefore to derive the chemical composition of the atmosphere, as well
as the temporal change of effective temperature, surface gravity, mass-loss rate, and
terminal-wind velocity by means of static and expanding non-LTE model atmospheres.
The derived parameters should provide a better understanding of the evolutionary status
of this object.

2.2 On helium-dominated stellar evolution: the
mysterious role of the O(He)-type stars

As already mentioned in Sect. 1.1.2, O(He) stars form an exotic group of extremely
hot stars with helium-dominated atmospheres. For more than 15 years, only the two
CSPNe K 1−27 and LoTr 4, as well as HS 1522+6615, and HS 2209+8229 were known

1International Ultraviolet Explorer.
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2.2. On helium-dominated stellar evolution: the mysterious role of the O(He)-type stars

(Rauch et al., 1994, 1996, 1998). The evolutionary status of these objects has been
studied only rarely. Rauch et al. (1998) proposed that O(He) stars might be successors
of the luminous He-rich sdO stars and that due to ongoing mass-loss, the low-gravity
O(He) stars might evolve into PG 1159 stars. This possibility was studied by Miller
Bertolami and Althaus (2006). However, they had to assume mass-loss rates, that were
higher than predicted by radiation-driven wind theory to turn O(He) stars into helium-
enriched PG 1159 stars. An alternative scenario was suggested by Rauch et al. (2006).
They invoked the idea that the O(He) stars could also be the offspring of a merging
event of two white dwarfs and thus, the direct descendants of RCB stars.
The spectral analysis of O(He) stars was already subject of my master thesis (Reindl,
2012) in which I analyzed the UV and optical spectra of the O(He) stars and discussed
possible evolutionary channels. I found, that O(He) stars can not be explained by a
(V)LTP scenario, because these evolutionary models predict higher carbon and oxygen
abundances than observed in the O(He) stars. Instead, I suggested that O(He) stars
might be the outcome of a double He-WD merger process. Evolutionary models for
this scenario became first available in January 2012 (Zhang and Jeffery, 2012b), and
they indeed predict helium dominated atmospheres as well as carbon, nitrogen, and
oxygen abundances as they are found amongst the O(He) stars. At about the same
time Miszalski et al. (2012) reported about the first unambiguous [WN]-type CSPN. One
year later another object, Abell 48, was also identified as [WN]-type CSPN (Todt et al.,
2013; Frew et al., 2014). Because of the strong similarity of the element abundances
of [WN] stars and nitrogen-enriched O(He) stars, it was then believed that analog to
the hydrogen-deficient, but carbon-dominated post-AGB sequence [WCL] → [WCE] →
PG 1159 (e.g. Werner and Herwig, 2006), a second, hydrogen-deficient sequence, [WN]
→ O(He) could exist (cf. Werner, 2012). Recently, Werner et al. (2014) found four
additional O(He) stars in the SDSS DR10. They also pointed out that KPD 0005+5106
is actually not a DO WD but a pre-WD as it has not yet entered the WD cooling
sequence. Because of the helium-rich surface composition of KPD 0005+5106 (98% by
mass, Wassermann et al. 2010), it is now reclassified as an O(He) star.
During the work of the present thesis, we obtained new optical spectra of K 1-27 and
LoTr 4, which should provide a more precise determination the atmospheric parameters.
This is crucial to also precisely derive other parameters of a star, for instance its mass
or spectroscopic distance. Another important goal was to derive the mass-loss rates (or
at least upper limits) of the O(He) stars by examining all wind lines that are located
in the FUSE2 and HST/COS3 wavelength ranges. This was important to investigate
on the possibility, that O(He) stars could have lost their hydrogen-rich envelope via
enhanced mass-loss and/or the possibility that they could be the progenitor of some
PG 1159 stars. Finally, a broader comparison of the atmospheric parameters of other
helium-dominated stars with the ones of the O(He) stars should give clues about how
the helium-dominated stellar evolution sequence could look like.

2Far Ultraviolet Spectroscopic Explorer.
3Cosmic Origins Spectrograph on board of the Hubble Space Telescope.
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2.3 Analysis of cool DO-type white dwarfs from the Sloan
Digital Sky Survey Data Release 10

DO WDs represent the beginning of the hydrogen-deficient WD cooling sequence and
they are believed to be the direct successors of O(He) stars and PG 1159 stars. The
latter can display extremely high carbon abundances, while DO WDs have a nearly
pure helium atmosphere, with only relatively few showing weak metal lines. Their sur-
face composition is controlled by the competition between gravitational settling and
radiative levitation, as well as possible weak mass-loss. Thus, DO WDs are particularly
interesting to study the chemical evolution of hot WDs and to place constraints on
possible progenitors and successors of DO WDs. The transition of PG 1159 stars into
DO WDs can be understood when at a certain point of their evolution gravitational
settling overcomes radiation-driven mass-loss and heavy elements are removed from the
photosphere. However, this process is far from being understood quantitatively. Several
works (e.g., Chayer et al. 1995; Dreizler 1999) showed that the observed metal abun-
dances do not fit theoretical predictions. However, the number of DO WDs is rather
small, and only for a few of them metal abundances were derived and thus it is very
desirable to increase their statistics.
In some cases a detailed study of DO WDs even allows the detection of trans-iron ele-
ments, which were not discovered previously in any other white dwarf (e.g., krypton and
xenon, Werner et al. 2012). In addition hot WDs can be used as plasma laboratory to
investigate on atomic data of highly ionized species, that are a pre-requisite for precise
stellar-atmosphere modeling (Rauch et al., 2012, 2014b,a).
The analysis of DO WDs is furthermore an important groundwork for the determination
of the WD luminosity function (WDLF) and the space density of WDs. These provide
not only constraints on the star formation rate and thus on the history of our Galaxy,
but they can also be used to help determine the role of weakly interacting particles
in WD cooling (Isern et al., 2008) and thus their ages. Especially the shape of the
hot end of the WDLF turned out to be an excellent tool for constraining the emission
of particles in the core of hot WDs and to check for the possible existence of DFSZ
axions, a proposed but not yet detected type of weakly interacting particle which is
still a conjectural non-baryonic particle considered as candidate for dark matter (Miller
Bertolami et al., 2014; Miller Bertolami, 2014).
As mentioned in Sect. 1.2, the SDSS is a rich source of hot WD spectra. Werner et al.
(2014) detected 21 new, hydrogen-deficient, hot (pre-) WDs in the SDSS DR10. How-
ever, their search was restricted to objects showing no He I lines. The aim of this work
was to find also the cooler DO WDs (which also show He I lines) in the SDSS DR10
and to derive their atmospheric parameters. Based on the increased number of hot,
hydrogen-deficient objects, their mass distribution as well as the ratio of hot DA WDs
to hot non-DA WDs should be derived.
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2.4 Identifying close binary central stars of PN with
Kepler

A major issue in PN research is to explain the asymmetrical shapes of PNe. The
great majority of PNs (80–85%, Parker et al. 2006) display axial symmetries and point
symmetries, sometimes with the addition of jetlike structures. Until today there exists
no satisfactory physical explanation for how single stars can create asymmetrical shapes.
The so called binary hypothesis (De Marco et al., 2009) states that a companion is
needed to account for the shapes of non-spherical PNe, and several groups are trying
to determine the true frequency of binary CSPNe and the properties of these systems.
The only well constrained binary fraction is that of very close (typical orbital periods
below one day) binary CSPNe and is rather low (≈ 15%). These systems were detected
via periodic flux variability due to eclipses, irradiation, and/or ellipsoidal deformation
(Bond, 2000; Miszalski et al., 2009). Almost all the known binary CSPNe were detected
in this way, however, this technique is biased against binaries with periods longer than
about two weeks, against binaries with high inclination angles, and against companions
with small radii. The photometric variables detected in this way usually have amplitudes
larger than 0.1 mag, and it has therefore been asked how many binary systems have
remained undetected because of photometric accuracy limits of ground based telescopes.
The scientific objective of the Kepler Mission is to explore the structure and diversity
of planetary systems and it is able to detect flux variabilities in the 0.1h range. Thus,
it is about 100–1000 times more sensitive than ground based observations. At the time
of launch, only three PNe were known in the Kepler field of view. Two additional PNe
were discovered by the Deep Sky Hunters amateur collaboration while an additional
object was recently found by Aller et al. (2013).
The goal of this paper (De Marco et al., 2015) was to check all known CSPNe within
the Kepler field for photometric variability and to derive their periods if possible. The
detection of even one binary CSPN, which could not have been detected from the
ground, would indicate that such binaries exist and motivate further studies to quantify
how much larger the binary fraction of CSPNe is than the 15% currently known. My
contribution to this paper was to analyze the spectra of the central stars to obtain clues
about their nature.
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In this chapter, the publications written during my thesis are presented. They are in
the order of publication date.
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The first three papers are published in Astronomy & Astrophysics. They are reproduced
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❢❫❪❵ ❡❱ ❭➩❭❝❨❩⑦❭ ❨❭❵❥❭❫❡❨❬❫❭ ❪❢ ❡⑤❪❬❨ ☛✌ ➌t ❩❱ ✌➫⑧✌ ❨❪ ❪⑦❭❫ ➣☞ ➌t ❩❱ ❨♣❭ ✌➫➫☞❳➔ ③❡❱❪❱❩❝❡✇ ❥❪❳❨❸❡❳❜❵❥❨❪❨❩❝ ❶❩❡❱❨ ⑤❫❡❱❝♣ ❭⑦❪✇❬❨❩❪❱
❳❬❶❶❭❳❨❳ ❡ ❫❭✇❡❨❩⑦❭✇❜ ♣❩❶♣ ❵❡❳❳ ➭♣❩✇❭ ❥❫❭⑦❩❪❬❳ ❡❱❡✇❜❳❭❳ ❩❱❣❩❝❡❨❭ ❡ ✇❪➭❸❵❡❳❳ ❳❨❡❫➔
➯➲➳➵➧ ❴ ❝❪❵❥❫❭♣❭❱❳❩⑦❭ ❵❪❣❭✇❸❡❨❵❪❳❥♣❭❫❭ ❡❱❡✇❜❳❩❳ ❪❢ ⑥➸ ❡❱❣ ❪❥❨❩❝❡✇ ❳❥❭❝❨❫❡ ❨❡➌❭❱ ❣❬❫❩❱❶ ✌➫➺➺➻☛☞☞⑨ ❳♣❪❬✇❣ ❫❭⑦❭❡✇ ❨♣❭ ❣❭❨❡❩✇❭❣
❨❭❵❥❪❫❡✇ ❭⑦❪✇❬❨❩❪❱ ❪❢ ❩❨❳ ❡❨❵❪❳❥♣❭❫❩❝ ❥❡❫❡❵❭❨❭❫❳ ❡❱❣ ❥❫❪⑦❩❣❭ ❭➨❥✇❡❱❡❨❩❪❱❳ ❢❪❫ ❨♣❭ ❬❱❬❳❬❡✇✇❜ ❢❡❳❨ ❭⑦❪✇❬❨❩❪❱➔
➼➥➤➽➡➾➵➧ ➏❩❨❨❩❱❶ ✇❩❱❭ ❥❫❪➚✇❭❳ ❢❫❪❵ ❳❨❡❨❩❝ ❡❱❣ ❭➨❥❡❱❣❩❱❶ ❱❪❱❸➓⑩❊ ❵❪❣❭✇ ❡❨❵❪❳❥♣❭❫❭❳ ❨❪ ❨♣❭ ❪⑤❳❭❫⑦❭❣ ❳❥❭❝❨❫❡ ❡✇✇❪➭❭❣ ❬❳ ❨❪ ❳❨❬❣❜ ❨♣❭
❨❭❵❥❪❫❡✇ ❝♣❡❱❶❭ ❪❢ ❭➩❭❝❨❩⑦❭ ❨❭❵❥❭❫❡❨❬❫❭q ❳❬❫❢❡❝❭ ❶❫❡⑦❩❨❜q ❵❡❳❳❸✇❪❳❳ ❫❡❨❭q ❡❱❣ ❨❭❫❵❩❱❡✇ ➭❩❱❣ ⑦❭✇❪❝❩❨❜➔ ❯❱ ❡❣❣❩❨❩❪❱q ➭❭ ❣❭❨❭❫❵❩❱❭❣ ❨♣❭
❝♣❭❵❩❝❡✇ ❝❪❵❥❪❳❩❨❩❪❱ ❪❢ ❨♣❭ ❡❨❵❪❳❥♣❭❫❭➔
➪➥➵➶➹➤➵➧ ➘❭ ➚❱❣ ❨♣❡❨ ❨♣❭ ❝❭❱❨❫❡✇ ❳❨❡❫ ♣❡❳ ❳❨❭❡❣❩✇❜ ❩❱❝❫❭❡❳❭❣ ❩❨❳ ❭➩❭❝❨❩⑦❭ ❨❭❵❥❭❫❡❨❬❫❭ ❢❫❪❵ ↕➺ ➌t ❩❱ ✌➫➺➺ ❨❪ ❡ ❥❭❡➌ ⑦❡✇❬❭ ❪❢ ⑨☞ ➌t
❩❱ ☛☞☞☛➔ ➑❬❫❩❱❶ ❨♣❭ ❳❡❵❭ ❨❩❵❭q ❨♣❭ ❳❨❡❫ ➭❡❳ ❝❪❱❨❫❡❝❨❩❱❶q ❡❳ ❝❪❱❝✇❬❣❭❣ ❢❫❪❵ ❡❱ ❩❱❝❫❭❡❳❭ ❩❱ ❳❬❫❢❡❝❭ ❶❫❡⑦❩❨❜ ❢❫❪❵ ✇❪❶ ➴ ➷ ✍➬➺ ❨❪ ⑨➔☞ ❡❱❣ ❡
❣❫❪❥ ❩❱ ✇❬❵❩❱❪❳❩❨❜➔ ❙❩❵❬✇❨❡❱❭❪❬❳✇❜q ❨♣❭ ❵❡❳❳❸✇❪❳❳ ❫❡❨❭ ❣❭❝✇❩❱❭❣ ❢❫❪❵ ✇❪❶➮ ➱✃→✃❐ ❜❫❒◗❮ ➷ ❰➫➬☞ ❨❪ ❰✌✌➬⑨ ❡❱❣ ❨♣❭ ❨❭❫❵❩❱❡✇ ➭❩❱❣ ⑦❭✇❪❝❩❨❜
❩❱❝❫❭❡❳❭❣ ❢❫❪❵ ÏÐ ➷ ✌➺☞☞ ➌❵ ❳❒◗ ❨❪ ☛➺☞☞ ➌❵ ❳❒◗➔ ❙❩❱❝❭ ❡❫❪❬❱❣ ☛☞☞☛q ❨♣❭ ❳❨❡❫ ❳❨❪❥❥❭❣ ♣❭❡❨❩❱❶ ❡❱❣ ♣❡❳ ❝❪❪✇❭❣ ❣❪➭❱ ❡❶❡❩❱ ❨❪ ➣➣ ➌t
⑤❜ ☛☞☞⑨➔ ❯❨ ♣❡❳ ❡ ✇❡❫❶❭✇❜ ❳❪✇❡❫ ❳❬❫❢❡❝❭ ❝❪❵❥❪❳❩❨❩❪❱ ➭❩❨♣ ❨♣❭ ❭➨❝❭❥❨❩❪❱ ❪❢ ❳✇❩❶♣❨✇❜ ❳❬⑤❳❪✇❡❫ ❝❡❫⑤❪❱q ❥♣❪❳❥♣❪❫❬❳q ❡❱❣ ❳❬✇❢❬❫➔ ⑩♣❭ ❫❭❳❬✇❨❳
❡❫❭ ❣❩❳❝❬❳❳❭❣ ⑤❜ ❝❪❱❳❩❣❭❫❩❱❶ ❣❩➩❭❫❭❱❨ ❭⑦❪✇❬❨❩❪❱❡❫❜ ❳❝❭❱❡❫❩❪❳➔
➠➡➢Ñ➹➶➵➲➡➢➵➧ ⑩♣❭ ❥❪❳❩❨❩❪❱ ❪❢ ❙❴❖☛✍✍➣⑨⑧ ❩❱ ❨♣❭ ✇❪❶ ÒÓÔ➻✇❪❶ ➴ ❥✇❡❱❭ ❥✇❡❝❭❳ ❨♣❭ ❳❨❡❫ ❩❱ ❨♣❭ ❫❭❶❩❪❱ ❪❢ ❳❣❖ ❳❨❡❫❳➔ ➋❜ ❝❪❵❥❡❫❩❳❪❱ ➭❩❨♣
❳❨❭✇✇❡❫❸❭⑦❪✇❬❨❩❪❱ ❝❡✇❝❬✇❡❨❩❪❱❳q ➭❭ ❝❪❱➚❫❵ ❨♣❡❨ ❙❴❖☛✍✍➣⑨⑧ ❵❬❳❨ ⑤❭ ❡ ✇❪➭❸❵❡❳❳ ❳❨❡❫ ➮✃ Õ ☞➬➣➣ ✃❐❮➔ Ö❪➭❭⑦❭❫q ❨♣❭ ❳✇❪➭ ❭⑦❪✇❬❨❩❪❱
❪❢ ❨♣❭ ❫❭❳❥❭❝❨❩⑦❭ ❳❨❭✇✇❡❫ ❭⑦❪✇❬❨❩❪❱❡❫❜ ❵❪❣❭✇❳ ❩❳ ❩❱ ❳❨❫❪❱❶ ❝❪❱❨❫❡❳❨ ❨❪ ❨♣❭ ❪⑤❳❭❫⑦❭❣ ❢❡❳❨ ❭⑦❪✇❬❨❩❪❱ ❡❱❣ ❨♣❭ ❜❪❬❱❶ ❥✇❡❱❭❨❡❫❜ ❱❭⑤❬✇❡ ➭❩❨♣
❡ ➌❩❱❭❵❡❨❩❝❡✇ ❡❶❭ ❪❢ ❪❱✇❜ ❡⑤❪❬❨ ✌☞☞☞ ❜❭❡❫❳➔ ➘❭ ❳❥❭❝❬✇❡❨❭ ❨♣❡❨ ❨♣❭ ❳❨❡❫ ❝❪❬✇❣ ⑤❭ ❡ ✇❡❨❭ Ö❭❸❳♣❭✇✇ ×❡❳♣ ❪⑤Ø❭❝❨➔ ❴✇❨❭❫❱❡❨❩⑦❭✇❜q ❩❨ ❝❪❬✇❣
⑤❭ ❨♣❭ ❪❬❨❝❪❵❭ ❪❢ ❝✇❪❳❭❸⑤❩❱❡❫❜ ❭⑦❪✇❬❨❩❪❱➔ ⑩♣❭❱ ❙❴❖☛✍✍➣⑨⑧ ➭❪❬✇❣ ⑤❭ ❡ ✇❪➭❸❵❡❳❳ ➮☞➔↕➣✍ ✃❐❮ ♣❭✇❩❬❵ ❥❫❭❸➭♣❩❨❭ ❣➭❡❫❢ ❡❢❨❭❫ ❨♣❭
❝❪❵❵❪❱❸❭❱⑦❭✇❪❥❭ ❥♣❡❳❭q ❣❬❫❩❱❶ ➭♣❩❝♣ ❨♣❭ ❥✇❡❱❭❨❡❫❜ ❱❭⑤❬✇❡ ➭❡❳ ❭Ø❭❝❨❭❣➔

ÙÚÛ ÜÝÞßàá ❳❨❡❫❳❹ ❡⑤❬❱❣❡❱❝❭❳ ➻ ❳❨❡❫❳❹ ❭⑦❪✇❬❨❩❪❱ ➻ ❳❨❡❫❳❹ ❴❷➋ ❡❱❣ ❥❪❳❨❸❴❷➋ ➻ ❳❨❡❫❳❹ ❩❱❣❩⑦❩❣❬❡✇❹ ❙❴❖ ☛✍✍➣⑨⑧ ➻
❳❨❡❫❳❹ ❢❬❱❣❡❵❭❱❨❡✇ ❥❡❫❡❵❭❨❭❫❳ ➻ ❥✇❡❱❭❨❡❫❜ ❱❭⑤❬✇❡❭❹ ❩❱❣❩⑦❩❣❬❡✇❹ ❙❨❩❱❶❫❡❜ ❱❭⑤❬✇❡ ➮Ö❭❱❩â❭ ↕❸✌↕➣⑧❮

ãä åæçèéêëìçíéæ

îïð ñòóô õöðññ÷ø ðùòñúöûòó÷øý öûþð õÿ÷ñðõ þð÷ó ûö ûõ ûó ôðó✞
ðø÷ñ ûþ♣òõõû❜ñð ❢òø ÷ó ÷õöøòóòþðø öò ➇�÷öÿï❝ ÷ õö÷ø ðùòñùûóô
ûó øð÷ñ öûþð✶ ✆óöðøþð❡û÷öð✞þ÷õõ õö÷øõ ✭▼❩✁✂✄ ❂ ✵✳✠❾✠▼☎✄ ð①✞
♣ðøûðóÿð öïðûø þòõö ø÷♣û❡ ðùòñúöûòó ÿñòõð öò öïð ðó❡ ò❢ öïðûø
óúÿñð÷ø✞❜úøóûóô ♣ï÷õð✶ ☎❜õðøùûóô õö÷øõ ❡úøûóô öïûõ ♣ðøûò❡ ♣øò✞
ùû❡ðõ öïð úóûqúð ò♣♣òøöúóûöý öò ûóùðõöûô÷öð òó öïð õöðññ÷ø ÷õýþ♣✞
öòöûÿ ôû÷óö ❜ø÷óÿï ✭❆●❇✄ ÷ó❡ ♣òõö✞❆●❇ ðùòñúöûòó✁ ûóÿñú❡ûóô
öïð ❆●❇ þ÷õõ✞ñòõõ ♣ï÷õð✁ ÷ó❡ öïð ð❥ðÿöûòó✁ õï÷♣ûóô✁ ÷ó❡ ð①ÿû✞
ö÷öûòó ò❢ ♣ñ÷óðö÷øý óð❜úñ÷ð ✭P✆ð✄ ➊ ♣ï÷õðõ öï÷ö ÷øð õöûññ óòö ❢úññý
úó❡ðøõöòò❡✶
✝ ➋❡❳❭❣ ❪❱ ❪⑤❳❭❫⑦❡❨❩❪❱❳ ➭❩❨♣ ❨♣❭ ➎❴❙❴→❊❙❴ ❍✉✞✞✟✠ ❙❥❡❝❭
⑩❭✇❭❳❝❪❥❭q ❪⑤❨❡❩❱❭❣ ❡❨ ❨♣❭ ❙❥❡❝❭ ⑩❭✇❭❳❝❪❥❭ ❙❝❩❭❱❝❭ ❯❱❳❨❩❨❬❨❭q ➭♣❩❝♣ ❩❳
❪❥❭❫❡❨❭❣ ⑤❜ ❨♣❭ ❴❳❳❪❝❩❡❨❩❪❱ ❪❢ ⑥❱❩⑦❭❫❳❩❨❩❭❳ ❢❪❫ ↔❭❳❭❡❫❝♣ ❩❱ ❴❳❨❫❪❱❪❵❜q
❯❱❝➔q ❬❱❣❭❫ ➎❴❙❴ ❝❪❱❨❫❡❝❨ ➎❴❙➣❸☛⑨⑨⑨⑨➔
✝✝ ➋❡❳❭❣ ❪❱ ❪⑤❳❭❫⑦❡❨❩❪❱❳ ❵❡❣❭ ➭❩❨♣ ❨♣❭ ➎❴❙❴❸③➎❊❙❸③❙❴ ➏❡❫
⑥✇❨❫❡⑦❩❪✇❭❨ ❙❥❭❝❨❫❪❳❝❪❥❩❝ ❊➨❥✇❪❫❭❫➔
✝✝✝ ⑩❡⑤✇❭❳ ✌ ❡❱❣ ↕q ❡❱❣ ➏❩❶❳➔ ✍➻➫ ❡❫❭ ❡⑦❡❩✇❡⑤✇❭ ❩❱ ❭✇❭❝❨❫❪❱❩❝ ❢❪❫❵ ❡❨
❤➃➃✡☛☞☞✌✌✌➅➁➁❽❾➁➅➄❺➉

❙❆☎ ✷✹✹✺�✷✁ öïð ð①ÿûöûóô õö÷ø ò❢ öïð ❙öûóôø÷ý óð❜úñ÷ ✭✭ðóû✍ð
✟✞✂✟✺✷✁ ✭ðóû✍ð ✂✾✷�✄✁ ûõ ÷ó úóúõú÷ññý ❢÷õö ðùòñùûóô õö÷ø✶ ✆ö
�÷õ ✣øõö ÿñ÷õõû✣ð❡ öò ❜ð ÷ ïòö ♣òõö✞❆●❇ õö÷ø ✭P÷øöï÷õ÷ø÷öïý ✫
Pòöö÷õÿï ✂✾✠✾✄ ❜÷õð❡ òó öïð ❡ûõÿòùðøý ò❢ ÷ ÿûøÿúþõöðññ÷ø ❡úõö
õïðññ �ûöï ❢÷ø✞✆❘ ✭✆❘❆❙✄ ÿòñòøõ ÷ó❡ ✤ú① ❡ûõöøû❜úöûòó õûþûñ÷ø öò
öï÷ö ò❢ P✆ð✶ ❇÷õð❡ òó ÷ õ♣ðÿöø÷ñ ÿñ÷õõû✣ÿ÷öûòó ò❢ öïð ò♣öûÿ÷ñ õ♣ðÿ✞
öøúþ ò❜ö÷ûóð❡ ûó ✂✾✷✂✁ P÷øöï÷õ÷ø÷öïý ðö ÷ñ✶ ✭✂✾✾✺✄ ÿòóÿñú❡ð❡ öï÷ö
öïð õö÷ø �÷õ ÷ ❇✂ òø ❇✷ õú♣ðøôû÷óö✶ ❋øòþ öïð ❯❇❱ ÿòñòøõ ÷ó❡
öïð ✂✾✷✂ õ♣ðÿöøúþ✁ öïðý ðõöûþ÷öð❡ ❚✎✏ ❂ ✷✂ ❦✑✶ ✭ò�ðùðø✁ öïðý
❢òúó❡ öï÷ö öïð ò♣öûÿ÷ñ õ♣ðÿöø÷ ❢øòþ ✂✾✾✵ ÷ó❡ ✂✾✾✷ ÷õ �ðññ ÷õ öïð
✆❯■✶ õ♣ðÿöø÷ ✭✂✾✾✷❾✂✾✾�✄ ❡ûõ♣ñ÷ý þ÷óý óð❜úñ÷ø ðþûõõûòó ñûóðõ✁
ûó❡ûÿ÷öûóô öï÷ö ❙❆☎✷✹✹✺�✷ ï÷õ öúøóð❡ ûóöò ÷ ÿðóöø÷ñ õö÷ø ò❢ ÷ P✆
✭✒❙P✆✄ �ûöïûó ÷ öûþð õ♣÷ó ò❢ òóñý ✷✵ ýð÷øõ✶ ❋úøöïðøþòøð✁ �ïðó
ÿòþ♣÷øûóô öïð ✆❯■ õ♣ðÿöø÷ ❢øòþ ✂✾✠✠ ÷ó❡ ✂✾✾✺ P÷øöï÷õ÷ø÷öïý
ðö ÷ñ✶ ✭✂✾✾✺✄ ❡ûõÿòùðøð❡ ûö ûõ öïð òóñý ❦óò�ó ✒❙P✆ öï÷ö ❢÷❡ð❡
❜ý ÷ ❢÷ÿöòø ò❢ ✷✶✠✟ ûó ûöõ ✤ú① ñðùðñ �ûöïûó õðùðó ýð÷øõ✶ ✆ó
÷❡❡ûöûòó✁ ûö �÷õ ♣òõõû❜ñð ❢òø öïðþ öò ò❜õðøùð ïò� öïð õöðññ÷ø
�ûó❡ ôø÷❡ú÷ññý ❡ðÿøð÷õð❡✶ ❋øòþ öïð ✆❯■ õ♣ðÿöøúþ ò❜ö÷ûóð❡

◗ ❯❱❨❭❫❱❡❨❩❪❱❡✇ ⑥✇❨❫❡⑦❩❪✇❭❨ ❊➨❥✇❪❫❭❫➔

❆øöûÿñð ♣ú❜ñûõïð❡ ❜ý ■❉P ❙ÿûðóÿðõ ❆✹✵✁ ♣÷ôð ✂ ò❢ ✂✹



❆✫❆ ✺�✺✁ ❆✹✵ ✭✷✵✂✹✄

✐♥ ✶☎✆✆✝ P❛r✞❤❛✟❛r❛✞❤② ❡✞ ❛❧✳ ✠✶☎☎✡✮ ♠❡❛✟✉r❡☛ ❛ ✞❡r♠✐♥❛❧ ✇✐♥☛
✈❡❧☞❝✐✞② ☞❢ ✌✍ ❂ ✸✡✎✎ ❦♠ ✟❾✏ ❢r☞♠ ✞❤❡ ❈ ✑✒ r❡✟☞♥❛♥❝❡ ☛☞✉❞
❜❧❡✞✳ ❚❤❡ ■✓❊ ✟♣❡❝✞r✉♠ ✐♥ ✶☎☎✔ ✟❤☞✇❡☛ ✞❤❛✞ ✞❤❡ ✟✞❡❧❧❛r ✇✐♥☛
✈❛♥✐✟❤❡☛✳ ❇❛✟❡☛ ☞♥ ✞❤❡ ■✓❊ ✟♣❡❝✞r❛✝ ✞❤❡② ❡✟✞✐♠❛✞❡☛ ✞❤❛✞ ✕✖✗
♠✉✟✞ ❜❡ ❛r☞✉♥☛ ✡✡ ❦✘✳ ✙✟✟✉♠✐♥✚ ❛ ☛✐✟✞❛♥❝❡ ☞❢ ✡✳✛ ❦♣❝ ✠✘☞③☞❦
✶☎✆✡❜✮ ❛♥☛ ❛♥ ❡①♣❛♥✟✐☞♥ ✈❡❧☞❝✐✞② ☞❢ ✆ ❦♠ ✟❾✏✝ P❛r✞❤❛✟❛r❛✞❤②
❡✞ ❛❧✳ ✠✶☎☎✸✮ ❢☞✉♥☛ ✞❤❛✞ ✞❤❡ ♣☞✟✞❞✙●❇ ✞✐♠❡ ☞❢ ❙✙❖✜✔✔✡✛✢ ✐✟
❛❜☞✉✞ ✜✢✎✎ ②❡❛r✟✳ ❋✉r✞❤❡r♠☞r❡✝ ✞❤❡② ❡✟✞✐♠❛✞❡☛ ✞❤❡ ❧✉♠✐♥☞✟✐✞②
❛♥☛ ❝☞r❡ ♠❛✟✟ ☞❢ ✞❤❡ ❈❙ ✞☞ ❜❡ ✸✎✎✎ ▲✣ ❛♥☛ ✎✳✡✡▼✣✝ r❡✟♣❡❝✞✐✈❡❧②✳

❚❤❡ ✤r✟✞ ☞♣✞✐❝❛❧❧② r❡✟☞❧✈❡☛ ✐♠❛✚❡✟ ☞❢ ✞❤❡ ❙✞✐♥✚r❛② ♥❡❜✉❧❛
✇❡r❡ ♣r❡✟❡♥✞❡☛ ❜② ❇☞❜r☞✇✟❦② ✠✶☎☎✔✮ ❛♥☛ ❇☞❜r☞✇✟❦② ❡✞ ❛❧✳
✠✶☎☎✆✮ ✉✟✐♥✚ ✞❤❡ ❲✐☛❡ ❋✐❡❧☛ ❛♥☛ P❧❛♥❡✞❛r② ❈❛♠❡r❛ ✶ ✠❲❋P❈✶✮
❛♥☛ ❲❋P❈✜✝ r❡✟♣❡❝✞✐✈❡❧②✳ ❇☞❜r☞✇✟❦② ✠✶☎☎✔✮ ❢☞✉♥☛ ✞❤❛✞ ✐♥ ❍✥✝
✞❤❡ ❙✞✐♥✚r❛② ♥❡❜✉❧❛ ❛♣♣❡❛r✟ ✞☞ ❤❛✈❡ ❛♥ ❡q✉❛✞☞r✐❛❧ r✐♥✚ ☞❢ ❡♥❞
❤❛♥❝❡☛ ☛❡♥✟✐✞② ✞✐❧✞❡☛ ❛♣♣r☞①✐♠❛✞❡❧② ✡✛✦ ❢r☞♠ ✞❤❡ ❧✐♥❡ ☞❢ ✟✐✚❤✞✳
■♥ ❛☛☛✐✞✐☞♥✝ ❤❡ ❢☞✉♥☛ ❜✉❜❜❧❡✟ ☞❢ ✚❛✟ ❛❜☞✈❡ ❛♥☛ ❜❡❧☞✇ ✞❤❡ r✐♥✚
✇✐✞❤ ❛r❡❛✟ ☞❢ ☛❡❝r❡❛✟❡☛ ❜r✐✚❤✞♥❡✟✟ ♥❡❛r ✞❤❡ ♣☞❧❡✟ ✇❤❡r❡ ❛ ❢❛✟✞
✟✞❡❧❧❛r ✇✐♥☛ ❤❛✟ ❜r☞❦❡♥ ✞❤r☞✉✚❤ ✞❤❡ r❡☛ ✚✐❛♥✞ ❡♥✈❡❧☞♣❡✳ ❋r☞♠ ✞❤❡
❍✥ ✧✉①✝ ❤❡ ☛❡r✐✈❡☛ ❛♥ ✐☞♥✐③❡☛ ♠❛✟✟ ☞❢ ✎✳✜ ▼✣✝ ▲ ❂ ✡✎✎✎ ▲✣
❛♥☛ ❛ ✟✞❡❧❧❛r ❝☞r❡ ♠❛✟✟ ☞❢ ✎✳✡☎ ▼✣✳ ❚❤❛♥❦✟ ✞☞ ✞❤❡ ✟✉♣❡r✐☞r ✟♣❛❞
✞✐❛❧ r❡✟☞❧✉✞✐☞♥ ☞❢ ✞❤❡ ❲❋P❈✜ ❇☞❜r☞✇✟❦② ❡✞ ❛❧✳ ✠✶☎☎✆✮ ❢☞✉♥☛ ❡✈❞
✐☛❡♥❝❡ ☞❢ ❝☞❧❧✐♠❛✞❡☛ ☞✉✞✧☞✇✟✝ ✇❤✐❝❤ ❛r❡ ❢☞❝✉✟❡☛ ❜② ✞❤❡ ♥❡❜❞
✉❧❛ ❜✉❜❜❧❡✟ ❛♥☛ ❢✉♥❝✞✐☞♥ ❧✐❦❡ ♥☞③③❧❡✟✝ ✇✐✞❤ ✚❛✟ ❧❡❛✈✐♥✚ ✞❤r☞✉✚❤
✞❤❡ ♣☞❧❛r ❤☞❧❡✟✳ ❚❤❡② ❛❧✟☞ r❡♣☞r✞ ❛ ♣☞✟✟✐❜❧❡ ☛❡✞❡❝✞✐☞♥ ☞❢ ❛ ❧❛✞❡
✞②♣❡ ❝☞♠♣❛♥✐☞♥ ✟✞❛r ❛✞ ❛ ☛✐✟✞❛♥❝❡ ☞❢ ✜✜✎✎✙✓ ❢r☞♠ ✞❤❡ ❝❡♥✞r❛❧
✟✞❛r✳

✓♠❛♥❛ ❡✞ ❛❧✳ ✠✜✎✎✆✮ ♣r❡✟❡♥✞ ✞❤❡ ✤r✟✞ ☛❡✞❛✐❧❡☛ r❛☛✐☞ ✟✞✉☛② ☞❢
✞❤❡ ❙✞✐♥✚r❛② ♥❡❜✉❧❛ ❜② ✉✟✐♥✚ ✞❤❡ ✙✉✟✞r❛❧✐❛♥ ❚❡❧❡✟❝☞♣❡ ❈☞♠♣❛❝✞
✙rr❛② ✠✙❚❈✙✮✳ ❚❤❡② ✤♥☛ ✞❤❛✞ ✞❤❡ ❙✞✐♥✚r❛② ♥❡❜✉❧❛ ✐✟ ✟✞✐❧❧ ❡♠❞
❜❡☛☛❡☛ ✐♥ ✞❤❡ ☛✉✟✞② r❡♠♥❛♥✞ ☞❢ ✞❤❡ ✙●❇ ♣❤❛✟❡✳ ❉❡♣❡♥☛✐♥✚ ☞♥
✞❤❡✐r ♠☞☛❡❧✟✝ ✞❤❡② ☛❡r✐✈❡☛ ❛♥ ✐☞♥✐③❡☛ ♠❛✟✟ ☞❢ ✎✳✎✡✢★✎✳✎✢▼✣
❛♥☛ ❛ ✞☞✞❛❧ ☛✉✟✞ ♠❛✟✟ ☞❢ ✜ × ✶✎❾✩ ▼✣ ✐♥ ✞❤❡ ❝❛✟❡ ☞❢ ✟✐❧✐❝❛✞❡✟
❛♥☛ ✢✪✡ × ✶✎❾✬ ▼✣ ✐♥ ❝❛✟❡ ☞❢ ✚r❛♣❤✐✞❡✳

✙r❦❤✐♣☞✈❛ ❡✞ ❛❧✳ ✠✜✎✶✸✮ ♣❡r❢☞r♠❡☛ ❛♥ ❛♥❛❧②✟✐✟ ☞❢ ✞❤❡ ♥❡❜❞
✉❧❛ ✟♣❡❝✞r❛ ✞❛❦❡♥ ✐♥ ✶☎☎✎✝ ✶☎☎✜✝ ❛♥☛ ✜✎✶✶✳ ❚❤❡② ✤♥☛ ✟✐✚♥✐✤❝❛♥✞
❝❤❛♥✚❡✟ ✐♥ ✞❤❡ r❡❧❛✞✐✈❡ ❧✐♥❡ ✐♥✞❡♥✟✐✞✐❡✟✳ ❚❤❡ ❧☞✇❞❡①❝✐✞❛✞✐☞♥ ❬❖ ✑❪✝
❬❖ ✑✑❪✝ ❛♥☛ ❬◆ ✑✑❪ ❧✐♥❡✟ ❜❡❝❛♠❡ ✟✞r☞♥✚❡r r❡❧❛✞✐✈❡ ✞☞ ❍✥ ❜② ❛ ❢❛❝❞
✞☞r ☞❢ ✞✇☞✝ ✇❤✐❧❡ ✞❤❡ ❬❖ ✑✑✑❪ ❧✐♥❡✟ ✇❡❛❦❡♥❡☛ ❜② ❛ ❢❛❝✞☞r ☞❢ ✯✜✳
✓✟✐♥✚ ❛ ❢☞r♠✉❧❛ ☞❢ ✘❛❧❡r ✠✶☎✢✆✮✝ ✞❤❡② ❡✟✞✐♠❛✞❡☛ ✞❤❛✞ ✕✖✗ ☛❡❞
❝r❡❛✟❡☛ ❢r☞♠ ✶☎☎✎ ✠✕✖✗ ❂ ✡✢ ❦✘✮ ✞☞ ✜✎✶✶ ✠✕✖✗ ❂ ✔✎ ❦✘✮✳

P❛r✞❤❛✟❛r❛✞❤② ❡✞ ❛❧✳ ✠✶☎☎✡✮ ✤r✟✞ ☛✐✟❝☞✈❡r❡☛ ✞❤❛✞ ✞❤❡ ☞❜✟❡r✈❡☛
♣r☞♣❡r✞✐❡✟ ☞❢ ❙✙❖ ✜✔✔✡✛✢✝ ❡✳✚✳ ✞❤❡ r❛♣✐☛ ❝❤❛♥✚❡✟ ✐♥ ✕✖✗ ❛♥☛ ✞❤❡
☛r☞♣ ☞❢ ❧✉♠✐♥☞✟✐✞②✝ ❝☞♥✞r❛☛✐❝✞ ✇✐✞❤ ❝❛♥☞♥✐❝❛❧ ♣☞✟✞❞✙●❇ ❡✈☞❧✉❞
✞✐☞♥✳ ❋☞r ✟✉❝❤ ❛ r❛♣✐☛ ❡✈☞❧✉✞✐☞♥✝ ✞❤❡ ❝☞r❡ ♠❛✟✟ ✟❤☞✉❧☛ ❜❡ ✎✳✆ ▼✣
☞r ❡✈❡♥ ♠☞r❡ ✠P❛r✞❤❛✟❛r❛✞❤② ❡✞ ❛❧✳ ✶☎☎✡❀ ❇☞❜r☞✇✟❦② ❡✞ ❛❧✳ ✶☎☎✆✮✳
❚❤❡ ❡✈☞❧✉✞✐☞♥❛r② ✞✐♠❡ ✟❝❛❧❡✟ ❢☞r ❈❙✟ ✇✐✞❤ ❝☞r❡ ♠❛✟✟❡✟ ☞❢ ✎✳✛ ▼✣
☞r ❧❡✟✟ ❛r❡ ♣r❡☛✐❝✞❡☛ ✞☞ ❜❡ ♠✉❝❤ ❧☞♥✚❡r ✠❇❧ö❝❦❡r ✶☎☎✡✮✳

❚☞ ❛☛☛r❡✟✟ ✞❤❡ ❡✈☞❧✉✞✐☞♥ ☞❢ ✞❤❡ ♣r☞♣❡r✞✐❡✟ ☞❢ ❙✙❖ ✜✔✔✡✛✢
q✉❛♥✞✐✞❛✞✐✈❡❧② ❢☞r ✞❤❡ ✤r✟✞ ✞✐♠❡✝ ✇❡ ❝❛rr✐❡☛ ☞✉✞ ❛ ✟♣❡❝✞r❛❧ ❛♥❛❧②✟✐✟
❜❛✟❡☛ ☞♥ ❛❧❧ ❛✈❛✐❧❛❜❧❡ ✟♣❡❝✞r❛ ❢r☞♠ ✶☎✆✆ ✉♥✞✐❧ ✜✎✎✛ ✞❛❦❡♥ ✇✐✞❤
■✓❊✝ ❋✓❙❊✰✝ ❍❙❚✴❙❚■❙✱✝ ❛♥☛ ❍❙❚✴❋❖❙✩✳ ❚❤❡ ❝☞♠♣❛r✐✟☞♥ ☞❢
✞❤❡ r❡✟✉❧✞✟ ✞☞ ☛✐✲❡r❡♥✞ ❡✈☞❧✉✞✐☞♥❛r② ♠☞☛❡❧✟ ✟❤☞✉❧☛ ❤❡❧♣ ♣r☞✈✐☛❡
❝☞♥❝❧✉✟✐☞♥✟ ☞♥ ✞❤❡ ♥❛✞✉r❡ ☞❢ ❙✙❖ ✜✔✔✡✛✢✳

