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1 Zusammenfassung

Die vorliegende Arbeit beginnt mit einer Einfithrung in die der Supra-
leitung und Superfluiditdt zugrunde liegenden BCS-Theorie. Der Haupt-
teil besteht aus einer Zusammenfassung von drei Publikationen [BHS14c;
BHS13; BHS14b| und einem Beitrag zu einem Tagungsband [BHS14a]. Die
Einfithrung (Kapitel [1)) beinhaltet einen kurzen historischen Riickblick auf
die Forschung im Gebiet der Supraleitung und der Superfluiditét, begin-
nend mit den Umsténden, die dazu fiihrten, dass Kamerlingh Onnes im
Jahr 1911 die Supraleitung entdeckte. Abgeschlossen wird der erste Teil
mit einem kurzen Uberblick iiber die technischen Anwendungen der Su-
praleitung. Kapitel [2] beginnt mit einer Zusammenfassung der bekannten
Konzepte aus der Quantenmechanik und der Quantenstatistik, auf die die
BCS-Theorie aufbaut. Dazu werden unter anderem die Quasifreien Zustén-
de eingefiihrt und die zu ihnen assoziierten Einteilchen-Dichtematrizen.
Der Hauptteil dieses Kapitels ist die Herleitung des BCS-Funktionals aus
der Quantenstatistik. Dabei wird auf alle verwendeten Néherungen einge-
gangen. Das resultierende Funktional

Fo0) = [ 0P+ uie) @ -TS@) + [ Jat)PVe)
R R (1.1)
SI) =~ [ tres o) () o

liefert zu einem gegebenen Zustand I' = g 16,?
thermodynamischen Druck eines Systems im chemischen Potential p und
der Temperatur T, in welchem die Fermionen {iber das effektive Poten-
tial V' wechselwirken. S(I') bezeichnet dabei die Entropie des Zustandes
I', welcher sich aus der Einteilchen-Dichteverteilung v und der Cooper-
Paar-Wellenfunktion « zusammensetzt. Ziel der BCS-Theorie ist es unter
anderem zu den Daten des Systems (u, T', V') den Minimierer I" des Funk-
tionals Fr zu finden. Man stellt fest, dass unter gewissen Umsténden —
abhéngig von den Parametern des Systems — eine Temperatur 7, existiert,
oberhalb welcher der a-Anteil des Minimierers verschwindet. Auf diese Art
kann mit Hilfe der BCS-Theorie der Phaseniibergang eines Normalleiters
zu einem Supraleiter durch Bildung von Cooper-Paaren modelliert werden.
Die Temperatur T, wird als Sprungtemperatur bezeichnet.

den negativen,
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Kapitel [3] erkldrt die Ergebnisse aus den oben erwdhnten Publikatio-
nen. In der Arbeit |[BHS14c] wird die Giiltigkeit einer Néherung bei der
Herleitung des BCS-Funktionals untersucht. Es handelt sich dabei um die
Vernachlassigung des so genannten exchange term

- [ he)pve) e
RS

Agie(T) = 2}7(0)? / V(r) dr

R3

und des direct term

in der vollstdndigen Form

FUT) = / 0+ wAm) & + T / tres (F(p) In(F(p))) d*p
R (1.2)
/ |ae(r) |2 d3T+Aex(F)+Adir(F)

des Funktionals (1.1). Bei Beriicksichtigung dieser beiden Terme ist die
Charakterisierung oder gar Definition einer Sprungtemperatur viel schwie-
riger als im Fall von . Die Situation vereinfacht sich, wenn man sich auf
kurzreichweitige Wechselwirkungspotentiale V; beschrénkt, bei denen die
Fermionen nur mit anderen Fermionen im Abstand von héchstens ¢ < 1
wechselwirken. Dieser Sachverhalt wurde schon in der Physik-Literatur
[Leg80] heuristisch motiviert mit dem Argument, dass fiir kurzreichweitige
Potentiale der einzige Effekt der vernachlissigten Terme eine Renormie-
rung des chemischen Potentials ist. Diese Behauptung wird in [BHS14c|
auf einer mathematisch rigorosen Basis gerechtfertigt. Dariiber hinaus wird
durch die so genannte effektive Gap-Gleichung eine Definition und Cha-
rakterisierung einer Sprungtemperatur ermdéglicht. Diese Gleichung,

1 1 1 1)
- = - L.
dra ~ (27) /}R3 <K%§ p2> d°p (1.3)

findet sich auch in [Leg80] wieder. Hier bezeichnet @ die Streulédnge des
Potentials V,

Alp) = ﬁ /RS V(p - 9)alg) d°q



1 German Summary

die spektrale Energie-Liicke A und die Grosse K%ﬁ ist definiert durch

A
Ey (p)
tanh ( )
E2(p) = V(€ (p) — )2 +[Ap)
Die Gleichung (1.3)) ist im Limes ¢ — 0 (Punktwechselwirkung) giiltig und
stellt die zu einem Minimierer gehorende spektrale Energie-Liicke A in
Beziehung zur Streulénge. Dies ermoglicht im Limes ¢ — 0 eine Definition
der kritischen Temperatur T.. Dazu nutzt man aus, dass ab der Tempe-
ratur T, die Cooper-Paar-Wellenfunktion o und somit auch die spektrale
Energie-Liicke verschwinden. Fordert man A = 0 in (1.3, so erhilt man

zusammen mit dem Ausdruck fiir das renormierte chemische Potential f
ein Gleichungssystem fiir T, und fi,

2~
] tanh (f577) 1Y)
ETRNCTOL S8 QAR Y

TR L L
(27T)3/2 R3 1+821~C ’

K35 (p) =

wobei V = limy_,q V;(0).

Eine echte Renormierung i # p erhélt man allerdings nur fiir Potentiale
mit V # 0. Eines der einfachsten Beispiele zur Approximation von Punkt-
wechselwirkungen, ndmlich die Methode aus |Alb+88], liefert hier keine
echte Renormierung. Diese Methode startet mit einem Referenz-Potential
V und skaliert dieses geméss

Vi(z) = MOV (L), A0) =1, A(¢) < 1 for £ > 0. (1.4)

Die Funktion A bestimmt dabei die Streuldnge im Limes ¢ — 0. Nach Kon-
struktion gilt hier V = 0. Es muss eine allgemeinere Klasse von Familien
{Ve}eso herangezogen werden, um V # 0 zu erreichen. Ein Beispiel wird
in [BHS14c| konstruiert.

Familien der Art approximieren Punktwechselwirkungen. In der
Quantenmechanik in drei Dimensionen werden diese durch selbst-adjun-
gierte Erweiterungen des Laplace-Operators _A|Cg°(]R3\{O}) beschrieben
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(Punktwechselwirkung im Punkt 0). Eine wichtige Aussage in [Alb+88] ist,
dass der Schrédingeroperator —A + V; im Norm-Resolventen-Sinn gegen
eine durch die Streuldnge a = limy_,o a(V}) bestimmte, selbst-adjungierte
Erweiterung konvergiert. Da Punktwechselwirkungen in der Physik eine
wichtige Rolle spielen, wurde eine eigene Arbeit [BHS13| verfasst, deren
Inhalt es ist, zu zeigen, dass auch Familien V; mit V # 0 auf die selbe
Art zur Approximation von Punktwechselwirkungen herangezogen werden
konnen.

In einer letzten Arbeit [BHS14b| wird der Zusammenhang mit der Gross-
Pitaevskii-Theorie untersucht. Seit den 80er Jahren ist bekannt [Leg80;
NSRR5|, dass aus der fermionischen, mikroskopischen BCS-Theorie die bo-
sonische makroskopische Gross-Pitaevskii-Theorie hergeleitet werden kann.
Falls man némlich geniigend starke Paar-Wechselwirkungen V' betrachtet,
bilden die Fermionen bosonische Zwei-Atomige Molekiile, die sich zu ei-
nem Bose-Einstein-Kondensat verdichten kénnen. In [HS12; [HS13| wurde
diese Herleitung auf eine mathematisch rigorose Basis gestellt. Die Arbeit
[BHS14b| kommt bei einem anderen Systemaufbau zum selben Schluss.
Ausgangspunkt ist ein System von N Fermionen bei Temperatur T = 0,
eingeschrankt durch ein externes Potential W. Die Paar-Wechselwirkung
der Fermionen wird durch ein Potential V' vermittelt, welches stark genug
ist um zweiatomige, gebundene Zustéinde zu bilden. Zuséatzlich wird an-
genommen, dass die Skala des externen Potentials W viel grésser ist als
die Skala von V und dass die Dichte des Systems sehr klein ist. Diesen
Gegebenheiten wird mathematisch Rechnung getragen, indem ein kleiner
Parameter h eingefiihrt wird, mit dem das Verhaltnis der beiden Skalen
eingestellt werden kann. W iibernimmt dabei die Rolle eines Referenzpo-
tentials, welches geméss W(x) — W (hx) skaliert wird. Gleichzeitig wird
mit h die Teilchenzahl N geméiss N — N/h angepasst und die Stérke
des externen Potentials mit h? skaliert. Da auf diese Art das Volumen des
Systems wie h~3 skaliert, fiihrt dies auf eine Teilchen-Dichte, der Gros-
senordnung h%. Unter diesen Annahmen kann gezeigt werden, dass die
Grundzustandsenergie geméss dem translations-varianten BCS-Funktional

in makroskopischen Variablen (z, = ha, yn = hy, an(x,y) = h3a(F$, 4),



1 German Summary

Yn(x,y) = h >y (E, 1))

EPIF(D) = tr(—h*A + h*W)y + % /
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zur fithrenden Ordnung in A durch die Bindungsenergie der Fermion-Paare
Eb% gegeben ist. In der néchsten Ordnung (die makroskopische Dichtef-
luktuation) taucht dann das Gross-Pitaevskii-Potential

1
e w) = [ (V0P + W@l + alvialt) o

auf. Dabei wird der Parameter g durch Grossen aus dem BCS-Funktional
bestimmt. Die Funktion 1 geht aus der Cooper-Paar-Wellenfunktion « des
Grundzustands von hervor und beschreibt die rdumlichen Fluktuatio-
nen der Fermion-Paare. Im Gegensatz zu [HS12| wird hier der direct term
und der ezchange term (die letzten beiden Summanden in ) bertick-
sichtigt. Auch unterscheiden sich die zugrunde liegenden Systeme. W&h-
rend in [HS12| ein unendlich ausgedehntes, in alle drei Raum-Richtungen
periodisches System betrachtet wird, ist in [BHS14b| das System in dem
externen Potential W eingeschlossen und es sind keine periodischen Rand-
bedingungen notig.
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Chapter 1

History and Applications of
Superconductivity and Superfluidity

1.1 History of Superconductivity and
SuperfluidityfY]

Discovery of Superconductivity Before 1910, the dependence of elec-
trical resistance on temperature was unexplored at low temperatures. James
Dewar, John Ambrose Fleming and other experimental physicists have
been collecting measurement data on many different metals down to the
temperature of boiling liquid oxygen (—200°C) [KOGG91}, p. xix.]. The
extrapolation of the data raised hope that the resistance of metals could
vanish at absolute zero or even at finite temperatures. However, theorists
such as Lord Kelvin (William Thomson, 1824-1907) suggested |Kel02} §
27., p. 272 and § 30., p. 274] that the electrons should start to conden-
sate onto their parent atoms at temperatures close to absolute zero, thus
making electron movement impossible. For that reason, he expected the
following dependence of resistance from temperature: Resistance should
first decrease with falling temperature, then reach a minimum and in-
crease again, diverging to infinity at absolute zero where the electrons
are immobile. It is remarkable that both predictions could be verified.
Semiconductors exhibit the behaviour predicted by Lord Kelvin, while su-
perconductors reach zero resistance at temperatures T > 0 K. However,
what physicists at that time did not expect was the abrupt transition
from a finite resistance to zero resistance at a material specific tempera-
ture, the so called critical temperature. Additionally, normal conductors

I This section is based on |Rei04}; |[DK10|



Chapter 1 History

where observed, for which the resistance converges to a constant value as
the temperature reaches absolute zero.
This was the situation when Heike Kamerlingh Onnes (Figure was
appointed 1882 to the Chair of Experimental Physics
and Meteorology. The sentence

But the character of laws of nature becomes
apparent only when one varies the measur-
able quantities through the entire range of
possible values.

in his inaugural lecture in Leiden on the 11 Novem-
ber [Lae02, p. 270.] pretty well describes, what he dealt
with for the next decade. He built a cryogenic labora-
tory, which became the most sophisticated in the world
Figure 1.1: Kamer- &b this time. He was the first one who liquefied helium,
lingh Onnes (Copy- for which he received the Nobel Prize for Physics in
right is by Museum 1913. Although he announced in his inaugural lecture
Boerhaave) that he would focus on molecular physics and that he
would promote the convergence of physics and chem-
istry, he also was aware of the measurements of the
resistance of metals at low temperatures. In fact he supported Kelvin’s
suggestion pp. 27-28; 55-56]. He started to investigate the electri-
cal conductivity of platinum and gold. He soon turned to mercury which
could be purified better. Due to its fluid state at room temperatures, it
could be distilled repeatedly. This lead him to the discovery of supercon-
ductivity on the 26 October 1911. According to an anecdote, his team
could not believe the abrupt jump to zero (see Figure in the
resistance. They repeated the measurement several times to exclude an
electrical short circuit when finally the “blue—boy’ﬂ controlling the vapor
pressure in the cryostat fell asleep. This caused an increase in the pressure
and the temperature raised again over the critical temperature. Suddenly
the resistance attained its previous value. However, the notebook entry
only reads: “At 4.00 [K] not yet anything to notice of rising resistance.

2To construct the complex apparatus for his laboratory, Kamerlingh Onnes founded
the Leidse Instrumentmakersschool (Leiden School for Instrument Makers). The
term “blue-boys” school is called after the color of the overalls of the mechanics,
machinists, and glassblowers, trained there.



1.1 History of Superconductivity and Superfluidity

At 4.05 [K] not yet either. At 4.12 [K] resistance begins to appear.”[DK10]
not mentioning the “blue boy”.

Discovery of Superfluidity It is remarkable that

the Leiden team at the same time observed the phase

transition of fluid helium to its superfluid state but ¥ |
without being aware of it. This also is recorded in -
the notebook [KOJ. It took until 1928 that Keesom .
and Wolfke [KW28| postulated, that there was a phase | |
transition at 2.18 K. They introduced the terms He 1
and He II for the two phases. The next discovery was  *
made in 1932, when Keesom and Clusius [KC32| mea-
sured a jump in the specific heat. For the following de-
velopment, John Cunningham McLennan, head of the
Department of Physics at the University of Toronto

Figure 1.2: Historic

played an important role. Importing the know-how of
Kamerlingh Onnes, he built up the second low temper-
ature laboratory in the world capable of liquefying *He.
In 1932 he noted [MSW32| that the bubble formation
appearing at 4.2 K abruptly disappears at the transi-
tion temperature and below. Among others John F.
Allen and Austin Donald Misener were graduate stu-

plot of resistance [Q]
versus temperature
[K] for  mercury
from the 26 October
1911 experiment
(research  notebook
of Kamerlingh Onnes
(KO-

dents in his cryogenic lab. After finishing his Ph.D.,

Allen successfully applied for a position in Cambridge and worked with Pe-
ter Kapitza who came from the Soviet Union as a graduate student under
Rutherford. With the help of funds Rutherford got from the Royal Society,
he built the Mond Laboratory (named after Dr. Ludwig Mond, in recogni-
tion of his bequest to the Royal Society) including a new helium liquefier
with a new innovative design in 1933. At the time when Allen arrived
in Cambridge, Kapitza was put under house arrest on one of his regular
family visits. He was provided with a huge funding to build a new lab in
Moscow. With the permission of Rutherford and the acting Director of the
Mond Lab he got assistance from Cambridge by two senior technicians and
research equipment. From that point on, Kapitza continued his research in
Moscow. In the mean time, Allen took root in Cambridge and effectively
became the leader of the research group. Misener, still in Toronto, fin-
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Liquefaction Discovery of the Discovery of Discovery of Nb June: Prediction of the
of Heli Meissner- superfluid d Sn based Josephson Effect
eim Ochsenfeld Effect “He Saﬂ rgonductors December: Observation of
| | pel the Josephson Effect
= =] =) ~ = o
= I~ ks =]
L = | g g l 3 E J | = g |
) ;7T
r r
Discovery of Observation of Developement Ginzburg-Landau Proposition of the Dis covery of High
Superconductivity Type 2 super- of the London theory BCS Theory temperature
conductors Theory superconductivity

Figure 1.3: Timeline

ished his M.Sc. and continued his research by measuring [Bur35| the shear
viscosity of liquid Helium just below the transition temperature of 2.18 K.
Later he followed Allen to Cambridge to do his doctorate. Together they
studied the flow of liquid Helium in thin capillaries. On 8 January 1938
a paper by Allen and Misener [AM38| as well as another one by Kaptza
|[Kap38] was published in Nature, presenting the same result. Using differ-
ent methods, they found, that below 2.18 K, the viscosity of liquid helium
almost vanishes. The two parties did not collaborate. Kapitza rather had
a rivaling attitude to Misener and Allen who used his liquefier.

Discovery of Type-I1 Superconductors In the period following the
discovery of superconductivity, liquid helium became available in several
other laboratories as Toronto, Oxford and Kharkov. This enabled the
discovery of superconductivity of many other materials even at higher
critical temperatures T, The search for superconductive materials has since
been promoted during hundred years to the present days (see Figures

and Table .

| Material | T.. [K] | Discovery | References
Hg 4.154 | 26.10.1911 | |Rob76]
Pb 7.196 | 31.05.1913 | |[Rob76; (Onn14]
Nb 9.25 08.07.1930 | |[Rob76; MF30]
NbN 13 01.01.1941 | |BKOT7; HS6S|
V3Si 17.1 30.12.1952 | |BKO7; [Rob76; |Col53;
HH54)
Continued on next page




1.1 History of Superconductivity and Superfluidity

| Material | T. [K] | Discovery [ References ‘
Nbs3Sn 18.05 | 10.06.1954 | |[BKOT; Rob76;
Mat+54
NbTi 9.8 19.04.1961 | |Rob76; [HB61]
SrTiO; 0.28 | 06.03.1964 | [SHC64!
AlGeNb 20 05.05.1967 | |Mat+67
Lag_yBa,CuOy4 30 17.04.1968 | |BMS86
NbsGe 23.2 | 12.07.1973 | [BKO7
CeCuySiy 1.5 10.08.1979 | |[BKO7
Ube;s 0.85 | 14.03.1983 | [BKO07
UPt3 L5 24.10.1983 | [BKOT7
YBayCuzO7 93 06.02.1987 | |BKOT7
‘Wu 87
Ba;, K, BiO; 35 30.10.1987 | [BKO7; MGJS3)
BiSrCaCuyOx 105 22.01.1988 | |[Mae+88|
TlyBayCaCusOg 119 09.02.1988 | |[Rob76% SHSS|
T1;BayCasCusO1g 128 | 22.02.1988 | [Rob76}; Haz 88|
K3Cso 18 26.03.1991 | |Heb-+91
RbCsCgo 33 25.06.1991 | |Tan+91
UPd,Alj3 2 01.12.1991 | [BKOT7; [Gei91]
HgBayCaCuzOg 133 14.04.1993 BKO?t Rob76;
HgBayCaCuzOg(150kbar) | 153 18.08.1993
YPdyB,C 23 04.03.1994
HgT1BaCaCuO 138 18.06.1994
Cs3Cgo(15kbar) 40 04.10.1994 | |Pal+95
CeColng 2.3 29.03.2000 | |Pet+01
MgB, 39 01.01.2001 | [BKOT7
Li(500kbar) 20 11.06.2002 | |BKOT7; [LD86; [Shi+02)
PuCoGas 18.5 | 02.09.2002 | |Sar+02
PuRhGay 18.2 12.11.2002 | [Was+03
Diamond 4 19.04.2004 | |Eki+04
CaCg 11.5 | 18.03.2005 | [Wel+05
YbCg 6.5 18.03.2005 | |Wel-+05
LaOFeP 4 15.05.2006 | [Kam-06]

Continued on next page
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| Material | T.. [K] | Discovery [ References
LaO,_.F.FeAs 26 23.02.2008 | [Kam 08|
SmFeAsO 55 16.04.2008 | [Ren 08|

Table 1.1: Table of selected superconductors

It was discovered, that not only metals exhibit superconductivity but
also intermetallic compounds such as NbsSn (T, = 18 K) or metal oxides
such as TiO (T, = 1K). However, not long after the discovery of the
superconductivity, it was observed that starting at a critical current den-
sity superconductivity brakes down. This was related to the discovery of
the Meissner-Ochsenfeld effect in 1933, named after Walther Meissner and
Robert Ochsenfeld. External applied magnetic fields are expelled com-
pletely from the inside, as long as they don’t exceed a critical magnetic
field H.. Stronger magnetic fields destroy the effect of superconductiv-
ity. At this time all the materials studied exhibited values for H, faint-
ing the prospects of implementing superconductivity in technical purposes
such as the generation of large magnetic fields. In 1936, Schubnikow et
al. |Shu-+08| found the appearance of a new type of superconductivity.
There exist materials for which an external magnetic field, starting at
a certain value H.; but not exceeding another critical value H.o, pene-
trates the conductor without breaking its superconductivity. Below H.q,
the material shows the Meissner-Ochsenfeld effect and above H.o the su-
perconductivity breaks down, while in between the magnetic field lowers
the critical temperature (see Figure (b)). The current understanding
of this range is that the magnetic field penetrates the superconductor in
form of non-superconducting tubes of magnetic flux, passing through the
material, surrounded by a circulating supercurrent. As the external mag-
netic field increases more and more of these vortices enter, until at H.s,
they fill the whole conductor and prevent superconductivity.

Such materials are nowadays referred to as tpye-II superconductors. Al-
though it took until 1961 for most of the physicists to recognize this
discovery (in principle type-II superconductors already showed up in the
Ginzburg-Landau theory from 1950), this kind of superconductors allowed
much higher magnetic fields and are therefore in use in many technical
applications today.
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Figure 1.4: Critical temperature plotted against discovery dates of some selected super-
conductors. See Table for the underlying references.
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Figure 1.5: Periodic table of the elements with period number and critical temperature
[K]. Black: Superconducting element, Black top left corner: Superconducting element
under pressure, White: Non-superconducting, Hatched: Not yet studied. Values taken
from |[BKO7|.



1.1 History of Superconductivity and Superfluidity

Discovery of High Temperature Superconduc-
tivity In 1975, Arthur W. Sleight at DuPont found
[SGB75| that the ceramic compound BaPb;_,Bi, O3
became superconducting below 7, = 13K. This and
other works in the field of solid state physics lead Jo-
hannes Georg Bednorz und Karl Alexander Miiller at
the IBM Zurich Research Laboratory to start exper-
iments with perovskite structures in 1983. In 1986
they measured a critical temperature 7, = 35K for
the substance Ba,Las_,Cus05(3_,). More precisely,
they found an abrupt decrease by up to three or-
ders of magnitude starting at 35K (so called T, on-
set) and reaching zero resistance at 13K. Bednorz
and Miiller received the Nobel Price in Physics already

T Magnetic field

Superconductor

Temperature T.

(a) Type-1

=

Vortex phase

Magnetic field

=

one year later. Currently, the superconductor with the Superconductor
highest transition temperature is mercury barium cal- Temperature T
cium copper oxide with a substitution of T1 for Hg (b) Type-II

(Tlp.2Hg, sBagCasCus0s) at around 138K [Sun+94].
Figure 1.6: Tempera-

Developement of the Underying Theory In the ture versus magnetic

. . . field phase diagram of
mean time, theorists developed the first explanations a typel and type.Il
for superconductivity. The first phenomenological the-  guperconductor
ory was developed by the London brothers Fritz and
Heinz in 1935. By means of a set of two equations, they
succeeded in explaining the Meissner-Ochsenfeld effect.
In 1950, Ginzburg and Landau put up their theory [GL50| to explain the
macroscopic properties of superconductors. They took a Schrédinger-like
equation as a basis and could distinguish between the two types of super-
conductors. Finally, in 1957 Bardeen, Cooper and Schrieffer [BCS57| pro-
posed the first microscopic theory for superconductivity. Later, it could be
extended to the context of superfluidity [Leg80; NSR85| and in 1959, Lev
Gor’kov |Gorb9| (formally) demonstrated the connection to the Ginzburg-
Landau theory. Close to the critical temperature, the BCS theory reduces
to the Ginzburg-Landau theory. The remarkable finding was, that it con-
cerned a relationship between a macroscopic and a microscopic theory.
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1.2 Applications

Creation of Strong Magnetic Fields

Strong magnetic fields are very

important in today’s world. Even physicist are impressed by it’s capabili-

ties (see Figure [L.7).

Figure 1.7: A live frog levitates
inside a 32mm diameter vertical
bore of a Bitter solenoid in a mag-
netic field of about 16 T at the Ni-
jmegen High Field Magnet Labo-
ratory. The frog, as many other
animals, consists mainly of water
which as a diamagnetic substance
repels a magnetic field. Permis-
sion granted for this photo to be li-
censed under the GNU-type license
by Lijnis Nelemans, High Field
Magnet Laboratory, Radboud Uni-
versity Nijmegen.

Superconducting coils can generate very
strong magnetic fields while they don’t dis-
sipate any energy aside from the power con-
sumed by the refrigeration equipment to
cool down the coil below the critical tem-
perature. In 2007, a collaboration between
the National High Magnetic Field Labo-
ratory in Tallahassee, Florida and indus-
try partner SuperPower Inc. built a mag-
net with windings of the high tempera-
ture superconductor YBCO and achieved a
world record critical field of 26.8 T [Mag].
Though it is possible to construct resistive
electromagnets (normal conductors) reach-
ing even higher field strengths, such mag-
nets consume huge amounts of power and
require cooling water circulating through
pipes. In 2010 the National High Magnetic
Field Laboratory established a new record
for the world’s strongest resistive magnet.
The system had a maximum field strength
of 36.2T and consisted of hundreds of sep-
arate so called “Bitter plates”. It consumes
19.6 MW of electric power |Flu|. Therefore,
in practical applications superconducting

magnets are preferred. At the Large Hadron Collider, CERN (Geneva,
Switzerland) NbTi superconductors are used as magnets (see Figure
to hold the particles on the ring [EBO8]. They are cooled down below 2K
using superfluid helium and operate at fields above 8 T.

However, the largest consumer of superconducting materials is high-
field magnetic resonance imaging (MRI) |[HS11|. There also NbTi is most
widely used. Another material frequently used for magnets is Nb3Sn. It
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Figure 1.8: Views of the LHC tunnel sector 3-4. by Maximilien Brice from http://cds.
cern.ch/record/1211045| licensed under Creative Commons Attribution-ShareAlike
4.0 license: http://creativecommons.org/licenses/by-sa/4.0/
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can withstand higher magnetic fields than NbTi but is also more expensive.

Measurement of Extremely Weak Magnetic Fields Superconduc-
tors are as well in use for precision measurements. A SQUID (for supercon-
ducting quantum interference device, see Figure 1.9)
utilizes the fact, that in a supercon-
ducting ring placed in a magnetic

FF H.T.S. SQUID field, the enclosed magnetic flux is

Magnetomete quantized and has to be an integer
| — multiple of the magnetic flux quan-

tum ®o = 4 ~ 2.067833758(46) x
10715 Vs. This is caused by a circu-
. lar current through the ring, whose
- S contribution to the total magnetic
h Tmpef ature ux exactly compensates the devia-
D 1 ond.lcﬁvity tion of the flux of the magnetic field
to the next integer multiple of ®y.
This way, by changing the external
electric field, the current changes
Figure 1.9: A SQUID by Zureks (Own work) its direction every time the flux is
[CC-BY-SA-3.0 (http://creativecommons. increased by a half of the mag-
org/licenses/by-sa/3.0) or  GFDL npetic flux quantum ®g. Inserting
&E};f’/ / W"L'iin“"’vl;]gﬂ/{f;z}('lli:ft/ f((]isﬁmons two f]osephson junctions. (insulating
http://commons.wikimedia.org/wiki/ barrier or a short section of non-
File%3ASQUID_by_zureks, source: http:| superconducting metal) into the su-
//upload.wikimedia.org/wikipedia/ perconducting ring, it is possible to
commons/9/98/5QUID_by_Zureks exploit the so called Josephson ef-
fect, to measure the circular current
and thus also the flux of the external magnetic field. A SQUID is sensitive
enough to measure field changes as low as 5- 10718 T p. 26] and
is used in medicine for measuring ion current caused waves in the brain
(magnetoencephalography).
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Chapter 2

Physical Background: The BCS
Theory

In this chapter, the BCS theory is recapitulated, which was introduced
in 1957 by Bardeen, Cooper, and Shrieffer [BCS57] to describe supercon-
ductivity. It is a microscopic description of fermionic gases with local
pair interactions at low temperatures. It acts on the assumption that the
physical environment and/or the inter particle forces create an effective
pair interaction between the fermions. The pairing mechanism is realized
by a two body interaction potential V. Given such a potential V', the
BCS theory provides an expression for thermodynamic grand potential for
the fermionic gas, depending besides the temperature T" and the chemical
potential p on the interaction potential V', the momentum distribution
~v and the Cooper pair wave function «. The BCS theory was later ex-
tended to the context of superfluidity |Leg80; [NSR85| and connections
to the theory of Bose-Einstein condensates (BEC) |Leg80; NSR85; [PS03]
where established. Thus, the theory covers the whole spectrum of the so
called BCS-BEC crossover |[Ran96|, where the system smoothly changes
from a superfluid state of delocalized Cooper pairs for weak interactions
to a BEC of bosonic-like diatomic molecules for strong interactions. For
both the regime, where the attraction is weak as well as the regime, where
the attraction is strong, the BCS theory could be linked to an older the-
ory, limited only to the particular regime. In the case of the former,
this concerns the Ginzburg-Landau theory and in the case of the latter,
the Gross-Pitaevskii equation. Both theories could be derived from the
BCS theory by Gor’kov [Gor59|, and Leggett, Noziéres and Schmitt-Rink
|Leg80; [NSR85| respectively - at least formally. Mathematical rigorous
derivations were given in |[Fra+08| and [HS12; [HS13| respectively.

In the following sections we will deduce the BCS theory from quantum

13
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physics in two steps. First, by restricting the allowed states of the system
to quasi-free states and second by assuming translation invariance and
SU(2) rotation invariance. We start with an brief overview of quantum
mechanics.

2.1 Quantum Mechanics

Physical States The states of a quantum mechanical system X (for
example a finite number of atomic nuclei and electrons in a region A C R3)
are given by unit rays [¢] = {z¢|z € C, |z| = 1} for ||| = 1 in a Hilbert
space Hy. Depending on the system X one wants to describe, the Hilbert
space has to be chosen appropriately. In the following we will refer to a
state as a representative of [¢)]. We denote by (-,-) the scalar product in
the Hilbert space and as usual by ||| = /{(¥, %) the norm of Hy. For
the scalar product, we use the convention, where (-, -) is anti-linear in the
first argument and linear in the second argument.

Physical Observables Physical observables are realized by self-adjoint
linear operators A : Hy — Hs. The set of possible values for measure-
ments of the observable is then given by the spectrum o(A) of the operator
A. Let a € o(A) be the result of a measurement of the observable cor-
responding to A in the state ¢ € Hy. If A = fU(A) AdE)y is the spectral

decomposition of A, then

Plae 8) = (i, /S dEry)

is the probability that the value a lies in the set S C o(A). The expectation
value of the result is therefore given by

E(a) = (¢, Ap).

