
The Quark Sector

of the QCD Ground State

in Coulomb Gauge

Dissertation

der Mathematisch-Naturwissenschaftlichen Fakultät

der Eberhard Karls Universität Tübingen
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Zusammenfassung

Diese Doktorarbeit ist in zwei Teile aufgespaltet, die sich jeweils mit den beiden un-
gelösten Hauptfragen der QCD beschäftigt. Im ersten Teil untersuchen wir chirale Sym-
metriebrechung. Wir konzentrieren uns auf den fermionischen Anteil der QCD-Lagrange-
funktion, da die chirale Symmetrie eine Eigenschaft des Quarksektors ist. Im zweiten Teil
wenden wir uns dem Problem des Farbeinschlusses zu und berechnen das Potential zwi-
schen einem Paar unendlich schwerer Quarks aus dem sogenannten Wilsonloop. Hier
befassen wir uns mit der reinen Gluodynamik, da der Farbeinschluss im gluonischen Sek-
tor der QCD verschlüsselt ist.

Der erste Teil dieser Doktorarbeit behandelt die Einbeziehung dynamischer Fermionen in
den Variationszugang zur QCD in Coulomb-Eichung. Es ist seit dreißig Jahren bekannt,
dass ein Ansatz für das Quark-Vakuumwellenfunktional, der die BCS-Theorie imitiert,
obwohl auf einem qualitativen Level erfolgreich, nicht ausreicht, um das richtige Maß
an dynamischer chiraler Symmetriebrechung zu generieren, das für die dynamische Nu-
kleonmasse benötigt wird – der Wert des chiralen Kondensates ist um einen Faktor zwei
zu klein. Wir identifizieren den fehlenden Teil als die Kopplung der Quarks zu den trans-
versalen Gluonen. Wir verallgemeinern den BCS-Ansatz und schließen die Kopplung der
Quarks zum transversalen Eichfeld in das Quark-Wellenfunktional ein. Wir finden heraus,
dass diese Kopplung das chirale Kondensat wesentlich erhöht und die dynamische Masse
in den Bereich der experimentellen Daten bringt.

In Teil II der Arbeit wenden wir uns einer Methode zu, sich dem Wilsonloop in einer
Kontinuumsformulierung zu nähern, die vor einigen Jahren für supersymmetrische Yang-
Mills-Theorien vorgeschlagen und kürzlich auf die QCD in Landau-Eichung angewandt
wurde. Alle planaren Leiterdiagramme, die zwei temporale Pfade des Wilsonloops ver-
binden, werden zu einer Dysongleichung summiert, die zumindest näherungsweise die
Pfadordnung beinhaltet.

Die Dysongleichung wird kritisch überprüft, ihr Anwendungsbereich für nicht-supersym-
metrische Theorien diskutiert, und auf Gluonpropagatoren in Coulomb-Eichung ange-
wandt. Wir berechnen den Wilsonloop für den temporalen, sowie den räumlichen Gluon-
propagator. Wir erkennen, dass die Ergebnisse für den räumlichen Wilsonloop qualitativ,
aber nicht quantitativ aussagekräftig sind. Wir bekommen ein statisches Quarkpotential,
das sowohl einen Coulombschen als auch eine farbeinschließenden Bereich aufweist; aller-
dings ist die Stringspannung, die man aus dem Anstieg des linearen Potentials extrahiert,
zu groß verglichen mit der Stringspannung, die aus der Gitter-QCD bekannt ist.





Abstract

This thesis is divided into two parts concerning the two unresolved issues of QCD. In
Part I we investigate chiral symmetry breaking. We concentrate on the fermionic con-
tent of the QCD Lagrangian, since chiral symmetry is a property of the quark sector. In
Part II we turn to the issue of color confinement and compute the potential between a
pair of infinitely heavy quarks from the so-called Wilson loop. Here we deal with pure
gluodynamics, since color confinement is encoded in the gluon sector of QCD.

The first part of the thesis concerns the inclusion of dynamical quarks into the vari-
ational approach to QCD in Coulomb gauge. It has been known for thirty years that an
ansatz for the quark vacuum wave functional mimicking BCS theory, although successful
on a qualitative level, is not sufficient to generate the right amount of dynamical chiral
symmetry breaking to account for the dynamical nucleon mass – the value of the chiral
condensate is by a factor of two too low. We identify the missing piece as the coupling
of the quarks to the transverse gluons. We generalize the BCS-ansatz and include the
coupling of the quarks to the transverse gauge field into the quark vacuum wave func-
tional. We find this coupling to increase the chiral condensate substantially and to bring
the dynamical mass into the region of experiment.

In Part II we turn to a method to approach the Wilson loop in a continuum formu-
lation which has been suggested years ago for supersymmetric theories and has recently
been applied to QCD in Landau gauge. All planar ladder diagrams connecting the two
temporal paths of the Wilson loop are summed to give a Dyson equation, which, at least
in an approximate fashion, accounts for path ordering.

This Dyson equation is critically reviewed, its range of applicability in non-supersymmet-
ric gauge theories discussed and applied to Coulomb gauge gluon propagators. We com-
pute the Wilson loop for the temporal gluon propagator as well as the spatial gluon
propagator. We find for the spatial Wilson loop results which are qualitatively, but not
quantitatively, significant. We find a static quark potential which shows both a Cou-
lombic as well as a confining region; however, the string tension extracted from the slope
of the linear potential is too large compared to the string tension obtained in lattice QCD.
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Introduction

Quantum Chromodynamics (QCD) is the theory of the strong interaction. Its elementary
degrees of freedom are quarks and gluons. The subject of this thesis is the low-energy
sector of QCD, where the coupling constant becomes large and non-perturbative methods
have to be applied.

Due to asymptotic freedom a weak-coupling expansion is valid for large energies.
Perturbative QCD has been tested to successfully describe deep inelastic scattering pro-
cesses. Pedagogical introductions are given in Refs. [1, 2].

The two cornerstones of non-perturbative QCD are color confinement and chiral sym-
metry breaking. Color confinement denotes the absence of free quark states in the
physical spectrum and manifests itself in a linearly rising long-distance potential between
two infinitely heavy quarks. Chiral symmetry breaking explains for example how the large
nucleon mass is generated dynamically from the small up- and down-quark masses that
appear in the QCD Lagrangian. The underlying mechanisms of both these phenomena
and their interplay are the big unresolved challenges of QCD.

In the last decade lattice QCD as well as continuum methods — the variational
approach and Dyson-Schwinger equations — could make important progress in both
directions. A recent review on lattice QCD, Ref. [3], states that it is now possible to de-
termine the nucleon mass within 3.5% on the lattice. Despite this success, for a detailed
understanding of QCD it is equally well important to have continuum techniques at hand.
Moreover, in contrast to lattice QCD calculations, the equations which are solved in the
continuum are computationally inexpensive. Especially the small momentum region of
QCD propagators are more easily accessible in the continuum. A review on Dyson-
Schwinger results can be found in Ref. [4]. In particular the Hamiltonian formulation
of QCD in Coulomb gauge has been tested in recent years to be an efficient method in
describing the Yang-Mills sector of the theory, see Refs. [5–8].

The organization of Part I of the thesis is as follows: In Chapter 1 we introduce the
Hamiltonian approach to QCD and derive all quantities needed for later work. In Chapter
2 we present the phenomenological consequences which follow from chiral symmetry
breaking. In Chapter 3 we start our considerations on the inclusion of quarks into the
variational approach and propose a quark vacuum wave functional which includes the
interaction of quarks with transverse gluons. With this new quark wave functional and
the Gaussian ansatz of the pure Yang-Mills sector on hand, we have a powerful technique
to approach the full QCD system. We represent the quark fields in terms of a coherent
fermion basis and set up the generating functional in order to compute the correlation
functions of the theory.

In Chapters 4 and 5 we compute the various energy densities. By minimizing them with
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respect to the variational kernels we get an estimate for the lowest energy eigenstate of
the system. So-called gap equations which determine the kernels appearing in the vacuum
wave functional are derived. We solve these equations analytically in the asymptotic
momentum regions and numerically in the whole momentum range. We compute the
low-energy chiral properties of the theory, like the chiral condensate and the constituent
mass, and compare their values to the experimental data.

The explicit computations are performed in the Appendices: In Appendix A spinor
identities are derived, in Appendix B the generating functional of quarks is evaluated,
and in Appendix C the energy densities are computed. Finally, in Appendix D we explain
how the non-linear integral equations were solved numerically.

In Part II of the thesis we turn to the issue of color confinement. A criterion for color
confinement is to show a linearly rising long-distance interquark potential. This corres-
ponds to demonstrating an area law for the Wilson loop. In the definition of the Wilson
loop the so-called path ordering occurs, which is a prescription of how the gauge field is
transported along a path. Path ordering in a continuum formulation is, however, difficult
to implement. Therefore no analytic calculation of the Wilson loop could be given so
far; the only reliable results come from lattice QCD.

In Chapter 6 we present a Dyson equation, which can, at least approximately, evaluate
the expectation value of the Wilson loop in a continuum framework. The only quantity
which enters this Dyson equation is the gluon propagator. The static quark potential is
easily evaluated, since the Dyson equation can be rewritten into a Schrödinger equation
to be solved for the lowest eigenvalue.

The explicit form of the Schrödinger potential as well as the numerical algorithm to
solve the Schrödinger equation for the lowest eigenvalue are presented in Appendix E.

In the last chapter of the thesis we summarize our main findings and present an outlook
on possible forthcoming studies.



Chapter 1

Hamiltonian Approach to QCD
in Coulomb Gauge

This chapter presents a brief introduction to the Hamiltonian approach to QCD in Cou-
lomb gauge, paying special attention to the quark sector of the theory, which will be the
setting for the main part of the thesis.

In the first section, starting from the definition of the QCD Lagrangian density, we
introduce the notion of gauge freedom and the concept of gauge fixing. After deriving
the classical Hamiltonian we pass on to the quantum theory by demanding canonical
quantization rules for the field operators. In Section 2 we collect the basic definitions
and main properties of Dirac fermions. Section 3 is dedicated to Gauss’ law, which is lost
as a dynamical equation of motion during the canonical quantization procedure. After
a short comment on the Schrödinger picture in Section 4, we arrive at the final form of
the Coulomb gauge-fixed Hamiltonian in Section 5. In Section 6 we present the results
gained in the variational approach to Yang-Mills theory, which is needed as input for the
projects presented in this thesis.

1.1 Hamiltonian Formulation of QCD

Let us start with the classical Lagrangian density of NF types of non-interacting fermion
fields,

L =

NF∑
f=1

ψf (x) (iγµ∂
µ −m)ψf (x) , (1.1)

with ψf (x) denoting the spinor-valued fermion field carrying a flavor index f . The

Dirac conjugate field is ψf = ψ†fγ0 and m is the mass of the fermion fields. The Dirac
matrices obey the anti-commutation relation {γµ, γν} = 2gµν with the metric convention
for space-time gµν = diag(1,−1,−1,−1). For later use we define the free massive Dirac
operator

D = iγµ∂
µ −m . (1.2)

We demand the flavored fermion fields to have an internal color degree of freedom and
require the action S =

∫
d4xL to be invariant under local rotations in color space, i.e.,
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at each space-time point a different color rotation is performed:

ψ(x)→ ψ′(x) = Ω(x)ψ(x) , (1.3)

ψ(x)→ ψ
′
(x) = ψ(x)Ω†(x) . (1.4)

The matrices Ω belong to the group SU(NC), i.e., they are unitary and fulfill det[Ω] = 1.
The standard group parametrization is the exponential representation, given as Ω(x) =
eiε

a(x)Ta with T a being the Hermitian generators of the gauge group. The sum index a
runs over all generator elements, i.e., a = 1 . . . N2

C− 1 with the generators T a satisfying

[T a, T b] = ifabcT c , (1.5)

where fabc are the structure constants of the gauge group. Relation (1.5) defines the
Lie algebra of the gauge group. We note that anti-Hermitian generators would avoid
the factor of i appearing in the exponent of the exponential representation and in the
commutation relation, Eq. (1.5). Setting the structure constants fabc to zero, we recover
the Abelian theory, such as electrodynamics, with the gauge group U(1) being a simple
phase. Although it is well known that quarks come in three colors, we will always keep the
number of colors arbitrary until the last step of the calculation. The generator elements
are normalized to

Tr[T aT b] =
1

2
δab . (1.6)

Let us list another important identity needed for later work,∑
m

(Tm)ab(Tm)bc = δacCF , CF =
N2

C − 1

2NC

, (1.7)

with CF denoting the quadratic Casimir invariant. Note, that here a, b run from 1 to NC,
whereas m runs from 1 to N2

C − 1. Whenever appropriate, we will distinguish between
fundamental a, b, . . . and adjoint m,n . . . indices. In all other cases, we will use the
labels a, b, . . . for fundamental as well as adjoint color components.

The free fermion Lagrangian, Eq. (1.1), is made locally gauge invariant by replacing
the derivative ∂µ by the covariant derivative Dµ which we demand to transform as

Dµ → D′µ = Ω(x)DµΩ†(x) , (1.8)

so that Dµψ and ψ transform in the same way. Analogously to electrodynamics we
introduce a gauge field via minimal substitution

∂µ → Dµ = ∂µ + igAaµT
a , (1.9)

where g is the coupling constant and Aµ(x) = Aaµ(x)T a is a matrix-valued field, known
as the gauge field, which transforms as

Aµ(x)→ A′µ(x) = Ω(x)Aµ(x)Ω†(x)− i

g
Ω(x)(∂µΩ†(x)) , (1.10)
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and assumes values in su(NC), the algebra of the gauge group SU(NC). The color
components Aaµ of the gauge field are real-valued, carry a Lorentz index µ = 0, . . . , 3
and describe for the color group SU(3) eight gluons. We arrive at the gauge-invariant
Lagrangian of the form

L = −1

4
Fm
µνF

m,µν +

NF∑
f=1

ψ
a

f (iγµD
µ −m)ab ψbf (1.11)

where we have made explicit the color and flavor degrees of freedom and suppressed the
space-time argument. In order to make the gauge field dynamical, we have introduced
a kinetic term, where

F a
µν = ∂µA

a
ν − ∂νAaµ − gfabcAbµAcν , (1.12)

is the Yang-Mills field strength tensor, which transforms as F ′µν = ΩFµνΩ
†. Note, that

Fµν = F a
µνT

a and that 1
4
F a
µνF

a,µν = 1
2
Tr[FµνF

µν ]. The last term on the right-hand side
of Eq. (1.12), which is the commutator of two gauge fields, makes the non-Abelian pure
gauge theory (i.e., the theory defined by the Lagrangian L, Eq. (1.11), in the absence of
fermion fields) highly non-trivial, because cubic and quartic terms in the gauge potential
appear which give rise to self-interactions of the gluons. In these self-interactions new
physical phenomena are encoded, which are not present in the Abelian theory, the most
prominent one being the confinement of color, i.e., the absence of colored objects in the
hadronic spectrum. Part II of the thesis deals with the issue of color confinement, which
will be analyzed by computing the potential between two static color charges.

Now the issue of gauge fixing comes into play. Considering for a moment the Abelian
U(1) theory and ignoring the fermion degrees of freedom, the Lagrangian (1.11) can be
rewritten, using integration by parts and discarding surface terms, as a bilinear expression
in the gauge field

L =
1

2
Aµ (gµν�− ∂µ∂ν)Aν , (1.13)

with � = ∂µ∂µ being the d’Alembertian operator. Taking a field configuration Aν which
is pure gauge Aν = ∂νΛ, the operator gµν�− ∂µ∂ν can be shown to have zero modes

(gµν�− ∂µ∂ν)∂νΛ = (�∂µ − ∂µ�)Λ = 0 , (1.14)

concluding that the photon propagator, being the inverse of this operator, is singular.
Let us deepen this picture and define the generating functional of the Yang-Mills part of
QCD

Z[j] =
1

Z[j = 0]

∫
DAµ e

iSG[Aµ]+i
∫
d4x jµAµ , SG =

∫
d4xLG , (1.15)

with jµ the external current source, LG the Lagrangian (1.11) without fermion fields,
and Z[j = 0] the normalization. From Z[j] expectation values can be computed in the
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standard fashion, see Ref. [9]. The integrands in Z[j] take the same value for each gauge
configuration related by a gauge transformation. This gives rise to a divergent integral
Z[j] and therefore the Green’s functions of the theory cannot be evaluated.

We can resolve this problem by fixing the gauge. Let us stress that it is one of the
main advantages of lattice Quantum Field Theory that it is not necessary to fix the
gauge in order to make expectation values well defined1. Gauge fixing on the lattice is
used, for instance, to compare gauge dependent quantities with continuum results.

We proceed with the Euler-Lagrange equations, which for the gluon fields divide into
the non-Abelian generalizations of Gauss’ law (ν = 0) and Ampere’s law (ν = i),

D̂ab
µ F

b,µν = gψγνT aψ , (1.16)

where we have defined the covariant derivative in the adjoint representation of the color
group

D̂ab
µ = δab∂µ + gfabcAcµ . (1.17)

On the right-hand side of equation (1.16) the color current of the quarks ja,µ = gψγµT aψ
occurs, which can be shown to fulfill D̂ab

ν j
ν,b = 0. The equations (1.16) are non-linear

in the gauge field, which is again a manifestation of the self-interaction contributions in
the QCD Lagrangian (1.11). The quark Euler-Lagrange equation is the Dirac equation
in an external field Aµ, given as

(iγµDµ −m)ψ = 0 . (1.18)

The next step towards the Hamiltonian formulation of QCD is to derive the conjugate
momenta

Πm,0
G (x) =

δS
δ(∂0Am0 (x))

= 0 , (1.19)

Πm,i
G (x) =

δS
δ(∂0Ami (x))

= Fm,i0 , (1.20)

Πa
F(x) =

δS
δ(∂0ψa)

= iψ†a , (1.21)

so that the total Hamiltonian, defined as the Legendre transform

H =

∫
d3x (Πm,i

G ∂0A
m
i + Πa

F∂0ψ
a − L) , (1.22)

1On the lattice the gauge field and fermion measures in the functional integral are products of a finite
number of individual measures and therefore well defined.
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consists of three different parts,

H = HG +HF +HGauss , (1.23)

HG =

∫
d3x

(
−1

2
Πm,i

G Πm
G,i +

1

4
Fm,ijFm

ij

)
, (1.24)

HF =

∫
d3x d3y ψ†a(x)hab(x,y)ψb(y) , (1.25)

HGauss =

∫
Am0

(
−D̂mn

i Πn,i
G + gψ†Tmψ

)
, (1.26)

with

hab(x,y) =
(
−iαi∂x,iδab + βmδab + gαiAmi (x)(Tm)ab

)
δ(x− y) . (1.27)

Here HG, Eq. (1.24), is the pure gluonic part of the Hamiltonian. HF, Eq. (1.25), is
the fermionic part, which includes also the interaction term coupling the quarks to the
gluons and which we refer to as single-particle Hamiltonian. In the third part HGauss,
Eq. (1.26), we have explicitly separated the time component of the gauge field Aa0, which
gives Gauss’ law (1.16) when deriving the Hamiltonian equation of motion for Πm

G,0

∂0Πm
G,0 = − δH

δAm0
. (1.28)

In (1.24) and (1.26) we have omitted space-time arguments. In (1.27) we have intro-
duced the matrices αi = γ0γi, β = γ0, which fulfill {αi, αj} = δij and defined the Dirac
matrix hab(x,y), Eq. (1.27). In (1.26) we have performed an integration by parts in the
D̂-term. In addition, in all these expressions, Eqs. (1.19)-(1.28), we have distinguished
between fundamental indices a, b and adjoint indices m,n.

Let us, at this stage, change notation. Since no temporal vector components occur
anymore, it is not necessary to use a Minkowski metric notation any longer. We use
contravariant vector components only, which we denote, for convenience, with a sub-
script. The gauge potential in Eq. (1.9) therefore changes sign (and correspondingly in
Eq. (1.17)), however, the derivative operator ∂x,i = ∂

∂xi
, which already contains con-

travariant vector components, gets no additional sign. For instance, the Dirac matrix
(1.27) becomes

hab(x,y) =
(
−iαi∂x,iδab + βmδab − gαiAmi (x)(Tm)ab

)
δ(x− y) . (1.29)

The quantum theory is imposed by the Lagrangian (1.11) or the Hamiltonian (1.23)
and the equal-time commutation relations between the field variables. The fact that
the momentum conjugate to the scalar potential, Eq. (1.19), vanishes, is a well-known
problem of the canonical quantization of a gauge theory, which is overcome by switching
to Weyl (temporal) gauge Aa0 = 0. The non-vanishing equal-time canonical commutation
relations for the gauge field read

[Aai (x),Πb
j(y)] = iδabδijδ(x− y) , (1.30)
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and the anti-commutation relations for the fermion fields are

{ψa(x), ψ†b(y)} = δabδ(x− y) . (1.31)

During this procedure the field variables have become field operators.

1.2 Dirac Fermions

Let us turn to the fermionic part of the Weyl gauge-fixed Hamiltonian, Eq. (1.25), and
collect basic definitions and main properties of the quark fields, which we will need
throughout the thesis. Fourier-transforming the gauge-field independent part of the
single-particle Hamiltonian (1.25) yields

HF =

∫
d̄ 3pψ†a(p)hab(p)ψb(p) , (1.32)

with d̄ 3p ≡ d3p
(2π)3 and the Dirac matrix hab(p) given as

hab(p) = α · p δab + β mδab , (1.33)

which is Hermitian, i.e., h†(p) = h(p). For m = 0 it fulfills the identity

{γ5, h(p)} = 0 , (1.34)

with the chirality matrix γ5 defined as γ5 = iγ0γ1γ2γ3. In addition, the eigenfunctions
ϕn of the Dirac matrix h and of hγ5 given as

hϕn = λnϕn , hγ5ϕn = −λnγ5ϕn , (1.35)

are orthogonal, i.e., (ϕn, γ5ϕm) = δmn, except for zero eigenvalue. This orthogonality
relation follows from the anti-commutativity of h with γ5, Eq. (1.34). In Chapter 2 the
zero eigenvalues of the Dirac matrix h, Eq. (1.33), will be related to a quantity called the
chiral condensate. Relation (1.34) will be of central importance for this construction.

We proceed with splitting up the Dirac field into positive and negative energy com-
ponents

ψa(x) = ψa+(x) + ψa−(x) , (1.36)

which are defined with use of the orthogonal projectors to positive and negative energy
states

ψa±(x) =

∫
d3yΛ±(x,y)ψa(y) , (1.37)

ψ†a± (x) =

∫
d3y ψ†a(y) Λ±(y,x) , (1.38)
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where

Λ±(x,y) =

∫
d̄ 3p eip·(x−y)Λ±(p), Λ±(p) =

1

2

(
1± h(p)

E(p)

)
, (1.39)

with E(p) =
√
p2 +m2

F. In later considerations we will work exclusively with massless
fermions, i.e., mF = 0. The projectors are idempotent, i.e., Λ2

± = Λ±, orthogonal, i.e.,
Λ±Λ∓ = 0, and complete, i.e., Λ± + Λ∓ = 1.

In Fourier-space the positive and negative energy components can be expanded in
terms of eigenfunctions of the free Dirac Hamiltonian

ψ+(x) =

∫
d̄ 3p

1√
2E(p)

∑
s=±1

aa(p, s)u(p, s)eip·x , (1.40)

ψ−(x) =

∫
d̄ 3p

1√
2E(p)

∑
s=±1

b†a(p, s)v(p, s)e−ip·x , (1.41)

with the spinor solutions u and v chosen as eigenspinors of the helicity operator σ · p̂,
Eq. (A.13), where the matrices σ = (σ1, σ2, σ3) are the Pauli matrices, Eq. (A.12).
An explicit realization of the eigenvectors u, v to the massless Dirac equation is given
in Appendix A, see Eqs. (A.26), (A.28). Note that the pre-factors in Eqs. (1.40),
(1.41) appear due to the normalization u†(p, s)u(p, s) = v†(p, s)v(p, s) = 2E(p). The
Hermitian conjugates of the time-zero quark fields then read

ψ†a+ (x) =

∫
d̄ 3p

1√
2E(p)

∑
s=±1

a†a(p, s)u†(p, s)e−ip·x , (1.42)

ψ†a− (x) =

∫
d̄ 3p

1√
2E(p)

∑
s=±1

ba(p, s)v†(p, s)eip·x . (1.43)

The creation and annihilation operators a†a(p, s), a(p, s) and b†a(p, s), b(p, s) fulfill the
anti-commutation relations

{aa(p, s), a†a(q, t)} = δabδstδ(p− q) , (1.44)

{ba(p, s), b†b(q, t)} = δabδstδ(p− q) , (1.45)

with all other anti-commutators vanishing. The bare vacuum is defined by

aa(p, s)|0〉 = 0, ba(p, s)|0〉 = 0 . (1.46)

Finally, let us state the relation between the energy projectors and the spinor solutions

Λ+(p) =
1

2E(p)

∑
s

u(p, s)u†(p, s), Λ−(p) =
1

2E(p)

∑
s

v(−p, s)v†(−p, s) .

(1.47)
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1.3 Gauss’ Law

Due to Weyl gauge Gauss’ law, Eq. (1.16) for ν = 0, does no longer appear in the
Hamiltonian equations of motion, but degenerates to a constraint equation, which, in
order to select the (physical) gauge-invariant states, has to be fulfilled by the set of
physical states

Ga(x)|ψ〉 = 0, Ga(x) = D̂ab
i Πb

i(x) + gψ†(x)T aψ(x) , (1.48)

where we have defined the Gauss law operator Ga(x). The following relations hold (using
the commutation relations (1.30), (1.31))

[Ga(x),Gb(y)] = igfabcGc(x)δ(x− y) , (1.49)

[Gm(x), ψa(y)] = −gTmψa(y)δ(x− y) , (1.50)

[Ga(x),Πb
G,i(y)] = igfabcΠc

G,i(x)δ(x− y) , (1.51)

[Ga(x), Abi(y)] = igfabcAci(x)δ(x− y)− δab∂iδ(x− y) , (1.52)

with the first commutator defining a Lie-algebra for the Gauss law operator. Notice that
in the second commutator, Eq. (1.50), we have again used the index a for fundamental
and the index m for adjoint fields. From

[H,Ga(x)] = 0 (1.53)

it follows that the Gauss law operator and the Hamiltonian can be diagonalized sim-
ultaneously and a state which satisfies Gauss’ law at one time, does it for all other
times.

Weyl gauge (Aa0 = 0) does not fix the gauge completely and the Hamiltonian,
Eq. (1.23), is still invariant under spatial (local) gauge transformations Ω(x) = eiε

a(x)Ta .
We now show that the fermion part of the Gauss law operator Ga, Eq. (1.48), is the
generator U of time-independent gauge transformations for the quark sector, for which
we demand

Uψ(x)U † = Ω(x)ψ(x) = ψ′(x) , (1.54)

Uψ†(x)U † = ψ†(x)Ω†(x) = ψ†
′
(x) . (1.55)

Expanding the operator

U = exp

(
−i
∫
d3xψ†T aψ(x)εa(x)

)
(1.56)

to first order in ε, the relations (1.54), (1.55) can be proven using the anti-commutation
relation (1.31).

The Yang-Mills part of the Gauss law operator Ga, Eq. (1.48), given as D̂ab
i Πb

i , can be
shown to generate time-independent gauge transformations for the gauge boson sector

U = exp

(
−i
∫
d3x D̂ab

i Πb
G,i(x)εa(x)

)
(1.57)
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fulfilling

UAi(x)U † = Ω(x)

(
Ai −

i

g
∂i

)
Ω†(x) = A′i(x) , (1.58)

UΠi(x)U † = Ω(x)ΠG,i(x)Ω† = Π′G,i(x) . (1.59)

A wave functional satisfying Gauss’ law (1.48) then obeys

U|ψ〉 = 0 , (1.60)

which guarantees the gauge invariance of the wave functional with respect to time-
independent spatial gauge transformations. This last statement marks the central mean-
ing of Gauss’ law: Violation of Gauss’ law corresponds to violation of gauge invariance.

1.4 Schrödinger Picture

Solving the Schrödinger equation H|ψ〉 = E|ψ〉 of a given Quantum Field Theory for the
lowest eigenvalue would clarify the vacuum structure and from the correlation functions,
which would then be known, all observables could be computed. For the Abelian U(1)-
theory without coupling to matter we are able to find the exact ground state; however,
for complicated interacting theories, such as QCD, it is hard to find the exact ground
state and we will explore the vacuum structure by the variational principle.

To solve the QCD Schrödinger equation for the vacuum state we have to adopt a
certain representation for the field operators, which we denote with a hat during this
section, i.e., Âai , Π̂

a
i , ψ̂

a, ψ̂†a.
The basis vectors in the bosonic case are most conveniently chosen to be the eigen-

states of the gauge field operator, which corresponds to the coordinate space represent-
ation in quantum mechanics, and the eigenvalue equation reads

Âai (x)|A〉 = Aai (x)|A〉 . (1.61)

The conjugate momentum Π̂a
G,i, Eq. (1.20), then acts as a derivative with respect to

the gauge field

Π̂a
G,i(x)|A〉 =

δ

iδAai (x)
|A〉 . (1.62)

Expectation values of field operators are then evaluated according to

〈O[A]〉 =

∫
DAψ∗[A]O[A]ψ[A] , (1.63)

which again shows the strong formal similarity of Quantum Field Theory in the Hamilto-
nian approach to ordinary quantum mechanics.
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The Schrödinger equation restricted to the purely gluonic part of the Hamiltonian
(1.24) is represented as∫

d3x

(
−1

2

δ2

δAak(x)2
+

1

4
F a
ijF

a
ij

)
ψ[A] = Eψ[A] , (1.64)

which has to be solved together with the Gauss law constraint, Eq. (1.48), maintaining
the state ψ[A] = 〈A|ψ〉 invariant under time-independent gauge transformations. Since
the potential energy in QED is quadratic in the gauge field, the eigenvalue equation
determining the QED wave functional has the same structure as the harmonic oscillator
equation and is solved by a Gaussian state, which in momentum space reads

ψ[A] = exp

(
−1

2

∫
d̄ 3pAi(p) |p|Ai(−p)

)
, (1.65)

where |p| is the ground state energy of non-interacting photons. This result will become
important when considering an ansatz for the Yang-Mills wave functional in the next
section.

Due to the anti-commuting nature of fermion fields, extending this picture to the quark
sector is not straightforward. In the literature several possibilities have been discussed,
for example, representing the fermion field operators as in the case of bosonic fields,
Eqs. (1.61), (1.62), by

ψ̂a(x)→ ηa(x) , (1.66)

ψ̂†a(x)→ δ

δηa(x)
, (1.67)

which was proposed in Refs. [10, 11] and can easily be shown to satisfy the anti-
commutation relation (1.31). Note that ηa is a anti-commuting Grassmann variable.
This representation, however, has the disadvantage that the Hermitian conjugate of ηa

is given by η†a = δ
δηa

, and the adjoint state is therefore not given by complex conjuga-
tion, but has a more complicated form. In Section 3.3 we will suggest a different and
more convenient representation, introducing coherent fermion states as eigenfunctions
of the annihilation operators a and b, Eqs. (1.40), (1.43).

1.5 Fixing to Coulomb Gauge

In principle, we could now work with QCD ground state wave functionals in Weyl gauge,
as has been done in particular in D = 2 + 1 dimensions for pure Yang-Mills theory
[12]. A more convenient way is to resolve Gauss’ law explicitly by fixing the residual
gauge freedom with respect to time-independent gauge transformations. We choose the
Coulomb gauge condition

∂ ·Aa = 0 , (1.68)
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which eliminates the non-physical longitudinal component of the gauge potential. The
independent degrees of freedom are the transverse gauge potential and the transverse
part of the conjugate momentum, given as

A⊥ai = tijA
a
j , Π⊥ai = tijΠ

a
j , (1.69)

defined with use of the transverse projector

tij(x) =

∫
d̄ 3p (δij − p̂ip̂j) eip·x, p̂i =

pi
|p|

. (1.70)

In addition, the non-vanishing equal-time commutation relations (1.30) in the subspace
of transverse fields become

[A⊥ai (x),Π⊥bj (y)] = iδabtij(x)δ(x− y) . (1.71)

In the scalar product (1.63) Coulomb gauge is implemented in the standard way via the
so-called Faddeev-Popov method [13]. Going over to Coulomb gauge corresponds to the
transition from cartesian to curvilinear coordinates and the determinant J [A⊥] of the
Faddeev-Popov operator

(Ĝ−1)ab(x,y) = (−∂iD̂ab
i )δ(x− y) (1.72)

enters the scalar product in the Coulomb gauge-fixed configuration space

〈ψ|O|φ〉 =

∫
DA⊥J [A⊥]ψ∗[A⊥]Oφ[A⊥], J [A⊥] = Det[Ĝ−1] , (1.73)

representing the metric in the curved configuration space. In Eq. (1.72) D̂ab
i is the

covariant derivative in the adjoint representation, Eq. (1.17).
The Hamiltonian is now expressed entirely in terms of the transverse components of

the gauge field, except for the kinetic part of the Yang-Mills Hamiltonian (which appears
as the first part in HG, Eq. (1.24)) where the momentum operator still has a longitudinal
part. Following the derivations in Refs. [14], [15], Gauss’ law (1.16) can explicitly be
resolved, resulting in [16]

H = HG +HC , (1.74)

HG =
1

2

∫
d3x

(
1

2
J −1[A⊥]Π⊥mi J [A⊥]Π⊥mi +

1

4
FijFij

)
, (1.75)

HC =
g2

2

∫
d3x

∫
d3yJ −1[A⊥]ρm(x)J [A⊥]F̂mn(x,y)ρn(y) , (1.76)

where the second term is the so-called Coulomb Hamiltonian HC, describing the inter-
action of non-Abelian color charges with the densities

ρm(x) = ψ†(x)Tmψ(x) + fmnoA⊥ni (x)Π⊥oi (x) ≡ ρmF (x) + ρmG(x) , (1.77)
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through the non-Abelian Coulomb kernel

F̂mn(x,y) =

∫
d3z Ĝmo(x, z)(−∂2

z)Ĝon(z,y) . (1.78)

In (1.77) the first term on the right-hand side is the matter charge of dynamical fermions
and the second part is the dynamical charge density of the gauge field. Note that this
second part is absent in an Abelian gauge theory. The operator F̂mn involves the Green’s
function of the Faddeev-Popov kernel G−1, Eq. (1.72), twice. In the Abelian theory
Eq. (1.78) becomes the ordinary Coulomb kernel, the Green’s function of the Laplacian,
i.e., F̂ (x,y) = 1/(4π|x− y|).

We work entirely in Coulomb gauge and therefore omit for the rest of the thesis the
transversality sign attached to the gauge field.

At the end of this section, let us shortly comment on the so-called Gribov problem
which occurs when quantizing non-Abelian gauge theories. For a pedagogical introduc-
tion we refer to Ref. [17]. In Section 1.1 we have observed that gauge fixing is necessary
in the continuum to make expectation values well defined. In the Faddeev-Popov method
to implement the gauge condition Eq. (1.68) one has to assume that the gauge fixing
condition has precisely one unique solution [18]. However, it was discovered by Gribov,
Ref. [19], that there exist so-called gauge copies, also referred to as Gribov copies. These
are gauge fields Ai and A′i connected by a gauge transformation Eq. (1.10), which satisfy
the same gauge condition,

∂iAi = 0 = ∂iA
′
i . (1.79)

These Gribov copies are connected to the existence of zero modes of the Faddeev-Popov
operator, Eq. (1.72). In order to bypass this problem, it was proposed to restrict the
functional integral, Eq. (1.73), to the so-called Gribov region, defined as

Ω = {Ai : ∂iAi = 0, Ĝ−1 > 0} , (1.80)

allowing only for a positive definite Faddeev-Popov operator, Eq. (1.72). The boundary of
this region, ∂Ω, is the so-called (first) Gribov horizon. Here the Faddeev-Popov operator
has zero eigenvalue. Unfortunately, the Gribov region still contains Gribov copies [20].
An even further restriction of the functional integral is the so-called fundamental modular
region (FMR). Here one takes the absolute minimum of each gauge orbit (the set of all
gauge fields Aai connected by a gauge transformation, Eq. (1.10)), i.e., of a given gauge
orbit one gauge field Ai.

1.6 Variational Approach to Yang-Mills Theory in
Coulomb Gauge

In this section we collect the results obtained in Refs. [7, 21] in the variational approach
to pure Yang-Mills theory in Coulomb gauge, which will be used as input for the projects
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presented in this thesis2. Two quantities are of special interest for later use, namely the
gluon propagator,

Dab
ij (p) =

∫
d3x e−ip·x〈Aai (x)Abj(0)〉 , (1.81)

and the so-called non-Abelian color Coulomb potential

V ab
C (p) = g2

∫
d3x e−ip·x〈F̂ ab(x,0)〉 , (1.82)

with the Coulomb kernel F̂ ab given in Eq. (1.78). The non-Abelian color Coulomb
potential V ab

C is derived by replacing the quark charge densities in Eq. (1.77) by static
quark-antiquark color charge sources separated by a distance |x|, and by computing
the Coulomb energy density (1.76) for this charge distribution. The expectation value
〈F̂ ab(x,0)〉 is called the Coulomb propagator.