❚❤✐✟ ♣❛♣❡r ✐✟ ☞r✚❛♥✐③❡☛ ❛✟ ❢☞❧❧☞✇✟✳ ■♥ ❙❡❝✞✳ ✜✝ ✇❡ ☛❡✟❝r✐❜❡ ✞❤❡
☞❜✟❡r✈❛✞✐☞♥✟✳ ❚❤❡ ✟♣❡❝✞r❛❧ ❛♥❛❧②✟✐✟ ❢☞❧❧☞✇✟ ✐♥ ❙❡❝✞✳ ✸✳ ■♥ ❙❡❝✞✳ ✔✝
✇❡ ✟✉♠♠❛r✐③❡ ☞✉r r❡✟✉❧✞✟ ❛♥☛ ☛❡r✐✈❡ ✞❤❡ ☛✐✟✞❛♥❝❡ ❛♥☛ ✞❤❡ ♠❛✟✟ ☞❢
❙✙❖ ✜✔✔✡✛✢✳ ❲❡ ☛✐✟❝✉✟✟ ♣☞✟✟✐❜❧❡ ✟✞❡❧❧❛r ❡✈☞❧✉✞✐☞♥❛r② ✟❝❡♥❛r✐☞✟
❛♥☛ ❝☞♠♣❛r❡ ❙✙❖ ✜✔✔✡✛✢ ✞☞ ☞✞❤❡r ❧☞✇❞♠❛✟✟ ❈❙P◆❡✳ ❲❡ ❝☞♥❞
❝❧✉☛❡ ✐♥ ❙❡❝✞✳ ✡✳

✻ ✼✽✾ ❯✿t✾✽❁❃♦✿❄t ❅❏❄❑t✾♦s❑♦❏❃❑ ◗❘❏✿♦✾❄✾❱
❳ ❨❩❭❭❫❴ ❅❏✽❑❄ ❵❄✿❄s❑♦❏❄❣❅❏✽❑❄ ❵❄✿❄s❑♦❏❄ ❥④✽⑤❃⑥⑤ ❅❏❄❑t✾♦⑤✾✽❏⑦❱
⑧ ✼✽❃⑥t ⑨⑩❶❄❑t ❅❏❄❑t✾♦⑤✾✽❏⑦❱

❷❸❹ ❺❻❼❽❽❿❻❼❼➀➁

➂➃➄ ❺❻❼❼➅➁

➂❸➄❹
❺➆➇➇➆➈➆➇➇➀➁

➉➊➋

➉➊➌

➉➊➍

➌➎➏ ➌➎➌ ➌➎➐
➑➒➓ ➔→ ➣ ↔

↕
➙

➛➜
➝
➞➟
➠
➡
➢
➤➥
➦➧
➨
➩➫
➧➭
➯➲
➳➵
➸

➺➻➼➽ ➾➽ ❆✿✿ ✾❄✿❃✽⑩✿➚ ➪➶❘➹❑✽✿❃⑩✾✽t❄➘ ♦⑩s❄✾❁✽t❃♦⑥s ♦➴ ❅❆⑨✷✹✹✺�➷❱

➬➮ ➱✃❐❒❮❰ÏÐÑÒÓ❐

❙✙❖✜✔✔✡✛✢ ✇❛✟ ☞❜✟❡r✈❡☛ ✇✐✞❤ ✈❛r✐☞✉✟ ✞❡❧❡✟❝☞♣❡✟ ✠❚❛❜❧❡ ✶✮✳
P❛r✞❤❛✟❛r❛✞❤② ❡✞ ❛❧✳ ✠✶☎☎✡✮ r❡♣☞r✞❡☛ ✞❤❡ ☛❡❝r❡❛✟❡ ✐♥ ✞❤❡ ✧✉① ❧❡✈❡❧
☞❢ ✞❤❡ ■✓❊ ☞❜✟❡r✈❛✞✐☞♥✟ ❜② ❛ ❢❛❝✞☞r ☞❢ ✜✳✆✸✳ ❲❡ ❢☞✉♥☛ ✞❤❛✞
❙✙❖✜✔✔✡✛✢ ❤❛✟ ❢❛☛❡☛ ❡✈❡♥ ♠☞r❡❀ ❡✳✚✳✝ ✇❡ ❢☞✉♥☛ ❛ ☛❡❝r❡❛✟❡ ❜②
❛ ❢❛❝✞☞r ☞❢ ✤✈❡ ❜② ❝☞♠♣❛r✐♥✚ ✞❤❡ ■✓❊ ☞❜✟❡r✈❛✞✐☞♥ ❢r☞♠ ✶☎✆✆
✞☞ ✞❤❡ ❋❖❙ ☞❜✟❡r✈❛✞✐☞♥ ✐♥ ✶☎☎✢✳ ■♥ ❋✐✚✳ ✶✝ ✇❡ ✟❤☞✇ ❛❧❧ ❛✈❛✐❧❞
❛❜❧❡✝ r❡❧✐❛❜❧❡ ✧✉①❞❝❛❧✐❜r❛✞❡☛ ☞❜✟❡r✈❛✞✐☞♥✟ ☞❢ ❙✙❖ ✜✔✔✡✛✢✳ ❚❤❡
❙❚■❙ ☞❜✟❡r✈❛✞✐☞♥✟ ❛r❡ ♥☞✞ ♣❤☞✞☞♠❡✞r✐❝ ❜❡❝❛✉✟❡ ☞❢ ✞❤❡ ♥❛rr☞✇ ✟❧✐✞
✇✐☛✞❤ ✉✟❡☛ ❛♥☛ ✞❤❡r❡❢☞r❡ ❛r❡ ♥☞✞ ✟❤☞✇♥ ✐♥ ❋✐✚✳ ✶✳ ❈☞♠♣❛r✐♥✚ ✞❤❡
❋❖❙ ☞❜✟❡r✈❛✞✐☞♥ ✐♥ ✶☎☎✢ ✞☞ ✞❤❡ ❋✓❙❊ ☞❜✟❡r✈❛✞✐☞♥✟ ✐♥ ✜✎✎✜✝ ✇❡
❢☞✉♥☛ ✞❤❛✞ ✞❤❡ ✧✉① ♠✉✟✞ ❤❛✈❡ ✐♥❝r❡❛✟❡☛ ✟❧✐✚❤✞❧②✳ ❈☞♠♣❛r✐♥✚ ✞❤❡
✧✉① ❧❡✈❡❧ ☞❢ ✞❤❡ ❋✓❙❊ ✟♣❡❝✞r✉♠ ❢r☞♠ ✜✎✎✜ ✞☞ ✞❤❡ ☞♥❡ ✐♥ ✜✎✎✛✝
✇❡ ❢☞✉♥☛ ❛ ☛❡❝r❡❛✟❡ ☞❢ ✶✡Ô✳ ❲❡ ♠❡♥✞✐☞♥ ❛❧❧ ✞❤❡ ❛✈❛✐❧❛❜❧❡ ✟♣❡❝❞
✞r❛ ❛♥☛ ✞❤❡✐r ✟♣❡❝✐❛❧ ❢❡❛✞✉r❡✟ ✐♥ ❙❡❝✞✳ ✜✳✶✳ ❚❤❡ ☛❡✞❡r♠✐♥❛✞✐☞♥ ☞❢
✞❤❡ ✐♥✞❡r✟✞❡❧❧❛r r❡☛☛❡♥✐♥✚ ❢☞❧❧☞✇✟ ✐♥ ❙❡❝✞✳ ✜✳✜✳

ÕÖØÖ ÙÚÛÜÝÞßàÞáâ áã àäÚ ÛßÚÜàÝå

■✓❊ ✟♣❡❝✞r❛ ✇❡r❡ ✞❛❦❡♥ ❢r☞♠ ✶☎✆✆ ✞☞ ✶☎☎✛✳ ✙❧❧ ✞❤❡✟❡
☞❜✟❡r✈❛✞✐☞♥✟ ❜✉✞ ❙❲P✡✶✢✢✜ ❛♥☛ ❙❲P✡✡✛☎✎ ✇❡r❡ ☞❜✞❛✐♥❡☛ ✐♥
❧☞✇❞r❡✟☞❧✉✞✐☞♥ ♠☞☛❡✳ ❚❤❡ ♠❛✐♥ ❢❡❛✞✉r❡✟ ✐♥ ✞❤❡ ✟♣❡❝✞r❛ ❛r❡ ♥❡❜❞
✉❧❛r ❡♠✐✟✟✐☞♥ ❧✐♥❡✟ ✠❢r☞♠ ✶☎☎✜ ☞♥✮ ❛♥☛ ✞❤❡ ❈ ✑✒ ❛♥☛ ◆✒ r❡✟☞❞
♥❛♥❝❡ ☛☞✉❜❧❡✞✟ ✞❤❛✞ ❛r❡ ❜❧✉❡ ✟❤✐❢✞❡☛ ❛♥☛ ✟❤☞✇ P❞❈②✚♥✐ ♣r☞✤❧❡✟
✠❙❡❝✞✳ ✸✳✔✮✳

❚❤❡ ❍❙❚✴❋❖❙ ✟♣❡❝✞r❛ ✇❡r❡ ☞❜✞❛✐♥❡☛ ✐♥ ✶☎☎✢ ✉✟✐♥✚ ✞❤❡
●✶☎✎❍✝ ●✜✢✎❍✝ ●✔✎✎❍✝ ❛♥☛ ●✡✢✎❍ ✚r❛✞✐♥✚✟ ✠✞☞✞❛❧ ❡①♣☞✟✉r❡
✞✐♠❡ ✯✔✛✎✎ ✟✝ Pr☞✚■❉ ✛✎✸☎✮✳ ❚❤❡ ☞❜✟❡r✈❛✞✐☞♥✟ ❝☞✈❡r ❛ ✇❛✈❡❞

❧❡♥✚✞❤ r❛♥✚❡ ❢r☞♠ ✯✶✛✎✎ ✞☞ ✛✆✎✎æ✳

❙✙❖ ✜✔✔✡✛✢ ✇❛✟ ☞❜✟❡r✈❡☛ ✇✐✞❤ ❍❙❚✴❙❚■❙ ✐♥ ✶☎☎✆
✠Pr☞✚■❉ ✢✛✡✜✮✝ ✶☎☎☎ ✠Pr☞✚■❉ ✢✛✡✜✝ ✢✛✡✸✮✝ ❛♥☛ ✜✎✎✶ ✠Pr☞✚■❉
✆☎✜☎✮ ✉✟✐♥✚ ✞❤❡ ✡✜çç × ✎✪çç✎✡ ❛♣❡r✞✉r❡✳ ❚❤❡✟❡ ☞❜✟❡r✈❛✞✐☞♥✟ ❝☞✈❡r

❛ ✞☞✞❛❧ ✇❛✈❡❧❡♥✚✞❤ r❛♥✚❡ ❢r☞♠ ✶✡✔✎ ✞☞ ✛✎✎✎æ ❛♥☛ ❢r☞♠ ☎✎✡✎ ✞☞

☎✛✡✎æ✳ ■♥ ✞❤❡ ☞♣✞✐❝❛❧ ✇❛✈❡❧❡♥✚✞❤ r❛♥✚❡ ✠✸✜✎✎ ✞☞ ✛✆✎✎æ✮✝ ✞❤❡
❍❙❚✴❋❖❙ ❛♥☛ ❍❙❚✴❙❚■❙ ✟♣❡❝✞r❛ ✟❤☞✇ ♠❛♥② ♥❡❜✉❧❛r ❡♠✐✟✟✐☞♥
❧✐♥❡✟✝ ❜✉✞ ❛❧✟☞ ✟☞♠❡ ♣❤☞✞☞✟♣❤❡r✐❝ ❍❡ ✑✑ ❧✐♥❡✟ ✠♣❛r✞✐❛❧❧② ❜❧❡♥☛❡☛
❜② ✞❤❡ ♥❡❜✉❧❛ ❡♠✐✟✟✐☞♥ ❧✐♥❡✟✮✳ ❚❤❡ ◆✓è ✟♣❡❝✞r❛ ✞✉r♥❡☛ ☞✉✞ ✞☞ ❜❡
♠☞r❡ ✉✟❡❢✉❧ ❢☞r ✞❤❡ ✟♣❡❝✞r❛❧ ❛♥❛❧②✟✐✟✝ ❜❡❝❛✉✟❡ ☞❢ ✞❤❡ ❍❡ ✑✑ ❧✐♥❡✟
✠é ê éç ❂ ✸ ê ✛ë ✪✪✪ë ✶✔✮✝ ✇❤✐❝❤ ❝☞✉❧☛ ❜❡ ✉✟❡☛ ✞☞ ☛❡✞❡r♠✐♥❡
❧☞✚ ì✝ ✕✖✗✝ ❛♥☛ ✞❤❡ ❍✴❍❡ r❛✞✐☞✳ ❲❡ ✐☛❡♥✞✐✤❡☛ ❈ ✑✑✑ ❛♥☛ ❈ ✑✒ ❧✐♥❡✟
✇❤✐❝❤ ❛❧❧☞✇❡☛ ✉✟ ❛ ♠☞r❡ ♣r❡❝✐✟❡ ☛❡✞❡r♠✐♥❛✞✐☞♥ ☞❢ ✕✖✗ ❜② ❡✈❛❧❞
✉❛✞✐☞♥ ☞❢ ✞❤❡ ❈ ✑✑✑✴❈ ✑✒ ✐☞♥✐③❛✞✐☞♥ ❡q✉✐❧✐❜r✐✉♠ ✠✟❡❡ ❙❡❝✞✳ ✸✳✜✮✳

✙♣❛r✞ ❢r☞♠ ✞❤❡ ♣❤☞✞☞✟♣❤❡r✐❝ ❧✐♥❡✟✝ ✇❡ ❢☞✉♥☛ ✟☞♠❡ ✐♥✞❡r✟✞❡❧❧❛r
❋❡ ✑✑✝ í✚ ✑✑✝ ❛♥☛ í♥ ✑✑ ❧✐♥❡✟✳

❋✓è ✟♣❡❝✞r❛ ✇❡r❡ ✞❛❦❡♥ ✇✐✞❤ ❋✓❙❊ ✐♥ ✜✎✎✜ ❛♥☛ ✜✎✎✛ ✠✞☞❞
✞❛❧ ❡①♣☞✟✉r❡ ✞✐♠❡î ✸✶ ❦✟❡❝✝ Pr☞✚■❉✟ ï✸✎✔ ❛♥☛ ✓✶✎☎✮ ✉✟✐♥✚ ✞❤❡

❆✹✵✁ ❏✽⑤❄ ✷ ♦➴ ✂✹



◆� ❘✁✐✂❞❧ ✁t ❛❧�✳ ❚✄✁ r❛♣✐❞ ✁✈♦❧✉t✐♦✂ ♦❢ t✄✁ ✁①❝✐t✐✂❣ st❛r ♦❢ t✄✁ ❙t✐✂❣r❛② ✂✁❜✉❧❛

✲☎✆

✲☎✝

✝✸✞ ✝✸✝ ✝✸✆ ✝✸✟ ✝✸✠ ✝✸✡ ✝✸☛

✥☞✌ ✍✎ ✏ ✑
✒

✮

✓✔
✕
✖✗
✘
✴
✙
✚✛
✜

✢✣
✤
✦

✢✧
❆★

✩✪
✫

❊ ❇✬✭
✯ ✭

❂ ✰✸☎✆ ✱✏✲ ✰✸✰✞
❂ ✝✸☎

❋✵✶✷ ✹✷ ✺①❛✻♣❧✁ ❢♦r t✄✁ ❞✁t✁r✻✐✂❛t✐♦✂ ♦❢ ✼✽❾ ❱ ❢♦r ❙✾❖ ✿❀❀❁❃❄� ❚✄✁

❅❖❙ ♦❜s✁r✈❛t✐♦✂ ❈❣r❛②❉ ✐s ❝♦✻♣❛r✁❞ t♦ ❚▼✾❲ ✻♦❞✁❧ ●✉①✁s ✇✐t✄ ❞✐❢❍

❢✁r✁✂t ❝♦rr✁❝t✐♦✂s ❢♦r t✄✁ ✐✂t✁rst✁❧❧❛r r✁❞❞✁✂✐✂❣� ❚✄✁ t✄✐❝■ ❈r✁❞ ✐✂ ♦✂❧✐✂✁

✈✁rs✐♦✂❉ ❧✐✂✁ r✁♣r✁s✁✂ts t✄✁ ❚▼✾❲ ✻♦❞✁❧ ❝♦rr✁❝t✁❞ ✇✐t✄ ✼✽❾ ❱ ❏ ❑▲P❀◗

t✄✁ ❞❛s✄✁❞ ❧✐✂✁s ❈❜❧✉✁❉ ✐✂❞✐❝❛t✁ t✄✁ ✁rr♦r ❧✐✻✐ts�

❯❳❨❩ ❬❭❡❪❫❴❪❡❵ ❤❥❡❦❡ ❦❭❡♠❫❪❬ ❦❥♥q ③❬④⑤ ⑥④❫❡❪❦❫❡⑦⑦❬❪ ⑦⑥④❡❦⑧ ⑨❴❫

❬⑦❦♥ ❭❥♥❫♥❦❭❥❡❪⑥♠ ⑩ ❶⑧ ⑩❡ ❶❶⑧ ❷ ❶❶❶⑧ ❷ ❶❸⑧ ❹ ❶❶❶ ❺❻❼❼❻ ♥④⑦⑤❽⑧ ❹ ❶❸⑧

❿ ❶❶❶⑧ ❿ ❶❸⑧ ❩⑥ ❶❸⑧ ➀ ❸⑧ ❩ ❶❸⑧ ❩ ❸⑧ ❩ ❸❶⑧ ➁❡ ❸⑧ ❬④➂ ➁❡ ❸❶ ⑦⑥④❡❦❵

➁❴❪❫❥❡❪③♥❪❡⑧ ❫❥❡ ❿ ❸❶ ➂♥❴⑨⑦❡❫ ⑦⑥④❡❦ ❦❥♥q q❡❬➃ ➀➄❷⑤➅④⑥ ❭❪♥➆⑦❡❦❵

❳❡ ♠❥❡♠➃❡➂ ❫❥❡ ➁➇❩➈ ♥⑨❦❡❪➉❬❫⑥♥④❦ ➊♥❪ ❪❡⑦❬❫⑥➉❡ ③♥❫⑥♥④ ♥➊ ⑥④❫❡❪➄

❦❫❡⑦⑦❬❪ ❬④➂ ❭❥♥❫♥❦❭❥❡❪⑥♠ ⑦⑥④❡❦⑧ ⑨❴❫ q❡ ♠♥❴⑦➂ ④♥❫ ➆④➂ ❬④⑤ ❥⑥④❫ ♥➊

➉❡⑦♥♠⑥❫⑤ ❦❥⑥➊❫❦ ❡⑥❫❥❡❪ ⑨⑤ ♠♥③❭❬❪⑥④➅ ❫❥❡ ♥⑨❦❡❪➉❬❫⑥♥④ ➊❪♥③ ❻❼❼❻

❬④➂ ❻❼❼➋⑧ ♥❪ ⑥④ ❫❥❡ ⑥④➂⑥➉⑥➂❴❬⑦ ❡➌❭♥❦❴❪❡❦ ♥➊ ❫❥❡ ♠♥❪❪❡❦❭♥④➂⑥④➅

⑤❡❬❪❦❵ ❤❥⑥❦ ⑥④➂⑥♠❬❫❡❦ ❺❡➌♠❡❭❫ ⑥④ ♠❬❦❡ ♥➊ ❬ ➉❡❪⑤ ❥⑥➅❥ ⑥④♠⑦⑥④❬➄

❫⑥♥④ ❬④➅⑦❡❽ ❫❥❡ ❭❪♥⑨❬⑨⑥⑦⑥❫⑤ ♥➊ ❬ ♠⑦♥❦❡ ♠♥③❭❬④⑥♥④ ⑥❦ ❪❬❫❥❡❪ ❴④➄

⑦⑥➃❡⑦⑤❵ ➍⑦⑦ ❫❥❡❦❡ ❦❭❬♠❡➄⑨❬❦❡➂ ♥⑨❦❡❪➉❬❫⑥♥④❦ q❡❪❡ ❪❡❫❪⑥❡➉❡➂ ➊❪♥③

❫❥❡ ➎➍❩❤ ❬❪♠❥⑥➉❡❵

➏➐➏➐ ➑➒➓➔→➣➓➔↔↔↕→ →➔➙➙➔➒➛➒➜

❳❡ ➂❡❪⑥➉❡➂ ❫❥❡ ⑥④❫❡❪❦❫❡⑦⑦❬❪ ❪❡➂➂❡④⑥④➅ ➊♥❪ ❡❬♠❥ ♥⑨❦❡❪➉❬❫⑥♥④❵ ❤❥❡

➝❴➌ ❦❥❬❭❡ ♥➊ ❫❥❡ ➞➇➈⑧ ❩❤➞❩⑧ ❬④➂ ➁❿❩ ❦❭❡♠❫❪❬ ♠❬④ ♥④⑦⑤ ⑨❡ ❪❡❭❪♥➄

➂❴♠❡➂ ❴❦⑥④➅ ❫❥❡ ❯➎❷ ❪❡➂➂❡④⑥④➅ ⑦❬q ♥➊ ❺⑩♥q❬❪❫❥ ➟➠➡➢❽❵ ❤❥❡

➁➇❩➈ ♥⑨❦❡❪➉❬❫⑥♥④❦ ♠♥❴⑦➂ ⑨❡ ➆❫❫❡➂ q⑥❫❥ ❫❥❡ ❪❡➂➂❡④⑥④➅ ⑦❬q ♥➊

➁⑥❫➤❭❬❫❪⑥♠➃ ❺➟➠➠➠❽❵ ➁⑥➅❴❪❡ ❻ ❦❥♥q❦ ❫❥❡ ➂❡❫❡❪③⑥④❬❫⑥♥④ ♥➊ ➥➦ ➧ ➨
➊♥❪ ❫❥❡ ➁❿❩ ♥⑨❦❡❪➉❬❫⑥♥④❵ ❩⑥④♠❡ ❫❥❡ ⑥③❭❬♠❫ ♥➊ ❫❥❡ ⑥④❫❡❪❦❫❡⑦⑦❬❪ ❪❡➂➄

➂❡④⑥④➅ ⑥❦ ④❡➅⑦⑥➅⑥⑨⑦❡ ⑥④ ❫❥❡ ⑥④➊❪❬❪❡➂⑧ ❫❥❡ ❤➎➍❳ ③♥➂❡⑦ ➝❴➌ ♥➊ ♥❴❪

⑨❡❦❫ ➆❫ ③♥➂❡⑦ ❫♥ ❫❥❡ ➁❿❩ ♥⑨❦❡❪➉❬❫⑥♥④ ❺➩➫➭ ➯ ➲❼ ➃➳⑧ ⑦♥➅ ➵ ➯ ➲➸➲⑧

❩❡♠❫❵ ➢❵❻❽ q❬❦ ➆❪❦❫⑦⑤ ④♥❪③❬⑦⑥➤❡➂ ❫♥ ❫❥❡ ❪❡➂➂❡❦❫ ❭❬❪❫ ♥➊ ❫❥❡ ❦❭❡♠➄

❫❪❴③❵ ❤❥❡④⑧ q❡ ♠♥❪❪❡♠❫❡➂ ❫❥❡ ③♥➂❡⑦ ➝❴➌ ➊♥❪ ➂⑥➺❡❪❡④❫ ➉❬⑦❴❡❦

♥➊ ➥➦ ➧ ➨ ❫♥ ➆❫ ❫❥❡ ③♥➂❡⑦ ➝❴➌ ❫♥ ❫❥❡ ♥⑨❦❡❪➉❬❫⑥♥④❵

❳❡ ♠♥④➆❪③ ❫❥❡ ➉❬❪⑥❬❫⑥♥④❦ ⑥④ ➥➦ ➧ ➨ ➊♥❴④➂ ⑨⑤ ➍❪➃❥⑥❭♥➉❬ ❡❫ ❬⑦❵

❺❻❼➟➢❽⑧ q❥♥ ③❡❬❦❴❪❡➂ ❫❥❡ ❪❡➂➂❡④⑥④➅ ➊❪♥③ ❫❥❡ ⑩ ➻ ⑦⑥④❡ ⑥④❫❡④❦⑥❫⑤⑧

❴❦⑥④➅ ❫❥❡ ❦⑥③❭⑦❡ ❪❡⑦❬❫⑥♥④⑧ ➥➦ ➧ ➨ ➯ ❼➸➋➡ × ➼❺⑩ ➻❽⑧ q⑥❫❥ ❫❥❡ ❡➌❫⑥④♠➄

❫⑥♥④ ♠♥❡➽♠⑥❡④❫ ♠❺⑩ ➻❽❵ ➞④ ❤❬⑨⑦❡ ❻⑧ q❡ ♠♥③❭❬❪❡ ♥❴❪ ➉❬⑦❴❡❦ q⑥❫❥

❫❥♥❦❡ ♥➊ ♥❫❥❡❪ ❬❴❫❥♥❪❦❵

➾➚ ➪➶➹➘➴➷➬➮ ➬➱➬➮✃❐❒❐

❤❥❡ ❭❪♥♠❡➂❴❪❡ ♥➊ ♥❴❪ ❦❭❡♠❫❪❬⑦ ❬④❬⑦⑤❦⑥❦ ⑥❦ ❫❥❡ ➊♥⑦⑦♥q⑥④➅❵ ➁⑥❪❦❫⑧ q❡

➂❡❪⑥➉❡➂ ➩➫➭ ⑧ ⑦♥➅ ➵⑧ ❬④➂ ❫❥❡ ❬⑨❴④➂❬④♠❡❦ ❺♥❪ ❬❫ ⑦❡❬❦❫ ❴❭❭❡❪ ⑦⑥③➄

⑥❫❦❽ ♥➊ ❫❥❡ ❡⑦❡③❡④❫❦ ⑩⑧ ⑩❡⑧ ❷⑧ ❹⑧ ❿⑧ ❹❡⑧ ❩⑥⑧ ➀⑧ ❩⑧ ➁❡⑧ ❬④➂ ❹⑥

q⑥❫❥ ❫❥❡ ❤ü⑨⑥④➅❡④ ❹❯❤➈ ③♥➂❡⑦➄❬❫③♥❦❭❥❡❪❡ ❭❬♠➃❬➅❡ ❺❤➎➍➀❮⑧

❳❡❪④❡❪ ❡❫ ❬⑦❵ ❻❼❼➢❰ ❨❬❴♠❥ Ï Ð❡❡❫Ñ❡④ ❻❼❼➢❽ ➊❪♥③ ❫❥❡ ➁❿❩⑧ ❩❤➞❩⑧

❬④➂ ➁➇❩➈ ❦❭❡♠❫❪❬❵ ❤❥❡ ③❬❦❦➄⑦♥❦❦ ❪❬❫❡ ♥➊ ❩➍❿ ❻ÒÒ➲➋Ó ➂❴❪⑥④➅

❫❥♥❦❡ ⑤❡❬❪❦⑧ ⑥④ q❥⑥♠❥ ❫❥❡❦❡ ♥⑨❦❡❪➉❬❫⑥♥④❦ q❡❪❡ ❫❬➃❡④⑧ ⑥❦ ④❡➅⑦⑥➄

➅⑥⑨⑦❡ ❬④➂ ❫❥❡❪❡➊♥❪❡ ⑥❫ ⑥❦ Ñ❴❦❫⑥➆❡➂ ❫♥ ❴❦❡ ❬ ♠♥➂❡ ➊♥❪ ❥⑤➂❪♥❦❫❬❫⑥♠

Ô ÕÖÖØÙÚÚÛÜÖÝÞßàáâãÖàäåâáæäáßçäÚèéêëì

íîïðñ ✹✷ ò✂t✁rst✁❧❧❛r r✁❞❞✁✂✐✂❣ ♦❢ ❙✾❖ ✿❀❀❁❃❄�

ó✁❛r ❚✁❧✁s❝♦♣✁ ✼✽❾ ❱ ▼✁t✄♦❞

Pôõ❑ ❃P ❝✻ ✺❙❖ ❑�Põ ö÷ø ♣✄♦t♦✻✁tr②ù

Pôõõ òö✺ ❑�Põ ú▼û r✁❞❞✁✂✐✂❣ ❧❛✇ý

Pôõõ ❑�✿❑ ❙✁❛t♦✂ r✁❞❞✁✂✐✂❣ ❧❛✇þ

Pôô❑ P�❁ ✻ ✺❙❖ ❑�Põ ÿ ✄ ❧✐✂✁ ✐✂t✁✂s✐t②❜

❑�Põ ÿ ✄ ❧✐✂✁ ✐✂t✁✂s✐t②þ

❑�P❀ ÷❛❧✻✁r ❞✁❝r✁✻✁✂t✸

Pôô✿ P�❁ ✻ ✺❙❖ ❑�P� ÿ ✄ ❧✐✂✁ ✐✂t✁✂s✐t②❜

Pôô� òö✺ ❑�P❄ ú▼û r✁❞❞✁✂✐✂❣ ❧❛✇ý

Pôô❀ òö✺ ❑�Pô ú▼û r✁❞❞✁✂✐✂❣ ❧❛✇ý

Pôô❁ òö✺ ❑�✿❑ ú▼û r✁❞❞✁✂✐✂❣ ❧❛✇ý

Pôô❃ òö✺ ❑�✿❑ ú▼û r✁❞❞✁✂✐✂❣ ❧❛✇ý

Pôô❄ ❅❖❙ ❑�P❀ ú▼û r✁❞❞✁✂✐✂❣ ❧❛✇ý

Pôôô ❙❚ò❙ ❑�Põ ú▼û r✁❞❞✁✂✐✂❣ ❧❛✇ý

✿❑❑✿ ❅ö❙✺ ❑�PP ❅✐t③♣❛tr✐❝■ r✁❞❞✁✂✐✂❣ ❧❛✇ý

✿❑❑❃ ❅ö❙✺ ❑�PP ❅✐t③♣❛tr✐❝■ r✁❞❞✁✂✐✂❣ ❧❛✇ý

✿❑PP P�ô ✻ ❙✾✾❖ ❑�✿❀ ÿ ✄ ❧✐✂✁ ✐✂t✁✂s✐t②❜

◆✁tñ✂✷ ❚②♣✐❝❛❧ ✁rr♦rs ❢♦r ✼✽❾ ❱ ❛r✁ ➧❑▲❑✿� ✭ý✮ ❚✄✐s ✇♦r■� ✭❜✮ ✾r■✄✐♣♦✈❛

✁t ❛❧� ❈✿❑P�❉� ✭þ✮ P❛rt✄❛s❛r❛t✄② ✁t ❛❧� ❈Pôô�❉� ✭ù✮ ❑♦③♦■ ❈Pôõ❁❛❉�

❬❫③♥❦❭❥❡❪❡❦❵ ❳❡ ♠♥③❭❬❪❡➂ ❫❥❡ ➀♥❳❨✻ ❺➀♥❫❦➂❬③ ❳♥⑦➊➄❨❬⑤❡❫

③♥➂❡⑦➄❬❫③♥❦❭❥❡❪❡ ♠♥➂❡⑧ ●❪ä➊❡④❡❪ ❡❫ ❬⑦❵ ❻❼❼❻❰ ⑩❬③❬④④ Ï

●❪ä➊❡④❡❪ ❻❼❼➢⑧ ❻❼❼Ò❽ ❬④➂ ❤➎➍➀ ③♥➂❡⑦❦ ➊♥❪ ❫❥❡ ➁➇❩➈ ♥⑨❦❡❪➄

➉❬❫⑥♥④❦ ❬④➂ ➊♥❴④➂ ❫❥❬❫ ❬❭❬❪❫ ➊❪♥③ ❫❥❡ ❿ ❸❶ ➀ ❷⑤➅④⑥ ❭❪♥➆⑦❡❦⑧ ❫❥❡

❦❭❡♠❫❪❬⑦ ⑦⑥④❡❦ ❬❪❡ ❪❡❭❪♥➂❴♠❡➂ ❡q❴❬⑦⑦⑤ q❡⑦⑦❵ ❤❥❡ ❤➎➍➀ ❬④❬⑦⑤❦⑥❦ ⑥❦

➂❡❦♠❪⑥⑨❡➂ ⑥④ ❩❡♠❫❵ ➢❵➟❵ ❤♥ ❦❫❴➂⑤ ❫❥❡ ③❬❦❦➄⑦♥❦❦ ❪❬❫❡❦ ❬④➂ ❫❡❪③⑥④❬⑦

q⑥④➂ ➉❡⑦♥♠⑥❫⑥❡❦ ➊❪♥③ ❫❥❡ ➀ ❷⑤➅④⑥ ❭❪♥➆⑦❡❦ ➊♥❴④➂ ⑥④ ❫❥❡ ➞➇➈ ❬④➂

➁➇❩➈ ❦❭❡♠❫❪❬ ❬④➂ ❫♥ ➂❡❫❡❪③⑥④❡ ➩➫➭ ⑥④ ❫❥❡ ⑤❡❬❪❦ ♥➊ ❫❥❡ ➞➇➈ ♥⑨➄

❦❡❪➉❬❫⑥♥④❦⑧ q❡ ❴❦❡➂ ➀♥❳❨❵ ❤❥❡ ➂❡❦♠❪⑥❭❫⑥♥④ ♥➊ ❫❥⑥❦ ❬④❬⑦⑤❦⑥❦ ♠❬④

⑨❡ ➊♥❴④➂ ⑥④ ❩❡♠❫❵ ➢❵Ò❵

☎➐✆➐ ❚✝✞✟ ♠✠➙➔↔ ↕➓♠✠➣♣✡➔→➔➣

❳❡ ❴❦❡➂ ❤➎➍➀ ❫♥ ♠♥③❭❴❫❡ ④♥④➄❯❤➈⑧ ❭⑦❬④❡➄❭❬❪❬⑦⑦❡⑦⑧ ➊❴⑦⑦⑤

③❡❫❬⑦➄⑦⑥④❡ ⑨⑦❬④➃❡❫❡➂ ③♥➂❡⑦ ❬❫③♥❦❭❥❡❪❡❦ ⑥④ ❪❬➂⑥❬❫⑥➉❡ ❬④➂ ❥⑤➂❪♥➄

❦❫❬❫⑥♠ ❡q❴⑥⑦⑥⑨❪⑥❴③❵ ❤❥❡ ➆④❬⑦ ③♥➂❡⑦❦ ⑥④♠⑦❴➂❡➂ ♥❭❬♠⑥❫⑥❡❦ ♥➊ ❫❥❡ ❡⑦➄

❡③❡④❫❦ ⑩⑧ ⑩❡⑧ ❷⑧ ❹⑧ ❿⑧ ❹❡⑧ ❩⑥⑧ ➀⑧ ❩⑧ ➁❡⑧ ❬④➂ ❹⑥❵ ❤❥❡ ③♥➂❡⑦

❬❫♥③❦ ➊♥❪ ❫❥⑥❦ ❬④❬⑦⑤❦⑥❦ q❡❪❡ ❫❬➃❡④ ➊❪♥③ ❫❥❡ ❤ü⑨⑥④➅❡④ ③♥➂❡⑦➄

❬❫♥③ ➂❬❫❬⑨❬❦❡ ❤➎➍Ð✼ ❬④➂ ♠❬⑦♠❴⑦❬❫❡➂ ❺➁❡⑧ ❹⑥❽ ➉⑥❬ ❫❥❡ ❤ü⑨⑥④➅❡④

⑥❪♥④➄➅❪♥❴❭ ♥❭❬♠⑥❫⑤ ⑥④❫❡❪➊❬♠❡ ❤➞❨❿✽ ❺➎ü⑦⑦❡❪➄❨⑥④➅❬❫ ❻❼➟➢❽❵ ➞❫

❥❬❦ ⑨❡❡④ ➂❡➉❡⑦♥❭❡➂ ❪❡♠❡④❫⑦⑤ ⑥④ ❫❥❡ ➊❪❬③❡q♥❪➃ ♥➊ ❫❥❡ ❱⑥❪❫❴❬⑦

❿⑨❦❡❪➉❬❫♥❪⑤ ❺❱❿✾❽ ❬④➂ ⑥❦ ❭❪♥➉⑥➂❡➂ ❬❦ ❬ ❪❡➅⑥❦❫❡❪❡➂ ❦❡❪➉⑥♠❡ ⑨⑤

❫❥❡ ●❡❪③❬④ ➍❦❫❪♥❭❥⑤❦⑥♠❬⑦ ❱⑥❪❫❴❬⑦ ❿⑨❦❡❪➉❬❫♥❪⑤ ❺●➍❱❿✶☛❽❵ ❤❥❡

❦❫❬❫⑥❦❫⑥♠❦ ♥➊ ❫❥❡ ③♥➂❡⑦ ❬❫♥③❦ ❴❦❡➂ ⑥④ ❫❥⑥❦ ❬④❬⑦⑤❦⑥❦ ❬❪❡ ❦❴③③❬➄

❪⑥➤❡➂ ⑥④ ❤❬⑨⑦❡ ➢❵ ➍⑦⑦ ❦❭❡♠❫❪❬⑦ ❡④❡❪➅⑤ ➂⑥❦❫❪⑥⑨❴❫⑥♥④❦ ❫❥❬❫ q❡❪❡ ♠❬⑦♠❴➄

⑦❬❫❡➂ ➊♥❪ ❫❥⑥❦ ❬④❬⑦⑤❦⑥❦ ❬❪❡ ❬➉❬⑥⑦❬⑨⑦❡ ➉⑥❬ ❫❥❡ ❪❡➅⑥❦❫❡❪❡➂ ●➍❱❿ ❦❡❪➄

➉⑥♠❡ ❤❥❡♥❩❩➍✶✶❵

➞④ ❬ ❦❫❬④➂❬❪➂ ❭❪♥♠❡➂❴❪❡ ❺❡❵➅❵ ❩⑥❡➅⑦❡❪ ❡❫ ❬⑦❵ ❻❼➟❻❽⑧ q❡ ③♥➂➄

❡⑦❡➂ ⑨♥❫❥⑧ ❫❥❡ ❭❥♥❫♥❦❭❥❡❪⑥♠ ❬④➂ ❫❥❡ ⑥④❫❡❪❦❫❡⑦⑦❬❪ ⑦⑥④❡➄❬⑨❦♥❪❭❫⑥♥④

❦❭❡♠❫❪❴③⑧ ❫♥ ♠♥❪❪❡♠❫⑦⑤ ⑥➂❡④❫⑥➊⑤ ❫❥❡ ❦❫❡⑦⑦❬❪ ⑦⑥④❡❦❵ ❳❡ ❡③❭⑦♥⑤❡➂ ❫❥❡

❿❳➈❹❩ ❭❪♥➅❪❬③ ❫♥ ③♥➂❡⑦ ❫❥❡ ➞❩➎ ⑦⑥④❡ ❬⑨❦♥❪❭❫⑥♥④ q⑥❫❥ ❦❡➉➄

❡❪❬⑦ ➞❩➎ ♠⑦♥❴➂❦ q⑥❫❥ ➂⑥➺❡❪❡④❫ ❭❬❪❬③❡❫❡❪❦ ❺❪❬➂⑥❬⑦ ❬④➂ ❫❴❪⑨❴⑦❡④❫

➉❡⑦♥♠⑥❫⑥❡❦⑧ ❫❡③❭❡❪❬❫❴❪❡❦⑧ ❬④➂ ♠♥⑦❴③④ ➂❡④❦⑥❫⑥❡❦ ♥➊ ❫❥❡ ⑥④➂⑥➉⑥➂❴❬⑦

⑥♥④❦❽❵ ➞④ ❫❥❡ ➊♥⑦⑦♥q⑥④➅⑧ q❡ ➂❡❦♠❪⑥⑨❡ ♥❴❪ ❭❥♥❫♥❦❭❥❡❪⑥♠ ❬④❬⑦⑤❦⑥❦❵

☞ ÕÖÖØÙÚÚ❤❤❤ßÛÜÖÝÞßØÕ✌Üâ✍ßàáâãØÞÖÜçÛ❛ßçäÚè❤ÝÕÚìÞ❲✎Ú
✏ ÕÖÖØÙÚÚÛÜÖÝÞßàáâãÖàäåâáæäáßçäÚèéêë❆
✑ ÕÖÖØÙÚÚÛÜÖÝÞßàáâãÖàäåâáæäáßçäÚèé✴✎❘
✒ ÕÖÖØÙÚÚ❤❤❤ßâ✓ÞÛßáäÖ
✔✕ ÕÖÖØÙÚÚ❤❤❤ßæã✓ÞßÞÝæ
✔✔ ÕÖÖØÙÚÚç✖ßæã✓ÞßÞÝæÚÖÕäÞÜÜÛ
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❢❥❧❥ ♥♣♣qrt✇①q tq②③q④⑤t⑥④q⑦ ⑧⑥④♣⑤rq ⑨④⑤①✇t⑩⑦ ❶❷❶q ④⑤t✇❸⑦
❹ ⑤❺⑥❻❼⑤❻rq

❽❾❿➀➁ ➂➃ ➄➅➀ ➆➇➈ ❿➉➀➋➄➌➍➎ ➏➃ ➐➑➑➒➓ ➔❾➌➄➅❾❿❾➌❾➄➅→ ➀➄ ❾➣↔ ↕➐➑➑➒➙
➀❿➄➏➎❾➄➀➁ ➛➜➝ ➞ ➒➒ ➟➠↔ ➡➄❾➌➄➏➃➢ ➤➏➄➅ ➄➅➏❿ ➥❾➣➍➀➓ ➤➀ ➋➂➎➉➍➄➀➁ ❾
➢➌➏➁ ➂➦ ➧➨➧➀ ➋➂➎➉➂❿➀➁ ➎➂➁➀➣ ❾➄➎➂❿➉➅➀➌➀❿ ↕➛➜➝ ➩ ➫➭➯➲➭ ➟➠➓
➐➭ ➟➠ ❿➄➀➉❿➙➓ ➣➂➢ ➳ ➩ ➫➵➭➯➲➵➭➓ ➭↔➒ ❿➄➀➉❿➙➓ ➧➸➧➀ ❾➺➍➃➁❾➃➋➀ ➌❾➄➏➂❿
↕➺→ ➎❾❿❿➙ ➂➦ ➑➸➐➓ ➻➸➐ ↕➏↔➀↔ ❿➂➣❾➌➙➓ ❾➃➁ ➼➸➻ ➦➂➌ ❾ ➉➌➀➣➏➎➏➃❾➌→ ➛➜➝
❾➃➁ ➣➂➢ ➳ ➁➀➄➀➌➎➏➃❾➄➏➂➃↔ ➽➅➀ ❿→➃➄➅➀➄➏➋ ❿➉➀➋➄➌❾ ➂➦ ➄➅➀❿➀ ➎➂➁➀➣❿
➤➀➌➀ ➄➅➀➃ ➋➂➎➉❾➌➀➁ ➄➂ ➄➅➀ ➂➺❿➀➌➥➀➁ ➧➀ ➣➏➃➀ ➉➌➂➾➣➀❿ ➏➃ ➄➅➀ ➡➽➆➡
❾➃➁ ➚➪➡ ❿➉➀➋➄➌❾↔

➧➀ ➶➶ ➹ ➼➲➼➻➵➼ ➴ ➏❿ ➎➍➋➅ ➄➂➂ ❿➄➌➂➃➢ ➏➃ ❾➣➣ ➧➸➧➀ ➩ ➼➸➻ ➎➂➁➘
➀➣❿ ❿➂ ➤➀ ➋❾➃ ➌➍➣➀ ➂➍➄ ➧➀ ➀➃➌➏➋➅➎➀➃➄↔ ➽➅➀ ➧➸➧➀ ➩ ➑➸➐ ➎➂➁➀➣❿
❿➅➂➤ ➄➅❾➄ ➡➷➪ ➼➫➫➒➬➲ ➏❿ ➃➂➄ ➧➀➘➉➂➂➌ ➺➀➋❾➍❿➀ ➏➄ ➏❿ ➃➂➄ ➉➂❿➘
❿➏➺➣➀ ➄➂ ➎❾➄➋➅ ➄➅➀ ❿➄➌➀➃➢➄➅❿ ❾➃➁ ➤➏➃➢❿ ➂➦ ➄➅➀ ➧➀ ➮➮ ➣➏➃➀❿↔ ➷➣➣
➣➏➃➀ ➉➌➂➾➣➀❿ ❾➌➀ ➌➀➉➌➂➁➍➋➀➁ ➤➀➣➣ ➤➏➄➅ ❾ ❿➂➣❾➌ ➧➸➧➀ ➌❾➄➏➂ ❾➄
➣➂➢ ➳ ➩ ➬➵➭ ❾➃➁ ➛➜➝ ➩ ➒➭➱ ➬➭➱ ➲➭ ➟➠ ➦➂➌ ➄➅➀ ➡➽➆➡ ❿➉➀➋➄➌➍➎↔ ➚➂➌
➄➅➀ ➚➪➡ ➂➺❿➀➌➥❾➄➏➂➃❿ ➄➅➀ ➺➀❿➄ ➾➄ ➤❾❿ ➦➂➍➃➁ ➦➂➌ ➣➂➢ ➳ ➩ ➒➵➒ ❾➃➁
➛➜➝ ➩ ➫➭➱ ➒➭➱ ➬➭ ➟➠↔ ✃➀ ❾➁➂➉➄➀➁ ➄➅➏❿ ❾➺➍➃➁❾➃➋➀ ➌❾➄➏➂ ➦➂➌ ➂➍➌
❾➃❾➣→❿➏❿↔