Mixed States in Statistical Mechanics Since we will be interested in
solid state physics where we have to deal with a huge number of particles
it is hopeless to keep the view of the exact state of the whole system.
Instead we will change to a statistical description of the system, namely to
the framework of statistical mechanics. There the concept of a state (pure
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state) is generalized to mixed states, i.e. a statistical ensemble of several
pure quantum states. A mized state on the Hilbert space Hy is defined as
a density matriaﬂ that is a positive trace class operator p, with tr(p) = 1.
The expectation value of a measurement of the observable A in the state
p in this case is

(4), = tr(pA)

and pure states ¢ € Hy correspond to p = Py := (¢, ). Using the
spectral decomposition of p,

oo
p=D_ wiPy,
k=1

with wy > we > ... > 0, Z;il wy = 1 and pairwise orthogonal 1, we
see, that each density matrix is a convex combination of pure states Py, .

Fock Space In statistical mechanics, there are situations where the par-
ticle number changes. Even more radical, the constraint of a fixed particle
number is dropped. As a consequence, mathematics simplifies in some
situations. Therefore, for the Hilbert space Hyx we choose a special one,
providing the structure to deal with more than just one particle. It is
based on an abstract Hilbert space H describing the states of a single fer-
mion. The corresponding Hilbert space describing a system consisting of
n identical fermions is constructed by H( = A" H. A simple vector in
H™) is of the form

wl/\/\'(/}n = Z(—l)awg(l)(g)@w(r(n)) fOI' wiEH)

ocSy,

where S,, denotes the set of all permutations of n elements, i.e. the sym-
metric group, where (—1)? is the sign of a permutation o and ® is the
tensor product. An arbitrary vector in H(™ then is a (possibly infinite)
linear combination of simple vectors.

'In [BLS94] a mixed state is a linear map p : £(Hx) — C, with the properties
p(l)=1,  p(A*A)>0.

Here L£(Hs) denotes the set of all linear operators on Hy;, and A* the adjoint of A.
However, the assignment pp(A) := tr(PA) yields a one to one correspondence
between density matrices P and linear mappings pp.

15
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However, the n-particle space H(™ still can’t describe systems consist-
ing of a changing or undetermined number of fermions. Therefore, we
introduce the so called Fock space

(oo}

.7:7.[ = @ H(n),

n=0

where H(©) := CQ and Q is the vacuum state with (Q, Q) := 1. Note that
F is a Hilbert space on its own with the natural scalar product induced by
the vector space sum. In particular sectors of different particle numbers
are orthogonal to each other. To any vector ¢ € H in the one-particle
Hilbert space, we associate a creation operator a'(¢) : Fy; — Fz and an
annihilation operator a(¢) : Fy — Fy. We define the creation operator
at (1) for a vector ¢ = (@, YW ) e Fyy, ™ e H by

(at(@)) " = (n 4+ 1)7/2 A p™)

where ¢ A Q = ¢. The annihilation operator a(t)) is defined to be the
adjoint operator of af (1) and acts as follows: If (") =4y A--- A4h, is the
part in the n-particle space H(™ of 1, then

(a(yp)" ™" IZ 1) i)t A A i A A,

where the hat indicates that i; is omitted in the wedge product. Note
that a(¢)|,0) = 0. By this construction, the creation and annihilation
operators fulfill the canonical anti-commutation relations

{a(¢),a’(¥)} = (¢, 9) 15,
{a(),a(¥)} = {a(¢).a' ()} =0,
where {A, B} = AB + BA is the anti-commutator.
Bogoliubov Transformations A Bogoliubov transformation of Fyy is

a unitary operator W : Fy; — F3 such that there exists linear operators
v,w: H — H of such that for ¢ € H, we have

Wal (0)W* = al (vy) + a(wd),
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where ¥(x) = Wx) is the complex conjugatio As a unitary operator, W
leaves invariant the canonical anticommutation relations, i.e. Wa'()W*
and Wa(y)W™* satisfy the canonical anticommutation relations. This in
turn is equivalent to

U::(v
w

being unitary, where T1) := ﬁ for an arbitrary operator T : H — H.

SIS

):H@H%H@H

Quasi-free States Since it is still very difficult to describe the system
with pure quantum statistics, in the BCS theory only so called quasi-
free states are considered. The idea behind comes from thermodynamics.
There one is interested in equilibrium states, i.e. states which remain in-
variant under time evolution. In quantum statistics such states are called
Gibbs states and are of the form p = Z~!exp(—SH), where H is a Hamil-
tonian on the Fock space and Z = tr (exp(—ﬁH)) < 00. As it turns out,
Gibbs states are a special case of quasi-free states. A mixed state p is a
quasi-free state if the following “Wick’s Theorem” holds.

# H #N o/ # L H# # #
(afal ---af,), = XS: (-1) <aﬂ(1)ag(g)>p T <aa(2n—1)ao(2n)>p
oes],
<a?&a2# e a2#n+1>P = 07

where each # can stand for { or nothing and where S/, is the subset of S,
containing the permutations o which satisfy (1) < o(3) < ... < o(2n—1)
and 0(2j — 1) < o(2j) forall 1 < j <n.

One-particle Density Matrices To each quasi-free state we associate
a self-adjoint operator I' : H® H — H © H, called the one-particle density

2We could have chosen a different antiunitary map C : H — . instead of the complex
conjugation. In this case the linear map w also has to be adjusted. This dependence
on the antiunitary map comes from the antilinearity of the annihilation operator. If
we would define the annihilation operator to accept as its argument an element of
H* instead of H (i.e. if we replace a by @, where a(Jvy) = a(y) with J : H — H*
being the conjugate linear map such that (Jy)(¢) = (1, ¢)) then the antilinearity
would be naturally absorbed in J This is basically the approach of [Sol|.

17
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matriz of p defined by
(61, 02), T(W1,02)) = p([a' (1) + a(¥2)][a($1) + a' (42)]). (2.1.1)

Again, this definition depends on the choice of the antiunitary map C
which we here specified to be the ordinary complex conjugation.
The operator I for fermions has an important property. Namely,

0<I<1

as an operator. This is seen as follows. Let (¢,1) € H & H with ||¢||* +
¥ = 1. Then

((6,9).T(6,0)) = p([a(¢) + o' (¥)]*[a(9) +a' (¥)]) > 0.

Moreover, by using the anti-commutation rules for a and af, we obtain

[a(¢) +al ()] "[a() +at (@)] = 111> + [|[¢]* ~ [a() +at ()] [a(¢) +at ()]*

and we conclude

((9,4),T(¢,¥)) < 1.

2.2 Derivation of the BCS Functional

We start with a quantum mechanical system ¥ consisting of an indefinite
number of spin % fermions in a cubic box A C R? of side length L, with
periodic boundary conditions. The interaction between the fermions is
defined by a two-body potential V' € L*(A). Moreover, the system shall
be exposed to external electric and magnetic fields, W(z) and B(x) =
curl A(z). We then aim to take the limit A — R3 and to find the state
minimizing the grand potential ®¢. In the following we will specify the
Hilbert space for the system ¥ under consideration and define the physical
observable corresponding to the grand potential.

Hilbert Space We consider the Hilbert space Hy, = F3, where the un-
derlying one-particle Hilbert space consists of vector valued wave functions
and is given by
_ 72 2 ~ 72 2
H - Lper(A) @ Lper(A) - L (A) ® (C ’

per



2.2 Derivation of the BCS Functional

where we choose an orthonormal basis {e4, e, } for C2.
Vectors in H(™ are totally antisymmetric wave functions

V(21,0 2n),

where z; = (2;,0;) € A x C? denotes a space-spin variable for one particle.

Observables The grand potential of thermodynamics is given by ®¢ =
U —TS — puN, where U is the internal energy, T is the temperature, S
is the entropy, u is the chemical potential and A is the particle number.
The quantities 7" and p are scalars and can be interpreted as Lagrange
multiplicators, i.e. if we minimize ®5, we actually minimize &/ under the
constraint that S and N are constant. We are interested in a quantum
statistical description for ®4. Thus, we have to define quantum mechanical
expressions for for U, S and A/. The internal energy U corresponds to the
energy observable, i.e. the (densely defined) Hamiltonian which is given
by
H=T+Uy + Uy,

n

Tl = Y (= iVa, + Alz)))”,

j=1
1 n
UV|7_L(1L) = 5 Z V(:Ej — xk;),
Jik=1
Ji#k
Uw gy = ZW(%‘),
j=1

The quantum mechanical counterpart to A is the particle number operator
N, defined by N|, ) = nl. Finally, we describe S by the von-Neumann
entropy of a state p, which is given by

S(p) = —tr (pln(p)).

The quantum mechanical grand potential of a state p then is

Pa(p) = (H), = TS(p) — n{N),.
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2.2.1 Step 1: Restriction to Quasi-free States

As a first simplification, we restrict the grand potential &4 to quasi-free
states (see the corresponding paragraph in Section [2.1)). ®¢(p) then re-
duces to expressions in the operators v, : H — H, defined by

(9,7¢) = (@' (¥)a(9)),

't (2.2.1)
(¢, av) = (a(¥)a(d)),-

This is easy to see for a so called 1-body operator like T', Uy, and N,
i.e. an operator A : Fy — Fy of the form

n n

j-1
Algym = Z <®11> ® AY @ ® 1],
k=1

=1 \k= k=j+1

for some operator A1) : H — H. Let {p;};en be an orthonormal basis
of H. Then such operators can be expressed in terms of the creation and
annihilation operators a'(p;) and a(yp;) according to

A= Z <<PjaA(1)<Pk>aT(<Pj)a(<Pk)~
j,keN

Consequently, expectation values are given by

(A), = (05, AD o) (prye;) = tra(ADy).

An analogous procedure can be given for 2-body operators, like Uy . By
means of Wick’s Theorem, which for quartic monomials in the creation
and annihilation operators, reduces to

<a#afa§#af>p = <a#a§£>p<a3#af>p— <a?a?>p<a§af>p+ <af&af>p<a2#a3#>p,

a similar computation using

Ur= Y (@05 V(-9 @ em)al(p;)a (or)a(em)a(er)
7,k,l,meN
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shows
1
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where v(x,0,y,7) and «a(z,0,y,7) are the integral kernels of v and «
respectively.

Another calculation (see Appendix [2.A]) shows that in terms of T', the
entropy functional S(p) can be expressed as

S(F) = —try@y (F ln(F))

Thus we obtain for the grand potential the functional

o+

D(T) = tro (((—iV + A + p+ W)y) — TS(T)

/ (e, 0, 7) PV ( — ) Pz dy
AXA

+
| =

ore{t{}

N =

/ |’7($7Uay,7)|2V(y—x) d3l’d3y
are{tiy A

1
+ 5 Z / 7(x707x70)7(ya7-ay77—)v($ - y) d3$(} dgy
ore(tdy IAXA
(2.2.2)

We define the BCS functional as the formal infinite volume limit
I') := lim ®(T 2.2.
Foes(I') == lim &a(T), (22.3)
i.e. we replace A by R? in the expression for ®¢(I).

The BCS theory studies the minimizers of Fgcgs. The term try ((—iV—i—
A)27) corresponds to the kinetic energy and S is the entropy. The term
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involving the Cooper pair wave function « is the pairing energy of the
Cooper pairs. If this pairing energy lowers the BCS energy, i.e. if the
minimizer of Fgcs has a non-vanishing «, then we say that the system
exhibits a Cooper pair condensate and has a superfluid or superconducting
phase. If the minimizer 'y of Fgcs has a = 0, the system is said to
be in a normal state. The last two summands of are referred to
as direct and exchange term, respectively. They correspond to density-
density interactions between the fermions and are in general difficult to
handle. Therefore they are being neglected usually.

The reason behind the interpretation of a as the Cooper pair wave
function is that the system displays macroscopically coherent behavior as
soon as « # 0. To see that, we examine the correlation function of a pair
at z and a pair at y, formally given by (alﬁal’iay,ia%ﬁp. We will see
later, that for SU(2) invariant states p, the operators v and « satisfy

V(z,0,y,7) = dor7(2,Y),
Ol((E,J,y,T) = (1 - 567’)a(1'7y)3

for some reduced operators ¥ and a. In this case, <al Tal 10y,10y.1)p =

[7(z,y)|>+a(z, x)a(y, y). If in addition the system is translation invariant,
ie. ¥(x,y) =F(x + 0,y + ) and ¥(z,y) = J(x + d,y + J), the expression
for the correlation reduces to

For far apart x and y, |¥(z — y, 0)|? converges to 0 whereas | (0, 0)|? stays

constant. Therefore the pairs stay correlated over large distances, which
is referred to as long range order.

2.2.2 Step 2: Assuming SU(2) Invariance
We denote vectors 1 € H = L?(R3) @ L?*(R?) = L?(R3) @ C? by
¥ = (r,¢y).

For example, if ¢ € L*(R?) then the state ¢ = ¢ ® e4 € H is given by
1 = (4,0). In other words, we think of ¢ as an element of L?(R3, C?)
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such that ¢ (x) € C2. Rotating the spin space is described by a matrix
S € SU(2) which acts on H according to

(S¢)(z) = Sy (x).

On the fock space Fy; the action of S € SU(2) is given by the Bogoliubov
transformation Wg € L£(Fy), which transforms the creation and annihila-
tion operators according to

Wsal (V)W = ol (Sv)
Wsa(p)W5 = a(St).

A state p is said to be invariant under spin rotations or shortly SU(2)
invariant if

(W AWZ), = (A),. (2.2.4)

In the following, we will restrict Fpcs to SU(2) invariant states. The
reason behind this approximation is that we know that a pure state 1) € H,
minimizing some Hamiltonian H which is SU(2) invariant, i.e. [H, Wg] =0
has to be SU(2) invariant itself, i.e. Wg1) = 4. In our case, H is in fact
SU(2) invariant but ®¢ also contains the non-linear entropy functional
S. Therefore it is apriori not clear if the minimizer(s) of ®¢ are SU(2)
invariant and the restriction is an approximation.

For quasi-free states the condition to be SU(2) invariant, translates to
a transformation law for the operators «, vy via , i.e.

v S8*yS
ars S*aS.
If a matrix M € C?*2 has the property S*MS = M for all S € SU(2),
then M must be a multiple of 1. Analogously if S*MS = M, then M =
MG )
Therefore, for a quasi-free SU(2) invariant state the operators «y, « must
have the form

y=7®1

a=ae(7y),
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for corresponding, reduced operators 7, & : L(R3) — L(R?) satisfying

~x ~T ~

¥'=7 a =a

We will now show, that the BCS functional Fpcg for SU(2) invariant
states only depends on the reduced one-particle density matrix

To see this, we use the notation (¢ ® v,9 ® v) = (¢, ) ® v, such that we
have the relations

T((¢,9) @ v1] = (¢, 1)) @ v1

Tl(6.9) ®va] = [(§ %)T(0,8) (5 %) @ va,

where v; = %(1) and vy = %(_11) are the eigenvectors of (? —Oi). We

conclude that 0 < r < 1 as an operator and
S(T) = truen (D In(D)) = 2trz2@sy (CIn(T)) =: 2S(T).

Therefore, the grand potential becomes

~ o~ 1 . . ~ ~
(I)G(F) = 5@@(P) = tI‘Lz(R3) (((—ZV + A)2 + p+ W)’)/) - TS(F)
5 [ PV - dady
2 R3 xR3

1 -
- 5/ F(a, )2V (y — o) Pz d®y
R3 xR3
s AoV -y ey
R3 XR3
(2.2.5)

The functional B o
Fees(l) = @a()
is the starting point in many papers |BHS14b; [HS13; [Fra-+08] (usually

again discarding the last two summands, i.e. the direct and the exchange
term).
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2.2.3 Step 3: Assuming Translation Invariance

We start with the SU(2) invariant functional Fpcs(I') from above with
finite volume A, i.e. we don’t yet perform the formal limit A — oco. We
will work with the reduced quantities I', &, 7, and S but we will drop the
“™. For the same reason for which we have restricted to SU(2) invariant
states we will make another approximation.

The translation of a state 1 € L?(R?) is given by

(Ts¢)(x) = (x4 6).

On the Fock space Fpzs), this translates to a Bogoliubov transformation
defined by Wsa# ()W = a#(Ts1p). Translation invariant states p are
again characterized by

(WsAWs)p = (A),-

Again, [H, W;s] = 0, which motivates the restriction to translation invariant
states. For quasi-free states the one-particle density matrix I obtains the

property

o) =Tlo-0 oo =T = 3673 175005 )

Like in the case of the SU(2) invariance, the BCS functional Fpcg only
depends on the reduced one—partlcle density matrix F(m —9): On the

\m
Yr = (k) Yk, ay, = a(k)vr,

5(k) = /A S@e e de,  ak) = [ ala)e— db.

Therefore the entropy S becomes

S(F) = — Z trez (

orthonormal basis 1y (z) =

« are diagonal, namely

=)
=
B

=)
=
=

ke%’rZB
- p) ()
S _ y\p) alp =
H) ‘<a<p> 1—a<—p>>’ stlrst
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The grand potential per volume (without external electromagnetic field)

now reads
1 1 = =
o e = > 0+ wAKp) +TT > tree (T(k) In(T'(k)))
2|A| Al 5= Al 4=
pEe T 23 keF 73

/|a )2V ()
—7/| 2V () d3r + [§ /V

Taking the limit A — R? and defining o := (27)3/2a, v := (27)3/25 to
have the convention

o) = @m="2 | fla)e™? de,

we obtain

- / 0P+ i) P+ T [ s () mlp) o
R R (2.2.6)

Again the first term comes from the kinetic energy. The second term

[ tres () mEe) ¢

is the negative entropy, which is minimal for a = 0. It therefore competes
the pairing energy of the Cooper pairs, % [os |a(r)[?V(r) d®r, which can
lower Fpcs if @ # 0. Therefore, if T is lowered, possibly the effect of
pairing energy may exceed the one of the entropy. In this case, the system
undergoes a phase transition. Like in the previous functionals, the last two
summands, i.e. the direct and the exchange term, respectively are being
neglected usually.
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2.3 The Simplified Translation Invariant BCS
Functional

In this section, we study the translation invariant and SU(2) invariant
BCS functional. For simplicity, we also drop the direct and the exchange
term. In [BHS14c| we attempt to extend the following results, including
these terms. An overview over the results obtained is given in Section [3.1

The first investigation concerns the existence of a minimizer of the BCS
functional

Fo0) = [ 0P+ A S-S0 + 5 [ )PV e
e R (2.3.1)
S) == [ tres (D) m(re) &°.

Proposition 2.1 (Existence of minimizers). Let p € R, 0 < T < o0, and
let Ve LY(R?) N L3/2(R3) be real-valued. Then Fr is bounded from below
and attains a minimizer I' on

Ap)  alp) )
D=<T == =N ~
{ ) ( a(p) 1-7(-p)
Proof (taken from [Hai+08]). We first show that Fr dominates both the

L' (R3, (1+p?) d3p) norm of 4 and the H*(R?, d3x) norm of a. Hence any
minimizing sequence will be bounded in these norms. We have

FeL' (R (1+p%) d°p),
acH(R?, d%z),

OSFSILCZ}.

Fr0)2 €+ [ 0 =it g [ la@PV@ e,

3
where

p2—p

o 1 2 ~ 3., _ _ — ST 3
¢ = int |5 [ 62 = w3 @ -15m)| = -1 [ e .

Since V € L?/? by assumption, it is relatively bounded with respect to
—A (in the sense of quadratic forms), and hence Cy = inf spec (p?/4 + V)
is finite. Using |a(p)|? < J(p), we thus have that

1 R 1 R
*/ p*A(p) d3p+f/ V(z)|a(x)]?d®z > Cz/ A(p) d°p.
4 ]R3 2 R3 R3
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Using again that |a(p)|? <7J(p) < 1, it follows that

1 1
Fr() 2 —A+ Sllolin an + s Alesamnan,  (232)

where
A=-C; —/ [p2/473,u/47 1/4+C'2]7 d3p,
RB

with [-]— = min{-,0} denoting the negative part.
To show that a minimizer of Fp exists in D, we pick a minimizing

sequence I',(p) = (ﬂ(p) &n(p) ) € D, with Fr(T,) < 0. From (2.3.2)

an (p) 1=7n(—p)
we conclude that ||a,[|%, < 84, and hence we can find a subsequence that
converges weakly to some & € H'. Since V € L3/2(R3), this implies that

im [ V(@)|an(@)]? diz = / V(2)[a()2
n—o0 [pa R3
[LLO1, Thm. 11.4].
It remains to show that the remaining part of the functional,

FI) = [ 67 - 173 & - TS(). (233)

is weakly lower semicontinuous. Note that F9 is convex in I', and that
its domain D is a convex set. We already know that «,, — a weakly in
H'(R3). Moreover, since 7, is uniformly bounded in L!(R3) N L>(R?),
we can find a subsequence such that 7, — 7 weakly in LP(R3) for some
1 < p < oco. We can then apply Mazur’s theorem |[LL0O1, Theorem 2.13] to
construct a new sequence as convex combinations of the old one, which now
converges strongly to (7, a) in LP(R3) x L2(R3). By going to a subsequence,
we can also assume that I';, — I' pointwise |[LLO1, Theorem 2.7]. Because
of convexity of }"%, this new sequence is again a minimizing sequence.

Note that the integrand in is bounded from below independently
of vy and @ by —T'In(1 + e’(pzf“)/T). Since this function is integrable, we
can apply Fatou’s Lemma |LLO1, Lemma 1.7], together with the pointwise
convergence, to conclude that lim inf F%(T,,) > ]-'%(f)

We have thus shown that

Fr(T) < liminf Fp(T,,).

n—roo
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It is easy to see that T e D, hence it is a minimizer. This proves the
Claim. 0

Now that we know about the existence of a minimizer, we want to
characterize it. We therefore have a look at the Euler-Lagrange equation.

Lemma 2.1 (Euler-Lagrange and gap equation). The Euler-Lagrange

equations for a minimizer T'(p) = (Ziz; l_i((p_)p)) € D of Fr are of the

form

. 1 pP—up
p) = 2 — L (2.3.4a)
2 2Kﬁu(p)
E2(p)
1 tanh (%)
ap) = =A(p) —=—+—2L7~, 2.3.4b
(p) = 5A(0) E2(p) ( )
where we use the abbreviations
A=Va (2.3.5a)
ER(p)
KR, (p) = —"5apys (2.3.5b)
tanh (=47—)
E2(p) = V(0 — )2 +AD)P, (2.3.5¢)
In particular, the function A satisfies the BCS gap equation
1 0 Alg) 3
— Vip—q)—F—+—d°¢=-A 2.3.6
TOEE /Rg (r—aq) K5 ,(0) q (p) (2.3.6)

We note that the BCS gap equation (2.3.6]) can equivalently be written
as

(Kf, +V/2)a=0,

where Kﬁ u s interpreted as a multiplication operator in Fourier space,
and V as multiplication operator in configuration space. This form of the
equation will turn out to be useful later on.
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Taken from [BHS1jc]. We first restrict our attention to T > 0. A mini-
mizer I' of Frp fulfills the inequality

Fr(T +¢(T —T)) (2.3.7)

T odt|,,

for arbitrary I € D. Here we may assume that I" stays away from 0 and 1
by arguing as in [Hai-+08, Proof of Lemma 1]. A simple calculation using

S(T) =— /RS tre2 (T InT) d®p = —% /RS tree (D In(T)+(1-0) In(1-T)) d°p

shows that
d ~
- I
dt|,_ OFT( )
1 r 5
5/ tres [HA(F I+ 7 - F)ln( —r)} d3p,
with

w= (A7 2 )

using the definition A = Va. Separating the terms containing no I and
moving them to the left side in (2.3.7)), we obtain

/Rstrcz(HA(I‘—( ))+TI‘ln( L ))d?’
g/Rstr(cz(HA(f—( ))+Tr1n( L ))d3

Note that [, trez (HaT') d®pis not finite but [5, tree (HA (F (39) )) d3p

is. Since I' was arbitrary, I also minimizes the linear functional

[ e (Ha@=(89))+T T (%)) d3p, (23.8)

whose Euler-Lagrange equation is of the simple form

r
OHA+T1n< —r> (2.3.9)
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which is equivalent to

1
r=—— .
1+erHa
This in turn implies (2.3.4a) and (2.3.4b)). Indeed,
1 1

1 1

For the simple reason, that % = g(2?) is an even function and

H3 = [ER]? 1c2, the expression simplifies to

EA 1 _ p2—p __A
p_ Ll 1 tamh(gg) 101 2T RF, TG,
- ATTESN T T2 kAT oA 1o
[ T.p 2Kp , 2 T 2KA

We now turn to T' = 0. By inspecting , we note that there are no
critical points in the interior of D. We thus have to impose the additional
(pointwise) condition I'(p) = 0 or I'(p) = 1 on I". This is equivalent to
['(1 = T) = 0 which holds if and only if trez (I'(1 = T')) = 0 and either
F(p) = A(—p) or a(p) = 0. It will turn out, that already imposing the
condition on the trace suffices to find a critical point which also has the
symmetry 5(p) = (—p) or a(p) = 0. We thus minimize

/A (P + A (p) d°p + % / la(r)[2V (r) d®r + Atres (D(1 - T)),
R3 R3

with the Lagrange multiplicator A. Varying this functional with respect
to I, yields for the critical point I’

Ha = A(1—2I).

Using the constraint T'(1 — ') = 0, we obtain A = Eﬁ and solving for T

yields
1 1

= — < Ha.
2 2ES

Performing the convolution with V on both sides of (2.3.4b)) and using the
relation A = (271)~3/2V % @ gives the BCS-gap equation (2.3.6)). O
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Clearly, the minimizer of the non-interacting case V= 0 which is given

" To(p) L ( %0(p) 0 )
0

T 14 etHa) 1—70(—p)
solves the Euler-Lagrange equation, where
1 p?2—p 0
= - H = .
’70(p) 1+e%(1’2_“)’ 0 ( 0 7(p27u) )

We will refer to this state as the normal state. The key question, which
will decide if the system is superfluid is whether the BCS functional has a
minimum at the normal state or just a saddle point. In order to examine
that we need the second variation of the BCS functional.

Lemma 2.2 (Second variation of the BCS functional). Let I’ = (:Y o )

a1-3
be a critical point of Fr, i.e. I' satisfies the Fuler-Lagrange equations
_ 1 ) . . A
r= Tokia Let G = (5 _p), for ¢ in the domain of K7, + V/2 and

{* a(p) #0

P 0, a(p) = 0.
Then
d? A A
Fre) Fr (T +tG) =2(p, (KT, +V/2)p) + 2(p, KT ,p).  (2.3.10)

t=0

Proof. By taking the second derivative, only the entropy term and the «
term survive. The second derivative of the latter is simply (¢, V). For
the entropy term, we introduce s(z) = % (zIn(z) + (1 — 2) In(1 — z)), such
that

-5 = /]R3 tree (s(I)) d*p.

As an initial point, we take the first derivative of the integrand

4 trez (s(I + t@Q)) = trez (s'(T +¢G)G)

dt
1 , 1
= %trcz |:/CS(Z)Z—(F+tG)GdZ ,
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where C' is a closed curve enclosing the interval (0,1). We have to dif-
ferentiate this expression a second time at ¢ = 0. The definition of p
is constructed, such that I' and G satisfy the anti-commutation relation
{T", G} = G. Therefore,

1 1 1 1 1
{G’zr} P e M S by sl
d

(22 —1) q@

1
1m0 2 — T+ 1tG)

and we obtain

1 ! 1

t=0

dt

We use the cyclicity of the trace to conclude that

1 d2 1 s'(z) 1
——| ot I'+tG)) = —t G?*d
az|,_, (5T +16)) = 5 tres [/C 2 1.1
s'(T) o
=1t .
I'c2 |:2F — 1G :|
Now note that
§'(2) 1z
22—1|,_ 1+ 2tanh(x)
1+eT
and that I' = L —. Therefore,
14+eT 70
SI(F) _ Kﬁu
or—1 2T’
which implies
a2 K&
— trez S(F + tG) =k trez (Gz)
dt2 =0 ( ) T

. . 2
Inserted into the expression for %
t

. TS(T + t@G), this finishes the
proof. O
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This observation together with the Euler-Lagrange and gap equation
may be combined in the following theorem

Theorem 2.1. Let V € L3?(R%), u € R, and 0 < T < co. Then the
following statements are equivalent:

(i) The normal state Ty is unstable under pair formation, i.e.,

ﬁgfp}-T(F) < Fr(To).

(ii) There exists T' € D, with a = 0, such that A = Va satisfies the BCS
gap equation
1 5 A
A= 1% .
202m)3z " K%,

(iii) The linear operator

2
tanh(Z—£)
Kp,+V/2,  Kp,(p)=—735—"—,
pT—p
has at least one negative eigenvalue.
Proof. @ = Assumption together with the existence of a mini-

mizer (Proposition [2.1)) immediately implies the existence of a minimizer
with a # 0, which has to satisfy the Euler-Lagrange equation and thus

also the gap equation.

= Let us observe now that

z— K7 ,(p)

is a monotone increasing function for all p. Therefore, as we can bring the

gap equation into the form

(K7, +V/2)a =0,

as soon as a # 0,
{a, (KD, +V/2)a) < 0,
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because Kﬁu(p) > K%’M(p) for all p where A(p) # 0, which is the same
set where a(p) # 0.
= @ This is Lemma applied to the normal state I'g with

_( 9 ¢
G= (sa(p) 0 ) ’
We obtain

d2

| T (To+1G) =2(p, (Kz,, + V/2)p),

t=0

which implies that though the normal state is a critical point, it is not a
minimizer. O

Theorem [2.1] enables a precise definition of the critical temperature, by
T.(V) := inf{T|K?},, + V/2 > 0}. (2.3.11)

Expressed differently, the critical temperature T, is given by the value
T, such that K%C’ ot V/2 has 0 as lowest eigenvalue. The uniqueness of
the critical temperature follows from the fact that the symbol K% #(p) is
point-wise monotone in 7. This implies that for any potential V', there
is a critical temperature 0 < T,(V') < oo that separates a superfluid phase
for 0 < T < T.(V) from a normal phase for T.(V) < T < oco. Note
that T.(V) = 0 means that there is no superfluid phase at all for V.
Using the linear criterion we can classify the potentials for which
T.(V) > 0, and simultaneously we can evaluate the asymptotic behavior of
T.(V) in certain limits. For example, in [Fra+07; HSO8| the weak coupling
limit is studied, i.e. the asymptotic behaviour of T.(AV') for small A > 0.
Another interesting case is the low density limit, considered in [HS12].
Here, the behaviour of T.(V) subject to p — 0 is treated. Finally, in
|[BHS14c; BHS14a] the short range limit is examined, where basically the
range ¢ = diam(supp(V')) becomes small at a fixed scattering length a.
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Appendix

2.A Expression for the Entropy for Quasi-free
States

Throughout the calculations, we will use the following orthonormal ba-
sis for F3. Given an orthonormal basis {p;};cn of H, we construct the
orthonormal basis {¢;} jcn of Fy by

|J]<oo

(2.A.1)

YJ = /7 /\ Pis
|J jeJ

where |J| denotes the number of elements of the set J. We also introduce
the projectors

Pk = (¢, )¢K. (2.A.2)
Lemma 2.3. Let p be a quasi-free state with one-particle density matrix
I'. Then
S(p) = —trz, (pIn(p)) = — tryewn (Tn()).

In the proof of this equation, the following characterization of quasi-free
states is useful:

Lemma 2.4. For each quasi-free state p there is an orthonormal basis
{pitien of H and a Bogoliubov transformation W, such that

W*pW = ! ) Pexp(Q), (2.A.3)

trz,, (Pexp(Q)

Q=> ga( ®i)

i€l
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where the q; satisfy
el
1 — el
I ={j € N|{a'(¢;)alp;))w-,w # 0} and where as above P = > scr P
is the projection onto ker (ZieN\I al(pi)ale:)) C Fu.