In addition, we define the ghost propagator, given as the expectation value of the
inverse Faddeev-Popov operator (1.72)

Gab(p) =

∫
d3x e−ip·x〈Ĝab(x,0)〉 . (1.83)

Moreover, we define the ghost and Coulomb form factors

Gab(p) =
1

p2

d(p)

g
δab , V ab(p) =

f(p)d2(p)

p2
δab , (1.84)

measuring the deviation from their Abelian results, i.e., gd(p) = f(p) = 1.
In any variational calculation the first step is to choose a well-motivated ansatz for

the vacuum wave functional, denoted as ψ[A], which depends on one or more variational
kernels. By computing the energy density

〈ψ|H|ψ〉 =

∫
DAJ [A]ψ∗(A)H ψ(A) , (1.85)

and minimizing it with respect to the variational kernels entering the wave functional
one gets an estimate for the ground state energy, which is the upper bound to the true
ground state of the system.

In order to find a suitable ansatz for the Yang-Mills wave functional one uses the
fact that for the high-momentum part, due to asymptotic freedom, the Yang-Mills wave
functional is expected to approach the QED wave functional, Eq. (1.65). One therefore
suggests a Yang-Mills ground state of the form [7]

ψ[A] = 〈A|ψ〉 =
NG√
J [A]

exp

(
−1

2

∫
d̄ 3pAai (p)ωabij (p)Abj(−p)

)
, (1.86)

2All results in this chapter are obtained for (color) SU(2) Yang-Mills theory.
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with ωabij (p) the variational kernel chosen to be a color and Lorentz scalar, i.e., ωabij (p) =
δabtij(p)ω(p). The fact that the Faddeev-Popov determinant J [A], Eq. (1.73), enters
the wave functional is of central importance. At the Gribov horizon ∂Ω the Faddeev-
Popov operator Ĝ−1, Eq. (1.72), has zero eigenvalue and the Faddeev-Popov determinant
J [A], Eq. (1.73), vanishes. The wave functional ψ[A], Eq. (1.86), becomes strongly
peaked. This goes in hand with the conjecture that the dominant infrared configurations
lie on the Gribov horizon [22–24]. In addition, the ansatz (1.86) has the technical
advantage that the Faddeev-Popov determinant in the integration measure (1.73) cancels
against the Faddeev-Popov determinant in the vacuum wave functional (1.86). The
generating functional defined as

Z[j] =
〈
ψ
∣∣ exp

(∫
d̄ 3p jai (p)Aai (−p)

)∣∣ψ〉 , (1.87)

can be performed analytically, yielding

Z[j] = N 2
G

∫
DA exp

(
−
∫
d̄ 3pAai (p)ωabij (p)Abj(−p) +

∫
d̄ 3p jai (p)Aai (−p)

)
= exp

(
1

4

∫
d̄ 3p jai (p)(ωabij (p))−1jbj (−p)

)
. (1.88)

Here jai is the gluonic source and the normalization constant NG is fixed by the condition
〈1〉 = 1. Evaluating the gluon propagator (1.81) yields

〈Aai (p)Abj(q)〉 = (2π)6 δ2Z[j]

δjai (p)δjbj (q)

∣∣∣
j=0

= δab
tij(p)

2ω(p)
(2π)3δ(p+ q) , (1.89)

where we have assumed rotational invariance, i.e., ω(p) = ω(−p). We observe that
the gluon propagator is the inverse of the operator appearing in the exponent of the
wave functional, which is special for the ansatz (1.86) and no longer holds true for
non-Gaussian wave functionals [25] and for Gaussian wave functionals with an arbitrary
power α in the exponent of the Faddeev-Popov determinant, i.e., [21]

ψ[A] = J −α[A]NG exp

(
−1

2

∫
d̄ 3pAai (p)ωabij (p)Abj(−p)

)
. (1.90)

The (inverse) gluon propagator (1.81), now denoted as D(p) = 1
2Ω(p)

, and the wave

functional kernel ω, Eq. (1.86), obey the relation [21]

Ω(p) = ω(p) + (1− 2α)χ(p) , (1.91)

where

χabij (p) =
1

2

∫
d3x eip·x

〈
δ2 lnJ

δAai (x)Abj(0)

〉
, (1.92)
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Figure 1.1: Comparison of the gluon energy ω and the ghost form factor d for the two critical
solutions β = 0.99 (full curve) and β = 0.85 (dashed curve).

is the curvature of the gauge orbit in field space and χabij (p) = δabtij(p)χ(p). For the
choice α = 1/2 the inverse gluon propagator Ω is then identical with the wave functional
kernel ω.

In the standard procedure the energy density of the gluon part E[A] = 〈HG〉 (with
HG given in Eq. (1.75)) is computed and then varied with respect to the kernel ω to yield
a coupled system of integral equations, found in Refs. [7], [8], determining the gluon
propagator (1.81), the Coulomb propagator (1.82), and the ghost propagator (1.83).

It can be shown analytically [26] that the infrared exponents of the gluon propagator
ω(p→ 0) ∼ p−α and ghost form factor d(p→ 0) ∼ p−β obey the sum rule α = 2β − 1
and have two possible solutions3

i) β ' 0.796 (0.85), ii) β = 1.0 (0.99) , (1.93)

which can also be found numerically, see Fig. 1.1. The values in the brackets denote the
numerically determined values, which were obtained in Refs. [7, 8]. Both solutions have
in common that at small momenta the variational kernel ω diverges and from Eq. (1.89)
we can read off that the gluon propagator vanishes. Moreover, for both solutions the
ghost form factor d, Eq. (1.84), diverges for small momenta. For large momenta both
solutions go over into the photon energy ω(p → ∞) ∼ p, which can also be seen in
Fig. 1.1.

Before we come to discuss the form of the static non-Abelian color Coulomb potential
VC, Eq. (1.82), within the variational approach, let us comment on this quantity. An
inequality relates the color Coulomb confinement potential VC(r), Eq. (1.82), and the

3There also exist so-called subcritical solutions [27], for which d−1(0) 6= 0.
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static potential extracted from the Wilson loop (see Part II of the thesis), denoted as
VW(r) and reads [28]

VC(r) ≥ VW(r) . (1.94)

From this inequality we can deduce that in a confining theory there always must be
a confining non-Abelian Coulomb potential VC(r). The slope of the linear potential,
referred to as the Coulomb string tension σC, is the upper bound for the gauge invariant
string tension extracted from the expectation value of the Wilson loop, known as the
Wilsonian string tension σW. The evaluation of the Wilsonian string tension within the
Hamiltonian approach will be subject of the second project presented in Part II of this
thesis. Although difficult to compute, lattice measurements for SU(2) as well as SU(3)
suggest for σC a value which is two to three times larger than the Wilsonian string
tension σW, see Refs. [23, 29–32]. In Ref. [30], calculating VC, Eq. (1.82), directly via
Monte-Carlo simulations, a value of σC ≈ 1.6σW has been estimated. Throughout this
thesis we will use values σC = (2 . . . 3)σW in order to set the scale.

Let us return to the evaluation of the color Coulomb potential in the variational
approach to QCD4. Numerical investigations show that in Eq. (1.93) solution i) is more
stable. However, the color Coulomb potential VC(r) extracted from (1.82) is not rising
linearly for large distances. On the other hand, solution ii) in Eq. (1.93) allows for a
strictly linearly rising non-Abelian color Coulomb-potential VC(r), Eq. (1.82), which can
be seen analytically by plugging d(p) ∼ 1/p into Eq. (1.84), to give V (p→ 0) ∼ 1/p4.
We note that in the equation determining the Coulomb form factor f the ghost form
factor d is set to its bare value, d(p) = g, see Ref. [7].

Finally, let us compare the results for the gluon propagator obtained in the Hamiltonian
approach with lattice calculations, see Fig. 1.2. For a review of gauge fixing on the lattice
we refer to Ref. [35]. The lattice data for the kernel ω can be nicely fitted by Gribov’s
formula [19] over the whole momentum range

ω(p) =

√
p2 +

M4
G

p2
, (1.95)

where MG is a mass scale referred to as Gribov mass, which is determined on the lattice
in Ref. [36] in terms of the Wilsonian string tension σW and has the value

MG ≈ 880 MeV ≈ 2
√
σW . (1.96)

In the asymptotic momentum regions the variational result using the ansatz (1.86) and
the lattice data agree excellently. In the mid-momentum regime, however, the lattice
data signal a more pronounced maximum. The Gaussian ansatz (1.86) is extended to
non-Gaussian wave functions including up to quartic terms in the gauge field [25],

|ψ[A]|2 = exp(−S[A]), S[A] =

∫
ωA2 +

1

3!

∫
γ(3)A3 +

1

4!

∫
γ(4)A4 , (1.97)

4In the functional integral approach, where Weyl gauge is not imposed, the static non-Abelian color
Coulomb potential VC, Eq. (1.82), is essentially the instantaneous part of the temporal gluon
propagator D00 = 〈A0A0〉, see Refs. [33, 34] and Section 6.3.
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Figure 1.2: Comparison of the gluon propagator obtained on the lattice (data points) with
the variational solution for the Gaussian ansatz (dashed curve) and non-Gaussian ansatz for
the wave functional (full curve). Plot taken from Ref. [25].

suspecting that these deviation stems from ignoring the three-gluon and higher-order
vertices in the Gaussian ansatz. In fact, from Fig. 1.2 one observes that with the non-
Gaussian ansatz (1.97) the maximum moves towards the lattice result.

Let us shortly summarize the main findings of this chapter. Starting from the defin-
ition of the QCD Lagrangian, the corresponding Hamiltonian in a Coulomb gauge fixed
scheme has been presented. We have shown that the so-called Faddeev-Popov determin-
ant, which essentially describes the Jacobian in the curved space, enters the Hamiltonian
and the scalar product. Moreover, in the construction of the Yang-Mills vacuum wave
functional it plays an important role. In the last section we have studied the pure Yang-
Mills sector and collected the most important quantities for later work, i.e., the gluon
propagator and the non-Abelian color Coulomb potential.

All these results offer a rich variety of applications5: for instance, the Gaussian Yang-
Mills vacuum wave functional ψ[A], Eq. (1.90), can be applied to obtain a perimeter
law in the ’t Hooft loop, Ref. [40], or to show that the inverse ghost form factor d−1(p),
Eq. (1.84), has the meaning of the dielectric function of the Yang-Mills vacuum, Ref. [41].
In addition, the topological susceptibility, Ref. [42], has been successfully computed using
the Gaussian ansatz and currently the finite temperature case in pure Yang-Mills theory
is investigated, Refs. [43, 44]. Moreover, the above described formalism can be used to
extract information about lower dimensional QCD as well. The Gaussian vacuum has
been applied to Yang-Mills theory in D = 1 + 1 dimensions, Ref. [45], and in D = 2 + 1

5A collection of all results gained in recent years in the Hamiltonian approach to Yang-Mills theory
can be found in Refs. [37–39].
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dimensions, Ref. [46]. However, the ultimate goal is, at last, to approach hadron physics
and to compute hadron observables from the elementary degrees of freedom, the quarks
and gluons.

In Part I of the work we therefore extend the variational approach and include quark
fields into the ansatz for the vacuum wave functional.

In Part II we show how the area law for spatial Wilson loops can be obtained from the
results presented in this section.

Finally, let us shortly mention other approaches to non-perturbative Yang-Mills the-
ory in Coulomb gauge. Although most work in recent years in Coulomb gauge has been
performed in the Hamiltonian approach, also the Dyson-Schwinger approach within the
first order formalism has become quite popular, Ref. [47]. In this framework the Slavnov-
Taylor identities are studied in Ref. [48]. In Ref. [49] a non-perturbative constraint on
the total color charge is derived. Heavy quarks are explored in Refs. [50–52]. A one-loop
perturbative analysis of propagators is performed in Refs. [53–55]. Besides the Dyson-
Schwinger approach, there exists another powerful functional method to explore the
non-perturbative sector, the Functional Renormalization Group, Ref. [56]. Transferring
this formalism to the Hamiltonianian formalism in Coulomb gauge, Ref. [57], flow equa-
tions for the ghost and gluon propagators are derived and solved in Ref. [58]. Moreover,
in Ref. [59] a flow equation for the static non-Abelian color Coulomb potential is presen-
ted. Another method is lattice QCD in Coulomb gauge. A key issue on the lattice in
Coulomb gauge is the renormalizability of Greeen’s functions. It has been discovered
that for static correlation functions a non-perturbative renormalization procedure can
be defined, see Refs. [36, 60, 61]. Recent calculations of lattice Yang-Mills propagators
are reported in Ref. [62]. It is a remarkable fact that most results gained in all these
different approaches to Coulomb gauge QCD agree quantitatively.



Part I

Inclusion of Quarks into the
Hamiltonian Formalism





Chapter 2

Chiral Symmetry Breaking and
Dynamical Mass Generation

The aim of the first project presented in this thesis is to formulate a vacuum wave
functional for the quark sector of QCD. In this chapter we introduce the theoretical
concept which is essential for this construction: the spontaneous breakdown of chiral
symmetry. Important low-energy phenomena follow from this concept, like the small
pion masses and the non-existence of degenerate masses of parity partners.

In the first section we introduce the notion of a constituent quark mass and motivate,
in a simple physical picture, how a constituent mass evolves from a small or even vanish-
ing bare quark mass. In Section 2 we put these observations on a theoretical foundation.
Starting from the definition of a general flavor symmetry transformation, we discuss the
symmetry group of QCD and introduce chiral flavor rotations. Section 3 is devoted to
the phenomenological hints for chiral symmetry to be broken spontaneously. We then
discuss the resulting ground state properties and invoke the Goldstone theorem, which
explains the small pion masses.

2.1 Bare and Constituent Quark Masses

The masses of the lightest quark flavors mu, md and ms are small compared to the
typical QCD scale, which is of order 1 GeV, e.g., the mass of the proton. These bare
or Lagrangian quark masses are fixed in a certain renormalization scheme, for instance,
the MS scheme, and take values of about [63]

mu ≈ 2 MeV, md ≈ 4 MeV, ms ≈ 100 MeV. (2.1)

The fact that the proton mass, Mproton ≈ 940 MeV, differs from the sum of the masses
of its building blocks (two up-quarks and one down-quark) by almost two orders of
magnitude, motivates the introduction of a constituent quark mass. It consists of the
bare quark mass mf, with f denoting flavor, and the contribution from binding effects
of QCD. Since three constituent quarks form a nucleon, the mass of a constituent quark
is about Mconstituent = Mproton/3 ≈ 300 MeV. Many bound-state models use this value
as input.

Starting from the bare mass mf the constituent mass Mconstituent is generated dy-
namically, which can be illustrated in the following way [64]: As the bare quark moves
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through the hadron, due to QCD interactions it acquires more and more mass until it
freezes out and becomes a heavy constituent quark at large distances (around 1 fm).
In momentum space we can therefore define the constituent mass as the dynamically
generated mass, denoted as M(p), at zero momentum and the current quark mass as
its limit for large momenta1:

M(p→ 0) = Mconstituent, M(p→∞) = mf . (2.2)

We can conclude that due to the large difference between constituent and bare quark
mass nearly the whole proton mass arises from the strong interaction. To compare, the
Higgs field, from which should follow the bare quark masses, only accounts for one or
two percent of the proton mass, Ref. [65].

Theoretically also with vanishing quark mass a non-vanishing constituent mass can
be obtained, which leads to the statement that quark mass is generated from nothing
[66]. This reveals that mass generation must be non-perturbative in nature, since in
perturbation theory the mass of a particle is proportional to its bare mass at every order
in the coupling. Hence, in order to describe the emergence of the constituent quark
mass from QCD, we clearly have to rely on non-perturbative methods. Such a method,
outlined in Chapter 1, is the variational approach to QCD in Coulomb gauge.

A puzzle, which arises at this stage, comes from the pion, composed of an up- and
a down anti-quark. Sticking to the constituent representation, we would expect a pion
mass of about Mpion = 2 ×Mconstituent ≈ 600 MeV. However, the experimental value
is much smaller, Mpion ≈ 140 MeV. We therefore have to clarify how a light composite
particle, the pion, is formed from two massive constituent quarks.

2.2 Chiral Symmetry

Considering fermion fields that carry a flavor index running from 1 to Nf, Eq. (1.1), we
define a general symmetry transformation of the form

ψ(x)→ ψ′(x) = eiεXaψ(x) , (2.3)

ψ(x)→ ψ
′
(x) = ψ(x)eiεXa , (2.4)

with Xa, Xa being the symmetry generators in flavor space and the index a runs from
a = 1 to N2

f . Expanding the fermion Lagrangian, Eq. (1.1), to first order in the
parameter ε, the invariance with respect to the general symmetry (2.3), (2.4) can be
formulated as

XaD +DXa = 0 , (2.5)

1Let us emphasize that the non-trivial behavior of QCD under a scale transformation leads to the fact
that physical quantities become momentum dependent, which means that all quark masses become
running masses.
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with D, Eq. (1.2), denoting the massive Dirac operator. From the general symmetry
transformations we build up N2

f vector transformations XV
a and N2

f axial-vector (chiral)
transformations XA

a as

XV
a = {Ta,1}, XA

a = {γ5Ta, γ5} . (2.6)

We find both to be symmetries of the massless QCD action. Note that X
V

a gets an addi-

tional sign, i.e., X
V

a = {−Ta,−1}. The invariance with respect to axial transformations
can directly be seen from the anti-commutativity of the massless Dirac operator with γ5,
i.e., {D, γ5} = 0. The invariance with respect to vector transformations extends to the
case of degenerate masses mf = m. The QCD action, however, is chirally symmetric
for massless quark fields only. A mass term explicitly breaks chiral symmetry, as can be
seen by inserting the transformations XA

a in (2.5) with D = m. Therefore, setting the
quark masses to zero, i.e., mu = md = ms = 0, is called chiral limit.

From now on, to the rest of this thesis, we deal with massless quarks only. The
symmetry group of massless QCD is

SUV(Nf)× SUA(Nf)× UV(1)× UA(1) . (2.7)

Noether’s theorem connects a continuous symmetry with a conserved current, which
reads for the symmetry transformations quoted above

Ja,Vµ = ψT aγµψ , a = 1, . . . , N2
F − 1 Ja,Vµ = ψγµψ , a = N2

F , (2.8)

Ja,Aµ = ψT aγµγ5ψ , a = 1, . . . , N2
F − 1 Ja,Aµ = ψγµγ5ψ , a = N2

F , (2.9)

where we identify the conserved vector currents Ja,Vµ to give isospin and baryon num-

ber conservation. The axial current J
N2

f ,A
µ is conserved at the classical level only. In

the quantized theory the UA(1) symmetry is violated, leading to a non-zero operator
occurring on the right-hand side of the divergence

∂µ
(
ψγµγ5ψ

)
6= 0 . (2.10)

This so-called axial anomaly can be demonstrated in an elegant manner using the
Fujikawa method [67] which starts from the observation that the fermion measure in
the fermionic path integral is not invariant under a chiral rotation2.

Finally, we define the orthogonal projectors P± = 1±γ5

2
on right-handed and left-

handed components

ψR = P+ψ, ψL = P−ψ , (2.11)

such that we can decouple the massless fermion Lagrangian as

L = ψLDψL + ψRDψR . (2.12)

2The explicit chiral UA(1) symmetry breaking by the axial anomaly gives mass to the η′ particle. In this
thesis we do not consider the axial anomaly, which has been already calculated in the Hamiltonian
approach in Ref. [42].
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Chiral symmetry manifests itself in the possibility to decouple the Lagrangian into a
left-handed and right-handed part, which can again be related to the fact that γ5 anti-
commutes with the massless Dirac operatorD or correspondingly with the Dirac Hamilto-
nian h, see Eqs. (1.33), (1.34) and the discussion which follows these equations. The
explicit chiral symmetry breaking by a mass term then leads to a mixing between left-
and right-handed components, i.e., ψLψR + ψRψL. Moreover, left- and right-handed
currents can be constructed as sum and difference of Eqs. (2.8), (2.9) to give

JLµ =
1

2

(
JV
µ − JA

µ

)
, (2.13)

JRµ =
1

2

(
JV
µ + JA

µ

)
. (2.14)

Both currents are conserved separately implying that the fermion numbers of ψL and
ψR are separately conserved. In addition, we can construct left- and right-handed trans-
formations and end up with the following isomorphic symmetry groups

SUV(Nf)× SUA(Nf)× UV(1)× UA(1) ∼= SUL(Nf)× SUR(Nf)× UL(1)× UR(1) .
(2.15)

Let us emphasize that ψR and ψL are eigenfunctions to the chirality matrix γ5 with
eigenvalues ±1, i.e.,

γ5ψR = ψR, γ5ψL = −ψL . (2.16)

This observation will become important for the considerations below.

2.3 Spontaneous Breaking of Chiral Symmetry

We now motivate the fact that the axial-vector symmetry SUA(Nf) is not realized in
nature. We start from the observation that left- and right-handed particles are at the
same time helicity eigenstates (in the chiral limit)

σ · p̂ ψR = ψR, σ · p̂ ψL = −ψL, (2.17)

where we have used the definition of the helicity matrix σ · p̂, Eq. (A.14). Right-handed
massless fermions ψR have helicity +1 and left-handed fermions ψL have helicity −1.
For massless fermions helicity eigenstates are at the same time chirality eigenstates. To
see this compare Eq. (2.16) with Eq. (2.17). Acting with a parity operator a particle
with positive helicity transforms into a particle with negative helicity and vice versa.
We therefore expect hadrons to occur in nearly degenerate parity doublets, i.e., parity
partners should have nearly degenerate masses. For instance, the nucleon N and its
parity partner N∗ should have nearly equal masses. However, while the nucleon N
has a mass of 940 MeV, its parity partner N∗ is about 600 MeV heavier. Hence, no
such degeneracy occurs in the hadron spectrum. We can conclude that the ground
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state of QCD does not obey the symmetry of the action, Eq. (2.15), i.e., axial-vector
transformations SUA(Nf) are broken spontaneously.

The true vacuum of QCD, denoted as |Φ〉, is not chirally invariant:

eiεX
A
a |Φ〉 6= |Φ〉 , (2.18)

where we have used the definition (2.6). This argumentation can further be supported
by the fact that the flavor-singlet vacuum expectation value

〈Φ|ψψ|Φ〉 = 〈Φ|ψRψL|Φ〉+ 〈Φ|ψLψR|Φ〉 , (2.19)

referred to as chiral condensate, acquires a non-zero value. This non-zero expectation
value signals the mixing of left- and right-handed quarks. In this picture the QCD ground
state, being populated by quark-antiquark states, is responsible for giving mass to the
hadrons. We stress that the relation (2.18) will become important in later considerations.
We speak of such a symmetry to be realized in the Nambu-Goldstone mode as opposed
to the Wigner-Weyl mode, in which the vacuum possesses the same symmetry as the
action of the system.

In the chiral limit the value of the chiral condensate is given as 〈ψψ〉 = −(235 ±
15 MeV)3, Ref. [68]. In recent years lattice measurements3 could confirm this value
[70–72].

We are now able to solve the puzzle of the small pion mass. For a spontaneously broken
continuous global symmetry the Goldstone theorem applies, leading to the existence of
massless and spinless particles, the Goldstone bosons. If the broken symmetry is a vector
symmetry then the associated Goldstone particle is a massless scalar particle, whereas a
broken axial-vector symmetry leads to pseudoscalar massless particles. The number of
Goldstone particles corresponds to the number of generators of the broken symmetry,
i.e., for SUA(Nf) there are N2

f − 1 Goldstone particles. The eight lightest hadrons

π±, π0, K±, K0, K
0
, η are therefore the pseudoscalar Goldstone bosons associated with

the eight generators of SUA(3). Since the lightest quark flavors are only approximately
massless, the Goldstone modes also acquire a small non-vanishing mass, but are still
much lighter than the other hadrons.

In the quantized theory the symmetry (2.7) is broken to the remaining symmetry

SUV(Nf)× UV (1) , (2.22)

3On the lattice the quark condensate, Eq. (2.19), is given via the Banks-Casher relation [69]

〈Φ|ψψ|Φ〉 = − lim
V→∞

πρ(0) , (2.20)

with the spectral density ρ(λ) of the Dirac operator defined by

ρ(λ) =
1

V

∑
n

〈δ(λ− λn)〉 , (2.21)

and ρ(0) the zero-eigenvalue density of the Dirac operator, see Eq. (1.35). Here V is the volume
and λ denotes the eigenvalue of the Dirac operator.
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which is realized in nature. Since no light scalar particles appear in the spectrum,
baryon number is conserved and hadrons form multiplets of SUV(3). Moreover, there
exists a general theorem [73], which states that in vector-like theories4 vector symmetries
cannot be spontaneously broken. The independent left- and right-handed symmetries,
Eq. (2.15), are spontaneously broken to a group of simultaneous transformations

SUL(Nf)× SUR(Nf) ∼= SUL+R(Nf) . (2.23)

In the next chapter we will make use of the concepts presented in this chapter in order
to construct a vacuum wave functional for the quark sector of QCD.

4These are theories in which the gauge field only couples to vector currents, as opposed to chiral
gauge theories, in which gauge fields couple to axial-vector currents as well. A famous example for
vector-like theories is QCD and for a chiral gauge theory the U(1) × SU(2) gauge theory of the
electroweak sector.



Chapter 3

Variational Approach to the Quark
Sector of QCD

In this chapter we introduce quark fields into the variational approach to QCD in Coulomb
gauge.

In the first section we motivate the choice of BCS-like trial states containing quark-
antiquark pairs, which we generalize to include the coupling of the quarks to transverse
spatial gluons. In Section 2 we represent the quark fields in a coherent fermion basis,
and in section 3 we establish the generating functional in terms of Grassmann fields
and evaluate fermionic n-point functions. In Section 4 we discuss the evaluation of the
gluonic expectation values which, due to the presence of the quark fields, can no longer
be done exactly. Section 5 exploits the low energy chiral properties of the theory, like
the quark condensate and the constituent mass and connects the solutions obtained in
the variational approach to the quark propagator dressing functions.

All results are given in the chiral limit, but it is straightforward to reformulate the
system to non-zero quark masses.

Explicit calculations and technical details are postponed to Appendix B. Some of the
results presented in the following chapters have been published in Ref. [74].

3.1 Motivation

Let us start with the microscopic theory of superconductivity, the BCS theory. Below
a critical temperature electron-hole pairs, so-called Cooper pairs form and signal the
transition to the BCS phase. The ground state of a superconductor can therefore be
represented in terms of Cooper pairs [75]

|BCS〉 = e−
∑
k,l Ckla

†
kb
†
l |0〉 , (3.1)

with Ckl denoting the amplitudes, where the variational kernels denoting the occupation
probabilities for the different single-particle states are hidden. The creation operators a†

and b† for electrons and holes are defined according to Eqs. (1.41), (1.42). Varying the
BCS-Hamiltonian with respect to the variational functions results in the so-called gap
equation [75], which is a self-consistent equation for the energy gap ∆. The Nambu–
Jona-Lasinio model (NJL-model) transports this picture to quark physics. Cooper pairs
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become quark-antiquark pairs, the critical temperature becomes the critical coupling and
the energy gap ∆ becomes the mass gap M [76, 77]. The first attempts to construct a
quark vacuum wave functional within QCD make use of this analogy. In the pioneering
works of Finger and Mandula [78], Yaouanc et al. [79], and Adler and Davis [80] a
BCS-like ground state is considered

|φ〉 = NF exp

[
−
∫
d̄ 3p

∑
s,t

S(p)u(p, s)v(−p, t)a†a(p, s)b†a(−p, t)

] ∣∣∣0〉 , (3.2)

where NF is the normalization, S(p) is the variational kernel, u(p, s), v(−p, t) the
spinor solutions, Eqs. (A.26), (A.28), and a†a(p, s), b†a(p, t) the creation operators for
massless quarks and anti-quarks of momentum p, color a and helicities s, t, Eqs. (1.41),
(1.42). The flavor index is suppressed and can straightforwardly be attached to the
creation operators. However, to the present approximation the result is independent on
the number of flavors used, so that we will drop the flavor index.

The vacuum state (3.2) has zero total momentum, zero angular momentum and is a
color singlet. Employing Bogoliubov transformations generalized creation and annihila-
tion operators can be constructed, from which the expectation value of the Hamiltonian
is evaluated. After variation with respect to the variational kernel S a non-linear equation
determining S, the so-called quark gap equation is derived [78–80]. The construction
of Bogoliubov quasi-particles can be seen as a realization of the BCS formalism within
QCD.

However, this ansatz has certain limitations. Since the wave functional (3.2) does not
take a coupling to transverse gluon fields into account, the part of the single-particle
Hamiltonian HF, Eq. (1.25), which couples the quarks to the transverse gluon fields -
the last term in Eq. (1.29) - cannot be accessed: the corresponding expectation value is
zero. As a consequence, chiral parameters of the theory result too small [80].

In this work we improve the BCS-type wave functional (3.2) and explicitly take the
coupling to gluons into account. We suggest the following general ansatz for the quark
vacuum wave functional,

|φ〉 = NF exp

[
−
∫
d̄ 3p d̄ 3q

∑
s,t

Kab(p, s; q, t)a†a(p, s)b†b(q, t)

] ∣∣∣0〉 , (3.3)

where the kernel K will be specified below to consist of two parts: the BCS part,
Eq. (3.2), and a part which couples the transverse gauge field to the quark-antiquark
pairs. For the following considerations we give the adjoint vacuum state

〈φ| = N ∗F
〈

0
∣∣∣ exp

[
−
∫
d̄ 3p d̄ 3q

∑
s,t

K
ba

(q, t;p, s)bb(q, t)aa(p, s)

]
, (3.4)

where K denotes the complex-conjugate kernel. The coordinate-space representation of
the wave functional (3.3) is

|φ〉 = NF exp

[
−
∫

d3x d3y ψ†a+ (x)Kab(x,y)ψb−(y)

] ∣∣∣0〉 , (3.5)
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where we have used the definitions (1.41) and (1.42).
It is natural to consider the full QCD vacuum as a direct product of gluon and fermion

wave functionals

|Φ〉 = N (|φ〉F ⊗ |ψ〉G) , (3.6)

where for the Yang-Mills vacuum |ψ〉G we use the Gaussian-type wave functional,
Eq. (1.86), and N is an overall normalization. With this ansatz, Eq. (3.6), we can,
in principle, explore the full QCD system, i.e., all parts of the Coulomb gauge-fixed
Hamiltonian, Eqs. (1.25),(1.75),(1.76), can be accessed. However, in the variational
analysis in Chapters 4 and 5 we will keep the gluon kernel fixed and vary with respect
to the quark kernels only.

3.2 Representation in Terms of Coherent Fermion
States

In principle we could follow the framework of Refs. [78, 80] and extend the BCS quasi-
particle picture by using generalized Bogoliubov transformations, which can be found in
Ref. [75]. However, we will follow here Ref. [81] and use a more elegant way introducing
coherent fermion states, which allow us to construct a generating functional in terms
of Grassmann fields and to apply the Dyson-Schwinger technique to the correlation
functions of the theory.

We start with defining coherent fermion states as eigenstates of the annihilation op-
erators

aa(p, s)|ξ+, ξ
∗
−〉 = ξa+(p, s)|ξ+, ξ

∗
−〉 , (3.7)

ba(p, s)|ξ+, ξ
∗
−〉 = ξ∗a− (p, s)|ξ+, ξ

∗
−〉 , (3.8)

with the coherent fermion states being of the form

|ξ〉 ≡ |ξ+, ξ
∗
−〉 = exp

(∫
d̄ 3p

∑
s

[
a†a(p, s)ξa+(p, s) + b†a(p, s)ξ∗a− (p, s)

]) ∣∣∣0〉 ,
(3.9)

which can be easily proven by expanding the exponential using the nilpotency condition
of Grassmann fields. The adjoint coherent state reads

〈ξ| ≡ 〈ξ∗+, ξ−| =
〈

0
∣∣∣ exp

(∫
d̄ 3p

∑
s

[
ξ∗a+ (p, s)aa(p, s) + ξa−(p, s)ba(p, s)

])
,

(3.10)

satisfying

〈ξ|a†a(p, s) = 〈ξ|ξ∗a+ (p, s) , (3.11)

〈ξ|b†a(p, s) = 〈ξ|ξa−(p, s) . (3.12)
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In the basis of the coherent fermion states the vacuum wave functional (3.3) and its
adjoint (3.4) are represented as

φ[ξ] = 〈ξ|φ〉 = exp

[
−
∫
d̄ 3p d̄ 3q

∑
s,t

(K(p, s; q, t))ab ξ∗a+ (p, s)ξb−(q, t)

]
, (3.13)

φ∗[ξ] = 〈φ|ξ〉 = exp

[
−
∫
d̄ 3q d̄ 3p

∑
t,s

(
K(q, t;p, s)

)ba
ξ∗b− (q, t) ξa+(p, s)

]
, (3.14)

with the bare vacuum being 〈ξ|0〉 = 1.

3.3 Generating Functional for Fermion Fields

In order to evaluate various n-point functions as derivatives with respect to fermion
sources, which we denote as η, we define the generating functional of fermion fields by

Z[η] ≡ Z[η∗+, η
∗
−; η+, η−] = N 2

F〈φ|e(
η∗+a+η−b) e(a

†η++b†η∗−)|φ〉 , (3.15)

where all occuring indices are implicitly summed over. From this key definition we derive
a functional integral representation of the generating functional in terms of Grassmann
fields (3.15) using the coherent fermion basis, see Appendix B. Here we quote the result
(B.7),

Z[Λ†,Λ] = N 2
F Det[Ω[A]] eΛ†Ω−1Λ . (3.16)

where we have used a compact matrix notation for the source terms

Λ =

(
η+

−η−

)
, (3.17)

and the kernels Ω[A] and Ω−1[A] are explicitly given as

Ω[A] =

(
1 K[A]

K[A] −1

)
, Ω−1[A] =

( [
1 +KK

]−1 [
1 +KK

]−1
K[

1 +KK
]−1

K −
[
1 +KK

]−1

)
.

(3.18)

From the definition of the full QCD generating functional

Z[j, η] = N 2〈Φ|ejiAie(η∗+a+η−b) e(a
†η++b†η∗−)|Φ〉 , (3.19)

where N is the overall normalization and ji denote the bosonic sources, we then are left
with an integral over the transverse gauge field, reading

Z[j,Λ†,Λ] =

∫
DAJ [A]|ψ(A)|2 exp [jiAi] N 2

F Det[Ω[A]] exp
[
Λ†Ω−1[A]Λ

]
.

(3.20)
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Lorentz indices are explicitly, and all other indices are implicitly understood. Using the
Gaussian ansatz (1.86) for the Yang-Mills ground state, the Faddeev-Popov determinant
J [A], Eq. (1.73), entering the functional integral cancels. However, due to the presence
of the gauge-field dependent determinant Det[Ω[A]] and the inverse kernel Ω−1[A],
Eq. (3.18), the gluonic path integral can no longer be performed exactly and we have
to resort to certain approximations.

We turn to the issue of normalization. As a first approximation we demand that
〈1〉F = 1 and 〈1〉G = 1, so that we have

N|Φ〉 = NF|φ〉 ⊗ NG|ψ〉 , (3.21)

with

N−2
F [A] = Det[Ω[A]], N 2

G =
√

Det[ω] , (3.22)

where we have used Gaussian integration for fermion and boson fields. Below we show
that this approximation corresponds to what is called in lattice gauge theory quenched
approximation. We will clarify the physical interpretation of this approximation. When
investigating the back-reaction of fermions on the gluon sector we will have to weaken
the assumption (3.21) and expand the fermion determinant in powers of the gauge field.
This is currently under investigation. Note, however, that although the determinant
Det[Ω[A]] in (3.20) now cancels, the path integral over the gauge field can not be
performed exactly, due to the inverse kernel Ω−1[A], Eq. (3.18). We are left with

Z[j,Λ†,Λ] =

∫
DA exp [−AiωijAj + jiAi] exp

[
Λ†Ω−1[A]Λ

]
. (3.23)

The approximations in order to evaluate the gluon path integral are part of Sect. 3.5.
In order to clarify the meaning of Eq. (3.21), let us set the Hamiltonian approach in

correspondence with the usual Lagrangian euclidean path integral approach, in which
correlation functions of field operators are computed via

〈O[ψ†, ψ, A]〉 =
1

Z

∫
DAe−SG[A]

∫
Dψ†Dψe−SF[ψ†,ψ,A]O[ψ†, ψ, A] , (3.24)

with Z =
∫
DAe−SG[A]

∫
Dψ†Dψ e−SF[ψ†,ψ,A] denoting the normalization. The fermion

part of the partition function

ZF =

∫
Dψ†Dψe−SF[ψ†,ψ,A] = Det[D] , (3.25)

yields the determinant of the (Euclidean) Dirac operator D = γµ∂µ, referred to as
fermion determinant, and corresponds to Det[Ω[A]] in Ref. (3.20). From this it follows
that the normalization (3.22) corresponds to setting Det[D] = 1 in Eq. (3.24), which is
in lattice field theory called quenched approximation1. It can be considered as the limit,

1On the lattice it means that, for instance, the quark propagator is evaluated on gauge configurations
of pure Yang-Mills theory [82]. In the Dyson-Schwinger approach unquenching is implemented by
adding a quark loop in the gluon Dyson-Schwinger equation [83].
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in which the sea quarks (i.e., quarks which are created and annihilated in the vacuum),
are infinitely heavy and cannot be generated from the vacuum, see Ref. [82]. Recent
Dyson-Schwinger studies, Ref. [84], indicate that the effect of such virtual pairs of quarks
and anti-quarks from the vacuum on hadronic observables is small2.

