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Introduction

“EVENTUALLY PEOPLE WILL SEE THAT GROUP
REPRESENTATION THEORY IS NOT SUCH A BIG DEAL;

WHAT REALLY MATTERS IS REPRESENTATION OF CATEGORIES.”
(Minhyong Kim to John Baez, see [3])

This thesis consists of two parts. In the first part, containing chapters one to four, we want
to take a look at product systems from a new point of view. Product systems were first
introduced in 1989 by Arveson in [1] to develop an index theory for continuous semigroups
of *-endomorphisms of £(H). Later, they were studied by Dinh [8] in the discrete case
and Fowler generalized the concept of Dihn by using Hilbert bimodules. Fowler’s discrete
product systems of Hilbert bimodules consist of a family of Hilbert bimodules { X;: s € S}
over a C*-algebra A indexed by a countable semigroup S together with a family of unitary
bimodule mappings
D, Xy @4 Xy — X, s, t €S.

We want to reveal the structure that lies behind product systems using bicategory theory.
Similar to a category, a bicategory consists of objects and arrows between these objects,
but contrary to categories, bicategories possess an extra structure, namely arrows between
the arrows that are called 2-cells. Our main example for a bicategory will be C*ARR, the
bicategory with objects C*-algebras, arrows C*-arrows (based on Hilbert bimodules, see
below) and with adjointable, isometric bimodule mappings as 2-cells.

We will introduce the “functors” between bicategories, which are called morphisms, and
we will see that Fowler’s product systems are nothing but special morphisms from the
semigroup S (viewed as a bicategory) to the bicategory C*ARR. Thus, we can give a
more elegant definition of the notion of a product system by defining them as morphisms
from an index category J (viewed as a bicategory) to the bicategory C*ARR. Hence, the
product systems that originated from semigroups of *-endomorphisms in Arveson’s paper
[1] can now be described in a very natural way using the concept of morphisms between
bicategories. Moreover, we get a much bigger class of examples taking index categories
instead of semigroups to index our product systems.

Next, we will associate two C*-algebras to every given product system (F,®), namely
the reduced Toeplitz algebra 7.(F, ®) and the reduced Cuntz-Pimsner algebra O, (F, ®).
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Introduction

Studying various special cases shows that our method of constructing the reduced Toeplitz
and Cuntz-Pimsner algebras generalizes many other constructions of C*-algebras.

Moreover, we will introduce the universal Toeplitz algebra 7 (F,®) and the universal
Cuntz-Pimsner algebra O(F,®). We recall the notion of the bicategorial colimit for a
morphism and we finish the first part of this thesis by showing that for certain product
systems (F, ®), the universal Toeplitz algebra can be viewed as the bicategorial colimit
object for the morphism (F, ®).

In the second part of the thesis, containing chapters five and six, we develop a duality
theory for locally compact semigroups using the concept of Hopf C*-algebras. A Hopf C*-
algebra is a C*-algebra H together with a comultiplication, i.e., a nondegenerate, injective
*~homomorphism d5: H — M(H ® H). The standard example for a Hopf C*-algebra is
Co(S), the C*-algebra of complex functions on a locally compact semigroup S vanishing
at infinity. The multiplication on S induces a comultiplication on Cy(S). Thus, Hopf
C*-algebras can be viewed as generalized locally compact semigroups.

We will develop a sufficient condition on the Hopf C*-algebra H that allows us to con-
struct a corepresentation of H on a distinguished Hilbert space, similar to the regular
representation of a locally compact group G on the Hilbert space L*(G, i), where y is the
right Haar measure on GG. Using this regular corepresentation, we can define the reduced
dual C*-algebra of a Hopf C*-algebra and we will show that the classic Toeplitz algebra
C*(N) is the reduced dual C*-algebra of the Hopf C*-algebra cy(N). We will also see that
co(N) is the reduced dual C*-algebra of the Hopf C*-algebra C*(N). This corresponds
to the well known fact that for a locally compact group G, the C*-algebra Cy(G) and
the full group C*-algebra C*(G) are in duality, which can be viewed as an analogue of
Pontryagin’s duality theorem.

Finally, we will deal with Takai’s duality theorem [28], which is one of most fundamental
theorems in the theory of crossed products. It states that for a C*-dynamical system
(A, G, ), the double crossed product (A x, G) X4 G is strongly Morita equivalent to A.
In [25], Schweizer treated an analogue of Takai’s duality theorem for crossed products by
equivalence bimodules. He showed that for an equivalence bimodule X over a C*-algebra
A, there exists an action v of Z on A xx Z such that (Axx Z) x, 7 is strongly Morita
equivalent to A.

We want to transfer Schweizer’s statement to the situation when F is a C*-arrow over a
C*-algebra A. Therefore, we define the crossed product A xg N as the reduced Toeplitz
algebra of (A, E), where (A, F) is a certain product system over N that consist of the
powers of E. Next, we define the reduced crossed product of a dynamical cosystem and
finally, we construct a coaction ¢ of C*(N) on A xg N and show that the double crossed
product (A xg N) x5 C*(N) is strongly Morita equivalent to A.

The following chapter summaries will give a more detailed description of this thesis:

Chapter 1 is devoted to the historical development of product systems. We give a short
overview over the work of Arveson [1], who introduced product systems, Dinh [8], who



first studied discrete product systems, and Fowler [10], who introduced product systems
of Hilbert bimodules.

In Chapter 2 we recall the notion of a bicategory and provide several examples. We will
introduce the concept of C*-arrows which play a central role in our thesis. A C*-arrow is
a Hilbert B-module that also possesses an A-B-bimodule structure, where A and B are
C*-algebras. C*-arrows are the arrows in our motivating example for a bicategory, the
bicategory C*ARR. The objects of C*ARR are C*-algebras and the 2-cells are adjointable,
isometric bimodule mappings. Moreover, we will recall the notion of a morphism between
bicategories, that generalizes the concept of functors between categories. We will define
a product system over a category to be a morphism from an index category J to the
bicategory C*ARR. Hence, a product system over an index category J will consist of a
family of C*-algebras A;, i € Ob(J), a family of C*-arrows F,, r € Arr(J), and a family
of isometric, adjointable bimodule mappings ®,,: F, ® Fy — Fj, indexed by pairs (r, s)
of composable arrows of J. Finally, we will see that Fowler’s discrete product systems of
Hilbert bimodules are a special case of our definition.

Chapter 3 deals with the construction of the reduced Toeplitz algebra 7, (F,®) and the
reduced Cuntz-Pimsner algebra O,.(F, ®) associated to every given product system (F, ®).
First, we introduce the notion of a Toeplitz representation from a product system (F, @)
to a C*-algebra and we provide some technical results about homomorphisms between
Hilbert C*-modules that we will need later. Then we introduce the Fock correspondence
F(F,®) of a product system (F,®) and we construct one particular Toeplitz represen-
tation, the reduced Toeplitz representation from (F,®) to the reduced Toeplitz algebra
7,(F, ®), which is a C*-subalgebra of L(F(F,®)). We define the reduced Cuntz-Pimsner
algebra to be the quotient of 7,.(F, ®) modulo the ideal of generalized compact operators in
7.(F, ®). Next, we provide various examples which show that our method of constructing
the reduced Toeplitz and Cuntz-Pimsner algebras generalizes many other constructions
of C*-algebras. Depending on how we choose our product system (F,®), the resulting
C*-algebras 7,.(F, ®) and O,(F,®), respectively, are isomorphic to the direct sum of a
family of C*-algebras, the direct limit of a direct system of C*-algebras or the crossed
product of a C*-algebra by a group or a semigroup.

In Chapter 4 we will introduce the universal Toeplitz algebra 7 (F, ®) and the universal
Cuntz-Pimsner algebra O(F,®) together with their corresponding Toeplitz representa-
tions. First, we show that given a product system (F, ®) over an index category J, there
is a C*-algebra that is universal for Toeplitz representations over (F,®) and we will call
it the universal Toeplitz algebra 7 (F,®). Then we recall the notion of Cuntz-Pimsner
covariant Toeplitz representations from [10] and introduce the universal Cuntz-Pimsner
algebra, which will be universal for Cuntz-Pimsner covariant Toeplitz representations over
(F,®). Finally, we will recall the notion of a bicategorial colimit for a morphism (F, ®)
from a bicategory B to a bicategory B’ and we will show that for certain product systems
(F, ®) the universal Toeplitz algebra 7 (F, ®) can be viewed as the colimit object for the
morphism (F, ®) in the bicategory C*ARR.
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In Chapter 5 we first recall the concept of Hopf C*-algebras, which can be viewed as a
generalization of locally compact semigroups. We also recall the notions of corepresen-
tations of Hopf C*-algebras, coactions of Hopf C*-algebras on C*-algebras and covariant
representations of dynamical cosystems, which generalize the corresponding notions for
semigroups, namely representations of semigroups, actions of semigroups on C*-algebras
and covariant representations of semigroup dynamical systems. Then we show that the
existence of an invariant weight 7 on the Hopf C*-algebra H makes it possible to con-
struct a specific covariant representation of the dynamical cosystem (H, H,dy) inspired
by the right regular covariant representation of (Co(G), G, ) on L*(G, i), where p is a
right Haar measure on a locally compact group G and « is the action of G on Cy(G) by
right translation. For Hopf C*-algebras H that are equipped with an invariant weight 7,
we construct the reduced and universal dual C*-algebras C}(H,dy) and C*(H,dy), re-
spectively. We show that the reduced dual C*-algebra of the Hopf C*-algebra (c¢o(N), ay)
is isomorphic to C*(N) and that the reduced dual C*-algebra of the Hopf C*-algebra
(C*(N), 0y) is isomorphic to the C*-algebra cy(N). This result can be viewed as a gen-
eralization of Pontryagin’s duality theorem for locally compact, abelian groups to the
semigroup N. Finally, we construct the reduced crossed product A x5 H for a dynamical
cosystem (A, H,¢), which we will need in the next chapter.

Chapter 6 deals with an analogue of Takai’s duality theorem [28] in the setting of crossed
products by C*-arrows. We show that for specific product systems (A, E) over the natural
numbers, where A is a C*-algebra and E a C*-arrow over A, the double crossed product
(A xp N) x5 C*(N) is strongly Morita equivalent to A, where A xg N is the reduced
Toeplitz algebra of (A, E) and ¢ can be viewed as the dual coaction of C*(N) on A xg N.
As a minor result we also get that a product system (A, E) over N is always strongly
Morita equivalent to a product system induced by a *-endomorphism.

Notation

When we talk of a semigroup, we shall always mean a semigroup with a unit element.
This also means that the natural numbers N always include zero and hence, (N, +) is a
semigroup with unit element zero.

If £ is a subset of a linear space L, then we write span F for the linear span of E. If L

is a normed linear space, then spank denotes the norm closure of the linear span of F in
L. If E and F are subsets of an algebra A, then FF :=span{ef:e€ E, f € F'}.

For a C*-algebra A, we denote the positive elements in A by A™ and the multiplier algebra
of Aby M(A). The unique unital extension of a *~homomorphism o: A — M(B) to M (A)
is denoted by &. All tensor products of C*-algebras are minimal.
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Chapter 1

An introduction to product systems

In this first chapter, we want to sketch the development of product systems. They were
first introduced in 1989 by Arveson in [1] to develop an index theory for continuous semi-
groups of *-endomorphisms of L£(H). Arveson’s product systems consist of a continuous
family {E; : t € RT} of Hilbert spaces together with a tensoring operation.

Extending Arveson’s work, in [8], Dinh studied discrete product systems over G* where G
is a discrete, countable and dense subgroup of R. He associated to each discrete product
system E = {F, :t € G} a separable C*-algebra O (@) and examined the structure of
this C*-algebra. The family of these C*-algebras may be regarded as analogues of Cuntz
algebras or CAR algebras.

Finally, Fowler considered discrete product systems of Hilbert bimodules in his paper
[10], i.e., he replaced the Hilbert spaces E; by Hilbert bimodules X;. Moreover, he al-
lowed arbitrary semigroups S to index his family of Hilbert bimodules. Given such a
product system X = {X, : s € S}, he defined a corresponding generalized Cuntz-Pimsner
algebra Ox. His work was motivated by the example when X comes from a semigroup
dynamical system (A, S, «). In this case he showed that Oy is canonically isomorphic to
the semigroup crossed product A x, S.

1.1 Arveson’s continuous product systems

In [21], [22] and [23], Powers and Robinson introduced an index theory for Ey-semigroups.
An Ejy-semigroup is a continuous semigroup a = {ay : t > 0} of normal *-endomorphisms
of the C*-algebra L(H) of all bounded operators on a Hilbert space H, such that a;(1) =1
for all ¢ > 0. Two Eyp-semigroups « and /3 of L(H) and L(K), respectively, are paired if
there is a continuous group I' = {I'; : ¢ € R} of *-automorphisms of £(H ® K) such that
[(A®1) =a(A)@land ' (1@ B) =1® 3(B) for all A € L(H), B € L(K) and t > 0.
Two Ey-semigroups have the same indez if there is an Fy-semigroup o such that o and
o are paired and ¢ and 3 are paired.

13
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Chapter 1. An introduction to product systems

In [1], Arveson gave an equivalent characterization of the index by introducing the notion
of continuous product systems. A continuous product system E® arises naturally from
each Ejy-semigroup « and Arveson showed that two FEyp-semigroups « and [ have the
same Powers-Robinson index if and only if their associated product systems E* and E”
are isomorphic. Now we want to recall Arveson’s definition of a continuous product system
and then show in Example 1.2 how a continuous product system E® can be associated
with an Ejy-semigroup a.

Definition 1.1 (Arveson’s continuous product systems)
Let F be a standard Borel space and p a measurable function from E onto (0, +00) such
that each fiber

Et):=p'(t), t>0,

is a separable infinite dimensional Hilbert space and such that the inner product is mea-

surable if we consider it to be a complex-valued function defined on the following Borel
subset of £ x F:

{(z,y) e Ex E:p(x) =p(y)}

We also require that there is a Hilbert space Hy such that E is isomorphic to the trivial
family (0, +00) x Hy, i.e., that there is a Borel isomorphism 6 : E' — (0, +00) x Hy such that
for every ¢t > 0, 0 restricts to a unitary isomorphism of Hilbert spaces 0 : E(t) — {t} x H,.

Finally, we require that there be given a jointly measurable binary associative operation
(x,y) € E x E — xy € F satisfying the conditions

(i) p(zy) = p(x) + p(y) and

(ii) for every s,t > 0, E(s)E(t) is dense in E(s+t) and we have (zy, 2'y') = (z,2"){y,y’)

for all z,2" € E(s), y,y' € E(t).
Notice that (i) means that E(s)E(t) C E(s + t), while (ii) asserts that there is a unique
unitary operator Wy, : E(s) ® E(t) — E(s +t) defined by
Wsi(z ®@y) = 2y, € E(s),y € E(t).

The structure p : E — (0, +00) satisfying all of the above conditions is called a continuous
tensor product system of Hilbert spaces or just a continuous product system.

Example 1.2 (Continuous product systems associated with Fy-semigroups)
Let « be an Fy-semigroup of L£(H). For every positive real number ¢, we consider the
linear space of operators

EY ={T € L(H): (AT =TAfor all Ae L(H)}.
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The family of vector spaces { Ef* : t > 0} has three important properties. First of all, each
E? is a Hilbert space. To see this, let S and T" be two operators in E;*. Then

T*SA = T*(A)S = (au(A*)T)*S = (TA*)*S = AT*S

for all A € L(H), i.e., T*S commutes with every operator in £L(H), and hence, it must be
a scalar multiple of the identity operator:

T*S = (S, T)1.

This identity defines an inner product (-,-) on Ef* which turns Ef into a Hilbert space.

Now we let E* be the set of ordered pairs
EY:={tT):t>0,T € E'},

and we let p*: E* — (0,+00) be the projection p®((¢,7)) = t. Then the structure
p*: B — (0,400) is a family of Hilbert spaces having fibers (p®)~1(¢t) = E&, ¢t > 0.
Our second observation is that one can make F“ into an associative semigroup by using
operator multiplication:

(s,9)(t,T) := (s+1t,ST).

Then we have p®((s, S)(t,T)) = s+t = p“((s, S))+p*((t,T)), i.e., the projection becomes
a homomorphism of E“ onto the additive semigroup of positive real numbers.

Finally, this multiplication acts like tensoring in the sense that it defines a natural unitary
operator W7, from the tensor product of Hilbert spaces EY ® Ef onto Eg,,, for every
s,t > 0. W, is defined by

Wa(SeT) = ST,

for all S € B¢, T' € Eff. The fact that W, is unitary is a consequence of the following
two properties relating multiplication and the inner products defined in the fiber spaces:

(i) If S,5" € E* and T, T' € E®, then (ST, S'T") = (S, S'V(T, T"), and

(i) B, =span{ST :S € EX,T € E'}.

Property (i) follows directly from the definition of the inner product. For property (ii),
see [1, Proposition 2.2.], where Arveson also shows that E“ satisfies all of the remaining
conditions for a continuous product system. So we see that every Ey-semigroup « gives
rise to an associated continuous product system E°.
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1.2 Dinh’s discrete product systems

In [2], Arveson associated a C*-algebra to each continuous product system. This C*-
algebra is a separable C*-algebra whose nondegenerate *-representations correspond bi-
jectively to representations of the continuous product system. Dinh extended the work
of Arveson and studied this C*-algebra in the case when the parameter t varies over a
discrete subsemigroup of R*. We first want to provide Dinh’s definition of a discrete
product system and then show how the associated C*-algebra can be constructed from a
given discrete product system FE. We note that this construction will be similar to the
construction of the Cuntz algebra O,, from the Fock space or the CAR algebra from the
canonical anti-commutation relations.

Definition 1.3 (Dinh’s discrete product systems)

Let G be a countable dense subgroup of the real line equipped with the discrete topology
and let G* denote the semigroup of strictly positive elements of G. A discrete product
system over G is defined to be a disjoint union E = UteGJr E;, where each fiber E; is
a separable Hilbert space. Moreover, there is an associative tensoring operation on F
satisfying

(i) For each s,t € G*, there is a bilinear map (u,v) € Ey X Ey — uv € Eyy. Moreover,
E FE; is dense in Ey,.
(ii) (uv,u'v") = (u,u)(v,v’) for every u,u’ € Es and v,v" € Ey, s,t € G™.

Note that (i) and (ii) imply that the mapping u ® v € Fs ® E; — w € Fgyy, u € Ej,
v € E;, s,t € G, extends to a unitary operator from E, ® F; to E, ;.

Moreover, Dinh defines a representation of a discrete product system E on a Hilbert space
H to be a mapping ¢: E — L(H) satisfying

L ¢(€)*6(n) = (n,€) 1 for €,n € E, and t € G*,
2. 9(§)o(n) = ¢(&n) for ,n € E.

Then Og(G) is defined to be the C*-algebra generated by the range of ¢ in £(H). Dinh
shows that Og(G) does not depend on the representation ¢, i.e., if ¢1: E — L(H;)
and ¢o: E — L(Hy) are two representations, then the map ¢;(u) — ¢o(u) extends to a
*-isomorphism from OL(G) onto O%(G).

He also presents one particular representation, the Fock representation | on the Fock
space F = CQ® @, .+ Er, where  is the unit vacuum vector. The Fock representation
l: E — L(F) is defined by

l(w)2:=u and l(u)w = uw
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for u € E;, w € E,. The operator [(u) is called the left creation operator. Its adjoint
is called the left annihilation operator and is uniquely characterized by the requirements
l(u)*w = 0 for w € CQ & D,cqinop s H(w)w = (w,u)Q for w € B, and I(u)wv =
(w,u)v for w € E;, v € E,. It is easy to see that this defines a representation and Dinh
shows that the corresponding *-representation of Og(G) on F is irreducible. Now we take
a look at two examples for discrete product systems.

Example 1.4 (Discrete product systems over Z*)

For the sake of simplicity we drop the condition of G being dense in R in this first example
and consider the case G = Z. Let H = E1. Then Fr 2 E1QF, = HRH, E3 =2 E1Q FEy =
HOH®H, etc. Thus E =J,,c,+ H®" and the Fock space F = CQ& P, .+ H®" is the
full Fock space.

The following example is a natural generalization of the above construction for Z, namely
when G is countable and dense in R. It was first studied by von Neumann in [19] and so
Dinh calls it a von Neumann discrete product system.

Example 1.5 (Von Neumann discrete product systems)

Let H be a fixed Hilbert space of dimension N = 1,2,3,... or ;. We fix a unit vector
a € H and for t € G, we define E; = ®G+m(0,t] H as follows. Let G denote the collection
of all finite subsets of G™ N (0,¢]. Then G is directed by inclusion. For 7 € G, we form
the finite tensor product @Q,H and if 77,7, € G, 7y C T, we define an embedding

onn: Q@n M — &z H by

ang (@) =2 ® a0 e (RQH) @ (R H) = RH

T\T
for v € @7, H. Then we define E; to be the Hilbert space direct limit lim &),.; H.

Now let {fi = a, fa, ..., fn} be an orthonormal basis of H. Then an orthonormal basis of
E, consists of all vectors of the form ®r€G+m(07t] x, where z, € {f1, fo,..., [nv}and z, = a
for all but finitely many r. Note that E; is separable since H is separable and G* N (0, ¢]
is countable. For u € E, and v € E;, we define wv :=u®v € F, ® By = Ey\y, i.e., the
operation on F is tensoring.

1.3 Fowler’s discrete product systems of Hilbert bi-
modules

The next step in the generalization of discrete product systems is to replace the Hilbert
spaces F; by Hilbert bimodules. This is the concept of Fowler in [10]. In order to present
this concept we first have to provide some theory about Hilbert C*-modules:
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Definition 1.6 (Hilbert C*-modules)
Let A be a C*-algebra and E a right A-module with an A-valued inner product

(] u:ExXE—A,

such that the following identities hold for £, 7,7;,1m72 € E and a,b € A:

Lo (&lm+mne)a=(&lm)a+ (§]n2)a,

-
~(§-aln-bla=a"(&[n)ad,

3. (&lma=(nl&,

4. (£1€)4 >0, (£]Ea=0 = =0,

5. E is complete with respect to the norm ||.||g := \/||(.| . )alla.

2

Then we call E a Hilbert A-module or a Hilbert C*-module over the C*-algebra A.

Now let E, F' be Hilbert A-modules. A mapping ®: £ — F is called adjointable if there
is a mapping ®*: F' — FE such that

() [n)a=(&]P7(n) )a

for all ¢ € E, n € F. Note that an adjointable mapping ®: F — F is always right A-linear
and bounded, i.e., ®(£-a) = ®(§) -a for all £ € E, a € A and there is an M > 0 with
|P(E)|| < M||&|| for all € € E. The set of all adjointable mappings from E to F' is denoted
by L(E, F). Instead of L(F, E) we just write L(FE). It is easy to see that L(FE) is a C*-
algebra, see [15, page 8]. L(F) contains the ideal of generalized compact operators K(E),
which is the closed linear span of all operators 0, £,n € E, where 6, (() =& - (1] )a.

Definition 1.7 (Hilbert bimodules)

Let A be a separable C*-algebra. A Hilbert bimodule over A is a Hilbert A-module X
together with a *~homomorphism A\: A — L£(X). We use A to define a left action of A
on X via a- & := Aa)(§) for a € A and { € X. Since A(a) is adjointable, the following
identity holds for the left multiplication of A on X:

(a-&ln)a=(&la” - n)a,

for all £, € X and a € A.

We notice that every Hilbert space H can be viewed as a Hilbert bimodule over the
C*-algebra C.
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Example 1.8 (Directed graphs)

Suppose G = (V, &, s,r) is a directed graph with vertex set V, edge set £ and mappings
s,r: & — V, which describe the source and range of edges. Let Eg be the vector space
of all complex valued functions £ on £ for which the function

veEV - Z €(e)]?

e€&
r(e)=v

belongs to the C*-algebra Ag := ¢o(V). For {,n € FEg,a € Ag,e € E,v € V, we define the
operations

(€-a)(e) = &(e)alr(e)),
(a-&)(e) = als(e))éle),
(E1m)ag(v) = Y E&@nle),

(5%

which make Eg a Hilbert bimodule over Ag.

Example 1.9 (Endomorphisms)
Let A be a C*-algebra and a an endomorphism on A. We set A := A and define the
inner product and the left and right module multiplications by

(&lma = &,
a'f = a(a)€7
g'a = gaa
for £, € 4A,a € A. Tt is easy to see, that ,A is a Hilbert bimodule over A. Note that
the norm on ,A is just the norm on A, since [|€[?4 = [[(£1&)alla = €%l = €%

Considering the case when o = id, we see that a C*-algebra A can always be viewed as a
Hilbert bimodule ;qA over A.

Now let X be a Hilbert bimodule over A. A Toeplitz representation of X in a C*-algebra
B is a pair (¢, 7) consisting of a linear mapping ¥: X — B and a *-homomorphism
m: A — B such that

Pla-&-b) =7(a)p(€)n(b)  and (&) P(n) = x((£]n)a)

for &,m € X and a,b € A. Given such a representation, there is a *-homomorphism
7W: K(X) — B which satisfies 7()(0¢,) = ¥(&)y(n)* for all £,n € X. We say that
the Toeplitz representation (¢, 7) is Cuntz-Pimsner covariant if 7 (\(a)) = 7(a) for all
a € A HK(X)), where A\: A — L(X) is the *~homomorphism that defines the left action
of Aon X. The Toeplitz algebra of X is the C*-algebra 7Ty which is universal for Toeplitz
representations of X, and the Cuntz-Pimsner algebra of X is the C*-algebra Ox which
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is universal for Toeplitz representations of X that are Cuntz-Pimsner covariant. Pimsner
showed in [20] that every crossed product by Z and every Cuntz-Krieger algebra can be
realized as Ox for a suitable Hilbert bimodule X.