= (a'(¢;)al;))wepw,

Proof. Following [BLS94), Proof of Theorem 2.3], we first find an orthonor-
mal basis {¢; }ien of H, such that the basis (p;,0), (0, ¢;) diagonalizes the
one-particle density matrix I' of p. Note that tr (I'(1 —T')) < oo, because
tr(vy) is finite. Hence, there is an orthonormal basis of eigenvectors of
['(1—-T). If ¢ is an eigenvector of I'(1 —I") to the eigenvalue u, then so is
I'tp. Since I'?¢) = 'y — wap, it follows, that I' leaves invariant the subspace
{1, T¢}, which is at most 2-dimensional. We conclude, that there is an
orthonormal basis of H @ H of eigenvectors of T'. If ¢» = (¢1,¢2) is an
eigenvector of I' with eigenvalue A, then using the properties of I', we find
that 1) = (g2, ¢1) is an eigenvector of I' with eigenvalue (1 — \). Thus we
can find a unitary transformation U of ‘H & H, such that

U*TU (4,0) = Xi(s,0)
U TU(0,¢;) = (1 = X)(0,¢;).

U corresponds to a Bogoliubov transformation W on Fy (see |BLS94,
Proof of Theorem 2.3]) and we end up with U*T'U being the one-particle
density matrix of W*pW.

Next, we show that pg = WP exp(Q) equals W*p W for ¢;
tr]:H exp

chosen such that

edi
14 e% =X
and I = {n € N|A,, # 0}. In order to do that we show that
(s, WpWeor) = (e, pQPK), (2.A.4)

with respect to the orthonormal basis {¢;} jcn defined in (2.A.1). Tt is
J|<oo
easy to compute the right hand side of (2.A.4). As a first step we find

5JKHjeJeqj, ifJCI
0, else

(¢, Pexp(Q)px) = {
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and consequently

trr, (Pexp(Q)) = Z H el = H(l + e%). (2.A.5)

JCI e iel

Combining the last two expressions, we end up with

95

j 1
(07, PavK) = oik jes tiem Hjeny e J €1
0, else

= 05K H Aj H (L=

j€J  jel\J

(2.A.6)

To compute the matrix elements on the left hand side of (2.A.4), note
that (@7, W*pWek) = (Prx)w-pw, where Prx = (ps, )px. We then
express Pji in terms of the creation and annihilation operators.

_VIEL! [Tt <H a(wﬂ) 1] (1 -a'eiaten).

P =
VIJI! jed keK JEN\K

This formal expressimﬂ allows us to apply Wick’s theorem, defining quasi-

3 The expression is the weak limit of the sequence of operators

PR = \/‘%‘,‘ (H“T(%‘)> (H “(‘Pk)> [T (—dlepale)).

JjEJT keK je{1,...,n}\K

For the following calculation, we want to argue that

(Prr)w+pw = nli)moo<P§T;g>W*p w-

Indeed, this is possible by noting that the series elements |{(pr, W*p WP%() prL)| are

monotone decreasing because every additional factor (1—af(¢;)a(y;)) either leaves
invariant the vector ¢ or maps it to 0. Thus monotone convergence applies.
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free states

(Prx)wepw =0k [ [(a'(ps)ale;)hw=pwx
jeJ

i — aT(en. .
X nh_?go H (L =a'(pj)alei)wpw
JEIN({L,...,n}\J)

=0y [ A II a-x.

jed  jeIn({1,...n}\J)

Note that all matrix elements where J # K vanish. This is the same
expression as in (2.A.6)), which proves the lemma. O

Proof of Lemma[2.3 By Lemma [2.4] we find a unitary transform U of
H @ H with corresponding Bogoliubov transform W, such that U*T'U is
the one-particle density function of

W*pW = pq,

where pg is the expression on the right hand side of (2.A.3). We start
with

—8(p) = trr, (pln(p)) = trz, (W*pW In(W*pW)) = trx, (pg In(pq)).

Substituting the expression from (2.A.3]), we obtain

—S(p) = trr, (PeQ ln(PeQ)) —In(trg, (PeQ))
(2.A.7)

trz, (Pe?Q) —In (trz, (Pe?)).

With respect to the orthonormal basis {¢;} jcn defined in (2.A.1), the
|J]<oo
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factor trz,, (Pe?Q) becomes

trr, (PGQQ) = Z(@J76QQ<PJ>

JCI
S (e ) o
JCI \jeJ ieJ

XY (I ) e

iel JCI\{i} \Jj€J
:Z H (14e%) | e?g;.
iel \jeI\{i}

To see the step, where the two sums are interchanged, note that there is a
bijective map between {(J,4)|J C I,i € J} and {(J,49)|i € I,J C I\ {i}}
given by (J,4) — (J\ {i},i). Comparing to (2.A.5), we see that

qi
trr, (PeQQ) = trz, (Pe?) Z 1 ie‘]i qi
i€l

Inserting into and again using (2.A.5) yields
_ - ql
S(p) = Zl+eq Zln (1+e

—Z/\ln 1_ _ —I—Zlnl—

i€l el
:Z)\iln +Z1— YIn(1 — \;),
i€l el

where \; = (aT(goj)a(goj))W*pW = ((¢1,0), U TU(p;,0)). That is

—S(p) = truen (UTU In(U*TU)) = trygn (Fn(T)),

which finishes the proof. O
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Chapter 3
Results

This chapter documents the results of the doctoral research. Its foundation
is the theoretical framework explained in Chapter [2}

3.1 The Full Translation Invariant BCS
Functional

We consider the translation invariant and SU(2) invariant BCS functional
Fw) = [ 0 iRe @+ T [ e C0) o)) &

+ . lau(r)|?V (r) d®r (3.1.1)

= [ @RV e 2pOF [ v

derived in Section . Note that we replaced V by 2V to avoid
the factors of %

In the physics literature, usually the last two terms — referred to as the
direct term, the exchange term respectively — are neglected. Section 2.3
gives a summary of the basic properties of the BCS functional if these
terms are absent. A heuristic justification of this approximation was given
for example in |Leg80; Leg08|. The author argues, that for suitably short
ranged interactions, the direct and exchange terms only gives rise to a
renormalization of the chemical potential.

It turns out, that this heuristic justification can be made rigorous which
is the result of [BHS14c|. Some basic properties of the original functional
can be carried over to the extended case taking into account the two terms.
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However, the interaction potential V' has to satisfy some requirements in
order_that the energy is bounded from below. In contrast to Proposi-
tion we need ||Vl < 2V(0) in addition.

Proposition 3.1 (Existence of minimizers [BHS14c|). Let u € R, 0 <
T < 00, and let V € LY(R3)N L3 2(R?) be real-valued with |V ||« < 2V(0).
Then FY. is bounded from below and attains a minimizer (7, a) on

~ o ~e71 (w3 2y 13
D=ITr= l Oé/\ yeL (R ,(1+p)dp)70SF§1(C2 .
a 1—7 acH' (R, d%z),
Moreover, the function
2 N
Alp) = ——=7 —q)a(q)d? 1.2
() )i /Rs V(p —q)a(g)d’q (3.1.2)
satisfies the BCS gap equation
1 / 0 Alg) 3
w3m | V-5 —~da=-Alp) (3.1.3)
(2m)3/2 Jgs K74 ()

A further observation is, that in all expressions involved, the chemical
potential p gets replaced by a renormalized version 17, depending on the
one-particle density . In the following, we denote, for general ~,

0= = o [ (V-0 -VO) i@ e, (14)

= — ﬁf/(o) /M A(p) d°p, (3.1.5)
E)2(p)

KA p) = —# L 3.1.6

7 (P) o (B2 (3.1.6)

E}2(p) = (& (p) — 17)2 + |Ap)?, (3.1.7)

As a consequence, the important criterion to characterize the critical tem-
perature T, Theorem [2.I] breaks down in general. Indeed, the opera-
tor KTA7 ,, inherits the dependence on 7 and it is no more clear, whether

K%:f (p) > K%‘?Lbo(p). This makes impossible the conclusion = in
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Theorem The other two implications, =|(i)|and|(i)| = |(i1)| remain
true [BHS14c, Theorem 1]. In order to state the result, we first have to
define a normal state. A normal state I'g is a minimizer of the functional
restricted to states with & = 0. Any such minimizer can easily be
shown to be of the form

1
Yo(p) = — o0 - (3.1.8)
l4+e 1
Theorem 3.1 (Existence of a superfluid phase). Let p € R, 0 < T < oo,
and let V € L'Y(R?) N L3%(R3) be real-valued with |V < 2V (0). Let
To = (70,0) be a normal state and recall the definition of K%?/;O(p) mn

(3-1.6)(3.1.7).
(i) If inf spec(K%?l’LO—i—V) < 0, then T is unstable, i.e., infrep Fp (T) <
F¥ (To).
(i) If Tg is unstable, then there exist (y,a) € D, with o # 0, such that
A defined in (3.1.2) solves the BCS gap equation (3.1.3)).

However, when restricting to interaction potentials V' with short range,
it is possible to recover the criterion and thus the definition of a critical
temperature. More precisely, we consider a family {V;},~¢ of interaction
potentials, where ¢ < 1 measures the range via supp Vp C B;(0). Moreover
we fix the scattering length a in the sense that

%im a(Vy) =a <0.

—0

Here, we use the expression of the scattering length of V € L'(R3?) N
L3/2(R3)

1
oV) = 3= (V12 gl V),

derived in [HS08|. Moreover we impose some additional technical assump-
tions on V; summarized all together in the following.

Assumption 3.1. (A1) V, € L' N L2

(A2) the range of V; is at most £, i.e., supp V; C By(0)
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(A3) the scattering length a(V;) is negative and does not vanish as ¢ — 0,
e, limgsoa(Vy) =a <0

(A4) limsup,_q ||[Vel[1 < o0

(A5) V,(0) > 0 and limg_,o V;(0) =V >0

(A6) [Vl < 2V2(0)

(A7) for small ¢, ||Vy||s < C14~N for some C; >0 and N € N

(A8) 30 < b < 1 such that infspec(p? + Vi — |p|®) > Cy > —oc holds
independently of ¢

(A9) the operator 1+ VZI/QP%H/AUQ is invertible, and has an eigenvalue ey
of order ¢, with corresponding eigenvector ¢,. Moreover,

1
1+ Wﬁwmrlu - P)

is uniformly bounded in ¢, where P, = (Jyo|de) ~|de)(Jecpe| and
Je = sgn(Vy)

(A10) the eigenvector ¢y satisfies |(¢g| sgn(Ve)de)| = (|Ve|/?||de|) < O(£1/2)
for small £.

An example for an admissible family of interaction potentials is given
in |[Alb+88|, where it is used to approximate a contact potential. There,
a reference potential V € L'(R?) N L?(R3) with a simple zero-energy res-
onance is scaled via

Vi(z) = MOV (L), A0) =1, A(¢) < 1 for £ > 0. (3.1.9)

However, since limy_,q fR3 Vpd3z = 0, the resulting renormalized chemical
potential in the limit ¢ — 0 is just the usual chemical potential. It needs a
family V, with a repulsive core (see Figure , whose L' norm does not
vanish in the limit £ — 0 to obtain a real renormalization.



3.1 The Full Translation Invariant Functional

In the limit £ — 0, it is possible to bridge the gap in
the proof of the equivalence of the three criteria for the Vv,

L -3

characterization of the critical temperature, mentioned ¢

above. As an important ingredient an effective gap

equation, also appearing in the literature |[Leg80] is

derived [BHS14c, Theorem 2]

Theorem 3.2 (Effective Gap equation). Let T' > 0, 2

uw € R, and let (3¢, Q¢) be a minimizer of }"%/"' with 0 "

corresponding Ay = 2(21)3/2Vy % &y. Then there exist

A >0 and ¥ : R® — Ry such that |Ay(p)] - A =072

pointwise, Y¢(p) — §(p) pointwise and g — [ as

¢ — 0, satisfying Figure 3.1: Radial run

of a family V; of po-

3 2y R 5 tentials rﬁsuiltirilg i.n
U= LY Lomated den

! P —q (3.1.10)  the limit £ — 0.
() =5

2 2K%ﬁ (p)

If Ay # 0 for a subsequence of £’s going to zero, then,
i addition,

1 1 1 1 ,
—— = — = | &.| 3111
dma ~ (27)3 /RS (K%;% p2> b ( )

For a less complicated version (discarding the direct and exchange term)
of this result, see [BHS14a].

The new gap equation motivates the following definition of the critical
temperature [BHS14¢, Definition 1]

Definition 3.1 (Critical temperature / renormalized chemical potential).
Let ¢ > 0. The critical temperature T, and the renormalized chemical
potential i in the limit of a contact potential with scattering length a < 0
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and limy_,q ‘A/g(O) =Y > 0 are implicitly given by the set of equations

2 -
o1 / tanh (£52) 1 d3p
dra (2m)° Jrs \ PP — Qb p? ’

2 1
i % o

on = — (27T)3/2 RS 1+ep2T:/1

(3.1.12)

Although T, is only defined in the limit £ — 0, by the following theorem
[BHS14c, Theorem 3], it still serves as a tool to find upper and lower
bounds on the critical temperature for small (but non-zero) ¢.

Theorem 3.3 (Bounds on critical temperature). Let p € R, T > 0 and
let (42,0) be a normal state for Fy’.

(i) For T < T, there exists an bo(T) > 0 such that for £ < £yo(T),
0
inf spec(K;‘f;LO + Vi) < 0. Consequently, the system is superfluid.

(it) For T > T., there exists an Lo(T) > 0 such that for ¢ < Lo(T), Fy*
is minimized by a normal state. IL.e., the system is not superfluid.

As sketched in Figure [3.2] Theorem [3.3] shows that
Definition B.1] is indeed the correct definition of the
critical temperature in the limit ¢ — 0. Moreover the

equivalence of the criteria and in Theorem

is recovered for small /.

3.1.1 Contact interactions
as limits of short-range potentials

Figure 3.2: Phase dia- Ty quantum mechanics, a contact potential realizes a

gram: Temperature T’ int int ti . it i tential ishi

versus range ¢ of the POt interaction, i.e. it is a potential vanishing every-

interaction potential. Where except at one point. While it is possible to de-
scribe a contact potential in one dimension by a Dirac
delta function, in two and three dimensions another
approach has to be used. This is because a Hamil-
tonian involving a Dirac delta distribution would not

be well defined. Instead, Hamiltonians modelling point interactions are
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constructed as the self-adjoint extensions of the Laplacian _A|Cg° (R3\{0})
defined on the punctured configuration space.

A good mathematical reference for the analysis of contact potentials is
|Alb+88|. As an important result, the authors show that for potentials
of type , the family of Schrédinger operators —A + V, converges
in norm resolvent sense to an appropriate self-adjoint extension of the
Laplacian determined by the scattering length a [Alb+88, Theorem 1.2.5].

As mentioned above, the method although yielding a family of
potentials satisfying the requirements of Assumption [3.I] does not renor-
malize the chemical potential p. To illustrate a situation, where a renor-
malized chemical potential arises, an example for V; is constructed in
[BHS14c|, having the form sketched in Figure and satisfying Assump-
tion 3.1 and in addition

lim | V,d%z > 0.

£—0 R3
More precisely we consider
‘/Z _ VJr_V* ‘/Z+(m) = (k;)2 X{‘z|<€l}(x)7 k; = k+6€;3/2
- Y ¢ > — _ - sy
V(@) = (k)® Xer<lal<ey (@), ky =%

ey

(3.1.13)
with w > 0, k™ > 0 and 0 < ¢; < ¢f? with ¢ < 2w/m. The function x4(z)
denotes the characteristic function of the set A.

For the investigation of the short range limit for the full BCS functional
it would be sufficient to know only the scattering length a(V;) as well as the
integral fRS Vyd3x in the limit £ — 0. However, since in physics contact
potentials play an important role, we dedicated an own paper [BHS13]
to the study of the approximation of contact potentials by short ranged
potentials with strong repulsive core in more detail. More precisely, we
adapt the result [Alb+88|, Theorem 1.2.5], that the Schrédinger-Operator
—A~+V, converges to a contact potential for potentials of the type .
We use the notation V1/2(z) = sgn(z)|V(z)|"/? and write V;* for the
positive and negative part of the potential V; in the decomposition

Vo=V =V, supp(V,") nsupp(V,) = 0.

For our main theorem |[BHS13|, Theorem 1|, we do not need to obey
Assumption The following will be sufficient.
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Assumption 3.2. (A1) (Vy)rso € L¥2(R?) N LY (R3, (1 + |z|?)dz).
(A2) There are sequences es, e, € R such that e, # 0, limyge, = 0,
e, = O(eg) and
—“A+AV, and —-A-ATV]

have non-degenerate zero-energy resonances for A = (1 — e;)~! and
A~ = (1—e,)7!, respectively. All other A, \™ € R for which —A +
AVy and —A—A"V," have zero-energy resonances are separated from
1 by a gap of order 1.

(A3) [[Ve][r is uniformly bounded in £ and ||V, ||z1 = O(ey),
(A4) / Ve(@)|[2]* d°z = O(e7) and / Vy (@) 2 &z = O(e7),
R3 R3
(A5) the limit
. 1 —1y,1/2
a=lima(Vp) = —lim (Vi['2|(1+ BTV %) (3.1.14)

exists and is finite.
Theorem 3.4. Let (Vi)eso be a family of real-valued functions satisfying
Assumption[3.2. Then, as £ — 0,

1 . 1 A
A4V, —k? —A—-k> al4ik

|gk><gk|7 %(k)>03 k%z/a
(3.1.15)

1 etkl=l
ar x| -

The resolvent on the right side of belongs to a Hamiltonian
of a special point interaction centered at the origin. More precisely, for
¢ € [0,27) let (Hy, D(Hyg)) be the self-adjoint extension of the kinetic
energy Hamiltonian

in norm, where gi(x) =

—Algz2 s\ (0y)
with the domain

D(Hy) = Hy*(R*\ {0}) @ (¢4 + ™9,

iVl . |
lbi(x)zmv z € R*\ {0}, S(V+i) >0,



3.2 The Link to the Gross-Pitaevskii Theory

such that Hg (1, +e¥_) =iy, —iesp_. Then, if 0 is chosen such that
—a~! = cos(m/4)(tan(6/2) — 1),
we have by [Alb+88, Theorem 1.1.2.] that

1 1 47

= - . 3.1.16
Hy— k2 p2—k2 al+ ik|gk><gk| ( )

Hence, Theorem [3.4] implies that the operator —A + V; converges in norm
resolvent sense to (Hy, D(Hy)).

3.2 The Link to the Gross-Pitaevskii Theory

This section is dedicated to the results obtained in [BHS14b].

It may seem surprising, that the BCS theory, describing fermions is
related to the Gross-Pitaevskii theory describing condensates of bosons
(Bose-Einstein condensation). The solution to the apparent contradiction
is, that we here are interested in pairs of fermions which together behave
like a boson. While in the usual BCS setting, the interaction potential V'
is not strong enough for formation of bound fermion-fermion systems, we
here consider strong interactions capable of binding fermions in diatomic
molecules. We start with the SU(2) invariant but not translation invariant
BCS functional without external magnetic field at temperature
T = 0. Instead of using a chemical potential u, we fix the particle number
via tr(y) = N.

1
gBHF(F) =tr ( - A+ W)7 + 3 /Rs V(z— y)|a(x,y)|2 d3:cd3y
1
) /RG [y(2,y)?V (z — y) PPz d’y (3.2.1)
I

The external potential W serves as confinement for the system of fermi-
ons. We are interested in the ground state energy of the system under the
assumption, that the scale of W is large compared to the pair interaction
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V. We therefore introduce a small scale parameter h, which we will not
only use to tune the ratio of scales via W(x) — W (hx) but also at the
same time to tune the strength of W via W — h2W as well as the particle
number N via N — N/h to achieve systems with low density. Note that
this way, the volume scales like A3, yielding a particle density of magni-
tude h2. We will express the functional in terms of macroscopic variables

xp = hx, yn = hy, an(z,y) = h >« (g, £)s ym(zy) = h™ ’ v(5%, %) In the
resulting functional, we now denote by x, y, v and « the corresponding
macroscopic quantities.

EBUF(D) = tr(—h%A + R2W)y + 5/ V(L;y)|a(a?,y)|2d3xd3y
R6

—f/ ny|V )dga:d3

+ /6 v(x,m)v(%y)V(xT) 4z d’y,
: (3.2.2)

with corresponding ground state energy
EBHE(N h) = inf{EBHF(T) |0 < T < 1, try = N/h}. (3.2.3)

The main result of [BHS14b| is, that in the limit &~ — 0, the ground
state energy is to leading order in h given by he binding energy Eb N of the
fermion pairs and the next order, i.e. the macroscopic density ﬂuctuatlons
of the pairs, is given by h times the Gross-Pitaevskii potential

1
erw) = [ (JITe@P + W@ + o) o, (24)

where the parameter g > 0 will be determined by the BHF functional and
represents the interaction strength among different pairs. The function
¥(x) represents the spatial fluctuation of the pairs and will emerge from
the ground state a. Denoting the ground state energy of by

E€P(g,N) = inf{" (v) | € H'(R), [¢l3 = N}, (3.2.5)

we can formulate our result [BHS14b, Theorem 1], which acts on the fol-
lowing assumptions.



3.2 The Link to the Gross-Pitaevskii Theory

Assumption 3.3. Let V € LY(R?) N L>°(R3), with V(z) = V(—x) and
such that —2A 4+ V has a ground state ap with norm ||ag|| = 1 with
corresponding ground state energy —E; < 0.
Assumption 3.4. There exists U € L?(R3), with positive Fourier trans-
form U > 0, such that V — $V4 > U. Here V; = £(|]V|+ V) denotes the
positive part of V.
Theorem 3.5. Let W € H'(R3) N L>°(R3). Under Assumptions and
we have for small h,
Ey N

EBEF(N ) = fgﬁ + hECP (g, N) + O(h*/?), (3.2.6)

where g is given by

- = |(@o * ag)(2)|* V() d3x+/R3 V(z)d3z.

Moreover, if I' is an approzimate minimizer of £BHF

Ey N
EPIN(T) < = + W(E (g, N) +¢)

, in the sense that

for some € > 0, then the corresponding o can be decomposed as

a=ay+€ € <O, (3.2.7)

where

ay(z,y) = h_Q@b(xT—’—y)ao(m;y), (3.2.8)

and v is an approzimate minimizer of EGF in the sense that

ECP () < ESP(g,N) + e + O(h/?). (3.2.9)

In contrast to [HS12|, which states a similar result, we here include the
exchange and the direct term. Moreover, the setting in [HS12| assumes a
system with periodic boundary conditions in all three spatial directions,
which we replace by a system confined in an arbitrary external potential
W € L*°(R3). Theorem [3.5also improves the error bounds, it even implies
EBUY(N. h) = —Ey & + hESP (gpcs, N) + O(h?) when discarding the
direct term.
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ON CONTACT INTERACTIONS AS LIMITS OF SHORT-RANGE
POTENTIALS

GERHARD BRAUNLICH, CHRISTIAN HAINZL, AND ROBERT SEIRINGER

ABSTRACT. We reconsider the norm resolvent limit of —A + V; with V; tending to a
point interaction in three dimensions. We are mainly interested in potentials V; mo-
delling short range interactions of cold atomic gases. In order to ensure stability the
interaction V; is required to have a strong repulsive core, such that lim,_,¢ f Ve > 0.
This situation is not covered in the previous literature.

1. INTRODUCTION

Quantum mechanical systems with contact interaction, or point interaction, are treated
extensively in the physics literature, in connection with problems in atomic, nuclear and
solid state physics. In two and three dimensions such point interaction Hamiltonians
have to be defined carefully for the simple reason that the Dirac d-function is not rela-
tively form-bounded with respect to the kinetic energy described by the Laplacian —A.
Mathematically this can be overcome by removing the point of interaction from the
configuration space and extending —A to a self-adjoint operator. This leads to a one-
parameter family of extensions in two and three dimensions. One way to pick out the
physically relevant extension is by approximating the contact interaction by a sequence
of corresponding short range potentials V;(z) such that the range ¢ converges to zero,
but the scattering length a(Vy) has a finite limit @ € R. The corresponding self-adjoint
extension is then uniquely determined by this a.

The mathematical analysis of such problems is extensively studied in the book of
Albeverio, Gesztesy, Hoegh-Krohn and Holden [1]. Among other things the authors
show that —A 4 V4 converges in norm resolvent sense to an appropriate self-adjoint
extension of the Laplacian determined by a. As one of their implicit assumptions the
L'-norm of V; goes to zero in the limit £ — 0. This assumption can be too restrictive for
applications, however, as explained in [3].

Indeed, one major area of physics where contact interactions play a significant role
are cold atomic gases, see e.g. [11, 12, 3]. The corresponding BCS gap equation has a
particularly simple form in this case. However, in order to prevent such a Fermi gas from
collapsing and to ensure stability of matter, the contact interaction has to arise from
potentials V; which have a large repulsive core (such that lim,_o f Ve > 0) in addition
to an attractive tail. The strength of the attractive tail depends on the system under
consideration, ranging from a weakly interacting superfluid (where —A + V3 > 0) [10, §]
to a strongly interacting gas of tightly bound fermion pairs (where —A + V} typically has
one negative eigenvalue) [12, 7, 6].

Having such systems in mind, the present paper is dedicated to the study of contact
interactions arising as a limit of short range potentials V; with large positive core and,
in particular, a non-vanishing and positive integral f V% in the limit £ — 0. The simplest

2000 Mathematics Subject Classification. Primary 46N50, 35J10.
Key words and phrases. Contact interaction, Birman-Schwinger principle, Schrédinger operator.
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form of such a V; we can think of is depicted in Figure 1. We shall generalize a result of
[2, 1] and show that for (k) > 0
s A PRI
TAYVi— k2 CA—R2 -tk MR

in norm, where g(z) =

4W - - , and a = limg_,g a(Vy) is the limiting scattering length.
The main mathematical obstacle we have to overcome is the fact that the corresponding
Birman-Schwinger operators are “very” non-self-adjoint, which requires a refined analysis
to get a hand on the corresponding norms. One important ingredient of our analysis is
a useful formula for the scattering length a(V;) which was recently derived in [9].

Throughout the paper, we adopt physics notation and use (-|-) for the inner product
in L2(R3), | f)(f| for the rank-one projection in the direction of f, etc.

2. MAIN RESULTS
In the following, we shall consider a family (V;)s¢ of real-valued functions in L'(R*)N
L3/2(R%). We use the notation V/2(z) = sgn(z)|V (z)|"/? and write V= for the positive
and negative part of the potential V; in the decomposition
Vo=V =V, supp(V;") Nsupp(V,) = 0.
Further we will abbreviate
(L Vex0, 2 —s .
Jy = {71’ Ve <0, ie. Jo(x) =sgn (Ve(x)),
1 1
Xe= [V 25 VAl 2, XE = (V)25 (V) 2,
p p
so that the Birman-Schwinger operator reads

(2.1) By =V, 1/2 \W\W JoXy.

For a given real-valued potential V' € L'(R?) N L3/2(R?), it was shown in [9] that the
scattering length can be expressed via
1

1
_ 1/2 1/2
(2.2) a(v) = (1| |71+v1/2 " )

This assumes that 1 + Vl/zp%\V\l/z is invertible, otherwise a(V') is infinite.
Throughout the paper we will use the notation

f=0(g9) < 0 <limsup
£—0

4
A1
g(¢)
For our main theorem we will need to make the following assumptions.
Assumptions 1. (A1) (Vi)eso € L¥2(R%) N LY(R?, (1 + |[?)dz).
(A2) There are sequences e, e, € R such that e # 0, limy_,ge, = 0, ¢, = O(er) and
—A+ AV, and —A-XTV]
have non-degenerate zero-energy resonances for A = (1 —e,)™' and A~ = (1 —
e, )", respectively. All other A\, A~ € R for which —A + AV; and —A — A"V~
have zero-energy resonances are separated from 1 by a gap of order 1.
A3) [|Ve||11 is uniformly bounded in ¢ and ||V, |11 = O(ep),

(A9 [ Wito)l[of? d' = O(eh) amad [ V(@) laf d% = OCc),
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FIGURE 1. Example of a sequence of potentials V.

(A5) the limit
. T _ i s 1/2 —1y,1/2
(23) a=lima(Vy) = o lim (JVi[/2|(1+ B) "'V, %)
exists and is finite.

Remark 1. Assumption (A2) can be reformulated in terms of the corresponding Birman-

Schwinger operators. Recall that —A + ITIEV has a zero-energy resonance if and only

if 14 Vl/zp%\V\l/z has an eigenvalue e. Therefore (A2) is equivalent to the following

assumption:

(A2)" The lowest eigenvalues e, and e, of the operators 1+ J,X; and 1 — X, respec-

tively, are non-degenerate, converge to 0 as £ — 0, with e, = O(e;), and all
other eigenvalues are isolated from 0 by a gap of order 1.

The fact that e, # 0 means that 1+ By is invertible. For simplicity, we also assume that

the limit in (2.3) is finite. We expect our result to be true also for a = co, but the proof

has to be suitably modified in this case.

We are now ready to state our main theorem.

Theorem 1. Let (Vi)e>o be a family of real-valued functions satisfying Assumptions 1.
Then, as { — 0,
1 1 4w

A - . Sk '
Ay e vy Ry iy Tl ekl k>0, k#ifa

in norm, where g(r) = 4=

Remark 2. The simplest example of potentials satisfying Assumptions 1 is shown in
Figure 1.

By simple calculations it is immediate to see that (A1), (A3) and (A4) hold, with
e, = O(¢). By fine tuning the strength of the negative part of V4, it is possible to meet
a resonance condition such that (A2) holds. The corresponding scattering length can
be calculated explicitly in this case, verifying (A5). (See [3, Appendix] for such explicit
calculations in the case where €, < (.)

Remark 3. In case a = 0, the fraction (a=! + ik)~! has to be interpreted as 0.

Remark 4. One consequence of Theorem 1 is that in the case 0 < a < oo the smallest
eigenvalue of —A + V; converges to —J5, with the eigenfunction tending to ,/%"gi/a(z)

in L2. Moreover, all other eigenvalues necessarily tend to 0.
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Remark 5. The resolvent on the right side of (2.4) belongs to a Hamiltonian of a special
point interaction centered at the origin. More precisely, for 6 € [0,27) let (Hg,D(Hg))
be the self-adjoint extension of the kinetic energy Hamiltonian
~Aluz2@op

with the domain
22,73 ) 0 ei\/E\ad

D(Hg) = Hy"(RP\{0}) © (4 + "), dha(a) =

r e R\ {0}, S(VEi) >0,
such that Hy(14 + e_) = ithy —ie®sp_. Then, if § is chosen such that
—a~t = cos(m/4)(tan(6/2) — 1),
we have by [1, Theorem 1.1.2.] that
1 _ 1 4T

Hy— k2  p2—k2 al+ik
Hence Theorem 1 implies that the operator —A + V; converges to (Hy, D(Hyp)) in norm
resolvent sense.

4r|z|

(2.5) |gr) (gl

Remark 6. Let us explain one of the main difficulties arising from potentials with large
L'-core compared to the situation treated in [1], where the L3/2-norm of V; is uniformly
bounded and hence the L'-norm tends to zero. One of the necessary tasks in the proof
of Theorem 1 is to bound the inverse of operator 1+ By, where B, denotes the Birman-
Schwinger operator defined in (2.1). One way to bound the norm of this non-self-adjoint
operator is to use the identity

1 1/2 1 1/2

L gxr
1+ By Caex)Paxl?t

which implies for its norm

1
H H <14 %]

1+ By 1/2

‘ 1+ X0, X}
The Hardy-Littlewood-Sobolev inequality implies that || X;|| can be bounded by a con-
stant times ||V¢| 32, and with XZI/ZJ[XZI/2 being isospectral to By = Jy X, we obtain
that

1
<14+ C—||V,

(2.6)
lee]

L3/2 -

1
‘ 1+ By
This shows that ||(1+ Bg) ™| < O(Jeg|™!) for sequences V; used in [1], which turns out
to be sufficient. However, in our present situation we are dealing with potentials Vj
with strong repulsive core satisfying Assumptions 1, where the corresponding L3/ norm
diverges and typically is of the order of O(1/|e,|). Hence the inequality (2.6) only implies

a bound of the form
1
- < -2
|7 ot

which is not good enough for our purpose. To this aim we have to perform a more refined
analysis.