✃➀ ➏➁➀➃➄➏➾➀➁ ❿➀➥➀➌❾➣ ❐ ➮➮➮ ❾➃➁ ❐ ➮❒ ➣➏➃➀❿ ➏➃ ➄➅➀ ➚➇➡➈➓
➡➽➆➡ ❾➃➁ ➚➪➡ ❿➉➀➋➄➌❾↔ ❐➂➃❿➀❮➍➀➃➄➣→➓ ➤➀ ➏➃➋➣➍➁➀➁ ❐ ➏➃ ➂➍➌
➎➂➁➀➣❿ ➄➂ ➀➥❾➣➍❾➄➀ ➄➅➀ ❐ ➮➮➮➸❐ ➮❒ ➏➂➃➏❰❾➄➏➂➃ ➀❮➍➏➣➏➺➌➏➍➎ ❾➃➁ ➄➂
➁➀➄➀➌➎➏➃➀ ➄➅➀ ❐ ❾➺➍➃➁❾➃➋➀↔ ➚➂➌ ➄➅➀ ➁➀➄➀➌➎➏➃❾➄➏➂➃ ➂➦ ➄➅➀ ❐
❾➺➍➃➁❾➃➋➀➓ ➤➀ ➍❿➀➁ ❐ ➶➶➶ ➹➹ ➐➐➬➒➵➬➯➐➐➬➒➵➑➱ ➐➐➲➫➵➑➯➐➐➲➬➵➫ ➴
❾➃➁ ❐ ➶Ï ➹➹ ➐➐➭➲➵➬➯➐➐➭Ð➵➭➱ ➐➐➬Ð➵Ð➯➐➐➬➑➵➭ ➴ ➏➃ ➄➅➀ ➚➇➡➈
❿➉➀➋➄➌➍➎ ❾➃➁ ❐ ➶➶➶ ➹ ➼➼➑➲➵➬ ➴ ❾➃➁ ❐ ➮❒ ➹➹ ➼➻➻➬➵➲➯➼➻➻➲➵➐➓

➼➫➭➒➵➐➯➼➫➭➒➵➑➓ ➼➒➼➫➵➫➐➯➼➒➻➭➵➲ ➴ ➏➃ ➄➅➀ ➡➽➆➡ ❾➃➁ ➚➪➡ ❿➉➀➋➘

➄➌❾↔ ➽➅➀ ❐ ➶Ï ➹➹ ➐➒➫Ð➵➼➱ ➐➒➒➭➵Ð➴ ➌➀❿➂➃❾➃➋➀ ➁➂➍➺➣➀➄ ➏❿ ➋➂➃➄❾➎➘
➏➃❾➄➀➁ ➺→ ➄➅➀ ➌➀❿➉➀➋➄➏➥➀ ➏➃➄➀➌❿➄➀➣➣❾➌ ➣➏➃➀❿➓ ➅➀➃➋➀ ➃➂➄ ❿➍➏➄➀➁ ➄➂
➁➀➄➀➌➎➏➃➀ ➄➅➀ ❐ ❾➺➍➃➁❾➃➋➀↔ ➽➅➀ ➺➀❿➄ ❾➢➌➀➀➎➀➃➄ ➤➏➄➅ ➄➅➀ ➂➺➘
❿➀➌➥❾➄➏➂➃ ➤❾❿ ➦➂➍➃➁ ❾➄ ❐ ➩ ➒➵➭ × ➐➭ÑÒ➓ ➤➅➏➋➅ ➏❿ ➭↔➼× ❿➂➣❾➌
↕❿➂➣❾➌ ➥❾➣➍➀❿ ❾➋➋➂➌➁➏➃➢ ➄➂ ➷❿➉➣➍➃➁ ➀➄ ❾➣↔ ➼➭➭➑➙ ➏➃ ❾➣➣ ❿➉➀➋➄➌❾↔
➡➏➎➍➣➄❾➃➀➂➍❿➣→➓ ➤➀ ➌➀➾➃➀➁ ➂➍➌ ➎➂➁➀➣ ➢➌➏➁ ↕➛➜➝ ❿➄➀➉ ➒ ➟➠➙↔ ➆➃
➚➏➢↔ ➻➓ ➤➀ ❿➅➂➤ ➄➅➀ ➺➀❿➄➘➾➄ ➎➂➁➀➣❿ ➦➂➌ ➄➅➀ ➚➪➡ ➂➺❿➀➌➥❾➄➏➂➃ ➏➃
➐➑➑➲ ❾➃➁ ➄➅➀ ➡➽➆➡ ➂➺❿➀➌➥❾➄➏➂➃ ➏➃ ➐➑➑➑↔ ✃➀ ➁➏❿➋➂➥➀➌➀➁ ➄➅❾➄ ➄➅➀
➏➂➃➏❰❾➄➏➂➃ ➀❮➍➏➣➏➺➌➏➍➎ ❾➃➁ ❾➣❿➂ ➄➅➀ ❿➍➌➦❾➋➀ ➢➌❾➥➏➄→ ➅❾➥➀ ➋➅❾➃➢➀➁
➤➏➄➅ ➄➏➎➀↔ ✃➅➏➣➀ ➤➀ ➁➀➄➀➌➎➏➃➀➁ ➛➜➝ ➩ ➒➭ ➟➠ ❾➃➁ ➣➂➢ ➳ ➩ ➒➵➒ ➦➂➌

ÓÔÕÖØ Ù✾ ◆❏♠❃❁❅❄❘ ❏✈❁❘●❑❇❁❉ ❁❊ ❑❤❏ ❄❑♠❁s❃❤❏❅❇❛ ❃❄❅❄♠❏❑❏❅s ❄s ◗❏❅❇✈❏◗
❊❅❁♠ ❁●❅ s❃❏❛❑❅❄❘ ❄❉❄❘❭s❇s❪

Ú❏❄❅ ÛÜÝ ❘❁❬ Þ ❘❁❬ ßà áâ ❀❁◗❏
ã❯äå ã❛♠æsçå ãàèæ❭❅å ã❯♠ séêå

✂ëìì íì ✹❪ì îë❪✵ ✂ì✵✵ P❁ïð
✂ëë✷ ✹í ✺❪✵ îë❪✵ ✂ì✵✵ P❁ïð
✂ëëí ✹✹ ✺❪✵ îë❪✂ ✷✂✵✵ P❁ïð
✂ëë✹ ✹ì ✺❪✷ î✂✵❪✵ ✷✂✵✵ P❁ïð
✂ëë✺ ✺✵ ✺❪✷ î✂✵❪✵ ✷✹✵✵ P❁ïð
✂ëë� ✺✵ ✺❪✷ î✂✵❪✵ ✷ì✵✵ P❁ïð
✂ëëñ ✺✵ ✺❪✺ ◆❖❆P
✂ëëë ✺✺ �❪✵ ◆❖❆P
✷✵✵✷ �✵ �❪✵ î✂✂❪í ✷ì✵✵ ◆❖❆PæP❁ïð
✷✵✵� ✺✺ �❪✵ î✂✂❪� ✷ì✵✵ ◆❖❆PæP❁ïð

òóôØõ✾ ◆❭❃❇❛❄❘ ❏❅❅❁❅s ❄❅❏ öÛÜÝ ÷ ø✺ ❯ä✁ ö❘❁❬ Þ ÷ ø✵ù✺✁ ö ßà ÷ ø✵ù✷ ◗❏✉✁
❄❉◗ öáâ ÷ ø✷✵✵ ❯♠ séê❪

➄➅➀ ➚➪➡ ➂➺❿➀➌➥❾➄➏➂➃➓ ➄➅➀ ➡➽➆➡ ➂➺❿➀➌➥❾➄➏➂➃ ➏❿ ➺➀❿➄ ➌➀➉➌➂➁➍➋➀➁ ➺→
➛➜➝ ➩ ➒➒ ➟➠ ❾➃➁ ➣➂➢ ➳ ➩ ➬➵➭↔

➆➃ ➄➅➀ ➚➇➡➈ ❿➉➀➋➄➌❾➓ ➤➀ ➀➥❾➣➍❾➄➀➁ ➏➂➃➏❰❾➄➏➂➃ ➀❮➍➏➣➏➺➌➏❾
➂➦ ❐ ➮➮➮➸❐ ➮❒➓ ú ➮➮➮➸ú ➮❒ ↕➚➇➡➈ ➼➭➭➼ ➂➃➣→➙➓ ➪ ➮➮➮➸➪ ➮❒➓ ❾➃➁
➡ ➮❒➸➡ ❒➸➡ ❒➮ ➄➂ ➁➀➌➏➥➀ ➛➜➝↔ ➆➃ ➚➏➢↔ ➫➓ ➤➀ ❿➅➂➤ ➄➅➀ ➁➏û➀➌➀➃➄ ➏➂➃➘
➏❰❾➄➏➂➃ ➀❮➍➏➣➏➺➌➏❾ ➂➦ ➄➅➀ ➚➇➡➈ ➂➺❿➀➌➥❾➄➏➂➃ ➏➃ ➼➭➭➼↔ ➽➅➀ ➎➂➁➀➣
➤➏➄➅ ➛➜➝ ➩ ➬➭ ➟➠ ➎❾➄➋➅➀❿ ➄➅➀ ➂➺❿➀➌➥❾➄➏➂➃❿↔ ➆➃ ➄➅➀ ➒➒ ➟➠ ➎➂➁➀➣➓
➄➅➀ ➪ ➮➮➮ ❾➃➁ ➡ ➮❒ ➣➏➃➀❿ ❾➌➀ ➄➂➂ ❿➄➌➂➃➢➓ ➤➅➀➌➀❾❿ ➄➅➀ ➡ ❒➮ ➣➏➃➀ ➏❿ ➄➂➂
➤➀❾➟↔ ➆➃ ➄➅➀ ➬➒ ➟➠ ➎➂➁➀➣➓ ➄➅➀ ú ➮➮➮➓ ➪ ➮➮➮➓ ➡ ➮❒➓ ❾➃➁ ❐ ➮➮➮ ➣➏➃➀❿
❾➌➀ ➄➂➂ ➤➀❾➟ ❾➃➁ ➄➅➀ ➡ ❒➮ ➣➏➃➀ ➏❿ ➄➂➂ ❿➄➌➂➃➢↔ ❐➂➎➉❾➌➏➃➢ ➄➅➀
➚➇➡➈ ➂➺❿➀➌➥❾➄➏➂➃❿ ➦➌➂➎ ➼➭➭➼ ❾➃➁ ➼➭➭➬➓ ➤➀ ➦➂➍➃➁ ➄➅❾➄ ➄➅➀ ➪ ➮➮➮
❾➃➁ ➡ ➮❒ ➣➏➃➀❿ ➺➀➋❾➎➀ ❿➣➏➢➅➄➣→ ❿➄➌➂➃➢➀➌↔ ➚➏➢➍➌➀ ➒ ❿➅➂➤❿ ➄➅❾➄ ➄➅➀
➺➀❿➄ ❾➢➌➀➀➎➀➃➄ ➏➃ ➼➭➭➬ ➏❿ ➂➺➄❾➏➃➀➁ ➦➂➌ ➛➜➝ ➩ ➒➒ ➟➠↔ ➽➅➀ ➥❾➣➍➀
➂➦ ➣➂➢ ➳ ➩ ➬➵➭ ü ➭➵➒ ➤❾❿ ➋➂➃➾➌➎➀➁ ➍❿➏➃➢ ➄➅➀ ➧➀ ➮➮ ➣➏➃➀ ➤➏➃➢❿↔ ➆➃
➽❾➺➣➀ ➫➓ ➤➀ ➣➏❿➄ ➄➅➀ ➥❾➣➍➀❿ ➂➦ ➛➜➝ ❾➃➁ ➣➂➢ ➳ ➄➅❾➄ ➤➀ ➦➂➍➃➁ ➦➌➂➎
➄➅➏❿ ❾➃❾➣→❿➏❿↔

❢❥❢❥ ♥ýq②q❻t ⑤❺⑥❻❼⑤❻rq⑧

➚➂➌ ➁➀➄➀➌➎➏➃➏➃➢ ➄➅➀ ❾➺➍➃➁❾➃➋➀❿ ➂➦ ú➓ ➪➓ ➡➏➓ ➔➓ ➡➓ ❾➃➁ ú➏➓ ➤➀
➍❿➀➁ ➄➅➀ ➌➀❿➉➀➋➄➏➥➀ ➣➏➃➀❿ ➦➂➍➃➁ ➏➃ ➄➅➀ ➚➇➡➈ ❿➉➀➋➄➌❾↔ ➽➂ ➁➀➌➏➥➀

❆✹✵✁ ❃❄❬❏ ✹ ❁❊ ✂✹



◆� ❘✁✐✂❞❧ ✁t ❛❧�✳ ❚✄✁ r❛♣✐❞ ✁✈♦❧✉t✐♦✂ ♦❢ t✄✁ ✁①❝✐t✐✂❣ st❛r ♦❢ t✄✁ ❙t✐✂❣r❛② ✂✁❜✉❧❛

☎✆✆✝✞ ✟✠♠✠✡☛✱ ✇✝ ☞✌♠✆✍✞✝✎ ✌☎✞ ♠✌✎✝✟☛ ✡✌ ❋❖✏ ☛✆✝☞✡✞✍✑ ❋✌✞
✡❤✝ ✎✝✡✝✞♠✠♥✍✡✠✌♥ ✌✒ ✡❤✝ ✝✟✝♠✝♥✡ ✍✓☎♥✎✍♥☞✝☛✱ ✇✝ ✍✎✌✆✡✝✎ ✡❤✝
✔✍✟☎✝☛ ✌✒ ✕❡✖ ✍♥✎ ✟✌✗ ✘ ✒✌☎♥✎ ✒✌✞ ✝✍☞❤ ✝✆✌☞❤ ✭✏✝☞✡✑ ✸✑✙✮✑ ✚❤✝
❍✝ ✍♥✎ ❈ ✍✓☎♥✎✍♥☞✝☛ ✇✝✞✝ ✍✟✞✝✍✎✛ ✍☞❤✠✝✔✝✎ ✍☛ ✍ ✓✛✆✞✌✎☎☞✡
✌✒ ✡❤✝ ✕❡✖ ✍♥✎ ✟✌✗ ✘ ✎✝✡✝✞♠✠♥✍✡✠✌♥ ✭☛✝✝ ✍✓✌✔✝✮✑ ✚✌ ☞✍✟☞☎✟✍✡✝
✡❤✝ ✏❆❖✙✷✷✜✢✣ ♠✌✎✝✟ ✗✞✠✎☛ ✠♥ ✍ ✞✝✍☛✌♥✍✓✟✝ ✡✠♠✝✱ ✇✝ ✌♥✟✛ ✠♥✤
☞✟☎✎✝✎ ❍✱ ❍✝✱ ❈✱ ✥✱ ✍♥✎ ❖ ✍♥✎ ✍✎✎✝✎ ✡❤✝ ✡✞✍☞✝ ✝✟✝♠✝♥✡☛ ✥✝✱
▼✗✱ ✏✠✱ P✱ ✏✱ ❋✝✱ ✍♥✎ ✥✠ ✠♥ ✍ ☛☎✓☛✝✦☎✝♥✡ ✟✠♥✝✤✒✌✞♠✍✡✠✌♥ ☞✍✟☞☎✟✍✤
✡✠✌♥✧ ✠✑✝✑✱ ✇✝ ❦✝✆✡ ✡❤✝ ✍✡♠✌☛✆❤✝✞✠☞ ☛✡✞☎☞✡☎✞✝ ★✩✝✎ ✍♥✎ ☞✍✟☞☎✟✍✡✝✎
✥▲✚✪ ✌☞☞☎✆✍✡✠✌♥ ♥☎♠✓✝✞☛ ✌♥✟✛ ✒✌✞ ♥✝✇✟✛ ✠♥✡✞✌✎☎☞✝✎ ☛✆✝☞✠✝☛✑
✚❤✠☛ ✠☛ ❥☎☛✡✠★✝✎ ✓✛ ✡❤✝ ☞✌♠✆✍✞✠☛✌♥ ✌✒ ✡✝♠✆✝✞✍✡☎✞✝ ☛✡✞☎☞✡☎✞✝☛ ✌✒
✍ ❍❍✝❈✥❖ ✍♥✎ ✍ ☞✌♠✆✟✝✡✝✱ ★♥✍✟ ❍❍✝❈✥❖✥✝✏✠P✏❋✝✥✠ ♠✌✎✝✟✱
✇✠✡❤ ✕❡✖ ❂ ✢✻ ❦✫ ✍♥✎ ✟✌✗ ✘ ❂ ✢✬✻✱ ✇❤✝✞✝ ✡❤✝ ✍✡♠✌☛✆❤✝✞✠☞ ☛✡✞☎☞✤
✡☎✞✝ ✠☛ ☞✍✟☞☎✟✍✡✝✎ ✇✠✡❤ ✍✟✟ ✡❤✝☛✝ ✝✟✝♠✝♥✡☛✑ ❋✠✗☎✞✝ ✢ ✎✝♠✌♥☛✡✞✍✡✝☛
✡❤✍✡ ✡❤✝ ✡✝♠✆✝✞✍✡☎✞✝ ☛✡✞☎☞✡☎✞✝☛ ✍✞✝ ✍✟♠✌☛✡ ✠✎✝♥✡✠☞✍✟ ✠♥ ✡❤✝ ✟✠♥✝✤
✒✌✞♠✍✡✠✌♥ ✞✝✗✠✌♥ ✭❾✷ ❁✯ ✟✌✗✰ ❁✯ ✶✮✑ ❆✟✟ ✍✓☎♥✎✍♥☞✝☛ ✒✌☎♥✎ ✒✞✌♠
✟✠♥✝✤✒✌✞♠✍✡✠✌♥ ☞✍✟☞☎✟✍✡✠✌♥☛ ✍✞✝ ✔✝✞✠★✝✎ ✇✠✡❤ ✌☎✞ ★♥✍✟ ♠✌✎✝✟☛✑

✲✴✵✹✺✼✽✾ ✿✾❀ ✺❃❄✼✽✾❅ ✚❤✝ ✥ ✍✓☎♥✎✍♥☞✝ ✌✒ ✏❆❖✙✷✷✜✢✣
✠☛ ☛✌✟✍✞ ✭✥ ❂ ✢✬❇ × ✶✻❉❊✮✑ ■✡ ✇✍☛ ♠✝✍☛☎✞✝✎ ☎☛✤
✠♥✗ ✥ ●●● ❏❏ ✶✶❑✸✬✻❾✶✶❑✷✬✢◗✱ ✥ ●❯ ❏❏ ✶✶✙✸✬✜❾✶✶✸✸✬✶◗✱ ✍♥✎

✥ ●❯ ❏ ✶✶❑✸✬✻◗ ✟✠♥✝☛ ✠♥ ✡❤✝ ❋❱✏✪ ☛✆✝☞✡✞☎♠✑ ✚❤✝ ❖ ✍✓☎♥✎✍♥☞✝

✇✍☛ ✎✝✞✠✔✝✎ ✒✞✌♠ ✡❤✝ ❖ ●●● ❏❏ ✶✶✷❇✬✢❾✶✶✜✸✬❑◗✱ ✍♥✎ ❖ ❲❳ ❏❏
✶✻✷✜✬✷❾✶✻✜✻✬✜✱ ✶✶✢✣✬❑❾✶✶✢❑✬✻◗ ✟✠♥✝☛ ✠✎✝♥✡✠★✝✎ ✠♥ ✡❤✝ ❋❱✏✪
☛✆✝☞✡✞☎♠ ✭❋✠✗✑ ✷✮✑ ❨✝ ✒✌☎♥✎ ✍ ☛✌✟✍✞ ✔✍✟☎✝ ✭❖ ❂ ✜✬✢ × ✶✻❉❩✮✑

✲✽✺✾❬ ❭✺❀✴❪❫❬ ❫✿✼✾✽❭✴❪❫❬ ❭✴❴✴❵✺✾❬ q③✺❭q③✺✹❬ ✿✾❀ ❭❪❴④❪✹❅
✚❤✝ ✌♥✟✛ ✥✝ ✟✠♥✝ ✡❤✍✡ ✇✍☛ ✆✞✌♠✠♥✝♥✡ ✠♥ ✌☎✞ ♠✌✎✝✟☛ ✠☛

✥✝ ●●● ❏ ✙✢✣❑✬✣◗✑ ■✡ ✇✌☎✟✎ ✝♠✝✞✗✝ ✒✞✌♠ ✡❤✝ ✏✚■✏ ✍♥✎ ❋❖✏ ☛✆✝☞✤
✡✞✍ ✍✓✌✔✝ ✍♥ ☎✆✆✝✞ ✍✓☎♥✎✍♥☞✝ ✟✠♠✠✡ ✌✒ ★✔✝ ✡✠♠✝☛ ✡❤✝ ☛✌✟✍✞ ✔✍✟☎✝

✭✥✝ ❁✯ ✢✬✙ × ✶✻❉❩✮✑ ❱☛✠♥✗ ✥✍ ●●● ❏❏ ✙✻✶✙✬✜⑤ ✙✻✸✶✬❑◗✱ ✇✝ ✎✝✤
✞✠✔✝ ✍♥ ☎✆✆✝✞ ✟✠♠✠✡ ✒✌✞ ☛✌✎✠☎♠ ✌✒ ✡✝♥ ✡✠♠✝☛ ✡❤✝ ☛✌✟✍✞ ✔✍✟☎✝
✭✥✍ ❁✯ ✙✬❇ × ✶✻❉❊✮✑ ❋✌✞ ♠✍✗♥✝☛✠☎♠✱ ✇✝ ✎✝✞✠✔✝ ✍♥ ☎✆✆✝✞ ✟✠♠✠✡

✭☛✌✟✍✞✱ ▼✗ ❁✯ ✣✬✶ × ✶✻❉❊✮ ☎☛✠♥✗ ▼✗ ●●● ❏❏ ✙✶✸✷✬✣⑤ ✙✶✣❑✬✷◗✑ ❋✌✞

✡❤✝ ✎✝✡✝✞♠✠♥✠♥✗ ✡❤✝ ✏✠ ✍✓☎♥✎✍♥☞✝ ✇✝ ☎☛✝✎ ✡❤✝ ✏✠ ●●● ❏ ✶✶✶✸✬✙◗

✍♥✎ ✏✠ ●❯ ❏ ✶✶✙❑✬✸◗ ✟✠♥✝☛✑ ❆✟✟ ✌✡❤✝✞ ✏✠ ✟✠♥✝☛ ✍✞✝ ☞✌♥✡✍♠✠✤
♥✍✡✝✎ ✓✛ ✠♥✡✝✞☛✡✝✟✟✍✞ ✍✓☛✌✞✆✡✠✌♥ ✟✠♥✝☛✑ ❆☛ ✠✟✟☎☛✡✞✍✡✝✎ ✠♥ ❋✠✗✑ ✣✱
✡❤✝ ✓✝☛✡ ★✡ ✠☛ ✌✓✡✍✠♥✝✎ ✍✡ ✍ ☛✌✟✍✞ ✏✠ ✍✓☎♥✎✍♥☞✝ ✭✏✠ ❂
✢✬✣ × ✶✻❉❊✮✑ ❋✌✞ ✟✌✇✝✞⑥❤✠✗❤✝✞ ✏✠ ✍✓☎♥✎✍♥☞✝☛ ✡❤✝ ♠✌✎✝✟✝✎ ✏✠

✟✠♥✝☛ ✍✞✝ ✡✌✌ ✇✝✍❦⑥☛✡✞✌♥✗✑ P ❯ ❏❏✶✶✶❑✬✻⑤ ✶✶✙❑✬✻◗ ✇✝✞✝ ☎☛✝✎
✡✌ ✎✝✡✝✞♠✠♥✝ ✡❤✝ P ✍✓☎♥✎✍♥☞✝ ✭❋✠✗✑ ❑✮ ✇❤✠☞❤ ✠☛ ✻✑✶× ☛✌✤

✟✍✞ ✭P ❂ ✜✬❑ × ✶✻❉⑦✮✑ ❨✝ ✠✎✝♥✡✠★✝✎ ✏ ●❯ ❏❏ ✶✻✣✸✬✻⑤ ✶✻✣✸✬✜◗✱
✏ ❯ ❏ ✶✻✸❇✬❇◗✱ ✍♥✎ ✏ ❯● ❏ ✶✶✶✣✬❑◗ ✍♥✎ ✎✝✡✝✞♠✠♥✝✎ ✡❤✝ ✏ ✍✓☎♥✤
✎✍♥☞✝ ✡✌ ✓✝ ✻✑✜× ☛✌✟✍✞ ✭✏ ❂ ✶✬✢ × ✶✻❉❊✮✑

⑧✹✺✾ ✿✾❀ ✾✴❵⑨✽❴❅ ✏✌♠✝ ❋✝ ✟✠♥✝☛ ☞✌☎✟✎ ✓✝ ✠✎✝♥✡✠★✝✎ ✠♥ ✡❤✝ ❋❱✏✪
☛✆✝☞✡✞✍ ✭❋✝ ❯ ❏❏ ❇❇❇✬✢❾✶✻✻✶✬✶◗✱ ❋✝ ❯● ❏❏ ✶✶✢✜✬✣⑤ ✶✶✢✣✬✣◗✮✑
✚❤✝ ❋✝ ✍✓☎♥✎✍♥☞✝ ✇✍☛ ✒✌☎♥✎ ✡✌ ✓✝ ☛✌✟✍✞ ✭❋✝ ❁✯ ✶✬✸ × ✶✻❉❩✮✑
✚❤✝ ❋✝ ❯⑥❋✝ ❯● ✠✌♥✠⑩✍✡✠✌♥ ✝✦☎✠✟✠✓✞✠☎♠ ✍✟☛✌ ☞✌♥★✞♠☛ ✕❡✖ ❂ ✢✻ ❦✫
✭❋✠✗✑ ❇✮✑ ✚❤✝ ✦☎✍✟✠✡✛ ✌✒ ✡❤✝ ✍✔✍✠✟✍✓✟✝ ❋❱✏✪ ☛✆✝☞✡✞✍ ✠☛ ♥✌✡ ☛☎❶✤
☞✠✝♥✡ ✡✌ ☎♥✍♠✓✠✗☎✌☎☛✟✛ ✠✎✝♥✡✠✒✛ ✠♥✎✠✔✠✎☎✍✟ ✥✠ ✟✠♥✝☛✑ ✚❤✝✞✝✒✌✞✝✱
✇✝ ☞✌☎✟✎ ✌♥✟✛ ✎✝✞✠✔✝ ✍ ✭☛✌✟✍✞✮ ☎✆✆✝✞ ✟✠♠✠✡ ✒✌✞ ✡❤✝ ✥✠ ✭✥✠ ❁✯
✣✬✶ × ✶✻❉❷✮ ✍✓☎♥✎✍♥☞✝ ✭❋✠✗✑ ❇✮✑ ❨✝ ☛☎♠♠✍✞✠⑩✝ ✡❤✝ ✍✓☎♥✎✍♥☞✝☛
✠♥ ✚✍✓✟✝ ✜✑ ✚❤✝✠✞ ✝✞✞✌✞ ✟✠♠✠✡☛ ✍✞✝ ➧✻✬✸ ✎✝✩✑

❸❹❺❹ ❻❼❽❿❿➀➁ ➂➃➄➅

P✍✞✡❤✍☛✍✞✍✡❤✛ ✝✡ ✍✟✑ ✭✶❇❇✸✮ ✒✌☎♥✎ ✡❤✍✡ ✠♥ ✡❤✝ ■❱✪ ☛✆✝☞✡✞✍ ✌✒ ✶❇❑❑
✍♥✎ ✶❇❇✙ ✡❤✝ ❈ ❲❳ ✍♥✎ ✥ ❳ ✞✝☛✌♥✍♥☞✝ ✎✌☎✓✟✝✡☛ ✍✞✝ ✓✟☎✝✤☛❤✠✒✡✝✎
✍♥✎ ✡❤✝✛ ☛❤✌✇ P✤❈✛✗♥✠ ✆✞✌★✟✝☛✑ ▲✌✌❦✠♥✗ ♠✌✞✝ ☞✍✞✝✒☎✟✟✛✱ ✇✝

✒✌☎♥✎ ✡❤✍✡ ✍✟✟ ✡❤✝ ☛✆✝☞✡✞✍ ☛❤✌✇ P✤❈✛✗♥✠ ✆✞✌★✟✝☛ ✠♥ ✡❤✝☛✝ ✟✠♥✝☛✑
❨❤✠✟✝ ✠♥ ✶❇❑❑ ✡❤✝ P✤❈✛✗♥✠ ✆✞✌★✟✝ ✌✒ ✥ ❳ ✠☛ ✦☎✠✡✝ ✇✝✍❦ ✍♥✎
❈ ❲❳ ☛✡✞✌♥✗✱ ✡❤✠☛ ☞❤✍♥✗✝☛ ✒✞✌♠ ✶❇❇✙ ✌♥✱ ✇❤✠☞❤ ✠♥✎✠☞✍✡✝☛ ✡❤✍✡ ✡❤✝

➆➇➈➉➊ ➋➌ ➍✄♦t♦s♣✄✁r✐❝ ❛❜✉✂❞❛✂❝✁s ♦❢ ❙➎➏➐➑➑➒➓➔�

❧♦❣ →❛ss ❧♦❣ ✂✉→❜✁r
➣❧✁→✁✂t ❢r❛❝t✐♦✂ ❢r❛❝t✐♦✂ ❧♦❣ ↔ ↕➙➛

➜ ➝➞�➟➠ ➝➞�➞➑ ➟➐�➞➟ ➞�➞➞
➜✁ ➝➞�➓➞ ➝➟�➟➟ ➟➞�➡➑ ➞�➞➞
➢ ➝➠�➠➞ ➝➑�➐➤ ➔�➔➔ ➝➞�➓➤
◆ ➝➠�➟➓ ➝➑�➐➟ ➔�➤➑ ➞�➞➞
➏ ➝➐�➐➒ ➝➠�➠➒ ➤�➔➞ ➞�➞➞
◆✁ ➥➝➐�➐➟ ➥➝➠�➑➟ ➥➤�➓➑ ➥➞�➔➞
◆❛ ➥➝➠�➒➠ ➥➝➑�➤➞ ➥➔�➐➓ ➥➟�➞➞
➦❣ ➥➝➠�➟➒ ➥➝➑�➑➑ ➥➔�➓➟ ➥➞�➞➞
❙✐ ➝➠�➟➤ ➝➑�➒➠ ➔�➒➐ ➞�➞➞
➍ ➝➓�➐➑ ➝➔�➓➠ ➑�➑➐ ➝➟�➞➞
❙ ➝➠�➤➟ ➝➒�➐➐ ➓�➤➠ ➝➞�➠➞
➨✁ ➝➐�➤➡ ➝➑�➒➑ ➔�➒➟ ➞�➞➞
◆✐ ➥➝➑�➟➒ ➥➝➒�➤➐ ➥➓�➐➠ ➥➞�➞➞

➩➫➭➊➯➌ ↕➙➛ ❞✁✂♦t✁s ❧♦❣ ➲❛❜✉✂❞❛✂❝✁➳s♦❧❛r ❛❜✉✂❞❛✂❝✁➵� ❧♦❣ ➸➺ ❛r✁ ✂♦r→❛❧➻
✐➼✁❞ t♦ ❧♦❣

➽
➾➺➸➺ ➚ ➟➐➪➟➒➶ ➹✄✁r✁ ➾➺ ✐s t✄✁ ❛t♦→✐❝ ➹✁✐❣✄t�

☛✡✍✞➘☛ ✕❡✖ ❤✍☛ ✠♥☞✞✝✍☛✝✎✑ ❋☎✞✡❤✝✞♠✌✞✝✱ ✇✝ ✒✌☎♥✎ ✠♥ ✡❤✝ ❋❱✏✪
☛✆✝☞✡✞✍ ✡❤✍✡ ✡❤✝ ❖❯● ❏❏ ✶✻✸✶✬❇⑤ ✶✻✸✣✬✢◗ ✞✝☛✌♥✍♥☞✝ ✟✠♥✝☛ ☛❤✌✇
P✤❈✛✗♥✠ ✆✞✌★✟✝☛✱ ✡✌✌✑

✚✌ ♠✝✍☛☎✞✝ ✡❤✝ ♠✍☛☛✤✟✌☛☛ ✞✍✡✝ ✍♥✎ ✕❡✖ ✌✒ ✏❆❖✙✷✷✜✢✣✱ ✇✝
☎☛✝✎ P✌❨➴✑ ■✡ ☛✌✟✔✝☛ ✡❤✝ ✥▲✚✪ ✞✍✎✠✍✡✠✔✝ ✡✞✍♥☛✒✝✞ ✠♥ ✍ ☛✆❤✝✞✠✤
☞✍✟✟✛ ✝✩✆✍♥✎✠♥✗ ✍✡♠✌☛✆❤✝✞✝ ☛✠♠☎✟✡✍♥✝✌☎☛✟✛ ✇✠✡❤ ✡❤✝ ☛✡✍✡✠☛✡✠☞✍✟✤
✝✦☎✠✟✠✓✞✠☎♠ ✝✦☎✍✡✠✌♥☛ ✍♥✎ ✍☞☞✌☎♥✡☛ ✍✡ ✡❤✝ ☛✍♠✝ ✡✠♠✝ ✒✌✞ ✝♥✝✞✗✛
☞✌♥☛✝✞✔✍✡✠✌♥✑ ■✞✌♥✤✗✞✌☎✆ ✟✠♥✝ ✓✟✍♥❦✠♥✗ ✠☛ ✡✞✝✍✡✝✎ ✓✛ ♠✝✍♥☛ ✌✒ ✡❤✝
☛☎✆✝✞✟✝✔✝✟ ✍✆✆✞✌✍☞❤ ✭➷✞ä✒✝♥✝✞ ✝✡ ✍✟✑ ✙✻✻✙✮✱ ✍♥✎ ✍ ✇✠♥✎ ☞✟☎♠✆✠♥✗
✠♥ ★✞☛✡✤✌✞✎✝✞ ✍✆✆✞✌✩✠♠✍✡✠✌♥ ✠☛ ✡✍❦✝♥ ✠♥✡✌ ✍☞☞✌☎♥✡ ✭❍✍♠✍♥♥ ➬
➷✞ä✒✝♥✝✞ ✙✻✻✷✮✑ ❨✝ ✎✌ ♥✌✡ ☞✍✟☞☎✟✍✡✝ ❤✛✎✞✌✎✛♥✍♠✠☞✍✟✟✛ ☞✌♥☛✠☛✤
✡✝♥✡ ♠✌✎✝✟☛✱ ✓☎✡ ✍☛☛☎♠✝ ✍ ✔✝✟✌☞✠✡✛ ★✝✟✎ ✒✌✟✟✌✇✠♥✗ ✍ ➮✤✟✍✇ ✇✠✡❤
➮ ❂ ✶✑ ❋✌✞ ✡❤✝ P✌❨➴ ♠✌✎✝✟☛✱ ✇✝ ✍✎✌✆✡✝✎ ✡❤✝ ✝✟✝♠✝♥✡✍✟ ✍✓☎♥✤
✎✍♥☞✝☛ ✡❤✍✡ ✇✝ ✒✌☎♥✎ ✠♥ ✌☎✞ ✚▼❆P ✍♥✍✟✛☛✠☛✑ ❨✝ ✝✩✡✞✍✆✌✟✍✡✝✎
✡❤✝ ♠✍☛☛ ✍♥✎ ✡❤✝ ✟☎♠✠♥✌☛✠✡✛ ✌✒ ✏❆❖ ✙✷✷✜✢✣ ☎☛✠♥✗ ✡❤✝ ✝✔✌✟☎✡✠✌♥✤
✍✞✛ ✡✞✍☞❦☛ ✒✞✌♠ ❍✍✟✟ ✝✡ ✍✟✑ ✭✙✻✶✸✮ ✍♥✎ ✒✌☎♥✎ ➱ ❂ ✻✬✸✢➱✃ ✍♥✎
✟✌✗✭❐⑥❐✃✮ ❂ ✙✑✜✑ ❨✝ ✍✟☛✌ ☞✍✟☞☎✟✍✡✝✎ ♠✌✎✝✟☛ ✇✠✡❤ ➱ ❂ ✻✬✷✣ ➱✃
✍♥✎ ✟✌✗✭❐⑥❐✃✮ ❂ ✙✑✙ ✭✔✍✟☎✝☛ ✝✩✡✞✍✆✌✟✍✡✝✎ ✒✞✌♠ ✡❤✝ ✡✞✍☞❦☛ ✓✛
❒✞✠✝✓✝ ✝✡ ✍✟✑ ✶❇❇❑ ✮✱ ✓☎✡ ✇✝ ✒✌☎♥✎ ✡❤✍✡ ✡❤✝ ✟✠♥✝ ✆✞✌★✟✝☛ ☞❤✍♥✗✝
✌♥✟✛ ☛✟✠✗❤✡✟✛ ✇✠✡❤ ➱ ✍♥✎ ❐✑ ✚❤✠☛ ✍✗✞✝✝☛ ✇✠✡❤ ❍✝✞✍✟✎ ➬ ❮✠✍♥☞❤✠
✭✙✻✻✣✮ ✇❤✌ ✞✝✆✌✞✡ ✡❤✍✡ ✇✠♥✎ ✒✝✍✡☎✞✝☛ ✍✞✝ ♥✌✡ ✔✝✞✛ ☛✝♥☛✠✡✠✔✝ ✡✌
✡❤✝ ✗✞✍✔✠✡✛✱ ✇❤✠☞❤ ✠☛ ✠♥ ✡❤✝ ☞✍☛✝ ✌✒ ✡❤✝ P✌❨➴ ☞✌✎✝ ✍♥ ✝✦☎✠✔✍✟✝♥✡
✠♥✆☎✡ ✆✍✞✍♠✝✡✝✞✑

❮✍☛✝✎ ✌♥ ✡❤✝☛✝ ✍☛☛☎♠✆✡✠✌♥☛✱ ✇✝ ✔✍✞✠✝✎ ✡❤✝ ✡✝✞♠✠♥✍✟ ✇✠♥✎
✔✝✟✌☞✠✡✛ ❰Ï✱ ♠✍☛☛✤✟✌☛☛ ✞✍✡✝ Ð➱✱ ✍♥✎ ✕❡✖ ✠♥ ✌☎✞ ♠✌✎✝✟☛✑ ✚❤✝ ✞✝✟✍✤
✡✠✔✝ ☛✡✞✝♥✗✡❤☛ ✌✒ ✥❳⑥❈ ❲❳ ✡☎✞♥✝✎ ✌☎✡ ✡✌ ✓✝ ✔✝✞✛ ☛✝♥☛✠✡✠✔✝ ✡✌ ✕❡✖✱
☛✌ ✡❤✍✡ ✇✝ ☞✍♥ ✍☞❤✠✝✔✝ ✍♥ ✝✞✞✌✞ ✌✒ ✌♥✟✛ Ñ✕❡✖ ❂ ➧✸ ❦✫✑ ✚❤✝
☛✝♥☛✠✡✔✠✡✛ ✡✌ ✕❡✖ ☞✍♥ ✓✝ ☞✟✝✍✞✟✛ ☛✝✝♥ ✓✛ ☞✌♠✆✍✞✠♥✗ ✡❤✝ ✓✝☛✡✤★✡
♠✌✎✝✟☛ ✒✌✞ ✶❇❑❑ ✍♥✎ ✶❇❇✙✱ ✇❤✝✞✝ ✡❤✝ ✌♥✟✛ ✎✠Ò✝✞✝♥☞✝ ✌✒ ✡❤✝☛✝
♠✌✎✝✟☛ ✠☛ ✕❡✖✑ ■♥ ✡❤✝ ✕❡✖ ❂ ✸❑ ❦✫ ♠✌✎✝✟ ✒✌✞ ✶❇❑❑✱ ❈ ❲❳ ✠☛ ✞✝✟✤
✍✡✠✔✝✟✛ ☛✡✞✌♥✗✝✞ ✡❤✍♥ ✥ ❳✱ ✇❤✝✞✝✍☛ ✡❤✝ ✌✆✆✌☛✠✡✝ ❤✌✟✎☛ ✒✌✞ ✡❤✝
✕❡✖ ❂ ✷✸ ❦✫ ♠✌✎✝✟ ✒✌✞ ✶❇❇✙✑ ✚❤✝ ♠✍☛☛✤✟✌☛☛ ✞✍✡✝ ✇✍☛ ✎✝✞✠✔✝✎
✒✞✌♠ ✡❤✝ ☛✡✞✝♥✗✡❤☛ ✌✒ ✡❤✝ P✤❈✛✗♥✠ ✆✞✌★✟✝☛✑ ❆☛ ✡❤✝ P✤❈✛✗♥✠ ✆✞✌✤
★✟✝☛ ✓✞✌✍✎✝♥ ✍☛ ❰Ï ✠♥☞✞✝✍☛✝☛✱ ❰Ï ☞✍♥ ✓✝ ♠✝✍☛☎✞✝✎ ♥✌✡ ✌♥✟✛ ✒✞✌♠
✡❤✝ ✓✟☎✝ ✝✎✗✝ ✌✒ ✡❤✝ ✍✓☛✌✞✆✡✠✌♥ ☞✌♠✆✌♥✝♥✡ ✌✒ ✡❤✝ P✤❈✛✗♥✠ ✆✞✌✤
★✟✝☛✱ ✓☎✡ ✍✟☛✌ ✒✞✌♠ ✡❤✝ ☛❤✍✆✝ ✌✒ ✡❤✝ ✝♠✠☛☛✠✌♥ ✆✝✍❦✑