Fowler extends this concept to the case when X is a product system of Hilbert bimodules.
But in order to define the notion of a discrete product system of Hilbert bimodules we first
have to explain how the internal tensor product of two Hilbert bimodules is constructed
and what we mean by saying that two Hilbert bimodules are unitarily equivalent. So let
X and Y be two Hilbert bimodules over a C*-algebra A. A mapping ®: X — Y is called
a bimodule mapping if ®(a-£-b) =a-P(§)-bforall a,b € Aand £ € X. It is called
adjointable if it is adjointable as a mapping from X to Y, where X and Y are considered
as Hilbert A-modules.

An adjointable bimodule mapping U: X — Y is called unitary if UU* = idy and U*U =
idy. If there exists a unitary bimodule mapping U: X — Y, we say that X and Y are
unitarily equivalent, X =Y.

Definition 1.10 (The internal tensor product of Hilbert bimodules)

In order to obtain the (internal) tensor product X ®4Y of two Hilbert bimodules X, Y
over a C*-algebra A, we first establish an A-valued inner product on the vector space
tensor product X ® Y given on simple tensors by

(G@m|&L@m)a:=(m|(&[&)a-mh &.&e Xon,mneY.

Then we separate the kernel of this inner product and complete with respect to the norm
induced by (.].)a to get the (internal) tensor product X ®4 Y, cf. [29, page 266]. We
define the bimodule operations by

a-(E®@n)-b:=(a-§)®((n-b), abeAlecX ney,

making X ®4 Y a Hilbert bimodule over A. We note that the relation {-a®@n=£(®a-n
holdsin X ®4Y forae A, { € X andneY.

Now we are able to present Fowler’s discrete product systems of Hilbert bimodules that
he introduced in [10].

Definition 1.11 (Fowler’s discrete product systems of Hilbert bimodules)

Let S be a countable semigroup with identity e and let A be a C*-algebra. A discrete
product system over S is defined to be a disjoint union X = [J, g X, where each fiber X
is a Hilbert bimodule over A. Moreover, there is an associative tensoring operation on X
such that for each s,t € S, there is a mapping (£, 7n) € Xy x Xy — &n € X that extends to
a unitary bimodule mapping from the Hilbert bimodule X ® 4 X; to the Hilbert bimodule
Xst. Moreover, Fowler requires that X, = 44, see [10] for more details.
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So Fowler generalizes the discrete product systems of Dinh by replacing the Hilbert spaces
E; by Hilbert bimodules X;. This is a generalization since we have already seen that a
Hilbert space H can always be viewed as a Hilbert bimodule over the complex numbers
C. Moreover, he admits arbitrary countable semigroups.

Fowler’s work was motivated by discrete semigroup dynamical systems. A discrete semi-
group dynamical system (A, S, a) consists of a C*-algebra A and a discrete semigroup S
acting on A via endomorphisms «, i.e., for all s € S there is an endomorphism o, on A
such that oz 0 = ag for all s,t € S. Given such a discrete semigroup dynamical system
(A, S, a), Fowler constructs a discrete product system X (A, S, «) of Hilbert bimodules.
The following example shows how this can be done in the case when A is unital.

Example 1.12 (A semigroup acting on a C*-algebra)

Let A be a unital C*-algebra and let (A4, S, a) be a discrete semigroup dynamical system.
We want to construct the corresponding discrete product system X (A, S, a) of Hilbert
bimodules. So we set X, := 4, A, s € S, see Example 1.9. Then X (A, S, ) 1= J,c5 X, is
a disjoint union of Hilbert bimodules over A. Since a, = id, we have that X, = ;3A. We
define a mapping ®,, : X; x Xy — X by setting

q)s,t<€777) = as(g)na 5 S Xt777 € XS'

We claim that ®,; extends to a unitary bimodule mapping from X; ®4 X, to X that
we also denote by ®,,. Solet £ € X;, n € X; and a € A be arbitrary. Then we have
Psi(a- (E@n) = Psu((a-§) ®@n) = Pyu(a(a)§ @) = as(a(a)§)n = ag(a)as(§)n =
a - 045(5)77 = a- q)s,t(é & Tl) and (I)s,t((g ® 77) ’ CL) - (Ds,t(£ ® (77 ) CL)) = cI)s,t(g & (77@)) =
as(§)(na) = (as(&)n)a = (as(&)n) - a = 54(§ @) - a, which shows that O, is an A-A-
bimodule mapping. Next we define a mapping V,; : X — X; ®4 X, by

\I]s,t<<) =1 ® C

Then we compute for £ € X;, n € X, and ¢ € X

(Pse(€@n)|[Ca = (Ol =n"as(§)¢ = (n]as(€)Ca = (n]€ - Ch
= ((&11)a-Cla=(E@n[1@ ¢ = (£@n[Vsr(C))a

and so we see that ®,; is adjointable with ®;, = W, ;. Finally, we get that ®,,(®;,(()) =
Dou(18C) = ay(1)C = C and &7, (@,4(€ @ 7)) = O, (as(€)) = 1 @ ay(€)y = 18 € -1 =
1-£®n = ¢ ®n. Hence, we conclude that ®,,07, = idx, and @7, P, = idx,gx.,
which shows that ®,; is unitary. So we have seen that ®,; extends to a unitary bimodule
mapping and hence, X(A,S,a) is a discrete product system of Hilbert bimodules over
the opposite semigroup SY.

Now suppose that X = (J, s X, is a discrete product system of Hilbert bimodules over
a C*-algebra A and let v be a mapping from X to a C*-algebra B. Let 1, denote the
restriction of ¥ to X, s € S. We call ¢ a Toeplitz representation of X if



22

Chapter 1. An introduction to product systems

1. for each s € S, (s, 1.) is a Toeplitz representation of X, and
2. ¥(&n) = (Q(n) for all {,n € X.

We say that ¢ is Cuntz-Pimsner covariant, if in addition each (1g,1.) is Cuntz-Pimsner
covariant.

Then Fowler constructs the Fock representation 1: X — L(F(X)) on the Hilbert A-
module F(X) = @, .5 X,. This construction is similar to the construction of Dinh’s Fock
representation on the Fock space F and it easy to see that it is a Toeplitz representation.

Moreover, he shows that there is a C*-algebra 7x, called the Toeplitz algebra of the product
system X, which is universal for Toeplitz representations of X. To be more precise, he
shows that given a product system X over a semigroup S, there is a C*-algebra 7Ty and
a Toeplitz representation 7x: X — 7x, such that for every Toeplitz representation v of
X, there is a unique *~homomorphism ), of 7x such that ¢, oix = .

Similarly, Fowler shows that there is a C*-algebra Ox, called the Cuntz-Pimsner alge-
bra of the product system X, which is universal for Cuntz-Pimsner covariant Toeplitz
representations of X.

Now let (A, S, a) be a discrete semigroup dynamical system. A (partial) isometric repre-
sentation of S on a Hilbert space H is a mapping V: & — L(H) such that Vj is a (partial)
isometry for all s € § and ViV, = V,; for all s,t € S. A covariant representation of
(A, S, «) on a Hilbert space H is a pair (m, V') consisting of a nondegenerate representation
m: A — L(H) and an isometric representation of S on H such that

m(as(a)) = Vim(a)VF for all s € S and a € A. (1.1)

A crossed product for (A,S,«) is a triple (B,i4,is) consisting of a C*-algebra B, a
nondegenerate *-homomorphism i4: A — B, and a mapping is: S — M (B) such that

1. if o is a nondegenerate representation of B, then (0 04,7 0 ig) is a covariant
representation of (A, S, «) and

2. for every covariant representation (m, V') of (A, S, a), there is a unique representation
m x V of B such that (1 x V)oig=mand 7 x Vois=1V.

It can be shown that a crossed product exists and that it is unique up to canonical
isomorphism. We denote the crossed product by A x, S.

Now Fowler shows that given a discrete semigroup dynamical system (A, S, «) and the
corresponding discrete product system X = X (A, S, a), the Cuntz-Pimsner algebra Ox is
a crossed product for (A, S, «). Moreover he shows that the Toeplitz algebra 7Ty also has
a crossed product structure: it is universal for pairs (m, V') satisfying Equation (1.1) in
which 7 is a nondegenerate representation of A and V' is a partial isometric representation
such that

ViVim(a) = w(a)V Vs for all s € S and a € A.



Chapter 2

A bicategorial view on product
systems

In the present chapter we want to provide new insights into product systems by analy-
zing them from a bicategorial point of view. We start with the category C*ALG whose
objects are C*-algebras and whose arrows are *-homomorphisms. Then we replace the
*-homomorphisms by C*-arrows (based on Hilbert bimodules, see below) and we examine
if this new structure C*ARR still is a category. We will see that this is not the case but
that C*ARR is an example of what is known as a bicategory. We will recall the concept
of a bicategory and we are going to provide several examples.

Following our overview of bicategories, we will introduce the “functors” between bica-
tegories, which are called morphisms. They allow us to give a very short and elegant
definition of the notion of a product system. Therefore, the product systems that origi-
nated from semigroups of *-endomorphisms in Arveson’s paper [1] can now be described
in a very natural way using the concept of morphisms between bicategories.

2.1 The bicategory of C*-arrows

Before we start to deal with bicategories in this section, we first want to recall the notion
of a category to show the formal similarity between categories and bicategories.

Definition 2.1 (Categories)
A category C consists of the following data:

(A) a class Ob(C) of objects A, B, C, ...,
(B) for every two objects A and B a set C(A, B) of arrows from A to B and
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(C) for every triple (A, B, C) of objects a mapping called composition

OAB,C: C(B,C) X C(A,B) — C(A, C)
(9,f) = gof=gf

such that

— the composition is associative and

— for each object A there is an arrow I4 € C(A, A), called the identity arrow on
A satisfying fI4 = f and Igf = f for every f € C(A, B).

We write f: A — B to indicate that f is an arrow from the object A to the object B.
By Arr(C) we denote the collection of all arrows between objects of C whereas the set
{(f,9): f:A—B,g: B—C, A, B,C € Ob(C)} of all composable pairs of arrows will
be denoted by Arr(C) o Arr(C). A category C is called small if Ob(C) is a set.

An arrow f € C(A, B) is called invertible, if there is an arrow fe C(B, A) such that
ff =14 and ff = Ig. If such an arrow f exists, it is unique and we write f = f~'. In
this case the objects A and B are called isomorphic and we write A & B.

An arrow m € C(A, B) is called monic if for arbitrary arrows fi, fo € C(C, A) the equation
mfi = mfs holds only if fi = fo. In other words, m is left-cancellative. An arrow
e € C(A, B) is called epi if for arbitrary arrows g1, g2 € C(B, () the equation gie = gqe
holds only if g; = go, i.e., e is right-cancellative.

Example 2.2 (Semigroups)

Let S be a small category with only one object A. Such a category is also called a monoid.
Then Arr(S) = Arr(S) o Arr(S), i.e., all arrows are composable. The composition o is
associative and fly = I4f = f for all f € Arr(S). Hence, (Arr(S),o) is a semigroup.
The unit element of (Arr(S),0) is 4.

On the other hand, if § is a semigroup with unit element e, we can view each element
s € § as an arrow f,: A — A of a monoid §" with object A. The composition in &’ is
defined by f; o f; := fg. It is clear that S’ is a small category. The identity arrow of S’

is fe.

Example 2.3 (Partial order)

Let O be a small category with the property that |O(A, B)UO(B, A)| < 1 for all objects
A, B € Ob(0), i.e., given two objects A, B of O, there is at most one arrow between
them. Then we can introduce a partial order on the objects of O by defining that A < B
if and only if |O(A, B)| = 1, i.e., if and only if there is an arrow going from A to B.

Since for every object A, there is the identity arrow 14 € O(A, A), we have that A < A
for all objects A. If A < B and B < (|, there is an arrow f: A — B and an arrow
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g: B — C. Hence, there is an arrow gf: A — C and thus A < C. Finally, if A < B and
B < A we have an arrow f: A — B and an arrow g: B — A. If we assume that A # B,
we have that |O(A, B)UO(B, A)| > 2, which contradicts the basic property of O. Hence,
we get A = B and so we have shown that the arrows of O define a partial order on the
set of objects of O.

On the other hand, given a partially ordered set M, we can always define a corresponding
small category Oy in the following way. Let Ob(Oy;) := M and let there be an arrow
f:A— B, A B € Ob(Oy), if and only if A < B as elements of M. Now if f: A — B
and g: B — C are two arrows of Oy, we know that A < B and B < C. Hence, A < C
since M is partially ordered and so there is exactly one arrow h: A — C and we set
go f := h. This defines a composition on Oy, and it is easy to see that Oy, is a small
category with |Op (A, B) U Oy (B, A)| <1 for all A, B € Ob(Oy).

Examples 2.2 and 2.3 show that small categories are a generalization of semigroups on the
one hand as well as partially ordered sets on the other. These examples are complementary
in a sense, because in Example 2.2 we have only one object but arbitrarily many arrows
over this object, whereas in Example 2.3, we have arbitrarily many objects but at most
one arrow between two of these objects. So these are the two extreme cases that we
always want to keep in mind when we study product systems over small categories. Here
are two examples for categories that are not small:

Example 2.4 (Relations)
Let X and Y be sets. A relation R from X to Y is a subset of X xY. Nowlet R: X — Y
and §: Y — Z be relations. We define the composition of R and § to be

SR :={(z,z) € X x Z :Jy € Y such that (z,y) € RA (y,2) € S}.

This composition is clearly associative and given a set X, the relation Zx: X — X,
Ix = {(z,x) : v € X} satisfies RIx = R and IxS = S for relations R: X — Y and
S: W — X. So if we take sets as objects and relations as arrows between these objects,
we get a category.

Example 2.5 (The category C*ALG)

Let C*ALG be the category with objects C*-algebras and arrows *-homomorphisms. It
is clear that this is a category since the composition of *~homomorphisms is associative
and for every C*-algebra A we have id4 as identity arrow.

Definition 2.6 (C*-arrows)
Let A and B be C*-algebras. A C*-arrow from A to B is a Hilbert B-module E together
with a *-homomorphism A\: A — L(E).
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We will write E: A — B to indicate that F is a C*-arrow from A to B and we will
consider E as an A-B-bimodule and hence, write a - £ instead of \(a)(§), a € A, £ € E,
except when we discuss properties of A or A(a). We will say that E is a C*-arrow over A
if £ is a C*-arrow from A to A. Hence, a C*-arrow over a (C"*-algebra A is nothing but a
Hilbert bimodule over A. We introduce this new name to emphasize that C*-arrows will
be the arrows of the bicategory C*ARR that we will present in a moment.

The following example shows that C*-arrows are a generalization of *-homomorphisms
between C*-algebras.

Example 2.7 (*-homomorphisms as C*-arrows)
Let A and B be (C*-algebras and suppose A: A — B is a *-homomorphism. We set

AB := A(A)B C B and define module operations and an inner product on ,B by

0t = Male
é' b = gb:
(5 ’ 77)3 = 5*777

forall {,n € yB,a € Aand b € B. It is easy to see, that y B becomes a C*-arrow from A
to B.

Now let E,F: A — B be two C*-arrows. A mapping ®: F — F is called an A-B-
bimodule mapping if ®(a-&-b) = a-P(&)-bforalla € A, b € Band £ € E. The
notions of adjointable and unitary A-B-bimodule mappings are defined similar to those
of adjointable and unitary bimodule mappings in section 1.3. We also say that E and F' are
unitarily equivalent, E ~ F if there exists a unitary A-B-bimodule mapping U: E — F.

An adjointable A-B-bimodule mapping V: E — F is called isometric if V*V = idg. We
note that this yields (VE|Vn)s = (£|V*Vn)s = (&|n)s forall {,n e E.

The (internal) tensor product E @p F of two C*-arrows E: A — B and F': B — C, is
also defined similar to the case in section 1.3, when F and F' were Hilbert bimodules over
a C*-algebra A. Here, ' ®p F turns out to be a C*-arrow from A to C.

Now we use this internal tensor product to introduce the composition F o E or just F'E
of two C*-arrows F: A — B and F: B — C by setting

FE :=F®pF.

This composition is not associative though, since for C*-arrows £E: A — B, F: B — C
and G: C' — D, the C*-arrows (GF)E and G(FE) are not identical, but only unitarily
equivalent, i.e., there is a unitary A-D-bimodule mapping ag rg: (GF)E — G(FE) given
on simple tensors by { ® (N ® () — (E®@n)®(, £ € E, n e F, ( € G. Thus we have
(GF)E =~ G(FE) instead of equality.
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Given a C*-algebra B, Example 1.9 tells us that 4B is a C*-arrow from B to B. We set
Ip := g B. Then, given C*-arrows E: A — B and F': B — (| there exists a unitary A-B-
bimodule mapping A\g: IgE — E as well as a unitary B-C-bimodule mapping pr: Flgp —
F' given on simple tensors by

Aen®@&)=n-¢ and  pp(®() = (,
where £ € I, n € E and ( € F'. Thus we have F'Ig ~ F and IgFE =~ E.

So if we take C*-algebras as objects and C*-arrows as arrows we do not get a category
anymore, because associativity only holds up to unitary equivalence and also the identity
C*-arrows I are only identity arrows up to unitary equivalence. We notice however, that
for fixed C*-algebras A and B, we get a category whose objects are C*-arrows F: A — B
and whose arrows are adjointable A-B-bimodule mappings between the C*-arrows. What
we get when we take C*-algebras as objects, C*-arrows as arrows and adjointable bimodule
mappings as arrows between the arrows is a so called bicategory, whose definition we want
to recall.

Definition 2.8 (Bicategories)
A bicategory B consists of the following data:

(A) A class Ob(B) of objects A, B, C, ...

(B) For every 2 objects A and B a category B(A, B) with objects f, g, h, ... and arrows
a, 3,7, .... The objects of B(A, B) are called arrows from A to B and the arrows
of B(A, B) are called 2-cells between the arrows from A to B.

(C) For every triple (A, B,C) of objects a functor called composition
©A,B,C: B(B,O) X B(A, B) — B(A, C)

(where we denote the composition of two arrows f,g by go f = ¢gf and the compo-
sition of two 2-cells a, B by ( * ) such that

— for every triple f, g, h of arrows f: A — B, g: B— C, h: C — D there is an
invertible associator 2-cell

ngr: (hg)f = h(gf),

— for every object A of B there is an arrow I4: A — A and for every arrow
f: A — B there are invertible 2-cells

pr: fla=f, A Ipf = f,
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and such that the following diagrams commute:

((hg)f)e) —=t2Lee (hg)(fe) —2L— h(g(fe))

Qg e ——
(h(gf))e o h((gf)e)
(91g)f Saelnad 9(Isf)
pa*iy Lg#A s
g9f

Before we provide examples of bicategories, we first want to give a more detailed descrip-
tion of the notion of a bicategory. Like a category, a bicategory consists of objects and
arrows but contrary to a category, there are also arrows between the arrows, called 2-cells.

f

As in a category, arrows can be composed. For 2-cells however, there are two kinds of
compositions. First, given arrows f,g,h: A — B and 2-cells a: f = g and 3: g = h, we
can compose « and (3 to get a 2-cell fa: f = h, since B(A, B) is a category. We call this
composition the vertical composition.
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It is associative and for every arrow f there is an identity 2-cell ty: f = f, since B(A, B)
is a category.

Secondly, given 2-cells a: f = f" and 3: g = ¢’ as below, we can horizontally compose
them to obtain a 2-cell S *xa: gf = ¢ f"

/ g

I q

Since the composition o4 p ¢ is a functor, the following interchange identity relating ver-
tical and horizontal composition holds in the situation below:

(69) * (Ba) = (6 * B) (7 * a).

Now for arbitrary objects A, B,C, D of B and arbitrary arrows f: A - B, g: B — C
and h: C — D between these objects, we can form the arrows (hg)f and h(gf) from A
to D. If B was a category, then (hg)f and h(gf) would be equal. In a bicategory they
are not equal but there is an invertible associator 2-cell

s (hg)f = h(gf).

Furthermore, for any object A of B there is an arrow I4: A — A and for any arrow
f: A — B there are invertible 2-cells

pflf]A:>f, /\fZIBf:>f.

Example 2.9 (The bicategory C*ARR)

Now we take a look at our motivating example of C*-arrows between C*-algebras again,
which was already introduced in a similar way by Landsman in [16]. We claim that we
are dealing with a bicategory that we denote by C*ARR. The objects of C*ARR are
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C*-algebras, the arrows are C*-arrows and the 2-cells are adjointable, isometric bimodule
mappings. The invertible 2-cells then turn out to be unitary bimodule mappings.

We have already seen that given C*-arrows F: A — B, F: B — C and G: C — D, there
is an invertible 2-cell (a unitary A-D-bimodule mapping) ag rg: (GF)E = G(FE). We
have also seen that given C*-arrows F: A — B and F': B — (|, there exists an invertible
2-cell (a unitary A-B-bimodule mapping) Ag: IpE = E as well as an invertible 2-cell (a
unitary B-C-bimodule mapping) pp: Flg = F.

Now if £, F,G: A — B are C*-arrows and V: E = F and W: F = (G are 2-cells, we let
WV : E — G be the usual composition of A-B-bimodule mappings. Then it is easy to see
that WV is an adjointable, isometric bimodule mapping and hence, a 2-cell WV : E = G
and it is clear that this vertical composition is associative. The identity 2-cell 1p: E = F
is the identity mapping on E.

If BE.FE': A— Band F,F': B— C are C*-arrows and V: E = E' and W: F = F’ are
2-cells, we define W« V: FE = F'E" by

(W V)(€@n) = V() @ W(n)

for £ € F and n € F. It is easy to see that W %V is an isometric A-C-bimodule mapping
with adjoint W* %« V* and so it is clear that W % V' is a 2-cell. Moreover, it is rather
obvious that C*ARR satisfies all of the remaining conditions of a bicategory.

Now we want to take a closer look at what it means that two C*-algebras A and B are
isomorphic in C*ARR. Therefore, we recall the notion of strong Morita equivalence from
[24]. Let X be a Hilbert B-module and an A-B-bimodule equipped with an A-valued
inner product 4(-|-), linear in the first variable, such that

A(§|n)€:£(n|<)3 for all f,’l’/,CEX

and such that 4( X | X ) and (X | X )p are dense in A and B, respectively. Then we call
X an A-B-equivalence bimodule. A and B are called strongly Morita equivalent if there
exists an A-B-equivalence bimodule.

If Fis a C*-arrow from A to B it is easy to see that g (&|n) = ben, &, € E,
defines a IC(E)-valued inner product which is linear in the first variable and satisfies

k) (&) - ¢ = 0ey(C) =& (n]¢)p for all &,n,¢ € E. Now if K(E) C A(A) and A is
faithful on A™'(K(F)), we can define an A-valued inner product on F by setting

a(€ln) = 2" lewy(Eln))  forall nekl.

Moreover, if A is an isomorphism from A onto K(E) and if (E | E )p is dense in B then
E is an A-B-equivalence bimodule.

By definition, two C*-algebras A and B are isomorphic in C*ARR if there is an invertible
C*-arrow F: A — B. We notice that this means that there is also a C*-arrow F': B — A
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such that E®p F = FE =~ A and F ®4 F = EF =~ B. Schweizer shows in [25] that
E: A — B is an invertible C*-arrow if and only if F is an A-B-equivalence bimodule.
Hence, two C*-algebras are isomorphic in C*ARR if and only if they are strongly Morita
equivalent in the sense of Rieffel.

Example 2.10 (Diagrams)

Let X and Y be sets. A diagram D : X — Y is a triple (D, s,r) consisting of a set of
edges D and source and range maps s: D — X, r: D — Y. We define the composition
of diagrams Dy: X — Y, Dy: Y — Z to be DyD; := (D3, s3,73) with

D5 :={(e,€') € Dy x Dy : ri(e) = sa(€')},
s3((e,€)) =si(e),  rs((e,€)) =ra(e).

Now this composition is not associative. To see this, let D;: W — X, Dy: X — Y and
Ds: Y — Z be diagrams and let D and D’ be the sets of edges of D3(DyD;) and (D3Ds)Dy,
respectively. Then D = {((61,62),63) ce € Diyio=1,2,3,r1(e1) = sa(ea), ma(e2) =
s3(e3)} whereas D' = {(e1, (e2,€3)) s €; € Dy, i = 1,2,3, ri(e1) = sa(e2), ra(e2) = s3(es)}.
Hence, the sets of edges D and D’ are not equal, but the mapping

QD Dy, D3 ¢ D — Dl; ((61762)763) = (61, (62763))
is obviously invertible and respects the sources and ranges of the edges, i.e.,

s(e) = s'(ap, pyps(€)) and 7(e) = r'(ap, p,py(€)) for all e € D.

Moreover, for any set X there is a diagram Zx = (Ix, sx,rx) : X — X with set of edges
Ix = X and sx(z) = rx(z) =z for all x € Ix. Then for any diagram D: X — Y we get
DIx = (D,,s,,r,) with

D,={(z,e) € Ix x D : s(e) =z}

and hence, there is an invertible mapping pp: D, — D, (z,e) — e, which respects the
sources and ranges of the edges. Analogously, we have ZyD = (D, sy, ry) with Dy =
{(e,y) € D x Iy : r(e) = y} and an invertible mapping Ap: Dy — D, (e,y) — e that
respects the sources and ranges of the edges. It is easy to check that the mappings
ap, Dy Dy, pp and Ap fulfill all the requirements in Definition 2.8.

So we have a bicategory DIAG with objects sets, arrows diagrams between sets and 2-cells
mappings between sets of edges that respect the sources and ranges of the edges.

Example 2.11 (Relations)
In Example 2.4 we have seen that if we take sets as objects and relations as arrows between
these objects, we get a category C. We want to add 2-cells to C to get a bicategory SET<.
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We let two sets X and Y be fixed and consider the set C(X,Y) of relations R,S,7,...
from X to Y. These relations are by definition subsets of X xY and so C(X,Y) is partially
ordered by inclusion. Now every partially ordered set gives rise to a category as we know
from Example 2.3. We let SET<(X,Y’) be this category, i.e., SET<(X,Y) is a category
whose objects are relations R,S,7,... from X to Y and whose arrows are the arrows
that come from the partial order on the set of relations.