€

Remark 7. For related work on two-scale limits in one-dimensional systems, see, e.g.,
4, 5].

The following lemma turns out to be very useful in the proof of Theorem 1.
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Lemma 1. Let V = Vi — V_, where V_, Vi > 0 have disjoint support. Denote
1, V>0 :

J= {71" V<o X = \V|1/2p%\V\1/2 and X4 = Vi/Q ! Vl/z. Then for any

¢ € L*(R®), we have

27) V2 ([0l lI(] + X)¢lle = (@(X4 + 1= X_)g).

Proof of Lemma 1. Decompose ¢ = ¢4 + ¢, such that supp(¢_) C supp(V_) and
supp(¢4) Nsupp(V_) = 0. By applying twice the Cauchy-Schwarz inequality,

17+ X)gll2 6412 > Ribr|(J + X))
= (@4l X)o0) +R(6 V5V 0.),
17+ X)ll2llo-ll2 = R((T + X)d| — o)
= (0-1(1 = X)o-) = R4 V2 LV %60).
We add the two inequalities to get rid of the cross terms
1T+ X)gllz (19122 + llo-l2)
2P l(1+ X )dp) + (o (1 = X )b-) = (d(Xy +1 - X_)¢).
Finally, we use that ||¢4 |22 + ||¢—||r2 < v/2||¢| 2, which finishes the proof. O

(2.8)

One difficulty in proving Theorem 1 is that the operator 1 + By is not self-adjoint
and the norm of its inverse cannot be controlled by the spectrum. One consequence of

Lemma 1 and our assumptions is that the norm of (1 + By)~! diverges like é The

following statement identifies the divergent term in terms of the projection onto the
eigenvector to the lowest eigenvalue of the Birman Schwinger operator.

Consequence 1. Let (V;)eso satisfy (A1)-(A4) in Assumptions 1. Then the operator
(1+B)™'(1-Py)

is uniformly bounded in ¢, where

(2.9) P= <]¢ %0 >\¢f><~fe¢e\

with ¢g the eigenvector to the eigenvalue e; of 1+ By.

Another consequence of Lemma 1 is the following set of relations, which the proof of
Theorem 1 heavily relies on.
Consequence 2. Let (Vi)eso be a family of real-valued functions which satisfy (A1)-
(A4) in Assumptions 1. Then

1) Jgo |2l [Ve(2)| Pz = O(er),

(ii) <J[(bg‘('/)g> =—-140(eq),

(iii) {[Vel'/?|lgel) = O(lee'/?),

(V) Jps 2] Ve(@)[/2 [ge(2)| P = O(|ec|*/?).

The proof of these facts will be given Section 4.

3. PROOF OF THEOREM 1

Let k € C with Sk > 0. Following the strategy in [1] our starting point is the identity

1 1 1 1 e 1
3.1 = - V,|1/? .
( ) p2+w_k2 p2_k2 pz_kz‘ | 1+V[1/2p2ik2‘V£|1/2 3 pz_kz

[y —
[0} > @
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Note that the operators @ and @ are uniformly bounded in ¢. In fact,

=it < =t ], = e galat

which is uniformly bounded due to our assumptions on W. We will first show in Lemma 2
that inkQ [V7|'/2 is, up to small errors of O(|e¢|'/?), equal to the rank one operator
|gx)(|Ve|*/?|. Together with the formula (2.2) for the scattering length this will lead us
finally to (2.4).

1/2

|‘/€‘1/2

Iz,

Lemma 2.

(3.2) |G Vet =l (Ve 21) g1V = Ot
G2) |GV — Vil ) g | = Ot )
Proof. We make use of the decomposition

(3.3) L _1pi L a-n,

1+ By ep ¢ 1+ By
where we first treat the contribution of the second summand to (3 2a) and (3.2b). This
is the easier one thanks to Consequence 1, which tells us that (1 — Pp) is uniformly

Ve['/2 = lgi) (| Vel /2|

1+B
bounded in ¢. Note that the integral kernel of the operator
in (3.2a) and (3.2b) is given by the expression

(g (z — ) — g(@)) Va2 (y) -
An explicit computation shows that

By ::/ eiklz] g—iklz—yl & — o cfS(kHy\Sin(%(k)‘yD_
‘ re |z e -yl S(k) R(E)y]

From this one easily obtains the bound

2 2 1 |R(E)|
3.4 —y) — gk d*z = — (F,(0) — F) — (1 .
60 [ lato =) - 0@ o = 2 (50 - Rl < = (14 75

Hence we infer from Consequence 2(i) that the Hilbert-Schmidt norm of this operator is
bounded as

pz,k.z

HﬁiwwwaMWww
/2

1
< 3 1/2
< [ (1 8 [ wolela ] = O(Jedl'?).

Thus the contribution of the last term in (3.3) to (3.2a) gives a term of order e

1/2,

With V;/z p21k2 being a uniformly bounded operator we also infer that the same holds
true for (3.2b).

It remains to estimate the contribution coming from the first term on the right side
of (3.3). With P[ defined in (2.9), the norm of the corresponding vector in (3.2a) is

mﬂK s Vil = L) Vel /2] RalV, )|
- 1/2
\ARGLD) Z@Q

ee(Jegpe|pe) < -

(‘V/WZVDI ) 1/2 1/2 N3, 43 12
=[N ([ oucil ot Vil P wpont) s )

L2

(36) =

- Vel'2(2)e(2) (i (2 — ) — gi(2)) d*2
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where
Qe(z,w) = (4m)° /RS 95 (2 = 2) = gr(@)]lgr(z — w) — gr(2)] e
= Fp(w — 2) + F(0) — Fi(w) — F(2).
The bound (3.4) implies that

[Qp(z,w)| < % (1 + 2'?5]2;‘) (2] + |w]).

Together with Consequence 2(iii) and (iv) we are thus able to estimate (3.6) by
O(|e¢|*/?). This implies (3.2a). In order to get (3.2b) we make use of (3.5) and Conse-
quence 2(iii) and evaluate

szfk‘z

This completes the proof. O

Vil 260},

< Do Vil 21022 + | (= VI = lawd Vel 1 i,

{[Vellge)| +Oeel’?) = O(lee]/?).

Since the norm of @) diverges in the limit of small £ we need to keep track of precise
error bounds. In order to do that, we start by rewriting the term (2 in a particularly
useful way, which is presented in the following lemma.

Lemma 3.
. 1 1 Lz e 1
3.7 =(1- 17 [
O T (- s s ) R,
where

1 1 1 1/2 1/2
38 Re(1- V|t
©8) @=175 "( “+4m(w)1+3‘ AL
and where Ry is the operator with integral kernel
(3.9) Ro(w.y) = =V, (@)r(iklz = y)IVi[/*(v)

2 q_
with r(z) = ez
z
Moreover, Qg satisfies
(3.10a) [Qell = OClee]?),
1

3.10b v}/? = O(led/?).
(3.100) |57 | = otk

Proof. The integral kernel of the operator (p? — k?)~! is given by gi(z — y). We expand
this function as
ekl 11 ik ik

——+———r(ik
) = o T T Tt 2 Rl
where 7(z) = CZ’ZL’Z. We insert this expansion in the expression for (2) and thus obtain
the identity
1+ VAP V2 = 14 B+ i v + Re
e g2t CT e ( ¢
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with R, defined in (3.9). We further rewrite this expression as

1 ik
50 (14 35 (WD + v )

=(1+B) <1+

1 ik 1 e
= v, Vo3 .
B L+ 2 V) “><\V\1/2|>< +47T1+Bg‘ ¢ NIVl

The inverse of the operator in the last parenthesis can be calculated explicitly, and is
given by

ik 1/2 1/2 71, 1 1 1/2 1/2
(V) =1 e IV

at least whenever a(Vy) # i/k, which we can assume for small enough ¢. Hence (3.7)
holds, with @, defined in (3.8).
We will now prove (3.10a) and (3.10b). We have

1 1 1/2 1/2
< R Ry v, Vi|I12,
10 = |5 | + Ty [T e ) el
1 ap 1 1 1 ap 1
| < R T
‘QllJng L e _HlJng Bt P2
1 1 1 1/2 1 1/2 1/2
+ R v, |V v,
=+ dma(Vy)| ‘1+B£ 51+Bz‘ ) Lg‘plfkll d 1+B‘ ) 2

The norm ||Ve||z1 is uniformly bounded by assumption, and it follows from Lemma 2
that also ‘

the following expressions:

p2ii~2 [V |1/? 1+131 |V¢1/2>HL? is uniformly bounded. Hence it suffices to bound

1

3.11¢
(3.11a) H1+B

1 1/2
3.11b —~ R % ,
( ) H1+B( [1+Be| ) L2

1 ap 1
3.11 R 5 G
(311e) HlJng ‘T+B ' PR

To this aim we again use the decomposition (3.3). For (3.11a) note that

k
IRel} = ¢ T 3 [, V@Gl - sDPIV ) oy
(3.12) "“' / Vo)l — o2 IVily) 4% dy
4
< (" = / Vel 2l d% = O(e3),

using |r(z)| < ¢|z| for Rz < 0 and some ¢ > 0, as well as Assumptions (A3) and (A4).
Since the last term in (3.3) is uniformly bounded by Consequence 1, || %B[(l —Py) Rz =
O(er) and HR[TI&(I — Py)|l2 = O(eg). On the other hand

1R Jebell 2

PRy = e ,
1PeFe [(Jede|de)|

where

(R (@) = 3 [ Vi) (=il = i) Vilw) n(s) 4%
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Using again the above pointwise bound on r, it follows from Consequence 2 that
(3.13) 1P Rell = O(leel*’?).
Thus (3.11a) = O(|e¢|*/?).
Finally, we estimate (3.11b) and (3.11c). Proceeding as above one also shows that
HRZﬁH = O(|eg|'/?). Hence, in the decomposition (3.3) for the vector

1 1 1/2
——Ri——1V,
B s
and the operator
1 1 ap 1
R V, 5 55
1+B “1+B ¢ p2— k2
we see that the only parts left to estimate are

[1/2
3.14 L pRPIV}) = L el ey L 100)
e g PPV = G U Re o 10
1 2 11 ‘¢1><‘7)5Hw‘1/2p2ik2
(140 gAY i = GRS

Using again Consequence 2 and the pointwise bound on r we obtain |[(Jede|Recpe)|
O(€?). In particular, we conclude that the L?-norm of the vector in (3.14a) is of order
O(|ec|'/?). The same argument applies to the operator in (3.14b) after using (3.5). This
shows that (3.11b) and (3.11c) are of order O(|e¢|'/?), and completes the proof. O

The estimates (3.10a) and (3.10b) suggest that for small £ we may drop Q; in @ in
(3.1). With the help of the identity (3.7) and the expansion ﬁ =1- szQl the
second summand on the right side of (3.1) decomposes into two parts, namely

1 e 1
Vel'/2 =1, +1,
2 — k2 N
with
I[:— ‘Vlll/z( _ 1 |Vl/l> |V‘1/Z‘) 1 V1/2 1
k2 4”+4m(w)1+3 1+B, ¢ p2—k2
1 2
1, = v —— = Vl/ V|12
‘ p2—k2| g ( 4”+47ra(w)1+B| NVl )
1 1 ap 1

oY e o

The term I, contains the main part, whereas I, vanishes in operator norm for small ¢.
This is the content of the following lemma, which immediately implies the statement of
Theorem 1. Its proof relies heavily on Lemmas 2 and 3.

Lemma 4.
(3.150) [+ o | = Ol
TR )
(3.15b) I[Tell = O(leel/?).
Proof. We first show (3.15a). We can write
1 1 1
L= — 1/2 1/2
¢ p27k2|Vi\ 1+B[VZ p27k2
1 . 1
Vi |1/2 V1/2 V|12 Vl/Zf‘
I dra(Ve) p? 31Vel 1+B‘ KVl |1+B P — k2
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It turns out that both summands converge in operator norm to the projector |gi)(gx|,
multiplied by numbers which add up to — More precisely, we are going derive to
the following asymptotic behavior

—4m
a=14ik”

1 19 1 12 1
|Vl g, Ve e — AWl o
1 12 L 12 1 1/2 L 1/2
= |V gV e — b Ve V|

. o 1
Vel /2 = g Vel 2]) ;5 Vi 2

ww o] e
- ( 1+B, ¢ p?—k?

1
— k2

1/2 1/2 1 _|ly/2 H
a2l (V7 — 1 a)
= O(jec|'?)
and
(3.16b)
1/2 1/2 12| 1/2 1 _ (4 20, H
| 2|Ve\ EnALARIIA Bzvg — — (4ma()lgw) o
1 .
< 1/2 _ 1/2 1/2 1/2 1/2 H
< |Gezgatvil® = ta vl \) |v L e
1/2 1/2 /2 H
+ama(V)la) Vil 21 (Vo = Ve ><gk\)
= O(lee|?),
where we made use of the expression a(Vy) = <|V[\1/2| 5, ‘V1/2> for the scattering

length. The bounds (3.16a) and (3.16b) are in f‘l(’f simple consequences of Lemma 2.

Eq. (3.16a) follows immediately from (3.2a) and (3.2b). To see (3.16b) we apply (3.2a)

twice, once to the first vector in the first term on the right side, and once to the second.
In order to show (3.15b) we simply bound I, by

1 1/2
I <H | ARA] P——— v, VW) [
el < || =z Ivel/2( 4W+4m(w)1+3| Wl ) 15
V12 H <0 1/2
HQ”HB ka2 < Ollee ),
where we used that the first term is uniformly bounded because of (3.2a), whereas the
second term vanishes like O(|eg|'/?) thanks to (3.10b). O

4. PROOF OF CONSEQUENCES 1 AND 2

Proof of Consequence 1. We pick some 1 € L2(R?) and set

1 1
4.1 =——(1—- P, =———J(1—-Pp)y.
(4.1) ® 1+J5Xz( 0P e o( )

Below, we are going to show that there exists a constant ¢ > 0 such that for small
enough ¢

(42) (Pl =X, )p) 2 ¢
In combination with Lemma 1 this inequality yields

V2|ellll(Je + Xeell = (pl(1 = X7 o) = elloll,

which further implies that

[l > [[7e(1 = Po)|l = [[(Je + Xe)eoll >

\/>H<PH \[Il(l-&-B[ 1 - Py,
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proving the statement.

It remains to show the inequality (4.2). To this aim we denote by ¢, the eigenvector
corresponding to the smallest eigenvalue e, of 1 — X, and by P¢; the orthogonal pro-
jection onto ¢, . By assumption, the Birman-Schwinger operator X, corresponding to
the potential V,~ has only one eigenvalue close to 1. All other eigenvalues are separated
from 1 by a gap of order one. Hence there exists ¢; > 0 such that

1-X)1-P)>a
and, therefore,
(el(1 = X7)@) > enlol(1 = B,o)e) + 7 (ol Py-t)

=cillelis + (e —c){@lPy-9).
With Pj,4, = |Jege){Je¢e| being the orthogonal projection onto Je¢y we can write

=1~ Prs)p,
simply for the reason that, because of (4.1) and the fact that P, commutes with By,

P60 = Pg,(1+Be) " (1= P)Y = Py,p,(1 = P)(1+ By) ' = 0.
Consequently,
(e Py- ) = [(@l(L = Pr,g,) Py 2| < Nl@ll72ll (L = Proo, ) Py |
= lellZ2 (1 = Prg )y 17 = lolzall (1 = Py ) Tegel® -

To estimate ||(1 — Pd)[ )Jege|l, we apply Lemma 1 to ¢y and obtain

V2er = V2| (Je + Xo)ell > (bel(1 = X7 )be) = (Jedel (1 — X)) o)
= ey |(Jedelép )|* + (1= Py ) Jedel (1 = X[ )(1 = Py ) Jee)

2 e [(Jedel 97 )* + call(L = Py ) Jege®.

This shows that ||(1 — PJZQZ)Pd);H = O(leg|"/?) and consequently (4.2) holds for small
enough £. O

Proof of Consequence 2. (i) Simply bound |z| < 3(|e¢| + |z|%/|e,|) and use Assumptions
(A3) and (A4).
(ii) Lemma 1 applied to ¢, implies that
1 .
(025 0V 200) < Valed] + e .
(4.3)
_ 1
(0el (1= (V) 25 (V7)) e) < Ve,
where we used 1 — (V)25 (V;7)"/? > ¢;. Note, that by 1 |e; | = O(es). Now (ii)
follows from the following argument. Because of (2.8) we know that
V2leel = V2|(Je + Xo)ull 2 > (6F |1+ X7)ey ) + (o7 |(1 = X))oy )
=67 12 + (071X 508 + (8101 = X))oy ),
where ¢, = ¢ + ¢, with supp(¢, ) C supp(V; ) and supp(¢;}) Nsupp(V;") = 0. Using

that 1 — X, has e, = O(ey) as lowest eigenvalue, we conclude that

1+ J,
(4.4) < +2 [¢z|©z> = llof

2, = O(ey).
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(iii), (iv) For ¢ =0, 1 we evaluate

which

1

10.

11.

12.

MATHEMATICAL INSTITUTE, UNIVERSITY OF TUBINGEN, AUF DER MORGENSTELLE 10, 72076 TUBINGEN,

/RS Ll Vel gl @ = (IVE1Y2] - 19 Iel) + (V)] - 1] 1)
1 ‘
= (VP21 15+ Tleel) + (V)21 1] leel)

1/2
Ll

1 _
SIVEL P el 5 (1 4+ T V2 + 1 - oV

is O(|eg|'/?) for ¢ = 0 and O(|eg|/?) for ¢ = 1 by Assumption (A4) and (4.4). O
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Abstract
‘We present a rigorous derivation of the BCS gap equation for superfluid
fermionic gases with point interactions. Our starting point is the BCS
energy functional, whose minimizer we investigate in the limit when the
range of the interaction potential goes to zero.

1 Introduction

In BCS theory [1, 2, 3] of superfluid fermionic gases the interaction between the
spin-1/2 fermions is usually modeled by a contact potential. This approximation
is justified for the low density atomic gases usually observed in the lab, since
the range of the effective interaction is much smaller than the mean particle
distance. In the theoretical physics literature [2, 4, 3] the states of superfluidity
are usually characterized via the simplified BCS gap equation

(N
St / b () 1) g, 1)
dra  (27)3 Jgs (p? — )2 + A2 p? '

where p is a fixed chemical potential and A is the corresponding order param-
eter of the system. This order parameter does not vanish below the critical
temperature 7., uniquely defined by

2
1 / tanh (7)1 o
dra  (27)3 Jps p?—p p?




for a < 0. The parameter a is the scattering length of the corresponding in-
teraction and the usual argument for the derivation of equation (1) involves an
ad-hoc renormalization scheme. The main goal of this paper is to give a rigor-
ous derivation of equation (1) starting from the BCS functional of superfluidity
[2, 3, 5] for a sequence of interaction potentials V; with range tending to zero,
and scattering length a(V;) converging to a negative a. The present result is a
consequence of our previous work [6] where we treated the more general case
of BCS-Hartree-Fock theory and where we allowed for potentials with strong
repulsive core. Dropping the direct and exchange term, however, as we do here,
allows us to give a shorter, more transparent derivation of (1), and also to work
with simpler assumptions on the interaction potentials.

2 The Model

We consider a gas of spin 1/2 fermions in the thermodynamic limit at temper-
ature 7" > 0 and chemical potential © € R. The particles interact via a local
two-body potential which we denote by V. The state of the system is described
by two functions 4 : R® — R, and & : R® — C, which are conveniently combined

into a 2 X 2 matrix ( ®)
_( i) alp
ro=( 35 15 ). @

required to satisfy 0 < I' < 1¢2 at every point p € R3. The function ¥ is
interpreted as the momentum distribution of the gas, while « (the inverse Fourier
transform of &) is the Cooper pair wave function. Note that there are no spin
variables in I'; the full, spin dependent Cooper pair wave function is the product
of a(z — y) with an antisymmetric spin singlet.

The BCS functional FY., whose infimum over all states I' describes the
negative of the pressure of the system, is given as

FHm = [ 0= e+ [ @@ da-Ts0), @)

where
S(I) =— /RS Trcz (T'(p) mT(p)) d®p

is the entropy of the state I'. The functional (3) can be obtained by restricting
the many-body problem on Fock space to translation-invariant and spin-rotation
invariant quasi-free states, and dropping the direct and exchange term in the
interaction energy, see [5, Appendix A] and [7].

The normal state T'g is the minimizer of the functional (3) restricted to states
with a = 0. It is given by

Yo(p) =

1+e 1



The system is said to be in a superfluid phase if and only if the minimum of
]-'7‘{ is not attained at a normal state, and we call a normal state I'g unstable in
this case.

In a previous work [5] we thoroughly studied the functional (3). It is not
difficult to see that this functional has a (not necessarily unique) minimizer
(v, ). More difficult is the question under which circumstances it is possible
to guarantee that o does not vanish. Such a non-vanishing « in fact describes
a macroscopic coherence of pairs such that the system displays a superfluid
behavior. The corresponding Euler-Lagrange equations for v and « can be
equivalently expressed via A = 2(27)’3/2‘7 # & in the form of the BCS gap
equation

1 . A(g) B2 (a)
Ap)=-———5 [ Vlp— tanh —£— d° 4
(p) PIEE /1@ (r—aq) 730 anh —2== dq (4)
with E2(p) = /(p? — )% + | A(p)[%; here, V denotes the Fourier transform of

V. The function A(p) is the order parameter and is related to the wavefunction
of the Cooper pairs. The equation (4) is highly non-linear; nonetheless, it is
possible to show [5] that the existence of a non-trivial solution to (4) at some
temperature T is equivalent to the fact that a certain linear operator has a
negative eigenvalue. For T' = 0 this operator is given by the Schrodinger-type
operator | — A — p| + V. This rather astonishing fact that one can reduce a
non-linear to a linear problem, allowed for a more thorough mathematical study.
Using spectral-theoretic methods, the class of potentials leading to a non-trivial
solution for (4) has been precisely characterized. For instance, in [8] it was
shown that if [ V(z)dz < 0, then there exists a critical temperature T,.(V) > 0
such that (4) attains a non-trivial solution for all T' < T,(V'), whereas there is
no solution for 7' > T,(V). Additionally, in [8] the precise asymptotic behavior
of T.(A\V) in the small coupling limit A — 0 was determined; the resulting
expression generalizes well-known formulas in the physics literature [9, 3| valid
only at low density. The low density limit g — 0 of the critical temperature
was studied in [10].

3 Main Results

‘We study the case of short-range interaction potentials V;, with range ¢ tending
to zero in such a way that V; converges to a contact interaction. Such contact
interactions are thoroughly studied in the literature [11, chap 1.1.2-4] and are
known to arise as a one parameter family of self-adjoint extensions of the Lapla-
cian on R3\ {0}. The relevant parameter uniquely determining the extension
is, in fact, the scattering length, which we assume to be negative, in which case
the resulting operator is non-negative, i.e., there are no bound states. In other
words, we require that the scattering length a(V;) converges to a negative value
as £ — 0, i.e.,

lim a(V;) = a < 0.

£—=0



It was pointed out in [10, Equ. (3)] that the scattering length of any potential
V € L' N L3/? can be written as

1 1/2 1 1/2
o) = 1 (V1| et %)

where V1/2 is defined by V'/2 = V[V|=1/2. Note that in case of a two-body
interaction that does allow bound states the system would display features of
a Bose-Einstein condensate of fermion pairs in the low density limit, see [4, 12,
13, 14, 15].

In order to obtain a non-vanishing limit of the sequence of scattering lengths
a(Vy), we have to adjust the sequence of potentials so that the corresponding
Schrédinger operator just barely fails to have a bound state. We shall follow the
method of [11, chap 1.1.2-4] and first choose a potential V such that p? + V is
non-negative and has a simple zero-energy resonance. Equivalently this means
that the corresponding Birman-Schwinger operator

VI/ZP%\V\I/Q

has —1 as lowest, simple, eigenvalue. Next we scale this potential and multiply
it by a factor A(¢) < 1, such that the corresponding V; does no longer have a
zero resonance, but a negative scattering length. Recall that a potential with
zero resonance has an infinite scattering length.

To be precise, we define V; according to

Vilw) = MOV (), (©)

where A\(0) = 1, A < 1 for all £ > 0 and 1 — A(¢) = O(f). We are interested
in the limit £ — 0 meaning that the range of the potential converges to zero.
This scaling essentially leaves the L3/? norm of V invariant, but the L' norm
vanishes linearly in ¢. This is a major difference to the work [6] where we
allowed the point interaction to be approximated by a sequence V;, whose L!
norm converges to a positive number, with its L?/?-norm even diverging. This
required a new approach in the proof and led to a more general statement about
contact interactions [16]. In the case considered here it suffices to rely on results
of [11, chap I.1.2-4].

Our main objective now is to consider the solution A, of the BCS gap-
equation (4), coming from a minimizer of the functional }‘7‘07 and to show that
in the limit where the range ¢ goes to zero, i.e., the potentials V; tend to a
contact interaction, the order parameter A, converges to a constant function
A, which satisfies the simplified equation (1). This equation appears throughout
the physics literature as the one describing superfluid systems.

It is obvious that the critical temperature 7, is defined as the temperature
where A = 0 satisfies the equation (1). More precisely:

Definition 1 (Critical temperature). Let > 0. The critical temperature T
corresponding to the scattering length a < 0 is given by the equation

12* L
o1 / tanh (574) 1 & ™
dra  (27)3 Jps P2 —p p? ’




Since the function

2
tanh (£ 1
T *—— &*p
JRr3 pT—p P

is strictly monotone in 7" the critical temperature 7. is unique.

As our main theorem we reproduce the BCS gap equation for contact inter-
actions, see, e. g., 2, Eq. (10)], [4, Eq. (7)].
Theorem 1 (Effective Gap equation). Let T > 0, p € R and assume V €
L32(R3) N LY(R?) and |z|V(x) € L*(R®) N LA(R3). Let further (Y, ay) be a
minimizer of ]-'q‘fl with corresponding Ay = 2(2#)’3/2\}} x &g. Then there exist
A >0 such that |A¢(p)] — A pointwise as ¢ — 0. If A # 0 then it satisfies the

equation
1 1 1 1 ;
—-— = — - — | ©p, 8
dra  (2m)3 /Rs (K%M [12> P ®

where we use the abbreviations

A
K2,.(p) = B . ER@) =V - w2+ AR,

tanh (E-‘;E—p) )

Furthermore, the limiting A does not vanish if and only if T < T..

4 Proofs

Recall that we chose V' so that VUZ#WP/Z has —1 as lowest simple eigenvalue,
i.e., there is a unique ¢, with

(VI/ZP%WP/Z T 1) b =0.
With Uy denoting the unitary operator (Usp)(x) = (~%/2p(%), we can rewrite
Vi(z) = MOL2V(2) = MOC2UV U

Since ngzU[1 = (2p?, it is easy to see that

1 _ 1 401
UZV]/QFWP/QU@ 1_ /\(Z)w/ F|Vf\1/2<
Denoting ¢y = Uy¢, this implies
91 1
VISVl 260 = NOUV2 5 IVIV20 = (0. 0)

showing that the lowest eigenvalue of 1 + ‘/21/2[%\‘/[\1/2 is 1= A(¢) = O(0).
Moreover, note that

IVellp = MOEP2|V ], (10)
for p > 1.

(<33



Remark 1. In [6, Appendiz A.1], we show that the scattering length corre-
sponding to the potential Vi, indeed, converges to the negative value
L VIR
N(0) (sgn(V)o|o)
In the next Lemma, we derive a lower bound for the BCS functional which
is uniform in ¢. This will allow us to obtain limits for the order parameter A,.

li Vi) =—
lim a(V7)

Lemma 1. There exists C1 > 0, independent of ¢, such that
1 FN 1 12 13
Fii(T) = —~Ci + 5/ (1+p))(5 —40)* &’p + 5/ pl*laf* d®p, (11
R3 R3

for 0 < b < 1, where we denote Yo(p) = m

Proof. For details of the proof of this Lemma we refer to [6, Lemma 3]. The main
observation in the proof is that we may express the difference Fp* (I') — Fp (T'g)
as

FpH(T) — Fye(Lo) = gH(F,Fo) + /]R Vi(z)|a(z)|? Az,

where H(T, T) is the relative entropy of I and I'yg. By means of [17, Lemma 3],
which is an extension of [18, Theorem 1], giving a bound on the relative entropy
one obtains

Fr(T) = FyE(To) > {a[p® + Ve — pla)

1 N

+3 / 1+ —40)*d*p - C
R3

for an appropriate constant C. By means of a Birman-Schwinger type argument

one can further show that

p*+ Ve > p/’ = C1,

uniformly in ¢ for 0 < b < 1 and an appropriate Cy, which, together with the
constraint |&|? < 1, then implies the statement.
O

It was shown in [5, Theorem 1] that the functional J:q‘ff attains a minimizer
(e, ) for each V4. Lemma 1, with dy(p) < 1, immediately tells us that the
terms

[asnblamias  ad [ @+

are uniformly bounded in ¢. Let us further mention the following useful relations
between Ay and the minimizer (s, ay),

1 1pP—p
7215*5 V)
Kr,

K

Ap = 2K dy, (12)



which follow from the corresponding Euler-Lagrange equations. One immediate
consequence of these relations and Lemma 1 is the uniform boundedness of
Jgs 3¢(p)|p|® d3p, which implies

lim i Ye(p) d®p = 0. 13
Aim lim WZR%(IJ) P (13)

In the following lemma we show that, as ¢ — 0, pointwise limits for the main
quantities exist. To this aim we introduce the notation

1 1 1 .
Appy — 1 ) a3,
my, ( ) (2ﬂ.>3 ./JRK (KHA‘Z ])2) P
2

Lemma 2. Let (¢, ap) be a sequence of minimizers off¥' and Ay = WVZ*
d&y. Then there is a subsequence of Ay, which we continue to denote by Ay, and

a A € Ry such that
(i) |Ac(p)| converges pointwise to the constant function A as £ — 0,
R, A A
(ii) }%mH‘(T) =my, (T).

We shall see later that it is not necessary to restrict to a subsequence, the
result holds in fact for the whole sequence.

Proof. (i) Set ¢, = (27\-%3/2 Jzs Ve(z)ay(x) d®z. Then

8up) = el < iy [ 1€ = DVilo)ar(a)|

(2m) R3

< e 2ol ([l -y a) -

Now ||ael|2 is uniformly bounded in £ and | - |V € L?(R®) by assumption, so

/R [ = )Vi(a)|* P = £7"A(0)? /R e~ — 1)V ()" e w

< OOl IV

Hence, |A¢(p) — ¢¢| converges to zero pointwise. Since dy = 72(K$_i)’1Ag is
uniformly bounded in L2, it is straightforward to see, using E”A’Z > |Ay|, that
the same holds for the sequence Ag/Eff. This fact can now be used to show
that the sequence |c¢| is a uniformly bounded. Assume on the contrary that
¢ = limsup,_,q |¢¢| = co. Then by dominated convergence

lim sup / % dBp = / lim sup o dp = é‘er3
=0 Jipi<r (P2 = 1)% + [Agf? pI<R £—0 % +1 3

(15)



However, the divergence of right side of Eq. (15) as R — oo contradicts the
uniform boundedness of Ag/Eﬁf in L2(R?). Hence < oo and limy_,o [A¢(p)| =
¢ for a suitable subsequence.