From Eqs. (3.20) and (3.24) we can identify

e−SG[A] = J −1[A] |ψ[A]|2 , (3.26)

e−SF[ψ†,ψ,A] = |φ[ξ∗, ξ, A]|2 . (3.27)

The action of the bosonic and fermionic part of the theory in coordinate space reads

SG[A] =

∫
d3xd3y Aai (x)ω(x,y)Aai (y) , (3.28)

SF[ψ†, ψ, A] =

∫
d3xd3y ψ†+(x)Ω[A](x,y)ψ−(y) . (3.29)

For later use we separate the fermionic and gauge field part of the expectation value and
write

〈. . .〉 = 〈〈. . .〉F〉G , (3.30)

which means that we first of all take the expectation value in the fermion sector and
subsequently in the Yang-Mills sector.

We go ahead with identifying expectation values in the fermion sector 〈. . .〉F as de-
rivatives of the sources η. As an example we compute the expectation value 〈aa†〉. In
Eq. (3.15) we identify the derivatives η∗+ and η+ to belong to the fermion operators a
and a†, respectively. In Eq. (3.16), or correspondingly Eq. (B.9), we identify the first
entry in Ω−1[A], Eq. (3.18) to belong to these derivatives. We arrive at

〈aa(p, s)a†b(q, t) 〉F = − δ2Z[η]

δη∗a+ (p, s) δηb+(q, t)

∣∣∣
η=0

=
([
1 +KK

]−1
)ab

(p, s; q, t) .

(3.31)

A list of all occurring two-point functions is given in Eqs. (B.10) to (B.15). We are
going to use these expectation values extensively throughout the next chapters.

In the end, we stress that Ω, as well as Ω−1, Eq. (3.18), can be shown to be manifestly
Hermitian, see Appendix B. The eigenvalues come in complex conjugate pairs and the
determinants are real.

3.4 Wave Functional Kernels

Up to now we have considered a general interaction kernel K, see Eq. (3.3). As already
mentioned in Section 3.1 we specify the kernel K to consist of two parts

K(A) = K0 +K1(A) , (3.32)

2Note, however, that unquenching has some impact on the intermediate momentum region of the
gluon propagator, Ref. [83], which can be related to the color screening effect of the sea quarks, as
opposed to color anti-screening, which comes from the gluon self-energy.
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with the first part K0 being the BCS-part, Eq. (3.2), and the second part K1 containing
the transverse gluon field. Moreover, we assume the kernels K0 and K1 to have precisely
the color- and Dirac structure of the single-particle Hamiltonian Hf, Eq. (1.25). For the
field operators a†(p), b†(p) appearing in the vacuum wave functional, Eq. (3.3), the
single-particle Hamiltonian Hf can be expressed as∫

d3xψ†a+ (x)hab(x)ψb−(x) =∫
d̄ 3p d̄ 3q

1

2
√
|p||q|

∑
s,t

a†a(p, s)u†(p, s)hab(p+ q)b†b(q, t)v(q, t) , (3.33)

with the Dirac matrix h(p+q) taking into account the interaction with transverse gluons,
Eq. (1.29), is explicitly given as

hab(p+ q) = β mδ(p+ q)δab − αiAmi (p+ q) (Tm)ab . (3.34)

Here we ignored the kinetic part of the quarks, i.e., the first term in Eq. (1.29), which
is chirally symmetric and will not enter the variational wave functional (3.3).

The BCS part K0 in Eq. (3.32) has the Dirac- and color structure of the mass term in
Eq. (3.34). The choice is clear: A mass term in the wave functional, Eq. (3.3), breaks
chiral symmetry, which goes in hand with the notion of dynamical symmetry breaking.
The vacuum state (3.3) does not share the (chiral) symmetry of the Hamiltonian and
fulfills the condition (2.18). With this choice the kernel K0 assumes the form

Kab
0 (p, s; q, t) =

1

2
√
|p||q|

S(p)u†(p, s)βv(q, t)(2π)3δ(p+ q)δst δ
ab . (3.35)

Plugging in this ansatz into Eq. (3.3) we arrive at the BCS type wave functional (3.2).
We refer to the dimensionless variational function S as scalar variational function. Using
the spinor relation (A.38), the BCS-type of wave functional (3.2) can be rewritten as
[78, 80]

|φ〉 = N exp

[
−
∫
d̄ 3p

∑
s

s S(p)a†a(p, s)b†a(−p, s)

] ∣∣∣0〉 , (3.36)

with s denoting the helicity eigenvalue.
We proceed with determining the part K1 in Eq. (3.32) which couples the fermion

fields to the transverse gluon field. From the Dirac matrix hab(p + q), Eq. (3.34), we
read off the Dirac and color structure of the term coupling the quarks to the transverse
gluons. We choose the quark-gluon vertex in the wave functional to be of the form3

Kab
1 (p, s; q, t) = (Km

i )ab (p, s; q, t)Ami (p+ q) =

=
1

2
√
|p||q|

V (p, q)u†(p, s)αi (T
m)ab v(q, t)Ami (p+ q) . (3.37)

3In general, we could include more complex Dirac tensor structures in the ansatz for the quark-gluon
vertex. This has been done in three-dimensional QED in Landau gauge, Ref. [85], and in four-
dimensional QCD in Landau gauge, Ref. [86].
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We name the variational function V (p, q) vectorial variational function and clearly dis-
tinguish from the spinor solution v(q, t) whenever appropriate. It has dimension of in-
verse momentum, i.e., [V (p, q)] = GeV−1, see Appendix B.4 for a detailed dimensional
analysis.

The adjoint kernels are given as

K
ba

0 (q, t;p, s) =
1

2
√
|p||q|

S∗(q) v†(q, t)βu(p, s)(2π)3δ(q + p)δts δ
ba (3.38)

K
ba

1 (q, t;p, s) =
(
K
m

i

)ba
(q, t;p, s)Ami (−q − p) =

=
1

2
√
|p||q|

V ∗(q,p)v†(q, t)αi (T
m)ba u(p, s)Ami (−q − p) , (3.39)

where we have used (uv)† = vu, (uγiv)† = vγiu, and A∗(k) = A(−k).

3.5 Expectation Value in the Gluon Sector

As already discussed in Section 3.3, due to the presence of the inverse kernel Ω−1[A],
Eq. (3.18), the gluonic path integral (3.23)

Z[j,Λ†,Λ] =

∫
DA exp [−AiωijAj + jiAi] exp

[
Λ†Ω−1[A]Λ

]
(3.40)

can not be performed exactly. As a first approximation in the gluon sector we ignore
this gauge-field dependence and evaluate the QCD generating functional as

Z[j,Λ†,Λ] ≈ exp

[
1

4

∫
d̄ 3p jai (p)tij(p)δabω−1(p)jbj (−p)

]
exp

[
Λ†Ω−1Λ

]
, (3.41)

where we have used Eq. (1.88). This approximation is again consistent with the quenched
approximation, i.e., we ignore the back-reaction of quarks on the Yang-Mills vacuum.
Now we assume that we have evaluated the fermionic part of a given expectation value
using Eqs. (B.10)-(B.15). Such an expectation value is, in general, of the form

〈. . .〉 = 〈. . . (1 +KK)−1 . . . 〉G , (3.42)

which can, due to the inverse kernels K and K not be performed according to Eq. (3.41).
We therefore use the following approximation to handle the gluon expectation values

〈. . . (1 +KK)−1 . . . 〉G ≈ 〈. . . (1 + 〈KK〉G)−1 . . . 〉G . (3.43)

Hence, we replace the denominators in the expressions (B.10)-(B.15) by their expectation
values in the gluon vacuum.

Throughout the next chapters we extensively need expectation values of the form
〈KK〉 and 〈KK〉, which appear in the denominator of all occurring two-point functions
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(B.10)-(B.15). From the key definitions (3.35) and (3.37) we find〈(
KK

)ab
(p, s; q, t)

〉
=
〈((

K0 +K1

)
(K0 +K1)

)ab
(p, s; q, t)

〉
= [S∗(p)S(−p) +R(p)] δ(p− q)δabδst , (3.44)〈(

KK
)ab

(p, s; q, t)
〉

=
〈(

(K0 +K1)
(
K0 +K1

))ab
(p, s; q, t)

〉
=
[
S(p)S∗(−p) +R(p)

]
δ(p− q)δabδst , (3.45)

with R(p), R(p) specified below. The contributions 〈K0K0〉 and 〈K0K0〉 can immedi-
ately be read off from the basic definition (3.35) and (3.38). Terms of the form 〈K0Ki〉
vanish, since 〈A〉G = 0. The contribution 〈K1K1〉 is computed in Appendix B.2 to give
(using the definitions (B.30), (B.31))

R(p) = CF

∫
d̄ 3q V ∗(p, q)V (q,p)D(`)

[
1 + (p̂ · ˆ̀) (q̂ · ˆ̀)

]
, (3.46)

R(p) = CF

∫
d̄ 3q V (p, q)V ∗(q,p)D(`)

[
1 + (p̂ · ˆ̀) (q̂ · ˆ̀)

]
, (3.47)

with ` = p − q, D(`) = 1/(2ω(`)) the spatial gluon propagator, Eq. (1.89), and the
Casimir factor CF = (N2

C − 1)/(2NC), Eq. (1.7), coming from the trace in color space.
We stress that the quantity R(p) will enter the definition of the chiral condensate and
the dynamical mass, see Section 3.7.

For later use we quote the derivative of (3.46) with respect to the vectorial variational
function V

R
′
(p;k,k′) ≡ δR(p)

δV (k,k′)
= V ∗(k,k′)X(k,k′)δ(p− k) , (3.48)

having used the definition

X(k,k′) = CF
D(`)

(2π)3

[
1 + (k̂ · ˆ̀) (k̂′ · ˆ̀)

]
, ` = k − k′ . (3.49)

In Appendix B.3 we show that the approximation in the gluonic expectation value,
Eq. (3.43), leads to the following assumptions on the variational kernels

S(p) = S(−p) , V (p, q) = V (q,p) , R(p) = R(p) , R(−p) = R(p) . (3.50)

At the end, let us make a comment on performing the path integrals (3.20). Instead of
taking the expectation value in the fermionic part first, we could, in principle, carry out
the bosonic integral (explicitly denoting Lorentz indices)

Z[j,Λ,Λ†] = N 2
G

∫
DA exp

[
−Aaiωabij Abj + jai A

a
i

]
∫
DΨ†DΨN 2

F exp
[
−Ψ†ΩΨ + Ψ†Λ + Λ†Ψ

]
, (3.51)
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and end up with a purely fermionic path integral

Z[j,Λ,Λ†] =

∫
DΨ†DΨN 2

F exp

[
1

4
(jai −Ψ†Ωa

iΨ)
(
ωabij
)−1

(jbj −Ψ†Ωb
jΨ)

]
×

× exp
[
−Ψ†Ω0Ψ + Ψ†Λ + Λ†Ψ

]
, (3.52)

where we have used the matrix notation (B.6), explicitly separated the gauge field de-
pendent terms and used the normalization (3.22) in the Yang-Mills sector. We end up
with a fermionic path integral, which again can not be performed exactly. We would
have to use an approximation scheme according to Eq. (3.43) in order to evaluate the
fermion expectation values. This is somewhat more difficult, since in the expression
(3.52) a term appears, which is quartic in the fermion fields.

3.6 Coordinate Space Representation

As outlined in the introduction, Section 3.1, the vacuum state can be dressed in terms of
coordinate-space fermion fields (3.5). In this section we set the link between coordinate-
space and momentum-space kernels K. Defining the coordinate-space coherent fermion
states following (3.7), (3.8) by (Ref. [81])

ψa+(x)|ξ〉 = ξa+(x)|ξ〉 , (3.53)

ψ†a− (x)|ξ〉 = ξ∗a− (x)|ξ〉 , (3.54)

and

Z[η] ≡ Z[η∗+, η
∗
−; η+, η−] = N 2

F〈φ|e(
η∗+ψ++η−ψ

†
−) e(ψ

†
+η++ψ−η∗−)|φ〉 , (3.55)

it is straightforward to repeat the steps from Eq. (3.9) to Eq. (3.14) and to derive the
generating functional following Eqs. (B.4)-(B.7).

Next we express the projectors onto positive and negative energy components in co-
ordinate space according to Eqs. (1.37), (1.38), (1.39) and write the exponent of the
vacuum wave functional (3.5) as∫

d3x

∫
d3y ψ†a+ (x)Kab(x,y)ψb−(y) =

=

∫
d3x

∫
d3y

∫
d3z

∫
d3z′ψ†a+ (x)Λ+(x, z)Kab(z, z′)Λ−(z′,y)ψb−(y) , (3.56)

where we have used ψ†+ = ψ†+Λ+, ψ− = Λ−ψ−, and correspondingly∫
d3x

∫
d3y ψ†a− (x)K

ab
(x,y)ψb(y) =

=

∫
d3x

∫
d3y

∫
d3z

∫
d3z′ψ†a− (x)Λ−(x, z)K

ab
(z, z′)Λ+(z′,y)ψb+(y) . (3.57)
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Without loss of generality we can assume the kernel to be of the form

Kab(x,y) =

∫
d3z

∫
d3z′Λ+(x, z)Γab(z, z′)Λ−(z′,y) , (3.58)

with the kernel Γ consisting of two parts,

Γab(z, z′) = Γab0 (z, z′) +

∫
d3z′′(Γmi )ab(z, z′; z′′)Ami (z′′) , (3.59)

in agreement with Eq. (3.35) and Eq. (3.37). We can then set up the link to the
momentum space kernels, Eqs. (3.35), (3.37) via (with the Dirac and color structure as
discussed in Section 3.4)

Γab0 (z, z′) = δab
∫
d̄ 3p eip·(z−z

′)βS(p) , (3.60)

(Γmi )ab(z, z′, z′′) =

∫
d̄ 3p d̄ 3q eip·(z−z

′)eiq·(z
′′−z′)(Γmi )ab(p, q) (3.61)

and obtain the interaction kernels to be of the form

Kab
0 (x,y) = δab

∫
d̄ 3p eip·(x−y)Λ+(p)βS(p)Λ−(p) , (3.62)

(Km
i )ab(x,y; z) = (Tm)ab

∫
d̄ 3p d̄ 3q eip·(x−y)eiq(z−y)Λ+(p)αiV (p,p+ q)Λ−(p+ q) ,

(3.63)

with

K1(x,y) =

∫
d3z Km

i (x,y; z)Ami (z) . (3.64)

The adjoint kernels read

K
ab

0 (x,y) = δab
∫
d̄ 3p eip·(x−y)Λ−(p)βS∗(p)Λ+(p) , (3.65)

K
ab

i (x,y; z) = (Tm)ab
∫
d̄ 3p d̄ 3q eip·(x−y)e−iq(z−x)Λ−(p+ q)αiV

∗(p+ q,p)Λ+(p) .

(3.66)

3.7 Quark Propagator and Chiral Properties

We can now, as a first application, derive the physical properties of the theory − the
constituent quark mass and the chiral condensate − in terms of the quark variational
functions. Since the constituent quark mass is defined in terms of the dressing functions
of the static quark propagator, denoted as S(3)(p), we first of all have to evaluate
the static quark propagator in terms of the variational functions S and V , in order to
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establish the connection between the dressing functions and the variational functions.
In the Dyson-Schwinger approach one usually derives integral equations for the dressing
functions, for an introduction to the formalism see Ref. [87]. The quark propagator thus
also serves as the link between the results obtained in the variational approach and in
the Dyson-Schwinger calculation.

We then put the notion of a constituent quark on theoretical foundations, defining
the dynamical quark mass in terms of the dressing functions of the quark propagator.
At last, we evaluate the chiral condensate 〈ψψ〉 in terms of the dressing functions.

We emphasize that all results gained in this section become important throughout
the work, connecting the results from the variational calculation with phenomenological
predictions.

Quark Propagator

To gain insight into the formulation of the dynamical quark mass in terms of the
static quark propagator4 we start with considering the static tree-level quark propag-
ator S(3)(p). It can either be evaluated in terms of the quark fields at time zero,

(S(3))ab(x− y) =

〈
Φ

∣∣∣∣12 [ψa(x), ψ
b
(y)
]∣∣∣∣Φ〉 , (3.67)

and explicitly making use of the bare vacuum (|Φ〉 = |0〉), or via the p0-integral of
the dynamical propagator S(4)(p0,p), which is the inverse of the Dirac operator D(p),
Eq. (1.1), yielding

S(3)(p) = i

∫
dp0

2π
S(4)(p0,p) = i

∫
dp0

2π

γ0p0 − γ · p+mf

p2
0 − p2 −m2

f

=
1

2

[
mf√
m2

f + p2
1− 1√

m2
f + p2

γ · p

]
. (3.68)

We observe that the bare static quark propagator S(3)(p) can be decomposed into two
irreducible Lorentz tensors, the scalar mass part (1) and the vector part (γ ·p). For chiral
fermions the scalar part vanishes, and we are left with only the vector Dirac component.
In terms of the quark propagator chiral symmetry breaking can be understood in the
following manner: A vanishing scalar part at tree-level becomes non-vanishing for the
non-perturbative propagator, thus generating the scalar mass term dynamically. The
scalar part is therefore used as an order parameter of dynamical chiral symmetry breaking,
Ref. [83].

We now work out the same calculation for the non-perturbative vacuum wave func-
tional |Φ〉, Eq. (3.6), and ask if additional Dirac components occur. We set the current

4Most recently lattice calculations of the quark propagator and the dynamical quark mass in Coulomb
gauge have been performed, Ref. [88]. It has been shown that the static lattice quark propagator
is non-perturbatively renormalizable. Moreover, it has been observed that the full four-dimensional
quark propagator has a trivial energy dependence, which allows for the definition of a quark effective
energy.
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quark mass to zero. In order to evaluate Eq. (3.67) we Fourier-decompose the chiral
quark fields, Eqs. (1.40)-(1.43), and arrive at the following momentum-space expectation
values〈[
aa(p, s), a†a(q, t)

]
+
[
b†a(p, s), a†a(q, t)

]
+
[
aa(p, s), bb(q, t)

]
+
[
b†a(p, s), bb(q, t)

]〉
,

(3.69)

which are easily evaluated by means of the correlation functions (B.10)-(B.15). We
arrive at〈[

aa(p, s), a†b(q, t)
]〉

= δabδst(2π)3δ(p− q)
1− S∗(p)S(p)−R(p)

1 + S∗(p)S(p) +R(p)
, (3.70)

〈[
b†a(p, s), a†b(q, t)

]〉
= 2 δabδst(2π)3δ(p+ q)

sS∗(p)

1 + S∗(p)S(p) +R(p)
, (3.71)

〈[
aa(p, s), bb(q, t)

]〉
= 2 δabδst(2π)3δ(p+ q)

sS(p)

1 + S∗(p)S(p) +R(p)
, (3.72)

〈[
b†a(p, s), bb(q, t)

]〉
= δabδst(2π)3δ(p− q)

S∗(p)S(p) +R(p)− 1

1 + S∗(p)S(p) +R(p)
. (3.73)

Here we have employed the anti-commuting nature of Grassmann fields, leading to the
additional factor of 2 in Eqs. (3.71) and (3.72). All expectation values are diagonal
in color and spin space. Employing the spinor solutions (A.26), (A.27) and taking the
variational functions to be real (which will be justified in Chapter 5), we obtain for the
static quark propagator

(S(3))ab(x− y) =
1

2
δab
∫
d̄ 3p eip·(x−y)× (3.74)

×
[

2S(p)

1 + S2(p) +R(p)
1− 1− S2(p)−R(p)

1 + S2(p) +R(p)
γ · p̂

]
.

Like the bare quark propagator, Eq. 3.68, the dressed static quark propagator consists
of a scalar (1) and a vector Dirac component (γ · p̂). The expectation values (3.70)
and (3.73) lead to the vector tensor component of the static quark propagator S(3)(p),
and the parts (3.71), (3.72) provide the scalar piece, which is also obtained at tree-level.
Setting the vector kernel in the quark vacuum wave functional to zero, i.e., V = 0,
then the gluon loop integral R, Eq. (3.46), vanishes and the result simplifies to the
formula obtained in Ref. [80]. For free particles, i.e., setting S = 0 and V = 0 the quark
propagator reduces to its bare form (3.68) in the chiral limit.

Dynamical Mass

According to the result (3.74) two irreducible Dirac components occur for the static
quark propagator S(3)(p). We therefore use two dressing functions as an ansatz for the
inverse static quark propagator(

S(3)(p)
)−1

= B(p)1− A(p)γ · p̂ , (3.75)
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with B called scalar and A vectorial dressing function, both dimensionless. The expres-
sion is easily inverted, yielding

S(3)(p) =
B(p)1 + A(p)γ · p̂
B2(p) + A2(p)

. (3.76)

The signs of the dressing functions are chosen such that for the bare static propagator
(3.68) the following identification holds,

B(p) =
mf√
m2

f + p2
, A(p) =

p√
m2

f + p2
. (3.77)

We define the dynamical mass as the ratio of the scalar part to the vector part

M(p) = |p| B(p)

A(p)
. (3.78)

For large momenta the dynamical mass should approach the bare quark mass M(p →
∞) = mf, which is shown by plugging the tree-level results (3.77) into (3.78). A Dyson-
Schwinger analysis in Coulomb gauge, taking into account only the instantaneous part
of the temporal gluon propagator, shows that the dressing functions A and B diverge for
small momenta, whereas the dynamical mass M approaches a finite result, Refs. [34, 89].

Comparing the static quark propagator S(3)(p) in terms of the variational functions
(3.74) with the result (3.76) enables us to obtain the following identifications5

S(p)

1 + S2(p) +R(p)
=

B(p)

B2(p) + A2(p)
, (3.80)

1

2

1− S2(p)−R(p)

1 + S2(p) +R(p)
=

A(p)

B2(p) + A2(p)
. (3.81)

In terms of the variational functions the dynamically generated quark mass M , Eq. (3.78),
becomes

M(p) = |p| 2S(p)

1− S2(p)−R(p)
. (3.82)

The vectorial variational function, coupling the quarks to the transverse gluons, enters
this equation via R(p), Eq. (3.46). Neglecting the coupling of the quarks to the trans-
verse gluons V = 0, the integral R(p) vanishes and the result simplifies to

M(p) = |p| 2S(p)

1− S2(p)
, (3.83)

5For vanishing vector kernel V the relations (3.80), (3.81), yields the constraint A2(p) +B2(p) = 4.
However, with the vector coupling V this constraint no longer holds true. With an additional gluon
loop integral R in the expression (3.80)

S(p) +R(p)

1 + S2(p) +R(p)
=

B(p)

B2(p) +A2(p)
, (3.79)

we would recover the constraint A2(p) +B2(p) = 4.
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which agrees with the formula obtained in Ref. [89].

Chiral Condensate

Finally, we consider the chiral condensate, which was introduced for a single quark
flavor in Eq. (2.19) and serves as an order parameter of chiral symmetry breaking. It
can either be expressed via the static quark propagator〈

Φ
∣∣∣ψa(x)ψa(x)

∣∣∣Φ〉 = −NC

∫
d̄ 3pTrD

[
S(3)(p)

]
, (3.84)

where the trace is taken over Dirac indices, or by Fourier-decomposing the quark field,
explicitly using the vacuum wave functional |Φ〉, Eq. (3.3). The actual computation is
straightforward and detailed in Appendix B. We quote the result〈

Φ
∣∣∣ψa(x)ψa(x)

∣∣∣Φ〉 = −NC 2

∫
d̄ 3p

2S(p)

1 + S2(p) +R(p)
, (3.85)

and stress again that the result is understood in the chiral limit.
Neglecting the coupling of the quarks to the gluons, i.e., V = 0, this expression

reduces to 〈
Φ
∣∣∣ψa(x)ψa(x)

∣∣∣Φ〉 = −NC 4

∫
d̄ 3p

S(p)

1 + S2(p)
, (3.86)

which agrees with the result in Ref. [80]. In this case the chiral condensate can be
expressed entirely in terms of the dynamical mass function M(p), Eq. (3.82), yielding〈

Φ
∣∣∣ψa(x)ψa(x)

∣∣∣Φ〉 = −NC 2

∫
d̄ 3p

M(p)√
p2 +M2(p)

. (3.87)

For the case with non-vanishing vectorial kernel V , no closed expression for Eq. (3.85)
in terms of the dynamical mass function M(p), Eq. (3.82), can be found. In the limit
of the bare vacuum the gap kernels S and V are zero and the condensate vanishes.

Let us make a comment on the form of the dynamical mass, Eq. (3.82), and the
chiral condensate, Eq. (3.85). The vector kernel V appears only in the denominator of
the expressions (3.82) and (3.85). Moreover, the vector kernel V enters the formulae
(3.82) and (3.85) only indirectly via the loop integral R(p), Eq. (3.46). This could be
a consequence of the approximation outlined in Eq. (3.43).





Chapter 4

Single-Particle Hamiltonian

With the new QCD vacuum wave functional, proposed in the last chapter, at hand, which
goes beyond the typical BCS-type approximation and explicitly contains the coupling of
the quark-antiquark pairs to the transverse spatial gluons, we can access all parts of the
Coulomb gauge-fixed Hamiltonian. As a first step towards a full solution we explore the
pure transverse gluon interaction in the Hamiltonian and investigate the possibility of a
vacuum state realized in the Nambu-Goldstone mode.

In the first section we derive the expectation value of the single-particle Hamiltonian,
i.e., the kinetic energy of the quarks and the interaction energy of transverse gluons
with the color current of the quarks. In Section 2 we employ the variational principle
to determine the gap equation, which we refer to as single-particle gap equation. In
Section 3 we solve the gap equation for the unknown kernels S and V and discuss the
phenomenological implications thereof.

Much of the actual computation of this chapter, especially the evaluation of the energy
density, is performed in great detail in Appendix C.

4.1 Energy Densities

In the chiral limit the single-particle Hamiltonian HF, Eq. (1.25), has the form

HF =

∫
d3x

(
−iψ†a(x)α · ∂ψa(x)− gψ†a(x)α ·Aab(x)ψb(x)

)
≡ HD +HQGC ,

(4.1)

with HD and HQGC denoting the gauge-field independent and gauge-field dependent
part, respectively. The coupling g is referred to as the quark-gluon coupling constant
and is the only parameter of the Hamiltonian. It will be specified at the end of the
calculation. The color indices are explicitly denoted as Aab = Am (Tm)ab.

We take the expectation value of the Hamiltonian (4.1) with respect to the QCD
vacuum wave functional |Φ〉, Eq. (3.6), for both parts separately and employ the strategy
outlined in the last chapter: First we take the expectation value in the fermionic state
|φ〉F, Eq. (3.3), and subsequently in the Yang-Mills vacuum state |ψ〉G, Eq. (1.86).

Dressing the quark fields in the terms of the momentum-helicity representation,
Eqs. (1.40)-(1.43), results in the well-known expression for the kinetic energy of chiral
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quarks

〈HD〉 =

〈
Φ
∣∣∣ ∫ d̄ 3p |p|

∑
s

(
a†a(p, s)aa(p, s) + b†a(p, s)ba(p, s)

) ∣∣∣Φ〉 , (4.2)

leading to a trace in momentum-, spin-, and color space. The evaluation of the expecta-
tion values is straightforward. Using (B.11), (B.13) for the fermionic and (3.44), (3.46)
for the gluonic part and the properties (3.50) of the kernels, yields〈

Φ
∣∣∣a†a(p, s)aa(p, s) + b†a(p, s)ba(p, s)

∣∣∣Φ〉 =

= 2
S∗(p)S(p) +R(p)

1 + S∗(p)S(p) +R(p)
δss δ

aa(2π)3δ(p− p) ,

(4.3)

where the δ-function is the volume of space. The kinetic energy density of interaction-
free quarks becomes

〈Φ|HD|Φ〉
δ3(0)

= 4NC

∫
d3p |p| S∗(p)S(p) +R(p)

1 + S∗(p)S(p) +R(p)
. (4.4)

The result is symmetric in the variational functions S∗, S and V ∗, V , which means that
replacing S by S∗ or V by V ∗ does not alter the energy density. The factor NC comes
from the color trace and a factor of two stems from the trace in Dirac space. We underline
that for the kinetic energy density only the terms 〈ψ†a+ (x)ψa+(x)〉 and 〈ψ†a− (x)ψa−(x)〉
contribute. This is different for the interaction of the transverse gluons with the color
current of the quarks, which is explicitly shown in Appendix C.1.

We take the expectation value 〈HQGC〉, Eq. (4.1), decompose the Hamiltonian in
terms of its Fourier-modes and obtain two non-vanishing contributions〈

Φ
∣∣∣a†a(p, s)b†b(q, t)Ami (k)

∣∣∣Φ〉 =
〈
ψ
∣∣∣− ([1 +KK

]−1
K
)ba

(q, t;p, s)Ami (k)
∣∣∣ψ〉

G
,

(4.5)〈
Φ
∣∣∣ba(p, s) ab(q, t)Ami (k)

∣∣∣Φ〉 =
〈
ψ
∣∣∣− ([1 +KK

]−1
K
)ba

(q, t;p, s)Ami (k)
∣∣∣ψ〉

G
,

(4.6)

which correspond to the terms 〈ψ†a+ (x)ψb−(x)〉 and 〈ψ†a− (x)ψb+(x)〉 in coordinate space.
The expectation values in the gluon sector are approximated according to Eq. (3.43),
yielding for Eq. (4.5)〈

ψ
∣∣∣ (− [1 +KK

]−1
KA

) ∣∣∣ψ〉
G
≈
〈
ψ
∣∣∣ (− [1 +KK

]−1
) ∣∣∣ψ〉

G

〈
ψ
∣∣∣KA∣∣∣ψ〉

G
.

(4.7)

The explicit computation of these expectation values is performed in Appendix C and
we quote the final result for the energy density of the interaction between the quarks
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and the transverse gluons

〈HQGC〉
δ3(0)

=

= 2 g NCCF (2π)3

∫
d̄ 3p

∫
d̄ 3q

V ∗(p, q) + V (p, q)

1 + S∗(p)S(p) +R(p)
D(`)

[
1 + (p̂ · ˆ̀)(q̂ · ˆ̀)

]
,

(4.8)

with ` = p − q. The expectation value is again symmetric in the variational functions
S∗, S and V ∗, V . In Chapter 5 we will observe that this also holds true for the Coulomb
energy density. The Casimir invariant CF = (N2

C − 1)/2NC, Eq. (1.7), comes from the
trace in color space and the factor of two from the trace in Dirac space. Moreover,
we point out that the angular dependence of the integrand in Eq. (4.8) is typical for
transverse fields.

As a consistency check we set the kernel V coupling the quarks to transverse gluons
to zero, so the wave functional (3.3) becomes of BCS-type and the energy density (4.8)
vanishes.

4.2 Single-Particle Quark Gap Equations

Varying the expectation values of the quark kinetic energy density (4.4) with respect to
the gap functions S(k) (and analogously for S∗(k)), yields

δ

δS(k)

〈HD〉
δ3(0)

= 4NC|k|
S∗(k)

(1 + S∗(k)S(k) +R(k))2
, (4.9)

and with respect to the vectorial gap function V (k,k′) we obtain (employing (3.48))

δ

δV (k,k′)

〈HD〉
δ3(0)

= 4NC

∫
d3p |p| R

′
(p;k,k′)

1 + S∗(p)S(p) +R(p)

= 4NC|k|
V ∗(k,k′)X(k,k′)

(1 + S∗(k)S(k) +R(k))2
, (4.10)

where we have used (3.48), (3.49) and ` = k − k′. It is interesting to note that for
the variation with respect to V (k,k′), Eq. (4.10), the energy dispersion E(k) = |k| of
only one momentum occurs, and the denominator in (4.10) also depends on only one
momentum, which will become important when solving the coupled integral equations.
Both expressions (4.9) and (4.10) have in common that the variational functions S∗ (in
Eq. (4.9)) and V ∗ (in Eq. (4.10)) appear linearly in the numerator. Free non-interacting
fermions therefore possess the trivial solutions S(k) = S∗(k) = 0 and V (k,k′) =
V ∗(k,k′) = 0. The fermion vacuum wave functional (3.3) then degenerates to the bare
vacuum, i.e., |φ〉F = |0〉F.
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Variation of the interaction part (4.8) with respect to the scalar wave function S(k)
yields

δ

δS(k)

〈HQGC〉
δ3(0)

= −2 gNCCF
S∗(k)

(1 + S∗(k)S(k) +R(k))2
×

×
∫
d̄ 3q (V ∗(k, q) + V (k, q))D(`)

[
1 + (k̂ · ˆ̀)(q̂ · ˆ̀)

]
=

= −2 g NCCF
S∗(k)

(1 + S∗(k)S(k) +R(k))2
Iω(k) , (4.11)

with ` = k − q. After the second equality sign we have defined the loop integral

Iω(k) =

∫
d̄ 3q (V ∗(k, q) + V (k, q))D(`)

[
1 + (k̂ · ˆ̀) (q̂ · ˆ̀)

]
. (4.12)

Performing the variation of the expectation value (4.8) with respect to V (k,k′) results
in

δ

δV (k,k′)

〈HQGC〉
δ3(0)

=

= −2gNCCF
V ∗(k,k′)X(k,k′)

(1 + S∗(k)S(k) +R(k))2
Iω(k) + 2gNC

X(k,k′)

1 + S∗(k)S(k) +R(k)
.

(4.13)

The first term, emerging from the variation of the denominator in (4.8) with respect to
V , has the same structure as the kinetic part (4.10). It is the second term, emerging
from the variation of the nominator in (4.8) with respect to V , which establishes the non-
trivial structure. Moreover, it is a remarkable fact that the terms subsumed in X(k,k′),
Eq. (3.49), enter the second non-trivial term, which will simplify the evaluation of the
solution function a lot. Note that the Casimir invariant CF entering (4.8) has been
absorbed in the definition of X(k,k′) for this term. Again, the result for the complex
conjugate variational function V ∗ is analogous.

Now we have all ingredients to set up the coupled equations, which we refer to as
single-particle gap equations.

4.3 Solving the Single-Particle Quark Gap Equations

Since for the single-particle Hamiltonian (4.1) the variations for S and S∗ and V and V ∗

are analogous, we set in this section S = S∗ and V = V ∗. In Chapter 5 we will show
that this assumption holds true for the Coulomb interaction HC, Eq. (1.76), as well.

Collecting the variations with respect to the scalar function S, Eqs. (4.9) and (4.11),
we obtain the following integral equation for the variational parameter S

S(k)

(1 + S2(k) +R(k))2
(8NC|k| − 4NCCF gIω(k)) = 0 . (4.14)
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We note that the quark-gluon vertex V , Eq. (3.37), is hidden in Iω(k), Eq. (4.12). The
equation admits the trivial solution S(k) = 0, which is by no means surprising: In the
case of vanishing vector kernel V the variational equation allows for the scalar variational
function S the trivial solution only. The transverse gluon interaction does not provide
the scalar form factor with a non-trivial part. A non-trivial solution, i.e., S(k) 6= 0, leads
to the constraint equation

8 |k| − 4CF g Iω(k) = 0 . (4.15)

Using (4.10) and (4.13) we attain the gap equation for the vector variational function

V (k,k′)X(k,k′)

(1 + S2(k) +R(k))2
(8NC|k| − 4 g NCCF Iω(k)) = −4g NC

X(k,k′)

1 + S2(k) +R(k)
,

(4.16)

which, due to the right-hand side of the equation, does not possess the trivial solution
V (k,k′) = 0.

The pair of equations, determining the gap functions S(k) and V (k,k′) finally be-
comes

S(k)

(1 + S2(k) +R(k))2
(2|k| − g CF Iω(k) ) = 0 , (4.17)

V (k,k′)

(1 + S2(k) +R(k))2
(2|k| − g CF Iω(k)) = −g 1

1 + S2(k) +R(k)
. (4.18)

The term X(k,k′) cancels from Eq. (4.16). Using the constraint equation (4.17) the
left-hand side of (4.18) vanishes. Consequently, no non-trivial solution for the scalar
variational function S 6= 0 exists, as long as we neglect the Coulomb interaction. The
coupled equations (4.17) and (4.18) for the interacting theory (g 6= 0) cannot be solved
for S 6= 0 and V 6= 0. The coupled system (4.17), (4.18) is solved with S = 0 only, which
has important consequences on the chiral parameters of the theory. Since S appears in
the numerator of the formula for the chiral condensate (3.85), this quantity vanishes. The
same conclusion holds true for the dynamical quark mass, Eq. (3.82). We conclude, that
a purely transverse gluon interaction does not account for a dynamically generated mass
and a non-vanishing chiral condensate. This indicates that the instantaneous Coulomb
interaction must be essential for the formation of a chirally non-symmetric solution,
which will be verified in Chapter 5. This result is confirmed in a recent Functional
Renormalization Group Flow (FRG) equation calculation, Ref. [57].