Now we let SET< be the bicategory whose objects are sets, whose arrows are relations
between sets and whose 2-cells are the arrows that come from the partial order on the set of
relations. It is easy to see that SET< really is a bicategory. We notice that the associator
2-cells and also pr and Ag are the identity 2-cells, since the structure that remains if we
take SET< and forget about all the 2-cells is the category C. Such a bicategory is also
called a 2-category.

2.2 Product systems over small categories

In this section, after recalling the notion of a functor, we introduce morphisms, which are
the “functors” between bicategories. We give various examples for morphisms and finally,
we use a morphism to define the notion of a product system over a small category.

Definition 2.12 (Functors)

A functor F from a category C to a category C’ is a map from the class of objects of C to
the class of objects of C’' together with a map from the set C(A, B) for any objects A, B
of C to the set C'(F(A), F(B)) satisfying the following conditions:

® F(I) = I}y for all objects A of C,

e F(gf)=F(g)F(f) for all arrows f € C(A,B), g € C(B,(C).

Since bicategories are a generalization of categories that possess a more complex struc-
ture, we expect the corresponding mappings between bicategories to be a generalization
of functors that also possess an extra structure. These mappings were introduced by
Bénabou in [4], who called them morphisms. They are defined as follows:

Definition 2.13 (Morphisms)

Let B and B’ be bicategories. A morphism (F,®) consists of a function F' sending objects
of B to objects of B’ and for every pair (A, B) of objects in B a functor F g from the
category B(A, B) to the category B'(F(A), F(B)). Furthermore, given any triple (A, B, C)
of objects of B and arrows f: A — B, g: B — C, there is a 2-cell

Qg5 Fpo(g)Fas(f) = Faclgf).
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Finally, for every object A of B, there is a 2-cell &4 : I}(A) = F4 a(14) such that for
every artow f: A— B, g: B — Cand h: C — D the following diagrams commute,
where we omit the indices and just write F'(f) instead of Fy4 g(f):

(F(h)F(9))F(f) 2250 F(hg)F(f) —222—~ F((hg)f)

e (hy, F(9), F(f) Flan,g,z)
FF@F () g FWF(9f) —5—— Figf))
/ A/

F(f) ) —L2— F(f) T F(f) —0 v F(f)
L},(f)*q)A F(py) @B*L;—,<f) F(X\f)
F(f)F(1a) F(fIa) F(Ip)F(f) F(Isf)

Pri1y Prp.f

If all the 2-cells &,y and ®4 are invertible, so that Fpc(9)Fap(f) = Fac(gf) and
Tpay = Fa,a(1a), then (F, @) is called a homomorphism. 1f all @,y and 4 are identities,
so that Fpc(9)Fas(f) = Fac(gf) and Iy 4 = Faa(la), then (F, @) is called a strict
homomorphism.

Example 2.14 (Unital algebras)

Let B be the bicategory 1 with only one object A, one arrow I4 and one 2-cell 17, and let
B’ be the bicategory K-VECT. K-VECT has only one object, a field K. The arrows of
K-VECT are K-vector spaces and the 2-cells are K-linear mappings between these vector
spaces. The composition of two arrows is the vector space tensor product and the identity
arrow [} is K itself, viewed as a K-vector space.

Now let (F,®) be a morphism from B to B/, i.e., we have F(A) = K and Fya(la) =V
for some K-vector space V. Moreover, there are K-linear mappings ®;,;, : V@V =V
and ®4 : K — V. We define a multiplication on V' by setting u - v := ®;, ;, (u ® v) and
we set 1y := ®4(1x). Then it follows from the axioms for morphisms above that the
multiplication is associative and that (Aly)-v =v-(Aly) = A for A € K, v € V and
hence, V' becomes a unital K-algebra with respect to this multiplication and with 1y as
a unit.

On the other hand, given a unital K-algebra V', we can define a morphism (F, ®) from 1 to
K-VECT by setting F'(A) := K, Faa(I4) ==V, @7, 1,(u®v) :=u-vand ®4(\) == A-1y.
Thus there is a 1-1 correspondence between morphisms from 1 to K-VECT on the one
hand and unital K-algebras on the other.
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Example 2.15 (Relations and diagrams)

In this example we want to provide a morphism (F,®) from B = SET< (Example 2.11)
to B =DIAG (Example 2.10). Of course, we set F(X) := X for a set X. Now let
R : X — Y be a relation. Then we set Fyy(R) := Dr := (Dg, sg,rr) with Dg = R,
sr((z,y)) = x and rg((z,y)) = y.

Suppose R, S are relations from X to Y with R C S. Then there is a 2-cell 3 : R = S.
We let Fxy () be the embedding of Dg into Ds which is surely a 2-cell from Dy to Dsg,

since it respects the sources and ranges of the edges. It is easy to check that Fxy is a
functor from B(X,Y) to B'(X,Y).

Nowlet R: X — Y and § : Y — Z be relations. We are looking for a 2-cell
(I)S,R : DSDR = DSR~

By the definition of Ds, D and the composition of diagrams it is clear that DsDr =
(D,s,r) with D = {((2,9),(y,2)) : (z.9) € R,(y,2) € S}, s(((z,9):(y,2))) = @
and r(((x,y),(y, z))) = z. Moreover, we have Dsg = (Dsgr, Ssr,T"sr) With Dsg =
SR = {(x,2) € X x Z : Jy € Y such that (z,y) € RA (y,2) € S}, ssr((x,2)) = z,
rsr((x, z)) = z. So the only mapping from D to Dsg that respects the source and range
of the edges is defined by

®S,R<(<x>y)7 (yv Z))) = (SL’,Z).

It is not hard to check that this mapping is suitable to make the first diagram in Definition
2.13 commute.

Finally, given a set X, we are looking for a 2-cell ®x : 7% = Fx x(Zx). But this is easy,
we just have to remember that Z% = (I, s, r%) with Iy = X and Fx x(Zx) = Dz, =
(D1y, 875,77y ) With Dz, = {(z,2) : x € X} and so there is only one way to define a
mapping from I to Dz, that respects the sources and ranges of the edges and this is

Oy (x) = (z,x).

Again it is easy to see that the remaining two diagrams of Definition 2.13 commute with
® x defined like this and hence, (F, ®) is a morphism from SET< to DIAG.

Example 2.16 (The embedding of C*ALG in C*ARR)

We have already studied the category C*ALG as well as the bicategory C*ARR. Now
we want to provide a morphism that embeds C*ALG in C*ARR. We make C*ALG a
bicategory (in fact it is a 2-category) by adding identity 2-cells to every arrow. For a C*-
algebra A, we set F'(A) := A and for a *-homomorphism A\: A — B, we set F)4 g()\) := »B,
see Example 2.7. Now, given C*-algebras A, B, C' and *~homomorphisms \: A — B and
p: B — C, we define a 2-cell @, \: ,C\B = ,60C by setting

Dy @n) = uén
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for £ € \B = XNA)B, n € ,C = pu(B)C. To see that ¢, (6 @ 1) € ,0xC let & = A(a)b
with a € A, b € B, and let n € ,C be arbitrary. Then we have ®, (£ ® ) = u(§)n =
p(Aa)b)n = (o X)(a)u(b)n € (poA)(A)C = ,onC, since pu(b)n € C. The following
computation shows that ®,  is an A-C-bimodule mapping:

Pyala-(E@n)-c)=pla-&)n-c)=pAa))ne= (poA)(a)(u(&)n)c=a- P, (E®n)-c

fora € A,§ € \B,n € ,Candc e C. Itisalsoeasy tosee that @, ) is isometric. Moreover,
we have @, \(xB ® ,.C) = ©u\(A(A)B © u(B)C) = p(A(A)B)u(B)C = p(A(A))u(B)C =
HOANC = uoxC, since u(B)C C C yields u\(A)u(B)C € p(\(A))C and p(A(A)) =
P(A(A))(A(A)) C u(A(A))pu(B) yields u(A(A))C C u(A(A))u(B)C. This shows that P, \
is isometric and surjective and hence unitary. To see that the first diagram in Definition
2.13 commutes, suppose that A, B, C, D are C*-algebras and that A\: A — B, u: B — C,
v: C — D are *-homomorphisms. Furthermore, let £ € \B, n € ,C and ( € ,D be
arbitrary. Note that F(a, ) = id since a,,,» = id, C*ALG being a category. So we
have

Flayun) o @ux o (P x1,0) (@ (1@ () = Cpun(§ @v(n)() = (v o p)(§)r(n)¢  and

Dy un 0 (L:,E * P, \) 0 a:E,HE,AE(g ®M®() = P,umo (L:E * cb;w\)((f ®n) ®()
- @um(u(rf)n ® ()
= v(u(&n)¢ = (v o p)(§r(n)c.

Having provided all of the above examples, we come to the main reason why we introduced
morphisms. It gives us the possibility to define the notion of a product system over a
small category in a very short and elegant way. By an index category J we shall mean a
small category with objects i, j, k, ... and arrows r, s, t,.... Notice that an index category
J can always be considered as a bicategory: just add an identity 2-cell to each arrow.
The 2-cells a5+ and p,, A\, are the identity 2-cells, of course, since J is a category.

Now it is easy to define the notion of a product system in one sentence:

Definition 2.17 (Product systems over a small category)

A product system (F,®) over an index category J is a morphism from .J to the bicategory
C*ARR.

But let us repeat what this means exactly. For every object ¢ in J there is a C*-algebra
F(i) in C*ARR, which we denote by A;, and for every arrow r: i — j there is a C*-arrow
F; ;(r) from A; to A;, which we denote by F,. We also write F; for the C*-arrow F;;(I;).
Moreover, given any triple (i, j, k) of objects of J and arrows r: i — j, s: j — k, there is
an isometric, adjointable A;-A;-bimodule mapping

®,,: F,F, = F,,
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such that the following coherence condition holds for the family @, ,:

(I)t,sr o ((I)s,r ® [//Ft) ((gr X gs) ® gt) - CI)ts,r o (L}’T & CI)t,s) (57’ & (gs ® é-t))y (21>

where &, € F,, & € Fs, & € Fyand r: 1 — j, s: J — k, t: k — [. This coherence
condition corresponds to the commutativity of the first diagram in Definition 2.13. Note
that ays, = s, since J is a category and hence, F; (ays,) = Lg«},;(tsr)? since Fj; is
a functor. We get a multiplication on the composable parts of | J, . Arr(J) F,. by setting
& - & = Dy, (& ®E) for & € F, and & € F;. We note that Equation (2.1) yields the

associativity of this multiplication.

Finally, given any object ¢ of J, there is an isometric, adjointable A;-A;-bimodule mapping
®; : I), = F; such that for any arrow r : i — j the following identities hold:

q)r,fi © ((I)z ® L/FT) - P;}a (I)Ij,r © (L%‘T ® q)J) = >‘,F, (22)

These identities correspond directly to the commutativity of the second and third diagram
in Definition 2.13. Notice that p, = A\, = ¢,, since J is a category and thus F; ;(p,) =
F;(\) = L’FH(T), since F;; is a functor.

So there are two major differences between Fowler’s discrete product systems and our
product systems. The first difference is that Fowler only studies product systems over
semigroups whereas we allow product systems over arbitrary small categories. The other
difference is that Fowler requires that Fy ® 4 E; and Eg be unitarily equivalent. We only
require that there be an isometric, adjointable bimodule mapping ®,;: FsF;, — Fg. In
fact, Fowler’s definition is a special case of our definition as the following example shows.

Example 2.18 (Fowler’s discrete product systems of Hilbert bimodules)

Let S be a countable semigroup with identity e and let A be a C*-algebra. By (S°)’
we denote the monoid with object i that corresponds to the opposite semigroup S° (see
Example 2.2). We take (S°) as an index category and we let (F, ®) be a product system
over (8°)" such that (F,®) is a homomorphism with F'(i) = A and ®; = id. Then for
every fs € Arr((S8Y)) we get a C*-arrow (and hence a Hilbert bimodule) X := F,;(f5)
over A. Moreover there are unitary bimodule mappings

(I)ft,fs : Xth = Xs Xa Xt — At

for every f, f; € Arr((S8°)’), since (F,®) is a homomorphism. We also have that X, =
Fii(fe) = F; = 14 = a4, since ®; = id. Hence, X = |J, s X; is a discrete product system
of Hilbert bimodules over the semigroup S in the sense of Fowler.



Chapter 3

The reduced Toeplitz and
Cuntz-Pimsner algebras

In this chapter we associate two C*-algebras to every given product system (F, ®), namely
the reduced Toeplitz algebra 7,(F, ®) and the reduced Cuntz-Pimsner algebra O, (F, ®),
and we study various special cases.

First, we introduce the notion of a Toeplitz representation from a product system (F, )
to a C*-algebra and we provide some technical results about homomorphisms between
Hilbert C*-modules that we will need later. Then we introduce the Fock correspondence
F(F,®) of a given product system (F, ®) and we construct one particular Toeplitz repre-
sentation, the reduced Toeplitz representation from (F, ®) to the reduced Toeplitz algebra
7.(F, ®), which is a C*-subalgebra of L(F(F,®)). We introduce the reduced crossed pro-
duct A xg N of a C*-algebra A by a C*-arrow E as the reduced Toeplitz algebra 7,.(F, @)
for a specific product system (F,®) over the natural numbers N. Moreover, we define
the reduced Cuntz-Pimsner algebra to be the quotient of 7,.(F,®) modulo the ideal of
compact operators in 7,.(F, ).

Finally, we provide various examples, which show that our method of constructing the
reduced Toeplitz and Cuntz-Pimsner algebras generalizes many other constructions of
C*-algebras. Our findings show that depending on how we choose our product system
(F, ®), the resulting C*-algebras 7,.(F,®) and O, (F,®), respectively, are isomorphic to
the direct sum of a family of C*-algebras, the direct limit of a direct system of C*-algebras
or the crossed product of a C*-algebra by a group or a semigroup.

3.1 Toeplitz representations

In [10], Fowler introduced the notion of a Toeplitz representation of a discrete product
system X over a semigroup S§. The following definition generalizes this concept to our
situation.

37
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Definition 3.1 (Toeplitz representations)

Let J be an index category and let (F,®) be a product system over J. A Toeplitz
representation m from (F, ®) into a C*-algebra B consists of a family of *~homomorphisms
{m;: A; — B,i € Ob(J)} and linear mappings {m,: F,, — B,r € Arr(J)} such that the
following identities hold:

Tr(ai - & - aj) = 7Ti<ai>7rr(fr)7rj(aj);

Wr(’fr)*ﬂ'r(m) = 7TJ(<§T ’ N )Aj)7
Tsr (q)s,r(gr ® gs)) = Wr(gr)ﬂ-s(fs)a
Ty, © CIDz = T,

mi(a)mi(a;) = 0 fori#j,

where &.,m, € Fy, a; € A;, a; € Ajand & € Fy, i — j, s: j — k € Arr(J). For a
Toeplitz representation 7 from a product system (F, @) into a C*-algebra B we just write
m: (F,®) — B.

Example 3.2 (Covariant semigroup homomorphisms)
Let (A, S,a) be the discrete semigroup dynamical system from Example 1.12, in par-
ticular, let A be unital again. We set F; := , A and define ®4;: F;F, — Fy by
Dy (& ® &) 1= as(&)s for & € Fy and & € F,. Then (F,®) is a product system over
the monoid that comes from the semigroup S. Now let (7, V') be a covariant homomor-
phism from (A, S, ) to a unital C*-algebra B, i.e., 7 is a nondegenerate *~homomorphism
from A to B and V is a semigroup homomorphism from S to the semigroup of isometric
elements of B such that

7(a(a)) = Vim(a)V;
for all a € A and s € S. Then we set m; := 7 and 7,(&,) := V*n(§,) for & € F, and we
claim that this defines a Toeplitz representation from (F,®) into B. So we let a,b € A,
&umye € Foand & € F, be arbitrary and compute

Wr(a'gr'b) = ( ( )gr )_ ( ( )fr )_ ( ( ))ﬂ—<§r)ﬂ-(b)
= 7w(a)V (&) (b) = mi(a)m (& )m(b),

WT(§T>*7TT<7]T) - ﬂ-(fr)*Vrvr*ﬂ—( )

= (&) Ver(WVIm(n,) = (&) m (e (1)) ()
= w(&an(W)m) = m(me) = (& [ )a) =7

i((& [nr)a) and

T (&)ms(&s) = Vim(&)Vin(&s) = ViViVer(§)Vim(€s) = (ViVi) m(as (&) m(Es)
= ‘/st"ﬂ'(as<€r)§s) = Wsr(O‘s(fr)fs) = 7Tsr( s,r(gr & fs))

Let e be the unit element in S. Then «, = id € End(A) and V, = 1. Hence, F, = 44 =
I'y and so ®; = id, which yields that 7j, o ®;(§) = 7m.(§) = V*mi(§) = 1mi (&) = mi(§) for
¢ € I'y = A. The last identity holds trivially, since there is only one object i € Ob(.J) and
so we have shown that 7 in fact is a Toeplitz representation.
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Definition 3.3 (Homomorphisms between Hilbert C*-modules)

Let E be a Hilbert A-module and F' be a Hilbert B-module. A homomorphism from
(E,A) to (F,B) is a pair (Ag, A4) consisting of a linear mapping Ag: £ — F and a
*-homomorphism A4: A — B such that

Ap(€-a) =Ap(€) - Aala)  and  (Ap(&1) [Ap(&2) s = Aa((&1 ]2 )a)

for all £,&,6 € F and a € A. We write (Ag,A4): (E,A) — (F,B) to indicate that
(Ag, A4) is a homomorphism from the Hilbert A-module E to the Hilbert B-module F' and
(Ag,Aa): (B, A) — Bif (Ag, A\a) is a homomorphism from (E, A) to the Hilbert B-module
iaB. For homomorphisms (Ag, Aa): (E,A) — (F,B) and (up, pp): (F,B) — (G,C) we
set

(tp, pB) o (A, Aa) == (1 © Ag, B © Aa)

and it is easy to see that this makes (up, up) © (Ag, Aa) a homomorphism from (F, A) to
(G,C).

Example 3.4 Let A and B be C*-algebras and let 7: A — B be a *-homomorphism.
We set E := igA and F := gB. Then (7, 7) is a homomorphism from (£, A) to (F, B),
because 7(¢ - a) = m(§a) = w(§)m(a) = 7(£) - 7(a) and (7(&1) [7(8) s = 7(&1) 7(E) =
m(§5&) = (&1 ] & )a) for all £,&1,& € E and a € A.

Example 3.5 Let (F, ®) be a product system over J and let m be a Toeplitz represen-
tation from (F,®) into a C*-algebra B. If r: i — j is an arrow of J, then it is easy to
see that the pair (7, ;) is a homomorphism from (F}, A;) to B. This is the main reason
why we recall the concept of homomorphisms between Hilbert C*-modules.

Lemma 3.6 Let (A, a): (E,A) — (F,B) be a homomorphism of Hilbert C*-modules.
Then the identity

Mgy (Ocn) = O rem  EMEE

uniquely defines a *-homomorphism Apy: K(E) — K(F).

Proof: From [14, Lemma 2.1] we know that if X is a Hilbert C*-module over a C*-algebra
C' then the following identity holds for &, ..., &, m1, ...,y € X

H Z 952‘77]7;
=1

= (& 1&)e) 2 ((milmg o),
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where the norm on the right hand side is the C*-norm on M,,(C). Now it follows easily
that

= (A& [ As(&) )2 (Ae(mi) | Ae(m) B)il |

= A& E N Oal( 1)) L2
= INCCE )DL (0 [ )i 2l
= AP €))L i L))l

S [(CATNER(EATN ”2|—H29m

H Z GAE(&))‘E(W)
=1

)

where )\Ef): M, (A) — M,(B) is the *-homomorphism given by AL )((aw)m) (Aa(aij))ij-
This shows that the mapping Ai(g): K(E) — K(F') given by

Ak(B) ( > Qgi,m-) Z M) Ben) = D Oxpie Anin)
=1 =1

is well defined and contractive on the linear span of {0, : {,n € E}. For &,&,m,m2 € E
we have

M) Oy mOcams) = M) (Ocr-(m162)am2) = Orp(er-(m | €2)0) e )
Oxm(€)Aa((m 160026 01) = Onp(e) (Apim) [ As(€) s s(0)
= Oapenrnm) Op@)apm) = M@ (O ) M) (Os..)

since (Ag, Aa) is a homomorphism. From this it easily follows that Ag(g) is multiplica-
tive on the linear span of {0, : £&,7 € E}. Moreover, we have Acig) (D11 Ogm)) =
Moo (i One)) = 2521 s asie) = (ima e nnm)” = M) (i1 Oim)”- Now,
since Ag(p) is a contraction on the linear span of {0, : £,n € E}, we know that there is
a unique extension of A\g(g) to all of IO(E) and that this extension is a *-homomorphism

from K(E) to K(F). O

Corollary 3.7 Let (Ag,Aa): (E,A) — B be a homomorphism of Hilbert C*-modules.
Then the identity

Mgy (Oen) == Ap(§)Ae(n)”  {neE
uniquely defines a *-homomorphism Mgy : K(E) — B.

Proof: If we view B as Hilbert C*-module over itself, we have 0, =& (1| )s = &n*C
for £,m,( € B and so wet get that K(B) = B by identifying 6, with the operation of left
multiplication by £n*. Hence, the assertion follows directly from Lemma 3.6. a
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3.2 The reduced Toeplitz algebra

Now we want to present the construction of the reduced Toeplitz algebra. First, we recall
the notions of the direct sum of a family of C*-algebras and the inner and outer direct
sums of families of Hilbert C*-modules, which we need to define the Fock correspon-
dence F(F,®) of a given product system (F,®) over an index category J. F(F,®) is
a C*-arrow over the direct sum of the family {A4;: ¢ € Ob(J)}. Hence, we are able to
define generalized shift operators m,.(&,.), &, € F,.,r € Arr(J), and multiplication operators
mi(a;),a; € A;,i € Ob(J), on F(F,®) and we show that 7 is a Toeplitz representation
from (F, ®) to L(F(F,®)). Finally, we define the reduced Toeplitz algebra 7,.(F, ®) to be
the C*-algebra generated by the image of (F, ®) under 7.

Definition 3.8 (The direct sum of C*-algebras)
The direct sum of a family {A;: i € I} of C*-algebras is defined by

Ar=P A= {(a) € [T 4 lim Jlai]| = 0}.

iel i€l

Here lim;_,« [|a;]] = 0 means that for every € > 0 there is a finite subset L(e) C I such
that ||a;|| < € for all i € I\L(e). We define addition, multiplication, multiplication by
scalars and involution componentwise. Moreover, we define a norm on A; by setting
| (a;)]| := sup;e; ||a:||- It is not hard to see that this makes A; a C*-algebra.

Definition 3.9 (The inner and outer direct sum of Hilbert C*-modules)
Let {Fj: j € I} be a family of Hilbert A-modules. Then we define the inner direct sum
of {F;: j €I} by

@(i)Fj ={(&) € [T F: D (& & )a converges in A}.

jel jel jel
We define the right multiplication by A componentwise and an A-valued inner product by
((fy) | () )a = > 5er (&G [ )a for (&), (ny) € @EQIFJ It is easy to see that this makes
@52 ; F; a Hilbert A-module, see [15, pages 5-6].

Now let {(F}, A;): j € I} be a family of Hilbert C*-modules. We define the outer direct
sum of {Fj: j € I} by

BDF = {6) e [[ B (&16)a)50r € D A}

jel jer jer
Again, we define a right multiplication by elements of € ier Aj componentwise and an
inner product that takes values in @;.; A; by ((§)| () )@ a;, = ((§1n5)4;)jer for
(&), (n;) € @EOE)I F;. It is not hard to see that this inner product is well defined and that
it makes @E[gl Fj; a Hilbert C*-module over P, 4;.
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Proposition 3.10 Let {(F,, A,): n € I} be a family of Hilbert C*-modules. Then

c@@ ) 2 [[eF)  ad K@ R 2@KEF

nel nel nel nel

Proof: Let T € E(G}noe)f F,) be arbitrary. Then it is easy to see that T'(F,,) C F,,, where
we view [}, as a submodule of @( F,. We let T'|g, € L(F,) denote the restriction of T’
to F, and define a mapping ¥: E(@nel n) = [l,er L(Fy,) by setting

ﬁ(Tv:::(ZWPh>neL

It is clear that ¥(T") € [],c; £(Fn), since ||T|F, || < [|T|| for all n € I and it is easy to see
that ¢ is an injective *-homomorphism. To see that 1 is surjective, let (77,) € [],,c; £(Fn)
be arbitrary. We have to find a T € E(@nel F,) with T|g, = T,, for all n € I. Since
L(F,) C L’(@ne]F ) we set T := > T, If we can show that this sum defines an
element of E(@floe) ; F,) then it is clear that T is the element we are looking for. We

have to show that (3, ., 1,)(§) = (T0.6,) € G}SE)I F, for (&,) € @7(106)1 F,,. But this is
easy to see, since ||T,.&.| < ||Tullllénll < M€, and so lim, o |[( Thén | Thén ) a, |l =
lim, oo [[(&n ] &n)a,ll = 0, since (&,) € @5106)1 F,. So we have shown that ¢ is a *-
isomorphism from L’(@SE)I Fy) to [1,er £(F).

Since K(@nel n) 1s a C*-subalgebra of E(@nel ), we can restrict ¥ to lC(@nOG)IF )

to get a —1som0rphlsm from IC(@SLOE)] F,) to 9(K (@floe)] F,)). So it remains to prove that

0. (@ne] ) = @, K(F,). We let (&,), () € @ne] F,,. Then it is easy to see that

ﬁ(e(sn)v(nn)> = <0£n:nn)nel

and (0¢, n, Jner € D,,c; K(Fy), since 0 < limy, o0 ||0g,, 5, || < limy—ooo ||| ||770 ]| = 0. Hence,
KB, F,)) C @WIC( w). Now let (Kp)ner € @WIC( ) be arbitrary. Then
K, € K(F,) C K(@neIF )and so Y K, € K(@nel F,) by the same argument as
above. Now it is clear that ¥(}_,.; K») = (Ky)ner which shows that 0(&(@5{2, F,)) =
Drcr L) O

From now on, let J be a fixed index category such that all arrows of J are epi and let
(F, ®) be a fixed product system over J.