✚❤✝ ✓✝☛✡✤★✡ ♠✌✎✝✟☛ ✍✞✝ ☛❤✌✇♥ ✠♥ ❋✠✗☛✑ ✶✻ ✭■❱✪ ☛✆✝☞✡✞✍✮

✍♥✎ ✶✶ ✭❋❱✏✪✮✑ ✚❤✝ P✤❈✛✗♥✠ ✆✞✌★✟✝ ✌✒ ❖ ❯● ❏ ✶✻✸✣✬✢◗ ✠♥ ✡❤✝
P✌❨➴ ♠✌✎✝✟☛ ✠☛ ✓✟✝♥✎✝✎ ✓✛ ✠♥✡✝✞☛✡✝✟✟✍✞ ❍Ó ✍♥✎ ✠☛ ✡❤✝✞✝✒✌✞✝ ♥✌✡
✔✠☛✠✓✟✝ ✠♥ ✡❤✝ ✌✓☛✝✞✔✍✡✠✌♥✑ ❋☎✞✡❤✝✞♠✌✞✝✱ ✇✝ ✒✌☎♥✎ ✡❤✍✡ ✡❤✝ ✍✓✤
☛✌✞✆✡✠✌♥ ☞✌♠✆✌♥✝♥✡☛ ✌✒ ❖❯● ❏❏ ✶✻✸✶✬❇⑤ ✶✻✸✣✬✢◗ ♠☎☛✡ ❤✍✔✝ ✍♥
✠♥✡✝✞☛✡✝✟✟✍✞ ✌✞✠✗✠♥✑ ✚✍✓✟✝ ✷ ✟✠☛✡☛ ✡❤✝ ✆✍✞✍♠✝✡✝✞☛ ✡❤✍✡ ✇✝ ✒✌☎♥✎
✒✞✌♠ ✡❤✠☛ ✍♥✍✟✛☛✠☛✑ ✚❤✝ ✞✝☛☎✟✡✠♥✗ ☛☎✞✒✍☞✝ ✗✞✍✔✠✡✠✝☛ ✍✞✝ ✍✟☛✌ ✗✠✔✝♥✑

➎➑➞➶ ♣❛❣✁ ➒ ♦❢ ➟➑
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❋✐❣✾ ✿❀✾ ❁❂♠❃❄❅❇s❂❉ ❂❊ t❤❡ ●❯❏ s❃❡❑t❅❄ t❄❦❡❉ ❊❅❂♠ ✂▲▼▼ t❂ ✂▲▲� ✭t❤❇❉✁

P❅❄❛✄ ✇❇t❤ t❤❡ ❜❡st◗❘t ❙❂❲❚ ♠❂❱❡❳ ✭t❤❇❑❦✁ ❅❡❱✄❨ ❆❳❳ ❜✉t t❤❡ ✂▲▼▼ ❂❜s❡❅◗

✈❄t❇❂❉ ❄❅❡ s❤❇❊t❡❱ ❊❂❅ ❑❳❄❅❇t❛❨

❩❭ ♣❪❫♥❴ ❪❵❴ ❴❝❞❴ ❴❝❭❥❭ ❧❞q❵❭❥ r❭①❭r ❴❪ ❴❝❭ ②❪③❭q❥ ④❫❴❝ ⑤ ⑥

⑦⑧⑨⑩ ⑤❶❷ ❴❝❭ r❭❥❵q❴❫♥❸ ❧❞q❵❭❥ ①❪r ❴❝❭ ❥❵r①❞❹❭ ❸r❞❧❫❴❺ ①r❪② ❴❝❭

⑤ ⑥ ⑦⑧❻❼ ⑤❶ ②❪③❭q❥ ④❭r❭ ❞❽❪❵❴ ⑦❾❿➀⑦❾➁ ③❭➂ ❝❫❸❝❭r❾

❩❭ ➃♥③ ❴❝❞❴ ❴❝❭ ②❞❥❥➄q❪❥❥ r❞❴❭ ③❭❹r❭❞❥❭③ ❹❪♥❴❫♥❵❪❵❥q❺ ①r❪②

q❪❸➅ ➆⑤➇⑤❶ ❺r➈➉➊ ⑥ ➋➌⑧⑦ ❫♥ ❿➌➍➍ ❴❪ q❪❸➅ ➆⑤➇⑤❶ ❺r➈➉➊ ⑥ ➋❿❿⑧⑩

❫♥ ➁⑦⑦⑩❾ ➎❝❭ ♣r❭❧❫❪❵❥q❺ ♣❵❽q❫❥❝❭③ ❧❞q❵❭ ➅➏➐ ⑥ ⑨➑⑦⑦ ➒② ❥➈➉❷

➓❞r❴❝❞❥❞r❞❴❝❺ ❭❴ ❞q❾ ❿➌➌➑➊ ❴❵r♥❭③ ❪❵❴ ❴❪ ❽❭ ❞♥ ❪❧❭r❭❥❴❫②❞❴❭❾ ❩❭

➃♥③ ❴❝❞❴ ❴❝❭ ❴❭r②❫♥❞q ④❫♥③ ❧❭q❪❹❫❴❺ ❝❞❥ ❥❴❭❞③❫q❺ ❫♥❹r❭❞❥❭③ ①r❪②

➏➐ ⑥ ❿➍⑦⑦ ➒② ❥➈➉ ❫♥ ❿➌➍➍ ❴❪ ➏➐ ⑥ ➁➍⑦⑦ ➒② ❥➈➉ ❫♥ ➁⑦⑦⑩❾

➔→ ➣↔↕➙➛➜↕ ➝➞➟ ➟➠↕➡➙↕↕➠➢➞

❩❭ ❞♥❞q❺➤❭③ ❴❝❭ ❝❫❸❝➄r❭❥❪q❵❴❫❪♥ ➥➦ ❥♣❭❹❴r❞ ❴❞➒❭♥ ④❫❴❝ ➧➥➨➩❷

➨➎➫➨❷ ➧➭➨❷ ❞♥③ ➫➥➩ ❽❺ ②❭❞♥❥ ❪① ♥❪♥➄➯➎➩ q❫♥❭ ❽q❞♥➒❭❴❭③ ②❪③❭q

❞❴②❪❥♣❝❭r❭❥❾ ➎❝❭ ❧❞q❵❭❥ ❪① ➲➳➵ ④❭r❭ ③❭r❫❧❭③ ④❫❴❝ ❝❫❸❝ ♣r❭❹❫➄

❥❫❪♥ ❽❺ ❭❧❞q❵❞❴❫♥❸ ❴❝❭ ❫❪♥❫➤❞❴❫❪♥ ❭➸❵❫q❫❽r❫❞ ❪① ➺ ➻➻➻➇➺ ➻➼ ➅➧➭➨❷

➨➎➫➨ ❞♥③ ➧➥➨➩ ❥♣❭❹❴r❞➊❷ ➭ ➻➻➻➇➭ ➻➼❷ ➨ ➻➼➇➨ ➼➇➨ ➼➻ ➅➧➥➨➩ ❥♣❭❹➄

❴r❞➊❷ ❞♥③ ➽ ➻➻➻➇➽ ➻➼ ➅➧➥➨➩ ➁⑦⑦➁ ❥♣❭❹❴r❞➊❾ ➧r❪② ❴❝❭ ➫➥➩ ❥♣❭❹❴r❞❷

④❭ ③❭r❫❧❭③ ➲➳➵ ❵❥❫♥❸ ❴❝❭ r❭q❞❴❫❧❭ ❥❴r❭♥❸❴❝ ❪① ➽ ➼➇➺ ➻➼❾

➾❪❴❝ ❴❝❭ ❥❵r①❞❹❭ ❸r❞❧❫❴❺ ❞♥③ ❴❝❭ ➚➇➚❭ r❞❴❫❪ ➅❥❪q❞r➊ ④❭r❭ ❪❽➄

❴❞❫♥❭③ ❽❺ ❞♥ ❞♥❞q❺❥❫❥ ❪① ❴❝❭ ➚❭ ➪➪ q❫♥❭❥ ①❪❵♥③ ❫♥ ❴❝❭ ➨➎➫➨ ❞♥③

➧➭➨ ❥♣❭❹❴r❞❾ ➧❪r ❴❝❭ ➧➭➨ ❪❽❥❭r❧❞❴❫❪♥❥❷ ❴❝❭ ❽❭❥❴ ➃❴ ④❞❥ ①❪❵♥③

④❫❴❝ q❪❸ ➶ ⑥ ➑⑧➑❷ ④❝❫q❭ ①❪r ❴❝❭ ➨➎➫➨ ❪❽❥❭r❧❞❴❫❪♥ ❴❝❭ ②❪③❭q ④❫❴❝

q❪❸ ➶ ⑥ ⑩⑧⑦ ➃❴❥ ❽❭❴❴❭r❾ ➎❝❫❥ ❧❞q❵❭ ❪① q❪❸ ➶ ⑥ ⑩⑧⑦ ④❞❥ ❹❪♥➃r②❭③

❽❺ ❴❝❭ ④❫♥❸❥ ❪① ❴❝❭ ➚❭ ➪➪ q❫♥❭❥ ❫♥ ❴❝❭ ➧➥➨➩ ❥♣❭❹❴r❞❾

➨➹➭ ➁❻❻➑⑩❼ ❭➂❝❫❽❫❴❥ ❥❪q❞r ❞❽❵♥③❞♥❹❭❥ ❪① ➚❷ ➚❭❷ ➭❷ ❞♥③ ➽❾

➎❝❭ ➺ ❞❽❵♥③❞♥❹❭ ❫❥ ③❭➃♥❫❴❭q❺ ❥❵❽❥❪q❞r❾ ➎❝❫❥ ❫♥③❫❹❞❴❭❥ ❴❝❞❴ ❴❝❭

➹➘➾ ♣❝❞❥❭ ❪① ❴❝❭ ❥❴❞r ④❞❥ ❴❭r②❫♥❞❴❭③ ❽❭①❪r❭ ❴❝❭ ❴❝❫r③ ③r❭③❸❭➄

❵♣ ➅➴❭qq❪ ❭❴ ❞q❾ ➁⑦❿➁➊❾ ➓ ❞♥③ ➨ ④❭r❭ ①❪❵♥③ ❴❪ ❽❭ ❥❵❽❥❪q❞r❷ ❴❝❭

➨❫ ❞♥③ ➧❭ ❞❽❵♥③❞♥❹❭❥ ❞r❭ ❥❪q❞r❾ ➧❪r ➽❭❷ ➴❸❷ ❞♥③ ➽❫❷ ④❭ ❹❪❵q③

❪♥q❺ ③❭r❫❧❭ ❵♣♣❭r q❫②❫❴❥ ➅➃❧❭ ❴❫②❭❥ ❥❪q❞r ①❪r ➽❭❷ ❴❭♥ ❴❫②❭❥ ❥❪q❞r

➷➬➬➷ ➮
➱
✃

➮
➱
✃

❐

❒
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❰
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Ò
Ó
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Õ
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Ø

ÙÚ
Û
Ü

ÝÞ
ßà

áâ

❐

❒

ã❐❒❐ ã❐ä❐ ã❐å❐

æ ç è
é

❋✐❣✾ ✿✿✾ ❁❂♠❃❄❅❇s❂❉ t❤❡ ê❯ë❏ s❃❡❑t❅❄ t❄❦❡❉ ❇❉ ✷✵✵✷ ❄❉❱ ✷✵✵� ✭P❅❄❛✄

✇❇t❤ t❤❡ ❜❡st◗❘t ❙❂❲❚ ♠❂❱❡❳ ✭t❤❇❑❦✁ ❅❡❱✄❨ ì❤❡ ❜❳✉❡ ❳❇❉❡ ✭t❤❇❉✄ ❇❉❱❇❑❄t❡s

t❤❡ ❑❂♠❜❇❉❡❱ st❡❳❳❄❅ ❄❉❱ ●ëí s❃❡❑t❅✉♠❨

îïðñò ó✾ ❁❂♠❃❄❅❇s❂❉ ❂❊ t❤❡ ❡❳❡♠❡❉t ❄❜✉❉❱❄❉❑❡s ✭❉✉♠❜❡❅ ❊❅❄❑t❇❂❉s ❅❡❳◗

❄t❇✈❡❳❛ t❂ ô✄ ❂❊ ë❆õ ✷✹✹✺�ö ✭❁ë✄ ❄s ❱❡❅❇✈❡❱ ❜❛ ❂✉❅ ❄❉❄❳❛s❇s ❄❉❱ ❂❊ ❇ts

❙÷ ❄s ❱❡❅❇✈❡❱ ❜❛ ❄❉❄❳❛s❇s ❂❊ t❤❡ s❃❡❑t❅✉♠ ❇❉ ✂▲▲✵ ✭❙❄❅t❤❄s❄❅❄t❤❛ ❡t ❄❳❨

✂▲▲ø✄✁ ✂▲▲✷✁ ❄❉❱ ✷✵✂✂ ✭❆❅❦❤❇❃❂✈❄ ❡t ❄❳❨ ✷✵✂ø✄❨

❁ë ❙÷

✷✵✂✂ ✂▲▲✷ ✂▲▲✵

ô❡ùô ▼❨✺✵ ú ✂✵ûü ▲❨�✵ ú ✂✵ûü ▲❨ø✵ ú ✂✵ûü ✂❨✵ø ú ✂✵ûý

❁ùô ✺❨�▲ ú ✂✵ûþ ö❨✺▲ ú ✂✵ûþ

÷ùô �❨�▲ ú ✂✵ûþ ✺❨ö✺ ú ✂✵ûþ �❨✹✺ ú ✂✵ûþ �❨✺✵ ú ✂✵ûþ

õùô ✹❨▼✹ ú ✂✵ûÿ ✂❨▲✂ ú ✂✵ûÿ ✷❨✹� ú ✂✵ûÿ ø❨✵✵ ú ✂✵ûÿ

÷❡ùô ❁ ø❨✺▲ ú ✂✵ûÿ ø❨✹ö ú ✂✵ûþ ✺❨ö✺ ú ✂✵ûþ ▲❨✷✵ ú ✂✵ûþ

ëùô �❨✵ø ú ✂✵û✻ ✷❨✹✵ ú ✂✵û✻ �❨✵ø ú ✂✵û✻ ✷❨✷✵ ú ✂✵û✻

①❪r ➽❞❷ ❥❪q❞r ①❪r ❴❝❭ r❭❥❴➊❾ ❩❭ ❹❪❵q③ ♥❪❴ ➃♥③ ❞♥❺ ❝❫♥❴ ❪① ❞ ❹❝❞♥❸❭

❫♥ ❴❝❭ ❹❝❭②❫❹❞q ❞❽❵♥③❞♥❹❭❥ ③❵r❫♥❸ ❴❝❭ ❺❭❞r❥❾ ❩❫❴❝❫♥ ❴❝❭ ❭rr❪r

q❫②❫❴❥ ➅❴❺♣❫❹❞qq❺ ➧⑦❾⑨ ③❭➂➊ ❴❝❭ ❞❽❵♥③❞♥❹❭❥ ①❪❵♥③ ①❪r ❴❝❭ ➺➨ ❞r❭

❫♥ ❸❪❪③ ❞❸r❭❭②❭♥❴ ④❫❴❝ ❴❝❭ ♥❭❽❵q❞ ❞❽❵♥③❞♥❹❭❥ ➅➎❞❽q❭ ⑩➊ ③❭❴❭r➄

②❫♥❭③ ❽❺ ➹r➒❝❫♣❪❧❞ ❭❴ ❞q❾ ➅➁⑦❿⑨➊ ❞♥③ ➓❞r❴❝❞❥❞r❞❴❝❺ ❭❴ ❞q❾ ➅❿➌➌⑨➊❾

➎❝❭ ❴❭②♣❪r❞q ❭❧❪q❵❴❫❪♥ ❪① ❴❝❭ ❞❴②❪❥♣❝❭r❫❹ ♣❞r❞②❭❴❭r❥ ❪①

➨➹➭ ➁❻❻➑⑩❼ ❫❥ ❥❵②②❞r❫➤❭③ ❫♥ ➎❞❽q❭ ❻ ❞♥③ ➧❫❸❾ ❿➁❾ ❩❭

①❪❵♥③ ❴❝❞❴ ❹❪②♣❞r❭③ ❴❪ ❴❝❭ ❴❭②♣❭r❞❴❵r❭ ①❪❵♥③ ①r❪② ❴❝❭ ❥♣❭❹➄

❴r❵② ❫♥ ❿➌❼❿ ➅➨❭❹❴❾ ❿➊ ➨➹➭ ➁❻❻➑⑩❼ ❝❞❥ ❫♥❹r❭❞❥❭③ ❫❴❥ ➲➳➵ ❽❺

❞❽❪❵❴ ❻⑦ ➒❦ ④❫❴❝❫♥ ❪♥q❺ ❴❝❫r❴❺ ❺❭❞r❥❾ ➎❝❭ ♣❭❞➒ ➲➳➵ ❪① ⑩⑦ ➒❦

④❞❥ r❭❞❹❝❭③ ❫♥ ➁⑦⑦➁❷ ❞♥③ ❴❝❭ ➁⑦⑦⑩ ❪❽❥❭r❧❞❴❫❪♥❥ ❥❵❸❸❭❥❴ ❴❝❞❴ ❫❴

❫❥ ♥❪④ ③❭❹r❭❞❥❫♥❸❾ ❩❭ ❹❞♥♥❪❴ ❹❪♥➃r② ❴❝❭ ❧❞q❵❭❥ ①❪r ➲➳➵ ①❪❵♥③

❽❺ ➹r➒❝❫♣❪❧❞ ❭❴ ❞q❾ ➅➁⑦❿⑨➊❾ ➎❝❭❺ ➃♥③ ❴❝❭ ♣❭❞➒ ➲➳➵ ❫♥ ❿➌➌⑦

➅➲➳➵ ⑥ ➑❼ ➒❦➊❷ ❫❾❭❾ ❞❽❪❵❴ ❿⑦ ➒❦ ❝❫❸❝❭r ❴❝❞♥ ❪❵r ❞♥❞q❺❥❫❥ ①r❪②

❥♣❭❹❴r❞ ❴❞➒❭♥ ❞❴ ❴❝❞❴ ❴❫②❭❾ ❩❭ ④❞♥❴ ❴❪ ♣❪❫♥❴ ❪❵❴❷ ❴❝❞❴ ❴❝❭ ①❪r②❞q➄

❫❥② ❪① ❦❞q❭r ➅❿➌❼➍➊ ❵❥❭③ ❽❺ ➹r➒❝❫♣❪❧❞ ❭❴ ❞q❾ ➅➁⑦❿⑨➊ ②❫❸❝❴ ♥❪❴

♣r❪❧❫③❭ ❸❪❪③ ❭❥❴❫②❞❴❭❥ ①❪r ❴❝❭ ➺➨ ❴❭②♣❭r❞❴❵r❭❾ ➺❪②♣❞r❫♥❸ ❴❝❭

➲➳➵ ❪① ❦❞q❭r ➅❿➌❼➍➊ ①❪❵♥③ ①❪r ❝❫❥ ❥❞②♣q❭ ❪① ➺➨➓➽❭❷ ❥❝❪④❥ ❪①➄

❴❭♥ ❽❫❸ ③❭❧❫❞❴❫❪♥❥ ①r❪② r❭❹❭♥❴ q❫❴❭r❞❴❵r❭ ❧❞q❵❭❥ ➅❭❾❸❾ ➽➘➺ ⑩➑❻⑨�

❦❞q❭r ❿➌❼➍ ①❪❵♥③ ➲➳➵ ⑥ ❻➑ ➒❦ ④❝❫q❭ ➚❭r❞q③ ✫ ➾❫❞♥❹❝❫ ➁⑦❿❿

①❪❵♥③ ➲➳➵ ⑥ ⑩⑦ ➒❦➊❾ ➚❪④❭❧❭r❷ ❭❧❞q❵❞❴❫❪♥ ❪① ❴❝❭ ❫❪♥❫➤❞❴❫❪♥ ❭➸❵❫➄

q❫❽r❫❞ ①❪❵♥③ ❫♥ ❴❝❭ ➧➥➨➩ ❥♣❭❹❴r❞ ❥❝❪④❥ ➲➳➵ ③❭❹q❫♥❫♥❸ ①r❪② ➁⑦⑦➁

❆✹✵✁ ❃❄P❡ � ❂❊ ✂✹
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❋✤✦✧ ★✩✧ ❚✁♠♣♦r❛❧ ✁✈♦❧✉t✐♦✂ ♦❢ ✪✫✬✱ ❧♦❣ ✮✱ ♠❛ss✯❧♦ss r❛t✁ ✰✵✱ ❛✂❞ t✄✁

t✁r♠✐✂❛❧ ✇✐✂❞ ✈✁❧♦❝✐t✐✁s ✹✼ ❛s ❞✁r✐✈✁❞ ✐✂ ♦✉r ❛✂❛❧②s✐s ✾r✁❞✿� ❚✄✁ ❜❧❛❝❀

st❛rs ✐✂ t✄✁ ❁❂❃❃❂❄ ❅❆❇❈❉ s✄♦✇ t✄✁ ✪✫✬ ❛s ❞✁r✐✈✁❞ ❜② ❊r❀✄✐♣♦✈❛ ✁t ❛❧�

✾●❍■❏✿✱ t✄✁ ❜❧❛❝❀ s❑✉❛r✁ ✐✂❞✐❝❛t✁s t✄✁ ✪✫✬ ✁st✐♠❛t✁ ✇✄✁✂ ❙❊❖●▲▲P◗❯

✇❛s st✐❧❧ ❛ ❱✯t②♣✁ s✉♣✁r❣✐❛✂t ✾■❲❯■✿�

❳❨❩ ❬❭❪❪❳❫❴❵❨❤ ❴❥❦ ♥❳❨❴❦❨❴❵❳❨ q③ ④❫⑤❥❵❪❳⑥⑦ ❦❴ ⑦⑧⑨ ⑩❶❷❸❹❺ ❴❥⑦❴ ❻❼❽

❥⑦❬ ❫❦♥❦❨❴⑧③ ❪❦⑦⑤❦❾ ⑦❨❾ ❥⑦❬ q❦❤❭❨ ❴❳ ❾❦♥⑧❵❨❦⑨

❿③ ❦➀⑦➁❵❨❵❨❤ ❴❥❦ ➂➃➄③❤❨❵ ❪❫❳➅⑧❦❬ ❳➆ ❴❥❦ ➄ ➇➈ ⑦❨❾ ➉➈ ❫❦❬➃

❳❨⑦❨♥❦ ❾❳❭q⑧❦❴❬ ❵❨ ❴❥❦ ➊➋➌ ❬❪❦♥❴❫⑦ ➆❫❳➁ ❸➍➎➎ ❴❳ ❸➍➍➏ ⑦❨❾ ❴❥❦

➂➃➄③❤❨❵ ❪❫❳➅⑧❦❬ ❳➆ ➐➈➇ ❵❨ ❴❥❦ ➑➋➒➌ ❬❪❦♥❴❫⑦❩ ➓❦ ❾❦❫❵⑥❦❾ ❴❥❦

➁⑦❬❬➃⑧❳❬❬ ❫⑦❴❦❬ ⑦❨❾ ❴❦❫➁❵❨⑦⑧ ➓❵❨❾ ⑥❦⑧❳♥❵❴❵❦❬ ⑦❬ ⑦ ➆❭❨♥❴❵❳❨ ❳➆

❴❵➁❦⑨ ➔❦ ➆❳❭❨❾ ⑦ ❬❴❦⑦❾③ ❾❦♥❫❦⑦❬❦ ❵❨ ❴❥❦ ➁⑦❬❬➃⑧❳❬❬ ❫⑦❴❦ ⑩➆❫❳➁

⑧❳❤⑩ →➣↔➣↕ ③❫➙➛❺ ➜ ➝➍➞❷ ❵❨ ❸➍➎➎ ❴❳ ⑧❳❤⑩ →➣↔➣↕ ③❫➙➛❺ ➜ ➝❸❸➞➏

❵❨ ❶❷❷➏❺ ⑦❨❾ ❴❥❦ ❬❴❦⑦❾③ ❵❨♥❫❦⑦❬❦ ❵❨ ❴❥❦ ❴❦❫➁❵❨⑦⑧ ➓❵❨❾ ⑥❦⑧❳♥❵❴③

⑩➆❫❳➁ ➟➠ ➜ ❸➎❷❷⑤➁❬➙➛ ❵❨ ❸➍➎➎ ❴❳ ➟➠ ➜ ❶➎❷❷ ⑤➁ ❬➙➛ ❵❨ ❶❷❷➏❺⑨

➡❳ ♥❳➁❪⑦❫❦ ❴❥❦ ➁⑦❬❬➃⑧❳❬❬ ❫⑦❴❦ ➓❵❴❥ ❪❫❦❾❵♥❴❵❳❨❬ ➆❫❳➁ ❫⑦❾❵⑦❴❵⑥❦➃

❾❫❵⑥❦❨ ➓❵❨❾ ❴❥❦❳❫③❩ ➓❦ ❭❬❦❾ ➌➢⑨ ⑩➤❺ ❵❨ ➥❵❨⑤ ➦ ➄⑦❬❬❵❬❵ ⑩❶❷❷❶❺

➓❵❴❥ ➧ ➜ ❶➞➤ ➧↕❩ ➣ ➜ ❷➞❹➤➨ ➣↕❩ ❻❼❽ ➜ ❹➎ ⑤➩❩ ⑦❨❾ ➫ ➜ ❶ ❴❳ ❾❦➃

❫❵⑥❦ ❴❥❦ ❴❥❦❳❫❦❴❵♥⑦⑧ ⑥⑦⑧❭❦ ❳➆ ❴❥❦ ➁⑦❬❬➃⑧❳❬❬ ❫⑦❴❦ ❵❨ ❸➍➎➎⑨➔❦ ➆❳❭❨❾

⑧❳❤ →➣ ➜ ➝➎➞➎ ➭ ❷➞❹❩ ➓❥❵♥❥ ❵❬ ❵❨ ❤❳❳❾ ⑦❤❫❦❦➁❦❨❴ ➓❵❴❥ ❴❥❦ ❳q➃

❬❦❫⑥❦❾ ⑥⑦⑧❭❦⑨ ➯❳➓❦⑥❦❫❩ ➓❦ ❨❳❴❦ ❴❥⑦❴ ❴❥❦ ➆❳❫➁❭⑧⑦ ❤❵⑥❦❨ q③ ➥❵❨⑤

➦ ➄⑦❬❬❵❬❵ ⑩❶❷❷❶❺ ➁❵❤❥❴ ❨❳❴ ❤❵⑥❦ ❴❥❦ ❫❵❤❥❴ ❪❫❦❾❵♥❴❵❳❨❬❩ ❬❵❨♥❦ ❵❴ ❵❬

➁❦⑦❨❴ ➆❳❫ ⑦ ❬⑧❵❤❥❴⑧③ ❾❵➲❦❫❦❨❴ ❪⑦❫⑦➁❦❴❦❫ ❬❪⑦♥❦ ❵❨ ➧❩ ❻❼❽❩ ⑦❨❾ ➣⑨

➡❥❦ ❾❦♥❫❦⑦❬❦ ❵❨ ➳❭➀ ➓❵❴❥ ⑦ ❬❵➁❭⑧❴⑦❨❦❳❭❬ ❵❨♥❫❦⑦❬❦ ❳➆ ❻❼❽
➆❫❳➁ ❸➍➎➎ ❴❳ ❸➍➍➍ ♥⑦❨ q❦ ❦➀❪⑧⑦❵❨❦❾ q③ ❴❥❦ ♥❳❨❴❫⑦♥❴❵❳❨ ❳➆ ❴❥❦

❬❴⑦❫ ⑩➧ ➵ ➸➺❻❼❽
➻ ➵ ➼➙➛❻❼❽

➻
❺⑨ ➡❥❵❬ ❵❬ ♥❳❨❬❵❬❴❦❨❴ ➓❵❴❥ ❴❥❦ ❵❨♥❫❦⑦❬❦

❵❨ ⑧❳❤ ➼ ⑦❬ ❬❦❦❨ ❵❨ ❴❥❦ ➑➐➒ ⑩❸➍➍➽❺ ⑦❨❾ ➒➡➊➒ ⑩❸➍➍➍❺ ❳q❬❦❫⑥⑦❴❵❳❨❬❩

⑦❨❾ ♥❳❨❬❵❬❴❦❨❴ ➓❵❴❥ ❴❥❦ ❵❨♥❫❦⑦❬❦ ❵❨ ➟➠ ➓❥❵♥❥ ❵❬ ❪❫❳❪❳❫❴❵❳❨⑦⑧ ❴❳

➟❼➾➚ ➵ ➼⑨ ➡❥❦ ❾❦♥❫❦⑦❬❦ ❵❨ ➳❭➀ ➆❫❳➁ ❶❷❷❶ ❴❳ ❶❷❷➏ ♥⑦❨ q❦ ❦➀➃

❪⑧⑦❵❨❦❾ q③ ⑦ ❾❦♥❫❦⑦❬❦ ❵❨ ❻❼❽ ⑦❬ ❬❦❦❨ ❵❨ ❴❥❦ ➑➋➒➌ ❬❪❦♥❴❫⑦⑨
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❋✤✦✧ ★✶✧ ❊✈♦❧✉t✐♦✂ ♦❢ ❙❊❖●▲▲P◗❯ ✾❜❧❛❝❀ ❞♦ts✿ ✐✂ t✄✁ ❧♦❣ ✪✫✬➊❧♦❣ ✮
♣❧❛✂✁ ❝♦♠♣❛r✁❞ t♦ ♣♦st✯❊●❱ ✾r✁❞✱ t✄✐❝❀✿ ❜② ❱❧❇❝❀✁r ✾■❲❲P✿✱ ♣♦st✯❊❍❱
✾❜❧✉✁✱ t✄✐✂✿ ❜②❉♦r♠❛✂ ✁t ❛❧� ✾■❲❲❏✿✱ ❛✂❞ ♣♦st✯❘●❱ ✾❣r✁✁✂✱ ❞❛s✄✁❞✿ ✁✈♦✯

❧✉t✐♦✂❛r② tr❛❝❀s ❜② ❍❛❧❧ ✁t ❛❧� ✾●❍■❏✿ ❚✄✁ tr❛❝❀s ❛r✁ ❧❛❜✁❧✁❞ ✇✐t✄ st✁❧❧❛r

♠❛ss✁s� ❚✄✁ ✁❧❧✐♣s✁ ✐✂❞✐❝❛t✁s t✄✁ ✁rr♦rs ♦❢ ✪✫✬ ❛✂❞ ❧♦❣ ✮ ✐✂ ■❲❲❯�

✹✠✡✠ ☛☞✌t❛✍✎✏

➡❥❦ ❾❵❬❴⑦❨♥❦ ❳➆ ➒④➐❶➨➨➤➏➽ ➓⑦❬ ❦❬❴❵➁⑦❴❦❾ ➅❫❬❴ q③ ➩❳③❳⑤
⑩❸➍➎➤q❺ ❭❬❵❨❤ ➋❿➥ ❪❥❳❴❳➁❦❴❫③ ⑦❨❾ ❴❥❦ ⑦❬❬❭➁❪❴❵❳❨ ❳➆ ⑦ ❴③❪❵➃

♥⑦⑧ ⑦q❬❳⑧❭❴❦ ➁⑦❤❨❵❴❭❾❦ ❳➆ ⑦ ❿❦ ❬❴⑦❫❩ ⑧❦⑦❾❵❨❤ ❴❳ ❞ ➜ ➤➞➏➨ ⑤❪♥⑨

④❫⑤❥❵❪❳⑥⑦ ❦❴ ⑦⑧⑨ ⑩❶❷❸❹❺ ⑦❫❤❭❦❬ ❴❥⑦❴ ➩❳③❳⑤ ⑩❸➍➎➤q❺ ❳⑥❦❫❦❬➃

❴❵➁⑦❴❦❾ ❴❥❦ ⑦q❬❳⑧❭❴❦ ➁⑦❤❨❵❴❭❾❦ ❳➆ ➒④➐❶➨➨➤➏➽ ❬❵❨♥❦ ❵❴ ➓⑦❬

❨❳❴ ⑦ ➁⑦❵❨ ❬❦➢❭❦❨♥❦ ❬❴⑦❫ ⑦❴ ❴❥⑦❴ ❴❵➁❦⑨ ➋❬❵❨❤ ❴❥❦ ❦❬❴❵➁⑦❴❦❬ ❳➆

➂⑦❫❴❥⑦❬⑦❫⑦❴❥③ ❦❴ ⑦⑧⑨ ⑩❸➍➍❹❺ ➆❳❫ ❻❼❽ ➜ ❹➽➞➤ ⑤➩ ⑦❨❾ ⑧❳❤ ➼ ➜ ➨➞❷❩

❴❥❦③ ❦❬❴❵➁⑦❴❦❾ ➣ ✑ ❷➞➤➤ ➣↕ ⑦❨❾ ❾❦❫❵⑥❦❾ ❞ ➜ ❸➞➎ ⑤❪♥⑨ ➔❦ ♥⑦⑧➃

♥❭⑧⑦❴❦❾ ❴❥❦ ❬❪❦♥❴❫❳❬♥❳❪❵♥ ❾❵❬❴⑦❨♥❦ ❳➆ ➒④➐❶➨➨➤➏➽ ❭❬❵❨❤ ❴❥❦ ➳❭➀

♥⑦⑧❵q❫⑦❴❵❳❨ ❳➆ ➯❦q❦❫ ❦❴ ⑦⑧⑨ ⑩❸➍➎➨❺ ➆❳❫ ✒❼❽ ➜ ➤➨➤➨➴❩

❞❬❪♥❪ ➜ ➽➞❸❸ × ❸❷
➻ ➲

✓

✔✕ ➲ ➣ × ❸❷
✵✳➻✖❱✗ ➙ ✘✙✚ ✛✱

➓❵❴❥ ✜✢♦ ➜ ✜✢ ➝ ❶➞❸➽➤❝❩ ❝ ➜ ❸➞➨➽✣✤➙✥ ❩ ⑦❨❾ ❴❥❦ ➌❾❾❵❨❤❴❳❨

➳❭➀ ✔✕ ⑩➽➞❸➤ × ❸❷➙➻ ❦❫❤↔♥➁➺↔❬↔➯③❺ ⑦❴ ➤➨➤➨➴ ❳➆ ❳❭❫ ➁❳❾❦⑧ ⑦❴➃

➁❳❬❪❥❦❫❦ ⑩❻❼❽ ➜ ➤❷ ⑤➩ ⑦❨❾ ⑧❳❤ ➼ ➜ ➤➞➤❺⑨ ➡❥❦ ⑥❵❬❭⑦⑧ q❫❵❤❥❴❨❦❬❬

⑩✜✢ ➜ ❸➨➞➍❺ ➓⑦❬ ❦➀❴❫⑦♥❴❦❾ ➆❫❳➁ ❴❥❦ ➑➐➒ ❬❪❦♥❴❫❭➁❩ ❬❳ ➓❦

❭❬❦❾ ⑦⑧⑧ ❴❥❦ ➁❳❾❦⑧ ❪⑦❫⑦➁❦❴❦❫❬ ➆❳❭❨❾ ➆❳❫ ❴❥❵❬ ③❦⑦❫⑨ ➔❦ ⑦❬❬❭➁❦❾

✣✤➙✥ ➜ ❷➞❸➨ ⑩➒❦♥❴⑨ ❶⑨❶❺ ⑦❨❾ ⑦ ❬❴❦⑧⑧⑦❫ ➁⑦❬❬ ❳➆ ➣ ➜ ❷➞❹➤➨✰✵✳➛➻➙✵✳✵✦ ➣↕

⑩➒❦♥❴⑨ ➨⑨❶❺⑨ ➔❦ ❾❦❫❵⑥❦❾ ❞ ➜ ❸➞➏✰✵✳✽➙➛✳➺ ⑤❪♥ ➓❥❵♥❥ ⑧❦⑦❾❬ ❴❳ ⑦ ❥❦❵❤❥❴

⑦q❳⑥❦ ❴❥❦ ✧⑦⑧⑦♥❴❵♥ ❪⑧⑦❨❦ ❳➆ ★ ➜ ❷➞❹ ➭ ❷➞❶ ⑤❪♥⑨ ➡❥❦❬❦ ⑥⑦⑧❭❦❬
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✍✓✡✠✆★ ✕✒✠✆ ✏✥☎✖✢✒✓☎✡✛

✼✽ ✿❀❁❃❄❅❇▲❀❁❇

✬❆❖ ✟✸✸✺✱✵ ✓✕ ✠ ✆✠✗✓☛✖★ ✏✥☎✖✥✓✡♥ ☎✍✎✏✑✒✛ ■✒✕ ✏✥☎✖✢✒✓☎✡✠✆★ ✕✒✠✲

✒✢✕ ✆✏♠✠✓✡✕ ✢✡✑✖✏✠✆✛ ✤✔✏ ♠☎✕✒ ✆✏✠✕☎✡✠✍✖✏ ✏✹✗✖✠✡✠✒✓☎✡✕ ✠✆✏ ✠ ✖✠✒✏

❍✏✲✕✔✏✖✖ ◗✠✕✔ ☎✆ ❈❊ ✏✥☎✖✢✒✓☎✡ ✇✓✒✔ ✠ ✆✏♠✡✠✡✒ ✒✔✠✒ ✓✕ ✓✡ ✒✔✏✆✲

♠✠✖ ✡☎✡✲✏❯✢✓✖✓✍✆✓✢♠ ✠✚✒✏✆ ✒✔✏ ❈❊ ✏✎✏✑✒✓☎✡✛ ❍☎✇✏✥✏✆✌ ✆✏✕✗✏✑✒✓✥✏

♠☎☛✏✖✕ ✠✆✏ ✖✠✑✙✓✡♥ ✒✔✠✒ ♠✠✒✑✔ ✒✔✏ ✗☎✕✓✒✓☎✡ ☎✚ ✬❆❖ ✟✸✸✺✱✵ ✓✡ ✒✔✏

✖☎♥ ❱❡❳➊✖☎♥ ❨ ✗✖✠✡✏✛ ✤✔✏ ✑☎✡✒✆✠☛✓✑✒✓☎✡ ✍✏✒✇✏✏✡ ☎✍✕✏✆✥✠✒✓☎✡✕ ✠✡☛

✒✔✏☎✆★ ♠✠✙✏ ✬❆❖ ✟✸✸✺✱✵ ✗✠✆✒✓✑✢✖✠✆✖★ ✓✡✒✏✆✏✕✒✓✡♥✛ ■✒✕ ✚✠✕✒ ✏✥☎✖✢✲

✒✓☎✡ ♥✓✥✏✕ ✢✕ ✒✔✏ ✢✡✓❯✢✏ ☎✗✗☎✆✒✢✡✓✒★ ✒☎ ✕✒✢☛★ ✕✒✏✖✖✠✆ ✏✥☎✖✢✒✓☎✡

✓✡ ✆✏✠✖ ✒✓♠✏ ✠✡☛ ✏✕✒✠✍✖✓✕✔✏✕ ✑☎✡✕✒✆✠✓✡✒✕ ✚☎✆ ✕✒✏✖✖✠✆ ✏✥☎✖✢✒✓☎✡✠✆★

✒✔✏☎✆★✛ ❋✢✆✒✔✏✆ ☎✍✕✏✆✥✠✒✓☎✡✕✌ ✓✡ ✒✔✏ ✡✏✹✒ ★✏✠✆✕✌ ☛✏✑✠☛✏✕ ✠✡☛ ✏✥✏✡

✑✏✡✒✢✆✓✏✕✌ ✠✆✏ ✏✕✕✏✡✒✓✠✖ ✚☎✆ ♠☎✡✓✒☎✆✓✡♥ ✇✔✏✒✔✏✆ ✒✔✏ ✆✠✗✓☛ ✏✥☎✖✢✲

✒✓☎✡ ☎✚ ✬❆❖ ✟✸✸✺✱✵ ✓✕ ✕✒✓✖✖ ♥☎✓✡♥ ☎✡ ✠✡☛ ✒☎ ✕✏✏ ✓✚ ✓✒ ✓✕ ☛✓✆✏✑✒✖★

✏✥☎✖✥✓✡♥ ✒☎ ✒✔✏ ✇✔✓✒✏ ☛✇✠✆✚ ☛☎♠✠✓✡ ☎✆ ✍✠✑✙ ✒☎ ✒✔✏ ❆●☞✛ ✤✔✏ ☛✏✲

✒✏✑✒✓☎✡ ☎✚ ✠ ✑✖☎✕✏ ✍✓✡✠✆★ ✇☎✢✖☛ ✕✢✗✗☎✆✒ ✒✔✏ ✕✑✏✡✠✆✓☎ ☎✚ ✠ ❈❊ ✏✎✏✑✲

✒✓☎✡✌ ✇✔✏✆✏✠✕ ✠✡ ✓✡✑✆✏✠✕✏ ✓✡ ✍✆✓♥✔✒✡✏✕✕ ✠✡☛ ☛✏✑✆✏✠✕✏ ✓✡ ❱❡❳ ☎✥✏✆

✒✔✏ ✡✏✹✒ ☛✏✑✠☛✏✕✌ ✇☎✢✖☛ ✓✡☛✓✑✠✒✏ ✠✡ ✏✥☎✖✢✒✓☎✡ ✍✠✑✙ ✒☎ ✒✔✏ ❆●☞

✠✡☛ ✔✏✡✑✏ ✕✗✏✠✙ ✚☎✆ ✠ ✝✤P ✕✑✏✡✠✆✓☎✛

❬❭❦❪❫❴❵❤❥q❤④❤❪⑤⑥⑦ ⑧⑨⑩⑨ ❶❷ ❷❸❹❹❺❻❼❽❿ ➀➁ ❼➂❽ ➃❽❻➄➅➆ ⑩❽❷❽➅❻➇➂ ➈❺❸➆❿➅❼❶❺➆
➉➋➈➃➌ ➍❻➅➆❼ ➎➏ ➐➑➐➒➓➔➐→➐➣➌ ↔⑩ ➀➁ ❼➂❽ ➃❽❻➄➅➆ ↕❽❻❺❷❹➅➇❽ ➙❽➆❼❽❻ ➉➋➛⑩➌
➍❻➅➆❼ ➜➝➞⑩➜➟➜➠➣⑨ ➎❽ ❼➂➅➆➡ ➢➅❻➇❽➤❺ ➢❶➍❸❽➤ ➢❶➤➤❽❻ ➥❽❻❼❺➤➅➄❶ ➅➆❿ ➦➂❶➤❶❹
➧➅➤➤ ➨❺❻ ➂❽➤❹➨❸➤ ❿❶❷➇❸❷❷❶❺➆❷ ➅➆❿ ➇❺➄➄❽➆❼❷⑨ ➢⑨➦⑨ ❶❷ ➍❻➅❼❽➨❸➤ ❼❺ ➦❻❺➨❷⑨ ↕➩❶❼ ➫⑨
➫❽➄➀➂➅➭❶➌ ➫➅➆❿➅❷➯➅➄➁ ➲❸➀❻➅➄➅➆❶➅➆ ➅➆❿ ↔⑨ ➦➅❿➄➅➆➅➀➂➅➆ ➨❺❻ ❼➂❽❶❻ ➡❶➆❿
❽➆➇❺❸❻➅➍❽➄❽➆❼➌ ❷❸❹❹❺❻❼➌ ➅➆❿ ➂❺❷❹❶❼➅➤❶❼➁⑨ ↔➂❶❷ ❻❽❷❽➅❻➇➂ ➂➅❷ ➄➅❿❽ ❸❷❽ ❺➨ ❼➂❽