Since it is not possible to solve the coupled equations (4.17) and (4.18) for both
variational functions non-trivially, we explore the possibility of a solution S = 0, V 6= 0.
Setting S(k) = 0 in Eq. (4.18) yields the following single-particle gap equation

V (k,k′) = −g 1 +R(k)

2 |k| − g CF Iω(k)
. (4.19)
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The right-hand side of the equation is independent of the momentum k′. The vector
kernel V (k,k′) can therefore be simplified to V (k,k′) = V (k). The loop integrals
Iω(k), Eq. (4.12), and R(k), Eq. (3.46), become

Iω(k) = 2V (k) I(k), R(k) = CFV
2(k)I(k) (4.20)

with

I(k) =

∫
d̄ 3q D(`)

[
1 + (k̂ · ˆ̀) (q̂ · ˆ̀)

]
, ` = k − q . (4.21)

We note that the momentum k′ is conjugate to the coordinate z′′−z′, which can directly
be seen in Eq. (3.61). In a current investigation taking the kinetic part of the Yang-Mills
Hamiltonian, Eq. (1.75), into account, this simplification does not seem to hold true
any longer. Hence, this simplification most likely comes from taking only certain parts
of the Coulomb gauge Hamiltonian into account and ignoring, for instance, the pure
Yang-Mills part HG, Eq. (1.75), in the variational analysis.

Loop Integral of the Static Spatial Gluon Propagator

In principle, the gluon variational kernel ω(k), which enters the Gaussian ansatz for
the Yang-Mills vacuum ψ[A], Eq. (1.86), should be varied as well. However, we ignore
the back-reaction of the gluon sector on the quark fields and take for ω(k) the solution
found by minimizing the Yang-Mills vacuum energy, which is in good agreement with
the lattice data fitted by Gribov’s formula (1.95). The Gribov mass MG, Eq. (1.96),
sets the scale in the gap equation (4.19). For more details on the comparison between
variational results and lattice measurements we refer to Section 1.6.

Plugging the Gribov formula, Eq. (1.95), into the gluon loop integral I(k), Eq. (4.21),
we find the integral to diverge for large momenta. Hence, before we proceed with solving
the single-particle gap equation, we have to find a regularization prescription to make
the integral finite in the large-momentum region.

We start with identifying the divergent terms. Taking only the UV-tail of the Gribov
formula (1.95) into account, ω(k) = ωUV(k) = |k|, the integral I(k), Eq. (4.21), can
be analytically performed, yielding

IUV(k) =
1

2

1

(2π)2

Λ2
UV −

2

3
ΛUV k︸ ︷︷ ︸

divergent

+
1

6
k2

 = IDIV
UV (k) + IREGUV (k) , (4.22)

with the momentum cut-off ΛUV. After the second equality sign we have identified the
divergent terms, which we omit and only take the regular part IREGUV (k) = 1

2
1

(2π)2
1
6
k2 into

account.
The infrared part of the static spatial gluon propagator is incorporated as follows,

IIR(k) =

∫
d̄ 3q

∣∣∣D(`)−DUV(`)
∣∣∣ [1 + (k̂ · ̂̀) (q̂ · ̂̀)] , (4.23)
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Figure 4.1: Regularized loop integral with IR part (full line) and without (dashed line).

with ` = k − q. The regularized gluon loop integral writes

I(k) = IIR(k) + IREGUV (k) . (4.24)

Numerically evaluating this integral results in the following asymptotic behavior

k → 0 : I(k) =
1

2

1

(2π)2
M2 , (4.25)

k →∞ : I(k) =
1

2

1

(2π)2

1

6
k2 . (4.26)

For small momenta the gluon loop integral I(k) approaches a constant, essentially the
Gribov mass squared M2

G. In the ultraviolet region the integral I(k) behaves as k2. The
full gluon loop integral is plotted in Fig. 4.1. The scale at which the constant solution
builds up is set by the Gribov mass MG, see Figs. 4.1, 4.2. This observation will become
important when analyzing the gap equation (4.19).

We return to the gap equation (4.19), plug in the result (4.21) and set V (k) →
−V (k), so that we arrive at

V (k) =
g

2

1 + CFV
2(k)I(k)

|k|+ CFgV (k)I(k)
, (4.27)

with all quantities being positive definite1. This gap equation has a very simple form
with the gap function V (k) appearing only with external momentum, which is due to

1We emphasize, that setting V (k)→ −V (k) changes the sign of the vector kernel V , Eq. (3.37), in
the vacuum wave functional (3.3), which is then given as

|Φ〉f ∼ e−a
†K0b

†+a†KiAib
†
, (4.28)
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Figure 4.2: Regularized loop integral for different Gribov mass scales MG.

the simplification V (k,k′) = V (k). Numerically, the integral equation (4.27) can be
rewritten as a quadratic equation and easily be solved.

Before we go ahead with studying the equation analytically and numerically, we identify
the constants which appear in the gap equation. For the Casimir invariant CF , Eq. (1.7),
we take the SU(3) value CF = 4/3. Moreover, we replace the (running) coupling g,
which was calculated in the Hamiltonian approach in Ref. [8] from the ghost-gluon
vertex, by its infrared value g ≡ g(k = 0) = 8π/

√
3NC. We stress that at first sight two

scales enter the equation, the IR limit of the running coupling g(k = 0) and the Gribov
mass MG, which appears in the loop integral I(k), Eq. (4.21). However, it is only the
(Wilsonian) string tension, which fixes the scale and is given as

√
σW = 440 MeV. The

Gribov mass MG is determined by the string tension, see Eq. (1.96). On the other hand,
the infrared value of the running coupling g(k = 0) is independent of the scale.

Next we analyze the properties of the gap equation in the asymptotic regions. We
start with the small momentum region, i.e., setting k → 0. We assume the gap function
V (k) to be analytic and expand V (k) as well as I(k) around zero. We find the following
value for the vectorial solution function V at k = 0,

V (k → 0) =
1

2

1 + CF I(k → 0)V 2(k → 0)

CF I(k → 0)V (k → 0)
, (4.30)

where all indices are implicitly summed. We have split up the kernel K in two parts according to
Eq. (3.32). Starting the variational analysis with a vector kernel K1 of the form

Kab
1 (p, s; q, t) = − 1

2
√
|p||q|

V (p, q)u†(p, s)αi (Tm)
ab
v(q, t)Am

i (p+ q) , (4.29)

we would have ended up with the gap equation (4.27) without changing sign.
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from which we obtain

V (k → 0) = ±

√
1

CF I(k → 0)
, (4.31)

where I denotes the regularized integral, Eq. (4.24). We find V (0) = ±3.84765/
√
σW.

The infrared value V (0) depends on the Gribov mass MG and the Casimir invariant CF ,
but is independent of the quark-gluon coupling g. We find, for the present case of a
purely transverse gluon interaction, the kernel V , coupling the quarks to the transverse
gluons, to become constant in the infrared region.

We turn to the large momentum behavior of the gap equation setting k → ∞. The
solution of the quadratic equation can be given analytically as

V (k) =
1

k

(√
(1 +Gg2CF )− 1

GgCF

)
≈ 4

k
with G =

1

2

1

(2π)2

1

6
. (4.32)

Comparing the large-momentum behavior of V with the result obtained from perturb-
ation theory [14] the single-particle gap equation yields the correct 1/k perturbative
behavior. This statement will also hold true for the full solution, i.e., with taking into
account the Coulomb energy density as well, from which we will conclude that the large-
momentum behavior of the vectorial gap function V is driven by the transverse-gluon
interaction, see Chapter 5.

Next we present the results of the numerical evaluation of the gap equation determ-
ining V (k), Eq. (4.27). Note that all plots are given in units of

√
σW. The asymptotic

behavior (4.31), (4.32) is confirmed in the numerical evaluation. The vectorial solution
function V (k) freezes out for small momenta and vanishes as 1/k for large momenta,
see Fig. 4.3. In addition, we find that the infrared constant solution builds up around
the Gribov mass MG, see Figs. 4.3, 4.4. We also investigate the dependence of the
solution function V (k) on the coupling g, see Fig. 4.5. For decreasing g the range, in
which the infrared constant value builds up, moves to smaller momenta. However, the
infrared constant value V (0) is independent of the coupling g, which is also observed
analytically, Eq. (4.31).

In the end, let us summarize the main results of this chapter. Due to its very simple
form, the single-particle gap equation (4.27) serves as a laboratory to gain insight into
the behavior of the vectorial variational function, which incorporates the effect of trans-
verse gluon fields on chiral symmetry breaking. It yields an infrared constant behavior
and the power-law decrease for large momenta which agrees with perturbation theory
[14]. We note that it is the Gribov mass MG, Eq. (1.96), which sets the scale at which
the solution assumes the infrared plateau value.
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Chapter 5

Coulomb Hamiltonian

After having incorporated the interaction energy of transverse gluons into the variational
calculation, which did not provide a non-vanishing chiral condensate, the next logical
step is to include the Coulomb Hamiltonian, which describes the interaction of color
charges mediated by the Coulomb kernel and which is expected to account for the main
part of the symmetry breaking.

This chapter follows the same steps as the previous chapter. After a short introduction
in Section 1, we derive the Coulomb energy density in Section 2, subsequently determine
the gap equations in Section 3 and combine the result with the single-particle pieces to
give the full coupled gap equations. In Section 4 we study the coupled system analytically
and numerically for a confining non-Abelian color Coulomb potential and compare it to
the case with vanishing quark-gluon vertex in the ansatz for the quark wave functional.
Lastly, in order to understand the role of the infrared part of the static spatial gluon
propagator for the solution functions, we compare the result to the case with a one-loop
(perturbative) gluon propagator.

The lengthy evaluation of the Coulomb energy density is placed in Appendix C.

5.1 Introduction

Ignoring the purely gluonic contributions, the Coulomb Hamiltonian, Eq. (1.76), can be
split up in three different parts

HC =
g2

2

∫
d3xd3y ψ†a(x) (Tm)ab ψb(x)F̂mn(x,y)ψ†c(y) (T n)cd ψd(y) (5.1)

+
g2

2

∫
d3xd3yJ −1[A]ρmG(x)J (A)F̂mn(x,y)ψ†c(y) (T n)cd ψd(y) (5.2)

+
g2

2

∫
d3xd3y ψ†a(x) (Tm)ab ψb(x)F̂mn(x,y)ρnG(y) . (5.3)

where we have made explicit the quark charge densities ρmF , Eq. (1.77). The gluon charge
densities are ρmG(x) = fmnoAni (x)Πo

i (x), Eq. (1.77). We use the same conventions for
the color indices as in the previous chapters: To distinguish fundamental from adjoint
indices we label the fundamental fields with a, b, . . . and the adjoint fields with m,n, . . ..
The first term, Eq. (5.1), describes the interaction between quark charge densities and
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the other two terms, Eqs. (5.2), (5.3), between gluon and quark charge densities, where
for the last term we have used that the quark fields commute with the Faddeev-Popov
determinant J [A], Eq. (1.73). Due to its four-fermion structure, the first part, Eq. (5.1),
is assumed to be most important for studying the effect of dynamical chiral symmetry
breaking. As an approximation we concentrate on the interaction between the color
charge densities of the quarks only, Eq. (5.1). The additional contributions, Eqs. (5.2),
(5.3), as well as taking into account the pure Yang-Mills part, Eq. (1.75), are currently,
at the time of writing the thesis, under investigation.

As a further approximation we replace the Coulomb kernel F̂ ab, Eq. (1.78), by its
expectation value in the Yang-Mills sector

g2〈F̂ ab(x,y)〉G = δabVC(x,y) , (5.4)

with the non-Abelian color Coulomb potential VC given in Eq. (1.82). This approximation
is consistent with the quenched approximation discussed in Section 3.3, since here we
ignore the effect of the quark vacuum on the Coulomb kernel F̂ ab, Eq. (1.78). The
Coulomb energy density is then given as

〈HC〉 =
1

2

∫
d3x d3y VC(x,y)〈ψ†a(x) (Tm)ab ψb(x)ψ†c(y) (Tm)cd ψd(y)〉 . (5.5)

The non-Abelian color Coulomb potential VC(r) with r = |x− y| describes the interac-
tion potential between two static color charge densities (see Section 1.6) and it can be
split up into two parts

VC(r) = σCr −
αS

r
, (5.6)

with a long-range linear potential σCr and a short-range Coulomb potential αS/r. The
slope of the linear potential, referred to as color Coulomb string tension σC, sets the
scale in our approach (for more details, see the discussion after Eq. (1.94)).

5.2 Coulomb Energy Density

The four-fermion terms appearing in the Coulomb Hamiltonian (5.1) make the evaluation
of the energy density tedious. Here we only present some general arguments useful for
the derivation. A detailed computation of the occurring expectation values is carried out
in Appendix C.2.

We expand the quark fields in Eq. (5.1) in terms of Fourier modes, Eqs. (1.40)-(1.43),
ending up with a lengthy expression, see Eq. (C.47). These sixteen contributions are
evaluated applying Wick’s Theorem, which for a general four-fermion expectation value
means〈
ψ†A ψB ψ

†
C ψD

〉
=
〈
ψ†A ψB

〉〈
ψ†C ψD

〉
−
〈
ψ†Aψ

†
C

〉〈
ψB ψD

〉
+
〈
ψ†A ψD

〉〈
ψB ψ

†
C

〉
.

(5.7)
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We have used ψ ∼ ua + vb†, Eqs. (1.40), (1.41), and a condensed index denoting
momentum, color and spin indices. Since all expectation values on the right-hand side
give a unit matrix in color space, the first term on the right-hand side vanishes due to

δab (Tm)ab δcd (Tm)cd = TrC[Tm]TrC[Tm] = 0 . (5.8)

The second two-point expectation values in (5.7) vanish as well, see Eqs. (B.16), (B.17).
Moreover, we can show that only terms with a symmetric number of fermions and anti-
fermions contribute and for all other terms the spin sums vanish, which is explicitly
demonstrated in Appendix C.2.

We quote the final form of the Coulomb energy density

〈HC〉
δ3(0)

=
1

2
NCCF (2π)3

∫
d̄ 3p d̄ 3q VC(p− q) [Y (p, q) + Z(p, q)p̂ · q̂] , (5.9)

with the definitions

Y (p, q) = 1− S∗(p)S(q) + S(p)S∗(q) + S(p)S(q) + S∗(p)S∗(q)

(1 + S∗(p)S(p) +R(p))(1 + S∗(q)S(q) +R(q))
, (5.10)

Z(p, q) = −(1− S∗(p)S(p)−R(p))(1− S∗(q)S(q)−R(q))

(1 + S∗(p)S(p) +R(p))(1 + S∗(q)S(q) +R(q))
+

+
−S∗(p)S(q)− S(p)S∗(q) + S(p)S(q) + S∗(p)S∗(q)

(1 + S∗(p)S(p) +R(p))(1 + S∗(q)S(q) +R(q))
. (5.11)

Both parts Y and Z (and therefore the Coulomb energy density, Eq. (5.9)) are symmetric
in the variational functions, i.e., replacing S by S∗ or V by V ∗ does not alter the
quantities Y and Z. This observation holds true for all parts of the energy density,
which we have taken into account, see Eqs. (4.4),(4.8). As shown in the last chapter
for the single-particle energy density, Section 4.2, due to this symmetry the variations
with respect to S and S∗ (or V and V ∗) lead to identical gap equations and we can set

S = S∗, V = V ∗ . (5.12)

The second term in Z, Eq. (5.11), then cancels.
We note, that the vector kernel V enters in Y , Eq. (5.10), and Z, Eq. (5.11), only

indirectly via the loop integral R(p), Eq. (3.46).
We investigate two limits: Switching off the scalar variational function, i.e., S = 0,

the part denoted as Y , Eq. (5.10), simplifies to unity. On the other hand, setting the
vectorial gap function to zero, i.e., V = 0, the loop integral R(p), Eq. (3.46), vanishes
and the energy density (5.9) reduces to its form determined in Ref. [80].

Next we perform the variations and incorporate the Coulomb interaction, Eq. (5.9),
into the coupled system (4.17), (4.18). We emphasize that we now work with the
variational functions S and V to be real, Eq. (5.12).
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5.3 Full Coupled Quark Gap Equations

The variation of the energy density (5.9) with respect to S(k) yields

δ

δS(k)

〈HC〉
δ3(0)

= −1

2
NCCF 8

I
(1)
C (k)

(1 + S2(k) +R(k))2
, (5.13)

with

I
(1)
C (k) =

∫
d̄ 3q

VC(k − q)

1 + S2(q) +R(q)
×

×
[
S(q)(1− S2(k) +R(k))− (k̂ · q̂)S(k)

(
1− S2(q)−R(q)

)]
. (5.14)

In contrast to the variation of the single-particle energy densities (4.9) and (4.11) with
respect to S(k), here the scalar variational function S(k) does not appear as a factor

in the numerator on the right-hand side of Eq. (5.13), but only in the integral I
(1)
C (k),

Eq. (5.14). This has important consequences on the structure of the resulting gap
equation

δ

δS(k)
〈HD +HQGC +HC〉 = 0 , (5.15)

where we have used the definitions HD, Eq. (4.1), and HQGC, Eq. (5.1). With the inclu-
sion of the Coulomb energy density, Eq. (5.9), the constraint equation (4.14) becomes
a non-linear integral equation (using Eqs. (4.9), (4.11), (5.13))

S(k)

(
|k| − 1

2
gCF Iω(k)

)
=

1

2
CF I

(1)
C (k) . (5.16)

We can draw the conclusion that the Coulomb interaction, Eq. (5.1), provides the non-
trivial part for the gap function S.

For the variation of the energy density (5.9) with respect to V (k,k′) we obtain

δ

δV (k,k′)

〈HC〉
δ3(0)

=
1

2
NCCF 8

V (k,k′)X(k,k′)

(1 + S2(k) +R(k))2
I

(2)
C (k) , (5.17)

with

I
(2)
C (k) =

∫
d̄ 3q

VC(k − q)

1 + S2(q) +R(q)

[
2S(k)S(q) + (k̂ · q̂)

(
1− S2(q)−R(q)

)]
,

(5.18)

and X(k,k′) defined in (3.49). However, the variation with respect to V leads for
the Coulomb part HC, Eq. (5.17), to the same structure as for the kinetic part HD,
Eq. (4.10). When ignoring the interaction with transverse gluons HQGC, Eq. (4.13), we
arrive at a constraint equation of the form

V (k,k′)

(
|k|+ 1

2
CF I

(2)
C (k)

)
= 0 . (5.19)
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This equation together with the equation determining S, Eq. (5.16), has the non-trivial
solution V = 0 and S 6= 0. (Note that the opposite case, ignoring the Coulomb
interaction HC, Eq. (5.17), and using the transverse gluon exchange only, i.e., HQGC,
Eq. (4.13), was studied in the previous chapter in Section 4.3 and could be solved
with V 6= 0 and S = 0.) Hence, the transverse gluon interaction HQGC, Eq. (4.8),
more precisely the variation of the nominator term in (4.8) with respect to V (which is
the second part on the right-hand side of Eq. (4.13)), supplies us with the non-trivial
contribution for the gap function V .

Collecting Eq. (5.16) and the variations with respect to the vector function V (Eqs. (4.10),
(4.13), (5.17)) we arrive at the following system of coupled integral equations,

S(k) =
1
2
CF I

(1)
C (k)

|k| − 1
2
gCF Iω(k)

, (5.20)

V (k,k′) = −g 1 + S2(k) +R(k)

2|k| − gCF Iω(k) + 1
2
CF 2 I

(2)
C (k)

, (5.21)

where we have used the definitions R(k), Eq. (3.46), Iω(k), Eq. (4.12), and I
(1)
C (k),

Eq. (5.14), I
(2)
C (k), Eq. (5.18). As for the case of a pure transverse gluon interaction

HQGC, Eq. (4.19), the gap equation (5.21) determines the variational function V to de-
pend only on one momentum, V (k,k′) = V (k), since the right-hand side of Eq. (5.21)
depends on only k. As discussed in Section 4.3 this is an artifact of our approxima-
tions. However, it significantly simplifies the numerical evaluation of the coupled system
Eq. (5.20), (5.21). Employing Eq. (4.21) and setting V (k) → −V (k) we can rewrite
the coupled equations as

S(k) =
1
2
CF I

(1)
C (k)

|k|+ gCFV (k)I(k)
, (5.22)

V (k) =
g

2

1 + S2(k) +R(k)

|k|+ gCFV (k)I(k) + 1
2
CF I

(2)
C (k)

, (5.23)

with the regularized integral I(k) defined in Eq. (4.24). The meaning of the replacement
V (k)→ −V (k) has already been discussed in Section 4.3, see Eq. (4.28).

Now we have all the ingredients to study the coupled system analytically and numer-
ically. We are going to observe how these two equations, Eq. (5.22) and Eq. (5.23),
interact to give the solution functions S and V . A special role will be played by the
infrared part of the static spatial gluon propagator D(k), Eq.(1.81).

Let us, at this point, summarize the main outcome of the variational calculation
performed in the last two chapters. The Coulomb energy density, Eq. (5.9), is the non-
trivial part of the gap equation determining S, Eq. (5.22), whereas the transverse gluon
interaction, Eq. (4.8), is the non-trivial piece for determining V , Eq. (5.23).

Before we go ahead with studying the coupled system in an analytical and numerical
framework, we make a short comment on strong-coupling electrodynamics.
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Strong-Coupling Electrodynamics

Quantum Electrodynamics (QED) without coupling to matter fields can be rewritten
as a system of uncoupled harmonic oscillators and solved by means of a Gaussian an-
satz, see Section 1.4. Resolving the Gauss law and switching on dynamical fermion fields
yields the Coulomb Hamiltonian of the form

HC =
e2

2

∫
d3xd3y ψ†(x)ψ(x)F̂ (x,y)ψ†(y)ψ(y) . (5.24)

with F̂ denoting the ordinary Coulomb potential, i.e., F̂ (x,y) = 1/(4π|x − y|). In
contrast to QCD the QED color charge densities are independent of the gauge field.
Chiral symmetry is dynamically broken when the coupling exceeds a critical coupling and
the (massless) electrons become massive. Instead of α = 1/137 (with α = e2/(4π)) the
ground state properties are studied with α > 1. Such a system serves as a laboratory to
investigate strong interaction phenomena in the simplest possible gauge theory, Refs. [66,
90–95].

The evaluation of expectation values works analogously to the QCD case, however,
with additional terms occurring, since terms vanishing in QCD due to the trace in color
space give non-zero contributions in QED, see Eqs. (5.7), (5.8). It is remarkable that
all these additional contributions can be summed to give a divergent term of the form

〈Hdiv〉 =
e2

2
4

∫
d̄ 3p d̄ 3q

∫
d̄ 3k VC(k) (δ(k))2 , (5.25)

which is independent of the variational functions and therefore just an irrelevant divergent
constant. When varying Eq. (5.25) with respect to the variational parameters S and
V this term vanishes and we are left with the equations (5.22), (5.23) with the color
factors NC, CF set to unity. We can conclude, that the equations determining S and V
in QED are the same as in QCD, Eqs. (5.22), (5.23). Clearly, the Coulomb kernel F̂ in
QED has no confining piece.

5.4 Solving the Quark Gap Equations

Now we have everything in place to investigate the gap equations, Eqs. (5.22) and
(5.23), analytically in the asymptotic momentum regime and numerically in the whole
momentum region. For the non-Abelian color Coulomb potential VC, Eq. (5.6), we take
in a first study only the confining part σCr into account, which reads in momentum
space

VC(k − q) =
8πσC
|k − q|4

. (5.26)

This has the advantage that we can compare our results with Ref. [80], where the gap
equation for the V = 0 case has been solved. Moreover, the spatial gluon loop integral
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I(k), Eq. (4.21), enters the gap equations, Eqs. (5.22) and (5.23). We will use two types
of gluon propagators D(k), Eq. (1.81), in the loop integral I(k): the purely perturbative
gluon propagator and the full non-perturbative gluon propagator, Eq. (1.95),

ω(k) = |k| =⇒ I(k) = CF
1

2

1

2π2

1

6
k2 , (5.27)

ω(k) =

√
k2 +

M4
G

k2
=⇒ I(k) given in Eq. (4.24) . (5.28)

Since the Gribov mass MG sets the scale for the non-perturbative gluon propagator,
we will often refer to MG = 0 as the perturbative gluon propagator, Eq. (5.27) and to
MG 6= 0 as the non-perturbative gluon propagator, Eq. (5.28).

We analyze three different situations analytically and numerically:

1. with the vector kernel V set to zero, known as Adler-Davis gap equation

2. with the vector kernel V switched on, but the Gribov mass MG, Eq. (5.27), set
to zero

3. with the vector kernel V and the Gribov mass MG, Eq. (5.28), switched on.

Situation 1 takes only the BCS part in the quark vacuum wave functional ansatz,
Eq. (3.35), into account, which has already been computed in Ref. [80]. We repro-
duce this result in order to compare it to the result with non-vanishing vector kernel V ,
Eq. (3.37), and to clarify if the additional coupling V influences the chiral properties of
the theory. Moreover, reproducing the result in Ref. [80] is a good way to check our
code and algorithm.

Situations 2 and 3 take into account either the tree-level static gluon propagator,
Eq. (5.27) or the non-perturbative gluon propagator, Eq. (5.28), as input into the
gap equations. Comparing both these situations will unfold the influence of the non-
perturbative part of the spatial gluon propagator, Eq. (5.28), on chiral symmetry break-
ing.

5.4.1 Asymptotic Analysis

Before solving the gap equations, Eqs. (5.22), (5.23), by iteration, we start with an
analysis of the gap equations in the asymptotic momentum regions k → 0 and k →∞,
analogous to Section 4.3. First of all, we explore the asymptotics of the Coulomb
integrals I

(1)
C (k), Eq. (5.14), and I

(2)
C (k), Eq. (5.18). We evaluate the angular integrals

and expand the resulting functions for small and large momenta. We note that only the
non-Abelian color Coulomb potential VC, Eq. (5.6), has to be evaluated at the difference
of the two momenta k − q, which simplifies the computation a lot. We then examine
the three different settings listed above in the small and large momentum regions.
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Angular Integration

In the Coulomb integrals I
(1)
C and I

(2)
C , (5.14) and (5.18), two types of angular integrals

occur, namely ∫
d̄ 3q VC(k − q),

∫
d̄ 3q VC(k − q) k̂ · q̂ , (5.29)

which can be performed analytically, yielding

L(k, q) =

∫ 1

−1

dz
1

(k2 − 2kqz + q2)2
=

2

(k2 − q2)2
, (5.30)

K(k, q) =

∫ 1

−1

dz
z

(k2 − 2kqz + q2)2
=

k2 + q2

kq(k2 − q2)2
+

1

2

1

k2q2
ln

∣∣∣∣k − qk + q

∣∣∣∣ , (5.31)

where we have ignored for simplicity the pre-factors of the non-Abelian static color
Coulomb potential VC(k−q). Eq. (5.26), and shifted the angular integrals according to∫ π

0
dθ sin θ =

∫ 1

−1
dz with z = cos θ. In order to make the divergent integrals at p = q

finite, when setting up the numerical evaluation in the next section, we are going to
introduce a regulator ε, according to Ref. [79]. For the time being, we assume that the
integrals are properly regularized at p = q.

We expand the kernels L(k, q), Eq. (5.30), and K(k, q), Eq. (5.31), around k = 0,
and end up with

L(k, q) =
2

(k2 − q2)2
=

2

q4
+

4k2

q6
+O(k4) , (5.32)

K(k, q) =
k2 + q2

kq(k2 − q2)2
+

1

2

1

k2q2
ln

∣∣∣∣k − qk + q

∣∣∣∣ =

=

[
1

kq3
+

3k

q5
+O(k3)

]
−
[

1

kq3
+

k

3q5
+O(k3)

]
=

=
8

3

k

q5
+O(k3) . (5.33)

For k → 0 the leading contribution comes from the kernel L(k, q), which approaches a
constant for vanishing k. For k →∞ the kernels L(k, q) and K(k, q) behave as

L(k, q) =
2

k4
+O

(
1

k6

)
, (5.34)

K(k, q) =
8q

3k5
+O

(
1

k7

)
, (5.35)

where again the kernel L(k, q) is the leading order term, since the kernel K(k, q) ap-
proaches zero more rapidly. Both these observations will become important throughout
this section.
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1. Adler-Davis Gap Equation

Setting the coupling of the quarks to the transverse gluons to zero, V = 0, the gap
equation determining the scalar variational function (5.22) simplifies to

S(k)|k| = g2

2
CF

∫
d̄ 3q VC(k − q)

S(q)[1− S2(k)]− S(k)[1− S2(q)]k̂ · q̂
1 + S2(q)

, (5.36)

which is known in the literature as Coulomb gauge paring model, and which we refer to
as Adler-Davis gap equation. In Ref. [80], starting from the renormalized gap equation,
Adler and Davis found a numerical solution for the scalar kernel S with the confining
non-Abelian color Coulomb potential, Eq. (5.26).

This integral equation1, first derived in Ref. [78] and correctly renormalized in Ref. [80],
has been analyzed in great detail in Ref. [79], showing analytically that chirally non-
invariant solutions S for power-law potentials rα(0 < α < 3) exist independently of
the strength of the coupling constant. It offers many applications, for instance when
generalizing it to non-zero quark masses, Ref. [89], taking into account the Coulomb
potential, Refs. [89, 96–98], and studying finite temperatures, Ref. [99] and finite dens-
ities, Ref. [100]. The massless pions are described within this approach by the so-called
Bethe-Salpeter equation, which follows directly from the gap equation, Ref. [101]. Phe-
nomenological consequences from the Bethe-Salpeter equation are analyzed in Ref. [102].

The first attempts to include transverse gluons were started in Ref. [103] and taken
up in Ref. [89] using the so-called Breit approximation, which is also used in Ref. [104].
In Ref. [105] the so-called ”expontential-S” method is applied to study the influence
of transverse gluons, however, without solving the underlying eigenvalue problem. The
influence of transverse gluons on chiral symmetry breaking could not be clarified until
now. This missing piece clearly goes in hand with the fact that up to now only BCS type
wave functionals, Eq. (3.2), were used as an ansatz for the QCD vacuum and transverse
gluons could only be included in an approximate fashion.

We now recall the most important characteristics of the Adler-Davis gap equation,
Eq. (5.36), in order to compare it with the solution of the full coupled equations (5.22),
(5.23), i.e., when switching on the vector coupling V in the vacuum wave functional
(3.3).

Let us start with the analysis for small momenta k and rewrite the gap equation (5.36)
with use of the angular integrals (5.30), (5.31) as a one-dimensional integral equation,

S(k) k = G

∫
dq q2

(
L(k, q)

S(q)

1 + S2(q)
[1− S2(k)]−K(k, q)

1− S2(q)

1 + S2(q)
S(k)

)
,

(5.37)

1The gap equation (5.36) is equivalent to a rainbow-ladder Dyson-Schwinger equation, where only the
instantaneous part of the temporal gluon propagator is taken into account, see Ref. [80]. Moreover,
in a recent article, Ref. [34], it is shown how the gap equation (5.36) is derived from a leading
order truncation of the quark Dyson-Schwinger equations in Coulomb gauge within the first order
formalism.
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where G = 8πσCCF/(2(2π)2). Expanding S around k = 0, the gap equation in the
small momentum region reads

[S(0) + kS ′(0)] k +O(k3) =

G

∫
dq q2 S(q)

1 + S2(q)

(
2

q4
+

4k2

q6
+O(k4)

)[
(1− S2(0))− 2kS(0)S ′(0)

]
−

−G
∫
dq q2 1− S2(q)

1 + S2(q)

(
8

3

k

q5
+O(k3)

)
(S(0) +O(k)) , (5.38)

so that for k = 0 the equation simplifies to

0 = G

∫
dq

2

q2

S(q)

1 + S2(q)

[
1− S2(k → 0)

]
≡ I

(1)
C (k → 0)

[
1− S2(k → 0)

]
, (5.39)

which is solved for S(0) = ±1. We have to keep in mind that the integral I
(1)
C (k → 0) on

the right-hand side of the equation is finite, when the (infrared) regulator ε is introduced.
This is an important result: The gap equations (5.22), (5.23) for vanishing vector kernel
V constrain the scalar kernel S for small momenta to approach unity.

This result has important impact on the evaluation of the constituent quark mass
M(0), defined in Eq. (3.82). To see this, we derive the quark gap equation (5.36) in
terms of the dynamical mass function M(p).

With use of the definition (3.82) we can derive the relations

M(k)√
k2 +M2(k)

=
2S(k)

1 + S2(k)
,
|k|
|q|

2S(k)

1− S2(q)

1− S2(q)

1 + S2(q)
=

M(k)√
q2 +M2(q)

,

(5.40)

and with the angular integrals (5.30) and (5.31) the Adler-Davis gap equation (5.36)
can be rewritten as

M(k) = G

∫
dq q2

(
L(k, q)

M(q)√
q2 +M2(q)

−K(k, q)
q

k

M(k)√
q2 +M2(q)

)
, (5.41)

or in a quotient form as (which is particularly convenient for a numerical analysis)

M(k) =
G
∫
dq q2 L(k, q)M(q)[q2 +M2(q)]−

1
2

1 +G
∫
dq q2K(k, q) q

k
[q2 +M2(q)]−

1
2

. (5.42)

In order to test our numerics, we are going to evaluate equation (5.42) as well. We note
that it is no longer possible to express the gap equations (5.22) and (5.23) entirely in
terms of the dynamical mass function M(p), Eq. (3.82), when the coupling part V of
the vacuum wave functional is taken into account.

Expanding the expression for the dynamical mass M(k), Eq. (3.82), around zero and
keeping the leading order only, the constituent quark mass M(0) and the infrared part
of the condensate wave function S are connected via

M(0) = k
2S(0) +O(k)

1− S2(0)− 2kS(0)S ′(0) +O(k2)
= − 1

S ′(0)
+O(k) . (5.43)



5.4 Solving the Quark Gap Equations 81

Consequently, the constituent mass can be read off from the slope of the scalar wave
function S at zero momentum.

We turn to the large momentum region of the variational function S(k). Since con-
densation is a low-momentum effect, we expect the gap function to vanish as k → ∞.
The condition that for large momenta the integral L(k, q), Eq. (5.34), is the leading
order term translates into

S(k →∞)k =
2

k4

[
1− S2(k →∞)

]
. (5.44)

Assuming a power-law solution in the ultraviolet region, S(k) = A/kα, the gap function
S(k) vanishes as

S(k →∞) ∼ 1

k5
. (5.45)

Correspondingly, the mass function M(k), Eq.(3.82), goes to zero as

M(k →∞) ∼ 1

k4
, (5.46)

and in general M(k → ∞) ∼ 1/VC(k). Both behaviors are confirmed in the numerical
computation in Section 5.4.2. With the result (5.45) it can be shown that the expression
for the chiral condensate (3.85) is a convergent integral.

2. Gap Equation with Vector Kernel V and with Tree-Level Gluon Propagator

At next we switch on the vector kernel V and study the full coupled equations (5.22),
(5.23) with the gluon loop integral I(k) given in Eq. (5.27) as input, which takes only
the large momentum part of the static spatial gluon propagator (1.95) into account.

We explore the infrared region of the gap equation determining the scalar part S,
Eq. (5.22), rewrite it as

[k + gCFV (k)I(k)] S(k) =
1

2
CF I

(1)
C (k) . (5.47)

and ask how the kernel V alters the asymptotic behavior of the scalar gap function S.
We use the expansion of the Coulomb integral I

(1)
C (k) around zero in Eq. (5.39) (with the

additional loop integral R(k), Eq. (3.46), in the denominator), abbreviate I(k) = Ck2

with C = CF
1
2

1
(2π)2

1
6

and arrive at[
k + gCFV (k → 0)Ck2

]
S(k → 0) = I

(1)
C (k → 0)

[
1− S2(k → 0) + V 2(k → 0)Ck2

]
.

(5.48)

Assuming that V (k) does not diverge for small momenta we find to lowest order

0 = I
(1)
C (k → 0)

[
1− S2(k → 0)

]
, (5.49)
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which yields, as for the case of switching off the coupling of quarks to the transverse
gluons V = 0, the constraint S(0) = ±1. The small momentum behavior of S is
therefore governed by the Coulomb part of the interaction, Eq. (5.9) and the vector
kernel V does not alter the infrared behavior of S since the loop integral I(k), Eq. (4.22),
using the tree-level gluon propagator as input vanishes as k2.

We turn to the integral equation for the vectorial part Eq. (5.23), which is after angular
integration given as[

k + gCFV (k)I(k) +
1

2
CF I

(2)
C (k)

]
V (k) =

g

2

[
1 + S2(k) +R(k)

]
. (5.50)

The small momentum behavior of V is determined both by the infrared value of the
Coulomb-integral I

(2)
C (k) on the left-hand side of Eq. (5.50) as well as the term on the

right-hand side of Eq. (5.50), which comes from the interaction of the quarks with the
transverse gluons, Eq. (4.8). The second term on the left-hand side of Eq. (5.50) as
well as the last term on the right-hand side of Eq. (5.50), namely R(k), vanish due to
I(k → 0) ∼ k2. The infrared value of the vector variational function V is therefore
determined as

V (k → 0) =
g
2
(1 + S2(k → 0))
1
2
CF I

(2)
C (k → 0)

. (5.51)

With the result S(k → 0) = 1 and the Coulomb integral I
(2)
C (k → 0) becoming constant,

the vector kernel V approaches a constant for small momenta.
Let us again take a look at the dynamical mass function M(k), Eq. (3.82). Now the

loop integral R(k), Eq. (3.46), enters its definition, which, however, vanishes as k → 0
(under the assumption that V does not diverge). As a result, the evaluation of the
constituent mass M(0) according to (5.43) holds true.