Definition 3.11 (The Fock correspondence F(F, ®))
Let A; denote the direct sum of the family {A;: i € Ob(J)} of C*-algebras. We set

@(@)

Jj€ODb(J rii—]
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We recall that F(F, ®) is a Hilbert A;-module and that we can also write

f(F7¢>:{(€T) € HFT: ( Z (érlgr)Aj)

reArr(J) rii—j

€ Ay}
FEOD(J)

Especially, this means that for every j € Ob(J) the sum »_ ., (& | )a, converges in
A;. We also recall that the Aj-valued inner product and the right multiplication with
elements of A; are defined by

(E)lom)a, = (X (&) ., and

r:i—j

(&) (ag) = (¢) with ¢, =&, -, for r: i —j,

(ax) € Ay, (&), (ny) € F(F,®). Moreover, we define a left multiplication by elements of
Aj by setting
(ar) - (&) :== (¢) with ¢, = a; - &, for r: i — j,

(ar) € Ay, (&) € F(F,®), which makes F(F, ®) a C*-arrow over A;.

Now we are going to define operators T¢, on F(F,®) and we want to show that these
operators are adjointable. But first, we want to talk about notation. By (7,) we shall
mean an element in F(F, ®), whereas n, denotes an element in F)., which can of course also
be thought of as the element in F(F, ®) that has only one nonzero entry 7, at 'position’
r € Arr(J).

So let & € F, and 7y, € F be arbitrary. We define the operator T, on the single
components of F(F, ®) by setting

Te (n.) = D, ,.(& ®@ns) if (r,s) € Arr(J) o Arr(J)
&\ls) = 0 otherwise.

To show that T, is well defined, we have to make sure that T¢, ((n,)) € F(F, ®) for arbi-
trary (ns) € F(F,®). So first we have to show that ), Z._,j( (Te, ((0))e | (Te, ((s)))e ) 4,
converges in A; and then we must check that

Te, ((ns Te, ((ns ) €Ay
(2 (T Tl g, € 4
To simplify notation, we set M; := {r € Arr(J)| r: i — j,i € Ob(J)}. Now the sum
> vent, (T, (0:))e | (Te, ((ms)))e ) a; converges in A; if and only if for all € > 0 there is a
finite subset L(e) C M, such that for all finite subsets K C M;\L(e) we have

| ST ()| T () ),

< E.
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So let € > 0 be arbitrary. Since (n,) € F(F, ®), we know that >° .,/ (7s]7s)a; converges
in A; and hence, there is a finite subset L'(¢) C M; such that for all finite subsets
K' C M;\L'(¢) we have

(SR DCAENN

seEK’

We set L(e) := {t € M;: 3s € L'(¢) such that t = sor}. It is clear that L(¢) is a finite
subset of M;. Now let K be an arbitrary finite subset of M;\L(e). Then

D (T ()i | Te(m))a, = D (Tee(ne) | Te () ),

<E.

teK seM;

sore K

= Z (s (& @ ns) | P (& © 1) ) 4,
SGJ\/Ij
sore K

= Z (& ®ns | & @ s )Aj < ”fTHQ Z (ns [ 75 )Aj'
SGJVIj SEJ\Jj
soreK sore K

We set K’ := {s € M;: sor € K}. Then K’ is a finite subset of M;, since K is a finite set
and 7 is epi and so for every t € K there is at most one s € M; with ¢ = s or. Moreover,
it follows easily that K’ C M;\L'(¢). Thus we have

< &I

Z(ns“]s)Aj

seK’

<,

| 2@ el 2 o)

which shows that the sum > =,/ (T, ((15)))e [ (Te,((n5)))e ) 4, converges in A;. The com-
putation above also yields that

| 3 (@ 1T i,

< &I

Z(ns‘ns)Aj

SEM]‘

and so it is clear that

(X (T ()| T (m)))a,) €A

jeOb(J
fen, j€Ob(J)

since (ZseMj(nslns )Aj)jeOb(J) € A;. Hence, we have shown that T¢ ((ns)) € F(F,®)
and that ||T¢, ((7:)] < [1&]lI(ns)]], and so T, is a well defined bounded operator on
F(F, ).

We already claimed that T, is adjointable, so now we have to provide the adjoint operator
T¢ . Suppose (r,s) € Arr(J)o Arr(J), 724 — j, s: j— k,and let K" : F, @ Fs — F
be the mapping that is given on simple tensors by

Kgf(nr ®ns) = (& [0 )Aj s



3.2. The reduced Toeplitz algebra 45

Now we define the operator T; componentwise by

T () == Ko @5 (me) if therg exists an s € Arr(J) witht =sor
& 0 otherwise.

To show that T¢ is the adjoint of T, , we have to prove the equation ( (n;) | T¢, ((¢)) )a, =
(T2 ((ne) [ (Ce) )a, for all (my), (G) € F(F,®). We do that componentwise and consider
only the component of the inner product, that arises from the fixed arrow t € Arr(J).

t=sor

If there exists an s € Arr(J) with ¢ = s or (such an s is unique then, since all arrows of
J are epi), we want to assume that ®; () = z, ® ys, ¥, € I}, ys € F,. Then we have

(| Te, (Cs) ) ay M| (& ® ) )a, = (5, () | & © s ) ay

Tr @ Ys | & @ (s )ay, = (y8|(xr|§'r>z4j - Cs ) Ay
(& @ )a,  ys| G )a, = (KT 0 @7, () [ 6 )a,
Te, () | Gs ) a.-

The left hand side of the equation is zero if there is no s € Arr(J) with t = sor. But
in this case the right hand side of the equation is zero, too, and so we have shown that

We set 7, (&) := T, to get a mapping m, from F, into the C*-algebra L(F(F,®)). =, is
surely linear, since the tensor product is linear in the first component and the mappings
®, . are linear.

o~ o~ o~

For a; € A;, i € Ob(J), we let m;(a;) be the operator on F(F, ®) that acts componentwise
by multiplication with a; from the left, where we consider a; as an element of A;, thus

ifs:i—7
otherwise.

mi(a)(n.) = { o

It is clear that m; is a C*-homomorphism from A; to L(F(F,®)). (This is a direct conse-
quence of the fact that each Fy is a C*-arrow.)

Proposition 3.12 7 is a Toeplitz representation from (F,®) to L(F(F,P)).
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Proof: Let &.,n, € F}, a; € A;, aj € Aj and { € F; be arbitrary, r7: ¢ — j, s: j — k. We
prove the five identities

(1) m(ai - & - a;)(G) = mi(as)m(&)m;(a;)(G),
(2) T (&) () (G) = 7 (( & | e )Aj)(Ct),
(3) 71-sr( s,r 57" ® &s )(Ct) = 7T7"<£T)7TS( S)(Ct)7

(4) (7, 0 @) (ai)(C) = mi(ai)(G),

(5) mi(ai)mi(a;)(G) = 0fori#j

for an arbitrary component (; € Fj}.

1) If the source of ¢ is not j then both sides of Equation (1) are zero. So we suppose that
t: j — [ and we compute

mi(ai) T (§)mi(a;)(G) = mia)Te (a5 - ) = mi(a:) P, (& @ (a5 - G))
= a; P, (& a) @G) = Ppr((a; - & - aj) @ )
= Tai‘frﬂj (Ct) = Wr(ai & a’j)(Ct)'

2) With the same argument as in 1), we suppose that ¢: j — [ and we have

(&) T () (G) = TET, () = TE(Pra(e @ &) = K& (R (Prp (e © C)))
= K, ©G) = (&1me)a, - G =m((& ) a,) (&)

3) If the source of ¢ is not k then both sides of Equation (3) are zero. So we suppose that
t: k — [ and we compute

Tr(&)ms(€)(G) = T (Te,(Cr)) = T, (Prs(&s ® ) = P (& @ (Prs(&s ® G1)))
= Dy 0 (Lp, @ Dyy) (fr ® (& ® Ct))
= O, 0(D,, ® /,Ft)((fr ®E&)® Ct) (see Equation (2.1))
= Dy (Psr(§®E) ® Ct) = To, (¢ 06,)(Ct)
= 7o (Psr (& ®E)) (G

4) If the source of t is not ¢ then both sides of Equation (4) are zero. So we suppose that
t: 1 — j and we compute

(mr, 0 i)(ai)(Ct) = Tooy(an)(Ct) = Prr,(Pilai) ® G) = Prp, 0 (D5 ® 1, ) (a; © C)
= ppa;®¢G) (see Equation (2.2))
a; - G = mi(a;)(G)-

5) We have
mi(a;)m;i(a;)(¢) = { miai)(a; - G) it g —k } _ { (aa;) - G ift:j—kNt:i—k

0 otherwise. 0 otherwise.

and so it is clear that m;(a;)m;(a;)(G) = 0 for i # 5. 0
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Definition 3.13 (The reduced Toeplitz algebra)
The reduced Toeplitz algebra T,.(F,®) is the C*-subalgebra of L(F(F,®)) generated by
the operators ,.(¢,) and m;(a;),

T.(F,®) :=C"({m.(&): & € Fryr € Arr(J)} U {m(a;): a; € A;, i € Ob(J)}).

Of course, 7 is a Toeplitz representation from (F,®) into the reduced Toeplitz algebra
T.(F,®). We call 7 the reduced Toeplitz representation.

Example 3.14 (The reduced crossed product A xp N)

Let (F,®) be a product system over the natural numbers N such that (£, ®) is a homo-
morphism and ®; = id. Thus our product system (F, ®) consists of a C*-algebra A and
C*-arrows F,, n € N, from A to A such that F,,,, =~ F, ® F,, for all n,m € N and so
F, = F['. Moreover, we have I = yA and &,y = p’Fk since ¢; = id. We set E = I,
E° := Fy = i4A and we denote the product system (F,®) by (A, E). Moreover, we set

F(E):=F(F,®)={(&) € H E™: Z(£n|§n Ja converges in A}.

neN neN

Now let 7: (F, ®) — 7,(F, ®) be the reduced Toeplitz representation of (F, ®) on 7,.(F, ®).
We set m4 := mg and 7 := 7. Since F,, & E™, we have 7,(§,®- - -®&,) = (&) - - mr(&)
for &,...,&, € E and thus, it is clear that the corresponding reduced Toeplitz algebra
7,.(F, ®), which we denote by A xg N, is generated by m4(A) and 7g(E):

AxpN:=T.(F,®)=C"{mp(&): £ € E} U{ma(a): a € A}).

We call A xg N the reduced crossed product of A by the C*-arrow E.

3.3 The reduced Cuntz-Pimsner algebra

Let J be an index category such that all arrows of J are epi and let (F, ®) be a product
system over J. Moreover, let w: (F, ®) — 7,(F, ®) be the reduced Toeplitz representation.
Then IC(F(F,®)) N7 (F,®) is an ideal in 7,.(F, ®). We set

1,(F,®)

O (F, @) := K(F(F,®)) NT,(F,®)

and ¢ := g om, where q: T.(F,®) — O,.(F,®) is the canonical quotient mapping. It is
clear that ¢ is a Toeplitz representation from (F,®) to O,(F,®). We call ¢ the reduced
Toeplitz representation from (F, ®) into the reduced Cuntz-Pimsner algebra O, (F,®).

In the following sections we will study the reduced Toeplitz algebra 7,.(F,®) and the
reduced Cuntz-Pimsner algebra O, (F, ®) for concrete product systems. If we let (F, ®)
be a product system over a discrete small category J, then we will see that the reduced
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Toeplitz algebra 7,.(F,®) is isomorphic to the direct sum of C*-algebras. Then, for a
given discrete C*-dynamical system (A, G, «), we construct a product system (F, ®) over
the monoid J coming from the group G, such that 7,.(F, ®) is isomorphic to the reduced
crossed product A x,, G. And finally, given a direct system {A;: i € I} of C*-algebras,
we construct a product system (F, ®) over the index category J coming from the directed
set I, such that O,(F, ®) is strongly Morita equivalent to the direct limit limA;.

3.4 The direct sum of (*-algebras

Let J be a discrete small category, i.e., I := Ob(J) is a set and the only arrows of .J are the
identity arrows. Let (F, ®) be a product system over J with ®; = id for all i € I. Hence,
we have a family of C*-algebras A;, i € I, and a family of C*-arrows iq(4;): A; — A,
iel. Foriel, let ®p,:ia(A;) ®ia(A;) — ia(A;) be defined by

<I>1i,1i(a &® b) = ab

for a,b € 1q(A;) = A;. Then we have A; = ,; A; and
(o) (4) (0)
Fro)= @ (B F) =B "t =u(@A) = uds
JEODL(J) r:i—j jel jer

For (a;) € Ay, let My, € K(a(As)) = K(F(F,®)) be the multiplication operator
M, (b;) = (a;b;). Then the mapping (a;) +— My, is a *-isomorphism from A; =
@D..; Ai — K(a(A)) = K(F(F,®)). Now for a € iq(A;), b € ia(A;), we have

7T]Z.<Cl) (b) = Ta(b) = (Si,j(inJi (CL (024 b) = 5i,jab c id(Ai>

and so we see that 77, (a) is the multiplication operator M,, where we view a € ;q(4;) =
A; C Ay. Since m;(a) = 7, (a) for a € A; = i4(A;), we have that m;(a) = 77,(a) = M, €
K(F(F,®)) and thus 7,(F,®) C K(F(F,®)) = A;. But now it is easy to see that the
linear span of {T,,: a € A;,i € I} is dense in K(F(F,®)) and so we have

T.(F,®) = K(F(F,®)) = A, = P A;.

icl

3.5 Crossed products by groups and semigroups

Let (A, G, a) be a discrete C*-dynamical system (see Appendix A) and let A be unital.
G gives rise to a monoid J with object i and with set of arrows {f;: s € G}, such that
all arrows are invertible, see Example 2.2. For the sake of convenience we write s instead
of fs. We define a product system (F,®) over J by setting Fy := , A for all s € G
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and @1 FoFy, — Fy, ©5.(& @ &) = as(&)és. Let m: (F, @) — T.(F,®) be the reduced
Toeplitz representation. We claim that

T.(F,®) = A X, G.

To prove this, we use the fact, that A x,, G is isomorphic to the C*-algebra B described
in Appendix A and so we show that 7,.(F, ®) = B. Let ¥ be the universal representation

of A on H, and let (¥,, p) be the corresponding right regular representation of (A, G, «)
on (*(G,H,). For n € H,, we let 1, denote the element of (*(G,H,) with ns(t) = .7,
s,t € G. Then we have

pe(ns) =na-r and  W,(a)(n,) = (¥(as(a))n)s.

We also recall from Appendix A that the linear span of {¥,(a)p,: a € A, s € G} is dense
in B. Now we want to examine 7,.(F, ®). We have

.’F(F, (I)) _ @(0)( @(i)Fr> _ @(i)Fr _ @(i)aTA

jeOb(J) rii—g reG reG

and so F(F,®) = @(i) A= (*(G,A) as Hilbert A-modules. For ¢ € F}, n € F, we have

reG

() = Te(n) = Ps(§ @) = as(§n € Fia,
* * st 1 * st—1
(&) (n) = T (n) = th "o ‘Pstfl,t(??) = th ’t(l ®n)
- (5 ‘ 1 )A C1 = Qg1 (§*>’I'] € Fst*1 and
mi(a)(n) = a-n=as(a)y € Fi.
Now we define w4 := m; and 7g(t) := m(1)* for all t € G. Like above, for n € A, we let 7

denote the element of (?(G, A) with ny(t) = ds,1m, s,t € G. Then the above computation
yields

ma(t)(ns) =ns-1,  7e(t) () =ne  and  wala)(ns) = (as(a)n)s

for all t,s € G and a € A. Hence, ng is a group homomorphism from G to the group of
unitary element in 7,.(F, ®). Moreover, using the fact that 7 is a Toeplitz representation,
we can show that (74, 7g) is a covariant homomorphism:

ra(ral@re(t) = (1) m(@)m(l) = (1) mla - 1) = (1) mlas(a))
= m((1]ara) ) = malar(a))

for a € A and t € G arbitrary. To see that 7,(F, ®) = B, we use the fact that the Hilbert
spaces (?(G, A) @y H, and (*(G,H,) are unitarily equivalent. The unitary linear mapping
U: (*(G, A) @y H, — *(G,H,) is given by U((as) ® §) := (¥(a,)€) for (as) € 2(G, A)
and ¢ € H,. Now we define a *~homomorphism 9: L(¢*(G, A)) — L({*(G,H.,)) by setting

HT)(E) :=Uo(T®id)oU*(E)
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for T € L(F*(G,A)) and € € (*(G,H,). ¥ is injective, since ¥ is injective, see [15, p.42],
and so it remains to prove that ¥(7,.(F,®)) = B. For n € H, we compute

ma(t)(ns) = Ue(mg(t) @id) o UT((¥(1)n)s) = U o (g (t) @ id)(1s ©n)

= U(lst 1 ®77) ( ( )n)st 1= Ngp—1 and
Hmala))(ns) = Uo(mala)®@id) o U*((¥(1)n)s) = U o (ma(a) ®id)(1s ® n)
= Ul(as(a))s @n) = (Y(as(a))n)s

U ~—

and so we see that J(ng(t)) = pr and ¥(ma(a)) = ¥,(a). Now 7,(F, ) is generated by
the set {m,(a): a € A,s € G} and we have 74(a) = ms(a;'(a) - 1) = m(a; (a))ms(1) =
malas (a))ma(s). Hence, ¥(my(a)) = ¥, (s (a))ps € A X4 G and since the linear span
of the set {U,(a)ps: a € A,s € G} is dense in B, we get that 9(7,(F,®)) = B.

The reduced semigroup crossed product can be treated similar to the discussion above.
We refer to [10, chapter 3] for a precise description of the universal semigroup crossed
product and its connection with the universal Toeplitz and Cuntz-Pimsner algebra, see
also section 1.3.

We want to close this section with a special case. We consider the discrete semigroup
dynamical system (C,S,id), i.e., S acts by the identity on the complex numbers. Then
the corresponding product system (F, ®) consists of the C*-algebra A; = C and the C*-
arrows F, = ;qC, r € §, over C. Moreover, all of the isometric adjointable C-C-bimodule
mappings ®,, are just the canonical mappings from C ® C to C given by 21 ® 23 — 212.
Then it is clear that F(F,®) = ¢*(S). Let e, be the element of ¢*(S) with e,(s) = 4,5,
r,s € S. Then we have
Ter (65) = CDs,r(er ® 65) = Esr-

Moreover, T7 (e;) := 0 if there exists no s € S with ¢ = sr and

Te*r (sr) 1= K" o q):,r(esr) = K::;T(er ®es) = (er|e)c-es = es.

It is easy to see, that m;(2) = z-id, z € C, and so 7,.(F, ®) = C*({T..: r € S}) C L({*(S)).
In this special case, we denote 7,.(F, ®) by C*(S) and hence,

C*(S) :=C*({T., : r € S}) C L(£*(S)).
Note that for S = N we have that T, is the forward unilateral shift operator S on ¢*(N)

and that T,, = S' for [ € N. Hence, C}(N) = C*({T,, : | € N}) = C*(S), which is the
classical Toeplitz algebra.

3.6 The direct limit

An upward-directed set I is a partially ordered set such that for every 7,5 € I there is
an element £ € I with ¢« < k and j < k. A direct system of C*-algebras, indexed by
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an upward-directed set I, is a family of C*-algebras A;, i € I, together with a family of
*~homomorphisms ¢;;: A; — A; for i < j € I such that

Vis = lClAZ foralli eI and Pik © Vi = Pik
for all i < j < k € I. The direct limit (see also [9, p.34]) of the direct system (A;, ¢;;)

is a pair (li_rr)lAZ-, ;) consisting of a C*-algebra limA; and a system of *-homomorphisms
pir A — limA;, i € I, with
pjopi;=; forall ¢<jel

such that (limA;, ¢;) is universal in the sense that if (B, ;) is another pair consisting of
a C™-algebra B and a system of *-homomorphisms v;: A; — B with 1; o ;; = v; for all
1 < 7 € I, there exists a unique *-homomorphism : liL>nAi — B with v o p; = 1; for all
1 € 1. Since (liigA,-,gpi) is universal, limA; is unique up to isomorphism. Thus we can
speak of the direct limit limA4;.

One way to construct liL>nAi is the following: Let A° be the *-subalgebra of the product
[T A; consisting of all @ = (a;) for which there exists an iy € I such that ¢;;(a;) = a;
for all ip < ¢ < j € I. Then ||a| = lim||a;|| exists since the ¢;; are norm-decreasing.
Moreover, || - || is a seminorm that satisfies the C*-identity. Let A' be the quotient of A°
modulo the ideal of elements of norm zero. The direct limit limA; is the completion of Al
To construct the *-homomorphism ¢;, let @ € A; be arbitrary. Let b = (b;) be the element
of [TA; with b; = ¢;;(a) if j >4 and b; = 0 otherwise. Then b € A and we define ¢;(a)
to be the image of b under the canonical *-homomorphism from A° to A' C limA,. Tt is
easy to see that ¢; becomes a *-homomorphism and that the system ¢;,7 € I, satisfies the
required conditions. The union [ J,.; ¢i(4;) is dense in limA; and hence, given another

pair (B, 1);) consisting of a C*-algebra B and a system of *~homomorphisms ¢;: A; — B
with 9; 0 ;; = 9, for all i < j € I, the identity

U(pi(a)) == la) a€A,iel
uniquely defines a *-homomorphism ¢: limA; — B.

For the rest of this section, let (A;, ;;) be a fixed direct system of unital C*-algebras

A; and unital *-homomorphisms ¢;; indexed by an upward-directed set I. We set Fj; :=

o Aji Ay — Aj for i < g, e, Fiy = Aj and for §,n € Fyj, a; € Ay, aj € Aj we have
(§ln)a, =&, ai-§=ygij(a;) and & -a; = Eay,

see Example 2.7. For i < j < k € I we define @5, ;;: Fij @ Fji, — Fy, by

Dirij(E @ M) = wi()n

for { € Fj; and n € Fj;. Asin Example 2.16 we get that ®;; ;; is a unitary A;-Ag-bimodule
mapping. Since the C*-algebras A; are unital, we can even provide the adjoint bimodule
mapping P Fi, — F;; @ Fj, explicitly:

i (O = 1@,

Jkyig -
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which makes sense, because ¢ € Fj;, = Fj, = A;. Moreover, it is easy to see that the
family {®;z.;: ¢ < j < k € I} satisfies the coherence condition (2.1) and finally, we
define ®; :=idp,, for all j € I. Hence, we get a product system (F, ®) = (A;, Fy;, ®i5, P;)

ijy €17
over the index category J = O;, coming from the partial order on I, see Example 2.3.

In the following, we want to examine the corresponding reduced Cuntz-Pimsner algebra

O,(F, ®).

We let Fj = @EQJ F,; = @KJ A; be the inner direct sum of the family {F;;: i < j} of
Hilbert Aj—modul_es. Then Fj is a Hilbert A;-module, too, and the definition of the Fock
correspondence yields

(0) ( (i)Fi ) F;
jegl?J) @ ’ ]E@J} jee?

For a € A;, { € Fyj, we have a - § = ¢;j(a)f = 0,,,(0),1€, where we view ;;(a) and & as
elements of A; when we write ¢;;(a)¢ whereas we view ¢;;(a), 1 and £ as elements of Fj;
when we write 0, (4),1§. Hence, the left action of A; on Fj; is given by the *~homomorphism
@i; and @;;(a) € /C( ;) for all a € A;.

For n < m € I we define a mapping \,,,: F,, — F,, by setting

)\nm (@1§n§zn) = @ign Prm (gzn) 5

ie., for @j<mNim = Am(Bi<n&in) We have 0j, = @nm(§5n) if j < n and n;, = 0 otherwise.

Proposition 3.15 Let n < m € I be fized. Then (Aum, ©nm): (Fny An) — (Fin, An) is a
homomorphism of Hilbert C*-modules.

Proof: It is clear that A, is additive. So let £ = ®;<,,&in, N = Bi<nNin € F,, and a € A,
be arbitrary. Then we compute

)‘nm(f : a) = )‘nm(@ién(&na)) = @z‘ﬁn@nm(&na) = @i§n<‘z@nm(§in)¢nm<a>>
= (Dicn®nm(&in)) - Pnm(a) = A (&) - Ynm(a) and

(Aem (&) 1 Aem(M) ), = (Aam(Bi<ndin) | Anm (Bicntin) ) Ay,

= (@z<n§0nm(€zn) ’ @z<ngpnm(7]zn Z Pnm gzn Qpnm(nm)
i<n
= Spnm(z §fn7im) = @nm(( Di<nbin | Di<nMin )An)
i<n

P ((£17)4,)-
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It is clear from the definition that \,, = idg, for all n € I and that A, o A\ = Ay
for all n < m <[ € I. Hence, the system ((F,, A,), (Aum, Pnm)) is a direct system of
Hilbert C*-modules indexed by the directed set I. The direct limit of the direct sys-
tem ((Fy, An)y (Anm, @nm)) 1s a pair ((F, A), (An, ¢n)) consisting of a Hilbert A-module F’
together with a system of homomorphisms (A, pn): (F, A,) — (F, A) with

(Amy ©m) © (A Prm) = (Any ©n) foralln <mel,

such that ((F, A), (A, ¢,)) is universal in the sense that if ((E, B), (fin, ¥,)) is another pair
consisting of a Hilbert B-module E and a system of homomorphisms (fi,,, ¥y,): (Fr, An) —
(E, B) satisfying (fm, ¥m) © (Anm, ©nm) = (fin, ¥n) for all n < m € I, there is a uniquely
determined homomorphism (p,v): (F, A) — (E, B) satisfying

(1, 1) © (Ans ) = (Hns n)

for all n € I. Since ((F, A), (An, n)) is universal, (F, A) is unique up to isomorphism and
we can speak of the direct limit lim(F},, A,,) := (F, A). It remains to prove that the direct
limit lim(F},, A,) exists.