(ii) Obviously by (i) the integrand of m&(T) converges pointwise to the inte-
grand of mﬁ(T). By (12) we are able to rewrite the integrand as
1 L1 1 2%

= - - e (16)
Kpi(p) P2 pP—p PP PP

Using (13) we now conclude that

g 1 1
lim lim/ —— = | &p=0,
R—00 60 Jip25p KT,L(Z’) P

which together with the dominated convergence inside [p|> < R, implies the
statement of (ii).

O
Proposition 1. Let a = limy_,¢ a(V;), then
1 : 1 1 . 1
lim —— — = | &p=————. 17
50 (2m)3 /]Rs (KTAL p2> ar 4ma (a7)

Proof. We again follow the proof of [6, Theorem 2]. Observe that with help of
the second relation in (12) the BCS gap equation (4) for o, can be conveniently
written in the form

(KR + Vo)ag =0,  with ap € H'(RY).

By means of the Birman—Schwinger principle one concludes that KQA-L +V; hav-

1/2

ing 0 as an eigenvalue is equivalent to V, K%[ [V2]'/? having —1 as eigenvalue.
T

L2
We now rewrite V/f/ K%Ww” as
T,u

1 1
VI V2 = VPSSV i OV PNVl 2 4+ A, (19)
T,

where A, 7, is given in terms of the integral kernel

Vi@ Ve@)E [ (1 1\ ey
Apra(o,y) = ( )(QL)B( )| /}RS (KTA* 717) (e 7@ vP _1)dp,  (19)
e

which can be estimated, e. g., by

Vi@l ] 1 1 :
et < PIEEIE [ | — Sl (ool 1) 2 %, (20)
T




Using the relation (16) as well as the uniform boundedness of [; 4¢(p)[p|*/? d*p
we are able to conclude that the integral

/ Ipl*/? d”p:/
R3 R®

is uniformly bounded in ¢. We can thus bound the Hilbert-Schmidt norm of
A,‘,T.[ by

1 1
ANy 2
KT.L p

1 1 29¢(p) ‘p‘1/2 d3p

P-p P pPPop

[Az.ellz < const ||Vl - [[1/2|[Vell}* < O(¢3/2). (21)

We further proceed with equation (18). By construction, 1 + V[I/ZPLZ\V[WZ
is invertible and thus can be factored out, i.e.,

5 1 2 1
1 +V1/Z‘ A ‘le/z = (1 +V1/27|W‘1/2) X
- K7y P
1 A b 1
x [1 v (7'Lu'(T>\VK>(M\2I +A'11n,é)] :
with the second term on the right hand side necessarily having an eigenvalue 0.
With J = Vi(z)/|Ve(z)| and X = \Vg|1/2ﬁ\Vg\l/2. we are able to rewrite

1 1 1

= =1-JXV o X1/2
1_’_‘/[1/2%“/”1/2 1+JX 14+ X1/2]X1/2
Ve
This allows us to bound
ol ; a
| < 1+ 130 | e | < o
1+V}/2,,%|Ve\”2 1+ X12)X1/2

where we have used that, due to the HLS-inequality, || X|| < CHV[H;}/Q, as well
as the fact that 1+ X /27X /2 is self-adjoint with its lowest eigenvalue of order
O(¢). Indeed, X'/2.7X'/? has the same spectrum as JX. Hence,

Aol < O(72).

|| < |

Since 1 sy 2
;:ﬁmgﬁﬁﬁ(%L<ﬂz YIVel /2] + A0

has an eigenvalue —1 and 1+ (1 + Vel/zl;fg\VgP/Q)’lA#,T,g is invertible for small

enough ¢, we can argue by factoring out the term 1+ (H—V/ZI/QPL2 [Ve|Y2) T A, e
that the rank one operator

-1
1 1
2T (14— A VNV
m 5 T, {3
’ LE Vv ) v B e



has an eigenvalue —1, which, by taking the trace, implies

—L=mp!(T )<|Ve|”2

-1
1+ L A L
[ I T R I AT

With the aid of Eq. (5) and the resolvent identity, we can rewrite Eq. (22) as

1
dra(Ve) + —x——
(V) ma(T)
-1
1/ R S S S
<‘VZ ‘ lJrV1/2 T ‘V‘1/2A/,L,T.[ {1 + 1+V;/2ﬁ%\Vg|1/2A“’T‘Z X (23)

V/zl/2>

where the right hand side is bounded by

X — 1
LV (Ve

Vel |

A;L.T.ZH X

1
LV, ’;MP/Z HlJrVZ'/Q;T\VA‘/Q

<[+ A;L.T.l]ilH < o).

1
14V, 2 G |V |12

This implies Eq. (17) and completes the proof.
O

With the aid of Lemma 2 and Proposition 1, we can now finish the proof of
Theorem 1.

Proof of Theorem 1. We know from Lemma 2 and Proposition 1 that |Ay(p)|
has a subsequence that converges to a constant function A, which satisfies the

equation
1 1 1 1
—-—= = — | &*p.
dra  (2m)3 ,/]Ra <K7é,u p2> P

Since the solution |A| of (8) is unique we obtain that the sequence |A.(p)|
converges to the unique solution of (8). Furthermore, this shows that the limit
of |Ag| does not vanish in the case that T' < T, and that the limit vanishes for
T>T. O
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We study translation-invariant quasi-free states for a system of fermions with two-
particle interactions. The associated energy functional is similar to the BCS functional
but also includes direct and exchange energies. We show that for suitable short-range
interactions, these latter terms only lead to a renormalization of the chemical potential,
with the usual properties of the BCS functional left unchanged. Our analysis thus rep-
resents a rigorous justification of part of the BCS approximation. We give bounds on
the critical temperature below which the system displays superfluidity.

Keywords: Superconductivity; quasi-free states; Birman-Schwinger principle; critical
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1. Introduction and Main Results

The BCS theory [5] was introduced in 1957 to describe superconductivity, and was
later extended to the context of superfluidity [15, 20] as a microscopic descrip-
tion of fermionic gases with local pair interactions at low temperatures. It can be
deduced from quantum physics in three steps. One restricts the allowed states of
the system to quasi-free states, assumes translation-invariance and SU(2) rotation
invariance, and finally dismisses the direct and exchange terms in the energy. With
these approximations, the resulting BCS functional depends, besides the tempera-
ture 7" and the chemical potential x, on the interaction potential V', the momentum

*© 2014 by the authors. This work may be reproduced, in its entirety, for non-commercial
purposes.
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distribution v and the Cooper pair wave function «. A non-vanishing o implies a
macroscopic coherence of the particles involved, i.e. the formation of a condensate
of Cooper pairs. This motivates the characterization of a superfluid phase by the
existence of a minimizer of the BCS functional for which « # 0.

A rigorous treatment of the BCS functional was presented in [9, 14, 13, 7],
where the question was addressed for which interaction potentials V' and at which
temperatures 7' a superfluid phase exists. In the present work, we focus on the
question to what extent it is justifiable to dismiss the direct and exchange terms in
the energy. A heuristic justification was given in [15, 16], where it was argued that
as long as the range of the interaction potential is suitably small, the only effect of
the direct and exchange terms is to renormalize the chemical potential.

In this paper we derive a gap equation for the extended theory with direct and
exchange terms and investigate the existence of non-trivial solutions for general
interaction potentials. We give a rigorous justification for dismissing the two terms
for potentials whose range ¢ is short compared to the scattering length a and the
Fermi wave length 2—’; The potentials are required to have a suitable repulsive core
to assure stability of the system. We show that, for small enough ¢, the system
still can be described by the conventional BCS equation if the chemical potential
is renormalized appropriately. In the limit £ — 0, the spectral gap function Ay (p)
converges to a constant function and we recover the BCS equation in its form found
in the physics literature.

While we do not prove that for fixed, finite ¢ there exists a critical temperature
T, such that superfluidity occurs if and only if T < T, we find bounds T;’ and
T, such that T < T, implies superfluidity and T > Tj excludes superfluidity.
Moreover, in the limit £ — 0 the two bounds converge to the same temperature,
limy_o T, = limy_g T[“, which can be determined by the usual BCS gap equation.
The situation is illustrated in the following sketch.

Superfluidity

- T

We note that similar models as the one considered in our paper are sometimes
referred to as Bogoliubov-Hartree-Fock theory and have been studied previously
mainly with Newtonian interactions, modeling stars, and without the restriction to
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translation-invariant states [3, 17, 10]. The proof of existence of a minimizer in [17]
turns out to be surprisingly difficult and even more strikingly, the appearance of
pairing is still open. It was confirmed numerically for the Newton model and also
for models with short range interaction in [18]. Hence the present work represents
the first proof of existence of pairing in a translation-invariant Bogoliubov—Hartree
Fock model in the continuum. For the Hubbard model at half filling this was shown
earlier in [4].

1.1. The model

We consider a gas of spin 1/2 fermions in the thermodynamic limit at temperature
T > 0 and chemical potential € R. The particles interact via a local two-body
potential which we denote by V. We assume V to be reflection-symmetric, i.e.
V(—z) = V(x). The state of the system is described by two functions 4 : R® — R
and & : R? — C, with &(p) = &(—p), which are conveniently combined into a 2 x 2

matrix
) alp)
ro) = (38 15 -y
required to satisfy 0 < T' < l¢2 at every point p € R, The function 4 is interpreted
as the momentum distribution of the gas, while a (the inverse Fourier transform of
&) is the Cooper pair wave function. Note that there are no spin variables in I'; the
full, spin dependent Cooper pair wave function is the product of a(z — y) with an
antisymmetric spin singlet.
The BCS-HF functional FY, whose infimum over all states I' describes the
negative of the pressure of the system, is given as
A = [ 07 -+ [ PV - TSm)

R3

f/ \7(I)|2V(I)d3x+27(0)2 / V(x)dgas7 (1.2)
R3 R3
where

SI) == [ Trea (M) T (p)a%p

is the entropy of the state I'. Here, v and ae denote the inverse Fourier transforms of 4
and &, respectively. The last two terms in (1.2) are referred to as the exchange term
and the direct term, respectively. The functional (1.2) can be obtained by restricting
the many-body problem on Fock space to translation-invariant and spin-rotation
invariant quasi-free states, see [9, Appendix A] and [4]. The factor 2 in the last term
in (1.2) originates from two possible orientations of the particle spin.

A normal state Ty is a minimizer of the functional (1.2) restricted to states with
a = 0. Any such minimizer can easily be shown to be of the form

R 1
Fo(p) = ——=s—mv (1.3)
1 + e~ T
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where we denote, for general ~,

(p) =1 - ﬁ /RB(V(p —q) — V(0)i(g)d%, (1.4)
= p— ﬁf/@) /RS A(p)d®p. (1.5)

Notice that Eq. (1.3) is an implicit relation with v, also appearing in the expression
on the right-hand side of (1.3) via (1.4) and (1.5). In the absence of the exchange
term, the normal state would be unique, but this is not necessarily the case here.
The system is said to be in a superfluid phase if and only if the minimum of FY is
not attained at a normal state, and we call a normal state I'g unstable in this case.

1.2. Main results

Our first goal is to characterize the existence of a superfluid phase for a large class
of interaction potentials V. We first find sufficient conditions on V for (1.2) to have
a minimizer. These conditions are stated in the following proposition.

Proposition 1 (Existence of Minimizers). Let p € R, 0 < T < oo, and let
V € LY (R?) N L32(R3) be real-valued with ||V]|o < 2V(0). Then FY. is bounded
from below and attains a minimizer (v, ) on

AEL1R371+ 2d3 ,
D =< T of the form (1.1) 7 ( ( ) p)0§F§1C2 .
a € HY(R3, d3z),
Moreover, the function
2 N
Alp) = —— [ VIp—q)a(q)d® 1.6
)= o [, V- i@y (16)
satisfies the BCS gap equation
1 / % Alg) 3
=3z | V- —x —d¢=-Ap). (1.7)
(2m)3/2 s K;ﬁ(q)
In (1.7), we have introduced the notation
B2 (p)
Kpop) = — B (1.8)
N )
2T
B2 (p) = V(e (p) — )2+ 1Ap)P2, (1.9)

with €7 and 17 defined in (1.4) and (1.5), respectively. For T' = 0, (1.8) is interpreted
as Kq5 (p) = B (p)-
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We note that the BCS gap equation (1.7) can equivalently be written as
(K32 +V)a =0,

where K%ﬁ is interpreted as a multiplication operator in Fourier space, and V as
multiplication operator in configuration space. This form of the equation will turn
out to be useful later on.

Proposition 1 shows that the condition ||V s < 2V(0) is sufficient for stability
of the system. The simplicity of this criterion is due to the restriction to translation-
invariant quasi-free states. Without imposing translation-invariance, the question
of stability is much more subtle. Note that FX is not bounded from below for
negative V, in contrast to the BCS model (where the direct and exchange terms
are neglected).

Proposition 1 gives no information on whether A # 0. A sufficient condition for
this to happen is given in the following theorem.

Theorem 1 (Existence of a Superfluid Phase). Let p € R, 0 < T < oo, and
let Ve LY(R®) N L3?(R3) be real-valued with |V |e < 2V(0). Let Ty = (70,0) be
a normal state and recall the definition of K%?;’Lo(p) in (1.8)—(1.9).

(i) If inf spec(K%‘:l’LO + V) <0, then L'y is unstable, i.e. infrep Fx (I') < FX (o).
(ii) If Tg is unstable, then there exist (y,a) € D, with a # 0, such that A defined
in (1.6) solves the BCS gap equation (1.7).

The theorem follows from the following arguments. The operator K%?l’to +V
naturally appears when looking at the second derivative of ¢ — ]:¥ (To+tT) at t = 0.
If it has negative eigenvalues, the second derivative is negative for suitable I', hence
Iy is unstable. On the other hand, an unstable normal state implies the existence
of a minimizer with a # 0, which satisfies the Euler-Lagrange equations for FJ.,
resulting in (1.7) according to Proposition 1. The details are given in Sec. 2.1.

Remark 1. In the usual BCS model, where the direct and exchange terms are
neglected, the existence of a non-trivial solution to (K%ﬁ + V)& = 0 implies the
existence of a negative eigenvalue of K%z + V [9, Theorem 1]. This follows from
the fact that K%ﬁ is monotone in A, i.e. K%ﬁ (p) > K%(:L(p) for A # 0. In partic-
ular, the system is superfluid if and only if the operator K;(:L + V has a negative
eigenvalue. Since this operator is monotone in 7', the equation

inf spec(K%’Cou +V)=0

determines the critical temperature. In the model considered here, where the direct
and exchange terms are not neglected, the situation is more complicated. Due to
the additional dependence of K %f on vy, we can no longer conclude that K%f (p) >
K%“’O(p). But by Theorem 1, the smallest T" solving

y
inf spec(K%i“'LO +V)=0 (1.10)

still remains a lower bound for the critical temperature.
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Our main result concerns the case of short-range interaction potentials V', where
we can recover monotonicity in A, and hence conclude that (1.10) indeed defines
the correct critical temperature. More precisely, we shall consider a sequence of
potentials {Vz}ss0 with £ — 0, which satisfies the following assumptions.

Remark 2. In the following, ¢ < 1 is a small parameter, e.g., it suffices to consider
(<1

Assumption 1.

Al) Ve L' N L2
(A2) The range of V; is at most £, i.e. supp V; C By(0).
A3) The scattering length a(V7) is negative and does not vanish as ¢ — 0, i.e.
limy— a(Vz) = a < 0.
(A4) T supy_,o Vel < oo.
(A5) W(O) > 0 and limg_ V;(0) =V > 0.
(A6) [[Velloo < 2V7(0).
(A7) For small £, ||V]l2 < C1£= for some C; > 0 and N € N.
(A8) 30 < b < 1 such that inf spec(p®+V;—|p|*) > Cz > —o0 holds independently
of £.
(A9) The operator 1—|—V;/2 1% |V2|'/? is invertible, and has an eigenvalue ¢, of order
¢, with corresponding eigenvector ¢,. Moreover, (1 + Vgl/ 27)1 (Vo /2)=1(1 —
P) is uniformly bounded in ¢, where Py = (Jooo¢|de) ™1 |de)(Jocpe| and J[ =
sgn(V7).
(A10) The eigenvector ¢, satisfies |(d¢|sgn(Ve)de)| ™ (|[Ve|'/?||de]) < O(¢}/?) for
small £.

Here we use the notation sgn(V) = {7} “; z 8 and V/2(z) = sgn(V)|V (z)|/2.

As discussed in [12], the scattering length of a real-valued potential V € L*(R3) N
L3/2(R3) is given by

1

V1/2

1
a(V)= (VI (L.11)

1+ v1/2 \V|1/2

Assumptions (A6)—(A10) are to some extent technical and are needed, among other
things, to guarantee that ]-'¥’ is bounded from below uniformly in ¢. Our main
results presumably hold for a larger class of potentials with less restrictive assump-
tions, but to avoid additional complications in the proofs we do not aim here for
the greatest possible generality. Assumption 1 implies, in particular, that V; con-
verges to a point interaction as ¢ — 0, and we refer to [6] for a general study of
point interactions arising as limits of short-range potentials of the form considered
here.

1450012-6



Translation-invariant quasi-free states for fermionic systems and the BCS approzimation

Remark 3. As an example for such a sequence of short-range potentials V, we
have the following picture in mind:

‘/é *‘/Zr

€ /L

Vo

The attractive part allows to adjust the scattering length. The repulsive core is
needed to guarantee stability, and can be used to adjust the L' norm. If its range
is small compared to the range of the attractive part, i.e. ¢, < ¢, the scattering
length is essentially unaffected by the repulsive core. In Appendix A, we construct
an explicit example of such a sequence, satisfying all the assumptions (A1)-(A10).
As ¢ — 0, it approximates a contact potential, defined via suitable selfadjoint
extensions of —A on R3*\{0}. Functions in its domain are known to diverge as |z|~!
for small , hence decay like p~2 for large |p|. This suggests the validity of (A8) for
b < 1. Assumption (A9) is easy to show in case V; is uniformly bounded in L3/?
(in which case V;(0) = O(f)) but much harder to prove if limg_, V;(0) > 0. Tt is
possible to generalize (A9) and allow finitely many eigenvalues of 1+ Vel/ ? p% \RE
of order £. For simplicity, we restrict to the case of only one eigenvalue of order ¢,
however.

For the remainder of this section, we assume that the sequence V; satisfies (A1)—
(A10). We shall use the notation

2 ~
~ve _ o ~ 3
A= p —(%)3/2‘/}5(0) /]RS Je(p)d’p

in analogy to (1.5).

Theorem 2 (Effective Gap Equation). Let T > 0, i € R, and let (%, ) be
a minimizer of .7-'7‘{“ with corresponding Ay = 2(2#)*3/2‘/} * ay. Then there exist
A >0 and ¥ :R> = Ry such that |Ay(p)] — A pointwise, Y¢(p) — A(p) pointwise
and @7 — i as £ — 0, satisfying
2V '
- 5 (p)d?
A=1=Gmr |, Y(p)d°p

1.12
5(p) = l _ ﬂ ( :
2 2Kp3(p)
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If Ay # 0 for a subsequence of U’s going to zero, then, in addition,

1 1 / 1 1)
- = - —— — — | I°p. 1.13
dra  (2m)3 Jps (K%ﬁ p2> (1.13)
Recall that, according to our definitions (1.4)—(1.9),
Ep ()
Kr3(p) = — B = ViR - i AR

B2 (p)
h| =+—~
tan ( o7

Remark 4. If we consider potentials such that VZ(O) — 0, we obtain at the same
time that @7 — p and consequently (1.13) becomes

1 1 / ( 1 1) ,
- | & (1.14)
3/ 0.2 2
dra  (27)3 Jgs K, P

Equation (1.14) is the form of the BCS gap equation one finds in the literature, see
for instance [15].

The effective gap equation (1.13) suggests to define the critical temperature
of the system via the solution of (1.13) for A = 0, in which case 4 is given by

2_ 4
(1+e"7)" L

Definition 1 (Critical Temperature/Renormalized Chemical Potential).
Let p > 0. The critical temperature T, and the renormalized chemical potential [i
in the limit of a contact potential with scattering length a < 0 and limy_,q VZ(O) =
VY > 0 are implicitly given by the set of equations

9 -
p—p
1 1 tanh( ) 3
- 1 | d’p,
dra  (27m)3 /Ra 2 ] P

P2 =i p?

(1.15)

_ 2V / 1 3
h=p— - —d°p.
(27)3/2 Jga 1+ epzrc"

We will show existence and uniqueness of 7T, and fi in Appendix B. Note that
it is essential that g > 0. If 1 < 0, then i < 0 and hence the right side of the first
equation in (1.15) is always non-positive, hence there is no solution for a < 0. In
other words, T, = 0 for p < 0.

Remark 5. In [13], the behavior of the first integral on the right-hand side of
(1.15) as T, — 0 was examined. This allows one to deduce the asymptotic behavior
of T, as a tends to zero, which equals

bl

8 _m
T.= [ (;6772 + 0(1)) eVia
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with v &~ 0.577 denoting Euler’s constant. Similarly, one can study the asymptotic
behavior as p — 0.

Although this definition for 7, is only valid in the limit ¢ — 0, it serves to make
statements about upper and lower bounds on the critical temperature for small
(but non-zero) ¢, as sketched in the figure on p. 2.

Theorem 3 (Bounds on Critical Temperature). Let p € R, T' > 0 and let
(72,0) be a normal state for fj‘{“.

(i) For T < T, there exists an Ly(T) > 0 such that for £ < lo(T'), inf spec(K%a’tO +
Vi) < 0. Consequently, the system is superfluid.

(ii) ForT > T, there exists an Lo(T) > 0 such that for £ < Lo(T), Fy* is minimized
by a normal state. Le. the system is not superfluid.

Theorem 3 shows that Definition 1 is indeed the correct definition of the critical
temperature in the limit £ — 0. In addition, it also shows that in this limit there
is actually equivalence of statements (i) and (ii) in Theorem 1. In particular, one
recovers the linear criterion for the existence of a superfluid phase valid in the usual
BCS model, as discussed in Remark 1.

2. Proofs
2.1. General potentials

In this section we prove Proposition 1 and Theorem 1. As a first step we show that
F¥ is bounded from below and has a minimizer.

Lemma 1. Let V € L* N L¥2, V(0) > 0 and V(p) < 2V(0) for all p € R3. Then
F¥ is bounded from below and there exists a minimizer T' of Fx ().

Proof. The case without direct and exchange term was treated in [9, Proposition
2]. The Hartree—Fock part of the functional F) gives the additional contribution

- [ h@RV @+ 007 [ Vs = o [ 500 -7 <5

which is non-negative because of our assumption V(p) < 2V(0). Hence, the same
lower bound as in the case without direct and exchange term applies.

To show the existence of a minimizer, it remains to check the weak lower semi-
continuity of 7Y in LY(R3) x H*(R3,d3x) (note that 4 € L*(R3) N L*°(R3)). The
exchange term

1 [ ViohPds

is actually weakly continuous on H'(R3), see, e.g., [19, Theorem 11.4]. Since also
for any sequence v, converging to y weakly, we have limy, o [ps nd®p > [5s 7d°p,
the direct term is weakly lower semicontinuous. In the proof of [9, Proposition 2] it
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was shown that all other terms in F}% are weakly lower semicontinuous as well. As
a consequence, a minimizing sequence will actually converge to a minimizer. O

Lemma 2. The Euler-Lagrange equations for a minimizer (v, ) of F¥. are of the

form
. 1 Y(p) — oY
i) = 3 - 2}2—%’3 (21)
tanh (El QAT(p))
) = 380) s (22)
m

)
where we used the abbreviations introduced in (1.4)—(1.9). In particular, the BCS
gap equation (1.7) holds.

Proof. The proof works similar to [9]. We sketch here an alternative, more concise
derivation, restricting our attention to 7' > 0 for simplicity. A minimizer I' = (v, )
of FY fulfills the inequality

o<

| Fr@+Hr-T) (2.3)

t=0

for arbitrary I' € D. Here we may assume that I stays away from 0 and 1 by arguing
as in [9, Proof of Lemma 1]. A simple calculation using

1
S =— [ Tre2TInld®p = —5/ Trez (TIn(D) 4 (1 — T) In(1 — T))d*p
R3 R3

shows that
d v . 1 . . r 5
—| FY@C+t(T-T)== [ Tre |HAT -T)+T(T=T)ln d®p,
dt|,_, 2 Jgs 1-T

with

& — i A
Hpa = _ R
A —(e7 = fi")

A =2027) %2V x a.

using the definition

Here, Trc2 G denotes the trace of the 2 x 2 matrix G(p) for fixed p. Separating the
terms containing no I" and moving them to the left-hand side in (2.3), we obtain

[ (s (0= (5 9)) + (55 ) ) e
< [ (st () 0)) e om( )
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Note that [, Trez (HAT)d3p is not finite but Jre Tree (HA (f— (8 ?)))d‘;p is. Since

I' was arbitrary, I' also minimizes the linear functional

- . 00 - r
r T Ha(T - TT1 3
[ (ma(0- (5 §)) +7in(rIs) ) @

whose Euler-Lagrange equation is of the simple form

T
which is equivalent to
1
r= ———.
1+eTHa

This in turn implies (2.1) and (2.2). Indeed,

1 1 1 1
I'=s——+— =-— —tanh{ —Ha |.
14+erHa 2 2 " <2T A)

tanh(z)

For the simple reason that is an even function and H3 = [E]*]?1¢e,

the expression simplifies to

1
tanh | — B4
11 an(QT“) 1 1
I=s-gHa—0x——"=5"7=a
E) 2K
1 =i A
5 A - A
REEE: 2K
N A 1 &=
“SoA 3 iy
2Ky, 2 2Ky, o

Proof of Proposition 1. This is an immediate consequence of Lemmas 1 and 2.
O

Proof of Theorem 1. The proof works exactly as the analog steps in [9, Proof
of Theorem 1]. To see (i), note that (&, (K%jto + V)a) is the second derivative of
F¥ with respect to @ at I' = I'g. For (ii), we use the fact that the gap equation
is a combination of the Euler-Lagrange equation (2.2) of the functional and the

definition of A. O

2.2. Sequence of short-range potentials

In the following, we consider a sequence of potentials V; satisfying the assumptions
(A1)-(A10) in Assumption 1. Since V; converges to a contact potential, Lemma 1 is
not sufficient to prove that ]-'%/[ is uniformly bounded from below. To this aim, we
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have to use more subtle estimates involving bounds on the relative entropy obtained
in [8], and we heavily rely on assumption (AS8).

Lemma 3. There exists Cy > 0, independent of €, such that

1 U 1 .
Fm = =Cieg [ )G —aordpeg [ bllaPdn (25)

3

- 1
where we denote 4o(p) = T

Proof. We rewrite F‘(I) as

=g [ (- (G 1)) e+ [ vilowras
=TS0+ i [ (V0 = V) D@,

where I' = T'(7, o) and

o= (p2 0 ' —(pQO— u))'

Since §(p) > 0 and, by assumption (A6), QVZ(O) — Vg(p) > 0, the combination
of direct plus exchange term is non-negative and it suffices to find a lower bound
for

Frt(r) = %/R Tree (Ho (r - (8 ?))) d®p+ /R Vi(2)|a(z)?d®z — TS(T).

We compare F)*(T') to the value F (I'g), where T'g = ——&—. Their difference

14+eHo/T "
equals

FYD) = FY(C0) = 5 [ Trea(Ho(T = To)d’p — T(S(T) - (L)
R:‘t

+ /IRS Vo(z) o) da.

Using Ho + T ln(lf%o) = 0 in the trace and performing some simple algebraic

transformations, we may write
FY) = FfTo) = gHIT) + [ Viwlat) s,
where
H(T,To) = /W Tre2[D(In(T) — In(Tg)) + (1 — D)(In(1 — T') — In(1 — T))]d®p
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denotes the relative entropy of I' and T'y. Lemma 3 in [8], which is an extension of
Theorem 1 in [11], implies the lower bound

Hy

T I B G R
—H({,Ty) > = Tree 0
27'[( ; (J)_Q/IR3 e | h(Ho)

2T
/ K30 (5)((3(p) — 50(p)? + la(p)P)d%p
Hence we obtain
FYT) = B (T0) > (al5 + Vilo) + [ K0 () = 50w)

In both terms, we can use Kg(; > p? — p, therefore

FYT) = FHC0) 2 (alp? + Vi pla) + 5 [ (147206 — 30

2

p 1\ . . 2.3
+ Ry - dp.
/Rg<2 " 2)(7 To)"d’p

Using (9 — 40)? < 1, we can bound

2 2
P N\ . . P 1
L(E-n-g)a-arerz- [ [F-u-g| @

where [t]- = max{0, —t} denote the negative part of a real number ¢. By assumption
(A8), infspec(p® + V; — |p|?) is bounded by some number C independent of £.
Thus

L0+ V= wlalay > [ (ol +C - plaPay

L 5 P
~ 5 [wtaras [ (e y)iaran
R3 R3
With |&|? < 1, we conclude

|p|b 213 w _ 3
+C—p)la)fd’p > — w+C| dop.
Rs \ 2 Rs | 2 B
Our final lower bound is thus
- 1 [ L 1 .
FYr) 2 A 2=t g [ )G =50+ 5 [ lllald,
2 R3 2 R3

with

=V, P’ 1 3 |p‘b 3
Clzf}—Tz(Fo)‘F/ ?7u7§ dp+/ B */J+C dp
R3 _ R3
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Since Fy’(T'g) does not depend on ¢ (the off-diagonal entries of Ty being 0) this
concludes the proof. O

Lemma 4. If (e, o) is a minimizer of ]:%/‘7 then fR3 Ae(p)|p|Pd3p is uniformly
bounded in {.

Proof. To simplify notation, we leave out the index ¢. A minimizer (v, ) of F}.
satisfies the Euler-Lagrange equation (2.1). Using the abbreviation

K'y A _ E%A( )
T, - E’y A(p)
an. 72T

we may express (2.1) in the form
1 1e7— v
2 2 K“ﬂA '

¥ =

= 1 tanh( “ p)) we may write

. . EYA
Adding and subtracting 3 K’;
T,

A VA (e — Y
y = ;<1 - tanh(E;T >> + %E“ K;} i) (2.6)
1 1 |A]2
e 2B + (e — ) Kn
Using the Euler-Lagrange equation A = QK;’«:SOQ for av, we obtain
1 &I2KTA
5= i +2E3$A|+(;’“ ot (2.7)

Assumption (A6) implies that € — 17 > p? — u. In particular, the contribution of
the first term is bounded by

1 1
/ bl s [ bl
R3 1+e RS 1 +e T

which is independent of £. To treat the second term, we split the domain of integra-

tion R? into two disjoint sets and show 4that the integral is uniformly bounded on

each subset. On the set B = 2} we have that tanh(5 i) > 2
and €7 — 7 > 0. This implies that

a2 K70 3

e 2

whose integral over B is bounded uniformly in Z by (2.5), even after multiplication

by [p[’. The complement B¢ = {p|tanh(Z; 27 < 2} of B is compact and thus also
S A(@)|p|*d3p is trivially bounded, bccaube 0 <A< 0
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In the following lemma, we show that, as ¢ — 0, pointwise limits for the main
quantities exist. In the case of Ay, observe that Ay(z) = 2Vi(z)ay(z) is supported

in |z| < £. Heuristically, if the norm ||Ag||; stays finite, A, should converge to a

¢ distribution and its Fourier transform A, to a constant function. While we do
not show that [|Ag||; stays finite, we can use assumption (A7) to at least show
that it cannot increase too fast as ¢ — 0, which will turn out to be sufficient. The
pointwise convergence v¢(p) — v(p) then follows from Lemma 4 together with the
Euler-Lagrange equation (2.1) for ~,.