We turn to the ultraviolet behavior of the gap functions S and V . We again start
with analyzing the gap equation for the scalar variational function (5.22) and use the
large-momentum behavior of the Coulomb integrals, Eq. (5.34), so that the loop integral

I
(1)
C (k) approaches

I
(1)
C (k →∞) ∼

(
2

k4
+O

(
1

k6

))(
1− S2(k) + CFV

2(k)I(k)
)
, (5.52)

and with I(k →∞) = Ck2 the gap equation reads

S(k →∞)k + gV (k →∞)Ck2S(k →∞) =

=
1

2

2

k4
CF
(
1− S2(k →∞) + CFV

2(k)Ck2
)
. (5.53)

Assuming a power-law behavior for S(k → ∞) and V (k → ∞) and comparing both
sides of the equation we find S(k →∞) ∼ 1/k5, which was also obtained when solving
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the Adler-Davis gap equation, Eq. (5.45). Moreover, we find V (k) ∼ 1/k, which is
confirmed when analyzing the gap equation for V , Eq. (5.23), which reads[

k + g(0)V (k)I(k) +
1

2
CF I

(2)
C (k)

]
V (k) =

g

2

[
1 + S2(k) + CFV

2(k)I(k)
]
, (5.54)

using the fact that the Coulomb integral I(2)(k) approaches

I
(2)
C (k →∞) ∼

(
1

k4
+O

(
1

k6

))
S(k) . (5.55)

We conclude that the Coulomb integral I
(1)
C (k), Eq. (5.14) governs the asymptotic re-

gions of the scalar gap function. However, for the ultraviolet behavior of V the transverse
gluon interaction, Eq. (4.8) is the leading piece. All these findings agree with a recent
perturbative analysis, Ref. [14].

We note that the preceding ultraviolet analysis obviously also holds true when using
the non-perturbative gluon propagator, Eq. (5.28), since it approaches the tree-level
propagator for large momenta. In the last part we therefore perform only the small
momenta analysis of the gap equations, Eqs. (5.22), (5.23), with a non-perturbative
gluon propagator, Eq. (5.28), as input.

3. Gap Equation with Vector Kernel V and with Non-Perturbative Gluon
Propagator

We now switch on the Gribov mass (thus take the infrared constant part of the loop
integral I, Eq. (4.24), into account), use I(k → 0) = 1

2
1

(2π)2M
2 and rewrite Eq. (5.22)

as

[k + gCFV (k → 0)I(k → 0)] S(k) =

= I
(1)
C (k → 0)

[
1− S2(k → 0) + CFV

2(k → 0)I(k → 0)
]
. (5.56)

This is a quadratic equation and can be solved as

S(k → 0)=
−gCFV (0)I(0)±

√
g2C2

FV
2(0)I2(0) + 4

(
I

(1)
C (0)

)2

(1 + CFV 2(0)I2(0))

2I
(1)
C (0)

.

(5.57)

Now all parts of the gap equation are combined to give the infrared value of the scalar
gap function S, which is no longer constrained to approach unity. The infrared value of
V (k), determined from the equation (5.23), given as[

k + gCFV (k → 0)I(k → 0) +
1

2
I

(2)
C (k → 0)

]
V (k → 0) =

=
g

2

[
1 + S2(k → 0) + CFV

2(k → 0)I(k → 0)
]
, (5.58)
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is solved as

V (k → 0) = −
GI

(2)
C (0)±

√
(GI

(2)
C (0))2 + 4g

2
CF I(0)g

2
(1 + S2(0))

2g
2
CF I(0)

, (5.59)

which is again infrared constant. However, in contrast to the infrared value of V using
the perturbative gluon propagator (5.51), here V is connected non-trivially with S. All
different parts of the energy density are combined to give the zero-momentum value of
the vector kernel V .

However, as a side-effect of these results, the constituent quark mass can, in prin-
ciple, no longer be extracted as the slope of the scalar wave function S ′(0), Eq. (5.43).
Expanding the expression for the dynamical mass (3.82) around zero, we arrive at

M(k → 0) = k
2S(k → 0) +O(k)

1− S2(k → 0) +O(k)− (R(k → 0) +O(k))
, (5.60)

and the identification M(0) = −1/S ′(0) only holds true if

S2(k → 0) + CFV
2(k → 0)I(k → 0) = 1 . (5.61)

For instance, if S approaches a value larger than unity then Eq. (5.61) cannot be fulfilled
(since the loop integral I(k) ≥ 0) and we would end up with M(k → 0) ∼ −kC, with
C a constant. It will be interesting to observe, if the solution functions S and V fulfill
Eq. (5.61) and thus allow for an infrared constant quark mass M(0).

However, before we start with the numerical evaluation, we summarize the most im-
portant findings for the three different situations studied in this section:

1. Adler-Davis gap equation, i.e., setting V = 0

S(k → 0) = 1, S(k →∞) =
1

k5
(5.62)

2. Gap equation with perturbative spatial gluon propagator, i.e., V 6= 0,MG = 0

S(k → 0) = 1 , S(k →∞) =
1

k5
(5.63)

V (k → 0) =
g
2
(1 + S2(k → 0))
1
2
CF I

(2)
C (k → 0)

, V (k →∞) =
1

k
(5.64)

3. Gap equation with non-perturbative spatial gluon propagator, i.e.,V 6= 0,MG 6= 0

S(k → 0) = f(I(k → 0), I
(1)
C (k → 0), V (k → 0)) , S(k →∞) =

1

k5
(5.65)

V (k → 0) = g(I(k → 0), I
(2)
C (k → 0), S(k → 0)) , V (k →∞) =

1

k
(5.66)
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Switching off the vector kernel constrains the scalar gap function S to unity in the
infrared, Eq. (5.62), and the dynamical mass M(p), Eq. (3.82), can be evaluated from
the slope of S around zero, Eq. (5.43). The same conclusion holds true for a perturbative
static spatial gluon propagator, Eq. (5.63). However, the infrared value of S becomes
a non-trivial expression of all terms appearing in the gap equation, when switching
on the infrared part of the spatial gluon propagator, Eq. (5.65). This indicates that
the infrared part of the gluon propagator (5.28) is essential, in order that the solution
functions S and V start to interact. The vector kernel V , is constrained for a perturbative
gluon propagator, Eq. (5.27), by the infrared value of the scalar kernel S as well as the

Coulomb integral I
(2)
C , Eq (5.64). For the non-perturbative gluon propagator, Eq. (5.28),

it becomes an expression of all parts contributing to the energy density, Eq. (5.66).
In the ultraviolet we find power-law solutions, Eqs. (5.65) (5.66), with the scalar

variational kernel S being governed by the Coulomb energy, Eq. (5.9), and the vector
variational function V driven by the transverse gluon exchange, Eq. (4.8).

5.4.2 Numerical Analysis

All quantities appearing in the coupled system, Eqs. (5.22), (5.23), are expressed in
units of the Coulomb string tension σC, which enters the static quark potential VC,
Eq. (5.26). We use values σC = (2 . . . 3)σW with

√
σW = 440 MeV the Wilson string

tension determined on the lattice (for a discussion of this quantity see Section 1.6). The
Gribov mass MG = 880 MeV is then determined by the Coulomb string tension σC.
The coupling g, which is fixed as in Section 4.3 at the infrared value g(0) calculated
in Ref. [8] from the ghost-gluon vertex, is, in contrast to α(k) at finite k, independent
of the scale. We will introduce physical units when evaluating the phenomenological
quantities, i.e., the chiral condensate 〈ψψ〉, Eq. (3.85), and the dynamical mass M(k),
Eq. (3.82).

We have to regularize the kernels L(k, q) and K(k, q), Eqs. (5.30), (5.31), which are
both divergent for k = q. In order to make the integrals in the gap equations well-defined
we introduce a regulator ε as [79]

VC(k)→ VC(k, ε) =
8πσC

k2(k2 + ε2)
. (5.67)

The kernels L(k, q, ε) and K(k, q, ε) then read

L(k, q, ε) =
1

kqε2
ln
∣∣∣k + q

k − q

∣∣∣+
1

2kqε2
ln

[
(k − q)2 + ε2

(k + q)2 + ε2

]
, (5.68)

K(k, q, ε) =
1

2

(
k2 + q2

k2q2ε2
ln
∣∣∣k + q

k − q

∣∣∣+
ε2 + k2 + q2

2k2q2ε2
ln

[
(k − q)2 + ε2

(k + q)2 + ε2

])
. (5.69)

The variational function and consequently all physical observables become ε-dependent,
however, with setting ε→ 0, the functions converge onto a final result

lim
ε→0

S(k, ε) = S(k) , lim
ε→0

V (k, ε) = V (k) . (5.70)
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We note that there are plenty of possible infrared regularizations, for a different realiza-
tion see Ref. [102].

The coupled one-dimensional integral equations which we compute numerically then
read

S(k) =
G
∫
dq (L(k, q; ε)Ξ1(q)(1− S2(k) + CFV

2(k)I(k))−K(k, q; ε)Ξ2(q)S(k))

k + g(0)CFV (k)I(k)
,

(5.71)

V (k) =
g(0)

2
(1 + S2(k) + CFV

2(k)I(k))

k + g(0)CFV (k)I(k) +G
∫
dq (L(k, q; ε)2Ξ1(q)S(k) +K(k, q; ε)Ξ2(q))

,

(5.72)

where we have used

Ξ1(q) =
S(q)

1 + S2(q) + CFV 2(q)I(q)
, (5.73)

Ξ2(q) =
1− S2(q)− CFV 2(q)I(q)

1 + S2(q) + CFV 2(q)I(q)
. (5.74)

The constants G = 1
2
8πCF

1
(2π)2 (in units of the string tension σC) and g(0) = 8π√

3NC

then read for SU(3) and for SU(2)

SU(3) : G ≈ 0.4244, and g(0) ≈ 8.37758, (5.75)

SU(2) : G ≈ 0.2387, and g(0) ≈ 10.2604 . (5.76)

We mostly work with the color group NC = 3.
Let us again emphasize the dimensions of the gap functions. The scalar part S is

dimensionless and V has dimension of (GeV)−1, see Appendix B.4. We can work with
either dimensionfull V (k) or the dimensionless quantity V̂ (k) = V (k)/k.

The three equations, studied in the previous section in an an analytic framework, will
now be analyzed numerically.

1. Adler-Davis Gap Equation

We start with the numerical evaluation of Eq. (5.36), where the vector wave function V
is set to zero. We solve the equation for the condensate wave function S, Eq. (5.37), as
well as for the dynamical mass M , Eq. (5.42), numerically, in order to test the stability of
our numerics. Using the definition of the dynamical mass, Eq. (3.82), we can crosscheck
the solutions. We emphasize that the results derived in this subsection were already
obtained in Ref. [80].

Before turning to the evaluation of the phenomenological quantities, we list the main
numerical investigations:

1. As a first test on the asymptotic analysis, we set the kernel K(k, q; ε) = 0 and
solve the gap equations for S and the dynamical mass M . The solution is plotted
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Figure 5.1: Scalar gap function S and dynamical mass M with K(k, q; ε) = 0. The coupling
is set to G = 1 and the (infrared) regulator is ε = 1. The dashed-dotted curve indicates the
UV-power law behavior of the scalar kernel S and the dotted curve indicates the power-law
of the dynamical mass M .

in Fig. 5.1. The infrared cut-off is fixed at ε = 1. The value of S(0) is constrained
by the non-linear equation to be unity. For large momenta the solution function
shows the characteristic power-law behavior S(k → ∞) ∼ 1/k5. This confirms
that the asymptotic regions of the gap equation, Eq. (5.36), are driven by the
integral L(k, q), Eq. (5.30).

2. When taking into account the integral kernel K(k, q; ε), Eq. (5.69), we have to be
careful, since function values over a wide range of magnitudes of the momenta k
and q have to be evaluated. For instance, with the outer momentum k becoming
very small (around the lower boundary k ∼ ΛIR) and the loop momentum reaching

values at the upper boundary q ∼ ΛUV, the contributions of the form q2

k2 ∼
Λ2
UV

Λ2
IR

become very large and lead to an oscillating behavior of the solution function for
small external momenta k. We therefore represent the function K(k, q; ε) for
momenta k2 � (q2 + ε2) around k = 0 by its Taylor series

K(k, q; ε) =
8(ε2 + 2q2)k

3q3(ε2 + q2)2
+

16(ε6 + 4ε4q2 + 6ε2q4 + 9q6)k3

15q5(ε2 + q2)4
+O(k4) . (5.77)

This procedure will be performed for the coupled equation as well, i.e., with switch-
ing on the vector coupling V .

3. From a numerical point of view it is easier to solve the equation for the dynamical
mass M , Eq. (5.42). Due to the momentum k appearing on the left-hand side
of the gap equation determining S, Eq. (5.36), we have to introduce a relaxation
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Figure 5.2: Scalar gap function S and dynamical mass M for the Adler-Davis gap equation
using the gauge group SU(3) and the infrared regulator fixed at ε = 0.01.

prescription in order to get a stable solution (for more details, see Appendix D).
Such a relaxation method is not necessary for the dynamical mass equation (5.42).
Hence, the equation for S, Eq. (5.36), converges much slower than the equation
for the dynamical mass M , Eq. (5.42).

However, both solution functions show the characteristic behavior: In the small
momentum regime the dynamical mass function M(p) freezes out and S ap-
proaches unity as predicted by the analytic calculation. Moreover, via Eq. (5.43)
both results are crosschecked and confirmed to be equal. In the large momentum
regime the power-law behavior extracted from the asymptotic analysis, Eq. (5.45),
is confirmed. The corresponding plot is shown in Fig. 5.2.

4. Next, we lower the infrared-regulator ε, see Figs. 5.3, 5.4 5.5. The number
of iteration steps to reach a stable solution increases with decreasing ε. Due
to numerical uncertainties we cannot approach arbitrary small values of ε. The
solution functions Sε converge onto a stable solution S at about ε ≈ 10−3.

We now turn to the chiral parameters of the theory, the dynamical mass (3.82) and
the chiral condensate (3.85). Extracting the linear decrease of S for small momenta
S ′(0) ≈ 5.2 or plugging the result for S in formula (3.82) we arrive at a value for the
constituent mass of about

M(0) ≈ 84 MeV
√
σC/σW , (5.78)

which is, using values of the Coulomb string tension of about σC = (2 . . . 3)σW

M(0) ≈ (120 . . . 150) MeV . (5.79)
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Comparing with the phenomenological value M(0) ≈ 300 MeV shows that even if we
use values of the string tension at the upper limit, i.e., σC = 3σW we reach values
which are too small by a factor of (at least) two. For the gauge group SU(2) we get
M(0) ≈ 63 MeV

√
σC/σW, which gives values around M(0) ≈ (90− 110) MeV.

We compute the chiral condensate via Eq. (3.85) and arrive for SU(3) at

〈ψψ〉 ≈ −
(

113 MeV
√
σC/σW

)3

. (5.80)

Using the values of σC quoted above yields

〈ψψ〉 ≈ − (160 . . . 196 MeV)3 . (5.81)

Comparing again with the phenomenological value 〈ψψ〉 ≈ −(235 MeV)3, Ref. [68], we
end up with values which are consistently smaller than the experimental ones.

We can conclude that the phenomenological quantities evaluated from the Adler-Davis
gap equation (5.36) are too low, indicating that some important physical components
are still missing. These shortcomings are clear: the ordinary Coulomb potential αS/r in
VC(r), Eq. (5.6), and most importantly the transverse gluon exchange are not accounted
for by the Adler-Davis gap equation.

2. Gap Equation with Vector Kernel V and with Tree-Level Gluon Propagator

We turn to the coupled equations (5.22) (5.23) and take the tree-level gluon propagator,
Eq. (5.27), into account. We list the most important numerical findings:

1. To approach a convergent result we use a relaxation parameter (for details, see
Appendix D). The number of iteration steps to reach a stable solution lies in
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tial gluon propagator as input. Both kernels become constant for small momenta and vanish
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the region of the Adler-Davis gap equation, Eq. (5.36). Taking different starting
functions and altering the number of integration points and Chebyshev points, the
coupled system is tested to be robust.

The results for the joint solution S and V are presented in Fig. 5.6, which confirm
the asymptotic analysis, Eqs. (5.63), (5.64). The vectorial variational function V
tends to a constant in the infrared and the scalar gap function S becomes unity.
For large momenta the power-law behavior S(k) ∼ 1/k5, V ∼ 1/k is obtained.

2. We lower the infrared regulator ε. The value constraining the vector gap function
V at zero momentum is related to the Coulomb integral I

(2)
C (k), Eq. (5.51). As

ε goes to zero, I
(2)
C (k) approaches larger values, so that the infrared value of V

becomes smaller.

3. We now compare the result for the scalar solution function S with the Adler-Davis
result, Fig. 5.7. We observe that both functions are nearly identical and also
the chiral parameters do not increase towards phenomenological values. For the
dynamical mass, Eq. (3.82), as well as for the chiral condensate, Eq. (3.85), the
vector coupling V gives only negligible corrections. The values for M(0) and 〈ψψ〉
are therefore given in Eq. (5.78) and Eq. (5.80).

4. Changing the value of the coupling g(0) fixed at the infrared value, i.e., setting
g(0) = 83.77 and g(0) = 0.8377 does not alter the scalar gap function S(k). The
infrared value of V is shifted upwards with increasing g, which can be understood
from the asymptotic analysis, Eq. (5.51). We conclude that with the use of a
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perturbative propagator physical values are insensitive to the infrared value of the
coupling g(0). The chiral condensate as well as the dynamical mass, dominated
by S(k), are unaffected by the change of g(0). This gives us a first hint that
with use of a perturbative static gluon propagator the gap functions S and V do
not communicate: Although the vector kernel V changes with the value of the
coupling g(0), the scalar gap function is unaffected.

5. It is interesting to take a different pre-factor for the Coulomb integral I
(2)
C (k),

Eq. (5.18), since it alters the infrared behavior of the vectorial part V , see Eq. (5.51).

We use 0.1I
(2)
C (k) and 10I

(2)
C (k). The solution function S is not affected by the

change of this pre-factor. The vectorial solution functions forms a decreasing
infrared constant value for increasing values of the pre-factor, which can be under-
stood in terms of the infrared analysis (5.51). Lowering the pre-factor of I

(2)
C has

the same effect as increasing g. However, what we can conclude from changing
g(0) and the pre-factor of I

(2)
C is that the two variational functions S and V are

not fully coupled. We will observe that this coupling is supplied by the infrared
part of the static spatial gluon propagator, Eq. (5.28).

6. Lowering the infrared cut-off ε increases the solution function S(k) in the same
manner as it does for the Adler-Davis solution. The corresponding plot is in
accordance with Fig. 5.3. The values of the solution function S(k) become slightly
larger with decreasing ε, which leads to increasing values of the constituent mass.
We again reach a stable solution at ε ≈ 10−3.

The outcome of the numerical study is at first glance rather discouraging because physical
values are not increased by the additional kernel V in the quark vacuum wave functional,
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Eq. (3.3). Analyzing the equations for different couplings g(0) and different pre-factors

of I
(2)
C Eq. (5.18), we observe that the scalar variational function S does not feel the

vectorial solution function V . In the numerical analysis of the gap equations using the
full non-perturbative gluon propagator, Eq. (5.28), we will observe that it is the Gribov
mass MG, Eq. (1.96), which plays the mediator between scalar part S and vectorial part
V and which increases the scalar solution function S with increasing g(0) and decreasing

pre-factor of I
(2)
C , Eq. (5.18).

3. Gap Equation with Vector Kernel V and with Non-Perturbative Gluon
Propagator

From the analytic framework, see Eqs. (5.65), (5.66) we have derived two important
insights into the coupled system, Eqs. (5.22), (5.23). First of all, with the use of the
non-perturbative gluon propagator, Eq. (5.28), the scalar gap function S is no longer
constrained to approach unity for small momenta. Secondly, with the infrared constant
loop integral I(k), Eq. (4.23), all components appearing in the gap equations (5.22),
(5.23) are combined to give a non-trivial relation between the infrared values of S and
V .

We now clarify these findings in a numerical evaluation and establish further insights
into the interplay between scalar and vector interaction kernels S and V . We again list
the most important numerical findings:

1. The number of iteration steps to reach a stable solution is comparable to the
Adler-Davis solution and the solution using the perturbative gluon propagator.
Moreover, lowering the infrared cut-off ε we reach stable results at ε ≈ 10−3. As
in the case using the perturbative propagator, with decreasing infrared regulator ε
the infrared value of V becomes smaller.

2. The coupled solutions have the same characteristic features as the solutions using
the perturbative gluon propagator. Both variational functions become constant in
the infrared and show a power-law in the ultraviolet, see Fig. 5.8. The infrared
value of the vector kernel V is enhanced in comparison to the case using the
perturbative propagator. Moreover, in comparison to the result with vanishing
quark-gluon vertex V in the wave functional, the scalar kernel S is larger in the
mid-momentum region and the slope around zero is smaller. These two results
have crucial impact on the chiral properties of the theory. Numerical investigations
show that the mid-momentum region is closely connected to the chiral condensate,
Eq. (3.85). The slope around unity is related to the constituent mass, Eq. (5.60).
The plot comparing the Adler-Davis and the new result is shown in Fig. 5.9.

3. Altering the coupling g(0) to larger values, shifts the scalar gap function S to larger
values for intermediate momenta and also affects the infrared value, see Fig. 5.10.
Comparing with the result for the perturbative gluon propagator, where altering
the coupling g(0) has no effect on S, we can conclude that the Gribov scale MG,
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Figure 5.8: Variational kernels S (full curve) and V (dashed curve) using the non-perturbative
gluon propagator as input.

Eq. (1.96), and therefore the infrared part of the gluon propagator, Eq. (5.28), is
essential for the interplay between the coupled equations, Eqs. (5.22), (5.23).

4. As for the case of the perturbative propagator, we change the value of the pre-
factor of I

(2)
C , Eq. (5.18), in Eq. (5.23). The corresponding plot is shown in

Fig. 5.11. Smaller values of I
(2)
C lead to larger values of S. At a certain value

we find S ′(0) > 0 and the scalar function S forms a maximum. In this case
the dynamical mass becomes negative, see the discussion after Eq. (5.60). Note,

however, that changing the pre-factor of I
(2)
C , Eq. (5.18), has no physical meaning

and is only performed to test the coupled equations, Eqs. (5.22), (5.23). Moreover,
for smaller values of the pre-factor the infrared constant value becomes shifted away
from unity towards larger values. The value of V becomes larger for decreasing
pre-factor, which was also true for the case using a perturbative gluon propagator.

Now we have everything in place to study the effect of these results on the phenomeno-
logical parameters of the theory. We begin with the expression for the chiral condensate,
Eq. (3.85). Compared to the Adler-Davis condensate (5.80), with the additional quark-
gluon coupling the value for the quark condensate is shifted to

〈ψψ〉 ≈ −
(

135 MeV
√
σC/σW

)3

, (5.82)

which is a 20% increase of the figure in the bracket. We observe that this increase
comes from the additional contributions in the mid-momentum regime of S, see Fig. 5.9.
Moroever, we find that the gluon loop integral R(k), Eq. (3.46), which enters the
expression Eq. (3.85), gives negligible corrections to the value of the condensate. Setting
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Figure 5.9: Variational kernels S comparing the solutions with V = 0 (Adler-Davis solution)
and V 6= 0 using the non-perturbative gluon propagator as input.

the scale at σC = (2 . . . 3)σW, we obtain physical values

〈ψψ〉 ≈ − (191 . . . 234 MeV)3 , (5.83)

and we can conclude that the coupling of the quarks to the transverse gluons shifts the
quark condensate significantly towards the phenomenological value of about 〈ψψ〉 =
−(235MeV)3, Ref. [68].

Before we extract the dynamical mass via Eq. (3.82) we note that the small-momentum
slope of the scalar variational function S is given as S ′(0) ≈ 3.36 as opposed to the
Adler-Davis value S ′(0) ≈ 5.2. We find that Eq. (5.61) approximately holds true, so
that we can evaluate the constituent mass via Eq. (5.60). We get

M ≈ 132 MeV
√
σC/σW , (5.84)

which is, compared to the Adler-Davis value, Eq. (5.78), an increase of 57%. Finally,
using the values for σC quoted above we obtain

M ≈ (186 . . . 230) MeV , (5.85)

which shows that also for the constituent quark mass the quark-gluon coupling V in the
quark wave functional provides an essential enhancement and leads to fairly reasonable
phenomenological values. The corresponding plot of the dynamical quark mass M(k)
with the scale fixed at σC = 2σW is shown in Fig. 5.12.

Let us shortly summarize the main outcome of the numerical study to the coupled
gap equations (5.22), (5.23). First of all, we evaluated the gap equation with vanishing
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vector kernel V = 0, known as Adler-Davis gap equation. We found the scalar vari-
ational function S to agree with the result obtained in Ref. [80]. However, with setting
the scale at the Coulomb string tension σC the physical values are slightly larger than
in Ref. [80], where the scale is set at

√
σW = 350 MeV. Nevertheless, the low energy

chiral properties of the theory come out significantly too small. We then turned to the
coupled system with non-vanishing vector kernel V . We could demonstrate that the
small momentum part of the static spatial gluon propagator, Eq. (1.95), has a special
role. It couples the gap functions S and V non-trivially. In comparison to the result
with vanishing vector kernel the scalar kernel S becomes larger in the mid-momentum
regime and the slope around unity is smaller. We could show that these features lead
to increasing phenomenological values. The effect of the additional vector kernel V
is in the range between 20 − 60%. For the chiral condensate we come into the right
region of experiment. For the dynamical quark mass there is still a certain contribution
missing, which can result from neglecting certain parts of the Hamiltonian (1.23) in the
variational analysis. These additional contributions are currently under investigation.
Moreover, to make more accurate predictions on the low energy properties of the theory,
a more precise lattice measurement of the Coulomb string tension σC is required.
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Approach to QCD





Chapter 6

Wilson Loop from a Dyson Equation

The second part of the thesis concerns another distinctive property of QCD: the con-
finement of color, i.e., the phenomenon that in the hadron spectrum only color-singlet
combinations, the hadrons, of color non-singlet objects, the quarks, appear. The poten-
tial between two static quark sources keeps rising linearly as one tries to isolate a single
quark. Via the expectation value of the so-called Wilson loop the static quark-antiquark
potential can be accessed. The Wilson loop, being the path-ordered exponential of a
gauge field transported along a closed loop, serves as an order parameter of confine-
ment. In a confining theory, the inter-quark potential extracted from the Wilson loop
gives an area law, signalling that the interaction energy between the static sources is
rising linearly. Nearly all information about the Wilson loop in non-perturbative QCD
so far comes from the lattice. The computation of the Wilson loop in a continuum
formulation is difficult due to the path ordering prescription, which enters the definition
of the Wilson loop. One missing piece in the variational approach to Yang-Mills theory
is to show the emergence of the area law from the Wilson loop.

A way to attempt the Wilson loop in the continuum comes from a Dyson equation,
originally proposed in the context of supersymmetric theories and recently applied to
Yang-Mills theory in Landau gauge. In this work we critically analyze this equation and
apply it to Coulomb gauge Yang-Mills theory. We emphasize that in this part of the
thesis we switch off the quark fields and work with pure gluodynamics.

In Section 1 we report on the Wilson loop, give a detailed description of path ordering,
prove the gauge invariance of the Wilson loop and show how to extract the static quark-
antiquark potential. In Section 2 we present the derivation of the Dyson-type integral
equation, which sums all planar ladder diagrams and only needs the gluon propagator
as its input. We discuss the approximations involved and work out its limitations. In
Section 3 we apply the formalism to the temporal Wilson loop in Coulomb gauge. In
Section 4 we show how to extract the static quark potential from the Dyson equation
by solving a one-dimensional Schrödinger equation for the lowest eigenvalue. In Section
5 we calculate the spatial Wilson loop with the gluon propagator obtained from the
variational approach to Yang-Mills theory as input.

An explicit realization of the paths along the Wilson loop as well as the computation
of the gluon propagator contracted with the temporal paths is performed in Appendix
E; the numerical technique used throughout this chapter is also presented there.

The results presented in this chapter are published in Ref. [106] and a summary of



102 Chapter 6. Wilson Loop from a Dyson Equation

these results can be found in Ref. [107].

6.1 Introduction

In Chapter 1, after Eq. (1.12) we have shortly raised the issue of color confinement: In
the pure gluonic part of the QCD Lagrangian, Eq. (1.11), cubic and quartic terms in the
gauge field Aaµ appear, which give rise to self-interactions of the gluons. It is commonly
accepted that confinement is a consequence of this non-Abelian nature of the gauge
interaction.

Let us, in order to clarify this picture, compare the field lines which connect a pair of
opposite charges in the non-Abelian and Abelian case. In QED the field lines connecting
the static color sources are allowed to spread. In QCD, however, the field lines are
believed to be concentrated within a narrow string, Ref. [112]. The potential between
these color sources increases with the separation and at infinite distance one would need
an infinite amount of energy to pull two quarks apart. In the full theory with dynamical
quark fields the energy stored in the string would grow until the creation of quark-
antiquark pairs is energetically favorable. This phenomenon is known as string breaking,
Ref. [108], which can be observed on the lattice, see Refs. [3, 109–111].

Let us return to the pure Yang-Mills sector of QCD and formulate a criterion for
confinement: Every theory of confinement should be able to explain the linearly rising
potential between two static color sources [108].

We show how this quark-antiquark potential can be extracted by studying the Wilson
loop, denoted as Ŵ (C). In Euclidean space-time the Wilson loop is defined by

Ŵ (C) =
1

dR
TrP exp

ig ∮
C

dxµAµ(x)

 , Aµ(x) = Aaµ(x)T a . (6.1)

Here dR is the dimension of the representation of the gauge group and gives NC for the
fundamental representation of SU(NC). The quantity P denotes path ordering along
this loop which will be described in detail below. The line integral in Ŵ (C), Eq. (6.1), is
carried out along a closed loop C, which is most conveniently taken to be of rectangular
shape of length T and width L. The expectation value of this Wilson loop is then defined
as

W (T ;L) = 〈Ŵ (C)〉 =

∫
DAµ Ŵ (C) e−S[A]∫

DAµe−S[A]
. (6.2)

The path ordering prescription P is defined as follows [112]: consider a path C with
starting point x and divide the path into n infinitesimal segments. The intermediate
points are x1, x2, . . . xn−1, dxm = xm−xm−1 and x0 is identified with the starting point
and endpoint x. On each of the infinitesimal paths the exponential can be approximated
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by the first term in the Taylor series. Then the expression Eq. (6.1) reads

W (C) =
1

dR
Tr

[
lim

dxm→0
[1 + igAµ(x0)(x1 − x0)] . . . [1 + igAµ(xn−1)(xn − xn−1)]

]
,

(6.3)

which is a product of non-commuting expressions. The path ordering P renders an
evaluation of the Wilson loop in a continuum formulation of QCD complicated. In the
Abelian case, however, path ordering is irrelevant. This last statement will become
important below, when constructing the Dyson equation for the Wilson loop in Section
6.2.

Let us shortly report on the evaluation of the Wilson loop on the lattice1. On the
lattice the algebra-valued gauge fields Aµ are replaced by the group-valued link variables
Uµ. The link variables Uµ connect two space-time points on the lattice. The path ordered
exponential (6.1) is then just the product of link variables along a path connecting the
lattice sites

Ŵ (C) = Tr

 ∏
(n,µ)∈C

Uµ(n)

 , (6.4)

with n denoting the lattice sites. The most reliable evidence about the static inter-quark
potential comes from lattice simulations, Ref. [113].

Before we come to discuss the connection of the Wilson loop with the static quark
potential, let us discuss the properties of a Wilson loop under a gauge transformation.
We define the so-called gauge transporter

W̃ (x, y) = P exp

[
ig

∫
Cxy

dxµAµ(x)

]
, (6.5)

which connects two points x and y on the curve Cxy and can be seen as the continuum
analogue to the lattice link variable Uµ. It has the following property under a gauge
transformation, Eqs. (1.3), (1.4),

W̃ (x, y)→ W̃ ′(x, y) = Ω(x)W̃ (x, y)Ω†(y) . (6.6)

A quark-antiquark pair has the transformation property

ψ(x)ψ(y)→ ψ
′
(x)ψ′(y) = ψ(x)Ω†(x)Ω(y)ψ(y) , (6.7)

which can easily be verified with the use of Eqs. (1.3), (1.4). From this it follows that

ψ(y)W̃ (y, x)ψ(x) is gauge invariant, which will be used below. Moreover, it is easy to
see that the gauge rotations for a product of gauge transporters cancel for all but for
the end-points

Ω(x)W̃ (x, x1) Ω†(x1) Ω(x1)︸ ︷︷ ︸
1

W̃ (x, x1)Ω†(x1) . . . (6.8)

1For a pedagogical introduction to lattice QCD we refer to Ref. [82].
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Taking now the trace of a closed loop the matrices Ω cancel against each other. The
Wilson loop, being the trace of the parallel transporter along a closed contour C, is then
gauge invariant. The static quark potential derived from the behavior of the Wilson loop
for large Euclidean times is therefore gauge invariant, too.

We come to discuss how to extract the quark-antiquark potential from the Wilson
loop, Ŵ (C), Eq. (6.1). For the discussion we use the temporal gauge A0 = 0, where the
temporal gauge transporters become trivial. We consider the following quantity [114]

Q(t) = ψ(0, t)W̃ (0, t;R, t)ψ(R, t) , (6.9)

which can be interpreted as the creation operator of a state with an infinitely heavy
quark at position 0 and an infinitely heavy anti-quark at position R at time t. The
gauge transporter W̃ , Eq. (6.5), ensures gauge invariance of this quantity. We are
interested in the quantity Q†(T )Q(0). Computing the expectation value of this quantity
for full QCD the quark fields can be integrated out, since quark loops can be neglected
for infinitely heavy quarks. The quark fields in the expression (6.9) therefore do not have
any influence and the expectation value of Q†(T )Q(0) essentially becomes the Wilson
loop average [114]

〈Q†(T )Q(0)〉 ∼ W (T, L) . (6.10)

We take the expectation value of the correlation function in pure gluodynamics,

〈Q†(T )Q(0)〉 =
1

Z

∫
DAe−SG[A]Q†(T )Q(0) =

=
∑
n

〈ψ|Q†(T )|n〉〈n|Q(0)|ψ〉e−EnT =
∑
n

|〈ψ|Q†(T )|n〉|2e−EnT .

(6.11)

Here we have expressed the correlator as a sum over eigenstates of the Hamiltonian
operator. The Yang-Mills vacuum is denoted as |ψ〉, the excitation energy of the energy
eigenstate |n〉 as En. We observe that for large times T the expectation value (6.11)
is dominated by the lowest eigenvalue E0. The behavior of the Wilson loop Ŵ (C),
Eq. (6.1), for large Euclidean times T then is given as

〈Ŵ (C)〉 −→
T−→∞

e−E0(L)T , (6.12)

where E0(L) is the interaction energy of the static quark-antiquark pair separated by
the distance L, known as static quark potential VW(L) and sometimes referred to as
Wilsonian potential. The energy of a quark-antiquark pair separated by a distance L is
therefore computed as

E0(L) = VW(L) = − lim
T→∞

1

T
ln〈Ŵ (C)〉 . (6.13)

At the present state of the art the inter-quark potential can only be determined in the
lattice framework. In the next section we derive an equation where, at least in an
approximate fashion, the Wilson loop can be computed using analytic methods2.

2In a recent article, Ref. [115], the temporal Wilson loop in the continuum Hamiltonian approach is
computed without resorting to the Dyson equation.
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6.2 Derivation of the Dyson Equation

We now discuss in Euclidean space-time a Dyson-type integral equation, first derived in
supersymmetric theories Refs. [116, 117]. Recently this equation has been applied to
Yang-Mills theory in Landau gauge, Ref. [118].

We start from the observation that to leading order perturbation theory, i.e., at weak
coupling g � 1, the gluonic part of the QCD Lagrangian can be written as

L = −1

4
F a
µνF

a;µν ≈ L = −1

2
Aaµ(x)D−1

µν δ
abAb(x) +O(g) , (6.14)

with the kernel D−1
µν = δµν�−∂µ∂ν . This formula has already been derived in Eq. (1.13).

In the weak-coupling limit the Yang-Mills part of the action SG[A] becomes of Gaussian
type. However, from the discussion which follows Eq. (1.13) we know that in the present
form the Wilson loop average 〈Ŵ (C)〉, Eq. (6.2), cannot be performed, since the inverse
of D−1

µν does not exist. To give expectation values a meaning we have to fix the gauge.
This gauge fixing is implicitly understood in the next equations. For weak coupling g
the path ordering prescription P in Eq. (6.1) can be ignored and the expectation value
of the Wilson loop reads

〈Ŵ (C)〉 =
1

Z

1

dR
Tr

∫ DA exp

−1

2

∫
d4xAaµD

−1
µνA

a
ν + ig

∮
C

dxµA
a
µ(x)T a

 .