Proposition 3.16 Let ((F,,, An), (Aum, ©nm)) be a direct system of Hilbert C*-modules
over the upward-directed set I. Then the Banach space direct limit (imF,, \,) can be

turned into a Hilbert C*-module over lii>nAn, where (li_r)nAn,gon) 18 the direct limit of the
C*-algebra direct system (A, pnm), such that (imF,,limA,), (An, ¢n)) s a direct limit
of the direct system ((Fy, An)y (Anm, ©nm)) of Hilbert C*-modules.

Before we start to prove the proposition, we recall some facts about the Banach space
direct limit. First of all, we notice that every Hilbert C*-module is also a Banach space.
For the mappings \,.,,: F,, — F,, we have

[ (N7 = 1A (€) [ A (€) )t |l = Nl ((€1€) )N < NCETE )| = N1EN*

and thus \,,, is a contraction. Hence, we have a system of Banach spaces F,,, n € I,
together with a system of contractions A, for n < m € I such that \,, =idp, and that
Ami © Apm = Ay for all n < m <[ € I. We call this system a direct system of Banach
spaces indexed by I.

The direct limit of the direct system (F},, A\py) 1S a pair (hi>nFn, An) consisting of a Banach
space hi>nFn and a system of contractions \,: F;,, — lii>nFn, n € I, with

A O Anm = A, forall n<mel

such that (limF,, A,) is universal in the sense that if (FE, u,) is another pair consisting
of a Banach space E and a system of contractions u,: F,, — E with p,, o A\, = p, for
all n < m € I, there exists a unique contraction p: limF,, — E with 10 A, = p, for all
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n € I. Since (limF,, A,) is universal, limF}, is unique up to isomorphism. Thus, we can
speak of the direct limit limF;,. It is possible to construct the direct limit lim £}, in a way
similar to the construction of the direct limit of a direct system of C*-algebras.

Proof of Proposition 3.16: Since (F),, A, is a direct system of Banach spaces, we
also have that (F,, X Fy,, \ym X Aum) i a direct system of Banach spaces. It is clear that
(li_n)an X li_r)nFn, An X Ap) is a direct limit for this direct system. Now we define mappings
on: F, x F,, — li_H)lAn by setting

on(&,m) = oa((€11)a,)

for &,n € F,,. Then for n < m we have 6,,0(Anm X Anm ) (€,17) = @i (A (&) | Anm () ) a,,) =
Cm(Pnm((§11)a,)) = @a((€]1)a,) = 0n(§,n). Since limF}, x imF), is universal, there
exists a uniquely defined mapping (. |. )h_r)n A, I, x limF, — lim A, with

(An(&) [ An (1) Jtima, = on(&,n) = en((E]7)a,)

for £,m € F,,. In a similar way one can show that there is a uniquely defined multiplication
- lim £, X limA,, — lim £, that satisfies

An(€) - pn(a) = An(§ - a)

for € € F,, a € A,. It is easy to see that the inner product and multiplication make lim £,
a Hilbert C*-module over limA,, and the above identities show that (An, on): (£, A )

(limFy, limA,) is a homomorphism of Hilbert C*-modules. Since it is clear that the
system {(An, pn): n € I} is compatible with {(Anm, @nm): n < m € I}, it only remains
to prove that ((limF,,limA,), (An, ¢,)) is universal. To see this, let ((E, B), (tn,¥n))
be another pair consisting of a Hilbert B-module E and a system of homomorphisms

(fn, V)i (Fny An) — (E, B) satisfying (tm, ¥m) © (Anmy Pnm) = (fn, ¥p) for alln <m € I.
Then, in particular, we have ,,0©,,, = 1, for the system of *-homomorphisms v,,, n € I,
and ft,, © Ay = pp for the system of contractions u,, n € I. Since li_r)nAn and h_I)nFn are
universal, there is a uniquely defined *-homomorphism ) : liLQAn — B as well as a uniquely
defined contraction p: lmF, — E satisfying

(en(a)) = ¢nla)  and  p(An(€)) = pn(8)

for alln € I and a € A, £ € F,. Now we have u(A,(§) - on(a)) = (A (€ - a)) =

fin(§ - a) = pn(€) - Pula) = p(An(§)) - ¥(enla)), since (Ao, o) and (jin,4n) are homo-
morphlsms For the same reason we get that ( (A, (§)) | w(An(n) )8 = (1 (&) | (1) 5 =

Un((€]1)a,) = D(@n((€11)4,)) = Y((Anl€) [ An() Jiima, ). Hence, we have shown that
(11,%) is a uniquely defined homomorphism from (lim£;, limA4,) to (E, B), which shows

that (limF,,,limA,) is universal. O
— —

Proposition 3.17 limK(F,) = K(limF,)
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Proof: Let | < m € [ be arbitrary. Then it follows from Proposition 3.15 that
(Nims oim) = (1, A) — (Fi, Ayn) is a homomorphism of Hilbert C*-modules. Hence, by
Lemma 3.6 it follows that there is a *~homomorphism 7,,,: K(F}) — KC(F,,) that satisfies
Tim(Oen) = On, (@) hm(n) for all §,m € Fj. Now for k <1 <m € I and &,n € Fj, arbitrary
we have

Tim © Thi(Og.) = Oxpmora(©) Mimore(m) = O (©) Ao () = Thm (D),

which shows that (K(F,), 7im) is a direct system of C*-algebras indexed by I. Let
(im/C(£,), 7,) be the direct limit of this system.

For [ € I arbitrary, we know from Proposition 3.16 that (A, ¢1): (Fi, A;) — (lim £, limA4,,)
is a homomorphism of Hilbert C*-modules. Hence, there is a unique *-homomorphism
wi: K(F) — K(limF),) that satisfies wi(f,) = Ox )0 for all §,n € F. For I <m €I
and &,n € F; arbitrary we have

Wi © Tim(0e.n) = Oxmorsn(© Amorim(n) = On@)nim) = @i(fen).
Hence, there exists a uniquely defined *-homomorphism w: imK(F,) — K(limF,) with
wo T, =w, forall n € I, since (imkK(F,),7,) is universal. To see that w is isometric, we
let &, m; € F,, be arbitrary and compute for K = Tn(Zle «952.%) € lim/C(F},)

| K| = and

= lim
m—0o0

n(3000)
=1

(3200
=1

k
i=1

lw(K)I = Hw(m(ie&,m)) | =] iwnw&,m) = iexn@mﬁ

= [(OME M) i) () L) D)7
= 1 [ (&) [Aum(€) )an) 5 (e 1) D (0) )a,). |

,L’]

m—0o0

k
= llm H Z GAnm(gi),Anm(m)
=1

where we use that M, (limA,) = lim M} (A,). Since the union (J,; 7,(K(F,)) is dense in
hmIC( »), this shows that w is an isometry and hence injective. To see that w is surjective
it sufﬁces to show that elements of the form 0y, ) x.(), &1 € Fy, are in the image of w,
since U, oy An(Fn) is dense in limF,. But this is 0bv1ous since

Orn(©An(m) = Wn(Og) = W(Tn(0c ).
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Proposition 3.18 O,(F,®) = im/k(F,)

—

Proof: We will work with the concrete realization of the direct limit lim/C(F},) described
above. So let K be the *-subalgebra of the product [, ., K(F,) consisting of all k& = (k)
for which there exists an ng € I such that 7,,,(k,) = ky, for all ng <n <m € I. Let K!
be the quotient of K° modulo @, .; KC(F,). The direct limit lim/C(F,,) is the completion
of K'. To construct the *-homomorphisms 7,: K(F,) — HmK(F,), let k € K(F,) be
arbitrary. Let k = (k,,) be the element of [[K(F,) with &, = Tm(k) if m > n and
Km = 0 otherwise. Then k € K° and we define 7, (k) to be the image of x under the
canonical quotient mapping p from K to K' C imK(F,).

Now let ¥: L(F(F,®)) = E(@ffe)l F,) = I1,e; £(F5) be the mapping defined in the proof
of Proposition 3.10 by setting
NT) == (T|p.ner;

where T'|, is the restriction of T' to F},. Since 7,.(F, ®) is generated by the generalized shift
operators Tg, ., §; € Iy, we want to compute ¥(T,;). So let §; € Fyj and (i )r<n € I
be arbitrary. Then for j < n we have

Te; Men)k<n = TeyMin = Pin,ij (Eij @ Njn) = Pin(Eij)Njn € Fin-

This yields that T¢,,|r, = 0, ().1 € K(Fy), with ©;,(&in) € Fip and 1 € Fy,, if j <n and
Tt,,|F, = 0 otherwise. Hence, ¥(T¢,;) € [[,c; K(Fy). Moreover, for all j <n <m € I we
have

Fn) = Tnm(egp]-n(&j),l) = G)Wm(‘Pjn(fij))v)\nm(l) = ‘980nm(<ﬂjn(§ij))790n7n(1)

= esojm(fij%l = Tfij

Tnm (T&‘j

Fn

and thus J(T,,) € K°. Hence, ¥ restricts to a *-homomorphism from 7, (F, ®) to K°. Let
q: T.(F,®) — O,(F, ®) be the canonical quotient mapping. We define a *-homomorphism
U: O.(F,®) — ImK(F,) by setting

for all T € T,(F, ®). To see that ¥ is well-defined, let T € T,(F, ®) and K € K(F(F,®))n
7.(F, ®) be arbitrary. Then q(T+ K) = q(T') and so we have to show that p(J(T + K)) =
p(I(T)). But p()(T + K)) = p(I(T)) + p(V(K)) = p(I(T)), since I(K) € B,,¢; L(Fn) by
Proposition 3.10. Next, we show that 9 is injective by computing its kernel:

ker(d) = {q(T) € O,(F,®): 9(¢(T)) = 0} = {¢(T) € O,(F,®): p(¥(T)) = 0}
= {q(T) € O,(F,®): )(T) € PK(F,)}

nel

= {q(T) € O,(F,®): T € K(F(F,®))} = 0.
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To see that U is surjective, it suffices for arbitrary (&;,)i<n, (1in)i<n € F,, to find an operator
T e Z(F, (I)) with T|Fn = 9(&")7(,71.”). We claim that

< Z TEW T;jn>

L,j<n

=0 V(n)-
£, (&in)s(Min)

So let (Gin)i<n € Fy be arbitrary. Then we have

Ot)icmimm)yen Crnicn = (Endicn = ((Min)i<n | (Condkzn ) an = (En - Y (Mjn | G ) an)izn

j<n
= ( Z gznn;kann> i<n and

Jj<n

( > TsmT;jn> (Cenden = Y Ten T Gin =, Teou((Mjn | 1) a4, - Gin)

h,j<n hLj<n hL,j<n

= Y T @unmn)Gn) = (2 omnlGn)inn)

L,j<n jsn

B ( Z &nn;"@n) i<n

Jjsn

and thus 0 is a *-isomorphism from O,(F,®) onto Hm/C(F,). O

Theorem 3.19 O,(F, ®) and limA,, are strongly Morita equivalent.

Proof: From Propositions 3.17 and 3.18 we know that the C*-algebras O,.(F,®) and
K (hi>nFn) are isomorphic. Moreover, it is easy to see that (hLQFn | lim 7, ima,, is dense in
limA,,. Hence, it is clear (see Example 2.9) that limF,, is an O,(F, ®)-limA,-equivalence
— — —

bimodule. O
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Chapter 4

The universal Toeplitz and
Cuntz-Pimsner algebras

In the present chapter we introduce the universal Toeplitz algebra 7 (F, ®) and the uni-
versal Cuntz-Pimsner algebra O(F, ®) together with their corresponding Toeplitz repre-
sentations. First, we show that given a product system (F,®) over an index category
J, there is a C*-algebra that is universal for Toeplitz representations over (F,®). This
C*-algebra will be defined by a universal condition and consequently, it will be unique up
to isomorphism and we will call it the universal Toeplitz algebra 7 (F, ®).

Secondly, we recall the notion of Cuntz-Pimsner covariant Toeplitz representations from
[10] and introduce the universal Cuntz-Pimsner algebra, which is universal for Cuntz-
Pimsner covariant Toeplitz representations over (F, ®).

Finally, we provide some facts about bicategorial colimits that allow us to reveal the
bicategorial structure behind the universal Toeplitz algebra. Given a morphism (F, ®)
from a bicategory B to a bicategory B’, we recall the notion of the colimit for (F,®) and
we show that in the bicategory C*ARR, the universal Toeplitz algebra 7 (F,®) can be
viewed as the colimit object for the product system (F, ®).

4.1 The universal Toeplitz algebra

Proposition 4.1 For every product system (F,®) over J, there is a C*-algebra T (F, D)
and a Toeplitz representation i: (F,®) — T (F,®) such that every Toeplitz representa-
tion w: (F,®) — B factors uniquely through i, i.e., there is a unique *-homomorphism
7: T(F,®) — B, such that m, = T o4, and mp = 7 oiy for all v € Arr(J), k € Ob(J).

Proof: Let P be the universal *-algebra generated by symbols
{te,: & € Fry re Arr(J)} U{ty,: a; € A;, i € Ob(J)}

29
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and relations such that for all objects ¢ of J the mapping A; 3 a; — {t,, becomes a
*-homomorphism and that the identities

t&ﬁ-m = th + t77T7 tai'fr’aj = taitgrtaj’ tZrtnT = t(éT [ 1 )Aj
tq)s,r({r@&s) = tért£s7 tq)z(az) = tai? taitaj = O fOI‘ 7’ # j

hold, where &,.,m,. € F,, { € Fs, a; € A, a; € Aj, 4,5,k € Ob(J), r:i—j, s: j— k. We
now define a maximal C*-seminorm on P by setting

||| := sup{v(x): v is a C*-seminorm on P}, z € P.

To make sure that this supremum is actually bounded, we let v be an arbitrary C*-
seminorm on P, i,j7 € Ob(J) and r: i — j be arbitrary. Then a; — v(t,,) defines a
C*-seminorm on A; and hence, v(t,,) < ||a;||4,, where |.]|4, denotes the C*-norm on A;.
Moreover, for an arbitrary &, € F, we have

v(te,)" = vltgte) = vite 160a,) < 10616 )a,lla, = 161,

Since C*-seminorms are submultiplicative, it follows that ||.|| is bounded on every element
of P. By separating and completing with respect to ||.|| we get a C*-algebra which we
denote by 7 (F, ®). We write ¢,(&,), & € F,, and i;(a;), a; € A;, for the images of t¢, and
to; in T(F,®). Because of the relations that hold in P and hence in 7 (F, ®), it is clear
that i : (F,®) — 7 (F,®) becomes a Toeplitz representation.

Now we suppose that 7: (F,®) — B is a Toeplitz representation. By 0(t¢,) := 7,.(&,),
& € oy r € Arr(J) and 0(t,,) = mi(a;), a; € A;, i € Ob(J), we define a mapping 6
that extends to a *-homomorphism from P to B. By setting u(z) := ||0(x)]|, we get a
C*-seminorm on P and thus 6 is a contraction, since

10(z)|| = p(z) < sup{v(z): v is a C*-seminorm on P} = ||z||.

Hence, 6 extends to a C*-homomorphism 7: 7 (F,®) — B. It is obvious that 7(i,(§,)) =
O(te,) = (&) and 7T(ij(a;)) = O(ta,) = m;(a;) for all & € F., r € Arr(J), and a; € Aj,
j € Ob(J). Finally, 7 is unique, since € is determined by its values on the generating
symbols of P. O

Definition 4.2 (The universal Toeplitz algebra)

Since 7 (F, ®) is defined by a universal condition, it is unique up to isomorphism. Thus
we call 7 (F, ®) the universal Toeplitz algebra and we say that ¢ is the universal Toeplitz
representation from (F, ®) into T (F, ®).

Remark: ; 7(F,®) = i;(A;)T(F,®), j € Ob(J), is a family of Hilbert C*-submodules
of the Hilbert 7 (F,®)-module jq7 (F, ®). We have that i;(a;) € ;;7(F,®) for a; € Ay,
as well as i,(§,) € T (F,®) for & € F,, if r: j — k € Arr(J). Moreover, for j # k we
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have ;, T (F,®) L ;, T(F,®), because for a; € A;, ar € Ay and &, € T (F, ) we compute
(i5(a;)& [ik(ar)n )T (rae) = §*ij(a})ix(ar)n = 0, since i;(a})ir(ar) = 0. Hence, ;g7 (F, @) is
the inner direct sum of the family {;, 7 (F,®): j € Ob(J)},

a7 (F, ) EB T (F,®).
Jj€ODb(J)

4.2 The universal Cuntz-Pimsner algebra

In [10], Fowler introduced the notion of Cuntz-Pimsner covariant Toeplitz representations
over product systems that are indexed by a semigroup. We want to carry this notion
over to our situation to introduce the universal Cuntz-Pimsner algebra O(F, ®) that will

be universal for Cuntz-Pimsner covariant Toeplitz representations over a given product
system (F, ®).

Let 7: (F,®) — B be a Toeplitz representation. Then for every r: i — j € Arr(J),
(mp,m;): (Fy, Aj) — B is a homomorphism of Hilbert C*-modules. Hence, Corollary 3.7
implies that there is a *-homomorphism 7, : KC(F,) — B, which satisfies

() = e (E)mp ()" forall §n € F,.

We say that the Toeplitz representation 7: (F, ®) — B is Cuntz-Pimsner covariant if

for all a € A7V (K(F})), r:i — j € Arr(J), where \,.: A; — L(F}) is the *~homomorphism
that defines the A;-left multiplication on F..

Proposition 4.3 For every product system (F,®) over J, there is a C*-algebra O(F, ®)
and a Toeplitz representation j: (F,®) — O(F,®), which is Cuntz-Pimsner covariant,
such that every Cuntz-Pimsner covariant Toeplitz representation w: (F,®) — B factors
uniquely through j, i.e., there is a unique *-homomorphism 7w : O(F,®) — B, such that
T, =70 J, and mp = 7 o jg for all r € Arr(J), k € Ob(J).

Proof: Let i be the universal Toeplitz representation from (F,®) into the universal
Toeplitz algebra 7 (F, ®) and let Z be the ideal in 7 (F, ®) generated by

{ir(a) —i,(M\(a): a € NHK(F)),r: k — 1 € Arr(J)}.
We define O(F,®) := T(F,®)/Z and j := q o i, where q: T(F,®) — O(F,®) is the

canonical projection. It is easy to see that j is a Toeplitz representation from (F,®) to
O(F,®) and for a € AN (K(F,)),r: k — | € Arr(J), we have j,(\.(a)) = q(i.(\.(a))) =
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q(ir(a)) = jr(a), which shows that j is Cuntz-Pimsner covariant. If ¢ is another Cuntz-
Pimsner covariant Toeplitz representation from (F,®) to a C*-algebra B, there is a
unique *-homomorphism ¢: 7(F,®) — B that satisfies ¥ 0 i, = ¢, and ¥ o iy = Uy
for all » € Arr(J) and k& € Ob(J), since ¢ is a Toeplitz representation. Now for
a € A\ YK(F)),r: k — 1 € Arr(J) we have

77D(Zk(a) - zr()‘r(a))) = ¢k(a) - Qz)r(/\r(a» = O,

since 1 is Cuntz-Pimsner covariant and hence, 1/1 descends to a unique *-homomorphism
IR O(F,®) — B that satisfies 1 oq=1. Hence, we have )0 j, = ogoi, = oi, =1,
and ¥ o j = oqoiy = 1) oiy =y, for all r € Arr(J) and k € Ob(J).

Definition 4.4 (The universal Cuntz-Pimsner algebra)

O(F, ®) is defined by a universal condition and thus it is unique up to isomorphism. We
call j the universal Cuntz-Pimsner covariant Toeplitz representation from (F, ®) into the
universal Cuntz-Pimsner algebra O(F, ®).

4.3 Bicategorial colimits

The aim of this section is to show that for certain product systems (F, ®), the universal
Toeplitz algebra 7 (F, ®) can be viewed as the colimit object for (F, ®) in the bicategory
C*ARR. Therefore, we first have to recall the notion of a colimit for a morphism (F, ®)
from a bicategory B to another bicategory B’ from [13]. To define the notion of a bi-
categorial colimit, we need to provide some other basic notions from bicategory theory,
namely optransformations, the diagonal morphism and modifications, see also [17].

Definition 4.5 (Optransformations)
Let B, B’ be bicategories and let (F, ®), (G, ¥): B — B’ be morphisms. An optransforma-
tion o: (F,®) — (G, V) consists of a family of arrows o¢(A): F'(A) — G(A), A € Ob(B)

and a family of 2-cells

01(f): 00(B) o Fap(f) = Gap(f)ooo(A),

f: A — B € Arr(B), such that the following diagrams commute for f: A — B and
g: B— C € Arr(B):
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00(C)(F(9)F(f) (00(C) (F(9)) F () "0 (G(g)on(B)) F (1)
o0(C)F(gf) G(9)(oo( B)F(f)
o1(9f) Yoy o (f)
Cl0)o0(A) g (GO0l A) i Glo)(C()on(4)
0o(A) iy — ™ oo (AVF(L) — e G(1a)on(A)
Pog(A) Yaxeg a)
o0(A) T 14 4y00(A)

Definition 4.6 (The diagonal morphism AX)
Let B,B’ be bicategories and let X € Ob(B’). Then we define a morphism AX =
(AX,Ux): B— B by setting

AX(A) =X AXap(f) =1TI% AXap(3) =ty

for all A, B € Ob(B), f € Ob(B(A, B)) and § € Arr(B(A, B)). It is clear that AX 4 g is
a functor from B(A, B) to B'(X, X). Furthermore, given any triple (A, B, C) of objects
of B and arrows f: A — B, g: B — C, we set

(Wx)g.r = 10/[3(: I'yoly = I and (Ux)a = L/I% Iy = 1.

One can show that this definition makes (AX, Vy) a morphism from B to B, which we
call the diagonal morphism.

Remark: In fact, A is a morphism from B’ to the bicategory (B')®, whose objects
are morphisms from B to B, whose arrows are optransformations and whose 2-cells are
modifications (see below).

Now that we are familiar with optransformations and the diagonal morphism, we are able
to introduce lax cones, which are of great importance, since the definition of bicategorial
colimits is based on them.
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Definition 4.7 (Lax cones)
Let B, B’ be bicategories, let (F,®): B — B’ be a morphism and let X € Ob(B’). A lax
cone from (F,®) to X is an optransformation

o (F,®) = (AX, Wy).
Hence, a lax cone from (F,®) to X consist of a family of arrows o¢(A): F(A) — X,

A € Ob(B), and a family of 2-cells o1(f): 0¢(B) o Fap(f) = I ocoo(A), f: A— B,

Fa,B(f)

F(A)

F(B)

I 000(A)

X

such that the following diagrams commute for A, B,C" € Ob(B), f € Ob(B(A, B)) and
g € Ob(B(B,()) arbitrary:

n—1

00(C)(F(g) F(f)) —

(00(C)(F(g))F(f) 2250+ (o, (B))F(f)

L;O(C)*q)g’f o
oo(C)F(gf) Ix(oo(B)F(f))
o1(gf) L};{*m(f)

Ixoo(A) - (IxIx)oo(A) ——  Ix(Ix00(4))
14 oo (4) (@)
(A)I/ Li’o(A)*q)A MAMF(I
oo(A) g a) oo(A)F(1a)
Poro(A) o1(1a)
0'0(14) IS(O-O(A)

()‘:7()(14))71
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Before we are able to define the notion of a bicategorial colimit we have to provide a way
to construct a new lax cone f o o from a given lax cone o and we need to introduce the
notion of a modification between optransformations.

If o is a lax cone from (F,®) to X and f: X — Y is an arrow in B’ then we define a lax
cone f oo from (F,®) to Y as follows. For A € Ob(B), we set

(foo)y(A):=fooe(A): F(A) =Y
and for an arrow r € Ob(B(A, B)), we define a 2-cell
(feo)(r): (foa)o(B)o Fap(r) = Iy o (fo0)(A)

by setting

(foa)(r) = a o (Np) ™ * iy () © (0 # trya)) © (&) H 0 (1 % 0 (r)) o

see diagram below:

(fou(B))F(r) T foB)F(r) T f(Tion(4))
(o)™t
(foo)(r) (fI)oo(A)
P*on(a)
I (foo(A) (BDood) =g foo(4)

One can show that this definition in deed makes f o o a lax cone from (F,®) to Y.

Definition 4.8 (Modifications)

Let B, B’ be bicategories and let (F,®),(G,¥): B — B’ be morphisms. Moreover, let
o,6: (F,®) — (G,V) be optransformations. A modification I': ¢ — & consists of a
family of 2-cells

FAi O'o(A) = 6'0(14),
A € Ob(B), such that the following diagram commutes for all f: A — B € Arr(B):

oo(B)F(f) — 250 5 (B)F(f)
a1(f) &1(f)

G(f)oo(A)

L/G(f>*FA
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Definition 4.9 (Colimit for a morphism (F,®))

Let B, B’ be bicategories and let (F,®): B — B’ be a morphism. A colimit for (F,®) is a
lax cone o from (F, ®) to the colimit object X such that for each lax cone 7 from (F, ®) to
Y there is a pair (f,3), where f: X — Y is an arrow and #: 7 — f oo is a modification,
which is universal among such pairs, i.e., given another such pair (f’, #') there is a unique

2-cell x: f = f"such that 3 = (x * ¢ 4)) o B for all A € Ob(B).

First, we want to describe what it means that there is a modification §: 7 — foo. It
means that there are 2-cells G4: 79(A) = f oo0¢(A), A € Ob(B), such that the following
equation holds for r € Ob(B(A, B)):

(ty #5a) 0 7a(r) = (F 0 O )a(r) © (B * )
= do (()\})_1 * L:TO(A)) o (p’f * L;O(A)) o(a) o (L/f x01(r)) oa’ o (Bp * L%(T)).

Now that we have provided the bicategorial background, we want to show that for certain
product systems (F,®), the universal Toeplitz algebra 7 (F,®) can be viewed as the
colimit object for (F, @) in the bicategory C*ARR. So for the rest of this section, let (F, ®)
be a product system over an index category J such that all C*-arrows F,., r € Arr(J), are
finitely generated and all C*-algebras A;, i € Ob(J), are unital.