In the following, we use the definition

1 1 1
veAe (Y = — = | a3y
0= [ (et )

Lemma 5. Let (v, ) be a sequence of minimizers of]-'q‘f’Z and Ay = 2(27?)*3/2‘7(*

ayg. Then there are subsequences of v¢ and oy, which we continue to denote by ¢
and ay, and v € L*(R3) N L2 (R3), A € Ry such that

(i) |Ae(p)| converges pointwise to the constant function A as £ — 0,

(H) hm@—»o f]RB 'A}/ngp = f]RS &d5p>
(iif) Timgyo 7 = 7, where i = pu—2(2m) =32V [5, 4(p)d’p,
(iv) €7 (p) — p? pointwise as £ — 0,

(v) Ae(p) = A(p) pointwise as £ — 0, and Eqs. (1.12) are satisfied for (v, 17, A),
(vi) limeog mpe 2 (T) = mj(T) = mg(T).

We shall see later that it is not necessary to restrict to a subsequence, the result

holds in fact for the whole sequence.

Proof. (i) Lemma 3 and assumption (A7) imply that, with A, = 2V;ay,
[Aelly < 2[|Vll2llwell < CE7N. (2.8)

The fact that A, is compactly supported in B,(0) will allow us to argue that a
suitable subsequence of Ay(p) converges to a polynomial in p. Furthermore, the
fact that ay = fZ(K%fl’LA‘)*lAz is uniformly bounded in L? forces the polynomial
to be a constant.

We denote by

IR e ) ATy
Pon(p) = PEE Z Z cq',lf‘)A,q;_,Pil e Diy
s

il
j J: i1,.enij=1

the Nth order Taylor approximation of Ay(p) = (2m)7%/2 [os Ay(z)e~P2d%z at
p = 0, with coefficients given by

wn _ [ X 3
Civihiy = . Ay(z)a;, g, dia
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Using that A, is supported in B;(0) we may estimate the remainder term as

1 A 72 T i l
|A(p) — Pen(p)| = @ /w Az P Z (=ip-z)? P P
o =0
ZN_H . Nt s
< Gy 1Belnlpl™ e I,

which goes to zero pointwise for £ — 0 by (2.8).

Now let ¢, = maxo<;<y maxi<i, ... 1]<3{|C71:j) i, 1} We want to show that ¢ =
limsup,_,y¢ < oo. If ¢ = 0, we are done. If not, then there is a subsequence of
Py n(p)/e; which converges pointwise to some polynomial P(p) of degree n < N.

We now use the uniform boundedness of 2||ay||2 = || =4 KW 7 ||2 to conclude that P(p)
cannot be a polynomial of degree n > 1, and that ¢ is ﬁmte We first rewrite 24, as
Ay Ay Ay 2

K%f;LAZ E’w Ae E"/z,Az EZZ,AZ 1+ exp(Ele’A[ /T) '

tanh(E)% /(2T)) =

Using EJ¢2 > &7 — 17 > p? — pand |[Ay| < E)©2¢, it is easy to see that the L?
norm of the second summand on the right-hand side is uniformly bounded in ¢.
Furthermore, by assumption (A6) we have &7 — 7 < p? + v for

6 - .
=—nt o355 322%(@“%“17

(2m)
which is finite due to assumption (A5) and Lemma 4. In particular,
E;e,Ae <V P24 )2+ A2

Recall that Ag(p)/¢ converges pointwise to P(p), and that ¢ = limsup,_,, .
Assume, for the moment, that ¢ < oo. Then, by dominated convergence,

. |AZ|2 3 / |cP(p)\2 3
lim su / —d — d 2.9
50 pl<r (P? + 1) + A2 P= pl<r (P* + V)2 +[CP(p)[? P (29)

for any R > 0. If ¢ = oo, the same holds, with the integrand replaced by 1. In
particular, if either ¢ = 0o or P is a polynomial of degree n > 1, the right-hand side
of (2.9) diverges as R — oo, contradicting the uniform boundedness of A,/ EZ"*A@
in L2(R®). We thus conclude that n = 0 and ¢ < oo, i.e. limy o Ag(p) = ¢ for a
suitable subsequence.

(ii) The uniform bound (2.5) for F)* implies that 4, is uniformly bounded in L2.
Thus, there is a subsequence which converges weakly to some 4 in L2. For that
subsequence, we have for arbitrary R > 0

lim Aed3p = / 4d3p. (2.10)
Br(0) Br(0)

£—0
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In particular,

lim [ Apd3p > / Ad3p.
=0 Jp3 R3

Therefore, limy_,q f]R3 Apd3p = ng A4d®p + 6 for an appropriate 6 > 0. Then

lim e (p) \p|bd3p > RY lim Fed®p
=0 Jipi>R =0 JpI>R

:Rb}im / Aedp — / Aed®p
(=0 | Jre Ip|<R

Since R can be arbitrarily large and the left-hand side is bounded, ¢ has to be 0.

> §RP.

(iii) This follows immediately from part (ii) together with assumption (A5).
(iv) Let D¢(p) = €7¢(p) — p?. We compute
De(p)| = 2(2m)~*/2|(Ve = Ve(0)) * A

2 3 3 —i(p—k)-x 2
< oo [ [ @alVita) e H - Dauh

2Vl | ke _ 1jg
< k) sup e {P=R)® _q|@3k
OE RSW( )|z|§e| |
2(Vellx jo iz 0 o . 5
. 2.11
OE C(1%el - Pl + el lpl), (2.11)

where we applied the fact that |e® — 1] < [t|* for t € R and 0 < b < 1, as well as
Ip— Kk|® < |p|” +|k[’. By Lemma 4, ||4| - [*||1 is uniformly bounded in £, hence this
concludes the proof.

(v) Recall the Euler-Lagrange equation (2.1) for 4,, which states that

1 1) -
= 2 9 Ve, A :
KT,M ()

We have just shown that the right-hand side converges pointwise to

1p2—
S (2.12)

1
DY 0,A
2 2Kpp ()

¥(p)
Since 4 is the weak limit of 4, it has to agree with the pointwise limit 74, i.e. 4 =¥
almost everywhere. Therefore v satisfies Eq. (1.12).

(vi) We have already shown that the integrand converges pointwise. Moreover,
assumption (A6) implies €7 — i7¢ > p? — p and thus

A ~ ~ 2
E;IZ £ > |EW _HW| ZE’W _N’Y/z >p — .
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Together with the fact that

o) = § tanb(@)” =Y (2.13)
1, z <0
is monotone increasing, we obtain
_i < 1 _ i < 1 _ i
T ZTHC(IPQZ%MU P2

In particular, by dominated convergence we have, for R > 0,

1 1 1 1
0 pe<r\ Kq,7 " P we<r\ K7, P

For the remaining domain of integration, i.e. [p|> > R, it is useful to rewrite the
Euler-Lagrange equation (2.1) to express the integrand in terms of -,
1 1 1 1 24
— e - (2.14)
K%z;l ¢ P Ve — [ive p2 eVt — it
The uniform bound (2.5) from Lemma 3 implies that [5; 4¢d®p is uniformly bounded
in ¢. Therefore

Fe Fe 1 .
/ A< / ;o d’p< / Fed®p
pl2>R €7 — [ pl2>R P° — R—p Jpp>r

vanishes in the limit R — oo (uniformly in £). Together with (2.14) and &7 — g7t >
p? — p, this shows

1 1
lim ey dSp = 07
R—o00 IpI2>R K;{;L ‘ »
uniformly in ¢ and finishes the proof. O

With the aid of Lemma 5, we can now give the following proof of Theorem 2.

Proof of Theorem 2. The convergence of |Ay(p)|, i and F,(p) follows immedi-
ately from Lemma 5, at least for a suitable subsequence. To prove the validity of
(1.13), we follow a similar strategy as in [12, Lemma 1]. From Theorem 1 we know
that

(K355 + Vi)ay =0, with ay € H'(R®),
and we assume that oy is not identically zero. According to the Birman—Schwinger

principle, K%ffé + V; has 0 as eigenvalue if and only if

2 1 1/2
v WWZ\

has —1 as an eigenvalue.
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as

1/2 1
We decompose V, Pl

1/2 12 1/2
v W\Velm / lVelW me ATV Y (V2| + A,

T,p

where

1 1
Aure =V (KM, P ) Vel /2 = e () [V 2) Vel 2.
T.p

By assumption (A9), 1+ Vel/zp%ﬂ/}g\l/z is invertible. Hence we can write

1/2 1 1/2
1+V, —K%Aé Vel

1
_ (1 + V(l/2ﬁ|vg|1/2>

1
1+ 1/2
2 (MR TV (Ve V2] + Age) |

. 1+V1/2 V|

and conclude that the operator

1 1/2
T S OV Vil Ar)
1+ VP Vil
p
has an eigenvalue —1.
We are going to show below that

1

_ A T
1 Moy =0. .
iy 1+V1/2p—2|VZ|1/2 0 (2.15)

As a consequence, 1+ (1 + V€1/2P%WZ|1/2)_1AH,T,4 is invertible for small ¢, and we
can argue as above to conclude that the rank one operator

—1
1
1+ —A T.0 1 1/2 1/2
m)eR(T) 121 e ———— V.Vl
2 — /2 1 ¢
1+V, p2|Ve\ 1+Vzl/zl?m‘uz

has an eigenvalue —1, i.e.

1= mlz,Az (T)
-1
1 1

1+—A T.0 —_— 1/2
12 1 S 121 \%
1+Vé/ F|V£|l/2 14V} |V|1/2 ‘

% |VZ|1/2

(2.16)
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With the aid of (1.11) and the resolvent identity, we can rewrite (2.16) as

1
dra(Ve) + ——x—
VO
1
- A
_ \V/ 1/2 1
‘ [‘ 1+‘/£1/21?‘w|1/2
—1
. 1 1
o vy (@21

I S . S
1+V1/2i|V\1/2 wht 1+V1/2i|V\1/2
¢ p2 ¢ ¢ 2 ¢

We are going to show below that the term on the right-hand side of (2.17) goes

to zero as £ — 0 and, as a consequence,

1 1

li AT = —lim ———— = ———. 2.1
fm iSO = im0y T ima (2.18)

On the other hand, by Lemma 5 there is a subsequence of (v, ay) such that

1 1 1
lim m )02 (T) = ——— — | &
(E,I(l)m” ( ) (271_)3 /];3 (K;)«I% p2> b,
where A is the pointwise limit of |Ay(p)| and f is the limit of g7¢. This shows (1.13),
at least for a subsequence.
It remains to show (2.15) and (2.18). We start with the decomposition
1 1 1
————— =Pt ——g——(1-P), (2.19)
1_,'_‘/'[/_2"/(‘1/2 ¢ 1+VZ/ _2“/2'1/2
p p

where the second summand is uniformly bounded by assumption (A9). The integral
kernel of A, ., is given by

Aura(z,y) = ‘/Z(«’L')ﬂvé(y)ﬁ /H;J < 1 _ i) (e,i(z,y).p B l)dSp, (2.20)

@n)? el

which can be estimated as

Ve(@)|2|Ve(y)| 2
(2m)3 /

1 1
Kt v

|Apre(z,y)| < (Jz =yl Ip))?d’p  (2.21)

for any 0 < ¢ < 1. As in the proof of Lemma 5(vi), using the decomposition (2.14),
one can show that the integral

1 1
— = qd3p
/JR3 K;y{;tAg p2 | ‘

converges as ¢ — 0 and thus is uniformly bounded in ¢ for ¢ < 1. With the aid of
assumption (Al), we can thus bound the Hilbert—Schmidt norm of A, 7 as

[Aprell2 < const £7[|Ve [ (2.22)
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In particular, because of assumption (A4),

1

1
14+ VZI/Qp_2|VZ|1/2

(1 - PZ)AMTJ < O(gq)

for small . It remains to show that the contribution of the first summand in (2.19)
to the norm in question vanishes as well. We have

A 1.0 edll
PAy g = AL
e N PR
By (2.21),
(A o0)@)| < CON@2 [ V)] 2ol
and hence
1
PoA, 74| < const 09——— { V|22 Vel M2, 2.23
1PeA el < const 7 (V12 ) Vel (2.23)
By.(AIO), we know that %% < O(£1/?). Since e, = O(£) by assumption, we
arrive at
1

S —) .
L Ly T s 0w,
p2

which vanishes by choosing 1/2 < ¢ < 1.
To show (2.18), i.e. that the term on the right-hand side of (2.17) vanishes as
¢ — 0, we can again use the decomposition (2.19) to argue that

-1
1
14 —A,L,T[, !

172 1 1/2 ’ 12 1
1+, p\Vzl/ 1”/’/17“/“1/2

\Vzl/z> < 0(5—1/2),
(2.24)
where we used (2.15) as well as assumptions (A4), (A9) and (A10). Moreover,

1

At [IVel'/?)

* 1 12

I PFIVeY?) || < O(¢9) (2.25)

1
<o) + G—ZHPZA;L,T,Z

using (2.23). The last term in (2.17) thus is of order £9-'/2, and vanishes as £ — 0
for any 1/2 < ¢ < 1. This proves (2.18).

As a last step, we show that the limit points for 17¢ and |Ag(p)|, and thus also
of 4(p), are unique. We use the fact that the limit points solve the two implicit
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equations (1.12) and (1.13), i.e.

where

1% p?—v\ .
F(v,A :V—L++/ 1- &°p,
8 SANCORE R3< K%_ﬁ) b

1 1 1 1
A)=— , —— — = | &p.
G(v,A) 4m+(2ﬂ)5 /W(K%ﬁ p2> P

It is straightforward to check that

oF >0 0,G>0
OAF >0 0AG <O

(compare with similar computations in Appendix B). Hence the set where F' van-
ishes defines a strictly decreasing curve Ry — R, while the analogous curve for
the zero-set of G is strictly increasing. Consequently, they can intersect at most
once.

This proves uniqueness under the assumptions that Ay # 0 for a sequence of £’s
going to zero. In the opposite case, Ay = 0 for £ small enough, hence A = 0. The
uniqueness in this case follows as above, looking at the equation F(fi,0) = 0. This
completes the proof of Theorem 2. O

Remark 6. In case K%ff‘ is reflection-symmetric in p, one can show that the
bound (2.22) holds also for ¢ = 1. Indeed, in this case only the symmetric part of
e~ ==¥)P _ 1 contributes to the integral kernel of A, 7, and hence

Apre(e,y) = 2 (gg/)ﬂi(y) /]Rs < e Pl?) (cos((z —y) - p) = Nd’p.

Q(AYAV)
KT,#

It is easy to see, that

1 1
'K—A TS

such that
[ iy
R3

is uniformly bounded in ¢. Indeed, if |p|?> > p we have

‘ 1 1 1 1 1 "

e | S T el 1t

Ky p | ptoptAl, 14
pt+1
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where on the compact set [p|? < u, we just set Re(p) = \ﬁ - 1%‘ Since
T,
(lz—yl
1—cos(p- (z—v)) e O V2
/ —4d3p:\/§7r2 1—e v2 — Y2 2| <713z —y
RS 1+p |z —yl/V2

we get

1/2
Asrls < conse | [ Woliville - saaaty| < 00
R

in this case.

2.3. Critical temperature

In this section, we will prove Theorem 3. We start with the following observation.

Lemma 6. Let >0, T <T,, and let (42,0) be a family of normal states for ]—'}/Z.
Then
i inf m ) 0(T) > ———. (2.26)
0 4ra
Proof. By mimicking the proof of Lemma 5, we observe that (for a suitable sub-
sequence)
. 2.0 0,0
tim i (T) = m3(1)
where i =y — 2(2m)%/2V [, 4(p)d®p and 4(p) = (1 +e@*=A")/T)=1 Tt is shown
in Appendix B that m%?(T) is a strictly decreasing function of 7. At T' = Ty, it
equals —1/(4ma) according to Definition 1, hence mg’g(T) > —1/(4ma) for T < T,.
O

The first part of Theorem 3 then follows from the following lemma.

Lemma 7. Let (79,0) be a normal state of Fyt. Assume that limg g m:ig’o(T) >

0
—ﬁ. Then, for small enough ¢, the linear operator K;f;’to + Vi has at least one

negative eigenvalue.

Proof. With the aid of the Birman—Schwinger principle, we will attribute the exis-
tence of an eigenvalue of K%g [LO + V4 below the essential spectrum to a solution of
a certain implicit equation. We then show the existence of such a solution, which
proves the existence of a negative eigenvalue.

Note that the infimum of the essential spectrum of K;‘?;LO +Vyis 2T. Let e < 2T.
According to the Birman—Schwinger principle, K%? ,LO -+ V} has an eigenvalue e if and
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only if

1
‘/[1/2’}/070“/[“/2 (227)
Ty — €
has an eigenvalue —1. As in the proof of Theorem 2, we decompose the operator

(2.27) as

1
V‘wflwﬂ v 2l \vz\”? + (DY + A

where

1 1 1 .
(T = —— | d&®p. 2.28
myte(T) (2m)3 /11@3 K;’?"O—e P2 p ( )

We claim that the remainder A, 7 . is bounded above by O(£9) in Hilbert—Schmidt
norm, for any 0 < ¢ < 1, uniformly in e for e < 0. This will follow from the same
estimates as in the proof of Theorem 2 if we can show that

1 1
(- a3
/Ra P\ e e T | P

is uniformly bounded in ¢ for 0 < g < 1. But since

1 1 e
- =
7¢50 7¢,0 78,0 /7 7g s
KT,;L —¢ K i KTu (KT;L - )
e 1

@72 (P’ —n P e\’
fel Tor ) e\ Tar 9T
with k. defined in (2.13), this is indeed the case.

Again, the operator

1/2

1
1+V, I;lV/zll/z T Auree

1

1 1+ ————A, 14
—(1+v"?y, 1/2) 1 1Tt
( ¢ e LV vl

is invertible for small ¢, by assumption (A9) and the fact that

S S
1 wT el _ .
fim 1+v1/2’]?|vg|1/2 0, (2.29)

0
with the same argument as in the proof of Theorem 2. We conclude that K%f ;LO +Ve
has an eigenvalue e if and only if the rank one operator

1
it (T) (1 FV L+ Au,w) VA2 (Vi)
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has an eigenvalue —1, i.e. if

! 1
V2N~ (2.30)

v
1/2 VA
Vel'? + A re me(T)

e = ( [Ve|'/? 12 1

1+7V, ]?
We claim that, for small enough ¢, the implicit equation (2.30) has a solution

0
e < 0, which implies the existence of a negative eigenvalue of K;/f‘;o + Vi. We first

argue that limy_,o a¢,. = 4ma. This follows from the same arguments as in (2.24)-

0
(2.25), in fact. Recall that, by assumption, limy_,q m, (1) > — 2. Moreover the

0 0
integral m,/’e (1) is monotone increasing in e and e + m)‘(T) maps (—o0,0] onto

0
the interval (—oo, ml’"o(T)]. Since ag,. depends continuously on e, there has to be

0
a solution e < 0 to (2.30) for small enough ¢, and thus K%fl;o + Vi must have a
negative eigenvalue. This completes the proof. m|

We now give the proof of Theorem 3.

Proof of Theorem 3. Part (i) follows immediately from Lemmas 6 and 7. To
prove part (ii), we argue by contradiction. Suppose that 7" > T, and that there
does not exist an £o(T') such that for £ < £o(T) all minimizers of F)* are normal.
Then there exists a sequence of £’s going to zero and corresponding minimizers
(e, o) with o # 0 and thus, by Theorem 2, Egs. (1.12) and (1.13) hold in the
limit £ — 0. We claim that these equations do not have a solution for T' > T, thus
providing the desired contradiction.

At the end of the proof of Theorem 2, we have already argued that the right-
hand side of (1.13) is monotone decreasing in A and increasing in fi. Moreover, fi
is decreasing in A. In particular, we conclude from Egs. (1.12) and (1.13) that

9 -~
1 1 tanh(p 7“) 3

_ < d
dra — (277)3/ o\ 1 b

R3 =
P2 =i P2

with i given by

2V 1 )
L= p— —d’p.
H=p (2m)3/2 /]RB 1+sz’;“ p

According to our analysis in Appendix B, this implies T' < T, however. m|
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A. Example of a Sequence of Short-Range Potentials

In dimension d = 3, contact potentials are realized by a one-parameter family
—A, of self-adjoint extensions of the Laplacian —A|Cg°(R3\{0})7 indexed by the
scattering length a. Moreover, —A, can be obtained as a norm resolvent limit
of short-range Hamiltonians of the form —A + V. This is presented in [2, 1] in
the case of 0 < limg_o[|Vil[s;2 < oo, and was extended in [6] to cases where
0 < limg ||Ve][1 < oo. In this appendix, we use an approach similar to [6] to
construct a sequence of potentials V; converging to a contact potential. In particular,
we are interested in the case where the scattering length a(V;) converges to a
negative value a < 0, and where all the assumptions in Assumption 1 are satisfied.

A.1. Example 1

As a first example, we follow [1, Chap. I.1.2-4]. We start with an arbitrary potential
V € LY(R®) N L?(R3), such that

(1) p>+V(x) > 0, and V has a simple zero-energy resonance, i.e. there is a simple
cigenvector ¢ € L*(R?) with (V'/2 5 |V[1/2 +1)¢ = 0, and ¢(z) = [V['/?¢ €
Lio(R?),

(2) IVl < 2V(0).

Define Vy(z) = M(€)¢~2V (%), where A(0) = 1, A < 1forall £ > 0 and 1—-A(¢) = O(¢).
The important point of this scaling is the following. Denote by Uy the unitary scaling
operator (Upp)(z) = £7%/2p(2%). By a simple calculation, one obtains the relation

1 1 1
/2 2 y/2-1 L /2t 1/2

such that, with ¢, = Uyo,
1
»?
This shows that the lowest eigenvalue of 1 + V;/QI%WZWQ is 1 — \(0) = O(0).

Moreover, by construction, V¢(p) = (A(£)V (¢p), [Vellsy2 = A(O)[|V]|3/2, and the
I-norm can be bounded as [|[Ve[l1 < (37)/3¢A(0)[|V||5/2, hence (A1), (A2) and
(A4)-(AT) hold.

The validity of assumption (A8) is a consequence of the following general fact.

1
Vi SVl e = MOUNVY2 SV = —A(O) e (A1)

Lemma 8. If ||Vi||3)2 is uniformly bounded, assumptions (A1) and (A9) imply
assumption (AS8).

Proof. We look for C' > 0 such that p?+ V; — |p|® + C is non-negative for all £ > 0.
By the Birman-Schwinger principle, this is the case if and only if

1/2 1

14+yr— - M2 =14+ J,XCtE L RE
G pz—\p|b+C+E| g ety
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is invertible for all E > 0. Here J; = {; gjig XP = [Vi['/2 A5 Va2 and
1 ) 1
RE—VMi____ ~  _jypa_yli__ 2
C=Ve T proyE ¢ pvors

By expanding in a Neumann series, we see that 1 + J, X ,C B RP has a bounded
inverse provided that

1L+ JeX g+ E) TR < 1. (A.2)
We first examine ||(1 4 J,XF)7!||. We have
1 1
— 1 J(XxEy/2 X Ey1/2
1+<712Xf o(X7) 1+(XZE)1/2J£(XZE)1/2( ),
and thus
1
— || <1+ |XF .
H L+ JXP|| — X ‘ L+ (XP)V2J(XE)/?

Using the fact that (47|z — y|)~'e~VEl*=4l is the integral kernel of the opera-
tor pﬁ % for £ > 0, the Hardy-Littlewood-Sobolev inequality [19, Theorem 4.3]
implies that || X7 < [|X]l2 < cal|Vill2. Moreover, [[(1+ (XF)/21o(XE)1/2) |
is the inverse of the eigenvalue of 1 + (XF)/2.J,(XF)Y/? with smallest mod-
ulus, and this latter operator is isospectral to 1 + J,XF. We conclude that
(14 (XE)V200(XEY/2)~1| < eo(B) ™", where e(E) is the smallest eigenvalue
of 1+ J,XF. The latter is bigger than e,(0), which is of order O(£) by assumption
(A9). This shows that there is a constant ¢; > 0 such that

for small €.
It remains to bound the operator RL,E , whose integral kernel is given by

Ry (z,y) = Vi(a) 2 Valy)'/?

1
(2m)?

1 1 i
x - e~ =a) g3y,
/Ra(p"’—lp\b+0+E p2+C+E) 3

The trace norm ||R} || is bounded by

4w p?

b
p
Vi dp.
(27r)3H Z”1/0 P—pPP+C+EP+C+E "
By dominated convergence, the integral tends to 0 as C' — co. By Holder’s inequal-
ity, [|Vell1 <O(f), so there exists a C' such that ||RY|| < ¢y '¢. This shows (A.2). O

IRZ 1x <

Next we show the validity of (A9). Let J = {71 gz 8, X = |V|1/2#\V\1/2 and
P= (le |¢)(J¢| the projection onto the eigenfunction ¢ corresponding to the zero
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eigenvalue of 1+ Vl/zl% |V|'/? = 1+ JX. Using the unitary scaling operator U, we
also introduce the scaled versions ¢y = Uy, Jo = Up JU, Land Py = UgPU[l7 and
let X, = A({)U XU, . Then (Joge|de) = (Jp|¢) = —(X¢|$) < 0 does not vanish,
since X = |V|1/21%|V\1/2 is a positive operator whose kernel does not contain ¢.
Note that [JX, P] = 0, which follows from
(1+JX)P=0

and

Pl+JX)=JPJ1+JX)=JP"1+JX)"J=J((1+JX)P)*J=0.

We decompose 1 + Jy Xy as

14+ J, X, = (1 + Jng)Pz + (14 Jng)(l —P)
and examine the two parts separately. For the first summand, note that since
JX¢=—9,
(1 + JZXE)P( = (1 — )\(f))Pz
Next, we study the operator JyXy(1 — Py). The operator
T=14JX(1-P)=1+JX+P
has no zero eigenvalue. Indeed, if T% = 0, then
0=014JX+P)(P+(1—-P)p=Pp+(1—P)(1+JX),

where we used that P commutes with 1 + JX. Projecting onto P and 1 — P,
respectively, yields

0=Py, 0= (1—P)1+JX)=(1+JX)p,

which constrains v to be 0.

Due to the compactness of P+ JX, eigenvalues of T' can only accumulate at 1,
and hence T has a bounded inverse T~'. Now J, X, = A(Z)UgJXU[l, and we have
the decomposition

U L+ JeXo)Ue =1+ MNOJX = (1 = A(0))P + [1+ MNO)(T - 1)](1 - P)

with inverse
1 1 1
UVl iool P Tom s aor
This shows that
1 1

——(1-P)=U—+#+——=(1

14 ax, P =0 iar
Since 0, and thus also a neighborhood of 0, is not in the spectrum of 7', and A\(¢) — 1
as ¢ — 0, we conclude that W is uniformly bounded for small ¢. This yields
1—Pp).

1-P).

-P)Uu;

; 1
the uniform boundedness of m(
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In order to prove (A3) we decompose ﬁ as

1 1 1 1 1
= P, 1-P) = P, 1—F).
% 1raxtirax R [EEY0)) (A s AR
We have just shown that the second summand is uniformly bounded in ¢. This
allows us to calculate the limit £ — 0 of the scattering length a(V;), which equals

1

dma(Ve) = ( |Vi|'/? 1/2 1 1/2‘/;/2
L+ V5V
1 1
= Vv, |11/21p, v 2 VIV 1Py,
T VIRV (el | e (L POV

Using the uniform boundedness of the second summand together with the fact that
[[Vellh — 0 as £ — 0, we see that the second summand vanishes in the limit ¢ — 0.
Therefore

| L (V2P
Hm Ama(Ve) = B T30 (rdelon)

B CVIG)P
=AM )
Vg

S X)) (Jélg)
We are left with demonstrating (A10). This is immediate, since
(Ve 210e) = VALV 0])

and

(delsen(Ve)¢e) = (dlsgn(V)).

A.2. Example 2

We consider a sequence of potentials as suggested in [15], of the form

kf=kte ?/?
Vi (@) = (k)? X{jo|<ey (2), ‘ ‘
/4 ) 0 {lz|<ee} ) E—Ew (A.3)

Vi (@)= (k) )? X{er<ol<ay (@), pm — 2
‘ {— €
¢

w:‘/;—_‘/z_v

)

with w > 0, k™ > 0 and 0 < ¢ < ¢f? with ¢ < 2w/m. The function ya(x) denotes
the characteristic function of the set A. (See the sketch on p. 7.) We shall show
that this sequence of potentials satisfies assumptions (A1)-(A10).

Assumptions (Al), (A2), (A4), (A5) and (A7) are in fact obvious, and V =
limgo Ve(0) = /2/7(k*)?/3.
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(A3) To calculate the scattering length a(V7), we have to find the solution v, of
—Apy 4 Virhe = 0, with lim,| o0 9¢(2) = 1. The scattering length then appears in
the asymptotics
a(Ve)

||

’Qf)g(x) ~1]1-—

ue(|z])
[]

for large |z|. To solve the zero-energy scattering equation, we write v, (z) =
with u¢(0) = 0. Then u, solves the equation

7u/g/ + Voup = 0.

For r > £ the function wuy is of the form wy(r) = ci1r + c2. The normalization at
infinity requires ¢; = 1, and v, automatically has the desired asymptotics with
a(Vy) = —ca.

In our example, the equation we have to solve is

—ug(r) + (k) )Pue(r) =0, 0<7r<e
—uj(r) = (kg ue(r) =0, e <r<{
—uy(r) =0, r>4,
with the solution
Asinh(k[r), 0<r<e

ue(r) = § By cos(k, r) + Basin(k,r), e <r</{

r—a(Ve), r> /(.

Continuity of u, and uj, then requires
Asinh(k/ e¢) = By cos(k, e) + Basin(k; e)
Ak}' cosh(kZ'eg) = — DBk, sin(k, e;) + Baok, cos(k, ;)

and

By cos(k, ) + Basin(k, £) =€ — a(V})

—Bik, sin(k, £) + Bk, cos(k, {) = 1.

Solving for a(V;) yields

1 kftan(k; (€ — ef)) + k, tanh(k, ¢
a(Ve) = £ — ——E— (ke ( f))_ ¢ tamh(k &) (Ad)
ky kS —k, tan(k; (¢ — €¢)) tanh (k] e;)

By Eq. (A3), (( — ek, =% —lw and ke, = k+e;1/2, Since we assume that
€0 = O(?), we thus obtain as expression for the scattering length in the limit £ — 0

tan(z - Ew) 9
lim a(V;) = —lim —2 /2
1—0 £—0 k, Tw
This shows the validity of (A3).
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(A6) To verify assumption (A6), we have to compute the Fourier transform of
Vi, which equals

Vi(p) = \/%[6?((162)2 + (kg )?)s(Iplee) — (k¢ )26 s(|pl0)],

with ¢(z) = % (sin(z) — z cos(z)). Since [¢(p)| < <(0) = 1/3, one readily checks that
[Ve(p)] < 2|Vy(0)| for ¢ small enough.

(A8) Our next goal is to verify assumption (A8). Let U(x) = %Xmgl(x) and set
Up(x) = £72U(x/f). For \({) = (%%/—ﬁ)?, the potential Wy(z) = A(0)U,(x) agrees
with V" (x) on its support, so obviously —Wy(z) < =V, (x) < Vi(z) holds. The
function Uy (z) is chosen such that p? — Uy(x) has a zero energy resonance. Indeed,
51n(g\”c|>/|x|, ol <1 2 (m3\\ 72(R3
P(z) = € Lioe(RI\LZ(R?)
1/|z], |z[ > 1

is a generalized eigenfunction of p? — U and vy(z) = 1 (x/€) is a generalized eigen-
function of p? — Uy. Therefore, UZI/QIZ%UZU2 has the eigenvector UZI/QW € L%(R3) to
the eigenvalue 1.