➲➳➢➥↕➋ ❿➅❼➅➀➅❷❽➌ ❺❹❽❻➅❼❽❿ ➅❼ ❼➂❽ ➙➋➲➌ ➲❼❻➅❷➀❺❸❻➍➌ ➈❻➅➆➇❽⑨ ↔➂❶❷ ❻❽❷❽➅❻➇➂ ➄➅❿❽
❸❷❽ ❺➨ ⑧↕➲↕➵❷ ↕❷❼❻❺❹➂➁❷❶➇❷ ➋➅❼➅ ➲➁❷❼❽➄⑨ ↔➂❶❷ ➯❺❻➡ ❸❷❽❿ ❼➂❽ ❹❻❺➸➤❽→➸❼❼❶➆➍ ❹❻❺→
➇❽❿❸❻❽ ➞➎➏⑧➲ ❿❽➭❽➤❺❹❽❿ ➀➁ ➢⑨ ➛❽➄❺❶➆❽ ➅➆❿ ❼➂❽ ➈❻❽➆➇➂ ➈➺➲➏ ↔❽➅➄⑨ ➲❺➄❽
❺➨ ❼➂❽ ❿➅❼➅ ❹❻❽❷❽➆❼❽❿ ❶➆ ❼➂❶❷ ❹➅❹❽❻ ➯❽❻❽ ❺➀❼➅❶➆❽❿ ➨❻❺➄ ❼➂❽ ➢❶➡❸➤❷➡❶ ↕❻➇➂❶➭❽ ➨❺❻
➲❹➅➇❽ ↔❽➤❽❷➇❺❹❽❷ ➉➢↕➲↔➣⑨ ➲↔➲➇➳ ❶❷ ❺❹❽❻➅❼❽❿ ➀➁ ❼➂❽ ↕❷❷❺➇❶➅❼❶❺➆ ❺➨ ➺➆❶➭❽❻❷❶❼❶❽❷
➨❺❻ ⑩❽❷❽➅❻➇➂ ❶➆ ↕❷❼❻❺➆❺➄➁➌ ➳➆➇⑨➌ ❸➆❿❽❻ ⑧↕➲↕ ➇❺➆❼❻➅➇❼ ⑧↕➲➝→➒➠➝➝➝⑨ ➲❸❹❹❺❻❼
➨❺❻ ➢↕➲↔ ➨❺❻ ➆❺➆→➧➲↔ ❿➅❼➅ ❶❷ ❹❻❺➭❶❿❽❿ ➀➁ ❼➂❽ ⑧↕➲↕ ➞➻➇❽ ❺➨ ➲❹➅➇❽ ➲➇❶❽➆➇❽
➭❶➅ ➍❻➅➆❼ ⑧⑧➼➐➑↕➙➜➽➃ ➅➆❿ ➀➁ ❺❼➂❽❻ ➍❻➅➆❼❷ ➅➆❿ ➇❺➆❼❻➅➇❼❷⑨

➾➚➪➚➶➚❁❃➚❇

↕➤➤❽❻➌ ↕⑨➌ ➢❶❻➅➆❿➅➌ ➛⑨ ➈⑨➌ ➺➤➤➅➌ ↕⑨➌ ❽❼ ➅➤⑨ ➒➜➐➑➌ ↕➹↕➌ ➝➝➒➌ ↕➒➝
↕❻➡➂❶❹❺➭➅➌ ➘⑨ ➦⑨➌ ➳➡❺➆➆❶➡❺➭➅➌ ⑧⑨ ➦⑨➌ ➫➆❶➅➴❽➭➌ ↕⑨ ➷⑨➌ ➹ ⑩➅➩❺❽➤❶➄➅➆➅➆➅➌ ↕⑨ ➒➜➐➑➌

↕❷❼❻❺➆⑨ ➛❽❼❼⑨➌ ➑➬➌ ➒➜➐
↕❷❹➤❸➆❿➌ ➢⑨➌ ➃❻❽➭❽❷❷❽➌ ⑧⑨➌ ➲➅❸➭➅➤➌ ↕⑨ ➮⑨➌ ➹ ➲➇❺❼❼➌ ➦⑨ ➒➜➜➬➌ ↕⑩↕➹↕➌ ➔➽➌ ➔➟➐
➥➤➱➇➡❽❻➌ ↔⑨ ➐➬➬➝➌ ↕➹↕➌ ➒➬➬➌ ➽➝➝
➥➤➱➇➡❽❻➌ ↔⑨ ➒➜➜➐➌ ↕❹➹➲➲➌ ➒➽➝➌ ➐
➥➤➱➇➡❽❻➌ ↔⑨➌ ➹ ➲➇➂➱➆➀❽❻➆❽❻➌ ➋⑨ ➐➬➬➠➌ ➢❽➄⑨ ➲❺➇⑨ ↕❷❼❻❺➆⑨ ➳❼⑨➌ ➠➽➌ ➠➠➝
➥➤➱➇➡❽❻➌ ↔⑨➌ ➹ ➲➇➂➱➆➀❽❻➆❽❻➌ ➋⑨ ➐➬➬➽➌ ↕➹↕➌ ➑➒➔➌ ➬➬➐
➥❺➀❻❺➯❷➡➁➌ ➢⑨ ➐➬➬➔➌ ↕❹➮➌ ➔➒➠➌ ➛➔➽
➥❺➀❻❺➯❷➡➁➌ ➢⑨➌ ➲➅➂❸➌ ➫⑨ ➙⑨➌ ➦➅❻❼➂➅❷➅❻➅❼➂➁➌ ➢⑨➌ ➹➃➅❻➇✃➅→➛➅❻❶❺➌ ➦⑨ ➐➬➬➟➌ ⑧➅❼❸❻❽➌
➑➬➒➌ ➔➠➬

➥❻❺➯➆➌ ↔⑨ ➢⑨➌ ➲➯❽❶➍➅❻❼➌ ↕⑨ ➘⑨➌ ➛➅➆➴➌ ↔⑨➌ ➛➅➆❿❷➄➅➆➌ ➎⑨ ➥⑨➌ ➹ ➧❸➀❽➆➁➌ ➳⑨ ➒➜➜➐➌
↕❹➮➌ ➝➠➒➌ ➑➠➟

➙➤➅➁❼❺➆➌ ➃⑨ ➙⑨➌ ➫❽❻➀❽❻➌ ➈⑨➌ ➦❶❻➴➡➅➤➌ ⑧⑨➌ ❽❼ ➅➤⑨ ➒➜➜➠➌ ↕❹➮➌ ➠➔➠➌ ➛➠➬
➋❺❻➄➅➆➌ ➥⑨➌ ⑩❺❺❿➌ ⑩⑨ ↔⑨➌ ➹ ➞➵➙❺➆➆❽➤➤➌ ⑩⑨ ➎⑨ ➐➬➬➑➌ ↕❹➮➌ ➔➐➬➌ ➝➬➠
➋❻❶❽➀❽➌ ↔⑨➌ ➲➇➂➱➆➀❽❻➆❽❻➌ ➋⑨➌ ➥➤➱➇➡❽❻➌ ↔⑨➌ ➹ ➧❽❻➯❶➍➌ ➈⑨ ➐➬➬➟➌ ↕➹↕➌ ➑➑➬➌ ➐➒➑
➈❶❼➴❹➅❼❻❶➇➡➌ ➏⑨ ➛⑨ ➐➬➬➬➌ ➦↕➲➦➌ ➐➐➐➌ ➠➑
➈❻❽➯➌ ➋⑨ ➮⑨➌ ➹ ➦➅❻➡❽❻➌ ❐⑨ ↕⑨ ➒➜➐➜➌ ➦↕➲↕➌ ➒➽➌ ➐➒➬
➈❻❽➯➌ ➋⑨ ➮⑨➌ ➢➅❿❷❽➆➌ ➃⑨ ➮⑨➌ ➞➵↔❺❺➤❽➌ ➲⑨ ➮⑨➌ ➹ ➦➅❻➡❽❻➌ ❐⑨ ↕⑨ ➒➜➐➜➌ ➦↕➲↕➌ ➒➽➌ ➒➜➑
➈❻❽➯➌ ➋⑨ ➮⑨➌ ➥❺➩❶❒➇❶❮➇➌ ➳⑨ ➲⑨➌ ➹ ➦➅❻➡❽❻➌ ❐⑨ ↕⑨ ➒➜➐➑➌ ➢⑧⑩↕➲➌ ➔➑➐➌ ➒
➃❽❶❽❻➌ ➲⑨➌ ⑧➅❹❶➯❺❼➴➡❶➌ ⑩⑨➌ ➧❽➀❽❻➌ ➺⑨➌ ➹ ⑧❽➤❽➄➅➆❷➌ ➃⑨ ➒➜➐➐➌ ↕➹↕➌ ➝➒➟➌ ➛➐➠
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ABSTRACT

Context. About a quarter of all post-asymptotic giant branch (AGB) stars are hydrogen-deficient. Stellar evolutionary models explain
the carbon-dominated H-deficient stars by a (very) late thermal pulse scenario where the hydrogen-rich envelope is mixed with the
helium-rich intershell layer. Depending on the particular time at which the final flash occurs, the entire hydrogen envelope may be
burned. In contrast, helium-dominated post-AGB stars and their evolution are not yet understood.
Aims. A small group of very hot, helium-dominated stars is formed by O(He)-type stars. A precise analysis of their photospheric
abundances will establish constraints to their evolution.
Methods. We performed a detailed spectral analysis of ultraviolet and optical spectra of four O(He) stars by means of state-of-the-art
non-LTE model-atmosphere techniques.
Results. We determined effective temperatures, surface gravities, and the abundances of H, He, C, N, O, F, Ne, Si, P, S, Ar, and
Fe. By deriving upper limits for the mass-loss rates of the O(He) stars, we found that they do not exhibit enhanced mass-loss. The
comparison with evolutionary models shows that the status of the O(He) stars remains uncertain. Their abundances match predictions
of a double helium white dwarf (WD) merger scenario, suggesting that they might be the progeny of the compact and of the luminous
helium-rich sdO-type stars. The existence of planetary nebulae that do not show helium enrichment around every other O(He) star
precludes a merger origin for these stars. These stars must have formed in a different way, for instance via enhanced mass-loss during
their post-AGB evolution or a merger within a common-envelope (CE) of a CO-WD and a red giant or AGB star.
Conclusions. A helium-dominated stellar evolutionary sequence exists that may be fed by different types of mergers or CE scenarios.
It appears likely that all these pass through the O(He) phase just before they become WDs.

Key words. stars: AGB and post-AGB – stars: evolution – stars: fundamental parameters – stars: abundances

1. Introduction

Quantitative spectral analyses of hot, post-asymptotic giant
branch (AGB) stars revealed two distinct evolutionary se-
quences. Besides the well understood H-rich sequence, a
H-deficient sequence was discovered. It is composed of Wolf-
Rayet-type stars that evolve into PG 1159-type stars and fi-
nally might evolve into non-DA white dwarfs (WDs). While
(very) late thermal pulse ((V)LTP) evolutionary models can ex-
plain the observed He, C, and O abundances in these stars
(the typical abundance pattern for PG 1159 stars is He:C:O =
0.30−0.85:0.15−0.60:0.02−0.20 by mass, Werner & Herwig
2006) they do not reproduce the abundances in He-dominated

� Based on observations with the NASA/ESA Hubble Space
Telescope, obtained at the Space Telescope Science Institute, which is
operated by the Association of Universities for Research in Astronomy,
Inc., under NASA contract NAS5-26666. Based on observations made
with the NASA-CNES-CSA Far Ultraviolet Spectroscopic Explorer.
Based on observations made with ESO Telescopes at the La Silla
Paranal Observatory under programme IDs 091.D-0663, 090.D-0626.
�� Figures 1−12, 21−23 and Table 1 are available in electronic form
at http://www.aanda.org

stars, such as subdwarf O (sdO) stars, R Coronae Borealis (RCB)
stars, extreme helium (EHe) stars, and the O(He) stars.

Two evolutionary scenarios for the origin of RCB and
EHe stars were suggested. They might either be formed by a
final He-shell flash or be the merger product of a CO WD with
a He WD (Jeffery et al. 2011). The significant Li content in the
atmospheres of RCB stars supports the idea of an LTP to ex-
plain their origin. However, the relatively high inferred masses
of RCB stars and their high F abundance supports a WD merger
(Clayton et al. 2011). Zhang & Jeffery (2012a) suggested that a
double He-WD merger might also explain RCB and EHe stars.
Recently, Kameswara Rao et al. (2013) found the RCB star
DY Cen to be the first and only binary system among the RCB
stars and their probable relatives. DY Cen is one of the hottest
and most H-rich members of the RCB stars. Kameswara Rao
et al. (2013) suggested that this system might have evolved from
a common-envelope system to its current form. Therefore it may
be possible that RCB stars form in various ways.

RCB and EHe stars are not the only He-rich stars for which
a merger origin was suggested. Zhang & Jeffery (2012b) pre-
sented the results of a double He-WD merger to explain the for-
mation of He-rich, hot sdOs. These can be divided into three
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subgroups, one C-rich and N-poor, the other N-rich and C-poor,
and the third one enriched in C and N (Hirsch 2009). In their
numerical experiments, Zhang & Jeffery (2012b) showed that
in terms of Teff, log g, C, and N abundances, the origin of the
two sdO groups can be explained by different double He-WD
merger models. Zhang & Jeffery (2012b) distinguished between
three types of mergers. In a slow-merger process the less mas-
sive He WD transfers its entire mass within a few minutes to
form a disk around the primary He WD, which then accretes
from it at a rate similar to the Eddington-accretion rate. The sur-
face composition of the resulting star retains the N-rich com-
position of the accreted WD. In the fast-merger model, the sec-
ondary directly transfers its entire mass quickly to the primary
surface, where heating up to 108 K causes the material to expand
and form a hot corona within a few minutes. The fast-merger
model produces C-rich stars, in which N is hardly observable.
The composite merger includes both processes. In general, mod-
els with a merged mass below 0.7 M� produce an N-rich star,
while more massive ones produce a C-rich star with a significant
N content. Other origins of He-rich sdO stars are discussed as
well. Because the merger of a He WD with a post-sdB star is
predicted in one of the important binary channels for the forma-
tion of sdB stars (Han et al. 2002, 2003), Justham et al. (2011)
proposed this formation channel for the previously unexplained
He-rich sdO stars. Their models also reproduced the properties
of the He-rich sdO stars in terms of Teff and log g. However, in
contrast to Zhang & Jeffery (2012b), they did not include nuclear
evolution in their calculations.

A more exotic group of He-dominated stars is formed
by the O(He) stars. This spectroscopic class is defined by
an almost pure He ii absorption-line spectrum in the opti-
cal wavelength range (Méndez et al. 1986; Rauch et al.
1998). For more than 15 years, only the two central
stars of planetary nebulae (CSPNe) K 1−271 (WD 0558−756)
and LoTr 4, as well as HS 1522+6615 (WD 1522+662), and
HS 2209+8229 (WD 2209−8229) were known (Rauch et al.
1994, 1996, 1998). Recently, Werner et al. (2014) found four
more of these objects, namely SDSS J 172854.34+361958.62,
SDSS J 171916.97+365326.70, SDSS J 141812.50+024426.92,
and SDSS J 075732.18+184329.28. They also pointed out that
KPD 0005+5106 is a pre-WD. Because of the He-rich surface
composition of KPD 0005+5106 (98% by mass, Wassermann
et al. 2010), we also consider it as an O(He) star. The evo-
lutionary status of these objects has been studied only rarely.
Rauch et al. (1998) proposed that O(He) stars might be succes-
sors of the luminous He-rich sdO stars and that because of on-
going mass loss, the low-gravity O(He) stars might envolve into
PG 1159 stars. This possibility was studied by Miller Bertolami
& Althaus (2006). They had to assume mass-loss rates, that were
higher than predicted by radiation-driven wind theory, to turn
O(He) stars into helium-enriched PG 1159 stars. An alternative
scenario was suggested by Rauch et al. (2006). They invoked the
idea that the O(He) stars could also be the offspring of a merging
event of two WDs and thus, the direct descendants of RCB stars.

In this paper, we present the analysis of K 1−27, LoTr 4,
HS 1522+6615, and HS 2209+8229. In Sect. 2, we briefly de-
scribe the available observations. We then present a detailed
spectral analysis of the O(He) stars based on optical and ultravi-
olet spectra (Sect. 3) and derive stellar parameters and distances
(Sect. 4). In Sect. 5 we discuss possible evolutionary channels for
the O(He) stars and those of other helium-dominated objects. We
conclude in Sect. 5.3.

1 In the following, we use the PNe names to identify their central stars.

2. Observations

In January, June and July 2013, we performed observations of
K 1−27 and LoTr 4 with the ESO/NTT (ProgIDs 091.D-0663,
090.D-0626) using the EFOSC2 spectrograph (resolving power
R = λ/Δλ ≈ 3000) with the grisms GR#19 (4400 to 5100 Å) and
GR#20 (6000 to 7100 Å). The data reduction was done by us-
ing IRAF2. The previous optical spectra of the O(He) stars were
already described and analyzed by Rauch et al. (1994, 1996,
1998) to determine effective temperature (Teff), surface gravity
(log g), and the H/He ratio for all four stars as well as the C abun-
dance for K 1−27, LoTr 4 (upper limits), HS 1522+6615, and the
N abundance for K 1−27 and LoTr 4.

We have taken FUV spectra with FUSE3 (R ≈ 20 000) in
2002 (all O(He) stars, 49 ks exposure time in total, ProgID:
C178) and 2005 (only HS 1522+6615, 4 ks, ProgID: U103)
using the LWRS aperture (Figs. 1−4). Additional 204 ks of
FUSE observations (K 1−27, HS 1522+6615, HS 2209+8229)
were scheduled for summer 2007, but were not performed be-
cause of the FUSE failure on July 12. The FUSE spectra show
a strong contamination by interstellar (IS) line absorption and
the S/N ratio is very poor (Rauch et al. 2006, 2009). To reduce
the pixel-to-pixel variation, they were co-added and then slightly
smoothed with a low-pass filter (Savitzky & Golay 1964).

Because of the poor quality of the FUSE spectra, we ob-
tained HST/COS4 spectra (Proposal Id: 11699, Figs. 5−8) during
April to July 2010 using the grating G140L (2000 < R < 3500
within 1150 Å < λ < 1800 Å) and the primary science aperture.

3. Spectral analysis

Motivated by the new COS spectra, we decided to comprehen-
sively re-analyze all available data of the O(He) stars. Since the
time when Rauch et al. (1998) presented their analysis of opti-
cal, ultraviolet (IUE5), and X-ray (ROSAT6) data, our Tübingen
NLTE Model Atmosphere Package TMAP7 (Sect. 3.1) as well as
the atomic data, that is taken from TMAD8, the Tübingen Model
Atom Database, have continuously improved. Moreover, in a
standard procedure, we modeled photospheric and interstellar
line-absorption spectra to correctly identify the pure atmospheric
lines. Absorption by interstellar gas was modeled using the pro-
gram Owens (Hébrard & Moos 2003; Hébrard et al. 2002).
Owens allows for multiple independent interstellar clouds, each
with its own radial and turbulent velocities, temperature, and col-
umn densities for each of any number of constituent gas species.
All properties of each cloud are adjusted by fitting Voigt profiles
to the data by chi-squared minimization.

3.1. Model atmospheres

We used TMAP (Werner et al. 2003; Rauch & Deetjen 2003)
to compute plane-parallel, line-blanketed non-LTE model atmo-
spheres in radiative and hydrostatic equilibrium. In the previous

2 IRAF is distributed by the National Optical Astronomy Observatory,
which is operated by the Associated Universities for Research in
Astronomy, Inc., under cooperative agreement with the National
Science Foundation.
3 Far Ultraviolet Spectroscopic Explorer.
4 Cosmic Origins Spectrograph.
5 International Ultraviolet Explorer.
6 Röntgensatellit.
7 http://astro.uni-tuebingen.de/~TMAP
8 http://astro.uni-tuebingen.de/~TMAD
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Fig. 13. Comparison of optical H i and He ii lines calculated from mod-
els including H+He (dashed, blue), H+He+C+N+O (thin, red), and
H+He+C+N+O+Ne (thick, green) with Teff =135 kK and log g=6.4,
overplotted on the EFOSC2 spectrum of K 1−27. The vertical bar indi-
cates 3% of the continuum flux.

analysis of the O(He) stars, Rauch et al. (1994, 1996, 1998)
used only H+He model atmospheres to derive Teff , log g, and the
H/He ratio. In our analysis, we also included the elements C, N,
O, F, Ne, Si, P, S, and Ar with their dominant ionization stages
(Table 1, Figs. 9−12) to study their impact on the model at-
mospheres and the resulting line profiles. We found that C, N,
O, and Ne have a strong influence on the atmospheric structure.
In Fig. 13 we demonstrate the strong effect of additional opaci-
ties on the resulting line profiles. The impact of F, Si, P, S, and
Ar turned out to be negligible. Dreizler & Werner (1994) have
shown that line blanketing by iron-group elements hardly affects
the hydrogen and helium lines in hot central stars. To compute a
model grid in reasonable time, we therefore decided to include
only H, He, C, N, O, and Ne in our model atmospheres to derive
Teff, log g, and the element abundances of these elements. To de-
termine the abundances of F, Si, P, S, Ar, and Fe, we kept the
values of Teff and log g fixed. The upper limits (Table 3) were
derived by test models where the respective lines in the model
contradict the non-detection of the lines in the observation (at
the abundance limit).
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is the pure photospheric spectrum. Prominent spectral lines are marked
at top, “is” indicates interstellar origin. The line center of Lyα is domi-
nated by geocoronal emission.
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Fig. 15. Determination of EB−V for HS 1522+6615. The FUSE and
COS spectra and GALEX and BVR brightnesses from the GSC 2.3 cat-
alog are used for comparison. The thick (blue) line is the spectrum of
the final photospheric model. The dashed lines indicate the error limits.

3.2. Interstellar neutral hydrogen and reddening

The interstellar H i column density was measured from Lyα
(Fig. 14). Interstellar reddening was determined using the red-
dening law of Fitzpatrick (1999). Since its impact is negligible
in the infrared, the model flux was normalized to the most red-
dest brightness found in the literature. Figure 15 shows the ex-
ample of HS 1522+6615, where the GSC9 R brightness is used.
Table 2 summarizes NH I and EB−V of the O(He) stars compared
with GALEX10 values, which agree well. Within the error limits,
our values agree with those of Rauch et al. (1998).

9 Guide Star Catalogue, Bucciarelli et al. (2001).
10 Galaxy Evolution Explorer, http://www.galex.caltech.edu/
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Table 2. Interstellar H i column density and reddening.

EB−V

Object NH I [1020 cm−2] this work GALEX

K 1−27 6.0± 2.0 0.06± 0.020 0.0797
LoTr 4 10.0± 1.5 0.20± 0.020 0.1893

HS 1522+6615 2.0± 1.0 0.03± 0.015 0.0250
HS 2209+8229 5.0± 1.0 0.23± 0.040
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Fig. 16. Determination of Teff of K 1−27 (left) and LoTr 4 (right) using
the central emission of He ii λ 4686 Å. The EFOSC2 observation (solid
black line) is compared with models with Teff = 130/110 kK (dashed,
blue), 135/120 kK (thick, green), and 140/130 kK (thin, red).

3.3. Effective temperature and surface gravity

To determine of Teff and logg, we used the optical H i and
He ii lines. For HS 1522+6615 and HS 2209+8229 we addition-
ally used the O ionization equilibria to constrain Teff . The new
optical observations of K 1−27 and LoTr 4 allowed us to use
the central emission of He ii λ 4686 Å to derive Teff for the two
CSPNe (Fig. 16).

For K 1−27, Teff =135 kK and log g=6.4 (cm/s) were found.
The value of log g agrees with Rauch et al. (1994, 1998,
log g=6.5 ± 0.5), but for Teff we found a large deviation from
the result of Rauch et al. (1998, Teff =105 ± 10 kK). However,
Rauch et al. (1994, 1998) encountered problems with the lower
value of Teff which can be solved with Teff =135 kK: first,
with Teff =105 kK the star did not provide enough hard pho-
tons to ionize its nebula. With the higher Teff for K 1−27,
we achieve a more consistent PN ↔ CSPN model. Second,
Nv λλ 4604, 4620 Å do not appear in emission at Teff =105 kK
(as the observation shows), but for Teff =135 kK they do. Finally,
Rauch et al. (1994) had the problem that the central depression of
the He ii λ 4686 Å (n−n′ = 3−4) line was too strong, while other
H i and He ii lines were almost perfectly reproduced. The addi-
tion of Ne to the models solves this problem. Furthermore, the
central He ii λ 4686 Å and Hα emission can only be reproduced
with a supersolar Ne abundance, which causes a strong decrease
of the temperature in the outer atmosphere. He ii λ 4686 Å and
Hα are most affected by this because they are formed at lower
Rosseland optical depths. We stress that the large deviation from
the previous Teff value is a result of the additional opacities used
in our model atmospheres, as mentioned above.

For LoTr 4, we confirmed the value of Teff =120 kK (Rauch
et al. 1996) but increased the lower limit to Teff =115 kK be-
cause for lower values, Nv λλ 4604, 4620Å do not appear in
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Fig. 17. Determination of log g of LoTr 4. The EFOSC2 observation
(solid black line) is compared with models with log g = 6.0 (dashed,
blue), 5.8 (thick, green), and 5.6 (thin, red). The vertical bar indicates
3% of the continuum flux.

emission as in the observation. The new optical spectra allowed
us a better determination of the surface gravity (Fig. 17). We
found log g=5.8 ± 0.2, which is within the error limits of the
literature value (Rauch et al. 1996, log g=5.5 ± 0.5).

For HS 1522+6615, we determined a lower value of
Teff =130 kK at a higher log g=5.9 (compared with Rauch et al.
1998, Teff =140 ± 10 kK, log g=5.5 ± 0.5). The errors of log g
were reduced to ±0.2.

Based on the O iv/Ov ionization equilibrium (Fig. 18), we
found a higher Teff =110 kK compared with the literature value
(Teff =100 ± 10 kK) for HS 2209+8229. The value of log g=6.0
is verified and the errors were reduced to ± 0.3.

3.4. Element abundances

The H/He abundance ratio (by mass) was determined using
H i λλ 6563, 4861, 4340 Å and He ii λλ 6560, 5412, 4859,
4686, 4542, 4339 Å. It was difficult to fix because the qual-
ity of the available optical observations is poor. For LoTr 4 and
K 1−27, we reverified the literature values of 0.5 and 0.2, respec-
tively. Figure 19 shows that for HS 1522+6615 the model with
H/He= 0.03 fits the observation better than H/He= 0.10 (litera-
ture value) where Hα appears in emission while for H/He= 0.01
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Hα is too deep in absorption. For HS 2209+8229, we found that
the upper limit of the H/He ratio must be lower because of the
strong Hα emission for H/He> 0.025 (Table 3, Fig. 20).

Carbon. The C iv λλ 1548.2, 1550.8Å resonance doublet in the
COS spectra of all four stars is contaminated by the respec-
tive interstellar lines and therefore unsuited for determining the

C abundance. In the spectra of LoTr 4 and HS 2209+8229 no
other C lines were identified and we derived only upper limits of
[C]11 < −0.53 and [C] < −1.50, respectively. In the spectrum of
K 1−27, we identified C iv λλ 1168.8, 1168.9Å and determined
[C] = −0.62. For HS 1522+6615, C iv λλ 1168.9, 1169.0Å in
the COS spectrum and C iv λλ 5801.33, 5811.98Å in the opti-
cal spectrum were evaluated, and we achieve the best agreement
between model and observation at [C] = 0.62. HS 1522+6615
shows the highest, supersolar C abundance (Fig. 21) while the
upper limits of the other stars in our sample indicate subsolar
abundances.

Nitrogen. The N abundance for K 1−27 and LoTr 4 was deter-
mined from the Nv λλ 4603.7, 4619.7, 4933.6, 4943.2, 4945.7Å
emission lines. For HS 2209+8229, we used Nv λλ 1616.1 Å,
1616.4, 1619.6, 1619.7. As for case of C iv, the resonance dou-
blet Nv λλ 1238.8, 1242.8Å is blended by the respective ISM
lines. The N abundances of K 1−27 ([N] = 1.28, Fig. 22), LoTr 4
([N] = 1.07), and HS 2209+8229 ([N] = 2.89) were found to
be supersolar, in contrast to the upper limit for HS 1522+6615
([N] < −0.78), which is subsolar.

Oxygen. For K 1−27 and LoTr 4, we derived only upper
limits because no O lines except the resonance doublet
Ovi λλ 1031.9, 1037.7Å were identified, which might be of
ISM origin similar to the C iv and Nv resonance dou-
blets (Sect. 3.4) We used the Ovi λλ 1124.7, 1124.8Å and
Ovi λ 5290.6 Å to determine the upper limits of [O] < −2.06 for
K 1−27 and [O] < −1.47 for LoTr 4. For HS 1522+6615, Rauch
et al. (1998) discovered a variability of the Ovi λ 5290.6 Å
emission feature. Mickaelian et al. (2011) also classified
HS 1522+6615 as “possible” variable by comparing the bright-
ness measurements from the Palomar Observatory Sky Survey
(POSS) epochs 1 and 2. In view of its variability, we ad-
justed the O abundance to the co-added optical spectra using
Ovi λλ 3811.4, 3834.2Å and found [O] = −0.64. A precise de-
termination of the O abundance was possible for HS 2209+8229
using Ov λ 1371.3 Å, which is prominent in the COS spectrum
(Fig. 23). We found [O] = −1.46 (Table 3).

Fluorine. F is not identified in the O(He) star spectra. We used
Fvi λ 1139.5 Å and found [F] < −1.00 for all O(He) stars.

Neon. We only derived upper limits using Nevii λλ 1438.8,
1440.5, 1445.0 Å for K 1−27, LoTr 4, and HS 1522+6615 and
Nev λλ 1718.2, 1718.3Å for HS 2209+8229 because of its
lower Teff. We determined [Ne] < 0.60 for K 1−27, [Ne] <
−0.09 for LoTr 4, [Ne] < −0.62 for HS 1522+6615, and [Ne] <
−1.10 for HS 2209+8229.

Silicon. An upper limit for the Si abundance was determined us-
ing Si iv λ 1128.3 Å, Siv λ 1118.8 Å, and Sivi λ 1130.4 Å. For
K 1−27, it is [Si] < −0.56. For LoTr 4, HS 1522+6615, and
HS 2209+8229, we derived [Si] < 0.18.

Phosphorus. We identified Pv λλ 1118.0, 1128.0Å only in the
FUSE spectra of LoTr 4 and HS 2209+8229, and we determined

11 [X] denotes log (abundance by mass/solar abundance by mass) of
species X. Solar abundances were taken from Asplund et al. (2009).
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Table 3. Photospheric parameters of the O(He) stars.

K 1−27 LoTr 4 HS 1522+6615 HS 2209+8229

R14 R98 R14 R98 R14 R98 R14 R98

Teff 135+5
−5 105+10

−10 120+10
−5 120+12

−12 130+10
−10 140+14

−14 110+10
−10 100+10

−10kK

log g 6.4+0.2
−0.3 6.5+0.5

−0.5 5.8+0.2
−0.2 5.5+0.5

−0.5 5.9+0.2
−0.2 5.5+0.5

−0.5 6.0+0.3
−0.3 6.0+0.5

−0.5cm s−2

H −1.33+0.41
−0.28 <−1.30 −0.92+0.21

−0.20 −0.90+0.30
−0.30 −2.08+0.47

−0.52 −1.60+0.30
−0.30 <−2.21 <−1.30

He −0.03+0.03
−0.03 >−0.02 −0.06+0.02

−0.05 −0.06+0.3
−0.3 −0.009+0.005

−0.009 0.004+0.3
−0.3 >−0.004 >−0.02

C −3.25+0.45
−0.55 <−1.82 <−3.14 <−1.92 −2.00+0.68

−0.30 −2.05+0.3
−0.3 <−4.13

N −1.88+0.36
−0.42 −1.76+0.3

−0.3 −2.10+0.60
−0.92 −2.45+0.3

−0.3 <−3.94 −2.89+0.89
−0.50

O <−4.30 <−3.73 <−1.50 −2.88+0.60
−0.50 −3.00+0.70

−0.70

F <−7.30 <−7.29 <−7.30 <−7.45

Ne <−2.30 <−2.99 <−3.53 <−4.00

Si <−4.06 <−3.00 <−3.00 <−3.00

P <−5.52 −4.54+0.40
−1.00 <−5.20 −6.00+1.00

−1.00

S <−4.07 −3.43+0.61
−1.00 <−3.59 −3.40+0.88

−1.27

Ar <−5.30 <−4.92 <−5.10 <−6.26

Fe <−2.89 <−1.89 <−2.89 <−2.89

Notes. Our values (R14) are compared with those given by Rauch et al. (1998, R98). Abundances are given as logarithmic mass fraction.
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Fig. 20. Abundances of the O(He) stars (Table 3). The shaded (yellow)
region emphasizes the CNO differences.

[P] = 0.70 and [P] = −0.76, respectively. For K 1−27 and
HS 1522+6615, only upper limits can be given, which are about
solar.

Sulfur. Svi λ 1117.8 Å was identified in the FUSE spectra of
LoTr 4 and HS 2209+8229 and we determined [S] = −0.08 and
[S] = −0.11, respectively. For K 1−27 and HS 1522+6615, only
upper limits can be given, which are 0.3 times solar and solar,
respectively.

Argon. Is not identified in the O(He) star spectra. We employed
Arvii λ 1535.7, 1537.1, 1537.9Å and Arviii λ 1164.1 Å and de-
rived subsolar upper limits.

Iron. The quality of the FUSE spectra is not sufficient to iden-
tify individual Fe lines. Therefore, we only included the iron
model atom (ionization stages v – ix) in the line-formation
calculations (i.e. fixed atmospheric structure) based on our fi-
nal model and calculated NLTE occupation numbers for the
atomic levels of iron. We found that the resulting upper limits
of the Fe abundances are solar for K 1−27, HS 1522+6615, and
HS 2209+8229. For LoTr 4, we found an upper limit of ten times
solar.

3.5. Mass-loss rates

One aim of our COS observations was to follow up on the sug-
gestion of Miller Bertolami & Althaus (2006) that O(He) stars
might be post early-AGB stars. The high mass-loss rates invoked
in their calculations were not confirmed by our FUSE observa-
tions. We performed test calculations based on the final param-
eters of our analysis (Table 3) using the Potsdam Wolf-Rayet
model-atmosphere code, PoWR12. This code solves the NLTE
radiative transfer in a spherically expanding atmosphere simul-
taneously with the statistical equilibrium equations and accounts
at the same time for energy conservation. Like in TMAP, iron-
group line blanking is treated by means of the superlevel ap-
proach (Gräfener et al. 2002), and a wind clumping in first-order
approximation is taken into account (Hamann & Gräfener 2004).
We did not calculate hydrodynamically consistent models, but
assumed a velocity field following a β-law with β = 1.

For our calculations, we first used the predicted mass-loss
rates (Ṁ) of Pauldrach et al. (1988, Table 4) using the stellar
masses determined from comparison with evolutionary tracks
of VLTP stars (Fig. 24, Miller Bertolami & Althaus 2006). We
considered the terminal wind velocities (v∞) to be 2.51 times
the escape velocities of the stars (Lamers et al. 1995). To then
determine an upper limit we increased the mass-loss rate until
the synthetic spectra no longer agreed with the observations. We

12 http://www.astro.physik.uni-potsdam.de/~wrh/PoWR/
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Fig. 24. Locations of EHe stars (green, Jeffery & Hamann 2010) the luminous sdO-stars (purple, Müller-Ringat 2013; Rauch et al. 1998, 1991;
Husfeld et al. 1989) and O(He) stars (red, this work, Werner et al. 2014; Wassermann et al. 2010) as well as the DO WDs (black, Werner et al.
2014; Mahsereci 2011; Hügelmeyer et al. 2006; Dreizler & Werner 1996) in the log Teff – log g plane compared with an LTP (dashed line) and
VLTP post-AGB (solid lines) evolutionary tracks (labeled with stellar masses in M�) of Miller Bertolami & Althaus (2006). Open symbols indicate
CSPNe, filled ones indicate that no PN was detected. C-rich objects are represented by triangles, N-rich objects by inverted triangles, C- and N-rich
objects by diamonds. Squares specify objects that are neither enriched in C nor in N.

Table 4. Predicted mass-loss rates of the O(He) stars interpolated from
Fig. 6a of Pauldrach et al. (1988, P+88) compared with upper limits
determined in our analysis (cf. Fig. 25).

log(Ṁ/M� / yr)
Object

P+88 this work

K 1-27 −10.0 ≤−9.0
LoTr 4 −9.4 ≤−9.4

HS 1522+6615 −8.8 ≤−8.8
HS 2209+8229 −10.4 ≤−10.4

exmained all strategic wind lines that are located in the FUSE
and COS wavelength ranges (Fig. 25) and found that only the
mass-loss rate of K 1−27, which shows a weak P-Cygni pro-
file at Nevii λ 973.3 Å in the FUSE spectrum, could be at most
an order of magnitude higher than predicted by radiative-driven

wind theory. The highest possible Ṁ values for all O(He) stars
are given in Table 4.

4. Stellar parameters and distances

To derive the stellar parameters, we compared the position
of the O(He) stars in the log Teff – log g plane with differ-
ent evolutionary tracks. Figure 24 shows the location of the
O(He) stars and related He-dominated objects compared with an
LTP evolutionary track (Miller Bertolami & Althaus 2007) and
VLTP post-AGB tracks (Miller Bertolami & Althaus 2006). The
LTP and VLTP tracks only differ at low surface gravities, and
the masses derived from H-rich post-AGB evolutionary tracks
(Miller Bertolami & Althaus 2007) also agree well within the
error limits with the VLTP masses. Therefore it is justified to
derive the masses of the O(He) stars from these tracks although
the VLTP scenario cannot be valid for these stars, as we show
below.
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green, dotted lines, respectively), compared with the observations of the four O(He) stars.

We also derived the stellar parameters of the O(He) stars us-
ing the evolutionary tracks for double He-WD mergers (Zhang &
Jeffery 2012b, Fig. 26). For K 1−27, LoTr 4, and HS 2209+8229,
we used the tracks from the slow-merger models because
they reproduce the surface abundances of theses stars. For
HS 1522+6615 the fast-merger models were used, because they
result in C-enriched atmospheres (Sect. 5.2.1). Compared with
what we found by comparison with VLTP calculations, lumi-
nosities and radii, which were derived from merger processes
agree quite well, but the masses are up to ΔM = 0.16 M� higher
(Table 5).

Based on these masses, we calculated the distances (Table 5)
by using the flux calibration of Heber et al. (1984) for λeff =

5454 Å,

d[pc] = 7.11 × 104 ·
√

Hν · M × 100.4 mv0−log g,

with mVo = mV − 2.175c, c = 1.47EB−V, and the Eddington flux
Hν at λeff of our final model atmospheres. All O(He) stars and
in particular HS 1522+6615 are located far above or below the
Galactic plane (Table 5). K 1−27, LoTr 4, and HS 2209+8229
may belong to the thick disk, which dominates in the region
1 kpc � z � 4 kpc (Kordopatis et al. 2011). HS 1522+6615
has a high radial velocity of −180 km s−1 (measured by the
shift of e.g. C iv λλ 1168.9, 1169.0Å and He ii λ 1640.4 Å in
the COS spectrum). Using the proper motions from the Sloan

Table 5. Masses Mm and MV interpolated from double He-WD merg-
ers (Fig. 26) and evolutionary tracks of VLTP post-AGB stars (Fig. 24),
respectively, luminosities L, radii R, Galactic coordinates l and b, dis-
tances d, and heights above the Galactic plane z of the O(He) stars, as
well as the kinematical ages tPN of the two PNe.

HS HS
K 1−27 LoTr 4 1522+6615 2209+8829

Mm/M� 0.60+0.08
−0.03 0.70+0.08

−0.05 0.70+0.05
−0.05 0.60+0.10

−0.05

MV/M� 0.53+0.03
−0.01 0.54+0.10

−0.01 0.57+0.07
−0.03 0.52+0.02

−0.01

log L/L� 3.2 ± 0.4 3.6 ± 0.3 3.7 ± 0.2 3.2 ± 0.2

R/R� 0.08+0.03
−0.03 0.14+0.05

−0.03 0.14+0.06
−0.02 0.12+0.07

−0.04

l/◦ 286.877 291.434 102.481 117.849
b/◦ −29.577 +19.258 +44.561 +21.545

d/kpc 2.00+0.63
−0.84 4.27+1.00

−1.15 7.86+1.72
−2.27 2.90+0.90

−1.24

z/kpc −0.99−0.31
+0.41 1.41+0.33

−0.38 5.51+1.21
−1.59 1.07+0.33

−0.45

tPN/yr 10867+3421
−4553 16184+3794

−4360

Digital Sky Survey Photometric Catalog (Release 9, Ahn et al.
2012), we calculated the space velocities to U = 95 km s−1,
V = −116 km s−1, and W = −121 km s−1, which are typical for
halo stars (Kordopatis et al. 2011). From the large height above
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Fig. 26. Evolutionary tracks for a slow-merger (left), a fast-merger (middle) and a composite-merger (right) scenario of two He-WDs, marked with
the merger mass in M� (Zhang & Jeffery 2012b). The locations of the sdB-, sdO-stars, (purple, Müller-Ringat 2013; Németh et al. 2012; Naslim
et al. 2010; Hirsch 2009; Ahmad et al. 2004; Rauch et al. 1998, 1991; Husfeld et al. 1989; Stroeer et al. 2007) and O(He) stars (red this work,
Werner et al. 2014; Wassermann et al. 2010) as well as the DO WDs (black, Werner et al. 2014; Mahsereci 2011; Hügelmeyer et al. 2006; Dreizler
& Werner 1996) are marked. Open symbols indicate CSPNe, filled ones that no PN was detected. C-rich objects are represented by triangles,
N-rich objects by inverted triangles, C- and N-rich objects by diamonds. Squares specify objects that are neither enriched in C nor in N.

the Galactic plane (z = 5.51 kpc) of HS 1522+6615 and its fast
space velocities, we conclude that it belongs to the Galactic halo.

Using a typical expansion velocity of 20 km s−1 for the PNe
of K 1−27 and LoTr 4, we also calculated their kinematical ages.
The results are given in Table 5.

5. Results and discussion

We re-analyzed all known O(He) stars based on the avail-
able spectra and improved the determination of their properties
(Tables 3, 5). We found that C, N, O, and Ne have a strong im-
pact on the atmospheric structure and thus a strong effect on the
resulting line profiles. This mostly affected K 1−27, for which
we found a 30 kK higher Teff than in literature. The COS ob-
servations allowed us to determine the N and O abundances
for HS 2209+8229 for the first time. The FUSE observation of
K 1−27 allowed us to determine the C abundances for this star
for the first time. We derived upper abundance limits for F, Ne,
Si, P, S (for LoTr 4 and HS 2209+8229 the actual abundance val-
ues for P and S, measured from the FUSE spectrum), Ar, and Fe.

By examining all strategic wind-lines located in the FUSE
and COS wavelength ranges, we found that the upper limits for
mass-loss rates of the O(He) stars agree well with predictions
by radiative-driven wind theory. Only K 1−27 might have a ten
times higher mass-loss rate than predicted (only there did we
find spectral signatures). From comparison with stellar-evolution
calculations we found that the masses of the O(He) stars range
from 0.52 M� to 0.57 M� considering (V)LTP tracks, or from
0.60 M� to 0.70 M� considering double He-WD merger tracks.

Before considering possible evolutionary scenarios, it is
worth to mention, that the CNO abundance patterns are simi-
lar for all O(He) stars exept HS 1522+6615 (Fig. 20), which ex-
hibits strongly deviating CNO abundances. This suggests a di-
chotomy within the O(He) class. Interestingly, we find that other

He-dominated objects (e.g. He-rich subdwarfs; Müller-Ringat
2013; Németh et al. 2012; Naslim et al. 2010; Hirsch 2009;
Ahmad et al. 2004; Rauch et al. 1998, 1991; Husfeld et al. 1989;
Stroeer et al. 2007, DO WDs Werner et al. 2014; Mahsereci
2011; Hügelmeyer et al. 2006; Dreizler & Werner 1996) also
show these differences in the CNO abundances13.