First of all, we want to show that a Toeplitz representation 7: (F, ®) — B can always be
viewed as a lax cone o(m) from (F,®) to B. We set

o(m)o(i) :==B  and  o(m)(r)@n) =7 (§) @1

fori € Ob(J), r:i —j € Arr(J), { € F, and n € ,B.
Lemma 4.10 o(7) is a laz cone from (F,®) to B.

Proof: It is clear that o(7m)¢(i) = », B is a C*-arrow from A; to B. To see that o(m),(r) is
a 2-cell from o(7)o(j) o F, = F, ® ,B to [z 0B = »,B®iqB we first show that o (7). (r)
1s isometric:

(o(m(r)(E@n) |o(mn(r)(E @)

CGETEAGED)" ~

= (1(m&) 7€) - ) = (0] 7, (6) m (i
(n i
(

| ((E1E)a,)i )5 = (0] (€]E)a, 71 )s
E@n|E®i)p,

where £, € F,, 1,7 € ~B. Since A; is unital, it follows easily that . B is finitely
generated as a Hilbert B-module by 7;(1). Since F, is a finitely generated C*-arrow, we
also have that F,. ® », B is finitely generated. Hence, the image of F,. ® . B under o(m);(r)
is finitely generated. Schweizer shows in [26] that a finitely generated Hilbert C*-module
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is always self dual. From this it follows easily that o (7). (r)(F, ® r, B) is a complemented
submodule of , B ® jqB, which yields that o(7);(r) is adjointable and hence, a 2-cell.

Now let r: i — j,s: j — k € Arr(J) be arbitrary. We have to show that

o(m)i(sr)(, g * Psr) = (0,5 % ¢, 5) () (t],p % o (m)1(r))a (o(m)1(s) * v, ) (@)

Solet &, € F,, & € Fy and n € ,, B be arbitrary. Then we have

U(”)I(ST)(L:%B Q) (6 ®&)@n) = o(m)i(sr)(Ps (& @ &) @n)
= 7Tsr<q)sr(£r & gs)) @n = 777“(57‘)75(58) N and

(0,5 %0 p) (@) g * o(m(r)a (a(m)i(s) * i, ) (@) (& @ &) @)
= (Pp = p) ) (5 x o(m(r)d (a(m)i(s) * i, ) (& @ (& @ 1))
= (g p)) (5 *o(m(r)d (& @ (ms(&) @ n))
= (P,p* p) ) (5 x o(m(r)((& @ ms(&)) @ n)
= (Pp*t p) ) ((m(&) @ ms(&)) @n) = (g * ) (T (&) @ (s(&) ©@ 1))
= 7(&) @ ms(&s)n = m(§)ms (&) @1

Finally, it remains to prove that (X g)~top’ 5 = o(m)1(f;)o (! z*®;) which is equivalent
topl g =N goo(m)i(l;)o (v gp*®;). Sowelet § €I =iqd; and n € r, B be arbitrary
and compute

XN poo(mili)o( p*x®)(§@n) = N goo(m)i(L;)(Pi(§) ®@n)

K3 K3

= X p(m,(2:(§) ®@n) = m(&n = p p(§ @)

3

From Proposition 4.1 we know that the universal Toeplitz representation i: (F,®) —
7T (F,®) is universal for Toeplitz representations over (F,®) and now we have seen in
Lemma 4.10 that Toeplitz representations can be viewed as lax cones. Hence, the lax
cone () is universal for lax cones over (F,®) that come from Toeplitz representations.
The following theorem states that (i) is universal for arbitrary lax cones over (F,®) or
in other words, that ¢(7) is a colimit for (F, ®). Hence, Theorem 4.11 extends Proposition
4.1. In what follows, we will denote the universal Toeplitz representation by 7 in order
not to confuse the universal Toeplitz representation i with an object i € Ob(/J).

Theorem 4.11 Let (F,®) be a product system over an index category J such that all
C*-arrows F,, r € Arr(J), are finitely generated and all C*-algebras A;, i € Ob(J), are
unital. Moreover, let w: (F,®) — T (F,®) be the universal Toeplitz representation. Then
o(m) is a colimit for (F,®) and T (F,®) is the corresponding colimit object.
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Proof: From Lemma 4.10 we know that o(7) is a lax cone from (F, ®) to 7 (F, P). Now
let 7 be an arbitrary lax cone from (F,®) to a C*-algebra Y. We have to construct a
C*-arrow f: 7 (F,®) — Y and a modification 3: 7 — foo(m). 7(j) is a C*-arrow from
A;toY, j € Ob(J). Especially, all 7(j) are Hilbert Y-modules. Hence, we can set

F= @ n0),

FEOD(J)

which makes f a Hilbert Y-module. We want to make f a C*-arrow from 7 (F,®) to
Y and thus we have to provide f with a left multiplication by 7 (F,®), i.e., we are
looking for a *-homomorphism 1: 7(F,®) — L(f). Now the idea is to construct a
Toeplitz representation ¢: (F, ®) — L(f) which yields the desired *-homomorphism. For
i € Ob(J) let
it Ai — L(7o(2)) C L(f)

be the *-homomorphism that defines the left multiplication of A; on 74(i) (79(7) is a C*-
arrow from A; to V). For r: i — j € Arr(J) we define a linear mapping

Urt B — L(1o(4),70(2)) CL(f) by (&) () == Aoy (m(r) (& @ my))
for & € F,., n; € 70(j) C f. The adjoint operator ¢, (&.)* € L(0(7), 70(j)) is given by

Ue(&)" = K om(r)" o (M) ™!

where Kgf: F, ® 19(j) — 70(7) is the mapping given by Kgf(nr ®n;) = (& | )a, - 15
The following computations show that 1 is a Toeplitz representation from (F, ®) to L(f).
Let r:i—j,s:j— ke Arr(J)and let a; € A;, a; € Aj, &,mp € F, &5 € Fy, my € 10())
and 7y, € 79(k) be arbitrary. Then we compute
Ur(ai- & - a;)(n;) = Ny (m(r)(ai-& - a; @n5)) = ai - Ny (11(r) (& @ a; - 1))
= ilai)r(&)(aj - nj) = ilai) e (& )ibs(az) (ny),

V(&) e () () = ()" A ro(z ( 1(7) (7 ® 1))
= K[ on(r) o () " Ay (n(r) (0, @ 1))
= (€T|77T)Aj'nj:¢j((€r|nr) j)(n])v

Usor(Psr (& @ &5)) (k) = )(71(8 o )(Psr(&r @ &s) @ M)
= A © (dryi) @ ply) o (a ) o (11(r) ®id,y) o oo (idp, ® 71(s))(& @ (& @ ne))
= )‘/To(i) o (idm(i) ® Pi/dy) (a ) o(mi(r) ®id,y) o o ® 71(5)(& @ Mk))
= Ay om(r) o (idr, @A j))(&@ﬁ(é‘)( ®77k:))
= )\;-0(1‘) o7 (r)(§ @ /\TO(] 71(8) (& @m)) = ) © 71(r) (& @ s (&) (k)
= (&) Vs (&) (M),

®
®
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(r; 0 ®5)(a;)(m;) = ¥ (P5(a;))(ny) = Ny (1 (L)(®5(as) @ ;)
= N oTi(Iy) o (85 @ idry))(a; @ my) = N, () Ny ™ Py (@5 @ 1)
= Pl ®n;) = aj-n; = j(a;)(n;)

and it is clear by the construction of f that v;(a;)¥;(a;) = 0 for ¢ # j.

Hence, there exists a unique *-homomorphism ¢: 7 (F, ®) — L(f) with

i =1om and Y =vYom,

for all i« € Ob(J) and r € Arr(J). We use v to define a left multiplication of 7 (F, ®) on
f, which makes f a C*-arrow from 7 (F, ®) to Y. Next, we define mappings

Bi = (Lro(s) * ;) © (pTo(i))_l: (1) = T (F,®)® f, i € Ob(J).

Hence, for £ = a; -1 = pr)(ai @n), a; € Ai, n € 10(i) we have 5;(€) = m(a;) @ n. We
want to show that the family {5;: i € Ob(J)} is a modification from 7 to f o o(m). First
we show that each f; is a 2-cell from 7¢(i) to foo(m)o(i) = , 7 (F,®) ® f. It is easy to
see that [3; is an A;-Y-bimodule mapping. To see that it is isometric we let a;,b; € A;
and &,n € 1o(1) arbitrary and compute

(Bilai- &) | Bi(bi-n) )y = (mila) @&|m(bi) @n)y = (§| (mi(ai) | m:(bi) )rma) - 1)y
= (& Y(mi(aiv:)(n) )y = (€| i(aibi)(n) )y
= (%(az‘)(f)wz‘(bi)(ﬁ))if = (az"§|bz"7l)Y'

Next, we want to show that f3; is adjointable by providing the adjoint mapping [3; expli-
citly. We define

Bi:wT(F, @)@ f=m(i)  bysetting G (§@n):=v()(n)
To see that 5 (-, 7 (F,®) ® f) C 1(7), we let m;(a;)§, a; € A;, € € T(F,®), be a typical

7

element of ., 7(F,®) and we let n € f be arbitrary. Then we have 5} (m;(a;){ @ n) =

Y(mi(a;)&)(n) = i(a)(€)(n) € 7o(i), since ¥;(a;) € L(19(2)). It is easy to see that [}
is an A;-Y-bimodule mapping. The following computation shows that 3/ in deed is the
adjoint of G;:

(Bilai- &) |mi(bi)n @ C )y (mi(a;) ® E[mi(bi)n @)y
= (&l (mi(a:) | m:(bi)n ) rme) - C)y = (& ¥(mi(a])mi(bi)n)(C) )y
= (& Yi(a)"(mi(bi)n)(Q) )y = (¥i(ai) (&) [ ¥ (m:(bi)n) () )y

= (a;-&| B} (mi(bi)n @) )y

for a;,b; € A;, £ € 19(i), n € T(F,®) and ¢ € f arbitrary. Hence, (; is an adjointable,
isometric A;-Y-bimodule mapping. We claim that (; is a unitary, i.e., we have to show



70

Chapter 4. The universal Toeplitz and Cuntz-Pimsner algebras

that 3 o 87 = id, 7(re)ef. So we let a; € A;, § € T(F,®) and n € f be arbitrary and
compute

Bio B (mi(a)§ @mn) = Bi(v(mi(a:)§)(n) = Bi(vi(a:)(¥(€)(n))) = mi(a:;) @ ¥(€)(n)
= m(a;)§ ®mn,

which shows that f; is a unitary.

In order to prove that the family {3;: i € Ob(J)} is a modification from 7 to f o o(7), it
remains to show that

(Bi®idy)om(r) = oo (id, 7(ra) ® (Xf)fl) o (id, 7(re) ® P/f) o ()™
o(o(m)1(r) ®idy) o & o (idp, ® (3;), which is equivalent to
XNowori(r)o(ids @67) = N po(f®idy)oa o(id, rmey® (X))
o(id, 7(ra) @ pf) o (o) o (o(m)i(r) @idy) o

So for £ € F., n € ., T(F,®) and ( € f we compute
Aoy © Ti(r) o (idp, ® B7)(§ ® (n ® () = AL i) © (1) (€ @ ¥ (n)(C)) = ¥ ()W (m)(C)),

o (B ® idlgf) oad' o (id,riT(F,d)) ® ()\'f)*l) o (idﬂiq—(p@) ® p'f) o(a/)™?
o(o(m)i(r) ®idy) 0 a(§ ® (n ® ()
= Xm(i) o (B ® idlg/) oad' o (id,,iT(F,fb) ® ()\/f)_l) o (ime(F@) ® p’f) o(a/)™?
((m () ®n) ®C)
= Ny o (B ®@idy) oo’ o (id, 7(ra) ® (\}) 7)(m(€) @ (- Q)
= Gi(m (&) @ (- Q) =v(m(£)n-¢) = (E)[W(n)(C)),

which shows that 3 is a modification from 7 to f o o(7).

Now let (f’, 3') be another pair consisting of a C*-arrow f': 7 (F,®) — Y and a modifica-
tion #': 7 — f'oo(m). We have to provide an isometric, adjointable 7 (F, ®)-Y -bimodule
mapping x: f — f’ such that (id, 7re) ® x) o §; = 5 for all i € Ob(J) and we have to
show that this x is unique.

Let p. be the canonical 7 (F, ®)-Y-bimodule mapping from 7 (F, ®) @ f" to f'. We let
U; denote the restriction of p to -, 7 (F, @) ® f’ and we set f; := U;(r, T (F,®)® f') C f".
Then f! is C*-arrow from A; to Y, the left multiplication is given by a;-§ := m;(a;) - €, and
U; is a unitary A;-Y-bimodule mapping from ., 7 (F,®) ® f' to f!/. Moreover, due to the
remark following Definition 4.2, we know that 7 (F, ®) = @(Z) 1 (F,®) and thus

1€0Ob(J) ™
it follows easily that [’ = ®160b
Next, we define isometric, adjointable A;-Y-bimodule mappings x;: 70(i) — f/ by setting
Xi :=U; o 3, i€ Ob(J),
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and finally, we define a mapping x: f = @52010( 7 (1) — f = @EQOb( 7 f! by setting

X((fz’)ieOb(J)) = (Xi(fi))ie@b(J)-

Then y is an isometric 7 (F, ®)-Y-bimodule mapping, because for &, n; € 19(7), i € Ob(J),
we have

(X((&)icovn) | Xx((Mi)iconwn) )y = ((Xi(&))icon | (X ( i))icob(J) )Y

= Z (xi(&) | xi(m) )y = Z (&ilmi)y

i€Ob(J) i€Ob(J)
= ((fi)ieOb(J) | (771'>i60b(J) )Y-

Moreover, x is adjointable, because each x;, i € Ob(J), is adjointable and so the adjoint
x*: ff = fis given by x*((&)icob)) = (X (&))icob()-

Next, we show that 3; = (id, 7(re) ® X) o §; for all i € Ob(J). For § € 74(i), we suppose
that 5/(¢) = (mi(bi)n) @ ¢ for b; € A;, n € T(F,®) and ¢ € f'. Then we have

(id,,7(re) ® x) 0 Bila; - §) = (d, 7rs) @ x)(mi(a;) ® §) = mia;) @ xi(€)
= mi(a;) ® Us(Bi(§)) = mi(ai) @ Ui((mi(bi)n) ® ¢)
= mi(a;) ® (mi(bi)n) - ¢ = mi(ai)mi(bi)n ® ¢
a; - (mi(bi)n ® ¢) = a; - Bi(&) = Bi(ai - &),
which shows that y is the desired bimodule mapping. Finally, it is easy to see that the

bimodule mapping x is uniquely determined, since every Yy; is uniquely determined by the
identity (id, 7(re) ® x) o 8 = 3. =
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Chapter 5

Crossed products by Hopf
C*-algebras

In this chapter, we want to make a first step towards the duality theory for locally com-
pact semigroups using Hopf C*-algebras, which can be viewed as a generalization of
locally compact semigroups. A Hopf C*-algebra is a C*-algebra H together with a co-
multiplication éy. The standard example for a Hopf C*-algebra is C(S), the C*-algebra
of continuous functions on a locally compact semigroup S that vanish at infinity. The
multiplication in S corresponds to the comultiplication in Cy(S).

We introduce the notions of corepresentations of Hopf C*-algebras, coactions of Hopf C*-
algebras on C*-algebras and covariant representations of dynamical cosystems, which ge-
neralize the corresponding notions for semigroups, namely representations of semigroups,
actions of semigroups on C*-algebras and covariant representations of semigroup dyna-
mical systems.

Following our overview of Hopf C*-algebras, we are looking for a condition on the Hopf
C*-algebra H that makes it possible to construct a specific covariant representation of
the dynamical cosystem (H, H,dy) inspired by the right regular covariant representation
of (Co(G), G, a) on L*(G, i), where p is a right Haar measure on a locally compact group
G and « is the action of G on Cy(G) by right translation. This condition will be the
existence of an invariant weight 7 on H and we will see that for the Hopf C*-algebra
Co(S), this condition is equivalent to the existence of a right invariant Radon measure y
onS.

For Hopf C*-algebras H that are equipped with an invariant weight 7, we construct
the reduced and universal dual C*-algebras C(H,dy) and C*(H,dp), respectively. We
show that the reduced dual C*-algebra of the Hopf C*-algebra (cy(N), auy) is isomorphic
to C*(N) and that the reduced dual C*-algebra of the Hopf C*-algebra (C*(N),dy) is
isomorphic to the C*-algebra ¢y(N). This result can be viewed as a generalization of
Pontryagin’s duality theorem for locally compact, abelian groups to the semigroup of
natural numbers.
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Finally, we construct the reduced crossed product A x5 H for a dynamical cosystem
(A, H,6) and examine the reduced crossed product (A xg N) x5 C*(N), which will be of

great importance in the next chapter.

5.1 Hopf C*-algebras

In this section we define the notion of a Hopf C*-algebra and show that Hopf C*-algebras
can be viewed as a generalization of locally compact semigroups by introducing the Hopf
C*-algebra Cy(S) for a locally compact semigroup S.

Locally compact semigroups can be represented on a Hilbert space, they can act on a C*-
algebra and given a dynamical system (A, S, ), where « is an action of a locally compact
semigroup S on a C*-algebra A, there may be covariant representations of (A,S,«) on
a Hilbert space. Since Hopf C*-algebras generalize locally compact semigroups, we are
interested in the generalizations of these notions and so we study the concepts of core-
presentations, coactions, dynamical cosystems and covariant representations of dynamical
cosystems.

Definition 5.1 (Hopf C*-algebras)
A Hopf C*-algebra is a C*-algebra H together with a nondegenerate injective *-homo-
morphism 0y: H — M(H ® H) such that

holds. &y is called a comultiplication on H and Equation (5.1) is the coassociativity
1dentity.

Definition 5.2 (Locally compact semigroups)

Let S be a semigroup as well as a locally compact topological space such that the mul-
tiplication is continuous. Then we call S a locally compact semigroup. We say that S is
right-cancellative if mp = np yields m = n for all m,n,p € S.

Example 5.3 (Locally compact semigroups)

e Locally compact groups are of course also locally compact semigroups. Since they
are groups, they are also right-cancellative. Examples are (R, +), (Z,+) and (S, ),
where S':={2€ C: |z| =1}

e Subsemigroups of locally compact groups that are the intersection of an open and
a closed subset are locally compact semigroups. Since they are subsemigroups of a
group, they are also right-cancellative. Examples are (R*, +) and (N, +).
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As already mentioned above, the following example is our standard example for a Hopf
C*-algebra, which shows that Hopf C*-algebras generalize locally compact semigroups.

Example 5.4 (The Hopf C*-algebra Cy(S))

Let S be an arbitrary locally compact semigroup and let Cy(S) be the C*-algebra of
complex functions on S that vanish at infinity. We define a comultiplication as : Cy(S) —
M(Co(S) @ Co(S)) = Cp(S x S) by the use of the multiplication in S. We set

as(f)(s,t) := f(st) (5.2)

for f € Cy(S) and s,t € S. Then ags is a nondegenerate injective *-homomorphism and
the associativity of the multiplication in § yields the coassociativity of ag.

As a special case of this example we consider the situation when S is the semigroup of
natural numbers.

Example 5.5 (The Hopf C*-algebra ¢(N))

Let ¢o(N) be the C*-algebra of all complex sequences a = (a(n))pen with lim,, ., a(n) = 0,
with addition, multiplication and involution defined componentwise and with the norm
la|| = sup,ey la(n)]. For n € N, let e, € ¢o(N) be the sequence with e, (k) = 0, 5. Then
the defining Equation (5.2) for the comultiplication ay on ¢(N) yields

Example 5.6 (The Hopf C*-algebra C*(N))

Let C*(N) be the Toeplitz algebra, which is the C*-subalgebra of L(¢*(N)) generated
by the forward unilateral shift operator S. S is an isometry and the linear span of
{S™(S*)" : m,n € N} is a dense subset of C*(N). We can define a comultiplication
Iy : C*(N) — C*(N) ® C*(N) by setting

Sn(S™) = S" @ S™.

Since C*(N) is the universal C*-algebra generated by a non-unitary isometry (see [5] for
details), the above identity yields a well defined *-homomorphism that is nondegenerate
and injective. It is easy to see that Jy satisfies the comultiplication identity (5.1) and so
(C*(N), o) is a Hopf C*-algebra.

Definition 5.7 (Corepresentations)
A corepresentation of a Hopf C*-algebra H on a Hilbert space H is a partial isometry
Ve M(K(H) ® H) such that

(1d ® 64)(V) = ViaVig (5.3)
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as elements of M(K(H) ® H® H). By Via, we denote the element of M (K(H)® H® H)
that is V' acting on the first and second factors, i.e., V1o =V ® 1. Vi3 is V acting on the
first and third factors, that is Vi3 = g93(V ® 1)093, where 093 is the flip automorphism on
M(K(H) ® H® H) that satisfies 093(K ® a®b) = K ® b ® a.

The following example demonstrates that corepresentations of Hopf C*-algebras generalize
the notion of representations of semigroups. It shows that there is a 1-1-correspondence

between the representations of a locally compact semigroup & and the corepresentations
of CO (S)

Example 5.8 (Corepresentations of Cy(S))

Let S be a locally compact semigroup that is right cancellative and let {V; : s € S} be
a family of partial isometries on a Hilbert space ‘H such that V,V, =V, for all s,t € §
and such that the mapping s — V£ is continuous for all £ € H. We say that the family
{Vs : s € S} is a semigroup representation of S on H. Since the strong topology on
L(H) is the same as the strict topology on M (K(H)) = L(H), we know that the function
V = (s — V) is continuous from S to M(K(H)) in the strict topology and hence,
V € Cy(S, M(K(H))) € M(K(H) ® Co(S)). Now

ViaVig = ((s, 1) = ViVi) = ((s,8) = Vi) = (id @ as)(V)
and
V'V = (s = Vi)(s = VI )(s = V) = (s = VVIVy) = (s = Vi) = V.

This shows that V' is a partial isometry and thus a corepresentation of Cy(S) on H. Hence,
each semigroup representation {V; : s € S} of S on a Hilbert space H gives rise to a
corepresentation V' of Cy(S) on H.

On the other hand, let V € M (K(H)®Cy(S)) be a corepresentation of Cy(S) on a Hilbert
space H and let £5: Cy(S) — C be the evaluation at s, i.e., e5(f) = f(s). For s € S, we
set

V= (idd®e)(V) € LIH).

Since (id ® €,): M(K(H) ® Cy(S)) — L(H) is a *~homomorphism, we have
ViViVe=(d@e)(V)(id@e) (V) (id @ &) (V) = ([d®@ &) (VVTV) = (id @ ) (V) = Vi,
which shows that V; is a partial isometry. Moreover, we have

ViV = (i[d®@eg)(V)(id®@e) (V) = (d @ g5 @ &) (Vi2Vi3)
= ([d®ee)(idRas)(V) = (1d®ey) (V) = Vg,

since (g5 ® &) (as(f)) = as(f)(s,t) = f(st) = ex(f). It is easy to see that the mapping
s — Vi(€) = (id ® &4)(V)(&) is continuous, since V' € M(K(H) ® Cy(S)). Hence, each
corepresentation V' of Cy(S) on a Hilbert space H gives rise to a semigroup representation
{Vs: s € §} of S on H and so we see that there is a 1-1-correspondence between the
semigroup representations of S and the corepresentations of Cy(S).
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A locally compact semigroup S can act on a C*-algebra A via an action v and in this situ-
ation we call the triple (A, S, @) a dynamical system. The following definition generalizes
these concepts to the Hopf C*-algebra situation.

Definition 5.9 (Coactions, dynamical cosystems)
A coaction of a Hopf C*-algebra H on a C*-algebra A is a nondegenerate injective *-
homomorphism 6 : A — M(A ® H) such that

(d®id)od = (id® dy) o 0. (5.4)
In this situation, we call the triple (A, H,d) a dynamical cosystem.
Example 5.10 (a) Any Hopf C*-algebra coacts trivially on the complex numbers C via
z2— 2z2® 1.
(b) The comultiplication dy on a Hopf C*-algebra H is a coaction of H on itself, which

follows directly from Equation (5.1).

The following example shows that coactions of Hopf C*-algebras are in fact a generaliza-
tion of the concept of actions of locally compact semigroups.

Example 5.11 (Coactions of Cy(S))

Let S be a locally compact semigroup, let A be a C*-algebra and let {as: s € S} be an
action of S on A, i.e., {as: s € S} is a family of unital *-endomorphisms o € End(M(A))
such that a0y = ag and such that the mappings s — a,(a) are continuous for all a € A.
In other words, we have that (s +— as(a)) € Cp(S, M(A)) C M(A® Cy(S)). Thus, we get
an injective and nondegenerate *-homomorphism o : A — M(A ® Cy(S)) by setting

afa) == (s — ag(a)).
Moreover, we have
(id ® as) oala) = ((s,t) — agla)) = ((s,t) — as(ay(a))) = (a®id) o ala).

So the action {as: s € S} of S on A yields a coaction a of Cy(S) on A. On the other
hand, let a be a coaction of Cy(S) on a C*-algebra A. For s € S and a € A, we set

as(a) == (d ® g5)(a(a)) € M(A).

Then as: A — M(A) is a nondegenerate *~homomorphism, since o and (id ® ¢5) are
nondegenerate *-homomorphisms. Hence, o, can be extended to a unital *-endomorphism
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in End(M(A)) that we also denote by «g. To see that the mapping s — « is a semigroup
homomorphism, we compute

asoqia) = o(id®e;)oala ) =(id®e;)oao (id®e) oala)
= (ld®€s®€t)(( id) o a(a)) = (i[d@e; © &)((id ® as) o a(a))
= ([d®eq)(afa)) = asla).

It is clear that the mapping s — a,(a) = (id®¢;)(a(a)) is continuous and thus, the family
{as: s € S} is an action of S on A. Hence, each coaction of Cy(S) on a C*-algebra A
gives rise to an action of § on A and so there is a 1-1-correspondence between the actions
of S on A and the coactions of Cy(S) on A.