(6.15)

Using the abbreviation

Jaµ(x) = ig

∫
dsµ δ(x− s)T a , (6.16)

the Gaussian integration in Eq. (6.15) can be performed immediately and we obtain

〈W (C)〉 =
1

dR
Tr

[
exp

(
1

2

∫
d4x

∫
d4y Jaµ(x)Dµν(x, y)δabJ bν(y)

)]
=

= exp

[
−g

2

2
CF I(C)

]
, (6.17)

where, after gauge fixing, Dµν is the Green’s function of the operator D−1
µν . After the

second equality sign we have used the definition

I(C) =

∮
C

dxµ

∮
C

dyνDµν(x, y) , (6.18)

and evaluated the color trace with use of Eq. (1.7). The quadratic Casimir invariant CF
appears in the final form of the equation. Equation (6.17) can be understood as the
line element dxµ interacting with the line element dyν through the perturbative gluon
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propagator Dµν . As an example we now take Feynman gauge, where the inverse gluon
kernel in Eq. (6.14) reads D−1

µν = δµν� and the gluon propagator

Dµν(x
2) = − 1

4π2

1

x2
δµν . (6.19)

Consider now a rectangular contour C with temporal extent T and spatial extent L. We
evaluate a graph where two different temporal paths interact, which for a large temporal
extension T of the Wilson loop should be the leading graph. Moreover, we ignore the
diagrams where the gluon lines run along the same temporal path. Using

Dµν(x(s)− x(t)) = − 1

4π2

1

(x(s)− x(t))2
δµν = − 1

4π2

1

(s− t)2 + L2
δµν , (6.20)

the integral I(C), Eq. (6.18), is evaluated as

I(C) =

∮
C

dxµ

∮
C

dyνDµν(x, y) = − 2

4π2

∫ T

0

ds

∫ T

0

dt
1

L2 + (s− t)2
=

= − 1

π2

(
T

L
arctan

[
T

L

]
− 1

2
ln

[
1 +

T 2

L2

])
, (6.21)

where we have used∮
C

dxµ

∮
C

dyνDµν(x, y) =

∫
ds ẋµ(s)

∫
dt ẋν(t)Dµν((x(s)− x(t)) . (6.22)

Here xµ(s), xν(t) denote parameterizations of the paths on the rectangular loop, for
more details see Appendix E. We evaluate the behavior of Eq. (6.21) for large temporal
extents T and end up with [112, 119]

〈W (C)〉 = exp

[
−g

2

2
CF I(C)

]
= exp

[
g2

4πL
T f(T, L)

]
, (6.23)

where we have used Eq. (6.21) and defined

f(T, L) =
2

π

(
arctan

[
T

L

]
− L

2T
ln

[
1 +

T 2

L2

])
. (6.24)

For the limit T →∞ we have f(T, L)→ 1, Ref. [112], and therefore

〈W (C)〉 −→
T→∞

e
g2

4πL
T = e−VW(L)T . (6.25)

This result comes with no surprise: In the weak-coupling case the interaction is governed
by perturbative one-gluon exchange and the Wilsonian potential VW(L), Eq. (6.13), is
the usual Coulomb potential.



6.2 Derivation of the Dyson Equation 107

S

T

0

0 L

Figure 6.1: Trapezoidal Wilson loop with temporal extents S and T and spatial extent L.

We now proceed with deriving the Dyson equation for the Wilson loop. We consider
trapezoidal Wilson loops, with two temporal extents S and T , separated by a distance
L, see Fig. 6.1. We expand the Wilson loop average in Eq. (6.17), to order g2 and get

W (S, T ;L) = 1 +
g2

2

∮
C

dxµ

∮
C

dyνDµν(x, y) . (6.26)

In order to extract the Wilsonian potential we are interested in large temporal extensions
S, T � L of the trapezoidal loop. Under the assumption that S−T does not exceed the
order of L the leading contributions clearly come from the diagrams shown in Fig. 6.2a,
i.e., the gluon line connecting the two temporal paths, which was also assumed in the
previous calculation. Note that again the diagram where the gluon line runs along the
same temporal path is ignored. Moreover, we neglect the contribution from sets of
interacting lines. From the 16 contributions in the line integral I(C), Eq. (6.18), we
therefore end up with only two remaining integrals. To arrive at a Dyson-type equation,
we now sum up all ladder diagrams with the gluon exchange connecting the temporal
paths, diagrammatically shown in Fig. 6.3a. The recursion relation is analytically given
as [116, 117]

W (S, T ;L) = 1 + g2CF

∫ S

0

ds

∫ T

0

dtD
(
(x(s)− s(t))2)W (s, t;L) , (6.27)

where

D
(
(x(s)− x(t))2) = ẋ−µ (s)Dµν (x(s), x(t)) ẋ+

ν (t) (6.28)

and x±µ (s) denotes a parametrization of the two temporal paths of the Wilson loop. We
refer to Appendix E for an explicit realization of these paths for the trapezoidal loop.
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(c)(a) (b)

Figure 6.2: Diagrams contributing (a) and diagrams ignored (b), (c) in the Dyson equation
(6.27).
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Figure 6.3: Graphical illustration to the summation of the ladder diagrams (a) and the Dyson
equation (b).

After summation of the ladder diagrams the Dyson equation can now be applied to a
non-perturbative gluon propagator Dµν as well. A graphical illustration of the Dyson
equation (6.27) is given in Fig. 6.3b.

Before we proceed with applying this equation (6.27) to Coulomb gauge gluon propag-
ators we come to discuss its limitations:

1. Since we only include diagrams with gluon lines connecting the temporal paths,
the Dyson equation (6.27) is restricted to strongly asymmetric loops consisting
of two opposite long temporal paths S, T and two opposite short spatial paths.
Otherwise it does not make sense to include one pair of paths, Fig. 6.2a in the
integral (6.18) while neglecting the integrals of the other pair of paths (Fig. 6.2b)
and their ladders. Therefore, the Dyson equation (6.27) is restricted to spatial
distances L� S, T . As a consequence, the limit L→∞ cannot be accessed.

2. Let us turn to the boundary conditions of the integral equation (6.27). Setting
one of the two temporal paths to zero, the trapezoidal loop degenerates to a
triangle-shaped loop and the Dyson equation reads

W (S, T = 0;L) = 1, W (S = 0, T ;L) = 1 . (6.29)

However, this boundary condition is in general not fulfilled for triangle-shaped
contours. Moreover, such boundary conditions contradict one of the fundamental
assumptions in the derivation of the Dyson equation (6.27): The temporal exten-
sions S and T must be much larger than the spatial extent L.
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S

L

S

L
T = S

(a)
T = 0

(b)

Figure 6.4: (a) Triangle and (b) rectangular shaped contours representing the Wilson loop
W (S, T = 0;L) and W (S, T = S;L).

3. In the Dyson equation (6.27) the gauge group SU(NC) enters only via the quad-
ratic Casimir invariant CF . It is argued [108, 120, 121] and observed in lattice
simulations [122–124] that the potential between the static quark sources VW(L),
Eq. (6.13), is proportional to the value of the quadratic Casimir operator CF ,
Eq. (1.7), only in an intermediate distance regime. This phenomenon is known as
the so-called Casimir-scaling hypothesis, Ref. [125]. Since the only remnant of the
gauge group in the Dyson equation (6.27) is the Casimir invariant CF , it should
show strict Casimir scaling for the whole distance range. We can therefore con-
clude, that the Dyson equation (6.27) can be applied to an intermediate distance
regime L only.

4. Another limitation concerns gauge invariance. The left-hand side of the Dyson
equation (6.27) is clearly gauge invariant, as shown in Eq. (6.8). However, on
the right-hand side a gauge dependent quantity, namely the gluon propagator
Dµν occurs. Consequently, it is expected that the Dyson equation (6.27) yields
different results for different gauges. This observation is confirmed by comparing
the Coulomb and Landau gauge results.

5. Besides gauge invariance, the Wilson loop is also renormalization group invariant.
However, the gluon propagator on the right-hand side of the Dyson equation (6.27)
is not, except for the temporal Wilson loop, which will be considered below.

From all the above listed limitations and approximations we can conclude that the Dyson
equation (6.27) is only applicable to strongly asymmetric loops with the length scale L
restricted from above to intermediate distances. This will be confirmed in Section 6.5
by a numerical evaluation. We now discuss a special case, where the Dyson equation
(6.27) is exact and yields the correct result.
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6.3 Temporal Wilson Loop in Coulomb Gauge

A remarkable property of Coulomb gauge, not shared by any Lorenz gauge, is that the
time component of the gauge field A0 is invariant under renormalization, Ref. [126],

g0A
(0)
0 = grA

(r)
0 . (6.30)

Here the superscripts denote unrenormalized (0) and renormalized (r) quantities. As a
consequence the temporal gluon propagator

〈gAa0(x)gAb0(y)〉 = g2D00(x− y) = −δabVC(x− y)δ(x0 − y0) + P ab(x− y) (6.31)

is renormalization group invariant. Here we have decomposed the temporal gluon propag-
ator into two parts [33]: The first part is the instantaneous non-Abelian Coulomb poten-
tial VC(x−y) which describes anti-screening of color charges and has been discussed in
detail in Section 1.6. The second part P (x−y) is the so-called vacuum polarization term,
which describes ordinary screening. This second part is assumed to lower the Coulomb
string tension σC towards the Wilson string tension σW. The non-Abelian color Coulomb
potential VC(x− y) is computed in the Hamiltonian approach according to Eq. (1.82).
It consists of a long-range, linearly rising potential and a short-range Coulomb potential,
Eq. (5.6),

VC(L) = σCL−
αS

L
. (6.32)

We now ignore the screening part in Eq. (6.31) and plug in the instantaneous part of the
gluon propagator D00(x− y) into the Dyson equation (6.27). Apparently, we expect to
end up with a potential which rises linearly with σCr, which is now explicitly worked out.
Due to the δ-function appearing in the first part of the temporal propagator, Eq. (6.31),
we have to apply the Dyson equation (6.27) to a rectangular shaped Wilson loop. We
have

W (S = T, T ;L) ≡ W (T ;L) , (6.33)

for which the Dyson equation (6.27) reduces to

W (T ;L) = 1− CFVC(L)

∫ T

0

dtW (t;L) . (6.34)

We note that for rectangular loops, i.e., S = T , neighboring edges do not interact, since
in this case dxµdyν = 0. Therefore processes shown in Fig. 6.2c vanish identically.

Equation (6.34) can be converted into the differential equation

d

dT
W (T ;L) = −CFVC(L)W (T, L) (6.35)

with the boundary condition

W (T = 0;L) = 1 , (6.36)
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which is, contrary to the boundary condition of the general case (6.29), indeed the
correct one: The area enclosed by the loop vanishes for T = 0. Equation (6.35) can be
solved analytically and yields

W (T ;L) = exp (−CFVC(L)T ) , (6.37)

which is the expected result for large temporal Wilson loops. We thus have correctly
obtained an area law. It is clear why in this case the Dyson equation (6.27) produces
the correct result. First of all, the boundary condition (6.36) is exact for the rectangular
Wilson loop. Moreover, processes shown in Fig. 6.2c vanish for rectangular loops. In
addition, the processes shown in Fig. 6.2b, which connect the two spatial paths, and
which are neglected in the Dyson equation (6.27) do not exist for an instantaneous
propagator. Next we show how to extract the static quark potential VW(L) for a general
trapezoidal Wilson loop.

6.4 Extracting the Static Quark Potential

We now show that the Dyson equation (6.27) can be reduced to a one-dimensional
Schrödinger equation, Refs. [116, 117], and the Wilsonian potential VW(L), Eq. (6.13),
can be extracted from its ground state energy.

First of all, we differentiate (6.27) with respect to the temporal extensions S and T ,
which yields the following differential equation

∂2W (S, T ;L)

∂S∂T
= g2CF D(L2 + (S − T )2)W (S, T ;L) . (6.38)

We have used the parametrization of the temporal paths with (x(S) − x(T ))2 = L2 +
(S − T )2, Eq. (E.4). We introduce the following dimensionless variables

r =
S − T
L

, R =
S + T

L
. (6.39)

With use of the relations

∂

∂S
=

1

L

(
∂

∂r
+

∂

∂R

)
,

∂

∂T
=

1

L

(
∂

∂R
− ∂

∂r

)
, (6.40)

the differential operator in Eq. (6.38) becomes

∂2

∂S∂T
=

1

L2

(
∂2

∂R2
− ∂2

∂r2

)
. (6.41)

One can then show that the Dyson equation, Eq. (6.38), is separable in the variables R
and r [116, 117]

1

L2

(
∂2

∂R2
− ∂2

∂r2

)
W (r, R) = g2CFD(L2(1 + r2))W (r, R) . (6.42)
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Here we have used the notation W (r, R) = W (S, T ;L). With the following ansatz,
Refs. [116, 117],

W (r, R) =
∑
n

ϕn(r)cn exp (ΩnR/2) , (6.43)

the differential equation (6.42) can be rewritten as[
Ω2
n

4
− ∂2

∂r2

]
ϕn(r) = L2g2CFD(L2(1 + r2))ϕn(r) , (6.44)

which is a one-dimensional Schrödinger equation of the form[
− d2

dr2
+ U(r;L)

]
ϕn(r) = −Ω2

n

4
ϕn(r) , (6.45)

with the Schrödinger potential given as

U(r;L) = −L2g2CFD(L2(1 + r2)) . (6.46)

The constants cn in the ansatz (6.43) have to be chosen such that the boundary condition
(6.29) is fulfilled. In the new variables r and R the boundary condition (6.29) reads

W (r = R,R) = W (r = −R,R) = 1 . (6.47)

From Eq. (6.46) we find that the Schrödinger potential is symmetric, i.e., U(r) = U(−r).
In the new variables r and R approaching large Euclidean times means setting r = 0
and R→∞. For fixed r and large R the dominant contribution in the sum, Eq. (6.43),
clearly comes from the largest eigenvalue Ωn. From the condition r = 0 it follows
that the largest eigenfunction ϕn in Eq. (6.45) has no nodes, i.e., ϕn(0) 6= 0. Since the
ground state eigenfunction ϕ0(r) has no nodes it is the dominant contribution. Plugging
in this result into the ansatz (6.43) the large-T behavior of the Wilson loop corresponds
to

W (R→∞, r → 0) ∼ ϕ0(r → 0)e
Ω0R

2 . (6.48)

Hence, to extract the static quark potential VW(L), Eq. (6.13), we have to find the
lowest eigenvalue Ω0(L) of the Schrödinger equation (6.45). An area law for the Wilson
loop for large separations S = T � L requires

VW(L) = − lim
T→∞

1

T
lnW (S, T = S;L) = −Ω0(L)

L
+ const. . (6.49)

Consequently, in order to extract the static quark potential VW(L) from the Dyson
equation (6.27) we have to solve the Schrödinger equation (6.45) for its ground state
as a function of L. From the discussions in Section 6.2 we expect that the procedure
is applicable to separations L not too large. How this limitation manifests itself in the
numerical evaluation of the ground state energy of the Schrödinger equation (6.45) will
explicitly be seen below.
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Figure 6.5: The Schrödinger potential U(r;L), Eq. (6.46), for several spatial distances L.

6.5 Spatial Wilson Loop in Coulomb Gauge

We now apply the above formalism to the results obtained in the variational approach
to QCD. In this procedure the temporal extents S, T become spatial extents: In the
Hamiltonian approach the spatial Wilson loop is more easily derived, since for the tem-
poral Wilson loop we would need to know the time evolution of the Yang-Mills vacuum
wave functional |ψ〉, Eq. (1.86). We use as input the spatial gluon propagator defined
in the Hamiltonian approach, Eq. (1.81), which can nicely be expressed by the Gribov
formula, Eq. (1.95). In Appendix E we show, however, that the large momentum part of
the gluon propagator leads to an ultraviolet divergent expression for D((x(s)− x(t))2),
see Eq. (E.37). To overcome this problem we introduce the so-called anomalous dimen-
sion of the gluon propagator, denoted as γ. It is an additional term in the ultraviolet
region of the gluon propagator [127]

D(p) ∼ 1

p(1 + lnγ[ p
2

µ2 ])
. (6.50)

Hence, the exponent γ of an additional logarithmic term in the ultraviolet part of the
gluon propagator is the anomalous dimension. The quantity µ denotes some renormaliz-
ation scale. Note that the anomalous dimension escapes the lattice calculation as well as
the variational approach. On the lattice an anomalous dimension is difficult to observe.
In the variational approach, however, it probably escapes due to the Gaussian ansatz in
the wave functional. In Ref. [127] it has been analyzed with use of the ghost Dyson-
Schwinger equation. In our analysis the only necessity to take the anomalous dimension
into account is to make the divergent expression, Eq. (E.31), UV finite. The anomalous
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Figure 6.6: The Wilsonian quark potential VW(L) obtained from the non-perturbative gluon
propagator (6.51) and the perturbative potential VPert(L) obtained from the ultraviolet
part of the gluon propagator (6.53).

dimension γ modifies the kernel ω in the Yang-Mills vacuum, Eq. (1.95), as

ω(p) =

√
p2

(
1 + a lnγ

(
p

MG

))2

+
M4

G

p2
. (6.51)

Here the anomalous dimension is given by γ = 3
11

, Ref. [127]. A parameter a depending
on the Gribov mass scale MG, Eq. (1.96), enters the gluon kernel ω. Since in our
case the anomalous dimension enters only to make the integral (E.31) UV-convergent,
we will use a small value of a = 0.1. Moreover, the infrared behavior of the gluon
propagator is independent of the anomalous dimension γ and therefore also the long-
range part of the Wilson loop should be unaffected. This has been confirmed in a
numerical evaluation. Fig. 6.5 shows the potential U(r;L), Eq. (6.46), calculated from
the static propagator in Coulomb gauge with ω(k) given by Eq. (6.51) for various spatial
distances L. The potential U(r;L) has the form of a double well centered at r = 0.
The dip in the potential, necessary for the formation of a bound state, flattens as L
increases and vanishes for L ≥ 0.5 fm. The bound state disappears for L ≈ 0.35 fm.
The Wilson potential VW(L), Eq. (6.13), can then no longer be extracted from the
“ground state energy” Ω0(L). This limits the use of the Schrödinger equation (6.45)
to an intermediate distance regime. We emphasize that already when discussing the
limitations of the Dyson equation (6.27) we drew the conclusion that this equation is
only applicable to intermediate distances.

The ground state eigenvalue Ω0(L) is computed numerically with use of the so-called
shooting method, a widely used method to solve one-dimensional Schrödinger equations
for arbitrary potentials. It is described in Appendix E.5 and evaluates the Schrödinger
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Figure 6.7: Subtraction of the perturbative potential VPert(L) from the non-perturbative
potential VW(L).

equation (6.45) according to

ϕ′′0 + 2(E0 − U(r))ϕ0 = 0, VW(L) = −
√
−4E0

L
. (6.52)

Although the resulting string tension could be used to fix the scale, we here fix the scale
a priori. This has the advantage that we can check the reliability of the result by simply
comparing the string tension which we obtain with the input string tension. We use as
input the string tension obtained on the lattice,

√
σW = 440 MeV. It enters the gluon

kernel ω, Eq. (6.51), and therefore the Schrödinger potential U(r;L), Eq. (6.46).
Let us turn to the results for the Wilsonian potential VW(L), Fig. 6.6. It clearly shows

the two regions: the Coulombic region up to 0.15 fm and a linear rising potential, up to
the limit at 0.35 fm. We also compute the static quark potential VPert(L) with only the
ultraviolet part of the gluon propagator3 (again with taking into account the anomalous
term) which is given as

ωpert(p) = p

(
1 + a lnγ

p

MG

)
, (6.53)

and observe that it only has a Coulombic behavior, as predicted by the analytic frame-
work, Eq. (6.23). Both potentials VW(L) and VPert(L) are plotted in Fig. 6.6. Moreover,
in Fig. 6.7 we subtract the perturbative potential VPert(L) from the non-perturbative
potential VW(L) and observe an excellent linear behavior in the intermediate distance

3We also analyzed so-called decoupling solutions for the non-perturbative gluon propagator. Here the
gluon propagator tends to a constant for small momenta. We observed that the Wilsonian potential
VW(L), Eq. (6.13), for such propagators only shows a Coulombic region.
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regime. Note that for small distances, up to 0.1 fm, the subtraction shows numerical
inaccuracies. From the fit

VW(L)− VPert(L) = c+ σWL , (6.54)

we can extract the string tension, yielding

σW ≈ (600 MeV)2 . (6.55)

Comparing the string tension to its input value of σW = (440 MeV)2 we end up with a
value which is too large.

We can conclude that the results obtained from the Dyson equation (6.27) are not
quantitatively significant. However, on a qualitative level, the results give the correct
physical picture. We find the Wilsonian potential to have a Coulombic region as well as
a strictly linearly rising region, see Fig. 6.6. This long-range linear behavior can be seen
quite impressively after subtracting the perturbative part, see Fig. 6.7.



Conclusions and Outlook

In this thesis two projects were presented, each one covering one of the two main features
of non-perturbative QCD: chiral symmetry breaking and color confinement.

In the first part of this thesis we investigated chiral symmetry breaking and were able
to include quark fields into the variational approach to QCD. We could make important
progress on the thirty-year old problem of the phenomenological quantities, which are
too low in Coulomb gauge [103].

We started our considerations with a brief introduction to the Hamiltonian approach
in Chapter 1. We collected the main results gained in recent years within the variational
approach to pure Yang-Mills theory, with the most prominent ones being the spatial
gluon propagator and the static non-Abelian color Coulomb potential.

In Chapter 2 a short discussion of spontaneous chiral symmetry breaking in QCD
followed and we introduced the phenomenological quantities, which we later on computed
by means of a variational calculation: the chiral condensate, which is the order parameter
of chiral symmetry breaking, and the constituent quark mass, which is the dynamical
quark mass at zero momentum.

In Chapter 3 we identified the missing piece in past studies of quarks in Coulomb
gauge QCD: the interaction of quarks with transverse gluons. We generalized the BCS-
like quark vacuum wave functional ansatz of Finger and Mandula, Ref. [78], in order
to include the interaction of quarks with transverse gluons. Combining this quark wave
functional with the Gaussian wave functional of pure Yang-Mills theory proposed in
Ref. [7], we gained a powerful technique to approach the full QCD system by means of
a variational calculation. The Finger-Mandula wave functional, Ref. [78], is limited in
its applicability to those parts of the Coulomb gauge Hamiltonian which do not depend
on the gauge field. Our ansatz, however, has no such limitations and can be used
to explore the full QCD system. Within this new approach three variational kernels
determine the different parts of QCD. The kernel in the Gaussian ansatz characterizes
the pure Yang-Mills part of the theory. The two kernels entering the quark vacuum
wave functional divide into a scalar part, which breaks chiral symmetry explicitly, and a
vectorial part, which includes the interaction of quarks with the transverse gluons. We
then, in the basis of coherent fermion states, formulated a generating functional for the
quark sector, from which all fermion two-point functions were derived. Once the quark
fields in the functional integral are integrated out, however, it is in general not possible
to integrate out the gauge field as well. We bypassed this difficulty by resorting to the
so-called quenched approximation, in which the back-reaction of the quarks on the gluon
vacuum is ignored. Lattice calculations, Ref. [128], as well as Dyson-Schwinger results,
Ref. [84], in Landau gauge indicate that the influence of unquenching on observable
quantities is small. Moreover, this approximation is in accordance with the aim of our
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first study: We want to understand the role of the vectorial part of the quark vacuum
wave functional for chiral symmetry breaking. Hence, we keep the gluon sector and thus
the kernel in the Yang-Mills Gaussian vacuum fixed.

In Chapter 4 we evaluated the so-called single-particle energy density, i.e., the energy
density of free quarks and the interaction energy of quarks with transverse gluons. On
the way towards the final form of the gap equations, we had to regulate the gluon loop
integral, in which the static spatial gluon propagator enters. We then showed that for the
gap equations with a purely transverse gluon interaction as input a non-zero solution for
both variational kernels cannot be found. We concluded that the Coulomb interaction
must be essential for chiral symmetry breaking, which was confirmed in the subsequent
chapter.

In Chapter 5 the Coulomb energy density, which is the interaction energy of two quark
charges mediated by the static non-Abelian color Coulomb potential, was derived. The
gap equations with the transverse gluon interaction as well as the Coulomb interaction
as input were set up. Taking for the non-Abelian color Coulomb potential only its
long-range linear part into account, the final gap equations could be shown to be UV-
finite. We then solved the coupled system analytically and numerically. The analytic
investigation gave us first hints about the behavior of the variational kernels for small and
large momenta: For small momenta both quark variational kernels tend to a constant,
signalling that the scalar kernel as well as the vector kernel coupling the quarks to
the transverse gluons are important for infrared physics. For large momenta the kernels
show a power-law behavior, whose exponents are in agreement with a recent perturbative
analysis, Ref. [14]. All analytic results were confirmed in a numerical investigation of
the coupled system. Moreover, we were able to show that the infrared part of the static
spatial gluon propagator is of central importance in order that the two integral equations
determining the variational kernels start to interact. We solved the gap equations for
different coupling constants as well as for different Gribov mass scales.

The results for the variational kernels then enabled us to obtain values for the chiral
condensate and the constituent quark mass. By comparing these values to the result
obtained with vanishing vector kernel, Ref. [80], we could conclude that it is indeed
the coupling of the quarks to the transverse gluons which produces an increasing chiral
condensate as well as a larger value for the constituent quark mass. However, while
for the chiral condensate we come into the range of experiment, for the dynamical
mass there is still a certain contribution missing which can result from neglecting the
ordinary Coulomb potential as well as from ignoring certain parts of the Coulomb gauge
Hamiltonian.

In the various Appendices we performed the explicit calculations: In Appendix A we
computed, with the use of helicity eigenstates, the explicit spinor solutions for massless
fermions. In Appendix B we showed how to integrate out the quark fields in the QCD
generating functional. We derived several restrictions for the wave functional kernels
and determined the dimension of these kernels. In Appendix C we calculated the energy
densities of the Coulomb gauge-fixed Hamiltonian and in Appendix D we presented the
algorithm how to solve numerically non-linear integral equations.

Most of the results gained in Part I of this thesis have already been published in [74]
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and a summary can be found in [44].
All these results are very encouraging and call for further studies with use of this new

QCD vacuum wave functional. There is enough room for extending the investigations
in several directions. Clearly, the next step should be to take the parts of the Coulomb
gauge-fixed Hamiltonian into account which have been neglected so far. These contri-
butions are the kinetic gluon energy and the parts of the Coulomb Hamiltonian, where
quark sources interact with gluon sources. Although these contributions are considered
to be subleading, they could increase the constituent quark mass, which is so far about
100 MeV too small. Moreover, it is an interesting question if with these additional contri-
butions the vector kernel in the quark vacuum wave functional starts to depend on both
external momenta. Preliminary results indicate that this is indeed the case. An import-
ant source of uncertainty are the approximations used to compute the gluon expectation
values. In order to test and get further insights into these approximations a recently
proposed Dyson-Schwinger technique in the Hamiltonian approach, Ref. [25], which was
only applied to the pure Yang-Mills sector so far, should be applied to the quark sector as
well. The ordinary Coulomb potential should be included into the quark gap equations.
Current investigations show that this results in logarithmically UV-divergent expressions,
which have to be correctly renormalized, for instance, by adding counter-terms to the
Hamiltonian. Another question concerns the form of the vector kernel in the quark wave
functional: How would additional Dirac tensor components affect the phenomenological
values? Clearly, the final step should be to evaluate the full QCD system, i.e., varying
the energy densities with respect to all variational kernels. To approach realistic QCD,
we should include finite quark masses as well. Moreover, for hadron phenomenology the
pion form factor is an essential ingredient. With only the BCS kind wave functional it
is too small by a factor of five, Ref. [80]. Since the coupling of quarks to transverse
gluons in the quark vacuum wave functional increases the chiral condensate as well as
the dynamical mass towards the experimental values, such an increase is also suspec-
ted for the pion form factor. Furthermore, in recent years much effort was spent into
exploring new numerical methods for solving Coulomb gauge quark Dyson-Schwinger
equations, especially to handle the infrared divergent static non-Abelian color Coulomb
potential, Ref. [129]. From a numerical point of view it would be interesting to apply
these methods to the integral equations presented in this work.

Another important line of QCD research explores the QCD phase diagram. Con-
sequently, an extension of the framework to finite temperatures and finite densities is
desirable. Since the wave functional suggested in this work couples the quarks to the
transverse gluon fields, it is expected to be a good quantity to test the interplay between
confinement and chiral symmetry breaking. In addition, our results may be of import-
ance for investigations beyond QCD, for instance, technicolor theories. The techniques
developed in this work could also be applied to non-QCD theories, like graphene descrip-
tion, which has most recently become popular, Ref. [130].

Let us turn to the project presented in Part II of this thesis. Its aim was to calcu-
late the expectation value of the Wilson loop in the variational approach to QCD. The
Wilson loop is related to the static quark-antiquark potential and therefore an order
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parameter for confinement. However, the continuum evaluation of the Wilson loop has
been rendered difficult so far, due to the path ordering problem. We applied a method,
which has been proposed for Wilson loops in the context of supersymmetric Yang-Mills
theories, see Refs. [116, 117].

In Section 6.1 we defined the Wilson loop and discussed the problem of path ordering.
We set the link to lattice QCD and argued why the Wilson loop is more easily accessible
on the lattice. We proved gauge invariance of the Wilson loop and derived the relation
between the static quark potential and the Wilson loop average.

In Section 6.2 we briefly sketched the derivation of the Dyson equation: Starting
from a weak-coupling expansion a recursion relation for a trapezoidal Wilson loop is
derived, which sums all planar ladder diagrams in which gluon lines interact between the
temporal paths. This equation is fully determined by the gluon propagator. However,
in this procedure diagrams are neglected and assumptions on the form of the Wilson
loops are made. We critically analyzed this Dyson equation. Among other limitations
we showed that the boundary conditions can in general not be fulfilled. Moreover, we
argued that the Dyson equation can be applied only to an intermediate distance regime.

In Section 6.3 we applied this Dyson equation to the instantaneous part of the temporal
gluon propagator in Coulomb gauge. We showed the area law with the string tension
being the Coulomb string tension.

In Section 6.4 we outlined how to derive the static quark potential from solving a
one-dimensional Schrödinger equation for the lowest eigenvalue.

In Section 6.5 we applied the formalism to the spatial Wilson loop in 3 + 1 dimensions
in Coulomb gauge. We used the spatial gluon propagator obtained in the variational
approach and on the lattice as input. We ended up with a static quark potential,
which shows the characteristic short-range Coulomb potential and the long-range linear
confinement potential. When subtracting the perturbative potential a strictly linearly
rising confinement potential was obtained. However, on a quantitative level, the string
tension extracted from this confinement potential was found to be much larger than the
string tension obtained on the lattice.

In Appendix E we obtained an explicit parametrization of the temporal paths of the
trapezoidal Wilson loop and derived an expression for the gluon propagator contracted
with the temporal paths. We explained the so-called shooting method, from which the
energy eigenvalues for general one-dimensional Schrödinger potentials can be obtained
numerically.

This project has been published in Ref. [106] and a summary was given in Ref. [107].
Most recently, the temporal Wilson loop using the Hamiltonian approach to Yang-Mills
theory has also been explored in Ref. [115].



Appendix A

Explicit Spinor Solutions

In this Appendix we give an explicit realization of eigenvectors to the massless Dirac
equation, which are used for computing the various energy densities in Appendix C.

In Section 1 we derive, starting from the free massless Dirac equation, the defining
eigenvalue equations for positive and negative energy eigenvalues. In Section 2 we
introduce the helicity operator and solve the corresponding helicity eigenvalue equation.
In Section 3 we give an explicit realization of the spinor solutions with use of these helicity
eigenvectors. Finally, we list useful properties and relations of the spinor solutions.

A.1 Eigenvalue Equations

We set the scene in Minkowski space and use the standard Dirac representation for the
Dirac matrices, which can be found in Ref. [9]. We start from the free Dirac equation
for massless fermion fields (Eq. (1.18) with setting Aµ = 0 and m = 0)

iγµ∂µ ψ(x) = 0 , (A.1)

and take the time derivative to the right-hand side of the equation

iγi∂i ψ(x) = −iγ0∂0 ψ(x) . (A.2)

With the following ansatz

ψ(x, t) = w(p, s)e−ip·x , (A.3)

where s is an additional parameter, which will which will be introduced below, we can
rewrite Eq. (A.2) as the eigenvalue equation for massless fermions (using αi = βγi)

α · pw(p, s) = E(p)w(p, s) . (A.4)

In matrix language the eigenvalue equation (A.4) reads(
0 σi
σi 0

)
piw(p, s) = E(p)w(p, s) , (A.5)

which could be decoupled into separate equations for the left- and the right-handed
particles, called the Weyl equations.
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Solving the characteristic polynomial we get

E(p) = ±|p| , (A.6)

and denote the two eigenfunctions leading to positive energy |p| as u(p, s), whereas the
eigensolutions with negative energy −|p| are referred to as v(−p, s). The parameter s
introduced in Eq. (A.3) takes the values ±1. The equation Eq. (A.4) can therefore split
up into

α · pu(p, s) = E(p)u(p, s) , (A.7)

α · p v(−p, s) = −E(p) v(−p, s) . (A.8)

Since u(p, s) and v(−p, s) are eigenfunctions of the same matrix belonging to different
eigenvalues, they must be orthogonal:

u†(p, s)v(−p, s) = 0 , (A.9)

v†(−p, s)u(p, s) = 0 . (A.10)

We identify the spinors u(−p, s) and v(p, s) which solve the eigenvalue equations (A.7),
(A.8) with opposite momentum.

A.2 Helicity Spinors

Now we turn to the quantum number s, which was introduced in expression (A.3). It is
related to the helicity operator Σ · p, with the matrix Σi defined as

Σi =

(
σi 0
0 σi

)
, (A.11)

and σi being the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.12)

Since the helicity operator commutes with the Dirac matrix, i.e., [Σ · p,α · p] = 0,
it represents a conserved observable. We therefore use the eigenvectors of the helicity
operator to specify the spinor solutions. Note that employing the helicity basis is only
one possible way to represent the Dirac spinors u and v, Eqs. (A.7), (A.8) . We solve
the following eigenvalue equation

σ · p̂ ξ(p, s) = s ξ(p, s) , (A.13)

with the unit vector in p-direction, i.e., p̂ = p/|p|. The matrix σ · p̂ is explicitly given
as

σ · p̂ = σ1p̂1 + σ2p̂2 + σ3p̂3 =

(
p̂3 p̂1 − ip̂2

p̂1 + ip̂2 −p̂3

)
, (A.14)
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with the characteristic polynomial

det[σ · p̂− λ1] = λ2 − p̂2 = λ2 − 1 . (A.15)

Hence, the two helicity eigenmodes are s = ±1. The eigenvectors ξ(p, s) in Eq. (A.13)
are given as

ξ(p, 1) = N
(

1 + p̂3

p̂1 + ip̂2

)
, ξ(p,−1) = N

(
−p̂1 + ip̂2

1 + p̂3

)
, (A.16)

with the normalization

N =
1√

2(1 + p̂3)
. (A.17)

We also identify the eigenvalue equation with opposite momentum

−σ · p̂ ξ(−p, s) = s ξ(−p, s) , (A.18)

and identify ξ(−p, 1) with negative helicity and ξ(−p,−1) with positive helicity. Finally,
we list some properties of the helicity solutions

ξ†(p, s) ξ(p, t) = δst , (A.19)

ξ(p, s) ξ†(p, s) =
1

2
(1 + sσ · p̂) (A.20)∑

s

ξ(p, s) ξ†(p, s) = 1 , (A.21)

∑
s

s ξ(p, s) ξ†(p, s) =
1

2
((1 + σ · p̂)− (1− σ · p̂)) = σ · p̂ . (A.22)

Moreover, the following identities are useful for later applications:

ξ†(p, s)σ · q̂ξ(p, s) = sp̂ · q̂ , (A.23)∑
s

s ξ†(p, s)σ · q̂ξ(p, s) = 2 p̂ · q̂ , (A.24)∑
s

ξ†(p, s)σ · q̂ξ(p, s) = 0 . (A.25)

A.3 Dirac Spinors

Now we have all the ingredients to build up solution vectors to the eigenvalue equations
(A.7), (A.8). One possible solution to (A.7) is given as

u(p, s) =
√
|p|
(

ξ(p, s)
(σ · p̂) ξ(p, s)

)
=
√
|p|
(

ξ(p, s)
sξ(p, s)

)
, (A.26)
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and the eigenvector v(−p, s), which solves Eq. (A.8) reads

v(−p, s) =
√
|p|
(

(σ · p̂)ξ(p, s)
−ξ(p, s)

)
=
√
|p|
(

sξ(p, s)
−ξ(p, s)

)
. (A.27)

For the equations (A.7), (A.8) with opposite momentum, we then have the solutions

u(−p, s) =
√
|p|
(

ξ(−p, s)
sξ(−p, s)

)
, v(p, s) =

√
|p|
(

s ξ(−p, s)
− ξ(−p, s)

)
. (A.28)

We summarize important relations for the Dirac spinors, which are of special interest for
deriving the energy densities in Appendix C.