Note that our condition on e, implies that A(¢) < 1 — ¢/ for some constant ¢ > 0
and small enough /. Since V,” < Wy, the largest eigenvalue of (‘/7)1/21)%(1/[)1/2 is
smaller or equal to A(£), i.e.

[ wo | < i <i-e (A.5)

Now choose C' > 0 such that p? — |p|® + C > 0 and define the operator

1 1
p?—Ipl"+C p*+C

Ry = (Ve*)l/Q (V€7)1/2 _ (w7)1/2 (‘/67)1/2.

Its trace norm equals

Lo [F P p
Relli = —||V, dp,
IRl = 5Vl [ gt

b

which tends to zero as C' — oo by monotone convergence. Since ||V, [l1 = O(¥),
there is a C such that ||Re|| < ¢/, proving that

_ 1 _ _ 1 _
ot < vy s+ ir
<[y woy | ve<a,

where we have used (A.5) in the last step. By the Birman-Schwinger principle, this
shows that p? — V,” — |p|® + C > 0, and hence also p> + V; — [p|* + C > 0.
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(A9) Note that ‘/51/21%“/[‘1/2 has an eigenvalue —\~! # 0 if and only if p? + AV,
has a zero-energy resonance. Equivalently, the scattering length a(AV;) diverges.
According to our calculation (A.4), this happens for A > 0 either satisfying

ki = k; tan(VAk; (£ — €)) tanh(VAE] €

or \/Xk[ (£ — er) = mm/2 for odd integer m. The smallest A satisfying either of

these equations is A = 1 + 44w/7 + O(¢?), hence the smallest eigenvalue of 1 +
VZI/ZZ%WAI/Q is

er = 4w/m + O(£?).

We are left with showing that
1

(1""/@1/2 \V|1/2) (1—P£)

is uniformly bounded in ¢. This follows directly from [6, Consequence 1]. For the
sake of completeness we repeat the argument here.
First, recall that ¢, denotes the eigenvector of 1 + ‘/51/21%|Vg\1/2 to its small-

. 1, Vi>0
est eigenvalue ey, and J, = { N Vj o

‘w‘1/2 1 |Vé‘1/2 and Xi |Vi‘1/2 1 |Vi‘1/2
We now pick some v € L%(R3) and set

We also introduce the notation X, =

1

- _(1-P
1+Jng( eV

1 -1
= (1 +Ve“2ﬁlve|”2) (1= Py =
1
= m«fz(l — P (A.6)

Below we are going to show that there exists a constant ¢ > 0 such that for small
enough /¢

(el = X)) > cllllie. (A7)

In order to utilize this inequality we need the following lemma, which already
appeared in [6, Lemma 1].

Lemma 9. LetV =V, —V_, where V_,V > 0 have disjoint support. Denote J =

1, Vv>o
{0 v X= |V\1/2I%\V|1/2 and X4 = Vi/Q LVL/2. Then for any ¢ € L*(R3),
we have

V2 [I8]I[I(J + X)¢ll > (d|(X4 +1 = X_)o). (A.8)

Proof. Decompose ¢ = ¢ + ¢_, such that supp(¢—) C supp(V-) and supp(¢4)N
supp(V_) = (). By applying the Cauchy—Schwarz inequality, we have

(7 + X)olllox || > R{Dy|(J + X))
= (p+|(14+ Xy)p4) + %<¢+W1/2 1 V1/2¢ ),
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(7 + X)ollllo-Il = R((J + X)o| — ¢-)
= (6|1 = X)p) — Rlo Vi P LV 260,
We add the two inequalities and obtain
17+ X)ll (ol + lo-1D) = (D4 |1+ Xy )os) + (0|1 — X_)o-)
= (@l(Xy +1-X_)o).

Finally, we use that [|¢4 | + [|¢—| < v/2||¢||, which completes the proof. 0

In combination with Lemma 9 the inequality (A.7) immediately yields
V2llolll(Je + Xe)ell = (el(1 = X)) = elll,

which further implies that

[l = 1 Je(1 = Po)pl| = ([ (Je + Xeo|| = %II@II = %Il(l + X)) T (1= Py,

proving uniform boundedness of (1 + 1/'[1/211%|W|1/2)*1(1 - Py).
It remains to show the inequality (A.7). To this aim we denote by ¢, the eigen-
vector corresponding to the smallest eigenvalue e, > 0 of 1 — X, and by P, - the

orthogonal projection onto ¢, . The Birman—Schwinger operator X,  corresponding
to the potential V,” has only one eigenvalue close to 1. All other eigenvalues are
separated from 1 by a gap of order one. Hence there exists ¢; > 0 such that

(1-X)(1-P,)>a
and, therefore,
(l(1 = X)p) = er(el(1 = Py )p) + e (ol Py )
= allgl3s + (e — 1) (eI, o).
With Pj,6, = |Ji¢e)(Jede| being the orthogonal projection onto Jy¢, we can write
@ = (1= Pp,)p,

simply for the reason that, because of (A.6) and the fact that P, commutes with
Bl 5

Prgp = Prg, (14 JeX0) ™ (1 = Po) = Py, (1 = Po)(1+ JeXe) "' = 0.
Consequently,
(e Py- o) = Kel(L = Prog, ) Py o)l < llollZ2ll(1 = P ) Py |

= el 21X = Pro )7 17 = ol L2 l(1 = Py ) Jedel®.
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To estimate [[(1 — P, )Jege||, we apply Lemma 9 to ¢¢ and obtain
V2er = V2|[(Je + Xo)bell > (el (1 = X))
= (Jedel (1 = X)) Jee) = e [(Jodel by )|
+ (1= Py ) Jedel(1 = X ) (1 = Py ) Jede)
> crl| (1= Py ) Jege|*.

This shows that ||(1 — Py Vege| = O(0'/2) and consequently (A.7) holds for small
enough /.

(A10) By construction, 1 — (V,7) /21%(‘/[)1/2 has no negative eigenvalues. By
applying Lemma 9 to ¢y, we obtain

(o
(o

(1 - (V[)lﬂl%(V[)l/Z) ¢e> < V2e.

We claim that this implies

(V2L vy ¢e> <V3e, and
! (A.9)

Lim(Joge|de) = 1.
Indeed,
(Jo+ Xo)e = evJoge
and thus
(1= ee)(Jedelde) = —(be| Xede)
= —(0e| X[ be) — (D] X[ b0)
— (Del (V)2 (V)2 60) = (el (VD)2 5 (V) 0.
Adding 1 on both sides yields
(L= eo)((L+ Je)beloe) + o = — (Dol X be) + (el (1 — X7 )be)
— (el (V)2 B (Vi) 2 )
— (el (V)2 B (V)2 40).

By taking the absolute value, applying the Cauchy—Schwarz inequality and using
(A.9), we obtain

1
Py

(1 + Je)belde)| < 1 ((1 +2V2)e, + 2\/<¢2|X;¢z><¢z|X[¢e>>

= 0(e}?). (A.10)
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Finally, to bound (|V¢|'/?||¢¢|), we note that (|V,[/?||¢e]) < ||V, 12 =
O(£/?). For the analogous bound with V,~ replaced by Vf, we can again employ
Lemma 9, which implies that v2e, > (¢ | X, + 1|¢)) > ||of |2 (where ¢ =

L(1+4 Jo)de), hence (|[V,7[*/2||¢]) < ||V+||1/2H¢>ZL||2 < O(f/?). This completes the
proof

B. The Definition of T,

In this appendix, we shall show that Eq. (1.15) define T, and fi uniquely. To start,
let F: R x Ry — R2 be defined by its components

1 N it
R (,T) = (%)/ an( 2T) 1| d% (B.1)
2, 2
p?—v P
and
Fw,T)=v+ 2V ! d3p. (B.2)

Cr7 Jeo 1 4o
We clearly have 0F; /0T < 0 and 0F,/dv > 0 (since V > 0 by assumption). By
dominated convergence, we may interchange the derivative with the integral and
compute

OF 1 2T
el / &, (B.3)
R?

o 2m)3 Jes [p2 —v\?
"\ T

where k() = z/tanh(z). If v < 0, this is positive, since «/(t) > 0 for ¢ > 0. If
v > 0, on the other hand, we can integrate out the angular coordinates and change

variables to &t = p® — v, respectively, to obtain

! ! t
o1 () o dtl/"“<2T i
v 4m? J, 2 t a2 J, 2 t
“\2T “\2T
Since v +t > /v —t, it is clear that this sum is positive, i.e. 9F;/dv > 0.
We proceed similarly to show that 9F/0T > 0. We have

o e [ —
oT — 2T2% (2m)3/2 Jgs N P -\’
0S oT

B L 1 o Wit r /v
o2 \on | Jo
osh<2T> cos h<2T)

In particular, the Jacobian determinant of I is strictly positive.

at.  (BA)

——dt [ > 0. (B.5)
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For fixed T', we have lim,_, o, F5(v,T) = —oo and lim,_,o, Fo(v,T) = co. Hence

there is a unique solution vr of the equation Fy(v,T) = p, for any p € R, and vy
is decreasing in T. Moreover, the function 7'+ Fy(vp,T) is strictly decreasing,
and hence the equation Fy(vy,T) = X has a unique solution for A in its range. In
particular, T, is a strictly decreasing function of A = —1/(4ma), hence a strictly
decreasing function of a for a < 0.

For u < 0, one checks that limy_,o Fy(vr,T) < 0, hence T. = 0. For u > 0,

however, limy_,o Fy(vr,T) = oo, hence T, > 0 for any a < 0.
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Abstract

1 Introduction

We consider a gas of fermions confined in an external macroscopic potential. The particles interact
through a two-body potential V' which admits a negative energy bound state. At low temperatures and
low particle densities, this leads to the formation of bosonic-like diatomic molecules, which can create
a Bose-Einstein condensate (BEC). It was realized in the 80-ies [14, 17] that BCS-theory adequately
can be applied to such types of tightly bound fermions. It was pointed out in [20, 5, 18, 19] that in
the low density limit the macroscopic variations in the pair density is well captured by the Gross-
Pitaevskii (GP) equation. From a mathematical point of view, the emergence of the GP functional
in the low density limit was recently proven in [13] for the static case and the dynamical case was
subsequently treated in [11]. The assumption, that the two-body interaction potential allows for a
bound state plays a crucial role. In the case of weak coupling where the potential is not strong enough
to form a bound state, the pairing mechanism may still play a decisive role for a macroscopic coherent
behavior, however, the separation of paired particles can be much larger than the average particle

Figure 1: Fermions form bosonic-like diatomic molecules with its repulsive interaction represented by
an effective scattering length g.



spacing. In fact this is the case in the usual BCS situation of superconductive materials or superfluid
gases. Close to the critical temperature the macroscopic variation of the pairs is captured by the
Ginzburg-Landau equation as pointed out by Gorkov [8] soon after the introduction of BCS-theory,
see also [4]. The first mathematical proof of the emergence of Ginzburg-Landau theory from BCS
theory was recently given in [8, 7|, which itself relied on earlier work on the BCS functional |9, 12, 6].

In the current paper, in contrast to the usual BCS-functional approach, our starting point is the
full BCS Hartree-Fock (BCS-HF) functional. In other words we include the direct and exchange
energy terms. In the literature one also finds this functional under the name Bogolubov-Hartree-
Fock (BHF) functional. In particular the inclusion of the density-density interaction adds additional
difficulty with respect to the question of stability. To this aim we will restrict to systems with two-
body potential V' that, on the one hand, allows for a bound state and, on the other hand, does not
spoil the stability of the system. This leads to a class of potentials which have a rather high repulsive
core and an attractive tail deep enough to trap a particle. This is consistent with the description of
typical interaction potentials in the physics literature [14].

We prove that the ground state anergy of such a BHF-functional (for obvious reasons we prefer
the name BHF to BCS-HF) is to leading order given by —FE,N/2h, which corresponds to the number
of fermion pairs times their internal binding energy. And, more important, the next to leading order
is given by the condensation energy of a repulsive Bose gas with each boson consisting of a fermionic
pair. This energy is given by the Gross-Pitaevskii energy of a BEC. If EPHF(N, k) denotes the
BHF-energy of N/h fermions, and ECF(N) describes the Gross-Pitaevskii energy of N bosons and
parameter g this fact can be expressed as

EBHF(N by = —Eb% + hECP (g, N) + O(n*/?).

The small parameter h represents the relation between the macroscopic and macroscopic scale of the
system. Notice the external field varies on the scale of order 1/h whereas the fermions via V' vary
on a scale of order one. Since we can imagine that the external potential convinces the particles in a
box of order 1/h3 the particle density is Nh?, such that the parameter h also represents the square
root of the particle density. In other words in the low density limit the fermions group together in
pairs, such that the leading order in the energy is given by the number of pairs, N/2h times the
binding energy of one pair. The next to leading order is given by the energy of a repulsive bose-gas
in an external macroscopic trap. In terms of the ground state of the BHF functional the result can
be expressed as follows. Its two particle wavefunction a, to leading order, has the form

alz,y) = h2a <%> b (x;y) ,

where «q is the Schrodinger ground state with energy —Ejp, and v(x) solves the GP-equation and
captures the density fluctuations of the pairs due to the external trap.

Our work is an extension of [13] in two directions. First, we include exchange and direct term,
second we get rid of the periodic boundary terms in [13], whose proof heavily relies on the involved
estimates of [7], and third, we improve the error bounds. In fact our proof implies

N
EPUF(N ) = ~Byop + RESF (gpes, N) + O(h*/?),

where the gnes denotes the corresponding parameter due to the BCS-functional and with the the
current proof using ideas of [11].

Moreover the work presents a first proof of the appearance of pairing in the ground state of a
Bogolubov-Hartree-Fock system. The ground state properties of the Bogoliubov-Hartree-Fock func-
tional, in the context of Newtonian interaction was studied in Lenzmann-Lewin [15], see also [1]. Still



it could not be shown that the fermions in the ground state exhibit pairing. In fact, until now, the
existence of non-vanishing pairs has not yet been established analytically, but only numerically in
[16]. In fact in the low density limit, which we are studying here, the ground state predominately
consists of pairs. We remark, that the direct and exchange term were already studied before in the
context of the BCS functional in a the translation invariant model in [3].

2 Main Results

In BCS theory, the state of a fermionic system is encoded in a self-adjoint operator I" € L(LQ(Rg) ®
LQ(R3)), satisfying 0 < I' < 1. In decomposed form, I' is determined by two operators v,a €

L(L?*(R3)) and reads
_ (7 @
r= <a 1-— 7) ’

where v is trace class and « is Hilbert-Schmidt and where we denote by 7, @ the operators with
kernels v(z,y) and «(z,y) respectively.

Given an external potential W and an external vector potential A and a two-particle interaction
potential V', the corresponding BCS Hartree-Fock functional, which we denote with BHF functional
for Bogolubov-Hartree-Fock, is given by

EBMF(T) = Tr ([—iV + A(@))? + W)y + %/ V(z —y)|a(z,y)* Bz ddy
. R (2.1)

~5 [ @BV -0 dady s [ ooV - dady,

A formal derivation of such an energy functional from Quantum mechanics is given in [9, Appendix|.

We study a system of fermions interacting by means of a two-body interaction V = V(z — y),
confined in an external macroscopic potential W = W (hz). Le., the potential W lives on a scale
of order 1/h whereas V varies on a scale of order one. In other words 1/h represents the relation
between the macroscopic and microscopic length scales. Let us remark that the trap W confines the
particles within a volume of order 1/h®. We assume now that the number of particles is of the order
of 1/h. Consequently the particle density p is of the order of A2. In that sense the limit of small &
corresponds to a low density limit. For simplicity, we neglect the magnetic field A.

Mathematically we are interested in the effect of weak external potentials, i.e., we replace W by
h2W. Further, it is convenient to use macroscopic variables instead of microscopic ones, i.e., we define
xp = ha, yp = hy, ap(@,y) = h3a(E, 1), w(z,y) = h3y(E, L).

The resulting BHF functional is given by (now denoting the macroscopic quantities by z,y, 7, a
in favor of @y, yn, Yh, n)

1 T — a
EBUF (1) = Ty(—h2A + B2W )y + 5/ V(%)M(w,y)ﬁddxd‘sy
RG
(2.2)
1 o2 (T YN 3. 43, / e N0 T—YY\ 43.. 13,
5 [ enpy (S @edty s [ o (DY) dedy,
with corresponding ground state energy

EPTY(N h) = inf{€BMF (1) |0 < T < 1, Try = N/h} (2.3)
On the other hand, given v € H'(R?) the GP functional is defined by

e w) = [ (§IT0@P + WP + glutol) @, (2.4)

3



Figure 2: Separation of scales: The interaction between the fermions lives on a scale of order h, while
the external potential is of order 1.

where the parameter g > 0 will be determined by the BHF functional and represents the interaction
strength among different pairs. The function ¢(z) represents the spatial fluctuation of the pairs.
This also explains the factor 1/4 in front of the kinetic energy, which accounts for the total mass of
the fermion pair. We denote the ground state energy of the GP functional as

ESF(g,N) = nf{€F(v) |4 € H'(R), [|[¢l3 = N}. (2.5)

We consider a minimizer of the functional (2.2) and show that its value in the limit » — 0 is to
leading order given by the binding energy of the fermion pairs, i.e. Eb%. Moreover, more important,
the macroscopic density fluctuations of the pairs are governed by the GP functional. This result holds
in case the two-body interaction potential V' has a negative energy bound state, which is expressed
via the following assumption.

Assumption 1. Let V € L'(R3?) N L>®(R3), with V(z) = V(—z) and such that —2A + V has a
ground state ap with norm ||ag|| = 1 with corresponding ground state energy —Ej < 0.

Including direct and exchange term into the BCS functional gives rise to a new problem. Apriori
it is not clear whether the functional is still bounded from below. In order to guarantee stability we
impose the following further assumption on V.

Assumption 2. Thereis U € L?(R?), with positive Fourier transform U > 0, such that V7%VJr >U.
Here Vy = 5(|V| + V) denotes the positive part of V.

This means we restrict to potentials which can be bounded from below by functions with a positive
Fourier transform after we cut its positive part in half. From a physical point of view this means that
we restrict to interaction potentials which have a strong enough repulsive core and a small attractive
tail, still, large enough to trap a particle. This is a condition typically fulfilled for a gas of atomic
fermions. See also [14]. In Appendix B, we will give a concrete example of a potential in the spirit of
[14] satisfying Assumption 2.

Remark 1. The following construction shows that it is easy to find a potential V' with the desired
properties of Assumption 2: Choose a potential U which is strictly negative on an open set €2 C R3,
such that U > 0. The latter property, e.g., is satisfied for U(z) = u*u_, the convolution of a function



u(z) with its reflection u_(x) = u(—=x), since U= [@]?> > 0. Now set V = 2U, — U_. Obviously this
V fulfills Assumption 2. Finally, scale V' according to V' +— AV until the negative part is deep enough
to ensure binding.

With these assumptions we are ready to formulate our main theorem.
Theorem 1. Let W € HY(R3) N L>®(R3). Under Assumptions 1 and 2, we have for small h,

Ey N
BB (N, h) = =2 = + hE (g, N) + O(h*?), (2.6)

where g is given by

1 N 1 __
9= [ e+ By do =3 [ @ e @P V) o+ [ Vi

Moreover, if I is an approzimate minimizer of EPHF | in the sense that

e () < - N 4 (BP9, N) + ¢

for some € > 0, then the corresponding o can be decomposed as

a=ay+E €3 <o), 27)

where

ay(e,y) = 02 (T oo (2Y), (2.8)

and ¥ is an approzimate minimizer of ES in the sense that
£9P(p) < ESP(g,N) + €+ O(h'/?). (2.9)

Remark 2. In contrast to the usual BCS functional [11, Eq. (1.2)] and [13], the coupling constant g,
where g only consists of the BCS term

1 ~ 400,22 3
= 2 Ey)d
9BCS 2n) / [ao(p)|*(2p” + Eb) d°p
receives the additional contributions from direct and exchange energy
- o) P L Gy 22V (2) P
9dir = V(z)d’z and gex = |(@o * ap)(z)|* V(x) d’x
JR3 2 Jgs

respectively.
Remark 3. In [13] we proved the emergence of the Gross-Pitaevstii functional within the framework

of the BCS functional, i.e., without direct and exchange terms. Of course, our current work would
apply as well to the BCS-functional. Following the proof, one obtains the asymptotic statement

B N

57+ hEST (ggcs, N) + O(h3/3).

EPAF(N,h) = -
Le., compared to [13] we improve the error bound, from O(h%%) to O(h*?). Further we get rid of
the boundary condition and we significantly simplify the proof of [13], which relied on the involved
estimates of |7]. However, we remark that, for simplicity, we neglect the magnetic field A.



Remark 4. The proof of our current work relies on ideas of [11], where within the same setting of
our work, the BCS evolution equation was studied showing that the macroscopic fluctuations are
governed by the time-dependent Gross-Pitaevskii equation. Starting point is the evolution equation
time evolution for the BCS state I'y which takes the form

ih?9,Ty = [Hr,, Ty, (2.10)
where the BCS Hamiltonian Hr, is given by

e —WA+BPW Vo
=\ v B2A — h2W

and where Vi, € L(L*(R?)) is the operator with kernel V((z — y)/h)oy(z,y). If the energy of the
initial BCS state I'g is sufficiently close to the minimal energy, i.e., if

£795(Lg) < ~ 2 Tr(yo) + Ch,

then, it is shown in [11], that the macroscopic fluctuations in the center-of-mass variable
efitEb/h2

Yi(X) = 7

/ ao(r/hyay (X +7/2,X —r/2)d®r
JR3
satisfies to leading order the time-dependent Gross-Pitaevskii equation

. 1
1o = =5 Apu + 2Wepr + 2g8cslerl 1
with initial data @y—¢ = ¥—¢. More precisely, it is shown that 1)y is close to a ¢y, i.e.,
1o — ill2 < Ch!/2ecl

for some constants ¢, C' > 0, with ¢; satisfying the GP-equation.

A similar result would now hold as well in the case of the time-dependent BHF equation, which in
a different context was treated in [10]. By repeating the strategy of [11] and handling the exchange
and direct terms one may obtain the emergence of the time-dependent GP equation with parameter
g.

3 Note on stability

Before giving a sketch of the proof we show how Assumption 2 gives rise to stability. In fact we show
that the assumption guarantees that the direct and exchange terms are non-negative. To this aim we
first consider the exchange term and estimate

—/,Iv(ﬂcyy)\ZV((I—y)/h) Bz diy > —/_ Iy (@, y) Py ((x — y)/h) e dPy
RS R6

> 7/ v(@, 2)7(y, y)Va ((x — y)/h) PPz d’y
R6



replacing first V' by its positive part Vy = %(\V\ + V) and using |y(z,y)|* < v(z,2)y(y,y). Hence,
we have for the sum of direct and exchange term

2 [ A@an )V (@ nm) oy = [ HapPy(e-n/m) dady
RS o
22 [ 2 an ) (V- Va2 (@ - o)) oy,
= 2/, (pxp-) (@) (V =V /2) (x/h) d*z,
R3
where we denote by p(z) = v(z,z) the density and p_(z) = p(—z). By assumption, there is a

potential U with (V — %V.,_) > U and ﬁ(p) > 0 for almost every p. Since p > 0, the last term on the
right hand side is bounded below by

2 [ (e @U@z =2 [ POTE >0,
showing the non-negativity of the direct and exchange energy terms.

4 Sketch of the proof of Theorem 1

We decompose the proof of Theorem 1 into an upper and a lower bound. The upper bound is done
via a trial argument. We define the trial state I'y, via the pair wavefunction

aulo) = (22 oo (24),

with ag being the ground-state in the relative coordinates of the two particle system, i. e.,

(—2A + V)ag = —Epay,

whereas 1) accounts for the macroscopic fluctuations in the center-of-mass coordinates. Since we
expect that the system in its ground state energy consists predominantly of pairs we define the one
particle density v, such that to leading order it is given by ayay, ie., 1 = @yay + O(h). Recall
that the number of particles Try, is of the order of 1/h, such that the error term of order O(h) is in
fact by a factor of k% higher than the leading term. With the trial state I'y at hand it is mainly a
tedious calculation to obtain the bound

BIF () < —%N/h + hESP () + O(h2).

For the lower bound the first step consists of using energy estimates, see |7, 13, 11], in order to
conclude that an approximate ground state I' the corresponding two particle state « necessarily has
to be of the form o = ay + £, with € being negligible compared to ay, i.e., [|€]3 < h?||ayll2. With
the apriori bound at hand we then show that £ at most contributes a term of the order of o(h) to the
energy. Using now the estimates from the upper bound completes the proof of the Theorem.

In the following we give a more detailed sketch of the upper, respectively, lower bound.



4.1 Upper bound

We proceed in analogy to [11]. For the upper bound we use the trial state

_(w )
Ty= (T ™
¥ <a117 17710

Ly X )

Yo = @y + (1 + Cyh)ay oy
Tray, = N/,

with the definition

(4.1)

where the constant Cy, has to be chosen such that
Cyh > ||2(1 + Cy h)ayay + (1 + Cy h)* (apag)?|co
in order to guarantee 0 < T'y, < 1. We will see later, that a good choice for small & is
Cy = C|IVY|3laold

for appropriate C'.
In the limit of small h the GP energy-functional will emerge at the order of A from the BHF
functional EEHF(Fw). This appears as follows. If we first consider the kinetic energy term plus the

pairing term of €EHF(Fw) and subtract the total binding energy, 7%% = 7% Tr 7y, we obtain

T — N
V(=) gy dedy + B

_p2 L
T ( hA)W'J“z/Rb h 2h

1 T — P
=T (<084 B2 e+ [ V(T lautml dedty. (42)
RS

If we first only consider the a0z, contribution from (4.7) we can rewrite the corresponding term as

/]RS <aw(<,y)7 {fh?A, + %V(_Ty) i %] aw(ny)> &y,

Since vy (2, y) is symmetric we can replace A, by %(Ax+Ay). In terms of center of mass X = (z+y)/2

and relative coordinates r = x —y we can write Ay +A, = %AX +2A,, such that in these coordinates

the term can be rewritten as
ht /RG T thiAX — B2, + %V(T/h) + Eb/2} ao(r/h)(X) dPX dr
= [ ITUOOR EX + HwlE oo [, +V/2+ B/2len) = § [ 1Wut@Pda, (43)
using the ground-state property in the last equality and the normalization condition
h’3/ lag(r/h) |2 d3r =1
R3

in the first equality.



Second, we remark that the monomial term ay @ ooy of 7y in inserted into
Te[~h2A + Ey /2]y,

contributes to the quartic term f]RS Gbes|? () d3x term in the GP functional. The remaining part of
the [pa glt(x)|* 3z term is due to the contribution of the monomial a0 in the direct and exchange
energy. The estimation of these terms is straightforward but tedious and occupies the main part of
the proof.

Further, it will be easy to show that

R Tr Wayay = h*2/ W(X +7/2)[p(X)*|lag(r/h)|? & = h/ W(X) (X)X + O(h?).
R3 R3
Consequently we obtain
N
EPMT(Ty) + By = €T (1) + O(h?). (4.4)
Finally, we remark that the constraint Tr~y, = N/h implies for 1 that
4[5 = N(1 - O(h%).

Since, however,

E9P (W) = €97 (L + O(n*)w)| < O(1?)

we obtain the bound

N
. BHF < . GP 2
OgnlgfSl ECNN(D) + Eb—Qh < hweg}fRS)E () + O(h?), (4.5)
Tr(y)=N/h Ilelz=N

which is the content of Section 6.
Remark 5.

o Since the infimum of EBHF remains unchanged when restricting T’ to be a projector [2], the

natural choice for a trial state I'y, would be a projector, ie. T’y = Fi. The operator 7y,
would then be determined by v, = 'yi + ay0y;. Following this approach, we would have

to deal with additional difficulties. To evaluate EBHF at this state, we first had to expand

Yy = 5 — /% —ayay in terms of ayay. This would give rise to much more complicated

computations.
e Our actual choice for I'y,

Y = iy + (1 + Cy h)ayapaytsy

in fact consists of the first two terms of the expansion of v = % —4/ % — a0y in terms of oy arg.
It indeed satisfies 0 < I'y, < 1 for small enough h. This can be seen as follows. 0 <T'y, <1 is
equivalent to 0 < T'y(1 — T'y). If 4y is of the special form (4.7) which is a function of ay oz,
the off diagonals of
2 J— —
Ty(1-Ty) = ( W T T — T )

T R T

:<’w*"/5*%07w 0 )
0 T~ @



vanish and thus the statement is equivalent to
Y =g — @y 2 0. (4.6)
Plugging in the expression for v, (4.6) is equivalent to
iy (Cy h = 2(1 + Cy hayag — (1+ Cy h)*(ayag))ayag > 0.

Using (see Corollary 1 below) [laylleo < |laylls = h'/2C|| V4|2 |aslle, this inequality is sure

satisfied for small enough h for the choice
Cy = C|VY|3lanl

4.2 Lower bound

From the upper bound we learn that for an approximate ground state I' we can assume
N
EPHF(TY) < ~Epy +O(h).

We will show in Lemma 4 by energy estimates, that the corresponding « necessarily has to be of the
form

= — (Y Ty
aley) = ay(@,y) + ¢a.y) = 120 (5L )ao () + 6ay)
for an appropriate ¢ € H'(R3), and ¢ being negligible with respect to ay, e.g.,
€13 < O(h*) eI < O(h).

The function v is obtained by projecting « in the direction of gy with respect to the relative coordi-
nates, more precisely, with X = %

P(X) = %/1533 ao(r/h)a(X +r/2,X —r/2) dr.

This allows us to define, similar to the upper bound,
_ (" Q)
Ty=(_Y _
¥ (aw 1- 7u>

st =120 (ZE (17,

Y =y + (1 + Cy h)ayayaya.

with the definition

(4.7)

Next we use the apriori bounds to show in Section 7 that the difference between EBHF(T) and
EBHF(T,,) is positive or at least of higher order than the contribution from the GP functional, i.e.,

PR (T) = EPMF(Ty) — O(h*?). (4.8)
Using now our calculation (4.4) from the upper bound immediately implies
N /9
inf EPPFMD) 4+ B, > inf &GP 372y, 4.
oty 0 By 2t il 70 00T o
Tr(y)=N/h l13=n

Together with (4.5) this combines to (2.6).
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4.3 Properties of approximate minimizers
Let us finally indicate how to prove (2.7), (2.8) and (2.9) under the assumption of the lower and

upper bounds. Given an approximate minimizer I', for which we have by definition

£PIF(D) < — 2220+ h(ES (g, V) + ),

the methods from the lower bound immediately apply and we obtain (2.7) and (2.8). To see (2.9),
we combine (4.8) with (4.4), implying

|ESP(g,N) + e — £ (y)| < O(R'/?).

5 Useful properties of the pair-wavefunction

In the following we derive some useful properties for the type of pair-wave function a which we will
meet throughout our proof. Recall that ag was defined in Assumption 1 to be the normalized ground
state of —2A + V.

Lemma 1. Let a = a, +&, with v € HI(®?), |93 = N, and [£]3 < O(h).

(i) For n € 2N, there are appropriate constants C, such that

llevsllse < CR" 2117 1@l (5.1a)
IV @—yyeslly < Ch72 (Il | Vaollr, (5.1b)

where ]
(V(a—gyow)(@,y) = B3 ((x 4+ 3)/2) (Vo) ((z — y) /).

(ii) Let gpos = (2m)% [ps [ao(p)|*(p® + Eb/2) &®p. Then

Tr ((—h2A + By/2)aytigoyas) = hgsos 0] + O(h2). (5.2)

(i) @i (-, oo = sup oy (z, 2)| < ™2 |aoll3 V43 (5.3)
(iv) Let o be a Hilbert-Schmidt operator. Then

ooy (z,2)] < B o (-, 2) |2 V2 llaolls. Vo € R? (5:4)

Let us mention that we use the symbol || - ||, for the LP-norm of functions as well as for the
operator norm in the corresponding Schatten class, since it is in general clear out of the context, if we
talk about a function or an operator. In that sense ||o(-,2)||2 denotes the L?-norm of the function,
corresponding to the first variable of its kernel. Whereas ||o||2 denotes its Hilbert-Schmidt operator.