Definition 5.12 (Covariant homomorphisms and covariant representations)
Let (A, H,0) be a dynamical cosystem and let B be C*-algebra. A covariant homomor-
phism of (A, H,0) into M(B) is a pair (¢,v) where ¢ : A — M(DB) is a nondegenerate
*-homomorphism and v € M (B ® H) is a partial isometry such that

(id®dg)(v) = wvipvi3 and (5.5)
(p®@id)(d(a))v = wv(p(a)®1) for all a € A. (5.6)

A covariant representation of (A, H, ) on a Hilbert space H is a covariant homomorphism
of (A, H,0) into M(K(H)) = L(H). Hence, it is a pair (7, V), where 7 : A — L(H) is
a nondegenerate *-representation and V' € M(KC(H) ® H) is a corepresentation of H,
satisfying

(r®id)(6(a))V =V (r(a) ® 1) for all a € A. (5.7)

In the following example we want to examine how the covariant representations of dyna-
mical cosystems generalize the concept of covariant representations of dynamical systems.

Example 5.13 (Covariant representations of (A, Cy(S), a))

Let {a,: s € S} be an action of S on a C*-algebra A. We say that (m, {Vi: s € §}) is a
covariant representation of (A4, S, {as: s € S}) if 7 is a *-representation of A on a Hilbert
space H and if {V;: s € S8} is a semigroup representation of S on H such that

m(as(a))Vy = Virr(a) for all a € A.

Let a be the coaction of Cy(S) on A coming from the action {as: s € S} of S on A (see
Example 5.11) and let V' be the corepresentation of Cy(S) coming from the semigroup
representation {V;: s € S} of S (see Example 5.8). Then, for a € A we have

(r@id)(a(a)V = (s = 7(as(a)))(s = Vi) = (s = m(as(a))Vi)
= (s—=Vim(a)) = (s = Vi) (s = m(a))
= V(r(a)@1)

Y
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which shows that the pair (7, V') is a covariant representation of the triple (A, Cy(S), «)
on the Hilbert space H.

On the other hand, let (7, V') be a covariant representation of (A, Cy(S), ) on a Hilbert
space H and let {V;: s € 8} and {a;s: s € S} be the corresponding semigroup represen-
tation of S on H and action of S on A, respectively. Then we compute

m(as(a))Vs = 7((id @ &5)(a(a)))(id @ ) (V)
= ([d@e)((r@id)(a(a))V) = (i[d© &) (V(n(a) © 1)) = Vim(a),

which shows that (7,{Vs: s € S}) is a covariant representation of (A,S,{as: s € S}).
Hence, there is a 1-1-correspondence between the covariant representations of (A4, Cy(S), )
and the covariant representations of (A4, S, {as: s € S}).

Example 5.14 (Covariant representations of (C, H,J))

Let 0 be the trivial coaction of a Hopf C*-algebra H on the complex numbers introduced
in Example 5.10 (a) and let V' be any corepresentation of H. Since any nondegenerate *-
representation 7 of the complex numbers is of the form 7(z) = z-id for all z € C, Equation
(5.7) holds trivially and so (7, V') is a covariant representation of (C, H, d). Thus, we have
seen that the covariant representations of (C, H, ) are just the corepresentations of H.

5.2 The regular covariant representation

Given a locally compact group G, it is a classical result (see [12]) that there exists a right
invariant linear functional I on C.(G), the linear space of all continuous functions on G
with compact support. Right invariance means that I(fs) = I(f) for all f € C.(G) and
s € G, where fy(t) = f(ts). This functional is unique up to a multiplicative constant
and it is called the right Haar integral on C.(G). Corresponding to I, there is a right
invariant measure p on G, i.e., u(Ms) = u(M) for all M C G and s € G. p is unique
up to a multiplicative constant, too, and it is called the right Haar measure. Using the
right invariance of the right Haar measure pu, it is possible to construct an important
group representation of G on the Hilbert space L?(G, i), the right regular representation
p. Let 7 be the representation of Co(G) on L*(G, u) by multiplication operators, i.e.,
7(f)(g) == fg for f € Cy(G) and g € L*(G,u). Then it is easy to see that the pair
(7, p) is a covariant representation of the dynamical system (Cy(G), G, a), where « is
the action of G on Cy(G) by right translation. We call (r, p) the right regular covariant
representation of (Co(G), G, a) on L*(G, ).

Now for a locally compact semigroup S, it is not true in general that there exists a
right invariant measure p on §. Thus, it is not always possible to construct the regular
representation of S or the regular covariant representation of (Cy(S),S, ). So we cannot
expect to be able to construct a regular corepresentation of an arbitrary Hopf C*-algebra
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H or a regular covariant representation of the dynamical cosystem (H, H,dy). The aim
of this section is to find a condition on the Hopf C*-algebra H that makes it possible
to construct a regular covariant representation of (H, H,dpy). This condition will be the
existence of an invariant weight 7 on H and we will see that for the Hopf C*-algebra
Co(S), this condition is equivalent to the existence of a right invariant Radon measure p
on S with supp(p) = S.

We begin this section by giving some information about weights on C*-algebras. The
standard reference for lower semi-continuous weights is [6].

Definition 5.15 (Weights on C*-algebras)
Let A be a C*-algebra and 7: AT — [0, 00] a function such that
L. 7(x+y) =7(x) + 7(y) for all z,y € AT and

2. 7(rz) = rr(x) for all r € RT and x € AT,

Then we call 7 a weight on A.

Let 7 be a weight on a C*-algebra A. We will use the following standard notations:

e Mt ={aec A" : 7(a) < 0},
o N;={a€ A: 7(a*a) < oo},
o M, =span M = NN,.

N is a left ideal in A and hence, M, C N,. Furthermore, M, is a sub *-algebra of A
and M} =M, NA*.

There exists a unique linear map ¢ : M, — C such that ¢(z) = 7(z) for all z € MT.
Hence, we get a unique extension of 7 to all of M. by setting 7(z) := () for all x € M.

We say that 7 is densely defined if M7 is dense in A*. This is the case if and only if M,
is dense in A and if and only if A is dense in A. We call 7 lower semi-continuous if we
have for every A € RT that the set {a € AT : 7(a) < A} is closed.

Note that for a locally compact topological space X there is a 1-1 correspondence between
the densely defined, lower semi-continuous weights on Cy(X) and the Radon measures on
X, since the integral corresponding to a Radon measure on X is a densely defined, lower
semi-continuous weight on Cy(X). We recall that a Radon measure p on a locally compact
topological space X is a Borel measure on X that is locally finite and inner regular, i.e.,

e for each z € X there is an open neighborhood V,, such that u(V,) < oo,
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e 1(B) =sup{u(K): K C B, K compact} for all Borel sets B C X.

Definition 5.16 (GNS-construction for a weight)
Let 7 be a weight on a C*-algebra A. A GNS-construction for 7 is a triple (H,, 7, A;)
such that

e H., is a Hilbert space;
e A, is a linear map from N, into H, such that

— A (N;) is dense in H, and
— we have for every a,b € N7, that (A,(a)| A (b)) = 7(a*b);

e 7, is a *-representation of A on H, such that 7 (a)A,(b) = A,(ab) for every a € A
and b € N..

It is easy to produce such a GNS-construction for any weight on a C*-algebra. Moreover,
this construction is unique up to a unitary transformation. If 7 is lower semi-continuous
and densely defined, we have that 7, is nondegenerate. If 7 is a lower semi-continuous and
densely defined weight on the C*-algebra Cy(X) for a locally compact topological space
X, then 7, is faithful if and only if the corresponding Radon measure o on X satisfies

supp(p) = X.

For the rest of this section, let H be a Hopf C*-algebra, 7 a densely defined, lower semi-
continuous weight on H and (H,, 7., A,) its GNS-construction. We define an operator
VN, ®ug H— M(H ® H) by setting

VO zi@a) =) dyla)(1®a) (5.8)

on finite sums > z; ® a; with z; € N, and a; € H.

Proposition 5.17 If the operator V' defined in Equation (5.8) extends to a partial isom-
etry V, € L(H, ® H), then V, is a corepresentation of H on H.,.

To prove this proposition, we need the following lemma:

Lemma 5.18 The C*-arrows (H, ® H) ®p s,,(H ® H) and H, ®c (H ® H) are unitarily
equivalent.
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Proof: We define U : (H, ® H) ®p 5,(H ® H) — H, ®c (H ® H) by setting
U(§@z)®(a®b)) =@ (0u(x)(a®Db))

for ¢ € H.,x,a,b € H and we want to show that U is a unitary bimodule mapping. We
start by proving that U is an isometry. Let &, € H, and x,y,a,b,c,d € H arbitrary.
Then we have

(@) @eb)|[(ney)®
= (axblig((E@x|n®@Y)H)

(
= (a®@b|du((z]|({[n)c-y)u)(c®@d))uen = (" @b")(E|n)cdu(r"y)(c ® d)

and

(U(@2)@(@b) |[U(hey) ©(c®d))nsn
= (€@ (0u(@)(a®b))|n© 0u(y)(c®d))ren

= (Ou(@)(a@b)|(&]n)c-0n(y)(c®d))nen = (a” @b")0u(z)"(£|n)con(y)(c® d)
= (" @b)(&[n)cou(z"y)(c@ d).

Moreover, using an approximate unit, it is easy to see that U is surjective, since dp is
nondegenerate. Hence, U is a surjective isometry and thus a unitary and this would finish
the proof. But we also want to show that U is a unitary in the case that H is unital, by
providing the adjoint U* explicitly and showing that UU* = idy, gmemH). So we suppose
that H is unital. Then we have that U* : H, ® (H ® H) — (H, ® H) ®s,; (H® H) is
given by

U'€®@®b) =(¢E®1)® (a®b)

for £ € H,,a,b € H as the following computation shows for £&,n € H,,z,a,b,¢c,d € H:

(n@(c2d)|U((@r)©(@®)))ienr = (n®(c®d)|{@du(z)(a®b))nen
= (c®d[(n|&)c du(x)(a®b))nen
= (n|&)clc" @d")ou(x)(a®Db) and

(U@ (c@d)|(®r)® (a®b))nen mel)@(cxd)|(E®r)®(a®b))nen

@d|ou((n@1|{@)u)(a®b))nen

@d)ou((11(n|§)c v)un)(a®b)
n1€&)c(c” ®@d")ou(z)(a®b).

Since U is an isometry, we have that U*U = id¢, o m)e sy (Hom) and so it remains to prove
that UU* = idy, g(nem). But for { € H-,a,b € H we get

UU(E@(a®b) = U(E@1)®(@®b)=¢0i5(1)(a®b) =@ (1®1)(a®b)
ER(a®b).

(
(¢
(
(
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Hence, U is a unitary bimodule mapping and so the C*-arrows (H, ® H) ®p 5,(H @ H)
and H, ®c (H ® H) are unitarily equivalent. O

Proof of Proposition 5.17: We have to show that (id ® dy)(V;) = (V;)12(V;)13. To do
so, we use the fact that M (IC(H,)®H) = L(H,®H). We suppose that H is unital to avoid
having to deal with approximate units. First we want to show that, for 7' € L(H, ® H),
the identity

(id ® 6x)(T) = U(T ®@id)U*

holds, where U is the unitary bimodule mapping constructed in the preceding lemma. Let
T=K®hfor Ke K(H,), h€ H and let £ € H,, a,b € H. Then we have

(id ® 61)(T)E®a®b) = (K ©5u(h)( @ a@h) = K€ ®du(h)(a®b) and

UT@idU (E@a®b) = UKh®id)(®10a®b) =UKE) @h®a®Db)
= K(&)®dg(h)(a®D).

Since (Id®dy)(V;) and (V;)12(V; )13 are elements of M(K(H,) @ HRQH) =2 L(H,QH® H)
and thus C — (H ® H)-bimodule mappings it suffices to prove that they agree on elements
of the form £ ® 1 ® 1. We compute as follows:

([dedn)(V)(E1el) = UV,id)U(¢elel)=U1,2id)( ®12111)
= U (1®1)®@1®1)=U0rE)@1x1)
= (id®dn)(0u(¢)) and

(Vi)iz(Vi)is(E@11l) = (Vi)ia(os((Vr®id)(E®@1®1))) = (V;)12(023(0u(§) ® 1))
= (V:®id)(023(0m(§) ® 1)) = (0g ®@1d)(du(E))

and equality follows from the coassociativity identity (5.1). O

Now we want to take a closer look at our standard example, the Hopf C*-algebra Cy(S).
We will see that the condition of V' extending to a partial isometry V, € L(H, ® Cy(S))
corresponds to the right invariance of the Radon measure p on S that induces the weight

7 on Cy(S).

Definition 5.19 (Invariant Radon measures on semigroups)
Let S be locally compact semigroup and let 1 be a Radon measure on §. We say that u
is right invariant if

p(M) = p(Ms)
for all Borel sets M C S and all s € S.
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Example 5.20 The counting measure on (N, +) and the Lebesgue measure on (RT,+)
are examples of right invariant Radon measures on locally compact semigroups.

Let S be a locally compact semigroup and let p be a right invariant Radon measure on
S with supp(u) = S. Then
— [ #s)nts)
S

defines a densely defined, lower semi-continuous weight on Cy(S) and the GNS-representa-
tion for 7 is (L*(S, ), 7, A;), where 7, is the representation of Cy(S) on L*(S, u) by
multiplication operators and A, is the canonical embedding of Cy(S) N L*(S, i) into
L3(S, ). Tt is clear that 7, is a nondegenerate *-representation and it is faithful since
supp(u) = 8. We want to construct a coisometry V, € L(L*(S, 1) ® Cy(S)) that extends
the operator V' from Equation (5.8). For t € S we set

(Vif)(s) := f(st)

with f € L*(S, ) and s € S arbitrary. We claim that V; € L(L?(S,u)) and that V}* is
given by

0  otherwise.

(Vig)(u) = { g(s) if there exists an s € S with u = st
f =

To see that V" in deed is the adjoint operator of V; we compute

et /fﬁ $)du(s

/f (st)(V7g)(st)du(s /f (st)(V;"g)(st)du(st)
=(Lf@ﬂ%%ﬂ@@@0=(f”7m

(Viflg)

for f,g € L*(S, u) arbitrary, which shows V;* is the adjoint of V; and thus V; € L(L*(S, p)).
The identity (V,V;*f)(s) = (V*f)(st) = f(s) shows that V; is a coisometry. Moreover, it
is easy to see that V,V, =V, for all s,t € S and that the mapping s — V f is continuous
for all f € L*(S, u). Hence, the family {V;: s € S8} is a semigroup representation of S on
L*(S,1). We know from Example 5.8 that V, := (¢ — V;) defines a corepresentation of

Co(S).
Now we want to show that V, extends the operator V from Equation (5.8). For f €
L3S, 1) N Cy(8S), g € Cp(8S) and s,t € S we compute

Vi(f@g)(st) = (umVifgu)(s,t) = (Vifg(t))(s) = (Vif)(s)g(t)
= [f(st)g(t) = as(f)(s,)(1@g)(s,t) = V(f @ g)(s,1).

So V, extends V' and since V; is a coisometry (and thus a partial isometry) it also follows
from Proposition 5.17 that V; is a corepresentation of Cy(S) on L?(S, ).



5.2. The regular covariant representation

87

Hence, we have seen that a right invariant Radon measure on a locally compact semigroup
S with supp(u) = S yields a densely defined, lower semi-continuous weight 7 on Cy(S)
such that the GNS-representation 7, is faithful and such that the operator V' defined in
Equation 5.8 extends to a coisometry. The following Proposition shows that the converse
is true as well.

Proposition 5.21 Let S be a locally compact semigroup that is right-cancellative and
let 7 be a densely defined, lower semi-continuous weight on Co(S) such that the GNS-
representation m. on H, is faithful. If the operator V defined in Equation (5.8) extends
to a partial isometry V. € L(H, ® Cy(S)), then the corresponding Radon measure i on S
18 Tight invariant and V. is a coisometry.

Proof: Since 7, is faithful, we know that supp(u) = S. Moreover, H, = L*(S,u). We
let f € L*(S, 1) NCy(S) and g € Cy(S) be arbitrary. Then Equation (5.8) yields

V(f@9)(s,t) = as(f)(s,)(1@g)(s, t) = f(st)g(t) = (f @ g)(st, ).

Now V extends to a partial isometry V, € L(L*(S, 1)®Cy(S)) and for f € L*(S, n)®@Co(S)
we have (V. f)(s,t) = f(st,t). Hence, V; can be written as V. = (t — V;) with (Vi f)(s) :=
f(st) and since V; is a partial isometry, we know that V; must be a partial isometry in
L(L*(S,p)) for all t € S.

Thus, there is a closed subspace U; C L*(S, i) with |V, f|| = || f|| for f € U; and V;f =0
for f € Ut. Tt is easy to see that ULt = {f € L*(S,u) : fls: = 0p-almost everywhere}
and thus Uy = {f € L*(S, ) : fl(ste = 0 p-almost everywhere}.

Now let M C S be a Borel set such that the indicator function x,, is an element of
L*(8, ). Then we have x: € Uy and Vi(xar:) = Xar lies in the range of V;, which shows
that the range of V; is dense in L*(S,u). But since the range of a partial isometry is
always closed, we see that V; is onto. Hence, V,* is an isometry and so V; is a coisometry.

Since x ¢ € Uy, we have that V*Vixae = xare and since Vi(xare) = xar, we get Vixy =
Xame- But V" is an isometry and thus u(M) = ||xarl| = |V xumll = |xase|l = p(Mt), which
shows that p is right-invariant. a

Hence, for a locally compact semigroup S that is right-cancellative, there is a 1-1-
correspondence between right invariant Radon measures p on & with supp(p) = S
and densely defined, lower semi-continuous weights 7 on Cy(S) such that the GNS-
representation 7, is faithful and such that the operator V' defined in Equation (5.8)
extends to a partial isometry. This motivates the idea to call a weight 7 on a Hopf
C*-algebra H with the properties above invariant:
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Definition 5.22 (Invariant weights and the regular corepresentation)

Let H be a Hopf C*-algebra, 7 a densely defined, lower semi-continuous weight on H
and (H,,m, A;) its GNS-construction. If 7, is faithful and if the operator V' defined in
Equation (5.8) extends to a partial isometry V, € L(H,® H), we say that 7 is an invariant
weight on the Hopf C*-algebra H and we call V, the regular corepresentation of H on H,.

In what follows, the term “an invariant weight 7 on a Hopf C*-algebra H” shall always
mean that 7 is a densely defined, lower semi-continuous weight on H with faithful GNS-
representation 7, such that the operator V' defined in Equation (5.8) extends to a partial
isometry V. € L(H, ® H). The following proposition shows that the existence of an
invariant weight on H is the condition that makes it possible to construct a covariant
representation of (H, H,dy) on H.,.

Proposition 5.23 Let 7 be an invariant weight on a Hopf C*-algebra H. Then the pair
(7+, V) is a covariant representation of (H, H,d) on H..

Proof: We have to prove that Equation (5.7) holds for 7 = 7., V =V, and a € H. So
we let a,x,y € H be arbitrary and compute

Vo(mr(a) @ D(Ar(2) @ y) = Vo(Ar(ax) @ y) = (Ar @ 1d) (0 (az)(1 @ y)),

(- ©1d) (0 (a))V-(Ar(z) @y) = (7 ®id)(0u(a))(Ar ® id)(0u(z)(1 @ y))
= (A;®id)(0n(a)dn(z)(1®y))
= (A ®@id)(0u(ar)(1 @ y)).

Definition 5.24 (The regular covariant representation)
Let 7 be an invariant weight on a Hopf C*-algebra H. Then we call the pair (7., V;) the
reqular covariant representation of (H, H,dy) on H..

Example 5.25 (The Hopf C*-algebra Cj(S))

If 7 is an invariant weight on the Hopf C*-algebra Cy(S), S a right-cancellative locally
compact semigroup, we know from Proposition 5.21 that 7 is the integral corresponding to
a right-invariant Radon measure p on 8 with supp(p) = S. H, = L*(S, u) and 7, is the
representation of Cy(S) as multiplication operators on L?*(S, ). The partial isometry V;
turns out to be a coisometry with V, = (¢ — V;), where V; is the coisometry on L*(S, 1)
that satisfies (V,f)(s) = f(st) for f € L*(S, ). We want to show that (7., V) in deed is
a covariant representation of (Co(S), Co(S), as) on L*(S, p), i.e.,

(7 @ id) (s (f))V; = V(7 (f) ® 1)
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for all f € Cy(S). We identify (7, ® id)(as(f))V, with the mapping
(t = 7 (s = f(st))(t = Vi) = (L= 7-(s = f(s1))V2)

and V(7. (f) ® 1) with the mapping (¢t — Vi, (f)). Then for g € L*(S, ) arbitrary we
have

(mr(s = f(st)Ve)(9)(s) = [f(st)g(st) = fg(st) = m-(f)(g)(st) = (Vim=(f))(9)(s),

which yields the desired identity.

Example 5.26 (The Hopf C*-algebra cy(N))

In Example 5.5 we have already described the comultiplication ay on the Hopf C*-algebra
co(N). An invariant weight on c¢o(N) comes from a right-invariant Radon measure 1 on N
with supp(x) = N. So u(n) = p(0) > 0 for all n € N and we have that p is a multiple
of the counting measure on N. Without loss of generality, we may assume that p is
the counting measure on N. Then H, = (*(N) and 7, is the representation of co(N) as
multiplication operators on ¢*(N), i.e., 7.(e,) = P,, where P, is the projection onto the
n-th component of ¢?(N).

It is clear that V}, = (S*)*, where S is the forward unilateral shift on ¢*(N) and V, can be
written as V. =Y (S*)"®e, € M(K(€*(N))®co(N)). We already know that (7, V;) is
a covariant representation — it is the regular covariant representation of (co(N), ¢o(N), any)
on (%(N) — but we wish to show how this can be proved explicitly in the discrete case.

First we show that V, is a coisometry:

VY= (S @) (S @) = 3 (S)'S" @ encn

neN meN m,neN
= ) (S)S"®e, =id® Y e, =id®1=1.
neN neN

The following shows that V; satisfies equation (5.3):

V(Viis = (D ()" ®em) (D (S ®en) = > (S)(S)" ®em @ en

meN neN m,neN
= ) (S @en@en =3 > (S)@en® enm
m,neN neN m=0

= (i[d®@an) (D _(S)" @e,) = (id @ an)(V;).

neN
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It remains to be proven that (7, ® id)(an(a))V; = Vi (7, (a) ® 1) for all a € ¢o(N). Since
7w, and ay are continuous, it suffices to show that this holds for the elements e,, n € N:

n

(re @) on(ea)V = (rr @ (Y er® en) %S*Y“ ® )
- (gﬂ ® eni) ( %(S*)m ® ) = g %3(5*)’” ® n—i€m
_ Zn: P(S)" @ epy = Zn:(s*)"—an ® €n_i
— zn:(s*)an wa=) (SVP.®e
- E%:(s*)l ® el)(Pnlgn = Vi(mr(en) ® 1).

Example 5.27 (The Hopf C*-algebra C*(N))

We have already seen in Example 5.6 that C*(N) together with the comultiplication Jy
is a Hopf C*-algebra. Now we introduce a weight 7 on C*(N) and we show that 7 is
an invariant weight. This allows us to construct the regular covariant representation of

(C*(N), C*(N), 6x) on H, .

C*(N) is a C*-subalgebra of L(¢*(N)). Let Q = (1,0,0,...) denote the vacuum vector in
(*(N). We define 7 by setting
7(a) == (2] af))

for a« € C*(N). It is obvious that 7 is a positive functional on C*(N) and thus 7 is also
a densely defined, lower semi-continuous weight on C*(N). We define an inner product
by (a|b) := 7(a*b). It is easy to see that H, = ¢*(N) and that A,(S") = e,, while
A (S™(S*)™) = 0 for m > 0. Finally, we get that 7, is the identity map on C*(N) and
hence, in particular, 7, is faithful.

Now we claim that V, =3 P, ®S™. To see this, we compare ) P, ®S™ to the
operator V defined in Equation (5.8) on elements of the form S™ @ S'(S*):

O Pu@S™)(A(S) @ S(S)) = > Pulen) @ S™H(S) =, @ S"T(57)"

= (A, ®id)(S" ® S"(S*)*) and
V(8" ® SHS*)F) = on(S™)(1 @ SH(S*)F) = (5" @ S")(1 ® S(S*)F) = 5™ @ S"H(S5)".

To show that 7 is an invariant weight, we have to prove that V, = > P,®S™is a

partial isometry. In fact, it is an isometry:

meN
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VAV = (D P@(S)) () Pu®S™) = ) PP, ®(5)"S"
neN meN m,neN
= Y Pe(S)s" =) Peid=id®id=1.
neN neN

From Proposition 5.23 we know that the pair (7, V) is a covariant representation of
(C*(N), C*(N), én) on £%(N), the regular covariant representation with respect to 7, but
we also want to show this explicitly. Hence, we show that Equations (5.3) and (5.7) hold:

Ve(Vois = (D Pa®S"),(D> Pa@S™),= Y PP,®S"®s"
neN meN m,neN
= Y RS e8" = ({d@&) () P.®S") = (id® &) ;);
neN neN
lEN leN
_ Zmnsn(s*)m © 54" and
leN

(7 @1d) (B (S"(S)™)V2 = (SM(S)" @ S"(S)") (D P®s)
leN

leN

= D S Pa(S)" @S (ST)"S!
I>m

= > PSS ® S"(ST)™ S
I>m

= 3 PSS @ ST(S) St
leN

— ZPZ—I—nSn(S*)m ® Sl+n.

leN
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5.3 The dual C*-algebra

Given a locally compact group G, there is a pair of C*-algebras in duality: the C*-algebra
Co(G) and the full group C*-algebra C*(G). Since for locally compact, abelian groups G

~

we have that C*(G) = Cy(G), this duality can be viewed as an extension of Pontryagin’s

duality theorem for locally compact, abelian groups, which states that G and G are
topologically isomorphic.

In this section, we want to extend this duality concept to Hopf C*-algebras equipped with
an invariant weight. So in the following, we let H be a Hopf C*-algebra equipped with an
invariant weight 7. We will construct the reduced and the universal dual C*-algebra of
H and we will show that the reduced dual C*-algebra of the Hopf C*-algebra (¢(N), any)
is isomorphic to C*(N) whereas the reduced dual C*-algebra of the Hopf C*-algebra
(C*(N), dy) is isomorphic to the C*-algebra cy(N).