Some objects are enriched in N but not in C, some
C-enriched objects do not show N, but there also are objects
which are enriched in both. This suggests that there exist sub-
classes within the He-dominated objects. Each of them might
have a different evolutionary history. From the He-dominated
post-AGB objects (Fig. 24), it seems that there is no correlation
of the stellar mass and the C-enriched objects. There is no star
among N-enriched objects with a higher mass than 0.542 M�.
This might be because for low-mass stars no third drege-up is
predicted during the AGB evolution (Mello et al. 2012). The C-
and N-enriched sdO and O(He) stars have masses greater than
0.64 M�.

Rauch et al. (1998) already proposed the
sdO(He)→ O(He)→ DO WD

evolutionary channel that runs parallel to the PG 1159 evolu-
tion in the HRD. However, they were unable to present stringent
clues on the evolution of O(He) stars. In the following we discuss
different evolutionary channels to explain the origin of the O(He)
stars, but also investigate the origin of other He-dominated ob-
jects to find possible progenitors and successors. First we will
mention single-star evolutionary channels (Sect. 5.1), such as
enhanced mass-loss of post early-AGB stars, (V)LTP scenar-
ios, and the hot-flasher scenario. In Sect. 5.2 we consider to
formation channels in binary systems, starting with the merger

13 A list of all analyzed He-rich sdO stars, that are enriched in N
and/or C, O(He) stars and DO WDs can be found at http://astro.
uni-tuebingen.de/~reindl/He
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scenarios (Sect. 5.2.1). We also discuss problems of this forma-
tion channel and some other possible binary formation channels
such as enhanced mass-loss triggered by a planet or brown dwarf
and the merger of a He and a CO WD (Sect. 5.2.2).

5.1. Single-star evolution

Assuming single-star evolution, Rauch et al. (2009) suggested
that low-mass O(He) stars might be post early-AGB stars that ex-
perienced an enhanced mass-loss which removed the H-rich en-
velope. In these stars, the first thermal pulse occurs after their de-
parture from the AGB. A numerical experiment for a 0.512 M�
star by Miller Bertolami & Althaus (2006) has shown that an
artificially increased mass-loss rate can cause the hydrogen de-
ficiency and, in the later evolution, might turn the O(He) stars
into PG 1159 stars. However, to achieve that Miller Bertolami
& Althaus (2006) had to assume log Ṁ/(M� / yr) = −8 for
log Teff > 3.8. Such a strong wind is not predicted by radiative-
driven wind theory nor is it seen in the spectra of the O(He) stars.
Only K 1−27 could have a ten times higher mass-loss rate than
predicted, but the derived upper limited (log Ṁ/(M� / yr) = −9)
is still too low to overcome the He-buffer and consequently turn
the O(He) star into a PG 1159 star. The previous mass-loss his-
tory of the O(He) stars is of course unknown and we can there-
fore only rule out PG 1159 stars as possible successors of O(He)
stars. However, the different H-abundances of the N-enriched
O(He) stars, show a correlation with stellar mass and hence
the post-AGB times and the remaining H in the atmospheres
of these stars. While LoTr 4 still shows 12% H (by mass), the
more evolved and lower mass K 1−27 only shows 5% H. No
H can be detected in the spectrum in the lowest mass O(He)
star, HS 2209+8229. Although the predicted mass-loss rates are
lower for stars with lower mass, their evolutionary timescales are
much longer, and that is why the correlation of stellar mass and
remaining H seems plausible if enhanced mass-loss is assumed.

Within this scenario, good candidates for successors are
C-enriched DO WDs (e.g. PG 0108+101, HS 0111+0012,
Dreizler & Werner 1996) for HS 1522+6615 or N-enriched
DO WDs (e.g. PG 0038+199, PG 1034+001, Mahsereci 2011)
for the three other O(He) stars. However, because of gravita-
tional settling they might also turn into DOs, which do not show
C or N anymore, or even, depending on the remaining H, into
DA WDs.

Possible progenitors might be luminous helium-rich sdO-
type stars, for example LSE 153 (Müller-Ringat 2013) for
HS 1522+6615 or LSE 263 (Müller-Ringat 2013) for the N-
enriched O(He) stars.

Other interesting objects that fit into this sequence, might
be the [WN]-type CSPNe IC 4663 (Miszalski et al. 2012) and
Abell 48 (Todt et al. 2013; Frew et al. 2014). Because of the
strong similarity of the element abundances of [WN] stars
and the N-enriched O(He) stars, an analog to the H-deficient,
but C-rich post-AGB sequence [WCL] → [WCE] → PG 1159
(e.g. Werner & Herwig 2006), a second, H-deficient sequence
[WN] → O(He) was suggested (cf. Werner 2012). By examin-
ing He ii λ 4686 Å and Nevii λ 3890 Å, Miszalski et al. (2012)
determined Teff =140 kK for IC 4663. Their values for the mass
and the surface gravity (M = 0.6 M� and log g=6.1) are only
estimates, however. With Teff =140 kK, IC 4663 would be in
a similar or even later evolutionary state than the O(He) stars.
Abell 48 (Teff =70 kK), on the other hand, is in an earlier evolu-
tionary stage than the O(He) stars. Still, it is necessary to clar-
ify why IC 4663 and Abell 48 show a much stronger stellar wind

(IC 4663: log Ṁ/M�/yr = −7.7, Abell 48: log Ṁ/M�/yr = −6.4)
than the O(He) stars. We speculate that [WN] stars are O(He)
stars with higher masses. According to Pauldrach et al. (1988,
Fig. 6b), the high mass-loss rate found for IC 4663 and Abell 48
would correspond to M ≈ 0.7 M� and M > 1.0 M�, respectively.

Rauch et al. (2008) suggested that RCB stars might be possi-
ble progenitors of the O(He) stars. This could be true for the two
C and N enriched O(He) stars SDSS J 172854.34+361958.62
(Werner et al. 2014) and KPD 0005+5106 (Wassermann et al.
2010). In between evolutionary objects could be the C- and
N-enriched luminous sdO stars LSE 259 (Husfeld et al. 1989),
GJJC 1 (Rauch et al. 1998), and KS 292 (Rauch et al. 1991).

The VLTP scenarios that were successfully applied to ex-
plain the origin of the H-deficient, but C-rich objects (e.g.
PG 1159 stars) cannot explain the origin of the O(He) stars be-
cause these scenarios always produce C-rich atmospheres with
more than about 20% of C by mass (in contrast, the most C-rich
O(He) stars only show 3% of C in their atmospheres). The rel-
atively young kinematical age of the H-rich PNe of K 1−27 and
LoTr 4 (around 10 000 yrs) strongly contradict a VLTP scenario.

A third conceivable way for a single-star evolutionary
channel is the hot-flasher scenario, which was invoked by
Miller Bertolami et al. (2008) to explain the helium-rich
sdO stars. This scenario is able to explain C- or N-enriched He-
sdOs, but these stellar models never reach the high effective tem-
peratures found for the O(He) stars.

5.2. Binary evolution

Since none of the previously mentioned single-star formation
channels seems convincing for the O(He) stars, binary forma-
tion channels become interesting. We discuss merger scenarios
and suggest alternatives.

5.2.1. Merger scenarios

As mentioned above, Zhang & Jeffery (2012b,a) showed that
in terms of Teff, log g, C, and N abundances, the origin of
the three sdOs groups, but also the properties of RCB and
EHe stars, can be explained by different double He-WD merger
models. Zhang & Jeffery (2012a) compared their result with
He-rich sdO stars from the sample of Hirsch (2009) and He-rich
sdB stars from the sample Naslim et al. (2010). We extended
this comparison to all He-rich sdB and sdO stars, that are en-
riched in C and/or N (Müller-Ringat 2013; Németh et al. 2012;
Naslim et al. 2010; Hirsch 2009; Ahmad et al. 2004; Rauch
et al. 1998, 1991; Husfeld et al. 1989; Stroeer et al. 2007), the
O(He) stars of our work, and those of Werner et al. (2014);
Wassermann et al. (2010), and the known DO WDs (Werner
et al. 2014; Mahsereci 2011; Hügelmeyer et al. 2006; Dreizler
& Werner 1996). We found that all of them fit this scenario.
Figure 27 shows the CNO abundances resulting from a slow
and a fast merger of two He WDs according to the numerical
experiments of Zhang & Jeffery (2012a). These abundances are
compared with those of the O(He) stars analyzed in our work.
We found that those of the two CSPNe and HS 2209+8229 can
be explained by the slow-merger model and the CNO abun-
dances of HS 1522+6615 are reproduced by the fast-merger
because of the high C abundance. The three O(He) stars
SDSS J 171916.97+365326.70, SDSS J 141812.50+024426.92,
and SDSS J 075732.18+184329.28 that were found by
Werner et al. (2014) also fit the fast-merger scenario.
SDSS J 172854.34+361958.62 (Werner et al. 2014) and
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KPD 0005+5106 (Wassermann et al. 2010) would fit the
composite merger model. Concerning the CNO abundances, the
O(He) stars can be explained much better by this double He
WD merger scenario than by V(LTP) scenarios.

Figure 26 shows the evolutionary tracks of Zhang & Jeffery
(2012a) for their different merger models. According to their sur-
face abundances, which are produced in a certain merger model,
we marked the locations of the N-enriched He-dominated ob-
jects in the panel for the slow merger, C-enriched ones in the
fast-merger panel, and C- and N-enriched objects are shown
in the composite merger panel. These evolutionary tracks con-
nect the subluminous sdO with the luminous sdO stars (in con-
trast to the VLTP calculations), the O(He) stars, and DO WDs.

Other points that support the merger scenario are the very
low binary fraction among He-rich sdO-stars (4%, Napiwotzki
et al. 2004), O(He) stars, and DO WDs (only PG 0046+078 and
PG 0237+116 have been found to be in a binary system). A dif-
ferent evolution scenario probably applies for binary systems.

The position of HS 1522+6615 in the Galactic halo corrob-
orates the merger scenario, because only very old stars are ex-
pected there. Napiwotzki (2008) found that a considerable part
(20%) of the He-rich sdO stars belongs to the halo popula-
tion. The fact that no PN is detected around HS 1522+6615,
SDSS J 171916.97+365326.70, SDSS J 141812.50+024426.92,
and SDSS J 075732.18+184329.28 although their theoretical
post-AGB evolutionary times would be shorter than those of
K 1−27 or LoTr 4, might be explained considering that these ob-
jects are merger products.

We note that the WD+post-sdB star merger channel, pro-
posed by Justham et al. (2011) to explain He-rich sdO stars, can
explain the O(He) stars in terms of Teff and log g as well.

5.2.2. Alternative scenarios

Within the merger models mentioned above it is not possible to
explain the PNe of K 1−27 and LoTr 4. Even if a PN would have
been ejected during the merger process, it would have dissipated
into the ISM a long time ago because the post-merger time of

LoTr 4 is about 3.7 × 107 years. In addition, the solar composi-
tions of the PNe of K 1−27 and LoTr 4 and the remaining hy-
drogen in their atmospheres contradicts a merger origin of these
objects. The same holds for GJJC 1, IC 4663, and PG 1034+001.
For these reasons common envelope (CE) scenarios become in-
teresting. Soker (2013) speculated that R CrB itself and similar
RCB stars are formed from the merger of a WD with the core
of an AGB star. The previous common-envelope ejection (CEE)
then would have caused the H-deficiency. This scenario would
also be possible for the O(He) stars. The merger within a CE of a
CO-WD and a RG or AGB star might produce a similar outcome
as a He- and CO-WD merger but within a H-rich envelope. The
CE ejected during the merger process could then first reproduce
the H-rich PNe of K 1−27 and LoTr 4 and then, the post-merger
times would be much shorter because no central helium burning
phase is expected for a He- and CO-WD merger.

Another possibility for a O(He) star origin is that an RG or
AGB star lost its H-rich envelope with the help of a planet or a
brown dwarf. If a low-mass companion enters the atmosphere of
an RG or AGB star, it spirals inwards and transfers orbital energy
and angular momentum to the envelope and, thus, parts or all of
it are removed. The companion then either stops in a close orbit
or even merges with the more massive star (Diehl et al. 2008;
Soker 1998).

5.3. Conclusions

The evolutionary status of the O(He) stars, but also those of other
He-dominated stars, is still not understood. It is most likely that
they are part of a second H-deficient evolutionary sequence. It
appears plausible that there are three subclasses within this He-
dominated sequence. For objects that are either enriched in C
or N, we propose the channels

sdO(He)→ O(He)→ DO WD
or

sdO(He)→ O(He)→ DA WD
if there is some remaining H. For C- and N-rich objects, we
propose

RCB→ EHe→ sdO(He)→ O(He)→ DO WD
or

RCB→ EHe→ sdO(He)→ O(He)→ DA WD
if that there is some remaining H.

This He-dominated sequence has most likely various for-
mation channels. For single-star objects, merger scenarios seem
most promising. He-dominated CSPNe must have formed in a
different way, for example via enhanced mass-loss during their
post-AGB evolution or a merger within a CE of a CO-WD and
an RG or AGB star.

To make progress, it would be highly desirable that more
O(He) stars and other He-dominated objects were discovered to
improve the statistics. Additional quantitative investigations on
the binarity of these objects and on the mass-loss rates of RCB,
EHe, and sdO stars may help to distinguish between different
formation channels. A comprehensive systematic calculation of
evolutionary models for thermal pulse and merger scenarios is a
pre-requisite for comparision with results of spectral analysis.
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Fig. 1. FUSE spectrum of K 1−27 (gray) compared with final synthetic spectra (red: pure stellar, blue: combined stellar and interstellar). The
locations of photospheric lines appearing in the synthetic spectrum are marked.
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Fig. 1. continued.
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Fig. 2. Same as Fig. 1 for LoTr 4.
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Fig. 3. Same as Fig. 1 for HS 1522+6615.
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Fig. 4. Same as Fig. 1 for HS 2209+8229.
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Fig. 5. HST/COS spectrum of K 1−27 (gray) compared with final synthetic spectra (red: pure stellar, blue: combined stellar and interstellar). The
locations of photospheric (red) and interstellar (blue) lines reproduced by the synthetic spectrum are marked.
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Fig. 6. Same as Fig. 5 for LoTr 4.
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Fig. 7. Same as Fig. 5 for HS 1522+6615.
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Fig. 9. Temperature, electron density stratification, and ionization fractions of all elements in our final model of K 1−27.
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Fig. 10. Like Fig. 9, for LoTr 4.
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Table 1. Statistics of the model atoms used in our TMAP calculations.

Teff

>110 kK ≤110 kK

ion NLTE LTE lines NLTE LTE lines

H i 10 6 45 10 6 45
H ii 1 − − 1 − −
He i 5 98 3 5 98 3
He ii 14 18 91 14 18 91
He iii 1 − − 1 − −
C iii 13 54 32 13 54 32
C iv 14 44 35 14 44 35
Cv 1 0 0 1 0 0

N iii 1 65 0 1 65 0
N iv 16 78 30 16 78 30
Nv 14 48 35 14 48 35
Nvi 1 0 0 1 0 0

O iv 18 76 39 18 76 39
Ov 17 109 35 17 109 35
Ovi 14 48 33 14 48 33
Ovii 1 0 0 1 0 0

Fv 1 10 0 1 10 0
Fvi 6 6 0 6 6 0
Fvii 2 4 0 2 4 0
Fviii 1 0 0 1 0 0

Ne iv 0 0 0 2 39 0
Nev 14 80 18 14 80 18
Nevi 14 17 30 14 17 30
Nevii 15 94 27 15 94 27
Neviii 14 90 35 1 0 0
Ne ix 1 0 0 1 0 0

Si iv 12 11 24 12 11 24
Siv 25 0 59 25 0 59
Sivi 45 195 193 45 195 193
Sivii 1 0 0 1 0 0

P iv 15 36 9 15 36 9
Pv 18 7 12 18 7 12
Pvi 1 0 0 1 0 0

Sv 23 87 47 23 87 47
Svi 25 12 25 25 12 25
Svii 1 0 0 1 0 0

Arv 1 359 0
Arvi 1 183 0 14 170 16
Arvii 40 112 130 40 112 130
Arviii 13 28 24 13 28 24
Ar ix 1 0 0 1 0 0
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ABSTRACT

We report on the identification of 22 new cool DO-type white dwarfs (WDs) detected in data release 10 (DR10) of the Sloan Digital
Sky Survey (SDSS). Among them, we found one more member of the so-called hot-wind DO WDs, which show ultrahigh excitation
absorption lines. Our non-LTE model atmosphere analyses of these objects and two not previously analyzed hot-wind DO WDs,
revealed effective temperatures and gravities in the ranges Teff =45−80 kK and log g=7.50−8.75. In eight of the spectra we found
traces of C (0.001−0.01, by mass). Two of these are the coolest DO WDs ever discovered that still show a considerable amount of C
in their atmospheres. This is in strong contradiction with diffusion calculations, and probably, similar to what is proposed for DB WDs,
a weak mass-loss is present in DO WDs. One object is the most massive DO WD discovered so far with a mass of 1.07 M� if it is
an ONe-WD or 1.09 M� if it is a CO-WD. We furthermore present the mass distribution of all known hot non-DA (pre-) WDs and
derive the hot DA to non-DA ratio for the SDSS DR7 spectroscopic sample. The mass distribution of DO WDs beyond the wind limit
strongly deviates from the mass distribution of the objects before the wind limit. We address this phenomenon by applying different
evolutionary input channels. We argue that the DO WD channel may be fed by about 13% by post-extreme-horizontal branch stars
and that PG 1159 stars and O(He) stars may contribute in a similar extent to the non-DA WD channel.

Key words. stars: abundances – stars: evolution – stars: AGB and post-AGB – white dwarfs

1. Introduction

The vast majority of stars is expected to end as a white dwarf
(WD), most of them (≈80%) with H-rich atmospheres, corre-
sponding to the DA spectral type. These can be found all along
the WD cooling sequence, that is, they have 4 500 ≤ Teff ≤
170 000 K (Sion 2011). In addition, there are the H-deficient
WDs (non-DA WDs), which are usually divided into three sub-
classes: the DO spectral type (45 000 ≤ Teff ≤ 200 000 K), with
the hot DO WDs showing strong He ii lines, whereas in the spec-
tra of cool DO WDs He i lines can also be seen; the DB type
(11 000 ≤ Teff ≤ 45 000 K) showing strong He i lines; and the
DC (featureless spectra), DQ, and DZ types (Teff ≤ 11 000 K)
showing traces of carbon and other metals in their spectra (Sion
2011). The overlap in temperature of the hottest DA and non-
DA WDs strongly suggests the existence of a separate evolution-
ary channel for both classes. While a direct evolutionary con-
nection for the H-rich central stars of planetary nebulae to the
DA WDs is very likely (Napiwotzki & Schönberner 1995), the
formation and evolution of non-DA WDs is less well understood.

DO WDs are commonly believed to be the successors of the
PG 1159 stars (e.g., Werner et al. 2014; Althaus et al. 2009),
which are hot (75 000 ≤ Teff ≤ 200 000 K) stars that show
H-deficient and He-, C-, and O-rich surface compositions (typ-
ically He : C : O = 0.30−0.85 : 0.15−0.60 : 0.02−0.20 by mass,
Werner & Herwig 2006). These abundances can be explained
by a very late thermal pulse (VLTP), experienced by a WD
during its early cooling phase (Iben et al. 1983; Althaus et al.
2005b). Most of the residual hydrogen envelope is engulfed by
the helium-flash convection zone and completely burned at the

beginning of this thermal pulse. The star is then forced to rapidly
evolve back to the AGB and finally into a hydrogen-deficient,
helium-burning PG 1159 star (Althaus et al. 2005b). As the star
cools down, gravitational settling removes heavy elements from
the photosphere and turns it into a DO WD (Unglaub & Bues
2000, unless it is of the subtype hybrid-PG 1159, then it turns
into a DA WD).

In the past years it became more clear that the non-DA WDs
are fed by distinct H-deficient evolutionary channels. In ad-
dition to the carbon-dominated sequence, a helium-dominated
sequence exists (Althaus et al. 2009; Miszalski et al. 2012;
Reindl et al. 2014; Frew et al. 2014). VLTP scenarios fail to
reproduce the helium-rich atmospheres (He ≥ 95%, by mass)
of He-rich subdwarf O (sdO) stars, R Coronae Borealis (RCB)
stars, extreme helium (EHe) stars, [WN]-type central stars, and
O(He) stars, suggesting that these objects have a different forma-
tion history. The origin of these stars remains uncertain. Their
abundances match predictions of a double-helium WD merger
scenario (Zhang & Jeffery 2012a,b), suggesting the evolution-
ary channel sdO(He) → O(He) → DO WD or, in case of C-
and N-rich sdO and O(He) stars, RCB → EHe → sdO(He) →
O(He)→ DO WD (Reindl et al. 2014). The existence of plane-
tary nebulae that do not show helium enrichment around every
other O(He) star or [WN]-type central star, however, precludes
a double-helium WD merger origin for these stars. These stars
must have formed in a different way, for instance, by enhanced
mass-loss during their post-AGB evolution, or a merger within
a common envelope of a CO-WD and a red giant or AGB star
(Reindl et al. 2014).
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Dufour et al. (2007) reported the discovery of several WDs
with atmospheres primarily composed of carbon, with little or no
trace of hydrogen or helium. These stars do not fit satisfactorily
in any of the currently known theories of post-AGB evolution.
They are considered to be the cooler counterpart of the unique
and extensively studied PG1159 star H1504+65 (Nousek et al.
1986; Werner 1991; Werner et al. 2004a) and might form a new
evolutionary sequence that follows the AGB. Another case of
H-deficient WDs that need to fit into the evolutionary picture
are the oxygen-dominated WDs discovered by Gänsicke et al.
(2010).

As a result of their fast evolutionary rate, there are only a few
very hot H-deficient stars. A literature study revealed that there
are currently only 46 known PG 1159 stars, 10 O(He) stars, and
52 DO WDs1 ,2. The detection and analysis of new DO WDs im-
prove their statistics and thus helps to understand the origin of
those objects. Furthermore, it is of importance for the construc-
tion of the hot end of the WD luminosity function. Its shape is
an excellent tool for constraining the emission of particles in the
core of hot DO WDs, for example, and to check for the possible
existence of DFSZ axions, a proposed but not yet detected type
of weakly interacting particles (Miller Bertolami et al. 2014;
Miller Bertolami 2014).

In this paper, we first describe the observations and line
identifications (Sect. 2). The spectral analysis follows in Sect. 3.
The results are discussed in Sect. 4, where we mention the phe-
nomenon of the so-called hot-wind DO WDs (Sect. 4.1) and de-
bate the evolution of the C abundances before and along the non-
DA WD cooling sequence (Sect. 4.2). The mass distribution of
all known O(He) stars, PG 1159 stars, and DO WDs is presented
in Sect. 4.3 and the hot DA to non-DA ratio in Sect. 4.4.

In the text, we use abbreviated versions of the object names.
Full names are given in the Tables 1 and 2.

2. Observations and line identifications

Until 1996, only 22 DO WDs3 were known (Dreizler & Werner
1996). Hügelmeyer et al. (2005, 2006) almost doubled this num-
ber with objects from the SDSS DR1, DR2, DR3, and DR4.
Recently, Werner et al. (2014) detected ten new hot DO WDs in
the SDSS DR 10. To complete the sample of DO WDs, we have
visually scanned a color-selected sample of WD candidates in
the SDSS DR10 and also searched for cool DO WDs. These are
distinguished from the hot WDs by the presence of He i lines.
To distinguish cool DO WDs from sdO stars, we only consid-
ered spectra with broad and only weak higher order (n ≥ 10)
He ii lines. We found 24 objects (Figs. 1 and 2) that have not pre-
viously been analyzed with non-local thermodynamic equilib-
rium (LTE) model atmospheres. This sample includes two pre-
viously not analyzed hot-wind DO WDs (see below) and almost
doubles the number of cool DO WDs below 80 kK.

Of the 24 stars, 14 were already included in the DR7 and also
found by Kleinman et al. (2013). These authors classified 11 of
the stars as DO WDs, two as DOBAH (J1442, J1509) and one as
DBAH (J0005). The latter was already included in the SDSS
DR4 catalog of spectroscopically confirmed WDs (Eisenstein
et al. 2006) and classified as an sdO star. The analyses of

1 This excludes the 22 new DO WDs from this paper.
2 A list of all analyzed DO WDs can be found at http://astro.
uni-tuebingen.de/~reindl/He
3 This excludes KPD 0005+5106 which was recently reclassified as a
pre-WD (Werner et al. 2014) and is now considered as an O(He) star
(Reindl et al. 2014).

Table 1. DO WD candidates from the SDSS DR7 WD catalog
(Kleinman et al. 2013) that were rejected from our sample.

SDSS name g [mag] S /N Comment

J012602.53−004834.5 17.97 20 misclassified He−sdO
J014531.86+010629.7 20.15 8 poor quality spectrum
J024323.23+275045.5 19.48 12 poor quality spectrum
J025622.18+330944.7 19.70 10 poor quality spectrum
J065745.83+834958.5 19.18 18 poor quality spectrum
J080846.19+313106.0 19.44 53 misclassified CV
J081533.08+264646.4 19.48 19 poor quality spectrum
J083959.93+142858.0 18.61 6 poor quality spectrum
J094526.91+172917.2 20.28 5 poor quality spectrum
J102907.31+254008.4 17.35 16 misclassified DAO
J130249.00-013309.5 19.15 9 poor quality spectrum
J130249.00-013309.5 18.71 11 poor quality spectrum
J131816.55+485741.3 19.15 7 poor quality spectrum
J151246.56+071517.3 19.41 13 poor quality spectrum
J154829.87+203139.1 16.81 35 misclassified DAO
J155642.95+501537.5 15.81 43 misclassified He−sdO
J161512.22+110240.0 16.89 36 misclassified DAO
J163200.32−001928.3 18.37 20 misclassified DAO
J171600.52+422131.1 18.19 16 poor quality spectrum
J173027.20+265639.5 17.07 33 misclassified He−sdO
J173824.64+581801.8 18.36 13 poor quality spectrum
J205030.40−061957.9 17.98 21 misclassified DAO
J205930.25−052848.9 17.64 25 misclassified DAO
J213932.49+112611.3 19.29 9 poor quality spectrum

Kleinman et al. (2013) and Eisenstein et al. (2006) were only
based on LTE models and, thus do not provide reliable atmo-
spheric parameters for DO WDs. Kleinman et al. (2013) listed
52 additional DO WDs, 28 of them previously analyzed with
non-LTE model atmospheres. The remaining 24 had spectra
with a too low signal-to noise ratio (S/N) or were either a mis-
classified cataclysmic variable (CV), misclassified He-sdO stars
(log g ≤ 7.0), or DAO WDs. J0839 is listed as DAO WD, but
might be a good candidate for a DO WD. The poor S/N, how-
ever, does not allow a precise spectral analysis. All these objects
are listed in Table 1 and were rejected from our sample.

Table 2 lists all the DO WDs from our sample. In
the spectra of six newly discovered objects (J0742, J0902,
J1107, J1531, J1707, and J1717), we were able to detect the
C IV λλ 4647, 4657, 4658, 4659, 4660, 5803, 5814Å lines. For
the first time, we identified C iii lines in the spectra
of two DO WDs. In the spectrum of J2239, we found
C III λλ 4515, 4516, 4517, 4647, and 4650 Å, and in the spectrum
of J0301, we additionally identified C iii λλ 4056, 4068, 4069,
4070, 4187, and 4326 Å.

Our sample furthermore includes three members of the so-
called hot-wind DO WDs, which show ultrahigh excitation
(uhei) absorption lines. The uhei lines in the spectrum of J0747
(HS 0742+6520) were identifed for the first time. This star was
first classified as an O(He) star by Heber et al. (1996), who dis-
covered it in the Hamburg-Schmidt survey. However, because of
the low S/N, the uhei features were not clearly visible in this
spectrum. Sinamyan (2011) used empirical formulas to estimate
Teff and log g for 87 First Byurakan Survey (FBS) WDs. Based
on the SDSS colors, he found for J0747 Teff = 85 279 K and
log g=7.78. J0201 (HS 0158+2335, discovered by Dreizler et al.
1995) and J0717 (also known as HS 0713+3958, discovered by
Werner et al. 1995) are known DO WDs with uhei features.
Since their SDSS spectra range up to 10 000 Å, we were able
to identify additional lines beyond the hitherto observed Hα re-
gion (Table 3). Figure 2 shows the spectra of these DO WDs.
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Table 2. Parameters of the new cool DO WDs.

SDSS name Teff log g C M g Remarks
[kK] [cm / s2] [M�] [mag]

J000509.93+003809.6 51+2
−2 8.00 ± 0.25 <0.003 0.64+0.14

−0.10 18.181

J020127.20+234952.7 70+10
−10 7.75 ± 0.50 <0.002 0.58+0.11

−0.06 16.633 HS 0158+2335, uhei

J030130.10+050802.9 50+2
−1 7.75 ± 0.25 0.01+0.01

−0.005 0.54+0.10
−0.07 18.392

J071644.59+395808.9 60+10
−5 8.25 ± 0.50 <0.05 0.75+0.15

−0.09 18.591

J071702.72+395323.6 80+10
−10 7.75 ± 0.50 <0.003 0.60+0.09

−0.07 16.295 HS 0713+3958, uhei

J072025.52+370336.3 52+2
−2 7.75 ± 0.25 <0.01 0.54+0.10

−0.07 18.271

J073849.46+485126.6 60+10
−5 8.00 ± 0.50 <0.01 0.66+0.26

−0.16 18.695

J074203.59+493333.8 60+10
−5 7.75 ± 0.25 0.002+0.001

−0.001 0.56+0.10
−0.06 16.707

J074725.15+651301.1 80+10
−10 7.50 ± 0.50 <0.002 0.53+0.16

−0.08 15.414 HS 0742+6520, uhei

J075633.77+163359.0 50+2
−2 7.50 ± 0.25 <0.005 0.49+0.05

−0.04 18.891

J081739.99+163117.1 60+10
−9 7.50 ± 0.50 <0.05 0.50+0.06

−0.04 19.184

J090227.65+125206.0 60+5
−5 7.75 ± 0.25 0.003+0.002

−0.001 0.56+0.10
−0.06 17.049

J090958.98+011105.4 51+2
−2 7.50 ± 0.25 <0.003 0.49+0.05

−0.04 16.660

J103041.44+401312.6 55+5
−3 8.00 ± 0.25 <0.005 0.65+0.13

−0.16 17.348

J110747.86+383550.8 60+5
−5 8.00 ± 0.25 0.003+0.002

−0.001 0.66+0.12
−0.10 17.173

J113816.30+382635.1 65+10
−10 8.75 ± 0.50 <0.01 1.08+0.18

−0.29 18.080

J130717.27+004151.6 60+10
−10 8.00 ± 0.50 <0.01 0.66+0.26

−0.16 17.188

J142440.79+330439.5 50+2
−2 7.50 ± 0.25 <0.005 0.49+0.05

−0.04 18.572

J150927.22+292206.3 50+2
−1 7.75 ± 0.25 <0.003 0.54+0.10

−0.07 17.321

J152943.01+183722.8 52+3
−3 7.50 ± 0.25 <0.005 0.49+0.05

−0.04 18.432

J153133.11+343327.5 70+10
−5 8.00 ± 0.25 0.003+0.002

−0.001 0.69+0.09
−0.11 15.834

J170723.85+450009.9 60+10
−5 8.00 ± 0.50 0.003+0.002

−0.001 0.66+0.26
−0.16 18.644

J171720.52+373605.9 60+5
−5 7.75 ± 0.25 0.003+0.002

−0.001 0.56+0.10
−0.06 17.880

J223939.44+225925.9 45+1
−2 7.50 ± 0.25 0.001+0.002

−0.0009 0.47+0.05
−0.05 18.248

Notes. C abundances are given as mass fraction. uhei indicates objects with ultrahigh excitation features.

3. Spectral analysis

We used the Tübingen non-LTE model-atmosphere package
(TMAP4, Werner et al. 2003; Rauch & Deetjen 2003) to com-
pute non-LTE, plane-parallel, fully metal-line-blanketed model
atmospheres in radiative and hydrostatic equilibrium. The model
atoms for this analysis were taken from the Tübingen model-
atom database TMAD5. To calculate synthetic line profiles,
we used Stark line-broadening tables provided by Barnard
et al. (1969) for He i λλ4026, 4388, 4471, 4921 Å, Barnard
et al. (1974) for He i λ4471 Å and Griem (1974) for all other
He i lines, and for He ii and C iv we used the tables provided
by Schöning & Butler (1989) and Schöning (1993). To account
for the spectral resolution of the observations, synthetic spectra
were convolved with Gaussians (FWHM = 2.5 Å). All observed
spectra were shifted to rest wavelengths by applying radial-
velocity corrections by centroiding the He i and He ii lines.

First, we calculated a pure-He model grid, spanning from
Teff =45−90 kK (in steps of 5 kK) and log g=6.75−8.75 (in steps

4 http://astro.uni-tuebingen.de/~TMAP
5 http://astro.uni-tuebingen.de/~TMAD

of 0.25). Because the He i /He ii ionization equilibrium is very
sensitive around Teff =50 kK, we refined the model grid from
Teff =43−55 kK to 1 kK steps. We reproduced all He lines and
chose the best-fit models by visual comparison with the whole
rectified observed WD spectra. To determine Teff, we used the
He i /He ii ionization equilibrium, and for the log g determina-
tion the wings of the He lines.

Then, we also included C (C = 0.0001, 0.0005, C =
0.001−0.01, in 0.001 steps, and C = 0.01−0.05, in 0.01 steps,
by mass) into our best-fit models to derive C abundances by fit-
ting all identified C lines (Sect. 2). Upper limits were derived
by test models where the respective lines in the model contra-
dicted the non-detection of the lines in the observation (at the
abundance limit). For five stars (J0902, J1107, J1531, J1707, and
J1717), we derived C = 0.003, which is slightly supersolar (so-
lar abundance according to Asplund et al. 2009). For J0742 we
found C = 0.002 (about solar). Two of our objects are the coolest
DO WDs ever discovered that still show a considerable amount
of C. J0301 (Teff =50 kK) was found to have the highest C abun-
dance in our sample (C = 0.01, about four times solar), and for
J2239 (Teff =45 kK) we found C = 0.001 (slightly subsolar).
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The three DO WDs with uhei features clearly show
He i λ5875.7 Å; the high S/N of the spectra of J0747 and J0201
also allowed the identification of He i λ4471.5 Å. We used these
lines to constrain Teff and found Teff =70 kK for J0201 and
Teff =80 kK for J0717 and J0747. For the surface gravity of
these objects we estimate log g=7.75 (for J0717 and J0201) and
log g=7.50 (for J0747). For lower values of log g, the Pickering
lines below 4500 Å become too strong. Upper limits for log g
were derived using He ii λλ4542, 4860, 8237 Å, which form
deep in the atmosphere and might thus be least affected by the
process that creates the too-deep He ii lines. We summarize the
results of our analysis in Table 2.

The additional opacities of C do not affect the theoretical He i
and He ii line profiles. We also investigated a possible impact of
line blanketing by iron-group elements. For that, we calculated
two test models with Teff =60, 80 kK, and log g=7.0. Iron-group
elements were included with a generic model atom (Rauch &
Deetjen 2003) containing the elements Ca, Sc, Ti, V, Cr, Mn,
Fe, Co, and Ni at solar abundance values. For the Teff =60 kK
model the ionization stages iv − vii were considered and for
the Teff =80 kK model the ionization stages v − ix. The model
atom was calculated via the Tübingen iron-group opacity inter-
face TIRO6 (Müller-Ringat 2013). This has recently been devel-
oped in the framework of the Virtual Observatory (VO7) and is
provided as a registered service by the German Astrophysical
Virtual Observatory8. We found that for the pure-He models,
the central depression of He ii λ4686 Å is stronger than in the
model that includes the iron-goup elements (42% stronger in the
Teff =60 kK model and 10% stronger in the Teff =80 kK model).
However, the profiles of all the other He i and He ii lines remain
unaffected.

4. Discussion

4.1. Hot-wind DO WDs

The discovery of uhei lines and unusually deep He ii lines in
the spectrum of J0747 makes it the eleventh member of the so-
called hot-wind DO WDs. This class so far included eight other
DO WDs: SDSS J105956.00+404332.4 (Werner et al. 2014),
SDSS J151026.48+610656.9, SDSS J025403.75+005854.4
(Hügelmeyer et al. 2006), HS 0158+2335, HS 0727+6003,
HS 2027+0651 (Dreizler et al. 1995), HE 0504-2408,
HS 0713+3958 (Werner et al. 1995), one PG 1159 star:
SDSS J121523.09+120300.8 (Hügelmeyer et al. 2006), and one
DAO WD HS 2115+1148 (Dreizler et al. 1995). In addition,
there are five other DO WDs known that also show too deep He ii
lines that they cannot be fitted by any model, but have no clear
uhei features in their spectra: SDSS J082134.95+173919.40,
SDSS J082724.44+585851.68, SDSS J094722.49+101523.62,
SDSS J151215.72+065156.34 (Werner et al. 2014), and
HE 1314+0018 (Werner et al. 2004b; Hügelmeyer et al. 2006).
Werner et al. (2014) speculated that the same unknown process
is at work here, affecting the He ii lines, but failing to generate
the strong uhei lines.

An attempt was made by Werner et al. (1995) to explain the
uhei absorptions lines by extremely hot, static, plane-parallel
non-LTE model atmospheres. The results showed that the ob-
served spectra cannot have a photospheric origin assuming such
an extreme Teff . Since the strongest of the uhei lines often show

6 http://astro.uni-tuebingen.de/~TIRO
7 http://www.ivoa.net
8 http://www.g-vo.org

a very broad blue wing, it is believed that they are formed in a
hot stellar wind that is optically thick in these transitions along
the line of sight toward the stellar disk.

From constraining atmospheric parameters for these stars
with the method described in Sect. 3, we cannot find any cor-
relation of the temperature (e.g., the presence of He i lines), and
the presence or strength of uhei features in these DO WDs.

The fraction of DO WDs showing this phenomenon is sig-
nificant (19% show too deep He ii lines, 11% show additional
uhei features) and awaits an explanation.

4.2. C abundances

The detection of C in cool DO WDs is of particular interest in
studying the chemical evolution of WDs and to place constraints
on possible progenitors and successors of DO WDs.

The chemical evolution of hot WDs in the presence of dif-
fusion and mass loss was studied by Unglaub & Bues (2000).
Using the luminosity dependence of the mass-loss rate of
Blöcker (1995), they predicted that until Teff =65 kK the C abun-
dance of a 0.529 M� star is reduced only by a factor of two. For
stars with higher mass this occurs somewhat earlier, as indicated
by the upper dashed line in Fig. 3. This figure also shows the lo-
cations of all analyzed DO WDs, PG 1159, and O(He) stars com-
pared with VLTP evolutionary tracks from Althaus et al. (2009).
As a consequence of increasing gravity and decreasing mass-loss
rates, the effect of gravitational settling becomes more and more
apparent. When the star has reached the lower dashed line in
Fig. 3, the C abundance is expected to be reduced by a factor of
ten. If the dependence of mass loss on the chemical composition
is considered, an even sharper transition of PG 1159 stars into
DO WDs is expected. We also show in Fig. 3 the correspond-
ing theoretical wind limit for PG 1159 stars in which gravita-
tional settling overcomes radiation-driven mass loss (thin solid
line). The thick solid line in Fig. 3 corresponds to a ten times
lower mass-loss rate and relates to the observed PG 1159 wind
limit because no PG 1159 star is observed beyond that region.
Assuming a lower mass-loss rate, however, also implies that the
decrease of C abundances in DO WDs occurs earlier. Unglaub
& Bues (2000) claimed that the co-existence of PG 1159 stars
and DO WDs with various compositions and similar stellar pa-
rameters does not contradict an evolutionary link. Depending on
their mass-loss rates, some objects may evolve into DO WDs
somewhat earlier, others later.

Figure 4 illustrates the observed (logarithmic) C abundances
as a function of Teff for PG 1159 stars (values taken from
Geier et al. in prep.; Werner & Rauch 2014; Werner et al.
2014; Schuh et al. 2008; Werner & Herwig 2006; Hügelmeyer
et al. 2006), O(He) stars (Reindl et al. 2014; Werner et al.
2014; Wassermann et al. 2010), C-rich He-sdOs (Németh et al.
2012; Hirsch 2009), DO WDs, (this work; Werner et al. 2014;
Hügelmeyer et al. 2006; Dreizler & Werner 1996), DB WDs
(Provencal et al. 1996, 2000; Dufour et al. 2002; Petitclerc et al.
2005; Desharnais et al. 2008; Koester et al. 2014) and DQ WDs
(Koester & Knist 2006; Dufour et al. 2005). Although there are
some He-rich luminous PG 1159 stars, the vast majority of the
luminous, that is, less evolved, PG 1159 stars (black, open tri-
angles) display C ≈ 0.5. Obviously, PG 1159 stars close to the
wind limit (Teff ≤ 120 kK and log g ≥ 7.5, black, filled trian-
gles) display the lowest C abundances (C ≤ 0.22, by mass),
which means that they are lower by about a factor of two than
the average of the luminous stars. This observational fact indeed
supports the theory of advancing gravitational settling.
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Fig. 3. Locations of O(He) stars (red, Reindl et al. 2014; Werner et al. 2014; Wassermann et al. 2010; De Marco et al. 2014), PG 1159 stars (black,
Geier et al. in prep.; Werner et al. 2014; Gianninas et al. 2010; Werner & Herwig 2006; Schuh et al. 2008) and DO WDs (purple, this work, Werner
et al. 2014; Mahsereci 2011; Hügelmeyer et al. 2006; Dreizler & Werner 1996; Nagel et al. 2006) in the log Teff–log g plane compared to VLTP
post-AGB (solid lines) evolutionary tracks (labeled with stellar masses in M�) of Althaus et al. (2009). The black solid and dashed lines indicate
theoretical wind limits for abundance changes as predicted by Unglaub & Bues (2000) and discussed in Sect. 4.2.

On the other hand, the typical C abundances in DO WDs
(0.001−0.01 by mass) do not change along the WD cooling track
and are much closer to the C abundances observed in C-rich
O(He) stars (typically 0.1−0.03 by mass, Werner et al. 2014;
Reindl et al. 2014; Wassermann et al. 2010) than to those of
PG 1159 stars. The discovery of a significant amount of C in
the atmosphere of J0301, and still some detectable C in the at-
mosphere of J2239, emphasizes that gravitational settling might
work less well than predicted by theory in the DO WD cooling
region. According to Unglaub & Bues (2000), the C abundances
of J0301 and J2239 should already have dropped far below the
detectable limit. Dreizler (1999) also found no evidence for grav-
itational settling. By analyzing HST spectra of DO WDs ranging
from Teff =50−100 kK, he found that DO WDs can best be fit-
ted with chemically homogeneous models, whereas the stratified
models significantly deviated from the observations.

It is also interesting to note that the hot-wind DO WDs are
located around the PG 1159–DO transition region predicted by
Unglaub & Bues (2000). Given that the cause for their spectral
anomaly is a fast wind, this would additionally stress that some
mass-loss must still be occurring in DO WDs.

The observed C abundances found in DO WDs are also very
similar to those observed in C-rich He-sdO stars. A non-LTE
analysis of a large sample of these stars revealed C abundances
in the range of 0.001–0.03 (Németh et al. 2012; Hirsch 2009).
Especially J2239, for which we derived a mass of 0.47 M�,
might be a good candidate for a successor of a C-rich He-sdO
star.