Proof of Lemma 1, Part I. We postpone the proof of (5.1a), (5.1b) and (5.2) to Part II in the Ap-
pendix A. In order to see (5.3) we use Holder

() (z, ) = /R o) dy = n7t /R Nao(@=w)/m)[* o (@ +w)/2) &y
< W= lao(- /0 3ol s = h=2Claol V43,

11



Finally, observe

(o) (@,x)] = h~2

[, 7@ man(e —n)/me(a+ )/2) &%
< B2 2)llzllao(- /Bl lle = R HIo (- 2) l2ll9 lsllaolls,
using Holder inequality in y, which implies (5.4) O

Since 7, is to leading order equal to 0, we obtain as a corollary that the norm of vy is at
most O(h), meaning that the largest eigenvalue is of order h. However, let us remark, that the
idea of Bardeen-Cooper-Schrieffer was that the Quantum mechanical two-particle density matrix is
essentially given by
oy

= N12/pif2

which means that the two particle density matrix has one large eigenvalue N/h.

Tlajal, o)

Corollary 1. Let the assumptions be as in Lemma 1. Then

llaylli < hCEm? [0V 113 el (5.5a)
llayll§ < h>C|IVIIS [[acllg, (5.5b)
IV el < CR V0§ Vaold, (5:50)
levglloo < BY2CIV 12 @ ]ls, (5.5d)
() (@, 2) < |lay3(ayag)(@,z) < O(h™"), (5.5e)
oo < llevglloo + 1€l < O(RM/?). (5.56)
Let 7y defined as in (4.7). Then
[glloo < llwllZe + (14 Cy h)llay 1% < O(h) (5.6a)
Y (w,2) < O(h™2). (5.6b)

Proof. The estimates (5.5a), (5.5b) and (5.5¢) are a consequence of (5.1a) and (5.1b). In the case of
n = 6, we use the Sobolev inequality to have |[¢]|¢ < |[V#||2 and in the case of n = 4, we use L
interpolation and the Sobolev inequality to conclude

4 3/4 3
lolla < b lly Il < Cllelly 1w,

Inequality (5.5d) follows immediately from |[ayllec < ||aylle together with (5.5b), while inequal-
ity (5.5f) is (5.5d) combined with the assumption ||£]la < O(h!/?).
Next observe that
(o) (@,2) < llayay]o(aya)(z,2).
Let us only show it on a more formal level using the physics notation of an integral kernel, i.e.,
(ayagayay)(z, w) = (zloyagayay|r) < |loyty]|o{z|ayay|z) < [loyaygllo(apay) (@, ).
Consequently, using (4.7)

1lloe = llowaiy + (1 + Cy W ayagaytyls < flagll + (1 + Cy h)lay|%-

12



6 Upper bound

As explained above, for any ¥ € H'(R3) we are going to define the trial state

o= (2% ). 2
with
ay(z,y) :11721/1<w;ry>a0(m;y), (6.2)
Yo = ayy + (1+ Cy h)ayagayon, (6.3)
and the normalization condition
Trvy = N/h.

Since, by definition,
N/h=Trag = ¢35+ (1 + )y,

this implies

[I10]3 — N| < Chll4]| 2.

Hence, as an immediate consequence we are able to realize that in order to prove

Ey, N
; BHF b ; ap 2

——<h 7). .
ognllfgl EPHE(D) + 5 S hweII}iERS)g (1)) + O(h%) (6.4)
Tr(v)=N/h loI3=N

it suffices to show the following asymptotic expansion for our trial states.

Lemma 2. Assume Ty, to be of the form (6.1), then

SBHF (F’U) +

%E — hESP () + O(h?). (6.5)

h

Proof. The remaining part of this section will be dedicated to proving (6.5). Recall the form of the
BCS and GP functionals we see that Equation (6.5) can be decomposed in the following estimates

Tr(—h*A + Ey/2)vy + 1 /Rﬁ V((z—y)/h))|ay(z,y)> 3z ddy

1 2 (6.6a)
[, (5196 + mesivt)l ) a¥e+ 0
Rd
Trh?Wry = h / W (z)|w(z)? A3z + O(h?) (6.6b)
Jr3
~3 [ elanPy (S ) dad’y = hae [ o)+ 00 (6:60)
[ oy (L) dadty = haae [ w@lda 002, 6o

where the constants gpcs, gex, and gqir are given in Remark 2. These estimates will be proven in the
following subsections. O
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6.1 Kinetic and potential energy (Proof of (6.6a))

Using the definition of our trial state (6.3) and (6.2) as well the calculation in (4.3) we obtain
Tr(—h?A + Ey/2)yy + / |y (z,y)] V( )d3xd3
=Tt ((—h%A + Ep/2) (i + (1 + Cy h)ayagaydy)) + / |y (z, )] V( ) 3z d3y
- g/ﬂy Vo) ds + h/Rg gncsl(@)]! d*z — O(h2),

where we used (5.2) in order to recover the |i|*-term from the contribution involving cvytr o
Hence we obtain (6.6a).

6.2 External potential (Proof of (6.6b))
With our definition (6.3) for -, we have

Tr h2Wryy = h? Te(Wayay) + (1 + Cy h) Te(R*W ayagayay). (6.7)
By (5.5a) of Corollary 1, we know that the second term is of higher order, i.e.
Te(h2Wayayayas) < W | Tr(agagayay) = O(K).

In terms of integral kernels and using center-of-mass and relative coordinates for the expression (2.8)
for oy, we can write

B2 Te(W ayarg) = hz/ W (z)|ay(z, y)|? Bz ddy = h*/ W (X 4 1r/2)|(X))|ao(r/h) > B3 X d3r
R6 R6
= h/ W(X)|[W(X = hr/2)P|ao(r) 2 d®X d3r,
R6

in the last equality we performed a change of variables according to X + /2 — X and r — hr.
Next, we apply the fundamental theorem of calculus and obtain

h2 Te(Wayay) = h/ W(X)|b(X) Plag(r)|? &3 X d3r
Rﬁ
. -1 -
+ h/ / W)L (X = 7hr/2)Plao(r)P drlao(r)P X dr.
RS Jo (97'
Using Cauchy-Schwarz in X, the last term is bounded by

1
‘h//W(X) (hr - V(X — Thr/2)b(X — Thr/2)) d7|ag(r)|? & X d3r
R6 JO
<P W oo IVl l2]lV/T - Teoll3-

This shows (6.6a).
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6.3 Direct and exchange term (Proof of (6.6¢) and (6.6d))

We first argue, that the leading order contribution of the direct and exchange terms stems from
replacing 7y by ayan; contributes to leading order of the direct and exchange terms. To see this, we
simply estimate the differences

L e nPv(@-n/m dady = [ mpenPv(@-pmdady (@5
and
[ e arotnV (= /m) aedby= [ (om)@.a)00m) .V (@=n)/m) dedy. 65)

Both expressions are can be reduced to the following form, whose proof is elementary.

Lemma 3. Let o(z,y) and §(z,y) be integral kernels of two positive trace class operators. If V(r) =

V(—r), then

V(e - ) (0 +8)(@,2)(0 +6)(y) - o(z, D)oy, 1) Pz dy
RE (6.9a)
<2 / V(e - )0 + )@ 2)8(y,y) & &y
R6

and

< 2/]];6 [V (z —y)|(o + 0)(z, )d(y, y) Az d>y.
(6.9b)

[ V=0 llo+ o - o] oy

Proof. To show (6.9a), we simply use

(0 +0)(z,z)(0 + ) (y,y) — oz, 2)0(y,y)
= (0 +0)(z,2)0(y,y) + d(z, )0 (y,y)
< (o0 +0)(z,z)d(y,y) + é(z,z) (o + 0)(y,y)-

Under the integral on the left hand side of (6.9a), we use the symmetry V(z —y) = V(y — z) to
obtain (6.9a).
For (6.9b) we follow a similar strategy and first split
V(e =) [l(o+0) () ~lo(,y)]
=V(z—y) [+ 0@ )o@, ) + 3z, y)o(z,y)]
< Vi@ =)l lI(o + 0)(z, )l 16(z, y)| + |6(x, y)| lo (=, y)I]

Applying now to o,d, and o + 6, that for positive trace class operators a its kernel satisfies

la(z, y)| < Vla(z, 2)[V/]a(y, y)|

and using Cauchy-Schwarz inequality we obtain the stated inequality. O
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By applying Lemma 3 to 0 + & = 7, and 0 = @yay the differences (6.8a) and (6.8b) can be
bounded by

(1+Cyh) /RB |V((cc — y)/h) | Y (, @) (Apoy o) (Y, v) A3z ddy
S o 3. 13 (6.10)
< A+ Cu Wl e | @avagay)(@,2) V(@ - y)/h)] & d’y
= (1+ Cop PVl ) oo Te(@gaytipass) < O(),
where we used (5.6b).
In order to recover the |[4||] contribution we inspect the remaining parts of the direct and the
exchange term separately. We begin with the exchange term and write explicitly

~3 L Jesme PV (@ = n/m) iy

1

) /R ay(@, 2)ay(z, vy (@, way (w,y)V (@ —y)/h) d*e Py d*z dw.

Introducing new variables

, rT=T—yY, s=r—2, t=x—w,

the last expression becomes

- %/ (@) (. y) PV (@ — y)/h) Pz d’y
= _g ./RIZ V(r)ao(s)ao(r — s)ao(t)ao(r —t)

X (X + h(r —8)/2)0(X — hs/2)(X — ht/2)0(X + h(r — t)/2) &3 X d3r d®s d3t.

The result can be rewritten as

1

e : h : - :
3 [ Newmm) @)V (e =) adly = =5 [ WEOPEX [ VEl(eosm)of dr+ A

= h Gex /q M)(L)|4 A3z 4 A,
R
(6.11)

where
A== [ Vidao(syaolr = santan(r )

x /0 1 d% (VX + 7h(r = )/2)6(X = Ths/2)6(X = Tht/2)9(X + 7h(r — /7)) dr d*X d*r d’sdt,
which is bounded by

[Aex| < W[V 2l[[IZ1V (@0 * a0) (] - lan) * a0) [l < CR* [V IV 11 llaol3]]] - lexo]| .
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using Holder, Sobolev |[¢]|¢ < C||V4||2, and Young’s inequality. This shows (6.6¢). We continue
with the direct term. Its remaining part is given by

[ @) a)(awam )V (@@ - n)/m) Ex dy

R6
= [ vl P laslim )PV (2 -~ /) dadydbo i
RG
=h /RIZ V(r)|eo(s) 2| ao(®) P[H(X + h(r — s)/2)|2| (X — h(r +1)/2)]? d3X d®r d®s d®t,

where we changed to the variables

rry
2

X = s, r=x—y, s=xr—2z, t=y—w.

The fundamental theorem of calculus leads to
[ (@) a) s )V (o = /) dadly = hlaol [ VI [ OOP 4 + Aa

~houe [ |0 a0+ Aa
(6.12)

where
A= [ Vilao(s) Plas(t)x
R12
1
x / d% (|[0(X + 7h(r = 8)/2)P[Y(X — th(r +t)/2)]?) dr &*X d3r d®sd’¢
J0

is bounded by

[Aaie| < 402V 2l llaollz (I - [Vl llaollz + 1V 111V Taoll2).-
This shows (6.6d).

7 Lower bound

Our proof of the lower bound on EBHF (N, h) in Theorem 1 consists of two parts. As first step we
obtain apriori bounds on approximate ground states.

Lemma 4 (Apriori bounds). Let I', with Try = N/h, be a state satisfying

N
BHF (1) « _
P (D) < By +Ch

for some C > 0. There ezists a function 1 € H'(R3), with

B(X) = %/ ao(r/B)a(X +1/2, X —r/2) dr, (7.1)
Rg

such that B
a(X +7/2,X —r/2) = a(X,r) = h*¢(X)ag(r/h) +&,

with g(X, r)=&(X +r/2,X —r/2), satisfy the bounds
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(128 + 2 — )] < o), (7.20) IElZ < Oh), (7.2¢)
Tr(v2) < Tr(y — aa) < O(h), (7.2b) V€]l < O(n72), (7.21)
I]l2 < O(1), (7.2¢) V€]l < O3, (7.2g)
[Vll2 < O(1), (7.2d) Tr(adaa) < O(h). (7.2h)

Proof. According to Section 3 the sum of direct and exchange term is non-negative. Thus, we have
that

Ch > EBUF(D) + Eb%

1
> Tr(=h2A + Ey/2)y + 3 /]R5 V((@ - y)/h) |z, y)* Bz dPy — B2[W o Tr(7).

We bring the term —h?||W || Tr(y) = O(h) to the left hand side and combine it with Ch. Adding
and subtracting an appropriate expression involving @, we obtain

1 0 2
Ch > Tr(=h*A + Ey/2)(y — a@) + Tr(—h2*A + Ey/2)oa + 5/ V((z—y)/h)|a(z,y)|* d®zdy.
R6
The two terms on the right hand side can be written in the form, and expressed via center-of-mass
and relative coordinates as

/RS <a(-,y), [—iﬂAz + %V(%) + %] a(~,y)> aBy

_ <a0w +é [fh%Ax ~ A+ %V(r/h) + %} a0+ £> (7.3)
L2(R6)
-4 / IVOOP X + (V€] + / EX ), (D + V() + Byf2)EX, ) X,
JR3 JR3

where we used that the normalized oy is the zero eigenvector to the operator —A + V/2 + Ep /2 and

the fact, that £(X, ) is orthogonal to g for almost every X € R®. This implies
h ~ ~ 1 ~
Ch > Tr(=h?*A+Ep/2)(y=0@)+ [ VY [5+h* |V x| 3+ / (€00 ), (“h* A4SV (/h)+Ep/2)8(X, ) d°X.
R3
Since all terms on the right hand side are positive, and v — 42 > aa we read off the estimates (7.2a),
(7.2b), (7.2f), and (7.2d). To prove (7.2e) and (7.2g), we use the fact, that the operator —A + V//2

has a spectral gap in between the ground state energy —FEj} and the next higher eigenvalue. Hence
there is a £ > 0 and an € > 0 such that

(1—)A+V/2+E/2>k

on the orthogonal complement of ag. In other words
~ 1 ~ ) ~ ~
. (28 + GV + B2 ) X > (1= )l + 1] 9. I8,

proving (7.2e) and (7.2g). The estimate (7.2c) for the L? norm of 1) is obtained using the definition
¥ and ||a||3 = Tr(y — aa@) + Try = O(h). Namely

01 =1 [ ol /MEX, rajaolra/WFE ) dory dra X

(7.4)
< [ Jaolr /WPIECE )P dPrs dPrad’X = hllal = O,
]Rl
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where we used Cauchy-Schwarz with respect to the measure d3rj d®r. Finally, to see (7.2h), note
that in an analogous way

Tr(aaa@) = Tr (v* — v(y — a@) — (v — a@)y + (v — a@)?)
< Te(7?) + Tr(y = a@)® + 2¢/Te(72) Te(y — a@)? = O(h).
|

Observe, that we do not necessarily have ||1||3 = N. The norm deviates from N by a correction
of order h2,
[16[13 = N| = h | Tr(aym) — Tr(y)]| < b |Tr(ayy — a@)| + h Tr(y — a@). (7.5)

By (7.2b) and (7.2¢), the right hand side is of order O(h?).
Now that we have recovered the function v (z) starting from an arbitrary approximate ground
state I', we are able to define a corresponding I'y, via

e = (o)

and the definition (6.1). Observe that we are able to rescale ¥ — A, such that we can assume

Trvyy = N/h.

The second step now consists of proving that for a lower bound we can replace EBHF(I") by
5BHF(F¢) up to higher order. Together with the calculations from the upper bound this implies the
lower bound stated in Theorem 1.

Lemma 5. With I and I'y, defined as above, one has
EPIN(D) > £PIF (D) — O(¥2). (7.6)
Proof. Recall the definition of the BHF-functional

EBUF(D) = Tr(—h2A + h2W)y + % /RS V((z - y)/h)|alz,y)* Pz dPy (7.7)

1 5 4 . .
~3 [ @V (@ =) dady+ [ @ anenV(@-n/m dody. (73)
Assume for a moment that the following estimates hold.
WAy + 5 [ V(- /mlat P aedy
2 Jge
1 o ) (7.9a)
> T8+ 5 [ V(@ =i/l P dty - 0
Tr h*Wry > Tr AWy, — O(h?) (7.9b)
1 . 1 .
~3 [ @V (@ —nm aedy> =3 [ PV (@ - n/h) dody—0ot) (190
[ @ anaV (@ =n/m aedy> [ ueonmmnV (@ —u/m dedy— o)
(7.94)

Obviously these estimates immediately imply the statement of the Lemma. O

The rest of the section will be dedicated to proving these estimates.
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7.1 Kinetic and potential energy (Proof of (7.9a))
First of all, observe that since we chose ,, so that Tr~,, = N/h, we have
Tr(—h2A)y — Tr(=h*A)yy = Tr ((—h2A + Ep/2)7) — Tt ((=h2A + Ep/2)vy).
‘We use the identity
7 =a@ +aa@aa + (y - aa —7°) = (y — @)’ + 7(y — a@) + (y — ad)7.

The strategy is to show, that all terms on the right hand side containing = are non-negative, or at
least of order O(h?). Since (v — a@ —+?) is a positive self-adjoint operator,

Tr ((—h*A + Ep/2)(y — a@ —+2)) > 0.
The trace of the operator (—h2A + Ej/2)(y — a@)? is bounded by

Tr(—h?A + Ey/2)(y — a@)? = Tr(y — a@) 2 (=h?A + Ey/2) 2 (=h?A + By /2)' % (v — a@)/?(y — o)
< |y — a@]| oo Tr(=h*A + Ey/2)(y — a@) < O(h?),

where we used (7.2a) and (7.2b). The traces of the terms v(y — a@) and (v — a@)~y can be bounded
by

Tr ((~h?A + Ey/2)(y — a@)y) < [|[[-h*A + Ep/2)' (v — o@)|l2[[-h*A + Ep/2]/*4la
= Tr ((=h2A + Ep/2)(y — a@)?) /> Tr (—h2A + By/2)72)"/?
<O(h*?),

using (7.2a) and

Tr ((—h2A + Ep/2)7%) < Tr ((—h*A + Ey/2)(v — a@ — 7%)) + Tr ((—=h2A + Ey/2)77)
=Tr ((=h?A + Ep/2)(y — a@)y) < O(h).

As a result, we have
Tr ((—h2A + Ey/2)y) > Tr ((—h*A + Ey/2)(a@ + aa@aa)) + O(h*/?).

Next we redo the calculation in (7.3) in order to conclude

Tr ((—h*A + Ey/2)a@) + % ./RG V((@—y)/h)|alz,y)|* PPz dy

(7.10)
1 .
>Tr ((—hZA + E[,/Q)Oﬁ/,@) + 3 / V((T - y)/h)l()zu‘)(,q:7 y)‘2 3z dsy_
R6
Finally, we are going to show, that
Tr [(—h*A + Ey/2)a@aa) > Tr [(—h*A + Ey/2)agpagoyag] + O(h?). (7.11)

Recalling the definition of -y, we see that this implies (7.9a). We are left with estimating the difference

Tr ((—h?A + Ey/2) [0G0d@ — apagoyag]) = Tr ((—h*A + E,/2) [a@a@ — ayaoty, + ay(@e — agpay)ay))
> Tr ((—h2A + Ey/2) [aypaal + Eaatrg + oy (Ga — T )] ),
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where we dropped the contribution of the term Tr ((7h2A + Eb/2)§&ag) > 0. Applying the Holder
inequality for the term with Ej, we obtain

Tr (ayaat + faaay + ay(@o — Aoy )ay)

s g Y ) (7.12)
< 2l|ayllsllefl5lgll2 + llayll§llaa — apay |32 < O,

procedure also holds for the term involving the Laplacian and we obtain

where we used |lalle < [laylle + [[€ll6 < [lawlle + |I€]]2 together with (7.2e) and (5.5b). The same

B2 Tr (V[aypaal + Eaaty + oy (aa — Tyoy)ag| V)
< 202 Vaysllallf VEl2 + B2 Vay[§llaa — @gays/s-

Note that

1
Vaylls < 5IVxaylls + [ Vray |-

Using |[|[Vxaylle = [lavylls < |lavylle = [V4p|lah=1/2 and (5.5¢), we conclude that
[Vaylle = O(h™"2).
The remaining factor can be bounded as follows.
l[@a — @y lla/2 = @€ + oy + E€llaj2 < 2llallsli€llz + 1€ lslIE]l2 < 2llaylsll€]l2 + €15 = Oh),
using (5.5b) and (7.2e). This shows that
W2| Tr (— A [ay@ag + Eaoy + ay (@a — agay)ay])| < O(h?)

Together with (7.12), this proves (7.11). Moreover, note that ||éaaé|l; < |[aa|s|¢l|3 < |lal2]€]3 <
O(h?), using (5.5b) and (7.2e). This shows that

a@o@ — ayagagag|i < O(h?), (7.13)
which we will need later.

7.2 External potential (Proof of (7.9b))

Using the form of v, we evaluate

RETeW(y —y) = 2 Te W(y — a@) + h* Tr W (a@ — ayag) + h* Tr W (aypagoy )
> P2 W oo [Te(y — a@) + [[€]J3 + 2] pélh + Tr ayagayay)] > —O(h?), (7.14)

where we used (7.2b), the explicit form o = oy + &, and [|ayéll1 < [Jayl|2[€]l2 < O(1), which shows
(7.9b).
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7.3 Direct and exchange term (Proof of (7.9¢c) and (7.9d))

We reduce the direct term and exchange term to expressions in « in favor of . We apply Lemma 3
with 0 = a@ and § = v — a@ to the differences

[ PV (@ =i dady - [ el (@ - o/m) dody

RS R6

and
/ (@ 2)v(y, )V (@ - y)/h) PedPy - / (a@)(z,z)(a@)(y, y)V (& — y)/h) APz d’y.
JRE R6

They are thus bounded by

Q/RG [V ((z = y)/h)(y — o@)(z,2)7(y, )| Pzd®y

<2 [ V(=m0 - d)(ea) (- aa) )] iy (7.15a)
+2 /IRE [V ((x —y)/h) (v — a@)(w, x)(a@) (y, )| d*x d’y. (7.15b)
By (7.2b), remainder (7.15a) is bounded by
\ [0 = am@a)r =~ a@) )V (@ - /) 2| < (100 - @BV = O2).
For (7.15b), we are going to use the decomposition a = ay; + £ in order to show that
‘ [0~ a@ e @)V (@@ = )/h) oy < OP) (7.16)

Since o
ad = ayoy, + Eay + o + E€

we have to bound four terms seperately. First, observe

| [0 = @ €@V (10 = /) By < VI oty — ) THED < 00

Second,

'/R (7 = a@)(z, 2)(@ @)y, )V (= = y)/h) Az dy
< B3 Te(y = o) |(ag3) (V1 < O?), (717)

where we used (5.3). For the remaining terms we use (5.4) with o = £, and Young’s inequality to see

[0 @0 )V (i~ /) ey

< AW llellewlls

0= am@ ol nlav (@@ = )/n) aedy
< W ool €V (/) Tty — ) = B o lllblsl€ IV 2 Trty — am) < O(A).
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The only terms from the direct and exchange term contributing to the order h are
[ )@@V (@-pmcedy  amd [ o) RV (@ - n/m) dedy

respectively. We reduce these integrals to expressions in ay. In the case of the exchange term, the
difference is bounded by

1
EHVHOO Tr(aGad — a0y ary).

Equation (7.13) implies, that this expression is of order O(h?).
For the direct term we have to estimate the difference

[ @@ @) 0@ )V (@@ = n)/) 2y = [ (0,0 a) 0V (i@ - /) dady

Plugging o = « + £ in the difference yields 15 terms. However, due to symmetry, it suffices to
estimate the following 5 terms. We begin the term with four ¢’s. Obviously

[ €@V (@ = n)/m)| oty < VI [TED] < 00,
Second, using (5.3). we obtain
[ € em)wn [V (@ —u)/m)| iy

< Tr(E)(ayay) (- Ik VI < R Te(E) IV 1[4 1F a0} < O(R).

For the last three terms we invoke equation (5.4) from Lemma 1 with o = £, and Youngs inequality,
to evaluate

/RG(@T)(% @) (ay@y)(y,9) [V ((z —y)/h)| &’z d®y

< h’lHaollsllwlls/Rﬁ €, )l2(ewas) (v, 9) [V ((z = ) /h)| APz d®y
< h HaolslleleV (/W) IEl2llewas (-, ).

The factor ||y (-, -)||2 on the right hand side is of order O(h™1),
lagag )l = [ looaPlay(e. )P o dyd’s

=h~* /Rg lao((z = 9)/R) Plao((z — 2)/B) Pl (@ + )/2) P[0 (& + 2)/2) P e dPy a2
Changing to the variables r = & — y, s = x — z and = and using Cauchy-Schwarz in x, we obtain
o (-, )5 = A" /Rg lawo (r/) Plao (s/h) Ple(e — r/2)P[(x — 5/2)? Az d*rd*s < h™2|lao 3]l |3
Therefore

/Rs(éafw)(x»ﬂﬁ)(%@)(%y) IV (@ = y)/h)| Ed®y < hlaols|SllslLIFIV I E]l2 < OR?).
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Again using equation (5.4) from Lemma 1 with ¢ = £, and Youngs inequality, we estimate the
remaining terms

/ (68) (&, 2) (75) (,9) [V ((z — ) /)| P dPy

R6
< hHaollsll¥ 6 /IRB(éf)(w-,x)llf(y-, WNa |V (& —y)/h)| d*zd’y
< b Ylaolls [l lls 1V (-/R)[l211€]l2 Te(€€) < O(h?)
and

[ ()@ a) (€ 0) |V (@ - /)| oy

< if2II%IE‘QIWJI%/]RG €, 2l Iz [V (@ = )/h)| d*zd’y
< B laol B IBIEIB IV (-/B) I = hllaol w13 Tr &€V [ < O(R?).

A  Proof of Lemma 1

Proof of Lemma 1, Part II. Recall, that by (4.7) oy, is defined by

o =10 (o7 Y)

We first prove (5.1a) and (5.1b). In terms of the integral kernel ||ovy || is given by

Tr ((avr)af/,)”/z) = /'i ay (21, T2) gy (T2, 23) - - - (Tp—1, T )ty (T, 1) By - By, (A1)
R3n

We switch to the following coordinates

1 n
X=-

Tk = Tkl — T, k=1,...,n—1.

(A2)

It is easy to see, that the corresponding Jacobi determinant is equal to 1. Moreover we can recover
the original coordinates via

n—1

1
= — — —1 i
1 =X " ;:1 (n—1i)r;

T+l = Tk + Tk,

for some linear combinations s of 7;, which we do not need to know explicitly. We therefore obtain
for the integral in (A.1)

lowllp = h=>" /RM?/)(X +51(r1, 1)) (X 4 sn(ry, -, Tm1)) X

x ap(r1/h) - ao(ry/h) BX Bry - Br_,
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where we introduced r, := — 2;11 rg. Scaling rp, — hrg and using Holder in the X variable, we
obtain

ool <220l [ Jao(ra/h)-+-alraR)| dPriees dPry
= (2223 ol

Just the same calculation with ag replaced by Vayg yields (5.1b).
Due to the symmetry oy (x,y) = ay(y, z), we have

o o AL+ A
Tr ((Aw%)%%ﬂw) = (Gyouyy, Az%>L2(R6) = (Ao, %WWL?(RG)

= (@aw%, Ax/4+ AMXw)Lz(RG)
1
=Tr ((Aray)agayay) + 1 Tr(Axay)agoyay),

where it is meant that  and X are the relative coordinates of the kernel of the ;. Therefore using
the coordinates (A.2), for which we have in the case of n =4

i Bk I3+T4:X+s 8(7,1’7,2”3):7“14- T2+ 73
2 2 4
xQ;m:X—t xl;“:X—&-t t(r1,72,r3)zr3;r1

and changing variables according to rp — hry, k =1,2,3, we can write

Tr(—h?A+Ey/2)aytigoydiy = h / O(X — hs)p(X — ht)(X + hs) (X + ht)
JR12

* [(=A + Ep/2)ag(r1)]ao(r2)ao(rs)ao(—r1 — ra — r3) d*X d*ry d*ry d’ry
h? .
- T (Axay)agayay).
Expanding in h, this term has the form
WPl [ @G + B/ A+ gk,

where

1
Av= =1 Tr ((Axay)ayoyas),

1 .
Ay =N /Rm /0 % (w(X — Ths)P(X — ThD)(X + rhs)p(X + Tht)) dr

X [(—A + Eb/2)a0(r1)]ag(rg)ao(rg)ao(—rl — 1y —r3) A3X d®ry d3ry drs.

Using partial integration, we write A; as

1
[Ai] = 71 Tr ((Axay)agayay))|
1
= 71 T(VxayVxayoyy + VxayasVx oy + Vi aytgoay Vxay)|
< IVxaylllayaglleo + ... < O1),
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due to (5.5d).

To estimate Ay, we write the 7 derivative as gradients and apply the Holder inequality in the X
integral with coefficient 2 for the V1) factor and coefficient 6 for the remaining 1) factors. Moreover,
we replace the Laplacian acting on ag by V, using the fact, that (—A + Ep/2)ag = V.

1 .
[Aal < 5190l lol [

R9 (Is] + [£1) ]| (Vo) (r1) o (r2) o (r3) g (=11 — 72 — 73) | A3y d3ry drg.

We now note that [s|+ [¢t| < |r1+ra+73]|+ 2|+ 73] and apply Cauchy-Schwarz to the 79 integration
in the case of |r1 4 72 + 73| or |r2| and to the r3 integration in the case of |r3| to conclude

3 .
[Aa] < SIVEILILIEIY aoll laollt lleollz [ - o], < O(1).
By the Sobolev inequality, we have |42 < C|| V3. |
B Explicit example for a potential V for which £ is bounded from
below
To explicitly give an example for a potential V satisfying Assumptions 1 and 2, we will use a more

concrete minorant, namely a linear combination of Gaussians with appropriate coefficients. We will
consider

U(r)
— 12 _ 12
Ulx)=Are = —A_e ™.
Then
0p) = Acole s — 4 gtets ,

and ﬁ(p) > 0 whenever

7~ 204 (B.1)
A+ai > A_o3. '
Now consider a potential of the type
V=vt_ V-, VJr(l) = ki X{|z|<5}(x)a (BQ)

V_(z)

K2 X{e<lal<ey (7).

with fixed k_ and ¢, such that the simple potential well —k2 X{\z\<l}(37) has a bound state, i.e.
k£ > 5. We will see, that it is possible to find appropriate k4 and € such that V' has a minorant
V > U with U > 0. The condition for V having a bound state is (see for example [3][Appendix 2,

(A9)] i )
s ke 1\
k_(¢ — €) > arctan <k, fanh( O
This is guaranteed by choosing e such that k_ (£ —e€) > 7.
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We take —U_(z) = —A_ e °> as a minorant of V_,ie. U_ > V_ with appropriate constants A_ and

o_. In a next step, we choose A and o such that (B.1) holds. Note, that scaling A} — A™3A, and
o4 +— Aoy leaves (B.1) invariant. That is for every A > 0, U* = Ui — U_ has non-negative Fourier

T

transform for U} (z) = A3A4 e Y% We observe, that for z # 0 and A — 0, U} () converges

pointwise to 0. We conclude, that there exists A such that U = U* < V_.
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