1. The normalization condition for the spinors is:

u†(p, s)u(p, t) = |p|
(
ξ†(p, s), s ξ†(p, s)

)( ξ(p, s)
s ξ(p, s)

)
= 2|p|δst , (A.29)

v†(p, s) v(p, t) = |p|
(
s ξ†(−p, s),−ξ†(−p, s)

)( s ξ(−p, s)
−ξ(−p, s)

)
= 2|p|δst .

(A.30)

Due to this normalization the pre-factor
√

2|p| enters the Fourier-decomposition
formulae, Eqs. (1.40)-(1.43).

2. The following spinor products vanish for massless fields:

u(p, s)u(p, t) = |p|
(
ξ†(p, s),−s ξ†(p, s)

)( ξ(p, s)
s ξ(p, s)

)
= 0 , (A.31)

v(p, s) v(p, t) = |p|
(
s ξ†(−p, s), ξ†(−p, s)

)( sξ(−p, s)
−ξ(−p, s)

)
= 0 . (A.32)

For massive spinor solutions, these relations would give ±2mδst.

3. We evaluate several spin sums, from which follow the relations (1.47) between the
spinor solutions, Eqs. (A.26)-(A.28), and the projection operators Λ±, Eq. (1.39),
projecting to positive and negative energy states∑

s

u(p, s)u(p, s) = |p|
∑
s

(
ξ(p, s)
s ξ(p, s)

) (
ξ†(p, s),−s ξ†(p, s)

)
=

= |p|
∑
s

(
ξ(p, s)ξ†(p, s) −sξ(p, s)ξ†(p, s)
s ξ(p, s)ξ†(p, s) −ξ(p, s)ξ†(p, s)

)
=

=

(
|p| −σ · p
σ · p −|p|

)
=

= γ0|p| − γ · p , (A.33)
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and with opposite momentum∑
s

u(−p, s)u(−p, s) = γ0|p|+ γ · p . (A.34)

From these relations we can read off the corresponding relations using the eigen-
vectors v(p, s): ∑

s

v(p, s)v(p, s) = γ0|p| − γ · p , (A.35)∑
s

v(−p, s)v(−p, s) = γ0|p|+ γ · p . (A.36)

4. We show a relation, in which a gamma matrix γi appears between a spinor product:

u(p, s)γu(p, s) = |p|
(
ξ†(p, s),−s ξ†(−p, s)

) ( 0 σ
−σ 0

)(
ξ(p, t)
t ξ(p, t)

)
=

= sp ξ†(p, s)σiξ(p, t) + tp ξ†(−p, s)ξ(−p, t) =

= 2p δst . (A.37)

5. We list a relation, which is used to evaluate Eq. (3.36) from Eq. (3.2):

u(p, s) v(−p, t) = |p|
(
ξ†(p, s), −sξ†(p, s)

)( t ξ(p, t)
−ξ(p, t)

)
= 2s|p| δst (A.38)

v(p, s)u(−p, t) = |p|
(
sξ†(p, s), ξ†(p, s)

)( ξ(p, t)
t ξ(p, t)

)
= 2s|p| δst (A.39)

6. Finally, we discuss a typical sum of spin products which occurs when evaluating
the Coulomb energy density 〈HC〉, Eq. (5.1),∑

s,t

u†(p, s)u(q, t)u†(q, t)u(p, s) . (A.40)

With use of Eq. (A.33) we evaluate∑
t

u(q, t)u†(q, t) = 1|q|+α · q . (A.41)

We proceed with∑
s,t

u†(p, s)u(q, t)u†(q, t)u(p, s) =

=
∑
s

u†(p, s)|q|u(p, s) +
∑
s

u(p, s)γ · qu(p, s) =

= 4 |q||p|+ 4 q · p , (A.42)

where in the second step we have rewritten the spinor products so, that we can
use the identity (A.37).





Appendix B

Quark Wave Functional - Explicit
Calculations

In this appendix we explicitly present the computations which were quoted in Chapter 3,
namely the evaluation of the fermion generating functional (Section 1), the computation
of the gluon loop integral (Section 2), the derivation of the restrictions on the variational
kernels (Section 3) and the evaluation of the chiral condensate (Section 4). In Section
5 we determine the dimensions of the variational kernels.

B.1 Evaluating the Generating Functional

In this part of the Appendix we present the derivation of Eq. (3.16) from the key definition
of the fermion generating functional (3.15) following Ref. [81]. Summing over repeated
color and spin indices and integrating over repeated momentum arguments is implicitly
understood, e.g.,

ξ†ξ =

∫
d̄ 3p

∑
s,a

ξ†a(p, s)ξa(p, s) . (B.1)

Recalling the definition of the generating functional

Z[η] ≡ Z[η∗+, η
∗
−; η+, η−] = N 2

F〈φ|e(
η∗+a+η−b) e(a

†η++b†η∗−)|φ〉 , (B.2)

and employing the closure relation of coherent fermion states

1 =

∫
dµ(ξ)|ξ〉〈ξ| =

∫
Dξ∗+Dξ+Dξ−Dξ

∗
− exp

[
−ξ∗+ξ+ − ξ−ξ∗−

]
|ξ〉〈ξ| , (B.3)

the generating functional (3.15) in the basis of coherent states reads

Z[η] = |NF|2
∫
dµ(ξ)φ∗(ξ)φ(ξ) exp

[
η∗+ξ+ + η−ξ

∗
−
]

exp
[
ξ∗+η+ + ξ−η

∗
−
]

=

= |NF|2
∫
Dξ∗+Dξ+Dξ−Dξ

∗
− exp[−ξ∗+ξ+ − ξ−ξ∗−]×

× exp
[
−ξ∗+Kξ− − ξ∗−Kξ+

]
exp

[
η∗+ξ+ + η−ξ

∗
− + ξ∗+η+ + ξ−η

∗
−
]
. (B.4)
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We rewrite the exponent in a compact form introducing the matrix notation

exp
[
−ξ∗+1ξ+ − ξ∗+Kξ− − ξ∗−Kξ+ + ξ∗−1ξ− + ξ∗+η+ − ξ∗−η− + η∗+ξ+ − η∗−ξ−

]
=

exp
[
−
(
ξ∗+, ξ

∗
−
)( 1 K

K −1

)(
ξ+

ξ−

)
+
(
ξ∗+, ξ

∗
−
)( η+

−η−

)
+
(
η∗+,−η∗−

)( ξ+

ξ−

)]
,

(B.5)

and define

Ω =

(
1 K
K −1

)
, Ψ =

(
ξ+

ξ−

)
, Λ =

(
η+

−η−

)
. (B.6)

The generating functional is then easily evaluated applying standard Gaussian integrals
for Grassmann fields, yielding

Z[η] = |NF(A)|2
∫
DΨ†DΨ exp

[
−Ψ†ΩΨ + Ψ†Λ + Λ†Ψ

]
=

= |NF(A)|2 Det[Ω(A)] exp
[
Λ†Ω−1[A]Λ

]
. (B.7)

The normalization is fixed by requiring |NF(A)|2 Det[Ω] = 1, see Eq. (3.22). Explicitly
inverting the matrix Ω yields

Ω−1 =

( [
1 +KK

]−1 [
1 +KK

]−1
K[

1 +KK
]−1

K −
[
1 +KK

]−1

)
, (B.8)

and the generating functional can be expressed as

Z[η] = exp
(
η∗+
[
1 +KK

]−1
η+ − η∗−

[
1 +KK

]−1
Kη+

−η∗+
[
1 +KK

]−1
Kη− − η∗−

[
1 +KK

]−1
η−

)
. (B.9)

We recall that K means the complex-conjugated kernel.
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We list all occurring fermion two-point functions:

〈aa(p, s)a†b(q, t) 〉F = − δ2Z[η]

δη∗a+ (p, s) δηb+(q, t)

∣∣∣
η=0

=
([
1 +KK

]−1
)ab

(p, s; q, t) ,

(B.10)

〈a†a(p, s)ab(q, t) 〉F =
([
1 +KK

]−1
KK

)ba
(q, t;p, s) , (B.11)

〈ba(p, s)b†b(q, t) 〉F = − δ2Z[η]

δηa−(p, s) δη∗b− (q, t)

∣∣∣
η=0

=
([
1 +KK

]−1
)ba

(q, t;p, s) ,

(B.12)

〈b†a(p, s)bb(q, t) 〉F =
([
1 +KK

]−1
KK

)ab
(p, s; q, t) , (B.13)

〈a†a(p, s)b†b(q, t) 〉F =
δ2Z[η]

δηa+(p, s) δη∗b− (q, t)

∣∣∣
η=0

= −
([
1 +KK

]−1
K
)ba

(q, t;p, s) ,

(B.14)

〈aa(p, s)bb(q, t)〉F =
δ2Z[η]

δη∗a+ (p, s) δηb−(q, t)

∣∣∣
η=0

=
([
1 +KK

]−1
K
)ab

(p, s; q, t) .

(B.15)

We note that for the expectations values (B.11) and (B.13) the anti-commutation rela-
tions (1.44) and (1.45) were used. Expectation values of the form

〈a†a(p, s)bb(q, t)〉F = − δ2Z[η]

δηa+(p, s) δηb−(q, t)

∣∣∣
η=0

= 0 , (B.16)

as well as

〈a†a(p, s)a†b(q, t)〉F = − δ2Z[η]

δηa+(p, s) δηb+(q, t)

∣∣∣
η=0

= 0 , (B.17)

vanish.
We turn to several properties of the matrices Ω, Eq. (B.6), and Ω−1, Eq. (B.8). The

matrix Ω, Eq. (B.6) is obviously Hermitian. For the matrix Ω−1, Eq. (B.8), hermiticity
is shown using the relations[

1 +KK
]−1

K =
[
K
(
(K)−1 +K

)]−1
K =

[
(K)−1 +K

]−1
=

=
[(
1 +KK

)
(K)−1

]−1
= K

[
1 +KK

]−1
, (B.18)[

1 +KK
]−1

K = K
[
1 +KK

]−1
, (B.19)

where in the denominator the kernels K and K change order. These relations become
especially important when evaluating the expectation value in the gluon sector, see
Section B.2. We note that in general KK 6= KK.

At next we compute the normalization N−2
F = Det[Ω]. From

(DetΩ)2 = Det(1 +KK) Det(1 +KK) , (B.20)
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and using that there is an overall symmetry between the particles and anti-particles we
conclude

N−2
F (A) = DetΩ = Det(1 +KK) = Det(1 +KK) . (B.21)

Limiting the ansatz (3.3) to be of BCS type the fermion normalization becomes

Det[Ω0] =
∏
p,s,a

(1 + S2(p)) , (B.22)

which has been derived in Ref. [80] by means of Bogoliubov-transformations.

B.2 Gluon Loop Integral

At next we explicitly derive the formulae (3.46), (3.47) from the definitions (3.44),
(3.45). Using the ansatz (3.37) and (3.39) for the adjoint kernel of the gauge-field
dependent part of the vacuum wave functional, Eq. (3.3), the expectation values in the
gluonic sector become (using Eq. (1.89))〈(

K1K1

)ab
(p, s; q, t)

〉
G

=

= δab(2π)3δ(p− q)CF

∫
d̄ 3k V ∗(p,k)V (k,p)

1

2ω(−p− k)

1

4|p||k|
×

×
∑
u

tij(−p− k) Γ†i (p, s;k, u)Γj(k, u;p, t) , (B.23)〈(
K1K1

)ab
(p, s; q, t)

〉
G

=

= δab(2π)3δ(p− q)CF

∫
d̄ 3k V (p,k)V ∗(k,p)

1

2ω(p+ k)

1

4|p||k|
×

×
∑
u

tij(p+ k) Γi(p, s;k, u)Γ†j(k, u;p, t) , (B.24)

where we have abbreviated

Γi(p, s; q, t) = u(p, s)γiv(q, t) . (B.25)

The spinor sums in (B.23) and (B.24) coincide∑
u

tij(−p− k)Γ†i (p, s;k, u)Γj(k, u;p, t) =
∑
u

tij(p+ k)Γi(p, s;k, u)Γ†j(k, u;p, t) .

(B.26)

Explicitly we find∑
u

tij(−p− k) Γ†i (p, s;k, u)Γj(k, u;p, t) = 4δst

(
|p||k| − (p+ k)i(p+ k)j

(p+ k)2
pikj

)
.

(B.27)
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The expectation values therefore read〈(
K1K1

)ab
(p, s; q, t)

〉
G

= δabδst(2π)3δ(p− q)CF×

×
∫
d̄ 3k V ∗(p,k)V (k,p)

1

2ω(−p− k)

(
1− (p+ k)i(p+ k)j

(p+ k)2

pi
|p|

kj
|k|

)
, (B.28)〈(

K1K1

)ab
(p, s; q, t)

〉
G

= δabδst(2π)3δ(p− q)CF×

×
∫
d̄ 3k V (p,k)V ∗(k,p)

1

2ω(p+ k)

(
1− (p+ k)i(p+ k)j

(p+ k)2

pi
|p|

kj
|k|

)
. (B.29)

We abbreviate 〈(
K1K1

)ab
(p, s; q, t)

〉
G

= δabδst(2π)3δ(p− q)R(p) , (B.30)〈(
K1K1

)ab
(p, s; q, t)

〉
G

= δabδst(2π)3δ(p− q)R(p) , (B.31)

with

R(p) = CF

∫
d̄ 3q V ∗(p, q)V (q,p)

1

2ω(p− q)

(
1 +

(p− q)i(p− q)j
(p− q)2

pi
|p|

qj
|q|

)
,

(B.32)

R(p) = CF

∫
d̄ 3q V (p, q)V ∗(q,p)

1

2ω(p− q)

(
1 +

(p− q)i(p− q)j
(p− q)2

pi
|p|

qj
|q|

)
,

(B.33)

where we have assumed translational invariance of the kernel ω(p, q). The results agree
with Eqs. (3.46), (3.47). We remark that in order to make R(p) and R(p) in (B.32)
and (B.33) coincide, we have to demand

V (p, q) = V (q,p) . (B.34)

In the derivation below we will observe that this assumption, in general, will hold true.

B.3 Restrictions of the Variational Kernels

In Eq. (3.50) we have quoted several assumptions. We explicitly show how some of these
assumptions arise from the requirement that the relations (B.18), (B.19) also have to
hold true for the gluon expectation values, for instance,〈[

1 +KK
]−1

K
〉
G

=
〈
K
[
1 +KK

]−1
〉
G
. (B.35)
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Let us compute the left-hand side of this equation,〈([
1 +KK

]−1
K
)〉ba

G
(q, t;p, s) =

=

∫
d̄ 3q′

∑
s′

〈[
1 +KK

]−1
〉bb′
G

(q, t; q′, s′)
〈
K
〉b′a
G

(q′, s′;p, s) =

=

∫
d̄ 3q′

∑
s′

(
1

1 + S∗(q)S(−q) +R(q)
δbb
′
δts′(2π)3 δ(q − q′)

)
×

×
(
s′S∗(q′)δb

′aδs′s(2π)3δ(q′ + p)
)

=

=
sS∗(−p)

1 + S∗(q)S(−q) +R(q)
δbaδt,s(2π)3 δ(q + p) (B.36)

We proceed with the right-hand side of (B.35)〈(
K
[
1 +KK

]−1
)〉ba

G
(q, t;p, s) =

=

∫
d̄ 3q′

∑
s′

〈
K
〉bb′
G

(q, t; q′, s′)
〈[
1 +KK

]−1
〉b′a
G

(q′, s′;p, s) =

=

∫
d̄ 3q′

∑
s′

(
tS∗(q)δbb

′
δts′(2π)3δ(q + q′)

)
×

×
(

1

1 + S(p)S∗(−p) +R(p)
δb′aδs′s(2π)3δ(q′ − p)

)
=

=
tS∗(q)

1 + S(p)S∗(−p) +R(p)
δbaδt,s(2π)3 δ(q + p) , (B.37)

and compare both sides (B.36) and (B.37)

sS∗(−p)

1 + S∗(q)S(q) +R(q)
δbaδt,s(2π)3 δ(q + p) =

=
tS∗(q)

1 + S(p)S∗(−p) +R(p)
δbaδt,s(2π)3 δ(q + p) . (B.38)

Using q = −p we can identify

S(q) = S(−q) , S∗(q) = S∗(−q) , R(q) = R(−q) . (B.39)

Expectation values of the form

〈
[
1 +KK

]−1
KAmi (k)〉G = 〈K

[
1 +KK

]−1
Ami (k)〉G , (B.40)

lead to the additional restriction

R(q) = R(q) , (B.41)

from which the symmetry relation (B.34) follows.
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B.4 Dimensional Analysis of the Quark Kernels

The kernels K0, Eq. (3.35), and K1, Eq. (3.37), are given as

Kab
0 (p, s; q, t) =

1

2
√
|p||q|

S(p)u†(p, s)βv(q, t)(2π)3δ(p+ q)δst δ
ab (B.42)

Kab
1 (p, s; q, t) =

1

2
√
|p||q|

V (p, q)u†(p, s)αi (T
m)ab v(q, t)Ami (p+ q) . (B.43)

The spinor solutions u(p, s), v(p, s), Eqs. (A.26)-(A.28), have the dimension

[u(p, s)] = Λ
1
2 , (B.44)

with Λ denoting the dimension of momentum.
The exponential of the vacuum wave functional (3.3) is given as

K̃ =

∫
d̄ 3p

∫
d̄ 3q

∑
s,t

Kab(p, s; q, t)a†a(p, s)b†(q, t) . (B.45)

Since the kernel K̃ must be dimensionless, we can compare the dimensions on both sides
of the expression,

Λ0 = Λ3Λ3ΛxΛ−
3
2 Λ−

3
2 , (B.46)

using that [a†(p, s)] = [b†(p, s)] = Λ−
3
2 , see Eq. (1.40). We have denoted as x the

unknown momentum dimension of the kernel K. Hence, the kernels K0 and K1 have
the dimension

[K0(p, s; q, t)] = [K1(p, s; q, t)] = Λ−3 . (B.47)

We now identify the dimensions of the variational functions S and V . Since [δ(p+q)] =
Λ−3 we have

[K0(p, s; q, t)] = ΛxΛ−3 , (B.48)

with x now denoting the unknown dimension of S. Comparing both sides of Eq. (B.46)
we end up with

[S(p)] = Λ0 . (B.49)

The scalar variational function S(p) is dimensionless.
We turn to the variational function V and use that [A(p)] = Λ−2. The dimension of

the interaction kernel K1, Eq. (B.43), is

[K1(p, s; q, t)] = ΛxΛ−2 , (B.50)
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with x now the dimension of V . Again, comparing both sides of Eq. (B.46) we arrive at

[V (p)] = Λ−1 . (B.51)

The vector kernel V has dimension of inverse momentum.
Finally, we collect the dimensions of R(p), Eq. (3.46), Iω(p), Eq. (4.12), and I

(1)
C (p),

Eq. (5.14), I
(2)
C (p), Eq. (5.18),

[I(p)] = Λ2 , (B.52)

[I
(1)
C (p)] = [I

(2)
C (p)] = [Iω(p)] = Λ1 , (B.53)

[R(p)] = Λ0 . (B.54)

B.5 Evaluating the Chiral Condensate

We evaluate the expression for the chiral condensate (3.85) in detail. Decomposing the
quark fields

〈Φ|ψa(x)ψa(x)|Φ〉 = 〈Φ|ψa+(x)ψa+(x)|Φ〉+ 〈Φ|ψa−(x)ψa−(x)|Φ〉+
+ 〈Φ|ψa+(x)ψa−(x)|Φ〉+ 〈Φ|ψa−(x)ψa+(x)|Φ〉 , (B.55)

and expanding in terms of Fourier modes we arrive at four different expectation values

〈Φ|ψa+(x)ψa+(x)|Φ〉 =

=

∫
d̄ 3p

∫
d̄ 3q

1

2
√
E(p)E(q)

∑
s,t

u(p, s)u(q, t)a†a(p, s)a(q, t)e−ip·xeiqx , (B.56)

〈Φ|ψa−(x)ψa−(x)|Φ〉 =

=

∫
d̄ 3p

∫
d̄ 3q

1

2
√
E(p)E(q)

∑
s,t

v(p, s)v(q, t)ba(p, s)b†a(q, t)eip·xe−iqx (B.57)

〈Φ|ψa+(x)ψa−(x)|Φ〉 =

=

∫
d̄ 3p

∫
d̄ 3q

1

2
√
E(p)E(q)

∑
s,t

u(p, s)v(q, t)a†a(p, s)b†a(q, t)e−ip·xe−iq·x (B.58)

〈Φ|ψa−(x)ψa+(x)|Φ〉 =

=

∫
d̄ 3p

∫
d̄ 3q

1

2
√
E(p)E(q)

∑
s,t

v(p, s)u(q, t)ba(p, s)aa(q, t)eip·xeiq·x . (B.59)

The expectation value of the first term (B.56) gives

〈a†a(p, s)aa(q, t)〉 =
〈([

1 +KK
]−1

KK
)aa

(q, t;p, s)
〉
G

=

=
S(q)S∗(q) +R(q)

1 + S(q)S∗(q) +R(q)
δaaδts(2π)3δ(q − p) . (B.60)
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However, in the chiral limit this contribution vanishes,∑
s

u(p, s)u(p, s) = 0 , (B.61)

using Eq. (A.31). The second part has to be normal-ordered, yielding

−〈b†a(q, t)ba(p, s)〉 =
〈([

1 +KK
]−1

KK
)aa

(q, t;p, s)
〉
G

=

=
S∗(q)S(q) +R(q)

1 + S∗(q)S(q) +R(q)
δaaδts(2π)3δ(q − p) . (B.62)

This contribution vanishes as well,∑
s

v(p, s)v(p, s) = 0 , (B.63)

due to Eq. (A.32). The expectation values (B.58) and (B.59) give the non-vanishing
contributions. We compute

〈a†a(p, s)b†a(q, t)〉 = −
〈([

1 +KK
]−1

K
)aa

(q, t;p, s)
〉
G

=

= − tS∗(q)

1 + S∗(q)S(q) +R(q)
δaaδts(2π)3δ(q + p) , (B.64)

employ the spinor relation ∑
t

t u(−q, t)v(q, t) = 4|q| , (B.65)

and obtain〈
Φ|ψa+(x)ψa−(x)|Φ

〉
= −NC2

∫
d̄ 3q

S∗(q)

1 + S∗(q)S(q) +R(q)
. (B.66)

The last contribution reads

〈ba(p, s)aa(q, t)〉 = −
〈([

1 +KK
]−1

K
)aa

(q, t;p, s)
〉
G

=

= − tS(q)

1 + S∗(q)S(q) +R(q)
δaaδts(2π)3δ(q + p) . (B.67)

We use ∑
t v(−q, t)u(q, t) = 4 |q| , (B.68)

and end up with〈
Φ|ψa−(x)ψa+(x)|Φ

〉
= −NC2

∫
d̄ 3q

S(q)

1 + S∗(q)S(q) +R(q)
. (B.69)

Collecting the non-vanishing terms (B.66) and (B.69) we arrive at Eq. (3.85).





Appendix C

Energy Densities Revisited

In this Appendix we present the explicit computation of the energy densities, which lead,
after variation with respect to the quark kernels, to the gap equations (5.22), (5.23). In
Section 1 we guide through the derivation of the transverse gluon energy density, i.e.,
from Eq. (4.1) to Eq. (4.8). In the second part we compute the Coulomb energy density
and finally arrive at expression (5.9). Throughout this Appendix we make extensive use
of the spinor solutions derived in Appendix A. We take into account the properties of
the quark variational kernels derived in Appendix B.3.

C.1 Transverse Gluon Energy Density

We evaluate the expectation value of 〈HQGC〉, Eq. (4.1), describing the interaction of
quarks with transverse gluons and explicitly given as

〈HQGC〉 = 〈Φ|
∫
d3x

(
−gψ†a(x)α ·Aab(x)ψb(x)

)
|Φ〉 . (C.1)

We split the Hamiltonian HQGC, Eq. (4.1), into four parts, expand and normal order it in
terms of its Fourier modes, Eqs. (1.40)-(1.43), and end up with four different expectation
values

H1 = −g
∫
d3xψ†+(x)α ·A(x)ψ+(x) , (C.2)

H2 = −g
∫
d3xψ†−(x)α ·A(x)ψ−(x) , (C.3)

H3 = −g
∫
d3xψ†+(x)α ·A(x)ψ−(x) , (C.4)

H4 = −g
∫
d3xψ†−(x)α ·A(x)ψ+(x) . (C.5)

Here the color indices are implicitly understood. Starting with the first term, (C.2), and
using for the fermion expectation value Eq. (B.11), we arrive at

〈a†a(p, s)ab(q, t)Ali(k)〉 =

〈([
1 +KK

]−1
KK

)ba
(q, t;p, s)Ali(k)

〉
G

. (C.6)
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We use the approximation (3.43) and obtain〈([
1 +KK

]−1
KK

)
A
〉
G
≈
〈[
1 +KK

]−1
〉
G

〈
KKA

〉
G
. (C.7)

Splitting up the kernel K into its gauge-field independent (K0) and gauge-field dependent
part (K1[A]), Eq. (3.32), gives two non-vanishing contributions in the numerator of
expression (C.7) 〈

KKA
〉
G

=
〈
K0K1A

〉
G

+
〈
K1K0A

〉
G
. (C.8)

The contributions 〈K0K0A〉, 〈K1K1A〉 vanish, since an odd number of gauge fields
occur. The non-vanishing contributions (C.8) are of the form〈[

K0K1(q, t;p, s)
]ba

Ali(k)
〉
G

=

=
(
T l
)ba

S(q)V ∗(−q,p)
(2π)3

2ω(q − p)
δ(q − p+ k) Ω1,1(q,p) , (C.9)〈[

K1K0(q, t;p, s)
]ba

Ali(k)
〉
G

=

=
(
T l
)ba

V (q,−p)S∗(−p)
(2π)3

2ω(q − p)
δ(q − p+ k) Ω1,2(q,p) , (C.10)

where we have defined

Ω1,1(q,p) =
∑
s,t

1

4|p||q|
tki(q − p)tΓ†k(−q, t;p, s)u(p, s)γi u(q, t) , (C.11)

Ω1,2(q,p) =
∑
s,t

1

4|p||q|
tki(q − p)sΓk(q, t;−p, s)u(p, s)γi u(q, t) , (C.12)

using the abbreviation Γk(p, s; q, t) = u(p, s)γkv(q, t). With the relations

tki(q − p)γk [γ0|p| − γ · p] γi = 2|p|γ0 − 2(̂q − p)k (̂q − p)iγkpi , (C.13)

tki(q − p)γk [−1|p|+α · p] γi = 2|p|1− 2(̂q − p)k (̂q − p)iαkpi , (C.14)

we find

Ω1,1(q,p) =
∑
s,t

1

4|p||q|
tki(q − p)tΓ†k(−q, t;p, s)u(p, s)γi u(q, t) =

=
∑
s,t

1

4|p||q|
tki(q − p)t v(−q, t)γku(p, s)u(p, s)γi u(q, t) =

=
∑
s,t

1

4|p||q|
t v(−q, t)

[
2|p|γ0 − 2(̂q − p)k (̂q − p)iγkpi

]
u(q, t) , (C.15)
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where after the third equality sign we have used Eq. (A.33) and Eq. (C.13). Next we
evaluate the occurring spin sums with use of Eqs. (A.26), (A.27), yielding∑

t

t v†(−q, t)u(q, t) = 0 , (C.16)∑
t

t v†(−q, t)αk (̂q − p)ku(q, t) = 0 . (C.17)

We arrive at

Ω1,1(q,p) = 0 , (C.18)

so that the expectation value (C.9) vanishes. We turn to the expectation value (C.10)
and compute (C.12), yielding

Ω1,2(q,p) =
∑
s,t

1

4|p||q|
tki(q − p)sΓk(q, t;−p, s)u(p, s)γi u(q, t) =

=
∑
s,t

1

4|p||q|
tki(q − p)u(q, t)γks v(−p, s)u(p, s)γi u(q, t) =

=
∑
s,t

1

4|p||q|
u(q, t)

[
2|p|1− 2(̂q − p)k (̂q − p)iαkpi

]
u(q, t) . (C.19)

We have ∑
t

u(q, t)u(q, t) = 0 , (C.20)∑
t

u(q, t)αk (̂q − p)ku(q, t) = 0 , (C.21)

so that the expectation value (C.10) vanishes as well:

Ω1,2(q,p) = 0 . (C.22)

Therefore, the expectation value H1, Eq. (C.2), is zero. We turn to the second part in
the Hamiltonian, H2, Eq. (C.3). Using Eqs. (1.41), (1.43) and (B.13) yields

−
〈
b†b(q, t)ba(p, s)Ali(k)

〉
= −

〈([
1 +KK

]−1
KK

)ba
(q, t;p, s)Ali(k)

〉
G

, (C.23)

where normal ordering leads to the additional minus sign. Two contributions survive
after taking the gluon expectation value 〈. . .〉G, namely〈[

K0K1(q, t;p, s)Ali(k)
]ba〉

G
=

=
(
T l
)ba

S∗(q)V (−q,p)
(2π)3

2ω(−q + p)
δ(−q + p+ k) Ω2,1(q,p) , (C.24)〈[

K1K0(q, t;p, s)Ali(k)
]ba〉

G
=

=
(
T l
)ba

V (q,−p)S(−p)
(2π)3

2ω(−q + p)
δ(−q + p+ k) Ω2,2(q,p) , (C.25)
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where we have abbreviated

Ω2,1(q,p) =
1

4|q||p|
∑
s,t

tki(−q + p) tΓk(−q, t;p, s) v(p, s)γiv(q, t) , (C.26)

Ω2,2(q,p) =
1

4|q||p|
∑
s,t

tki(−q + p) sΓ†k(q, t;−p, s) v(p, s)γiv(q, t) . (C.27)

We start with evaluating the term Ω2,1(q,p), Eq. (C.26), which reads

Ω2,1(q,p) =
∑
s,t

1

4|p||q|
tki(−q + p) tΓk(−q, t;p, s) v(p, s)γiv(q, t) =

=
∑
s,t

1

4|p||q|
∑
s,t

tki(−q + p) t u(−q, t)γkv(p, s) v(p, s)γiv(q, t) =

=
∑
s,t

1

4|p||q|
∑
t

t u(−q, t)
[
2|p|γ0 − 2(̂q − p)k (̂q − p)iγkpi

]
v(q, t) ,

(C.28)

where we have used Eqs. (A.35), (C.13). Performing the spin sums∑
t

t u†(−q, t)v(q, t) = 0 , (C.29)∑
t

t u†(−q, t)(̂q − p)kαkv(q, t) = 0 , (C.30)

the contribution Ω2,1(q,p), Eq. (C.26), vanishes, and the expectation value (C.24) is
zero. We proceed with Ω2,2(q,p), Eq. (C.27). We have

Ω2,2(q,p) =
∑
s,t

1

4|q||p|
tki(−q + p) sΓ†k(q, t;−p, s)v(p, s)γiv(q, t) =

=
∑
s,t

1

4|q||p|
tki(−q + p)v(q, t)γks u(−p, s)v(p, s)γi v(q, t) =

=
∑
s,t

1

4|q||p|
v(q, t)

[
2|p|1− 2(̂q − p)k (̂q − p)iαkpi

]
v(q, t) . (C.31)

Evaluating the spin sums ∑
t

v(q, t)v(q, t) = 0 , (C.32)∑
t

v(q, t)αk (̂q − p)kv(q, t) = 0 , (C.33)

we end up with

Ω2,2(q,p) = 0 . (C.34)
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Hence, the first two parts of the Hamiltonian, H1, Eq. (C.2) and H2, Eq. (C.3), vanish
identically. We note that this is due to the Dirac structure of the kernel V coupling
the quarks to the transverse gluons, Eq. (3.35), in the quark vacuum wave functional
Eq. (3.3). We go ahead with evaluating the expectation values H3, Eq. (C.4), and H4,
Eq. (C.5). We start with the expectation value of two creation operators and the gauge
field H3, Eq. (C.4), which reads (using Eqs. (1.41), (1.42) and (B.14))

〈a†a(p, s)b†b(q, t)Ali(k)〉 =

〈
−
([
1 +KK

]−1
K
)ba

(q, t;p, s)Ali(k)

〉
G

, (C.35)

and the only non-vanishing contribution writes〈
K
ba

1 (q, t;p, s)Ali(k)
〉
G

=
(
T l
)ba

V ∗(q,p)
(2π)3

2ω(−q − p)
δ(−q − p+ k)Ω3(q,p) ,

(C.36)

so that we find for the energy density

〈H3〉
δ3(0)

= gCFNC (2π)3

∫
d̄ 3p d̄ 3q

V ∗(q,p)

1 + S∗(q)S(q) +R(q)
Ω3(q,p)

1

2ω(−q − p)
.

(C.37)

Here we have abbreviated

Ω3(q,p) =
∑
s,t

1

4|q||p|
tki(−q − p)Γ†k(q, t;p, s)u(p, s)γiv(q, t) =

=
∑
s,t

1

4|q||p|
tki(−q − p)Γ†k(q, t;p, s)Γi(p, s; q, t) . (C.38)

Before evaluating this term explicitly we derive the corresponding expectation value of
two annihilation operators and the gauge field, H4, Eq. (C.5). With the use of Eq. (B.15)
it reads

〈ba(p, s) ab(q, t)Ali(k)〉 =

〈
−
([
1 +KK

]−1
K
)ba

(q, t;p, s)Ali(k)

〉
G

. (C.39)

We evaluate〈
Kba

1 (q, t;p, s)Ali(k)
〉

=
(
T l
)ba

V (q,p)
1

2ω(q + p)
(2π)3δ(q + p+ k)Ω4(q,p) ,

(C.40)

and arrive at

〈H4〉
δ3(0)

= gNCCF (2π)3

∫
d̄ 3p d̄ 3q

V (q,p)

1 + S(q)S∗(q) +R(q)
Ω4(q,p)

1

2ω(q + p)
,

(C.41)
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where we have identified

Ω4(q,p) =
1

4|q||p|
∑
s,t

tki(q + p)Γk(q, t;p, s)v(p, s)γi u(q, t) =

=
1

4|q||p|
∑
s,t

tki(q + p)Γk(q, t;p, s)Γ
†
i (p, s; q, t) . (C.42)

The two contributions (C.37) and (C.41) can be combined since the quantities Ω3(q,p),
Eq. (C.38), and Ω4(q,p), Eq. (C.42), coincide. Such quantities were already obtained
in (B.27), with the difference that now the spin sum has to be evaluated, which leads
to an additional factor of 2:

Ω3(q,p) = Ω4(q,p) =
1

4|p||q|
∑
s,t

tki(q + p)Γ†k(q, t;p, s)u(p, s)γiv(q, t) =

=
1

4|p||q|
4 · 2

[
|q||p| − (̂q + p)k (̂q + p)iqkpi

]
=

= 2
[
1− (̂q + p)k (̂q + p)iq̂kp̂i

]
= 2

[
1− (p+ k)k(p+ k)i

(p+ k)2

pk
|p|

ki
|k|

]
. (C.43)

We end up with

〈H3 +H4〉
δ3(0)

= gNCCF (2π)3

∫
d̄ 3p d̄ 3q

V ∗(p, q) + V (p, q)

1 + S∗(q)S(q) +R(q)
× (C.44)

× 1

2ω(q + p)
2
(

1− ((p̂+ q) · p̂)((p̂+ q) · q̂)
)
.

Sending q → −q we eventually obtain

〈HQGC〉
δ3(0)

=

= 2 g NCCF (2π)3

∫
d̄ 3p

∫
d̄ 3q

V ∗(p, q) + V (p, q)

1 + S∗(p)S(p) +R(p)
D(`)

[
1 + (p̂ · ˆ̀)(q̂ · ˆ̀)

]
,

(C.45)

where we have used Eq. (B.34) and ` = p− q. This result was used in Eq. (4.8).
Hence, the non-vanishing contributions come from the expectation values H3, Eq. (C.4)

and H4, Eq. (C.5). We again state that this is due to the form of the variational kernel
V in Eq. (3.37).