Traces of C (0.9−9.5 × 10−6, by mass) are also found in
some hot DB WDs (Provencal et al. 1996, 2000; Dufour et al.
2002; Petitclerc et al. 2005; Desharnais et al. 2008; Koester et al.
2014) and cannot be easily explained either by any physical pro-
cesses currently thought to operate in the envelopes of DB stars.
Numerical simulations of Fontaine & Brassard (2005) showed
that assuming a weak stellar wind of about 10−13 M�/yr would
sufficiently slow down the settling of C. However, their wind
model has no physical basis and is not compatible with the thin
radiatively driven winds discussed by Unglaub & Bues (2000)
at much higher Teff. Moreover, the mass-loss rates are far below
the detection limit.

The monotonic decrease of the C abundance with decreas-
ing temperature in DQ stars, uncovered by Dufour et al. (2005)
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Table 3. Identification of ultrahigh excitation features in J0717, J0747,
and J0201.

Ion λ /Å J0717 J0747 J0201

C V 49454 ×
76942 � � �

C VI 44995 ×
52915 × �
62015 × �
77172 � �

N VI 45011 ×
52931 × � ×
62041 × � ×

N VII 38875 × � ×
45505 × � ×
56695 × � ×
60855 × � ×
79211 � �
79261 � �

O VII 38891 × � ×
45581 × � ×
56731 × � ×
60881 × � ×
81393 �
81463 �

O VIII 43405 × �
46585 × � ×
60645 × � ×
60685 × � ×
77261 � �
77361 � � ×
82021 � �

Ne IX 47971 × � �
64841 × � ×

Ne X 52521 × � ×

Notes. × denotes that these lines were already identified in J0717 by
Werner et al. (1995) and in J0201 by Dreizler et al. (1995), while �
denotes newly identified lines. (1) Hydrogenic value; (2) Engstrom et al.
(1992); (3) Accad et al. (1971); (4) Moore (1970); (5) Garcia & Mack
(1965).

and confirmed by Koester & Knist (2006), can be explained
in terms of the dredge-up model developed by Pelletier et al.
(1986). They predicted that the highest contamination occurs at
around Teff =12 kK, approximately the Teff at which the base of
the He convection zone reaches its highest depth. Below this Teff ,
C pollution decreases with further cooling, mainly because C
sinks back into the star as a result of its partial recombination.
The tight observational sequence found by Dufour et al. (2005)
and Koester & Knist (2006) allowed Brassard et al. (2007) to
pin down the masses of the He-dominated envelopes in DQ stars
(10−2 to 10−3.75 M�), which agrees with (V)LTP models. Hence,
they reaffirmed the natural connection between PG 1159 stars,
DO, DB, and DQ WDs. A completely different result was ob-
tained by Scóccola et al. (2006). They found that PG 1159 stars
cannot be related to any DQ WDs with low C abundances and in-
stead suggested that the latter could be successors of RCB stars
or C-poor post-extreme horizontal branch (EHB) stars. In that
sense, we propose that O(He) stars should also be investigated
as possible progenitors of DQ WDs. It is important to note, how-
ever, that Scóccola et al. (2006) failed to reproduce the decrease
of the C abundance with decreasing temperature in DQ stars and
instead found an increase of the C abundance with decreasing
temperature.

PG 1159

O(He)
DO

He-sdO

DB

DQ

-8

-7

-6

-5

-4

-3

-2

-1

0

5.0 4.5 4.0
 log (Teff / K)

X
C

Fig. 4. Carbon abundances (in logarithmic mass fractions) before and
along the non-DA WD cooling track. Luminous PG 1159 stars with
Teff > 120 kK and log g < 7.5 are represented by open, black triangles,
PG 1159 stars close to the wind limit with Teff ≤ 120 kK and log g ≥ 7.5
by filled, black triangles, O(He) stars and DO WDs before the wind
limit by open, red circles, DO WDs beyond the wind limit by filled, red
circles, DB WDs by blue rhombs, and DQ WDs by gray stars.

4.3. Mass distribution

We derived the masses of the new cool DO WDs by comparing
their positions in the log Teff–log g plane with VLTP evolution-
ary tracks from Althaus et al. (2009, Fig. 3). With Teff =65 kK
and log g=8.75, J1138 clearly lies outside of the region covered
by the VLTP tracks. Considering J1138 as CO-WD, we used
CO-WD evolutionary tracks of Wood (1994), which extend up to
1.10 M�. We found M = 1.09 M� with a lower limit of 0.79 M�.
Considering J1138 as an ONe-WD we used ONe-WD tracks of
Althaus et al. (2005a) and derive M = 1.07 M� with an upper
limit of 1.26 M�. Lau et al. (2012) showed that because of insta-
bilities in the late thermally pulsing-AGB phase of massive AGB
stars with zero-age main-sequence masses of 7–10 M� and en-
velope masses of about 1−2 M�, most of the envelope of these
stars can be ejected. The outcome might be a central star (CS)
of around 1 M� with a relatively massive planetary nebula (PN),
like the so-far unique He-rich CS N66 (SMP 83), whose lumi-
nosity corresponds to a core mass of about 1.2 M� (Hamann et al.
2003). J1138 could be a successor of such a star. The very low
frequency of massive DO WDs could be consistent with the fact
that not all AGB stars going through such an ejection mechanism
would eject all of their envelope and thus would instead become
a massive DA WD.

The derived masses together with their errors (as resulting
from the uncertainties in Teff and log g) are given in Table 2. For
J1138, we adopted the mean value given by both sets of tracks.

In the upper panel of Fig. 5, we show the mass distribution of
the DO WDs of our sample. We derived a mean mass of 〈M〉 =
0.60 M� with a standard deviation of σ = 0.13 M�. In the mid-
dle panel of Fig. 5 we show the mass distribution of all analyzed
PG 1159 stars, O(He) stars, and DO WDs before the observed
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Fig. 5. Upper panel: mass distribution of all DO WDs from our sam-
ple. Middle panel: mass distribution of PG 1159 stars (thin black line),
O(He) stars and DO WDs before the wind limit (thick red line), and
DO WDs beyond the wind limit (gray area, light pink in the online
version). Lower panel: mass distribution of the hot (Teff ≥ 45 kK)
DA WDs (gray area, light blue in the online version) from the sam-
ple of Gianninas et al. (2011) compared with the mass distribution of
non-DA WDs (PG 1159 and DO WDs with log g ≥ 7, thick red line).

wind limit9 and DO WDs beyond the wind limit. To avoid sys-
tematic errors introduced by using different evolutionary tracks,
we derived the masses for PG 1159 and O(He) stars by addi-
tionally using the VLTP tracks from Althaus et al. (2009). The
mean mass of the O(He) stars and DO WDs before the wind limit

9 Since no gravitational settling is predicted for DO WDs before the
wind limit, we placed them in the O(He) group.

(〈M〉 = 0.56 M�, with σ = 0.04 M�) is slightly lower than the
mean mass of the PG 1159 stars (〈M〉 = 0.57 M�, σ = 0.08 M�).
The mean mass of DO WDs beyond the wind limit is slightly
higher (〈M〉 = 0.63 M�, σ = 0.11 M�) than those of the objects
before the wind limit. This trend continues in the mass distri-
bution of DB WDs. Using only the spectra with S/N ≥ 15 out
of their sample of 923 DB stars, Kleinman et al. (2013) found
a mean mass of 〈M〉 = 0.685 ± 0.013 M�. By restricting this
sample to just those hotter than Teff =16 kK, they found a slightly
lower mean mass of 〈M〉 = 0.676 ± 0.014 M�. Bergeron et al.
(2011) presented a detailed analysis of 108 DB WDs based on
model atmosphere fits to high S/N optical spectroscopy. They
derived an almost identical mean mass of 0.67 M� for their
sample.

The phenomenon of increasing mean mass with decreasing
Teff is not restricted to non-DA WDs. Gianninas et al. (2011) pre-
sented the spectroscopic analysis of over 1100 bright (V ≥ 17.5)
DA white dwarfs. They found a mean mass of 〈M〉 = 0.661 M�,
with σ = 0.160 M�, but by dividing their sample into objects
with Teff > 13 kK and Teff < 13 kK, they also found that the mean
mass of the hot objects (〈M〉 = 0.638 M�, σ = 0.145 M�) is
significantly lower than the mean mass of the cool DA WDs
(〈M〉 = 0.736 M�, σ = 0.183 M�). Tremblay et al. (2013)
showed that this problem can be solved using 3D hydrodynami-
cal models to compute spectra for the cool DA WDs. In the lower
panel of Fig. 5 we therefore compare only the mass distributions
of DA WDs with Teff > 45 kK with those of the DO WDs and
PG 1159 stars with log g ≥ 7.0. We derived mean masses of both
classes to 〈M〉 = 0.64 M� (hot DA WDs) and 〈M〉 = 0.60 M�
(non-DA WDs). The slightly higher mean mass for DA WDs
results from the larger number of massive WDs, while a larger
number of non-DA WDs with M < 0.5 M� is known. Seven
out of the 55 (about 13%) DO WDs beyond the wind limit have
M < 0.5 M�, thus they are most likely post-EHB stars. The pro-
genitors of these DO WDs might be He-sdO stars or low mass
PG 1159 stars, such as HS 0704+6153 (Dreizler & Heber 1998).
However, we emphasize that the errors on the masses are still
large and that only a better log g determination can provide bet-
ter constraints.

Another interesting feature that can be seen in the middle
panel of Fig. 5 is that the mass distribution of the DO WDs
beyond the wind limit compared with the mass distribution
of the objects before the wind limit strongly disagree. While
the flat plateau around 0.6 M� in the mass distribution of the
DO WDs beyond the wind limit agrees with the mass distri-
bution of PG 1159 stars, O(He) stars, and DO WDs before the
wind limit, two additional peaks at 0.675 M� and 0.775 M� can
be seen. The significant difference in the mass distributions is
confirmed by a Kolmogorov-Smirnov test. The result of this
test is that the probability that both samples are taken from
the same mass distribution is rather small (<10−4). The shape
of the mass distributions before and beyond the wind limit are
also preserved if we divide the stars into objects younger and
older than 0.4 Myr, which approximately corresponds to a ver-
tical line at Teff =80 kK (Althaus et al. 2009). This shows that
the discrepancy in the mass distributions does not arise be-
cause the wind limit is reached earlier for more massive stars.
Althaus et al. (2009) noted that the mass distribution of young
DO WDs differs considerably from that of the older WDs.
Werner et al. (2014) attributed the higher mean mass for DOs
found by Hügelmeyer et al. (2006) to a calibration problem in
the SDSS DR4. However, we found that using only the DO WDs
from our analysis, we also see a peak around 0.675 M�. Thus

A117, page 10 of 12



N. Reindl et al.: Analysis of cool DO-type white dwarfs from the Sloan Digital Sky Survey data release 10

we believe that this peak is real and not an artifact of a poor flux
calibration.

This poses the question whether these two high-mass peaks
display different input channels of DO WDs. Althaus et al.
(2009) suggested that some DO WDs might result from evo-
lutionary channels that do not involve PG 1159 stars. For in-
stance, they could be the result of post-merger evolution involv-
ing RCB, EHe, luminous He-sdO stars, and O(He) stars. Reindl
et al. (2014) found that using double He-WD merger tracks from
Zhang & Jeffery (2012b) instead of VLTP tracks, the masses of
O(He) stars are 0.07−0.16 M� higher. This would indeed shift
the mean mass of these stars closer to the higher mass peaks
of DO WDs beyond the wind limit. Comparing the evolution-
ary tracks of Zhang & Jeffery (2012b) and Althaus et al. (2009),
we found that they differ significantly only in the luminous part
(Teff > 100 kK) in the log Teff–log g plane. We again derived
the masses of all O(He) stars and DO WDs before the wind
limit using the tracks of Zhang & Jeffery (2012b) and found a
mean mass of 〈M〉 = 0.62 M� instead of the 〈M〉 = 0.56 M�
found using the tracks of Althaus et al. (2009). Although a
double He-WD merger can be excluded for some O(He) stars,
we claim that a contribution of post-double He-WD mergers
to the observed higher mass peaks in the mass distribution of
the DO WDs beyond the wind limit is possible. We also stress
that determining the mass through evolutionary tracks requires
knowing the evolutionary history of an object, which is very un-
clear at least for the He-dominated objects.

Another possible origin of DO WDs with higher masses are
H-deficient [WC] or [WN]-type central stars. A spectroscopic
mass determination for these objects is, however, extremely diffi-
cult since log g cannot be derived from photospheric lines. Wind
emission lines do not depend on the first approximation of L and
M. For the spectral analysis of these stars, it is common prac-
tice to assume standard values of log g or M (e.g., log g=6.0
or M = 0.6 M�), which are equivalent input parameters for wind
codes. The two currently known [WN]-type central stars IC 4663
(Miszalski et al. 2012) and Abell 48 (Todt et al. 2013; Frew et al.
2014) are in an evolutionary state similar to or even later than
the O(He) stars, but show much stronger stellar winds. Reindl
et al. (2014) speculated that [WN] stars are O(He) stars, but with
higher masses and hence higher luminosity, which could explain
the higher mass-loss rates of [WN] stars.

4.4. Ratio of DAs to non-DAs for hot WDs

The sample of Gianninas et al. (2011) comprised 131 DA WDs
with Teff > 45 kK, while there are 49 PG 1159 stars with log g ≥
7.0, and DO WDs (hot non-DA WDs) known with V ≤ 17.5.
This would lead to a ratio of hot DAs to non-DAs of 2.7.
However, neither sample can be considered complete. To cor-
rectly calculate the ratio of hot DAs to non-DAs, it is necessary
to compare samples with the same the magnitude limit, sky cov-
erage, and completeness. No systematic search for hot DA WDs
in the SDSS DR 10 was presented so far, therefore we restricted
ourselves to the SDSS DR7 spectroscopic sample. Since we
compare objects in the same Teff range, incompleteness should
affect both subclasses in the same manner. Atmospheric param-
eters derived by Kleinman et al. (2013) are only based on LTE
models, and thus they show large differences for Teff >∼ 50 kK
compared with the objects they had in common with the sam-
ple of Gianninas et al. (2011). However, to distinguish whether a
DA WD is hotter or cooler than Teff =45 kK, LTE models are
probably good enough. By comparing pure He and H model
atmosphere fluxes, we found that at Teff =45 kK DA WDs are

about 0.1 mag brighter than DO WDs. Accordingly, we set the
magnitude limit for DA WDs to g < 17.4 and for DO WDs to
g < 17.5. We found in total 117 DA WDs with Teff > 45 kK,
with 81 of them clean DA WDs (no subtypes, e.g. DAO, DAM,
DAH). On the other hand we found 23 hot non-DA WDs in
the SDSS DR7 spectroscopic sample with g < 17.5, leading to
DA/non-DA = 5.1, with a lower limit of 3.5 if we consider clean
DA WDs alone.

Among the H-deficient objects before the wind limit that are
included in the SDSS DR 10 spectroscopic sample, we find 18
PG 1159 stars and 12 O(He) stars and DO WDs, which leads to a
ratio of C-dominated to He-dominated objects of 1.5. Including
log g > 7.0 objects alone, the ratio of C-dominated to He-
dominated objects is 0.75. This suggests that DO WDs beyond
the wind limit may be fed to a similar extent by PG 1159 and
O(He) stars.

4.5. Conclusions

We have visually scanned a color-selected sample of white
dwarf candidates in the SDSS DR10 and identified 22 new cool
DO white dwarfs. Effective temperatures, surface gravities, and
C abundances (or at least upper limits) for 24 DO WDs were de-
rived with non-LTE model atmospheres. Among the newly iden-
tified DO WDs, we found one more member of the so-called
hot-wind DO WDs, which shows uhei absorption lines. One of
the DO WDs is the most massive DO WD ever discovered with
a mass of 1.07 M� if it is an ONe-WD or 1.09 M� if it is a
CO-WD. Two of our objects are the coolest DO WDs ever dis-
covered that still show a considerable amount of C in the atmo-
sphere (C = 0.001−0.01). This strongly contradicts the diffusion
calculations of Unglaub & Bues (2000). We suggest that – sim-
ilar to what has been proposed for the cooler DB stars – a weak
mass-loss is present in cool DO WDs. Furthermore, we pre-
sented the mass distribution of all hitherto analyzed DO WDs,
PG 1159, and O(He) stars. We found that the mass distribution of
DO WDs beyond the wind limit strongly deviates from the mass
distribution of the objects before the wind limit and explained
this phenomenon with a scenario of different input channels. The
plateau around 0.6 M� in the mass distribution of DO WDs be-
yond the wind limit agrees with the mass distribution of PG 1159
stars, O(He) stars, and DO WDs before the wind limit. The two
additional higher mass peaks might reflect a merger origin of
some O(He) stars and DO WDs and/or the possibility that [WN]
and [WC] type central stars are more massive than PG1159 and
O(He) stars. The non-DA WD channel may be fed by about
13% by low-mass PG 1159 stars and post-EHB He-sdO stars.
PG 1159 stars and O(He) stars may contribute to a similar extent
to the non-DA WD channel.
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ABSTRACT
Only three planetary nebulae (PN) were known in the Kepler space telescope field
of view at the time of launch. Two additional objects were discovered by the Deep
Sky Hunters amateur collaboration while an additional PN was recently found by
Aller et al.. Despite this low tally, we have identified a substantial amount of binary-
related and anomalous behaviour. Of the 5 central stars of PN with useful data, one,
J 193110888+4324577, is a short-period, post common envelope binary exhibiting
relativistic beaming effects. A second, the central star of the newly identified PN
Pa 5, has a consistent variability that may be explained by magnetic activity or the
influence of an orbiting planet. A model of the stellar spectrum classifies it among
the very rare O(He) class. The third PN, NGC 6826 has a central star whose Kepler
light curve was previously analysed with the conclusion that it is due to rotational
modulation implying a surface velocity of 78 km s−1, something that can only be
achieved in a merger. Fourth, the central star of the newly identified PN Kn 61,
exhibits a rare PG1159, hydrogen-deficient spectrum and a peculiar light variability
with approximately triangular brightness peaks of ∼0.08-0.14 magnitudes and lasting
1-2 days, spaced irregularly at intervals of a few days. We considered several single
star and binary explanations for the variability, although none is fully convincing.
Finally the central star of the circular PN A 61 does not appear to have a photometric
variability above 2 mmag. With the possible exception of the variability of Kn 61, all
other variability behaviour, whether due to binarity or not, would not easily have been
detected from the ground. We conclude, based on very low numbers, that there may
be many more close binary or close binary products to be discovered with ultra-high
precision photometry. With a larger number of high precision photometric observations
we will be able to determine how much higher than the currently known 15 per cent,
the short period binary fraction for central stars of PN is likely to be.

Key words: techniques: photometric; stars: evolution; binaries: close; planetary neb-
ulae: individual: Kn 61; planetary nebulae: individual: Pa 5; planetary nebulae: indi-
vidual: J193110888+4324577.

1 INTRODUCTION

What is a planetary nebula? The textbooks are clear and
definitive that a planetary nebula (PN) is a common, short-
lived, phase of a typical star like the Sun that occurs as it

? E-mail: orsola.demarco@mq.edu.au

burns up the last of its available nuclear fuel. During the
next 1000 years or so, the star blows off its outer layers to
reveal a central core that becomes hot enough to ionise the
ejected layers. That ionised gas then glows due to recombi-
nation and collisional excitation. This simple scenario likely
has some validity. However, we still do not have a satisfac-
tory physical explanation for how single stars create PN with

c© 2014 RAS
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non-spherical shapes, which amount to 80-85 percent of the
entire population (Parker et al. 2006).

Garćıa-Segura et al. (1999, 2005) argued that stellar ro-
tation and magnetic fields in single stars can alter the mor-
phology of a mass-losing asymptotic giant branch (AGB)
star, but Soker (2006) and Nordhaus et al. (2007) argued
that in a large majority of cases, single AGB stars are un-
likely to be able to sustain large-scale magnetic fields for long
enough to affect shaping, because the field embedded in an
expanding plasma, drains the star of angular momentum on
short time scales and quenches itself. Without an angular
momentum source, the field would vanish. In the models of
Garćıa-Segura et al. (1999) and Garćıa-Segura et al. (2005)
the field strength was assumed constant and was not coupled
to the negative feedback action of the stellar envelope. In
fact, recently Garćıa-Segura et al. (2014) have re-examined
this issue and have determined, using stellar structure and
evolution simulations, including the effect of angular mo-
mentum transport, that AGB stars cannot maintain rotation
profiles that allow the formation of bipolar PN. A stellar or
substellar companion, though, can provide the angular mo-
mentum source (Soker 2006; Nordhaus et al. 2007).

A host of related conundrums that also may find expla-
nations in the presence of a binary companion, are the unex-
plained intensifying of mass-loss at the end of the AGB (but
see Lagadec & Zijlstra 2008), linear momenta in post-AGB
outflows 1000 times in excess of what can be explained by ra-
diation pressure on dust (Bujarrabal et al. 2001), or the lack
of an explanation for the constant bright edge of the PNLF
in old elliptical and young spiral populations (Jacoby et al.
1992; Marigo et al. 2004, but see also Schönberner et al.
(2007)). Finally, the population synthesis studies of Moe &
De Marco (2006) and Moe & De Marco (2010) show that
the current scenario predicts too many PN in the Galaxy by
a factor of 5 at the 3σ level, while the binary interactions
(from strong, such as common envelope [CE] interactions to
weak, such as gravitational focussing) can explain ∼70 per
cent of all PN.

The binary hypothesis (De Marco 2009) therefore ar-
gues that some single AGB stars do not make a PN, which
implies that binarity is over-represented in the PN popula-
tion compared to the progenitor main sequence population.
To test this emerging hypothesis, several groups are actively
working together to determine the true frequency of binary
central stars and the properties of those systems (Bond 2000;
De Marco et al. 2004; Miszalski et al. 2009; De Marco et al.
2013; Hillwig et al. 2010; Jones et al. 2014).

The only binary fraction that is reasonably well con-
strained today is that of very close central star binaries: ∼15
per cent of all central stars are in post-CE binaries (periods
typically shorter than a day) and are detected with periodic
flux variability due to irradiation, ellipsoidal variability, or
eclipses (Bond 2000; Miszalski et al. 2009). Almost all of
the photometric variables detected have amplitudes larger
than ∼0.1 mag, mostly due to suboptimal sampling due to
telescope scheduling and weather constraints.

It has therefore been asked how many objects have re-
mained undetected as one would expect that inclination,
companion size and orbital distance would all play a role
in the variability amplitude (De Marco et al. 2008). It is
likely that there is a dearth of central star close binaries
with periods just longer than those detected so far (i.e., be-

tween a couple of days and a couple of months). It is likely
that with our current detection limits we would have easily
detected binaries with periods up to two weeks (De Marco
et al. 2008). In addition, studies of post-CE white dwarf
(WD) binaries, the progeny of post-CE central stars of PN
binaries, seem to indicate a dearth of objects in that period
range (Schreiber et al. 2009). However, short period, post-
CE binaries with smaller companions, with an unfavourable
orbital inclination, or with a weak irradiation effect should
be there, with variability below the ground-based threshold.
We have therefore embarked in a study to find new post-CE
central star binaries with Kepler to determine whether we
can get an indication of the frequency of the undetected, low
amplitude binaries.

While a sample of 6 central stars in the Kepler field
precludes the statistical revision of the short-period binary
fraction, it would be indicative to find even just one pho-
tometric variable that would not have been detected from
the ground. Any indication that such binaries exist would
motivate further studies to quantify how much larger the
post-CE binary fraction is than the 15 per cent currently
known.

In § 2 we present the PN sample in the Kepler field
of view, while in § 3 we describe the observations. In § 4
to § 7 we present the Kepler lightcurves, atmosphere model
analyses, as well as combined analysis of the light and radial
velocity curves to derive stellar and binary parameters for
five of the six central stars of PN in the Kepler field of view
that have adequate data. We conclude in § 8.

2 THE PN SAMPLE

We have monitored (programme # GO30018) six PN in
the Kepler field. Three were known (Abell 61, hereafter
A 61, NGC 6742 and NGC 6826). One was recently dis-
covered by Aller et al. (2013, the central star is known as
J193110888+4324577, hereafter J19311, while the nebula
may be indicated as AMU 1 after the discoverers, but we
shall use the star’s name to indicate this object). Two were
found by the Deep Sky Hunter team (Jacoby et al. 2010,
Kronberger 61, hereafter Kn 61 and Patchick 5, hereafter
Pa 5), partly during an effort targeting the Kepler field in
support of this study. A seventh object, PaTe 1, also found
by the Deep Sky Hunters, is in an area of extended emission
but is not seen in [O III] images, and therefore cannot be
confirmed as a PN at this time. Available data for these ob-
jects are summarised in Table 1 while images are presented
in Fig. 1.

A 61 is an old, circular PN first presented by Abell
(1966). Its central star spectrum was modelled by Napi-
wotzki (1999) and the following parameters were derived:
Teff = (88 000 ± 7900) K, log g = 7.10 ± 0.37, R = 0.67 R�
at a distance of 1380 pc. Drummond (1980) lists the central
star of A 61 as a variable and the Russian catalogue of vari-
able stars (Kukarkin et al. 1981) designates it as NSV 11917.

Kepler data for the central star J19311 were first pre-
sented by Østensen et al. (2010), who showed that it has a
periodically variable light curve. The PN was only recently
discovered by Aller et al. (2013) who showed it to consist
of two elongated structures at 90 deg from one another and
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Figure 1. A mosaic of the six PN in the Kepler field that were

observed by our programme (the nebular diameters can be found
in Table 1; North is towards the top, East to the left, except for

Kn 61 - see caption to Figure 2). Top left: A 61, courtesy of Jim

Shuder; Top centre: J19311+4324, Aller et al. (2013); Top right:
Kn 61, courtesy of Travis Rector and the Gemini Observatory;

Bottom left: NGC 6742, courtesy of Adam Block. Bottom centre:
NGC 6826, courtesy of Bruce Balick; Bottom right: Pa 5, from

Jacoby et al. (2010)

with kinematics indicating that they were ejected almost at
the same time.

Kn 61 is a PN discovered by the Deep Sky Hunters
(Kronberger et al. 2012) and already studied by Gonzalez
Buitrago et al. (2014), who showed it to have a hydrogen
poor, PG1159-type central star. Its central star’s spectrum
was originally presented by Jacoby et al. (2012), Long et al.
(2013) and Garćıa-Dı́az et al. (2014). Garćıa-Dı́az et al.
(2014) discuss extensively the PN, concluding that it is hy-
drogen poor, a quality shared by only a handful of other
known objects (Harrington et al. 1997).

NGC 6742 is a little studied, circular PN with a mor-
phology which is very similar to that of A 61 (Fig. 1). Its
central star’s light is diluted in the bright nebula and in
§ 3 we question whether the Kepler photometry could even
identify the star itself.

NGC 6826 is a very well studied PN. Its central star was
detected to vary by Bond & Ciardullo (1990) and classified
as a ZZ Leporii star by Handler (2003). The stellar spec-
trum was modelled by Kudritzki et al. (2006, Teff=46 kK,
log g = 3.8, consistent with a mass of 0.74 M�). The PN
consisted of two, well defined, elliptical structures and two
jet-like structures aligned with the long axis of the PN. The
Kepler light curve of the central star was presented by Han-
dler et al. (2013) who demonstrated convincingly that its
variability behaviour is not consistent with a short period
binary, but instead with a fast rotating central star.

The Kepler lightcurve of the central star of Pa 5
(also known as J19195+4445), was already presented by
Østensen et al. (2010). The PN was discovered by the Deep
Sky Hunters (DSH J1919.5+4445; Kronberger et al. 2006).
Østensen et al. (2010) also presented a spectrum of the cen-
tral star and remarked on this star being a very hot PG1159
star, a classification that we will revise in § 7.

In Fig. 1 and 2 we present images of the six PN. The
image of Kn 61 was obtained with the Gemini telescope in

Figure 2. A Gemini-north GMOS, 500-second exposure image

of the newly-discovered PN Kn 61 obtained with the Gemini

telescope. [OIII] is blue, Hα is red. North is 21 degrees West
of the vertical, West is 90 degrees left of North and the field

of view is 2.2 x 4.4 arcminutes. Image curtesy of the Gemini
Observatory and Travis Rector (see Gemini Office press release

http://www.gemini.edu/node/11656)

July 2011 after a confirmation image was obtained by us at
the KPNO 2.1-m telescope.

3 DESCRIPTION OF THE OBSERVATIONS

3.1 Kepler photometry, periodicity analysis, and
non-detections

The Kepler space telescope was launched on March 7, 2009
with the aim of monitoring approximately 115 sq. degrees of
sky centred on the Cygnus-Lyra region of the sky. The tele-
scope aperture is 1.4 m. The filter bandpass has a full width
at half maximum between 4300 and 8900 Å. The monitoring
cadence of our targets was approximately 30 minutes while
each exposure time was equivalent to 1626 sec. The Kepler
pixel scale is 3.98 arcsec/pix. The Kepler data is distributed
by quarters, each three months long. The quarters available
for a particular object vary: A 61 was observed in quarters
#2-7 and #10-13, J19311 was observed in quarters #1-6
and #13, Kn 61 in quarters #10-13, NGC 6742 was only
observed for a single quarter (#13). NGC 6826 has data
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A 61 J 19311 Kn 61 NGC 6742 NGC 6826 Pa 5

Kepler Input Catalogue 9583158 7755741 3231337 10963135 12071221 8619526
RA 19 19 10.22 19 31 08.89 19 21 38.93 18 59 20.03 19 44 48.15 19 19 30.52

Dec +46 14 52.03 +43 24 57.74 +38 18 57.36 +48 27 55.24 +50 31 30.26 +44 45 43.08

Distance (kpc) 1.38c 1.82e 4:: 4.86e 1.3e 1.4
PN diameter (arcsec) 200d ∼300f 104 27g 27x24e 120i

PN morphology circular bipolar/elliptical ∼circular circular elliptical/jets bipolar/torus

V -band magnitudea 17.389 13.697 18.416 16.567h 10.41g 15.670j

Kepler magnitude 17.321 13.752 18.283 16.255h 10.757 15.839

Central star spectral typeb DAO O(H) PG1159 ? O3f(H) O(He)

# of Kepler “quarters” 10 7 4 1 7 8
Light curve period (days) – 2.928 2-12 – 0.619,1.236 1.12

Light curve amplitude (mmag) <2 0.729 ∼80-140 – ∼2-8 0.5

aFrom Everett et al. (2012) unless otherwise stated; bWe stay away from sub-dwarf classifications for these objects, which confuses

them with post-RGB stars, and use instead the classification system used by, e.g., Mendez et al. (1988); cNapiwotzki 1999; dESO
catalogue; eFrew (2008); fThis nebula was decomposed into two elliptical/bipolar shells approximately 5×2 arcmin2 with axes

perpendicular (Aller et al. 2013) to each other and with similar expansion velocities and kinematic ages; gAcker et al. (1992);
hLikely too bright because of the bright nebula; iWidth of the torus’ long axis; jbut see § 5.2 for an alternative value.

Table 1. Available literature data and results for the sample of PN in the Kepler field of view

from quarters #1-7 and #10-13 and Pa 5 was observed in
quarters #1, #5-7, and #10-13.

Although Kepler ’s detectors contain over 95 million
pixels, only a small fraction can be captured for the cre-
ation of long cadence light curves due to spacecraft onboard
storage and downlink constraints. As a result, targets cho-
sen by observers are assigned a mask, and only pixels within
the mask are stored and eventually downloaded for analysis.
Light curves from Kepler are obtained through simple aper-
ture photometry on the recorded pixels, and processed by
the Kepler “pre-search data conditioning” (PDC) pipeline to
remove systematic errors. The same measures in the pipeline
that try to minimise false positives for exoplanet transit de-
tection also risk removing intrinsic star variability. However,
comparing PDC light curves to ones extracted from the orig-
inal target pixel files and detrended with the cotrending ba-
sis vectors provided with the data release showed them to be
very similar, leading us to conclude that PDC light curves
were acceptable for our purposes without additional reduc-
tion.

Each quarter of data was analysed to detect possible pe-
riodic components in the signal using the Lomb-Scargle peri-
odogram algorithm. The resulting periodograms were used
to identify the strongest periodic component in the light
curve. In order to combine different quarters of data for an
object, it was necessary to normalise the light curves by
the median values. Otherwise, differences between quarters
result in discontinuities when stitching the light curves. A
periodogram was also generated for the stitched light curve,
to get a better signal to noise ratio in detecting the periodic
signal. To generate the folded light curve, the stitched data
was folded at the strongest period from the periodogram. In
the phasing process, the data were binned to form median
flux values, with 50 bins per light curve cycle.

The central star of A 61 has no detected variability to
a limit of 2 mmag, which is curious given its designation as
NSV 11917.

For the central star of NGC 6742 we did not detect any
variability. However, we were unable to distinguish any dif-
ference between the flux in pixels centred on the central star

coordinates from pixels a few arcsec away. For the other PN,
the nebulae have very low surface brightnesses relative to the
central stars. In the case of NGC 6742, however, Kepler ’s
large pixel size and broad bandpass results in a high back-
ground noise that degrades the contrast between the nebula
and star. We therefore must conclude that this target could
not measured accurately enough to draw any conclusion as
to the variability of the stellar light.

3.2 Spectroscopy

Spectra were obtained for the central star J19311 and the
central star of PN Pa 5 at the Gemini North telescope with
GMOS in long-slit mode using the B1200 grating between 8
and 16 July, and 3–5 September, 2012. The spectral range
was 4020–5480 Å and the spectral resolution was R=4200.
Both central stars were observed in queue observing mode
via phase windows defined by the photometric period from
the Kepler photometry. The central star of Pa 5 was ob-
served in 9 out of 15 evenly spaced phase bins over twice the
photometric period. Twice the photometric period was used
in the event that the photometric variability was caused by
an ellipsoidal effect. The central star J19311 was observed
in 6 out of 10 evenly spaced phase bins over its photometric
period. The spectra of the central star of Pa 5 were taken
in pairs of 900-second exposures while the spectra of J19311
were taken in pairs of 600-second exposures.

One spectrum of the central star of Pa 5 was also ac-
quired at the 3.6-m WIYN telescope on Kitt Peak, on 2009,
September 12, using the bench spectrograph with a resolu-
tion of R=700 and a spectral range of 4300-7000 Å.

We also observed the central star of Kn 61 on 2012,
June 16, using the National Optical Astronomy Observa-
tory, Mayall 4-m telescope on Kitt Peak and the facility
RCSpec long-slit spectrograph with the T2KA CCD. The
slit was 1 arcsec wide by 49 arcsec long and oriented with a
position angle of 90 deg. The KPC-22b grating in second or-
der was used to disperse the spectra with 0.72 Å pixel−1 at
a nominal resolution of ∆λ = 1.7 Å. The spectra covered an
effective wavelength range of 4100 to 5000 Å, being slightly
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Figure 3. The folded lightcurves (upper rows) and periodograms (lower rows) for the central star of J19311, for each individual quarter

of data, using a period of 2.928 days. The light curves’ x-axes values are phase, while those of the periodograms are time in days. The

light curve fluxes are median-normalised, while the periodograms’ y-axes measure the signal detection efficiency
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Figure 4. The folded lightcurve (upper panel) and periodogram

(lower panel) for the central star of J19311, for all quarters of
data, using a period of 2.928 days

out of focus at both ends where the fluxes could not be re-
liably calibrated. The spectrum of Kn 61 was immediately
proceeded with a comparison arc lamp spectrum (FeAr) for
wavelength calibration. The exposure time was 1200 sec. At
least one spectrophotometric standard star was observed on
the night providing a relative flux value. Calibration data
consisting of bias frames, quartz lamp flat field exposures,
and comparison lamp exposures were taken during the day-
time. The data reduction is based on various IRAF packages
for performing image reduction and the onedspec package for
extracting and calibrating the spectra.

4 THE ANALYSIS OF J 19311

4.1 The light curve of the central star J 19311

In Fig. 3 we present the period analysis using individual
quarters for the central star J19311 (the flux units in these
plots are electrons per 30 minute exposure). In Fig. 4 we
present the lightcurve phased using the most prominent pe-
riod. J 19311 is almost certainly a short period binary. All
quarters give consistently the same period of 2.928 days with
an amplitude of 0.729 mmag. In § 4.2 we examine the ra-
dial velocity curve of this star together with its light curve
and we will interpret this variability as due to both Doppler
beaming and an ellipsoidal effect.

4.2 Modelling of the atmosphere, light and radial
velocity curves of the central star J19311

We used TMAP1 (Werner et al. 2003; Rauch & Deetjen
2003) atmosphere models to fit the spectrum of J19311
with a pure hydrogen and helium composition, with a he-
lium mass fraction of 0.4 which best fit the helium lines.
TMAP calculates non-LTE, plane-parallel, fully metal-line
blanketed model atmospheres in radiative and hydrostatic
equilibrium. Model parameters of effective temperature and
gravity, TCS = 80 kK and log gCS = 5.0 fit the data well.
We show the fit in Figure 5, alongside the fits of Pa 5 and
Kn 61 which will be presented in § 5 and 7. The lack of
He I lines indicates a temperature in excess of 70 kK, while
the presence of NV lines in absorption (lines that we do not
fit) indicates a temperature less than 115 kK. This model is
only approximate but it is sufficient for a crucial constraint
on the WD model below.

Within the temperature range described above we find
the lower values to be more likely, based on reported dis-
tances for the nebula. Frew (2008) gives the distance to the
PN around J19311 to be d = 1.82 kpc. For TCS = 70 kK
and our minimum radius arrived at below, we calculate
MV = 1.98. Using the interstellar reddening value of Frew
(2008), AV = 0.26, we find the minimum distance to be
dmin = 1.91 kpc. Higher temperatures will result in an in-
trinsically brighter central star and a greater distance re-
quired to give the same observed brightness. If we take an
uncertainty in the distance of Frew (2008) of 0.6 kpc the al-
lowed range in temperatures is larger, but we are still limited
to TCS ∼< 115 kK.

Comparing bolometric luminosity and effective tem-
perature values for central stars in our temperature and
gravity ranges with the evolutionary models of Schönberner
(1983) and (Blöcker 1995), we rule out masses below ∼0.55
M�. Post-AGB stars with masses lower than this limit are
intrinsically too faint. Likewise, stars with masses above
∼0.85 M� are intrinsically too bright for these tempera-
tures. We therefore conclude that the central star mass is
largely unconstrained , i.e., in the range 0.55 < MCS < 0.85
M�.

The spectral features in J19311 show strong radial ve-
locity variability on the same period as the Kepler photome-
try with a semi-amplitude of 88 km s−1 (Figure 6). The star
is clearly in a binary system, though there is no obvious sig-
nature of the companion star in our optical spectrum. While
the radial velocity curve is not well sampled, it is well fit by
a sine curve and shows no clear sign of eccentricity in the
orbit so we assume for the remainder of our analysis that
the orbit is circular. We find then that the mass function is
f(m) = (m2 sin i)3/(m1 + m2)2 = 0.207 M�, with m1 and
m2 the masses of the primary and secondary, respectively,
while i is the orbital inclination.

The light curve for J19311 demonstrates the exquisite
precision of Kepler photometry. By coadding the photome-
try into 100 evenly spaced bins folded on the photometric,
and orbital, period of 2.928151 days, we find a nearly sinu-
soidal light curve with amplitude 0.729 mmag. Surprisingly,
the photometric light curve is out of phase with the radial

1 astro.uni-tuebingen.de/ rauch/TMAF/flux H+He.html.
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Figure 5. The rectified spectra of three central stars (black lines) overlaid with the best fitting TMAP models (red lines). The spectrum
of J19311 is shifted by 0.6 units, that of Pa 5’s central star by 0.95

velocities by exactly π. This phase shift means that the pho-
tometric variability is not due to irradiation of the compan-
ion star, in which case the phase shift would be π/2. We
can also rule out ellipsoidal variability as the primary cause
of the sinusoid. For ellipsoidal variability in which one star
is distorted due to the gravity of its companion, the pho-
tometric period is half the orbital period, unlike the case
here.

It is possible that the variability is due to accretion of
material from the companion, producing a cool spot on the
central star. However, it is not clear why the spot would be
aligned perfectly with the axis connecting the two stars or
why it would be so consistent over the duration of the Ke-
pler observations. There is one source of variability which
we would expect to produce the observed phase shift be-
tween the radial velocities and photometry. Relativistic ef-
fects caused by the radial motion of the star in its orbit,
dominated by Doppler beaming, are known to result in pho-
tometric variability at small levels (Shporer et al. 2010; Bloe-
men et al. 2011, 2012; Herrero et al. 2014).

Using the equation for relativistic variability from
Zucker et al. (2007) and Shporer et al. (2010), with the ex-
pected temperature range, we find that our observed pho-
tometric amplitude can be described by relativistic effects
given our current limits for the physical parameters of the
central star. We conclude that the system’s photometric
variability is due primarily to Doppler beaming. In typi-
cal WD binaries the relativistic beaming effects of the two
components are exactly out of phase and likely to nearly
cancel one another out. However, in cases such as J19311,
where one of the two stars has not yet contracted to the WD
cooling track and is therefore much more luminous than its
companion, it dominates the system luminosity and the rel-
ativistic effects.

Given our mass function for the system and a post-
AGB central star with mass ∼> 0.55 M�, the smallest pos-

sible companion mass, for an inclination angle, i = 90◦ is
M2(min) = 0.68 M�. Assuming the companion and central
star to be coeval, and that the companion was less massive
than the progenitor of the central star, we require that the
maximum companion mass is M2(max) ≈ 8 M�. Again,
from our mass function we find then a minimum system in-
clination of i = 18◦. Using the Wilson-Devinney modeling
code (Wilson 1990; Wilson & Devinney 1971) with main se-
quence stars in the mass range 0.68 < M2 < 8.0 M� and
central stars with the limits we have determined above, any
such companion produces an irradiation effect at least an
order of magnitude larger than our observed photometric
variability. We conclude that the companion is not a main
sequence star but must be a compact star, most likely a
white dwarf. If this is the case, we then also expect that the
companion will have had a greater mass during the main
sequence phase than the mass of the observed star’s progen-
itor. So we expect today’s mass ratio, q = M2/MCS > 1.0
With this requirement, a maximum WD mass of ≈ 1.4 M�,
and our mass function derived above, we find a minimum
possible inclination for the system of imin = 40◦. Since no
eclipses are observed in the Kepler light curve, if the com-
panion is on the WD cooling track, the inclination of the
system would need to be ∼< 88◦ for the two stars not to
eclipse one another.

Alone, the relativistic variability does not provide
strong constraints on the physical parameters of either star
in the binary system. The relativistic effects depend largely
upon the temperatures of the two stars and their flux ratio.
With our current ranges for temperature and radius of the
central star we cannot place further constraints on the bi-
nary parameters. However, we also see that the Kepler light
curve is not precisely fit by a sinusoid. If relativistic effects
are the sole cause of the light variability, the shape of the
observed light curve should mimic that of the radial veloc-
ity curve, in this case a sine curve. If we subtract a sine
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curve from the binned data we find that the residuals are
distributed in a nearly sinusoidal curve, with a period that is
half of the orbital period and maxima that align with max-
ima and minima of the Doppler beaming variability. This
behaviour is what we would expect from ellipsoidal variabil-
ity. The semi-amplitude of the variability of the residuals is
approximately ten times smaller than that of the variability
before subtraction.