C.2 Coulomb Energy Density

In this section we explicitly compute the Coulomb energy density, leading from the basic
definition, Eq. (5.1), to the result, Eq. (5.9). The first step is to expand the quark fields
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in terms of its Fourier modes (VC(k) = g2F (k) with F = 〈F̂ 〉, Eq. (1.82))

HC =
g2

2

∫
d3xd3y

∫
d̄ 3p

∑
s

a†a(p, s)u†(p, s)e−ip·x︸ ︷︷ ︸
1

+ ba(p, s)v†(p, s)eip·x︸ ︷︷ ︸
2

(T i)ab
∫
d̄ 3p′

∑
s′

ab(p′, s′)u(p′, s′)eip
′·x︸ ︷︷ ︸

1

+ b†b(p′, s′)v(p′, s′)e−ip
′·x︸ ︷︷ ︸

2


∫
d̄ 3k F (k) eik·(x−y) 1

4|p||p′||q||q′|∫
d̄ 3q

∑
t

a†c(q, t)u†(q, t)e−iq·y︸ ︷︷ ︸
1

+ bc(q, t)v†(q, t)eiq·y︸ ︷︷ ︸
2

(T i)cd
∫
d̄ 3q′

∑
t′

ad(q′, t′)u(q′, t′)eiq
′·y︸ ︷︷ ︸

1

+ b†d(q′, t′)v(q′, t′)e−iq
′·y︸ ︷︷ ︸

2

 ,

(C.46)

where we have labelled the different terms with i = 1, 2 and replaced the Coulomb kernel
by its expectation value in the Yang-Mills vacuum, Eq. (5.4). Putting all terms together
yields

HC =
g2

2

∫
d3x d3y

∫
d̄ 3p d̄ 3p′

∑
s,s′

1

4|p||p′||q||q′|

(a†a(p, s)u†(p, s)
(
T i
)ab

ab(p′, s′)u(p′, s′)e−ip·xeip
′·x+

ba(p, s)v†(p, s)
(
T i
)ab

ab(p′, s′)u(p′, s′)eip·xeip
′·x+

a†a(p, s)u†(p, s)
(
T i
)ab

b†a(p′, s′)v(p′, s′)e−ip·xe−ip
′·x+

ba(p, s)v†(p, s)
(
T i
)ab

b†b(p′, s′)v(p′, s′)eip·xe−ip
′·x)∫

d̄ 3k F (k)

∫
d̄ 3q d̄ 3q′

∑
t,t′

(a†c(q, t)u†(q, t)
(
T i
)cd

ad(q′, t′)u(q′, t′)e−iq·yeiq
′·y+

bc(q, t)v†(q, t)
(
T i
)cd

ad(q′, t′)u(q′, t′)eiq·yeiq
′·y+

a†c(q, t)u†(q, t)
(
T i
)cd

b†c(q′, t′)v(q′, t′)e−iq·ye−iq
′·y+

bc(q, t)v†(q, t)
(
T i
)cd

b†d(q′, t′)v(q′, t′)eiq·ye−iq
′·y) . (C.47)

With the labels defined in (C.46) we mark the expectation values, for instance

〈H1,1,1,1〉 ∼ 〈a†AaBa
†
CaD〉 , (C.48)
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where the capital letters A,B, . . . denote all occurring indices. For the energy density
only expectation values with a symmetric number of fermions and anti-fermions contrib-
ute, namely

〈H1−1−1−1〉, 〈H2−2−2−2〉, 〈H1−1−2−2〉, 〈H2−2−1−1〉, 〈H2−1−1−2〉, 〈H1−2−2−1〉,
〈H2−1−2−1〉, 〈H1−2−1−2〉 . (C.49)

For all other terms the spin sums vanish. This will be explicitly shown in the following
calculation for the terms 〈H1,1,i,j〉, with i, j = 1, 2. All other contributions follow ana-
logously1.

Expectation Value 〈H1,1,1,1〉
We start with the expectation value of four fermion operators

〈H1,1,1,1
C 〉 =

g2

2

(
T i
)ab (

T i
)cd ∫

d̄ 3[p, p′]

∫
d̄ 3k

∫
d̄ 3[q, q′]F (k)×

×
∑
s,s′

∑
t,t′

〈a†a(p, s)ab(p′, s′) a†c(q, t)ad(q′, t′)〉×

× u†(p, s)u(p′, s)u†(q, t)u(q′, t′)×
× (2π)3 δ(k − p+ p′) (2π)3δ(−k − q + q′) . (C.51)

Here we have already evaluated the coordinate space integrals leading to the δ-functions
in momentum space. The expectation value is computed applying Wick’s Theorem, with
only one non-vanishing contribution (for more details see the discussion in Section 5.2
after Eq. (5.7))

〈a†A aB a
†
C aD〉 = 〈a†A aD〉 〈aBa

†
C 〉 . (C.52)

The two remaining expectation values in Eq. (C.51) are then computed as (using the
expectation value (B.11))〈

a†a(p, s)ad(q′, t′)
〉 〈
ab(p′, s′)a†c(q, t)

〉
=〈[

KK

1 +KK

]ad
(p, s; q′, t′)

〉
G

〈[
1

1 +KK

]bc
(p′, s′; q, t)

〉
G

= (C.53)

= δadδst′(2π)3δ(p− q′) S∗(p)S(p) +R(p)

1 + S∗(q′)S(q′) +R(q′)
×

× δbcδs′t(2π)3δ(p′ − q)
1

1 + S∗(q)S(q) +R(q)
, (C.54)

1From the non-vanishing expectation values the spin sums provide two different terms in (5.9) sub-
sumed as Y (p, q), Eq. (5.10) and Z(p, q), Eq. (5.11). In addition, we note that the occurring
expectation values always lead to contributions 〈KK〉 ∼ S2 + R in the numerator, except for the
terms

〈H1−1−2−2〉, 〈H2−2−1−1〉, 〈H2−1−2−1〉, 〈H1−2−1−2〉 , (C.50)

where only the variational function S appears in the numerator.
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and the energy reads

〈H1,1,1,1
C 〉 =

g2

2

∫
d̄ 3[p, p′]

∫
d̄ 3k

∫
d̄ 3[q, q′]

∑
s,s′

∑
t,t′

×

×
(
T i
)ac (

T i
)ca S∗(p)S(p) +R(p)

1 + S∗(q′)S(q′) +R(q′)

1

1 + S∗(q)S(q) +R(q)
×

× δst′δs′tu†(p, s)u(p′, s′)u†(q, t)u(q′, t′)×
× (2π)3δ(k − p+ p′)(2π)3δ(−k − q + q′)

× (2π)3δ(p− q′)(2π)3δ(p′ − q) . (C.55)

Now we perform the δ-function integrals: q′ = p and q = p′. The spin sum is computed
as ∑

s,s′

u†(p, s)u(p′, s′)u†(p′, s′)u(p, s) = 4|p||q|+ 4p · p′ , (C.56)

which has been explicitly derived in Eq. (A.42). The expectation value 〈H1,1,1,1〉 becomes

〈H1,1,1,1
C 〉 =

g2

2

(
T i
)ac (

T i
)ca ∫

d̄ 3[p, p′]

∫
d̄ 3k F (k)×

× S∗(p)S(p) +R(p)

1 + S∗(p)S(p) +R(p)

1

1 + S∗(p′)S(p′) +R(p′)
×

× (4 |p′||p|+ 4p′ · p) (2π)3δ(k − p+ p′)(2π)3δ(−k − p′ + p) . (C.57)

We use k = p− p′ and (T i)ac(T i)ca = Tr[T iT i] = CFNC, Eq. (1.7), and we arrive at

〈H1,1,1,1
C 〉
δ3(0)

=
g2

2
NCCF (2π)3

∫
d̄ 3[p, p′]F (p− p′)×

× S∗(p)S(p) +R(p)

1 + S∗(p)S(p) +R(p)

1

1 + S∗(p′)S(p′) +R(p′)
(4 |p||p′|+ 4 (p · p′)) .

(C.58)

Expectation Value 〈H1,1,2,1〉
Here an anti-fermion annihilation operator bc(p, s) is sandwiched between the fermion
operators. We will observe, that this term vanishes. We begin with writing down the
Hamiltonian

H1,1,2,1
C =

g2

2

(
T i
)ab (

T i
)cd ∫

d̄ 3[p, p′]

∫
d̄ 3k

∫
d̄ 3[q, q′]

∑
s,s′

∑
t,t′

×

× a†a(p, s)ab(p′, s′) bc(q, t)ad(q′, t′)u†(p, s)u(p′, s′)v†(q, t)u(q′, t′)F (k)×
× (2π)3 δ(k − p+ p′) (2π)3δ(−k + q + q′) . (C.59)

We apply Wick’s Theorem

〈a†A aB bC aD〉 = 〈a†A aD〉 〈aBbC 〉 , (C.60)
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and arrive at〈
a†a(p, s)ad(q′, t′)

〉 〈
ab(p′, s′)bc(q, t)

〉
=

=

〈[
KK

1 +KK

]ad
(p, s; q′, t′)

〉
G

〈[
K

1 +KK

]bc
(p′, s′; q, t)

〉
G

= (C.61)

=

(
δadδst′ (2π)3δ(p− q′) S∗(p)S(p) +R(p)

1 + S∗(q′)S(q′) +R(q′)

)
×

×
(
δbcδs′t(2π)3δ(p′ + q)

S(p′)

1 + S∗(q)S(q) +R(q)

)
, (C.62)

so that the energy becomes

〈H1,1,2,1
C 〉 =

g2

2

(
T i
)ac (

T i
)ca ∫

d̄ 3[p, p′]

∫
d̄ 3k

∫
d̄ 3[q, q′]

∑
s,s′

∑
t,t′

×

× S∗(p)S(p) +R(p)

1 + S∗(p)S(p) +R(p)

S(p′)

1 + S∗(q)S(q) +R(q)
×

× δst′δs′tu†(p, s)u(p′, s′)v†(q, t)u(q′, t′)×
× (2π)3δ(k − p+ p′) (2π)3δ(−k + q + q′) (2π)3δ(p− q′)(2π)3δ(p′ + q) .

(C.63)

We evaluate the δ-functions: q′ = p and q = −p′. However, the spin sum becomes
zero ∑

s,t

u†(p, s)u(p′, t)v†(−p′, t)u(p′, s) = 0 . (C.64)

This is explicitly worked out using the spinor eigenstates u, Eq. (A.26), v, Eq. (A.27).
We start with∑

t

u(p′, t)v†(−p′, t) = |p′|
∑
t

(
ξ(p′, t)
t ξ(p′, t)

) (
tξ†(p′, t),−ξ†(p′, t)

)
=

= |p′|
∑
t

(
tξ(p′, t)ξ†(p′, t) −ξ(p′, t)ξ†(p′, t)
ξ(q, t)ξ†(p′, t) −tξ(p′, t)ξ†(p′, t)

)
=

(
σ · p′ −|p′|1
|p′|1 −σ · p′

)
, (C.65)



C.2 Coulomb Energy Density 147

and arrive at∑
s

u†(p, s)

(
σ · p′ −|p′|1
|p′|1 −σ · p′

)
u(p, s) =

=|p|
∑
s

(
ξ†(p, s), s ξ†(p, s)

)( σ · p′ −|p′|1
|p′|1 −σ · p′

)(
ξ(p, s)
s ξ(p, s)

)
=

= |p|
∑
s

ξ†(p, s) (σ · p′) ξ(p, s)− |p|
∑
s

s|p′| ξ†(p, s)ξ(p, s)

+|p|
∑
s

s|p′| ξ†(p, s)ξ(p, s) −
∑
s

ξ†(p, s)σ · p′ξ(p, s) =

= 0 . (C.66)

This term, like all terms with an unsymmetric number of fermions and anti-fermions,
vanishes.

Expectation Value 〈H1,1,1,2〉
Here an anti-fermion creation operator b†d(q′, t′) occurs instead of the annihilation op-
erator considered above in Eq. (C.59). We start with

H1,1,1,2
C =

g2

2

(
T i
)ab (

T i
)cd ∫

d̄ 3[p, p′]

∫
d̄ 3k

∫
d̄ 3[q, q′]

∑
s,s′

∑
t,t′

F (k)×

× a†a(p, s)ab(p′, s′) a†c(q, t)b†d(q′, t′)×
× u†(p, s)u(p′, s)u†(q, t)v(q′, t′)(2π)3 δ(k − p+ p′) (2π)3δ(−k − q − q′) ,

(C.67)

and apply Wick’s Theorem, where only one expectation value survives, namely〈
a†a(p, s)b†d(q′, t′)

〉 〈
ab(p′, s′)a†c(q, t)

〉
=〈[

− K

1 +KK

]ad
(p, s; q′, t′)

〉
G

〈[
1

1 +KK

]bc
(p′, s′; q, t)

〉
G

= (C.68)(
−δadδst′ (2π)3δ(−p− q′) S∗(p)

1 + S∗(q′)S(q′) +R(q′)

)
×

×
(
δbcδs′t(2π)3δ(p′ − q)

1

1 + S∗(q)S(q) +R(q)

)
. (C.69)
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The energy density reads

〈H1,1,1,2
C 〉 =

g2

2

(
T i
)ac (

T i
)ca ∫

d̄ 3[p, p′]

∫
d̄ 3k

∫
d̄ 3[q, q′]

∑
s,s′

∑
t,t′

×

× S∗(p)

1 + S∗(q′)S(q′) +R(q′)

1

1 + S∗(q)S(q) +R(q)
×

× δst′δs′tu†(p, s)u(p′, s′)u†(q, t)v(q′, t′)×
× (2π)3δ(k − p+ p′) (2π)3δ(−k − q − q′)
× (2π)3δ(−p− q′)(2π)3δ(p′ − q) , (C.70)

however, again the spin sum vanishes∑
s,t

u†(p, s)u(p′, t)u†(p′, t)v(−p′, s) = 0 , (C.71)

and the contribution H1,1,1,2
C , Eq. (C.67) gives zero.

Expectation Value 〈H1,1,2,2〉
Here two creation and two annihilation operators of particles and anti-particles occur
and the term has the form

H1,1,2,2
C =

g2

2

(
T i
)ab (

T i
)cd ∫

d̄ 3[p, p′]

∫
d̄ 3k

∫
d̄ 3[q, q′]

∑
s,s′

∑
t,t′

×

× a†a(p, s)ab(p′, s′) bc(q, t)b†d(q′, t′)×
× u†(p, s)u(p′, s′)v†(q, t)v(q′, t′)F (k)×
× (2π)3 δ(k − p+ p′) (2π)3δ(−k + q − q′) . (C.72)

The expectation value becomes〈
a†a(p, s)b†d(q′, t′)

〉 〈
ab(p′, s′)bc(q, t)

〉
=〈[

− K

1 +KK

]ad
(p, s; q′, t′)

〉
G

〈[
K

1 +KK

]bc
(p′, s′; q, t)

〉
G

=

=

(
−δadδst′ (2π)3δ(−p− q′) s S∗(p)

1 + S∗(q′)S(q′) +R(q′)

)
×

×
(
δbcδs′t(2π)3δ(p′ + q)

s′ S(p′)

1 + S∗(q)S(q) +R(q)

)
. (C.73)
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Here the spin factors s and s′ occur. We get for the Hamiltonian

〈H1,1,2,2
C 〉 = −g

2

2

(
T i
)ac (

T i
)ca ∫

d̄ 3[p, p′]

∫
d̄ 3k

∫
d̄ 3[q, q′]

∑
s,s′

∑
t,t′

F (k)×

× S∗(p)

1 + S∗(q′)S(q′) +R(q′)

S(p′)

1 + S∗(q)S(q) +R(q)
×

× s s′ δst′δs′tu†(p, s)u(p′, s′)v†(q, t)v(q′, t′)×
× (2π)3δ(k − p+ p′)×
× (2π)3δ(−k + q + q′)(2π)3δ(p+ q′)(2π)3δ(−p′ − q) . (C.74)

We resolve the Dirac structure. The spin sum gives∑
s,t

s t u†(p, s)u(p′, t)v†(−p′, t)v(−p, s) = 4pq + 4p · q . (C.75)

We get

〈H1,1,2,2
C 〉
δ3(0)

= −g
2

2
CFNC(2π)3

∫
d̄ 3[p, p′]F (p− p′)× (C.76)

× S∗(p)

1 + S∗(p)S(p) +R(p)

S(p′)

1 + S∗(p′)S(p′) +R(p′)
×

× (4pq + 4p · q) . (C.77)

Putting both non-vanishing contributions H1,1,1,1
C , Eq. (C.58) and H1,1,2,2

C , Eq. (C.76),
together, we end up with

〈H1,1,2,2
C 〉
δ3(0)

=
g2

2
CF NC (2π)3

∫
d̄ 3[p, p′]F (p− p′) (4 |p||p′|+ 4p · p′)( S∗(p)S(p) +R(p)

1 + S∗(p)S(p) +R(p)

1

1 + S∗(p′)S(p′) +R(p′)
−

− S∗(p)

1 + S∗(p)S(p) +R(p)

S(p′)

1 + S∗(p′)S(p′) +R(p′)

)
. (C.78)

All other contributions follow the same working prescription and we end up with the
result (5.9).





Appendix D

Solving Integral Equations

The every-day skills of a lattice practitioner are matrix computations, e.g., inverting huge
matrices. In continuum QCD we are mostly confronted with solving integral equations.
In Chapters 4 and 5 we have derived such integral equations, and in this Appendix we
give the prescription how to solve them by iteration.

In Section 1 we show how to discretize a general non-linear integral equation, replacing
the integration with an n-point Gaussian quadrature and the solution function with a
finite expansion in terms of Chebyshev polynomials. In Section 2 we present the iteration
scheme used for solving the integral equation and a so-called relaxation method which
enhances the convergence of the iteration process. Finally, we present the organization
of the programming code.

D.1 Discretization

The integral equations (5.22), (5.23), which are solved in Chapter 5 have the general
structure

S(k) =

∫
d̄ 3q K(|k − q|, S(k), S(q)) , (D.1)

with S(k) the solution function and K the integral kernel. The equation is non-linear,
i.e., the integral kernel depends non-linearly on the unknown solution function S. It is
a convenient feature of the gap equations (5.22), (5.23), that the integral kernel does
not depend on the sum or difference of the solution functions, i.e., S(k ± q). Hence,
we do not need extrapolation prescriptions for the solution function S. Moreover, the
gap equations (5.22), (5.23) are coupled, i.e., the integral kernel K also depends on a
second unknown solution function V . However, this does not change the prescription of
how to solve such equations and we therefore present for simplicity the strategy only for
the uncoupled integral equation (D.1).

As a first step, we go over to spherical coordinates, i.e, (q1, q2, q3) → (ϕ, θ, q) and
evaluate the ϕ-integral analytically, so that we have

S(k) =
1

(2π)2

∫ π

0

dθ sin θ

∫ ∞
0

q2K(k, q, θ, S(k), S(q)) , (D.2)
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where we have assumed that the S(k) only depends on the norm of the momentum,
i.e., S(k) = S(|k|). In the gap equations (5.22), (5.23) the integral kernel K can be
split up in

K(k, q, θ, S(k), S(q)) = VC(k, q, θ)K̃(S(k), S(q)), (D.3)

where VC(k, q, θ) is here a general function. In the gap equations (5.22), (5.23) it is
identified with the non-Abelian color Coulomb potential VC, Eq. (5.6). The θ-integral
can be performed analytically as well, leading to Eqs. (5.30), (5.31). The kernel K,
Eq. (D.3), therefore simplifies to

ṼC(k, q)K̃(S(k), S(q)) . (D.4)

The remaining integral in Eq. (D.2), which has to be evaluated numerically, is the q-
integral. The integrand is evaluated at a finite set of integration points using an n-point
Gaussian quadrature formula, as implemented in Ref. [131]. The q-integral in Eq. (D.2)
is approximated by a weighted sum of these values,

S(k) =
1

(2π)2

N∑
j=1

wj q
2
j

(
ṼC(k, qj)K̃(S(k), S(qj))

)
, (D.5)

with qj the N nodes of the orthogonal polynomial and wj the weight factors. A commonly
used set of abscissas and weights is the so-called Gauss-Legendre quadrature and is
implemented in a standard routine of Ref. [131]. It returns the abscissas qj and weights
wj of the Gauss-Legendre quadrature formula for given lower and upper limit a and b of
the integral and given order N . For the q-integration in the interval [0,∞], Eq. (D.2),
we use a logarithmic transformation

y = log q =⇒ dq = eydy , (D.6)

so that∫ ∞
0

dq q2 ṼC(k, q)K̃(S(k), S(q)) ≈
∫ ΛUV

ΛIR

dq q2 ṼC(k, q)K̃(S(k), S(q)) =

=

∫ log[ΛUV]

log[ΛIR]

dye3y ṼC(k, ey)K̃(S(k), S(ey)) , (D.7)

with ΛIR and ΛUV the limits of the integration range. It is important to take care of
possible singularities in the integrand. (Note, however, that the singularity must be

integrable.) Since in our case the quantity ṼC, Eq. (5.26), is indeed divergent at k = p,
we split the range of integration in Eq. (D.7) into∫ log[ΛUV]

log[ΛIR]

=

∫ log[k−ε]

log[ΛIR]

+

∫ log[k]

log[k−ε]
+

∫ log[k+ε]

log[k]

+

∫ log[ΛUV]

log[k+ε]

, (D.8)
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where ε is a small region around the singularity. In this procedure many nodes appear
in the vicinity of the singularity, which makes a high precision evaluation of the integral
in this region possible. We emphasize that in any evaluation of the integral equation,
Eq. (D.2), we have to enlarge the interval of integration [ΛIR,ΛUV] and correspondingly
the number of nodes qj and check that the solution function S(k) does not change by
this extension.

Up to now we have taken the loop momentum q on a finite grid of Gauss-Legendre
nodes qj. Next we replace the external momentum k by a finite set of Chebyshev nodes
ki, given by

ki = cos

(
π(i− 1

2
)

l

)
, i = 1, 2, . . . , l . (D.9)

The Chebyshev polynomial Tl(x), defined in the interval [−1, 1] by the formula

Tl(k) = cos(l arccos k) , (D.10)

has l zeroes. The function S(q) in Eq. (D.5), which has to be evaluated in every iteration
step, is then replaced by a finite expansion in Chebyshev polynomials

S(qj) ≈
L∑
l=1

clTl−1(qj)−
1

2
c1, j = 1, . . . , N , (D.11)

where Tl(qj) are the Chebyshev polynomials (D.10) evaluated at the Gauss-Legendre
nodes qj and cl the expansion coefficients. These coefficients cl are calculated from the
function S(q), which has to be evaluated. In Eq. (D.11) we have used that T0(qi) =
1. The standard routines implementing the Chebyshev formula (D.11) are found in
Ref. [131].

We emphasize that the sets of quadrature sample points qj and interpolation points
ki are, in general, disjoint. Formula (D.11) is exact for qj = ki, where ki is equal to all
of the l zeros of Tl(ki). Among all approximating polynomials of the same degree the
Chebyshev approximation (D.11) has the advantage that it has the smallest maximum
difference from the function to be approximated [131].

We are interested in S(k) over a wide range of magnitudes, i.e., for small momenta
(ΛIR ≈ 10−6) and large momenta (ΛUV ≈ 106). We therefore make use of a logarithmic
transformation according to Eq. (D.6) for the Chebyshev abscissas ki, i.e.,

xi = log ki =⇒ ki = exi . (D.12)

Now we face a problem. The analytic results, Eq. (5.45), show that the solution function
S(k) will have a power law behavior for large momenta, i.e., S(k → ∞) ∼ 1/k5.
However, on a logarithmic scale power laws turn into exponentials, i.e., 1/k5 → 1/(e5x).
The Chebyshev basis functions Tl, Eq. (D.10), are polynomials and therefore not suited
to approximate exponential behavior. To overcome this problem, we use a logarithmic
scale for the function values as well:

lnS(ex) = S̃(ex) . (D.13)
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For this double-logarithmic solution function S̃ power laws become linear functions and
therefore the transformed function S̃ is well approximated by Chebyshev polynomials Tl,
Eq. (D.10). In total, the resulting dicrete analogue to Eq. (D.1) takes the form (using
the definitions (D.4), (D.5), (D.6), (D.9), (D.11), (D.12))

S(exi) =
1

(2π)2

N∑
j=1

ωje
3yj ṼC(exi , eyj)K̃

(
S(exi), exp (

L∑
k=1

clTl−1(yj)−
1

2
c1)︸ ︷︷ ︸

S(eyj )

)
.

(D.14)

D.2 Iterative Procedure

The iteration scheme for the non-linear integral equation of the form (D.5) is given by

S(n)(k) =

∫
dq q2 ṼC(k, q)K̃(S(n−1)(k), S(n−1)(q)) , (D.15)

with n − 1 and n denoting the iteration steps. Here we have used, for convenience,
continuous momenta k, q. For the convergence of the iteration process we use the
criterion ∣∣∣S(n)(k)− S(n−1)(k)

S(n−1)(k)

∣∣∣ < εtol ∀k , (D.16)

with εtol being the tolerance of the procedure, which usually takes values of about
εtol ≈ 10−5 − 10−8. With a given start function S(0)(k) the program iterates the
equation (D.15) until a self-consistent solution S(k) via the convergence criterion (D.16)
is achieved. Due to the asymptotic analysis of the integral equation the general shape
of the solution S(k) is known, so that a reasonably good start function S(0)(k) can
be chosen. Here a comment is in order: If the procedure converges, then the function
S(n)(k) is a solution function. However, from the non-convergence we cannot conclude
that there does not exist a solution S(n)(k).

In order to improve the convergence of the procedure we use a so-called relaxation
method, which is for the n-th iteration step given by

rS(n)(k) + [1− r]S(n−1)(k)→ S(n)(k) . (D.17)

This relaxation prescription mixes the function values S(n−1)(k) evaluated in the (n−1)-
th iteration step with the new values S(n)(k) evaluated in the n-th iteration step. The
so-called adiabatic factor r lies between 0 and 1 and is varied depending on how much
the solution function changes from one step to the next. Typical values lie between
r = 0.2− 0.5. For all integral equations evaluating S(k) such a relaxation prescription
was used, however, to solve the dynamical mass equation (5.42) no such relaxation was
necessary.

Let us, in the end, collect all the steps to derive a self-consistent solution S(k) to the
equation (D.1) and present the corresponding algorithm:
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1. Initialize Chebyshev nodes ki, Eq. (D.9), on the logarithmic scale [log ΛIR, log ΛUV]

2. Start the iteration process:

a) For the first iteration choose a starting function on the logarithmic scale
S(n=0)(k), Eq. (D.13). We conveniently choose a constant starting function
S(n=0)(k) or a function which shows the correct asymptotic behavior. For
the scalar variational function S solving the equation (5.22) it reads

S(n=0)(k) =
1

1 + k5
. (D.18)

b) For all other iterations transform the solution function S(n6=0)(k) on a logar-
ithmic scale, Eq. (D.13).

3. Compute Chebyshev coefficients cl, Eq. (D.11), of the function S(n)(k)

4. Start the integral routine using the Gaussian quadrature formula, Eq. (D.5):

Define integration range

Initialize Gauss-Legendre routine

Loop i:for the external momenta k

Loop j: for the integration momenta q

Evaluate Chebyshev fits

Compute integrands on logarithmic scale

Evaluate integral

End Loop j

End Loop i

5. Compute the new solution function S(n+1) according to Eq. (D.14) and use the
relaxation formula, Eq. (D.17) if necessary

6. Compute the tolerance according to Eq. (D.16). If the error is smaller than the
tolerance εtol then a self-consistent solution is achieved and the iteration process
stops. Otherwise perform the next iteration step by returning to 2.b).





Appendix E

Schrödinger Potential

The Schrödinger equation (6.45) with the potential U(r) given in Eq. (6.46) has to
be solved for the lowest eigenvalue Ω0(L) in order to extract the static quark potential
VW(L), Eq. 6.49. The potential U(r), Eq. (6.46), is essentially the transverse gluon
propagator in coordinate space contracted with the two temporal paths of the Wilson
loop. Below we derive this quantity for transverse gluon propagators in arbitrary dimen-
sions d.

In Section 1 we parameterize the temporal trapezoidal Wilson loop. In Section 2
we derive the expression for the contracted gluon propagator. In Section 3 we discuss
the asymptotic behavior of the contracted gluon propagator with the Gribov solution as
input. In Section 4 we present the numerical procedure to evaluate the lowest eigenvalue
of a general one-dimensional Schrödinger equation, known as the shooting method.

E.1 Parameterization of the Wilson Loop

We want to derive the quantity (6.28), explicitly given as

D
(
(x(s)− x(t))2) = ẋ−µ (s)Dµν (x(s), x(t)) ẋ+

ν (t) . (E.1)

We consider a planar temporal Wilson loop in the 0 − 1 plane in d dimensions. The
paths along the Wilson lines are parameterized as (see Fig. 6.1)

x−(s) =


s
0
0
...
0

 , x+(t) =


t
L
0
...
0

 , (E.2)

with s ∈ [S, 0] and t ∈ [0, T ]. The unit vector along the Wilson line is

ẋ±(s) ≡ ê =


1
0
0
...
0

 . (E.3)
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The difference vector x = x−(s)− x+(t) is given as

x(s− t) = x(r) = L


s−t
L

−1
0
...
0

 = L


r
−1
0
...
0

 , (E.4)

where we have used the dimensionless variables r and R defined in Eq. (6.39). After
normalization the difference vector becomes

x̂(r) =
1√

1 + r2


r
−1
0
...
0

 . (E.5)

We compute for later use

(x̂ · ê)2 =
r2

1 + r2
. (E.6)

E.2 Gluon Propagator Contracted with the Temporal
Paths

We compute the Fourier-transform of the translationally invariant transverse gluon propag-
ator

Dµν(x) =

∫
ddk

(2π)d

[
δµν − k̂µk̂ν

]
D̄(k2) eik·x , (E.7)

where k̂µ = kµ/
√
k2 and D̄ (k2) is a function of k2 = kµkµ only. We can split the gluon

propagator into two parts

Dµν(x) = δµνI(x)− Iµν(x) , (E.8)

with

Iµν(x) =

∫
ddk

(2π)d
D̄(k2) eik·x k̂µk̂ν . (E.9)

In Eq. (E.8) we have defined I(x) = Iµµ(x). The quantity Iµν(x) can be decomposed
in two Lorentz tensor components, namely

Iµν(x) = δµνf1(x) + x̂µx̂νf2(x) , (E.10)
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where we have introduced the two unknown functions f1(x), f2(x) and x̂µ = xµ/
√
x2.

Multiplying equation (E.10) with δµν yields

I(x) = d f1(x) + f2(x) , (E.11)

and multiplying equation (E.10) with x̂µx̂ν gives

x̂µ Iµν x̂ν = f1(x) + f2(x) . (E.12)

We abbreviate I(x) ≡ x̂µ Iµν(x)x̂ν . We have gained two equations (E.11) and (E.12),
from which we can derive the unknown functions f1(x), f2(x) as

f1(x) (d− 1) = I(x)− x̂µ Iµν(x) x̂ν , (E.13)

f2(x) (d− 1) = d x̂µ Iµν(x) x̂ν − I(x) . (E.14)

Plugging in the functions f1(x), f2(x) in Eq. (E.10) we get for the quantity Iµν the
relation

Iµν(x) =
1

d− 1

(
δµν
[
I(x)− I(x)

]
+ x̂µx̂ν

[
dI(x)− I(x)

])
, (E.15)

and for the transverse gluon propagator, Eq. (E.8),

Dµν(x) =
1

d− 1
δµν
[
(d− 2)I(x) + I(x)

]
− x̂µx̂ν [dI(x)− I(x)] . (E.16)

The propagator Dµν(x) is explicitly given as

Dµν(x) =
1

d− 1
δµν

∫
ddk

(2π)d
eik·x D̄(k2)

[
(d− 2) +

(
x̂ · k̂

)2
]
−

− 1

d− 1
x̂µx̂ν

∫
ddk

(2π)d
eik·x D̄(k2)

[
d
(
x̂ · k̂

)2

− 1

]
. (E.17)

We proceed with evaluating Eq. (E.1) and arrive at

D(x2) = êµDµν(x) êν = êµ δµν êνI(x)− êµ x̂µ x̂ν êν Iµν(x) , (E.18)

We use êµ δµν êν = 1 and Eq. (E.6) so that we end up with

D(x2) =
1

d− 1

∫
ddk

(2π)d
eik·xD(k2)

[
(d− 2) +

(
x̂ · k̂

)2
]
−

− 1

d− 1

r2

1 + r2

∫
ddk

(2π)d
eik·xD(k2)

[
d
(
x̂ · k̂

)2

− 1

]
. (E.19)
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E.3 Spherical Integrals

For the integrals {
I(x2)
Ī(x2)

}
=

∫
ddk

(2π)d
eik·xD(k2)

{
1

(k̂ · x̂)2

}
(E.20)

the angular integrals are worked out in the standard fashion using spherical coordinates
in k-space and putting the d-axis of k-space parallel to x̂. We define the angle between
the vectors x̂, k̂ as

x̂ · k̂ = cos θ . (E.21)

The integrals over the first d− 2 angles are trivial yielding the volume of the unit sphere
Sd−2 in d− 1 dimensions ∫

Sd−2

=
(d− 1)π

d−1
2

Γ
(
d+1

2

) . (E.22)

The integrals over the last angle yield (with substituting z = cos θ)∫ 1

−1

dz eizkx = 2
sin kx

kx
, (E.23)∫ 1

−1

dz z2eizkx = 2
sin kx

kx
+

4

k2x2

(
cos kx− sin kx

kx

)
. (E.24)

Inserting these results into (E.20) we obtain

I(x) = 2Cd

∫ ∞
0

dkkd−1 D̄(k2)
sin kx

kx
(E.25)

I(x) = 2Cd

∫ ∞
0

dkkd−1 D̄(k2)

[
sin kx

kx
+

2

k2x2

(
cos kx− sin kx

kx

)]
, (E.26)

where

Cd =
(d− 1)π

d−1
2

(2π)dΓ
(
d+1

2

) . (E.27)

E.4 Contracted Gluon Propagator in d = 3

Dimensions

For d = 3 dimensions we get in Eq. (E.19)

D(x2) =
1

2

∫
d3k

(2π)3
eik·x D̄(k2)

[
1 +

(
x̂ · k̂

)2
]
−

− 1

2

r2

1 + r2

∫
d3k

(2π)3
eik·x D̄(k2)

[
3
(
x̂ · k̂

)2

− 1

]
. (E.28)
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We use (E.23), (E.24) for the integrals∫
dzeikxz

[
1 + z2

]
=

4 sin kx

kx
+

4 cos kx

k2x2
− 4 sin kx

k3x3
, (E.29)∫

dzeikxz
[
3z2 − 1

]
=

4 sin kx

kx
+

12 cos kx

k2x2
− 12 sin kx

k3x3
, (E.30)

and end up with

D(x2) =
1

2

1

2

1

(2π)2

∫
dk k2ω−1(k)

([4 sin kx

kx
+

4 cos kx

k2x2
− 4 sin kx

k3x3
]

− r2

1 + r2
[
4 sin kx

kx
+

12 cos kx

k2x2
− 12 sin kx

k3x3

])
. (E.31)

The factor 2π comes from the integration of S2 =
∫
dΩ2. The additional factor 1/2

comes from the definition of the propagator

D(k) =
1

2
ω−1(k) . (E.32)

We use for the (inverse) propagator the Gribov parametrization, Eq. (1.95), given as

ω−1(k) =

√
k2

k4 +M4
G

, (E.33)

with MG the Gribov mass scale, Eq. (1.96). We now analyze the asymptotic regions of
the integral (E.31). In the IR region the inverse gluon propagator behaves as

ω−1(k) ∼ k . (E.34)

The leading term in the integrand of Eq. (E.31) goes as 1/k3, so that

D(x2) ∼
∫
dk k2 k

sin kx

k3x3
, (E.35)

which is a convergent expression, since
∫ ΛUV

0
dk sin kx = 1

x
(1− cos[ΛUVx]), where ΛUV

is some ultraviolet cutoff. In the UV region the inverse gluon propagator behaves as

ω−1(k) ∼ 1

k
. (E.36)

Here the leading contribution in Eq. (E.31) comes from the term proportional to 1/k
and we have

D(x2) ∼
∫
k2 1

k

sin kx

kx
. (E.37)

However, the integral ∫ ΛUV

ΛIR

sin kx , (E.38)

is not defined for ΛUV → ∞. To overcome this problem we introduce for the gluon
propagator the UV anomalous dimension, see Eq. (6.51). We point out, that this pro-
cedure only alters the UV-region, but the IR-modes are not affected.
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E.5 Shooting Method

To evaluate the lowest eigenvalue Ω0(L) in the Schrödinger equation (6.45) for the
potentials U(r), Eq. (6.46), shown in Fig. (6.5) we make use of the shooting method
as implemented in Ref. [131]. The shooting method can be applied to essentially any
quantum well problem in one dimension with a symmetric potential. The basic idea is
to convert the boundary-value problem into an initial-value problem and then to solve
the latter. We review the method for a general problem of the form

d2ϕ

dx2
+ (2E − V (x))ϕ = 0 . (E.39)

The solution must satisfy ϕ(x = ±∞)→ 0. This is implemented for some finite distance
L, so that ϕ(−L) = ϕ(L) = 0. The distance L should be well away from the classical
turning point xturn, where V (xturn) = E. We note that it is necessary to increase this
distance L to get the higher energy levels accurately. Next we rewrite the Schrödinger
equation (E.39) as

dϕ

dx
= ϕ′,

dϕ′

dx
= (V (x)− 2E)ϕ . (E.40)

We choose the initial conditions

ϕ(−L) = 0, ϕ′(−L) = 1 . (E.41)

The iterative process to solve the Schrödinger equation (E.39) alters the initial guess for
ϕ′(−L) until the solution on the right-hand side of the interval ϕ(L) = 0 is found. The
procedure is repeated with different values for the energy eigenvalue E. Note that it is
convenient to “shoot“ to an intermediate point, mostly chosen to be a classical turning
point xturn and then to match continuity conditions at this point. The lowest eigenvalue
is found by requiring that ϕ′(0) = 0. For the odd parity solution we have to demand the
wave function ϕ to vanish at the origin ϕ(0) = 0.
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