Ellipsoidal variability is caused by a difference in the
projected surface area of the star, thus the amplitude of
the effect depends on the geometry of the star, but not
typically on the temperature. Again we use the Wilson-
Devinney code starting with our limits from above, i > 40◦

and 0.55 < MCS < 0.85 M� to find limits on the stellar ra-
dius (and surface gravity) that produce the observed ellip-
soidal variations. We then check the results for consistency
with evolutionary models and iterate the process. A central
star with RCS ≈8–9 per cent of its Roche lobe volume ra-
dius (depending on inclination) produces the ellipsoidal vari-
ability amplitudes we observe. The iteration process reduces
the mass and radius ranges, and we find that the radius of
the central star can be constrained to 0.27 < RCS < 0.35
R�, the surface gravity must be 5.2 < log g < 5.4, in good
agreement with the preliminary model of the spectrum dis-
cussed above, and the central star mass falls in the range
0.55 < MCS < 0.70 M�. In Fig. 6 we show two model
curves (solid lines). One is an example ellipsoidal variable
curve, showing the amplitude of the observed ellipsoidal ef-
fect. The second is the final model combining the Doppler
beaming, as a sine curve with semi-amplitude 0.337 mmag,
and the ellipsoidal effect.

Using this information for the central star and assum-
ing the companion is either a WD or an evolved pre-WD,
the relativistic variability produces our observed amplitudes
best for the higher end of our temperature range. In fact, if
the companion provides less than 0.1 per cent of the total
flux then the central star’s temperature must be ∼> 100 kK to
produce the observed amplitude. Lower central star temper-
atures and smaller radii within our range do work, though
we find that the companion would then contribute a few per-
cent to the system’s luminosity. The companion then must
either not have reached the WD cooling track (or have ex-
panded again possibly due to accreted material from the
PN ejection), or the temperature of the companion must
be very high, with T2 ∼> 130 kK. Studies of other double-
degenerate central stars, such as those of NGC 6026 (Hillwig
et al. 2010), Abell 41 (Shimanskii et al. 2008), and TS 01
(Tovmassian et al. 2010) show companions that are either
roughly coeval with the central star or have expanded and
been reheated from a more evolved stage. Since it is unlikely
that all of these systems, or perhaps any of the systems,
have two stars with nearly identical masses as to both be
in the post-AGB/pre-WD stage simultaneously, it is more
likely that compact companions to stars going through the
PN stage are reheated and expand, possibly in response to
accreted material (for a summary of the fit parameters see
Table 2).

Parameter Value

MCS (M�) 0.55 – 0.70
M2 (M�) 0.68 – 1.4

RCS (R�) 0.27 – 0.35

TCS(K) 80 000
log(g/cm s−2) 5.2 – 5.4

i (deg) 40 – 88

vCS sin i (km s−1) 88

Table 2. Model parameters to fit the light and radial velocity
curves of the central star J19311. The subscript “CS” stands for

central star

Figure 6. The folded light (upper panel) and radial velocity
(lower panel) curves of J19311 with overlaid the fit corresponding

to the model parameters in Table 2

5 THE ANALYSIS OF KRONBERGER 61

5.1 The light curve of the central star of Kn 61

The central star of Kn 61 has a light curve characterised by
peaks that occur with spacings of 2 to 12 days. In Fig 7 we
present the period analysis using individual quarters for the
central star of Kn 61 (the flux units in these plots are elec-
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Figure 7. The folded lightcurve (upper rows) and periodogram (lower rows) for the central star of Kn 61, for each individual quarter of

data, using a period of 6.4 days. The light curves’ x-axes values are phase, while those of the periodograms are time in days. The light

curves fluxes are median-normalised, while the periodogram’s y-axes measure the signal detection efficiency
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Figure 8. The folded lightcurve (upper panel) and periodogram

(lower panel) for the central star of Kn 61, for all quarters of data,
using a period of 6.4 days

trons per 30 minute exposure), while in Fig. 8 we have folded
all quarters using a period of 6.4 days. However, inspecting
the light curve (see Fig. 9), this cadence is clearly not any
more likely than other peak recurrence times. The peaks rise
from an unvarying baseline and have approximately trian-
gular shapes, although they appear to rise faster than they
decay (the smaller amplitude, shorter-duration peaks have
only few data points and lower signal-to-noise ratio so it is
harder to determine their shape). Brightness peaks have a
width at the base between 1 and 2 days. Their height is
∼80-140 mmag. This type of variability is not interpretable
as irradiation, ellipsoidal variability nor eclipses. In fact this
variability is unprecedented and we have not been able to
determine its origin. In § 8 we will discuss this variability in

Figure 9. A representative part of the lightcurve of the central

star of Kn 61 showing its variability

the context of another object also discovered using Kepler
data, which has similar characteristics.

5.2 The spectrum of the central star of Kn 61 and
energetics of the light outbursts

Our spectrum of the central star of Kn 61 shows an al-
most featureless continuum. However we discern the follow-
ing features (see Fig. 5): CIV λλ4440,4442,4647,4658 and
HeII λ4686. Hβ is absent. We modelled this low signal-to-
noise spectrum using a hydrogen-free synthetic spectrum
with Teff=120 kK, log g=7.0 and He/C=1 (by mass). These
are only indicative, but we know that the temperature must
be in excess of 100 kK because Garćıa-Dı́az et al. (2014) re-
port to have observed the CIV lines at 5801 and 5012 Å in
emission.

Together with the mass-luminosity relation of Vassil-
iadis & Wood (1994), we obtain a radius of 0.04 R�, a mass
of 0.5 M� and a luminosity of 250 L�. If we then interpret
the light behaviour in the Kepler band as a similar increase
in the bolometric luminosity, we derive that each peak emits
20 L�, or 3-7×1039 ergs, assuming that the peaks are 1.1
times the quiescence brightness, have a base 1-2 days wide
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Figure 10. A sample of light curves (upper rows) folded using a period of 0.61895 days, for the central star of NGC 6826, for the 11

quarters of data, with corresponding periodograms (lower rows). No consistent periodicity could be detected for this star, but see the

studies of Handler et al. (2013) and Jevtić et al. (2012). The light curves’ x-axes values are phase, while those of the periodograms are
time in days. The light curve fluxes are median-normalised, while the periodograms’ y-axes measure the signal detection efficiency
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Figure 11. The folded lightcurves (upper rows) and periodograms (lower rows) for the central star of Pa 5, for each individual quarter

of data, using a period of 1.12 days. The light curves’ x-axes values are phase, while those of the periodograms are time in days. The
light curves fluxes are median-normalised, while the periodogram’s y-axes measure the signal detection efficiency

and have a triangular shape. If each outburst were due to
an accretion event, the accreted mass would be:

m = 1× 10−11

(
R

0.04R�

)(
Eacc

1039erg

)(
M

0.5M�

)
M�

We note that this calculation is quite insensitive to the
value of temperature and gravity adopted. The accretion
rate would be only ∼ 10−16 M� yr−1 on average over a
one-day-long accretion episode and these episodes would be
semi-regularly spaced.

Accretion onto the central star, however would quickly
provide a hydrogen layer, which would change the PG1159
classification. Accretion onto the companion from the
PG1159 star would be difficult to envisage because it would
imply a compact companion and a very short periastron pas-
sage which would imply very high eccentricity. Alternative
scenarios could be accretion onto the companion of mate-
rial from a circumbinary disk for a light companion in an
eccentric orbit. Alternatively the outbursts are caused by

wind instabilities, the cause of which would require a semi-
periodic nature.

6 THE ANALYSIS OF NGC 6826

In Figs. 10 we present the period analysis using individual
quarters for the central star of NGC 6826 (the flux units in
these plots are electrons per 30 minute exposure). This star
is peculiar. It has a strong, yet not consistent variability,
exhibiting two periods: 0.619 and 1.236 days, where one is a
harmonic of the other, with an amplitude varying between 2
and 8 mmag. The longer periodicity appears in only about
half of the analysed quarters of data. We also measured a
weak radial velocity variability with a best period of 0.238
days (which is equivalent to one fifth of the 1.236 day pe-
riodcity), using measurements from the catalogue of Acker
et al. (1982). We discuss this peculiar behaviour further in
§ 8.3 where we compare our measurements with those of
Jevtić et al. (2012) and Handler et al. (2013).
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Figure 12. The folded lightcurve (upper panel) and periodogram

(lower panel) for the central star of Pa 5, for all quarters of data,
using a period of 1.12 days

7 THE ANALYSIS OF PATCHICK 5

7.1 The light and radial velocity curves of the
central star of Pa 5

In Fig. 11 we present the period analysis using individual
quarters for the central star of Pa 5 (the flux units in these
plots are electrons per 30 minute exposure). In Fig. 12 we
present the lightcurve phased using the most prominent pe-
riod. The lightcurve of the central star of Pa 5 gives a consis-
tent period of 1.12 days with an amplitude of 0.5 mmag. No
radial velocity variability is detected larger than ∼5 km s−1.
It is entirely possible this is a binary seen close to pole on,
but even so, the small amplitude of the curve implies a plan-
etary or evolved companion.

7.2 Stellar atmosphere modelling of the central
star of Pa 5

The optical spectrum of Pa 5 strongly resembles that of the
O(He) central star of PN K 1-27 (Reindl et al. 2014). The
only photospheric lines in the spectrum of Pa 5 are HeII lines
at 4339, 4542, 4686, 4859, 5412 Å and NV lines at 4513-4530,
4604, 4620, 4934 and 4943-4951 Å (note that the Balmer
lines are actually HeII lines and that emission lines in the
trough of absorption lines are of stellar origin). The fact that
the N V λλ 4604, 4620 lines appear in emission already indi-
cates Teff> 115 kK. The central emission of He II λ 4686 Å is
stronger than the one observed in K 1−27, suggesting that
Pa 5 is hotter than Teff =135 kK. To further constrain the
surface parameters of Pa 5, we calculated TMAP atmosphere
models by extending the model grid calculated for K 1−27
(Reindl et al. 2014) up to Teff =160 kK. It included opacities
of the elements H, He, C, N, O, and Ne, which were taken

from the Tübingen model-atom database TMAD2. While we
achieved a good fit for the He II and the N V λλ 4604, 4620
lines with Teff =145 kK, log g=6.7, a helium mass frac-
tion of 0.9835, N/He = 1.3 × 10−2, C/He=5x10−4 and
O/He=4x10−4 (by mass), we could not reproduce the re-
maining N V lines perfectly. Since the aim of our analysis
was a coarse estimation of the surface parameters rather
than a precise spectral analysis, we will leave the solution of
this problem to future work. It is worth noting that, differ-
ently from the case of K 1−27, we could not find any hint
of hydrogen in the atmosphere of Pa 5. Upper limits for the
abundances of carbon and oxygen were derived by test mod-
els where the respective lines in the model contradict the
non-detection of the lines in the observation (at the abun-
dance limit). For the determination of an upper limit for the
carbon abundance we used C IV λλ 4441, 4646, 4658, 4660
and found C/He 6 5 × 10−4 (by mass) and for oxygen we
used O V λλ 5114 and found O/He 6 4 × 10−4. Thus, Pa 5
displays a similar CNO abundance pattern (nitrogen super-
solar, carbon and oxygen subsolar, with solar abundances ac-
cording to Asplund et al. (2009)) as the O(He) stars K 1−27,
LoTr 4, and HS 2209+8229 (Reindl et al. 2014).

We calculated the spectroscopic distance of Pa 5 using
the flux calibration of Heber et al. (1984) for λeff = 5454 Å,

d[pc] = 7.11× 104 ·
√
Hν ·M × 100.4mV0

−log g ,

with mVo = mV − 2.175c, c = 1.47EB−V, and the Edding-
ton flux Hν (2.348.15 × 10−3 erg/cm2/s/Hz) at 5454 Å of
our best fit model atmosphere. We use the visual brightness
(mV = 15.719) obtained from the US Naval Observatory
CCD Astrograph Catalogue (UCAC4, Zacharias et al. 2013),
which is similar to the one listed in Table 1 obtained by Ev-
erett et al. (2012). The reddening, EB−V = 0.1058, was
taken from the Galactic dust extinction maps from Schlafly
& Finkbeiner (2011). The mass of Pa 5 (0.54M�) was de-
rived by comparing its position in the log Teff – log g plane
with evolutionary tracks from Althaus et al. (2009). We de-
rive a distance of 1.4 kpc. From the angular diameter of 2 ar-
cmin, a linear radius of the PN of R = 0.3 pc results. Using
an expansion velocity of 45 km s−1(Garćıa-Dı́az et al. 2014),
the kinematic age of the PN is about 6500 years.

Our spectrum also exhibits PN lines of [OIII]
λλ4959,5007. The Hβ emission line in the trough of the HeII
λ4859 absorption is reasonably fitted with our stellar atmo-
sphere model, but while other HeII emission components in
the trough of absorption lines are completely unchanged by
the sky subtraction process, showing them to be stellar, the
emission in the trough of the HeII line at 4859 Å is com-
pletely removed by the sky subtraction as are the lines of
[OIII], showing these to be from the nebula.

The systemic velocity determined via the two [OIII]
nebular lines is 26.9 km s−1. Garćıa-Dı́az et al. (2014) quote
a systemic velocity value of 12.4 ± 2 km s−1 obtained from
Hα and [OIII] lines. We note that the HeII emission lines in
the trough of absorption lines, as well as the Hβ emission
indicate a smaller systemic velocity of (9.6±1.3) km s−1,
in agreement with the value of Garćıa-Dı́az et al. (2014).
Finally the three emission lines we have identified as NV
have positions corresponding with 19, 13 and 3 km s−1,

2 http://astro.uni-tuebingen.de/ TMAD
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for the λλ4604,4620 and λ4945, respectively. The nebu-
lar expansion velocity obtained from HWHM of the [OIII]
lines is 76 km s−1, while Garćıa-Dı́az et al. (2014) obtained
45.2±2 km s−1 from their position-velocity diagram, a value
that is more reliable and which we have adopted above.

The WIYN spectrum of the central star of Pa 5 confirms
the presence of all spectral lines. In the longer spectral range
we also see Hα, both in absorption and emission (once again
the absorption component is due to HeII, while the emission
could be of mixed stellar and nebular origin) and the CIV
doublet centred at λ5806, which appears as a blue shifted
absorption, with possibly a red shifted weak emission. This
line was first noted by Østensen et al. (2010), but could not
be confirmed by Garćıa-Dı́az et al. (2014). We also see the
interstellar Na D lines, blended together. These were incor-
rectly identified as CaII lines by Garćıa-Dı́az et al. (2014).

We detected no orbital radial velocity shift to within
±5 km s−1. Our observations cover phases related to the
photometric variability of 0.0–0.25 and 0.55–0.75, where
phase zero occurs at minimum light. If the photometric vari-
ability were caused by an irradiation effect, then the radial
velocity minimum and maximum would occur at phases 0.25
and 0.75, so we are sensitive to the full radial velocity range
in that case. For an ellipsoidal effect, our radial velocities
are sensitive to about two-thirds of the full radial velocity
amplitude range, thus we are highly sensitive to those varia-
tions as well. If this is a close binary, its orbital rotation axis
is approximately aligned with the line of sight, a geometry
that would be consistent with the small amplitude of the
photometric variability, despite the short period.

7.3 Wilson-Devinney models of the photometric
variability of the central stars of Pa 5

The sinusioidal variability in the Kepler light curve of the
central star of Pa 5 seems to indicate the presence of a bi-
nary companion. However, there are several post-AGB and
WD stars such as WD 1953-011 (Wade et al. 2003; Valyavin
et al. 2011), BOKS 53586 (Holberg & Howell 2011), and
WD 0103+732, (Hillwig et al., in preparation) that exhibit
a consistent periodic behaviour in which the variability has
been attributed to magnetic spots. In these cases the peri-
ods reflect the rotation of the star rather than an orbital
modulation.

We have explored the potential binary origins for the
photometric variability in the central star of Pa 5. We can
effectively rule out most stellar companions because of the
lack of radial velocity variation of the spectral lines and be-
cause of the lack of emission lines in the spectrum that would
be caused by irradiation. While we can find arbitrarily low
inclinations for which the amplitude of an irradiation effect
matches the observed Kepler photometry, for such a hot cen-
tral star the spectrum should exhibit very strong emission
lines from the irradiated stellar hemisphere. The emission
lines may not be as strong if the companion is hotter than
an M or K dwarf, but then the companion’s visual luminos-
ity would approach or surpass the visual luminosity of the
central star and we should see spectral features from the
companion. Therefore it is unlikely that the central star of
Pa 5 has a main sequence companion in a 1.12 day orbital
period.

Given the case of J19311 discussed in § 4.2 and the rela-

tively large number of double-degenerate binary central stars
known (Hillwig 2011), it is possible that Pa 5 could have a
WD or pre-WD companion. While a cooler WD companion
might exhibit an irradiation effect without strong emission
lines, our limit on the radial velocity amplitude means that
for a stellar mass companion the potential binary system
would have an inclination i < 2.5◦.

Another possibility may be a planetary mass compan-
ion. Using the mass, radius, and temperature values above
for the central star and a representative “hot Jupiter” com-
panion, we find that for M2 = 0.001 M�, R2 = 0.13 R�,
and T2 = 1200 K and an albedo of 0.3 for the companion,
we also need to resort to a very low inclination to match the
photometric amplitude, arriving at i = 1.5◦.

Yet another alternative is that the variability is caused
by a spot of constant size and constant temperature con-
trast, at a constant location on the surface of the star. This
would almost certainly have to be due to magnetic fields.
However, the relatively narrow spectral lines do not show
evidence of a strong magnetic field and the effective tem-
perature is much too high to expect a convective atmo-
sphere which may help produce spots (for a recent review
see Brinkworth et al. 2013). Weak magnetic fields (∼100 G)
have only been detected once in a PN central star (Todt
et al. 2014), while several searches have returned either false
positives (Jordan et al. 2005) or upper limits of few ×100 G
(Jordan et al. 2012; Asensio Ramos et al. 2014).

8 DISCUSSION AND CONCLUSIONS

Below we explore scenarios to explain the photometric and
spectroscopic behaviour of our four central stars. The central
star of A 61 was not observed to vary above 2 mmag, and
that of NGC6742 could not be analysed at all. Below we
discuss the four objects that were found to vary.

8.1 The short period binary J19311

J19311 is a short period, post-common envelope (post-CE),
binary where the light variability is due to Doppler beaming
rather than irradiation, and to an additional, weak, ellip-
soidal variability effect. This is the first time such an effect
has been detected in a central star of PN, undoubtedly be-
cause its weakness would be difficult to see with the pre-
cision and sporadic cadence of ground-based observations.
The companion is almost certainly an evolved star. Despite
the predicted rarity of these double degenerate central stars,
they appear to be rather common among the post-CE cen-
tral stars of PN (Hillwig et al. 2010). The star itself is hot,
but does not appear to have any other peculiarities. Finally,
the PN consists of two separate ejections, close in time and
with a 90 degree angle between them (Aller et al. 2013).
Common envelope ejections are far from being understood
(e.g., Ricker & Taam 2012; Passy et al. 2012; Ivanova et al.
2013), and this object with its two degenerate stars and the
peculiar nebular morphology indicating two almost simulta-
neous ejections at 90 deg from one another, bears witness to
the complexity of the phenomenon.
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8.2 The nature of Kn 61’s central star

The central star of Kn 61 is a variable PG1159, hydrogen-
deficient star, with a variability amplitude of 0.08-0.14 mag.
The approximately-triangular brightness peaks recur typi-
cally every 2-12 days. The width of the peaks at their base
varies between 1 and 2 days. The shape of the light curve
is very different from those of irradiated or ellipsoidal vari-
ables.

Only one other object to our knowledge may be similar
to this: the DA WD J1916+3938 (KIC 4552982). Aside from
pulsations (Hermes et al. 2011), it shows a Kepler light curve
variability very similar to that exhibited by the central star
or Kn 61, except with a slightly larger amplitude of 0.15 mag
from base to peak (JJ Hermes, private communication). The
peaks repeat approximately every 3 days (cf. our 2-12 days)
and they are narrower, only ∼10 hours vs. our 24-48 hours.
This star is an 11-kK WD with a log g = 8.3 and as such is
very different from our hot pre-WD. Interpreting the bright-
ness peaks of J1916+3938 as accretion events the median ac-
creted mass per episode is 5×10−18 M�, or an accretion rate
of 10−22 M� yr−1, over 10 hour-long events, substantially
less than equivalent numbers deduced for Kn 61’s central
star.

Another PG1159 star is known to have outbursts, Lo 4
(Werner et al. 1992). Bond (2014) measured them to recur
approximately every 100 days and to occupy approximately
5 per cent of the monitoring period. These outbursts do not
appear to have any relationship with the pulsations of the
star, which are of the order of minutes, nor to be caused by
them. If the outbursts on Kn 61’s central star are due to ac-
cretion episodes, each would accrete ∼ 10−11 M�(assuming
the accretion happens onto the central star). Accretion of,
presumably, hydrogen-rich material onto a hydrogen defi-
cient, PG1159 star would rapidly change its spectral type.

If the light curve peaks were instead caused by accre-
tion onto a companion orbiting the PG1159 primary, caused
perhaps by periastron passages, then the companion would
have to be more compact than the PG1159 star, hence a
WD. However, in order to have an orbit with a period of
the order of days and with periastron passages that allow a
very small star to overflow its Roche lobe, the eccentricity
would have to be unreasonably high. Another alternative
are accretion from a circumbinary disk onto a companion
that, being lighter than the central star and in an eccen-
tric orbit, moves periodically away from the centre of mass
and into the region of the disk. Alternatively these 20-L�
light outbursts are semi-periodic wind outbursts, which may
also have been responsible for the nebular morphology (see
Fig. 2), but we then wonder what causes them to recur. It
is possible that wind outbursts are triggered by a compan-
ion in an eccentric orbit, generating a mechanism similar
to the so-called “heartbeat” stars (Thompson et al. 2012).
All of these scenarios involve a short-period eccentric binary
having evolved through a CE interaction,but so far our un-
derstanding of CE interactions is that the eccentricity of the
post-CE binary would be relatively low (∼< 0.2; Passy et al.
2012).

We have considered the possibility that a foreign, non-
associated object affected the light curve. We have carefully
investigated this possibility by reanalysing the Kepler data
and we found no indication that this is the case. However,

a chance alignment remains a possibility given Kepler’s low
spatial resolution. This said, this light curve is not just odd
for a central star of PN, it is unique of its own right. We
therefore appeal to Occam’s Razor and argue that it is un-
likely that a chance alignment was observed between a rare
central star of PN and a unique object with light properties
that have not been observed before.

We must in the end conclude that we have at this point
no definitive explanation for the light behaviour of the cen-
tral star of Kn 61.

8.3 The fast-rotating central star of NGC6826

The Kepler data of the central star of NGC 6826 was care-
fully analysed by Jevtić et al. (2012) and Handler et al.
(2013). While the former study ascribes the incoherent vari-
ability to a combination of binarity and wind variability, the
latter concluded that the variability is due to rotationally-
induced wind variability. We have measured a distinct (2-8
mmag) dominant periodicity of 0.619 days with an occa-
sional periodicity of 1.236 days, appearing in only about half
of the analysed quarters of data. We also measured a weak
radial velocity variability with a best period of 0.238 days
(which is equivalent to one fifth of the 1.236 days). Handler
et al. (2013) on the other hand measured several periodicities
but a persistent periodicity emerges in their data at 1.23799
days, which, as the lowest harmonic, they conclude is related
to the underlying cause of the phenomenon. Their spectra
show primarily non periodic variability, although their HeII
lines show a period at 0.13 days. They exclude any spectral
variability on the dominant photometric period of 1.24 days.

The conclusion for this object is that the variability is
not due to a short period binary. However, it may be due
to a modulation of the wind caused by rotation of the star.
Handler et al. (2013) concluded that a rotation rate can
be inferred from the 1.24-d period and results in a rotation
rate of 73 km s−1 assuming a radius of 1.8 R� measured by
Kudritzki et al. (2006). Using a projected rotation rate of
the star of v sin i = 50 km s−1 determined by Prinja et al.
(2012) an inclination angle of ∼45 deg was derived. Such
a fast rotation would be extremely high for a post-AGB
star. Measurements show that white dwarfs rotate with pro-
jected rotation velocities smaller than 10 km s−1 (Berger
et al. 2005) with measurements from pulsating white dwarf
showing even lower values (Kawaler 2004). Such low rotation
rates are understood today by the effects of mass-loss and
angular momentum transport (Suijs et al. 2008; Cantiello
et al. 2014). These central stars have slightly larger radii
compared to WDs and their rotation rates should be smaller
still. It is likely that this star’s rotation was caused by a
merger. Mergers have been proposed to explain high rota-
tion rates and magnetic activity in post-giant stars by, e.g.,
Nordhaus et al. (2011) and Geier et al. (2013).

8.4 The periodically-variable central star of Pa 5

The lightcurve of the central star of Pa 5 gives a consistent
period of 1.12 days with an amplitude of 0.5 mmag. No radial
velocity variability is detected larger than ∼5 km s−1. It is
entirely possible this is a binary seen close to pole on, but
even so, the small amplitude of the curve implies a planetary
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or evolved companion. A planetary companion so close to
the central star would imply that planetary companions can
survive a common envelope phase. Despite the fact that close
planets have been announced around post-giant stars (e.g.,
Silvotti et al. 2014) we remain suspicious that survival is
possible under common envelope conditions (De Marco et al.
2012).

It is possible that the variability is due to a star spot.
However, the regularity of the light curve would imply a
constant spot, which is unlikely. Also, the strong magnetic
fields implied are not consistent with negative searches for
magnetic fields in central stars of PN (Jordan et al. 2012;
Asensio Ramos et al. 2014; Todt et al. 2014). The central
star is a rare O(He) star, in other words a star made almost
entirely of helium. It is only the tenth known star in the
class (four more objects have recently been found; Werner
et al. 2014). O(He) stars are likely the descendant of the
R Coronae Borealis stars considered mergers of two white
dwarfs (Reindl et al. 2014; Clayton et al. 2005). However,
the central star of Pa 5 seems to have too much nitrogen
and too little carbon to descend from the carbon-rich R
Coronae Borealis stars. If they were mergers we may expect
that the rotation rate would be higher than usual for WDs.
Interpreting the 1.12 days as the rotation period, the surface
velocity this star would be v=0.4-4.5 km s−1, for radii of 0.01
to 0.1 R�, therefore not particularly large.

Maoz et al. (2014) analysed 14 WDs and 7 had a vari-
ability very similar to the one of the central star of Pa 5.
They reviewed several scenarios, some similar to those we
have considered. Their best scenario is one where accretion
of debris material along the poles increases the UV opac-
ity generating some optically-bright spots. A misalignment
between the magnetic and rotational axis would bring the
spots in and out of view as the star rotates. The fact that
half of their stars show the phenomenon and that this is ap-
proximately the fraction of WD that show active debris disk
accretion reinforces that conclusion. It would be however un-
likely to find debris disks around Pa 5’s central star since,
contrary to the situation in WDs, its sublimation radius is
much larger than the tidal disruption radius.

At this time, the most plausible hypothesis is that Pa 5
has a central star with an evolved companion in a nearly-
pole-on orbit.

8.5 General discussion on the entire sample

There is no way to obtain a measure of the binary fraction
from a sample of five objects. So, where does this small Ke-
pler sample take us? One, possibly two, of the 5 central stars
with usable data are likely binaries that would not have been
detected from the ground in photometric variability surveys
(though J 19311 would have been detected from the ground
using radial velocity variability, a technique which is not
readily used in survey mode due to its time-intensive nature
(De Marco et al. 2007)). The very fast rotating central star
of NGC 6826 can only be explained with current theories as
the product of a merger and hence as a star that has evolved
via a binary channel. Finally, the enigmatic PG1159 central
star of Kn 61 with its semi-periodic small outbursts remains
largely a puzzle, though it is possible that this behaviour is
binary-induced.

With three out of the 4 variable objects displaying am-

plitudes below the ground-based detectability threshold we
now know that many discoveries await surveys sporting the
precision of Kepler. We also suspect that low level, periodic
or semi-periodic variability is often binary related. We there-
fore wonder how much larger than 15 per cent the binary
fraction would have been found, had Kepler surveyed the
entire samples surveyed by Bond (2000) or Miszalski et al.
(2009).

A short period binary fraction of 15 per cent is already
higher than one would expect. This statement is based on
the period distribution of intermediate mass stars (Duquen-
noy & Mayor 1991; Raghavan et al. 2010), the tidal capture
radii of giant stars (e.g., Villaver & Livio 2009; Mustill &
Villaver 2012) and the fact that binaries that go through a
CE on the RGB tend not to ascend the AGB (Heber 1986;
Dorman et al. 1993), and thus never become PN central
stars. The prediction is of the order of a few percent, al-
though the exact number depends on the mean mass of the
central star population: a lower mass results in a lower num-
ber of post-CE central stars, while a higher mean mass re-
sults in a higher number. Depending on how much larger
than 15 per cent this fraction becomes, we may face a situ-
ation where a CE phase is a preferred channel to form PN.
The “Kepler 2” mission data will include an additional ∼20
PN central stars that will improve the statistics on this mat-
ter.
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AJ, 140, 319

Holberg J. B., Howell S. B., 2011, AJ, 142, 62
Ivanova N. et al., 2013, Astronomy & Astrophysics Rev.,
21, 59

Jacoby G., De Marco O., Howell S., Kronberger M., 2012, in
American Astronomical Society Meeting Abstracts, Vol.
219, American Astronomical Society Meeting Abstracts,
p. 418.02

Jacoby G. H. et al., 1992, PASP , 104, 599
Jacoby G. H. et al., 2010, PASA , 27, 156
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4 Results

4.1 The rapid evolution of the exciting star of the
Stingray Nebula

We find that SAO 244567 has steadily increased its effective temperature from 38 kK in
1988 to a peak value of 60 kK in 2002. During the same time, the star was contracting,
as concluded from an increase in surface gravity from log g= 4.8 to 6.0 and a drop in
luminosity. Simultaneously, the mass-loss rate declined from log(Ṁ /M� yr−1) = −9.0
to −11.6 and the terminal wind velocity increased from v∞ = 1800 km/ s to 2800 km/ s.
Since around 2002, the star stopped heating and has cooled down again to 55 kK by
2006. It has a largely solar surface composition with the exception of slightly subsolar
carbon, phosphorus, and sulfur.
The subsolar carbon abundance indicates that the (possible) AGB phase of SAO 244567
was terminated before the third dredge-up. The observed mass-loss values agree well
with prediction from radiative-driven wind theory, thus enhanced mass-loss is not re-
sponsible for the fast evolution SAO 244567. We cannot confirm the Teff values found by
Arkhipova et al. (2013) and argue that the formalism of Kaler (1978) they used to derive
Teff does not provide good estimates for the CS temperature. However, the evaluation
of the ionization equilibria found in the FUSE spectra shows that Teff is declining from
2002 on, supporting the contention by Arkhipova et al. (2013) that Teff has recently
peaked and has begun to decline.
By comparison with stellar-evolution calculations, we confirm that SAO 244567 must
be a low-mass star (M < 0.55M�). The observed fast evolution of SAO 244567 and its
young PN with a kinematical age of only about 1000 years are in strong contradiction
with the slow evolution of the respective stellar evolutionary models. The existence of
the PN around SAO 244567 suggests that it is more likely a post-AGB star than an
AGB-manqué star because – in general – only these stars are expected to eject a PN.
However, the high heating rate of SAO 244567 (log(dt/dTeff/yrK−1) = −3) would imply
a CSPN mass of 0.87M� according to post-AGB evolutionary calculations of Blöcker
(1995). We speculate that the star could be a late He-shell flash object like FG Sge,
because the evolutionary speed of LTP objects is very high (decades). In addition, LTP
scenarios predict a solar surface composition in the phase relevant to SAO 244567, be-
cause – different to VLTP scenarios – the star becomes hydrogen-deficient only when it
has evolved back to the AGB. Alternatively, SAO 244567 could be the outcome of close
binary evolution, being a low mass (0.35 M�) pre-He-WD after a CE phase, during
which the PN was ejected. In the case the star was in thermal non-equilibrium after
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the CE ejection, this scenario might also account for its rapid evolution.

4.2 On helium-dominated stellar evolution: the
mysterious role of the O(He)-type stars

Thanks to the better resolution of the new optical spectra (1.5 Å instead of 3 Å), we
could derive the atmospheric parameters of the two O(He) stars K 1−27 and LoTr 4
more precisely. For instance, the spectrum of K 1−27 now reveals the central emission
of He II λ 4686 Å, which could be used to reduce the errors of effective temperature. By
that also a more accurate mass and distance determination was possible. The latter was
used to derive the kinematical ages of the PNe of K 1−27 and LoTr 4. These provide
an important information about time that has passed since the PNe were formed. As
PNe are expected to be formed either on the tip of the AGB, or – if sufficient mass is
lost – the RGB, the kinematical age of the PNe can tell us when the stars must have
left the AGB or RGB. The relatively short kinematical ages of the hydrogen-rich PNe
of K 1−27 and LoTr 4 lead to the conclusion, that these stars can not have been formed
via double helium WD merger process, because even if the PNe would have been ejected
during the merger process the post-merger times would be far too long (several million
years) for a PN to survive.
In addition, we derived for the first time upper limits for the mass-loss rates of the four
O(He) stars and found, that they agree well with predictions by radiative-driven wind
theory. Only K 1−27 could have a ten times higher mass-loss rate than predicted. By
that, we could rule out the possibility that O(He) stars can evolve into helium-enriched
PG 1159 stars.
Furthermore, a trichotomy within the O(He) class was found. Some O(He) stars are
enriched in nitrogen but not in carbon, some carbon-enriched objects do not show
nitrogen, but there also are objects which are enriched in both. Interestingly, also other
helium-dominated objects (e.g., He-sdO stars, DO WDs) exhibit the same trichotomy,
and their carbon and nitrogen abundances are extremely similar to the ones of the O(He)
stars. This is a strong hint, that their must be an evolutionary connection between the
three subclasses, respectively. RCB stars and extreme helium stars are found to have
the same helium/carbon/nitrogen abundance patterns like carbon and nitrogen enriched
O(He), thus a evolutionary connection is also possible for them.
In contrast to previous statements, we do not see the two currently known [WN]-type
CSPNe as progenitors of the O(He) stars, but rather as objects in a similar evolutionary
stage as the O(He) stars because of the overlap in effective temperatures. We speculate
that [WN]-type CSPNe might be more massive and by that more luminous than O(He)
stars, what could explain their much higher mass-loss rates.
The helium-dominated sequence has most likely various formation channels. For single-
star objects, merger scenarios seem most promising. Helium-dominated CSPNe must
have formed in a different way, for example via enhanced mass-loss during their post-
AGB evolution, or a merger within a CE of a CO-WD and an RGB or AGB star.
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4.3 Analysis of cool DO-type white dwarfs from the Sloan
Digital Sky Survey Data Release 10

We identified 24 DO WDs in the SDSS DR10, which have not been analyzed by non-
LTE model atmospheres before. Our spectral analysis revealed effective temperatures
and gravities in the ranges Teff = 45− 80 kK and log g= 7.50− 8.75.
Among them, we found one new and two not previously analyzed members of the so-
called hot-wind DO WDs, which show ultrahigh excitation (uhei) absorption lines and
too deep He II lines that cannot be fitted by any model. The process, which is responsible
for these phenomena is still not understood. A literature study revealed that the fraction
of DO WDs showing this phenomenon is significant (19% show too deep He II lines, 11%
show additional uhei features), thus it is highly desirable to find an explanation for this
phenomenon.
In eight of the spectra we were able to detect C III or C IV lines and we derived carbon
abundances C = 0.001 − 0.01, by mass. For the other 16 objects upper limits for the
carbon abundances were derived. Two of our objects are the coolest DO WDs ever
discovered that still show a considerable amount of carbon in the atmosphere. This is
in strong contradiction with diffusion calculations, and we suggested that, similar to
what is proposed for DB WDs, a weak mass-loss is present in DO WDs.
We found that the additional opacities of C do not affect the theoretical He I and He II

line profiles and we also investigated a possible impact of line blanketing by iron-group
elements. We found that only the central depression of He II λ 4686 Å is affected by
the additional opacities of the iron-group elements. Thus, similar to the case of the
O(He) stars, He II λ 4686 Å might be an indicator for (hidden) opacities in the stellar
atmosphere.
About 13% of the DO WDs have masses below 0.5M� and might be successors of
post-EHB He-sdO stars or low-mass PG 1159 stars. The mass distribution of DO WDs
beyond the wind limit strongly deviates from the mass distribution of the objects before
the observed PG 1159 wind limit. The plateau around 0.6M� in the mass distribution
of DO WDs beyond the wind limit agrees with the mass distribution of PG 1159 stars,
O(He) stars, and DO WDs before the wind limit. The two additional higher mass peaks
might reflect a merger origin of some O(He) stars and DO WDs and/or the possibility
that [WN] and [WC] type central stars are more massive than PG1159 and O(He) stars.
Based on the SDSS DR7 spectroscopic sample, we derived a DA/non-DA ratio of 5.1
for hot WDs, with a lower limit of 3.5 if we consider clean DA WDs (no subtypes)
alone. Based on the SDSS DR10 spectroscopic sample, we found that PG 1159 stars
and O(He) stars may contribute to a similar extent to the non-DA WD channel. This
further stresses the importance of the helium dominated stellar evolutionary channel.
One object is the most massive DO WD discovered so far with a mass of 1.07M� if it
is an ONe-WD or 1.09M� if it is a CO-WD. It is a candidate for a massive post-super-
AGB star that has just avoided an electron-capture supernova, because instabilities
in the late thermally pulsing-AGB phase have led to the ejection of its hydrogen-rich
envelope.
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4.4 Identifying close binary central stars of PN with
Kepler

One of the five investigated CSPNe with useful data, namely J 193110888+4324577,
is a short-period (2.928 d), post-CE binary, exhibiting relativistic beaming effects and
additionally shows a weak ellipsoidal variability. The binary system consists of a hot,
hydrogen-rich pre-WD and – most likely – a more massive, cool WD.
The CSPN of Pa 5 has a consistent photometric period of 1.12 d, but shows no radial
velocity shifts larger than 5 km/s. Thus, the photometric variability may be explained
by the influence of an orbiting planet or by magnetic activity, but most likley by a
evolved companion in a nearly-pole-on orbit. The spectral analysis of the CSPN re-
vealed that it belongs to the class of O(He) stars, making it the tenth member of this
small group, and only the third O(He) star with a detected PN. Differently to K 1−27
and LoTr 4, no traces of hydrogen are found in the atmosphere of Pa 5, however it dis-
plays the same carbon/nitrogen/oxygen abundance patterns like the other two O(He)
CSPNe and HS 2209+8229. The kinematic age of the PN is only 6500 years.
The third CSPN, NGC 6826, has a Kepler light curve that was previously analyzed with
the conclusion that it is due to rotational modulation implying a surface velocity of 78
km/s, something that can only be achieved in a merger.
The spectrum of the CSPN of Kn 61 has a too low S/N ratio for a precise spectral
analysis, however, we could identify He II λ 4686 Å and several C IV absorption lines,
confirming Kn 61 as a PG 1159 star. It exhibits a peculiar light variability with ap-
proximately triangular brightness peaks of 0.08−0.14 magnitudes and lasting 1−2 days,
spaced irregularly at intervals of few days. The reason for this kind of variability is not
understood.
Finally, the central star of the circular PN A 61 does not show a photometric variability
above 2 mmag.
With the possible exception of the variability of Kn 61, all other variability behavior,
whether due to binarity or not would not easily have been detected from the ground.
Based on this very low object number, we conclude, that there are a lot more short
periodic close binaries than the currently estimated fraction of 15% and that they can
be discovered with ultra-high-precision photometry.
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5 Outlook

To resolve the puzzle about the evolutionary status of SAO 244567, i.e., if it has recently
suffered a late He-shell flash or a CE evolution, further observations are needed. The
detection of a close binary would support the scenario of a CE ejection. Post-CE bina-
ries have orbital periods typically between 0.1 and 10 days (Heber 2009), thus a close
companion could be detected via radial velocity shifts in high-resolution spectra taken
over this period.
The LTP scenario would predict an evolution back to the AGB, e.g. a decrease of the
effective temperature (which is already indicated by the FUSE observations in 2006
and the nebula spectrum in 2013) and an increase of luminosity, i.e. an decrease in
surface gravity accompanied by a possible increased mass-loss rate. With accepted UV
HST/COS spectroscopy (which will be performed in September 2015), we will be able
to follow the evolution of the surface properties of SAO 244567. The derived surface
parameters could establish constraints for LTP evolutionary calculations, which would
not only explain the nature of SAO 244567, but also provide a deeper insight in the
formation process of hydrogen-deficient stars and offer a unique opportunity to directly
test the accuracy of stellar evolution modeling.

Further investigations are required the resolve the evolutionary origin of the O(He)
stars. It would be particularly interesting to search systematically for close companions
to these stars. Firstly, because close binary systems are expected to have undergone a
CE evolution and the ejection of a CE in a previous evolutionary stage could explain
how O(He) stars could have lost their hydrogen-rich envelope. A comparison of the
properties of the companions (masses, periods, eccentricities, ect.) with hydrogen-rich
CSPNe close binary companions could also provide information about the CE ejection
efficiency, a process that is still not understood (Ivanova et al., 2013). Finally, the
confirmation of close companions to O(He) stars would be a significant result, because
it would be inconsistent with the merger scenario as triple star systems are arranged
hierarchically.
To check if O(He) stars have lost their hydrogen-rich envelope via enhanced mass-loss, it
would be worthy to derive mass-loss rates for possible progenitor stars. The O(He) stars
recently discovered by Werner et al. (2014) have considerably lower surface gravities than
those studied in Reindl et al. (2014b) and thus they could still show wind signatures in
the UV spectra. In addition the mass-loss rates of the luminous He-sdO stars KS 292,
LSE 153, and LSE 259 would be interesting to study. In their high-resolution IUE spec-
tra the N V resonance lines display P-Cygni profiles; for LSE 259 even a FUSE spectrum
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exists which shows P-Cygni profiles of the O VI resonance lines.
Merger-scenarios are currently the only way to connect O(He) to the compact He-sdO
stars. Population synthesis models, that predict the observable numbers of O(He) stars
relative to the number of He-sdO stars, could confirm the evolutionary link between
these objects. The prediction of absolute numbers of O(He) stars currently observable
in our Galaxy could further constrain the contribution of double WD mergers as evolu-
tionary origin of these stars.

The known number of hot (pre-) WDs is still rather low and to draw statistically mean-
ingful conclusions from their derived properties it would be desirable that more of these
objects would be discovered. The SDSS DR12 was just made publicly available and is
promising more of these objects. Since the SDSS DR4 stellar parameters of hot (pre-)
WDs have so far only been derived for the hydrogen-deficient objects by means of NLTE
model atmospheres. The NLTE-analysis of also the hot DA WDs would be in partic-
ular important to derive the hot end of the WD luminosity function (WDLF). A hot
WDLF based on the SDSS DR4 was presented before (Krzesiński et al., 2009), however
since the DR10 the number of known hot WDs has more than doubled. Furthermore,
Krzesiński et al. (2009) neglected the strong impact of the assumed scale height on the
shape of especially the hot end of the LF by adopting the same scale height (250 pc,
corresponding to the thin disk) for all of them. Rowell and Hambly (2011) took into
account the different Galactic population memberships and calculated thin disc, thick
disc and spheroid WDLFs from the SuperCOSMOS Sky Survey, however their LFs do
not extend to the hot end.
So far, the Galactic distribution of white dwarfs was studied only for relatively cool and
by that nearby WDs (e.g., Sion et al. 2014; Pauli et al. 2006). That is why a study of
the Galactic distribution of hot WDs would be an interesting and new research of its
own, because due to their high luminosities hot WDs cover a huge space volume (several
kpc3). Studies of WD kinematics can help to determine the fraction of the total mass
of our Galaxy contained in the form of thick-disk and halo white dwarfs, an issue which
is still under discussion (Pauli et al., 2006). Finally, as show by Kalirai (2012), WDs
that have just entered the WD cooling sequence can be used to determine the age of
the Milky Way inner halo, a number that is so far based on four local WDs only.
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