Given a functional f € H* and a corepresentation V € M(K(H) ® H), we set

Py (f) = (id® f)(V)

to get a bounded linear mapping 9y from H* to L(H) that satisfies ||9v (f)|lop < [ IV ]|
where ||.||op is the operator norm on £(H). For a,b € N;, let f,, € H* be the functional
defined by

fap(x) :=7(a"2b), =z € H.

Notice that 7(a*zb) = (A;(a)|m-(z)A; (b)), which shows that f,, is in deed a bounded
linear functional on H. We now define Z to be the closure in H* of the linear span of all
functionals of the form f, 4, a,b € N,

Z :=span{ fop: a,b € N.} C H".
Finally, we define the reduced dual C*-algebra C}(H,dp) by
Cr(H,0m) == C*(v.(2)) € L(H,),

where V, is the regular corepresentation of H on H..

We notice that we have not defined a comultiplication on the reduced dual C*-algebra,
i.e., C*(H,dy) is only a C*-algebra and not a Hopf C*-algebra.

The following two examples show that C*(N) is the reduced dual C*-algebra of the Hopf
C*-algebra (co(N), an) and that ¢o(N) is the reduced dual C*-algebra of the Hopf C*-
algebra (C*(N), dy).

Example 5.28 (¢y(N), an)
Let 7 be the invariant weight on co(N) given by 7((a(n))nen) = >, ey @(n), ie., T is the
weight that comes from the counting measure on N. It is easy to see that N, = ¢*(N) and
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M., = (*(N). Since ¢(N) is commutative, we have that f,,(x) = 7(a*zb) = 7(a*bzx) for
a,b € ((N) and = € ¢p(N). But a*b € (*(N) and hence, Z = span{f.; : a,b € (*(N)} =
{f.: ce }(N)} 2 (}(N), where f, is the functional defined by f.(z) := 7(cz), € co(N).

The linear span of the sequences e,, n € N, is dense in ¢!(N) and so we compute

O, (for) = (1@ £.,)(Vy) = (d ® £, ) O (S @e) = (5",

leN

since f,(e;) = T(ene;) = 0pi7(€s) = 0. Hence, CF(co(N), ay) is the C*-algebra that is
generated by the left shift S* on ¢?(N) and thus, it is isomorphic to C*(N):

Cr(co(N), an) = C*(N).

Example 5.29 (C*(N), dy)
Let 7 be the invariant weight on C*(N) introduced in Example 5.27. Here we have
M, =N, = C*(N) and we compute

Fom(swyn (s (SP(S%)T) = 7(S™(S*)™SP(S*)1S*(S*)') = (S™(S*)"QSP(5)15%(57)'Q)
_ { 1 ifl=n=0,p—qgq=m—k,¢q<k

0 otherwise.

Hence, we have that fom(g«yn sk(s«y = 0if n.>0or [ >0 and

. L ifp—g=m-—-n,q<n
P(GF\a) — ’
fsm, sn(SP(S7) )—{ 0 otherwise.

Furthermore, we see that
Z = span{ fsm gn : m,n € N}
and since the regular corepresentation of C*(N) on *(N) is V; = >, . A®5', we compute

) P,_, Im>n
v, (fsm sn) = (Id @ fsm S")(Z P®s') = Z Pifsn, 50(S") = { 0 otherwise.

leN leN

But now it is easy to see that C¥(C*(N),dy) is the C*-algebra that is generated by the
one dimensional projections P, [ € N, on ¢?(N) and so

Cr(C*(N), dy) = ¢o(N).
The rest of this section is dedicated to the construction of the universal dual C*-algebra

C*(H,dy). In what follows, we suppose that (H,d0y) is a Hopf C*-algebra equipped with
an invariant weight 7 that satisfies the following condition:

(f@g)odg e Zforall fge Z. (5.9)
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This extra condition allows us to define a multiplication * on Z by setting
frg:=(f®g)odu.

We want to examine if our standard examples (¢o(N), ay) and (C*(N),dy) satisfy this
condition and what the definition above for the multiplication on Z yields in the concrete
examples.

Example 5.30 (c¢o(N), ay)
We have seen in Example 5.28 that Z = {f. : ¢ € /}(N)} and hence, we compute

l

(fon @ fo)an(e)) = (fo, @ fo, )OO e @ i) = > for(€r) fen(e1-)

k=0
_ 1 ifl=m+n
N 0 otherwise

} o)

So we see that (f., ® f,.) can = fe,,.. € Z and it is easy to see that (f, ® fy) oan € Z
for arbitrary a,b € ¢*(N). This means that (cy(N), ay) satisfies Equation (5.9) and so we
can define the multiplication % on ¢y(N) to get

fen *fem = f6n+'m

for all n,m € N. Hence, the multiplication * on Z = ¢*(N) is the usual convolution
product.

Example 5.31 (C*(N),dy)
From Example 5.29 we already know that for the Hopf C*-algebra (C*(N), dy), we have
Z = span{ fgm gn : m,n € N}. To see if (C*(N), dy) satisfies condition (5.9), we compute

(fst,5t @ fom sn)(On(SP(S)T)) = [far,5x(SP(S)?) fam sn(SP(S™)Y)
1l ifk>¢gn>qgandl—k=m—-n=p—gq
o 0 otherwise.

So now it is easy to see that

0 ifl—k#m-—n
(fsr50 @ fomgn) ooy =4 forgn fl—k=m-—nandk<n
fsmgn fl—k=m—nandk>n.

In any case (fsi gt ® fsm gn) 0y € Z and so we see that (C*(N),dy) satisfies condition
(5.9). Thus we can define the multiplication * on C*(N) to get

0 ifl—k#m-—n
foigr * fgmgn = fage fl—k=m-nandk<n
fsmgn fl—k=m—nandk>n.
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Proposition 5.32 The multiplication x on Z is associative.

Proof: Let f,g,h € Z and x € H be arbitrary. Then

(fx(g=h))(@) = (f@(9xh))(0n(r))=(f®g®h)((id®ix)(0n(r))

5.1
= (fo g0 h)((6n ©id)(0u (@) = ((f * 9) ® h)(0u(x))
= ((f*g)*h)(2).
and we see that the associativity of * follows from the coassociativity of dg. a

Hence, (Z,+, ) is an associative algebra. Now let V € M(K(H) ® H) be a corepresen-
tation of H on a Hilbert space H. The following computation shows that the bounded
linear mapping Jy : Z — L(H) is multiplicative. For f, g € Z we have

I (f)ov(g) = (Gd® £V)((Id® g) (V)
= (de feg)((i[dedig)(V))

(id® f ® g)(Vi2Vis)
(ide (f*g)(V)=12dv(f *g).

Next, we want to construct the universal dual C*-algebra C*(H,dy) and we proceed in
the following way. Let L be the universal enveloping *-algebra of 7, i.e., L is a *-algebra
together with an injective algebra homomorphism ¢ : Z — L that is universal in the sense
that if there is another algebra homomorphism ¢ from Z into another *-algebra K, there
exists a *-homomorphism v : L. — K such that 1) = 1) o ¢.

Given a corepresentation V' of H on a Hilbert space H, we know that 79\/ : Z — L(H)

is an algebra homomorphism and thus, there exists a *-homomorphism Oy L — L(H).
This allows us to define a norm on L. For a € L we set

llal| := sup{||9y (a)||op : V corepresentation of H},

where ||.||op denotes the operator norm on L£(H). To see that this supremum exists,
note that the linear span of alternating products of elements from ¢(Z) and p(Z)* is a
dense subset of L. For example, we let a := ¢(21)p(22)*¢(23)0(24)" ... @(2n—1)¢(2n)* be
a typical alternating product in L and we let V' be an arbitrary corepresentation of H on
a Hilbert space H. Then we have

1 @les = [TvlpG0plz) pe)e) ool o

e e ) 2 ) ) T2 S e 2 e
(
(

[y (21)0v (22)*Ov (23)0v (24)" - - - v (20-1)Tv (20) " |lop
|9 (20)[op[9v (22) [lop 19V (23) [|op 9V (24) lop - - - 19V (Zn=1) lop 19V (20) [ op
Lz IV 22V Iz Y 22 V- et TV 22TV

Iz lHlz2ll T2l 2all - 1za—1 ][]l 20l

INIAIA
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and so sup{H?g“v/(gp(zl)go(zQ)*go(zg)gp(z4)* oo @(2n—1)@(20) ) lop V' corepresentation of H}
is bounded by ||z [|[|z2|l[|zs[l[|zall - - [1zn -2 [ll|2a -

Now ||.|| is a C*-seminorm on L. Let N := {a € L : ||a|]| = 0}. We define the universal
dual C*-algebra C*(H,d0p) to be the completion of L/N. Again, we notice that we have
not defined a comultiplication on C*(H, dg) and thus C*(H, dy) is only a C*-algebra but
not a Hopf C*-algebra.

5.4 The reduced crossed product

In the present section, we want to construct the reduced crossed product A x5 H for a
dynamical cosystem (A, H,0). We will show that for the dynamical cosystem (C, H,id),
where id is the trivial coaction of a Hopf C*-algebra H on the complex numbers, the
reduced crossed product C x;q H corresponds to the reduced dual C*-algebra C*(H, dy).
Finally, we will introduce a coaction § of the Hopf C*-algebra C*(N) on the crossed
product A xg N and we will examine the reduced crossed product (A xg N) x5 C*(N).
This example will be of great importance in the next chapter.

In the following, let 7 be an invariant weight on a Hopf C*-algebra H and let (7, V,) be
the corresponding regular covariant representation of (H, H,dg) on H.. Moreover, let 0
be a coaction of H on a C*-algebra A. We set

V=023V ®ida) € L(H, ® A® H)
and we define a nondegenerate *~homomorphism ¢: A — L(H, ® A) by setting
Y:=co(id®mn,)od.
Moreover, we define the C*-algebra A x5 H C L(H, ® A) by
Axs H:=C"({¢(a)(idoid® f)(V):a€ A, f € Z})

and we call A x5 H the reduced crossed product for (A, H,?).
Proposition 5.33 (¢, V) is a covariant homomorphism from (A, H,d) into M(A xs H).

Proof: It is clear that ¢): A — M (A x5 H) is a nondegenerate *~homomorphism and that
Ve M(AxsH® H). The fact that V' is a partial isometry follows directly from the fact
that V, is a partial isometry. Moreover, we have

= 023034((V7)12(Vr )13 @1da) = V12 Vi
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and for a € A arbitrary we get

V((a)®1) = (093(V: ®1ida))(o12(ida @ mr @ idp)(6(a) @ 1))
o12((ida ® V;) ((ida @ 7 ® idyr)(6(a) ® 1)))

= 012(( idg ® 7, ®idy)(ida ® 6)(0 a)))(ldA®V))

= (o12(ida @ 7 @ idy)(0 @ idu)(5(a)))(o23(V; ®1da))

= (Y ®id)(5(a))V,

where (%) holds because (7., V) is a covariant representation of (H, H,dy) on H, and
hence, (7, ® id)(dg(h))V; = V(7. (h) ® 1) for all h € H. O

—
=

Example 5.34 (The reduced dual C*-algebra)

Let H be a Hopf C*-algebra equipped with an invariant weight 7 and let (m,,V,) be
the corresponding regular covariant representation on H,. Moreover, let id be the trivial
coaction of H on the complex numbers C introduced in Example 5.10 (a). Since H, ®C ~
‘H,, we can identify V' with V, and 1) is just the trivial representation of C on H,. Finally,
we have

CxuH = C({Y(z)id@ f)(V7): 2€C, fe Z}) =C"({(ide f)(V;): f e Z})
= C"(0,(2)) = C7(H, bn)

and so the reduced crossed product for (C, H,id) is the reduced dual C*-algebra C}(H, 05 ).

Example 5.35 (The double crossed product (A xg N) x5 C*(N))
Let A xg N be the reduced crossed product of A by F from Example 3.14, i.e.,

AxgN=C"({rg(): £ € E}U{ma(a): a € A}) C L(F(E)).
We define a Toeplitz representation ¢: (F, ®) — M((A xg N) ® C*(N)) by setting
V(&) =m(§") @ S™ forn>1 and g(a):=me(a) @1

for * € E™ and a € A arbitrary. To see that 1 is a Toeplitz representation from (F, ®)
into M((A xg N)® C*(N)), we let a,b € A, £",n" € E™ and £™ € E™ be arbitrary and
compute

Un(a-&"-b) = mpa-&"-b) ®S" =mo(a)m(§")mo(b) ®
= (mo(a )® 1)(ma(§") @ 5")(mo(b) & >:wo< ) (€") (D),
Un(€") n(n") = (mn(€")" @ (S7)")(mn(n") © §") = m (§") ma (") @ (57)" 5"
= mo((§"[n")a) ® 1 =1o((&" 0" )a) and
Vntm (Prm(§" ®E")) = Tnpm(Pam(§™ ®E")) ® Sn+m:7rm(£m)7rn(£n>®sm5n
= (mn(€™) @ S™)(mn(§") @ S™) = Pn (€7 )n(E").
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In [11, Corollary 2.2.], Fowler and Raeburn showed that A xgp N = 7.(F, ®) is isomorphic
to the universal Toeplitz algebra 7 (F, ®). Hence, there exists a unique *~homomorphism
0: AxgN— M((AxgN)® C*(N)) that satisfies

0(m(€")) = ma(§") @ 5™ and  d(mo(a)) = mo(a) @1

for & € E", n > 1 and a € A arbitrary. We claim that § is a coaction of the Hopf
C*-algebra C*(N) on A xg N. It is clear that § is nondegenerate and injective. To see
that it satisfies the coaction identity (5.4), we compute

(0 @id) o d(ma(€")) = (6 ®id)(m(E") © 5") = m(§") © 5" © 5"
= (id®doy)(mn(£") @ 5") = (id @ dn) © 6(mn(£")).

From Example 5.27 we know that the regular covariant representation (m,,V;) of the
dynamical system (C*(N), C*(N), dy) on the Hilbert space ¢?(N) with respect to the weight
7 consists of the identity representation 7, of C*(N) on ¢?(N) together with the isometry
Vi =3 en P ®S™ € L((N) ® C*(N)). Thus we get

V=> P®idsn®5" € LICN)@AxpN@C*(N)) and ¢(m,(¢") = " @7, (¢")

neN

for " € E™ and n € N. Since (id ® id ® fg gx)(V) = P @ idax,n, we finally get that

(AxpN) x5 C*(N) = C*({t(mn(€™)(d@id® f)(V): €™ e E™meN, f € Z})
= C*({(S™ @ T (E™) (P @ id gspn): €™ € E™ m,n € N})

C*"({S"P, @ mp(§"): €™ € E™ m,n € N})

L(P(N)® A xpN).

N



Chapter 6

Takai duality

For a C*-dynamical system (A, G, «), Takai’s duality theorem [28], which is the most
fundamental theorem in the theory of crossed products, states that the double crossed
product (A x, G) X4 (' is strongly Morita equivalent to A. In [25], Schweizer provides
an analog of Takai duality for crossed products by equivalence bimodules. He shows that
there is an action v of Z on Axx 7, where X is an equivalence bimodule over a C*-algebra
A, such that (A xx Z) x, 7. is strongly Morita equivalent to A.

In this chapter our objective is to transfer this statement to the situation when E is a C*-
arrow over a C*-algebra A, i.e., we want to show that the C*-algebra (A x g N) x5 C*(N)
introduced in Example 5.35 is strongly Morita equivalent to A. Thus, we concentrate on
the product systems (A, E') over the natural numbers from Example 3.14. First, we give
a general definition of strong Morita equivalence for product systems and then we discuss
what this notion means for our special product systems over N. Thirdly, we show that
an arbitrary product system (A, E) over N is always strongly Morita equivalent to the
product system induced by a *-endomorphism ag on the C*-algebra K(F(E)). In the
main theorem of this chapter we show that (A xgN) x5 C*(N) is isomorphic to I(F(E)).
Since K(F(F)) is strongly Morita equivalent to A, this implies that (A xg N) x5 C*(N)
and A are strongly Morita equivalent.

Definition 6.1 (Strong Morita equivalence for product systems)

We say that two product systems (F, ®) and (G, ¥) over an index category J are strongly
Morita equivalent if there is an optransformation o: (F,®) — (G, V) such that all C*-
arrows og(i): F; — G;, © € Ob(J), are invertible and all F;-G;-bimodule mappings
o1(r): Fr @ 0o(j) = 00(i) ® G, 7: i — j € Arr(J) are unitary.

For the rest of this chapter we will concentrate on the products systems (A, F) over the
natural numbers from Example 3.14. We recall that these product systems (A, E') consist
of a C*-algebra A and a family of C*-arrows { E": n € N} over A, where we set EY := 4 A.
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We also recall that we denoted the Fock correspondence for (A, E) by F(E), i.e.,

F(E)={(&,) € H E™: Z(ﬁn |€n)a  converges in A}.

neN neN

Moreover, we suppose that
p(A) CK(E),

where p: A — L(FE) is the *-homomorphism that implies the left multiplication of A on
E. In what follows the term “(A, F) is a product system over N” shall always mean that
(A, E) is of the form described above.

Now, we want to discuss what it means for two product systems (A, E') and (B, F') over N
to be strongly Morita equivalent. By the definition above, (A, E') and (B, F’) are strongly
Morita equivalent if there is an optransformation o: (A, E) — (B, F’) such that the C*-
arrow 0g: A — B is invertible and all 2-cells o1(m): E™ ® 09 = 0o @ F™, m € N, are
unitary. But it is easy to see that in this situation, all of the 2-cells oy(m), m > 1,
are uniquely determined by oy := 01(1) and so (A, F) and (B, F) are strongly Morita
equivalent if and only if there is an invertible C*-arrow o¢: A — B and a unitary bimodule
mapping o1: F ® 0y = 09 ® F. We notice that the first condition is the strong Morita
equivalence of the C*-algebras A and B.

In the following, we want to show that every product system (A, E) over N is strongly
Morita equivalent to a product system induced by a *-endomorphism ag on the C*-
algebra IC(F(E)). Solet (A, E) be an arbitrary but fixed product system over the natural
numbers. By M C F(FE) we denote the bisubmodule defined by

M = {{ = (§.&1, &2, .- .) € F(E): & = 0}

It is clear that M is a C*-arrow from A to A. We define a mapping V: F(E)@4 E — M
by setting

V((gn)nEN & 5) = (Ou (I)I,O(&) & 5)7 (1)1’1(51 ® 5)7 (I)L?(g? & 5)7 .- )

It is easy to see that V' is an A-A-bimodule mapping and the following computation shows
that it is isometric:

(V((&n) @) [V () ©1) Ja

= ((0,®10(& ® &), P1,1(& ®E),-.) [ (0, Pr0(n0 @ 1), Pra(m ®@7),.-.) )a
= Y (@16 @) | Praln @)= (&®E|n @0k

= Y (&Gl mama=(E1OQ_(&alm)a) - n)a

= (&10&) [ () )a-m)a = ((&) © [ () @7 )a-
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Moreover, it is rather obvious that V' is surjective (we notice that all the ®; ,, are unitaries)
and hence, V' is a unitary. Next, we define a *-homomorphism ag: K(F(E)) — K(M) by
setting

ag(k) =V(ke1)V*

for k € K(F(F)). To see that V(k ® 1)V* € (M), we notice that it follows from [15,
Proposition 4.7.] that k®1 € K(F(E)®4E). Now we equip M with a IC(F(E)) left action
by setting k - £ := ag(k)(€) for k € K(F(E)) and £ € M. Thus, M is a C*-arrow from
K(F(E)) to A. Of course, F(F) ®4 E can also be viewed as a C*-arrow from IC(F(E))
to A and the following computation shows that V' is a IC(F(E))-A-bimodule mapping:

V(k-((§a)©€)) = V(k- (&) ©€) = V(k©1)((£n) ©€) = ap(k)(V((£n) ©E)) = k- V((£n) ©E),

where k € K(F(E)), (&) € F(F) and £ € E. This yields that M and F(F) ®4 E are
unitarily equivalent as C*-arrows from K(F(E)) to A.

Now ag: K(F(E)) — K(M) C K(F(E)) can be viewed as a *-endomorphism on IC(F(E))
and thus ag induces another product system over N that we denote by (IC(F(E)), ag).
This product system consists of the C*-algebra K(F(E)) and the family .»/C(F(E)),
n € N, of C*-arrows over K(F(FE)). The family of unitary K(F(E))-C(F(E))-bimodule
mappings V1 apK(F(E)) @xF ) ap K(F(E)) = quinK(F(E)), n,m € N, is defined
by setting
Uym(§ ®n) == a(En.

Similar to Example 2.16, we can show that U,, ,,, is in deed a unitary K(F(E))-K(F(E))-
bimodule mapping and that the family {¥,, ,,,: n, m € N} satisfies the necessary identities
for (IC(F(F)), ag) being a product system.

Proposition 6.2 (A, E) and (K(F(E)),ag) are strongly Morita equivalent.

Proof: By the discussion above, it suffices to provide an invertible C*-arrow oy from
K(F(E)) to A and a unitary bimodule mapping o1 : o, K(F(E)) @k (r(E)) 00 = 0o ®a E.
We set oy := F(F). F(E) clearly is a C*-arrow from K(F(F)) to A and it is easy to see
that F(F) is a IC(F(FE))-A-equivalence bimodule and hence invertible. It remains to show
that o, K(F(F)) @kr@m) F(E) and F(E)®4 E are unitarily equivalent. We have already
shown that F(F) ®4 E and M are unitarily equivalent. So now we define a mapping
W: W K(F(E)) QK(F(E)) F(E) — M by setting

W(k &) = k(¢)

for k € ,,K(F(F)) and & € F(E). We notice that k(§) € M since k € ,,K(F(E)) =
ap(K(F(E)))K(F(E)) and ag(K(F(E)) € K(M). Moreover, we claim that W is a
unitary IC(F(FE))-A-bimodule mapping. First we show that W is an isometry:

(@& |hke®@&a = (& f(kilke)@Fm) - & )a = (& | kTka(&2) )a
(k1(&1) [ ka(&2) Ja = (W (k1 @ &) | W (ke ® &2) )a
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for ki, ke € o ,K(F(E)) and &,& € F(E). Now let k € K(F(E)), kK € .,K(F(E)),
¢ € F(E) and a € A. Then

Wk (K®&)-a) = W(k-F)@ (- a) =Wk ©f-a)
= ag(k)K (- a) ()( '(€) - a)
= k- (K@) a=k WH @) a

which shows that W is a K(F(F))-A-bimodule mapping. It remains to prove that W is
surjective. It suffices to prove that ®;(£ @ n) € ran(W) for £ € E*, n € E, where we
view E" as a subset of F(FE). So let (a;) be an approximate unit in A. Then we have

W(aE<ef,ai)0ai'nvai ®a;) = O‘E(Qﬁﬂi)eai'%ai(ai) = V(Qﬁ a; @ DV*(a;-n - (a;i|aia)
= V(lea @ 1)(ai @1 (ai]ai))
= V(& (ailai)a®n-(ai]ai)a)
= ©4(€- (ai]ai)a®n- (ailai),
which converges to @ (¢ ® ), since (a;) is an approximate unit. Hence, W is a unitary
K(F(F))-A-bimodule mapping and so M and ,,K(F(E)) ®xr k) ]—"(E) are unitarily
equivalent as C*-arrows from K(F(E)) to A. Together with the result above we get that
apK(F(E)) @k(rmy F(E) = F(E) @4 E

as C*-arrows from K(F(E)) to A. O

Theorem 6.3 (A xgN) x; C*(N) = K(F(F))

To simplify our notation we put B := A xx N. Then ¢*(N, B) ~ (*(N) ® B is a Hilbert
B-module. Moreover, m4: A — B is a *~homomorphism and we define a linear mapping
) F(E) — (*(N, B) by setting

TrB) (0, &1, &os -+ ) 1= (m0(0), m1(€1), m2(&2), - - )
Lemma 6.4 (7zg),ma) is a homomorphism from (F(E), A) to (*(N, B), B).

Proof: For £ = (&, &1,82,--.),n = (M0,M1, M2, --.) € F(F) and a € A we have

(77w (&) 77 M = Y Tal&) Taln) =D mo((&n |1 )a

neN neN

= 1) _(&lm)a) =7a((§[n)a)  and

neN
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ey (§-a) = mrE)(§-aéi-aéa,. ) = (106 a), (& - a), (& a),. )
= (mo(&o)mo(a), m(&1)mo(a ) m2(§2)mo(a), - . .)
= (m0(&0), m1(§1), m2(&2), - - -) - mola) = mrm)(§) - mo(a).

Proof of Theorem 6.3: Since 74 is injective, it is isometric and hence, 7z ) is also
isometric. We let L denote the image of F(FE) under mzg) and C the image of A under

A,

L:= ’/Tf(E)(JT(E)), C .= WA(A).

Hence, mrgy: F(E) — L is a bijective linear mapping, m4: A — C is a *-isomorphism
and (7r(g),T4) is a homomorphism from (F(E), A) to (L,C). Let 7T]__-(1E)2 L — F(FE)
and 7,': C — A denote the corresponding inverse mappings. Then it is easy to see that

(W;gE),qzl); (L,C) — (F(E),A) is a homomorphism. By Lemma 3.6 it follows that

there are *-homomorphisms mizgy) : K(F(E)) — K(L) and 7TK Fmy: K(L) — K(F(E))
that are uniquely defined by

. -1 .
M) (Oe62) = Onpiy €0 mrim (€ Tiorimy Omane) = Ont )z, (o)

for £1,& € F(E) and ny,m2 € L. Since 7T;_-(1E) is the inverse mapping of mr(g), it is clear
that mx(#(g)) is a *-isomorphism with inverse 7T,C( () and hence, the C*-algebras KC(F (E))
and C(L) are isomorphic.

Next, we define a mapping W: L(F(E)) — L(L) by setting
W(T)(€) :=7mrm o T o Trig (E)

for '€ L(F(E)) and £ € L. To see that W(T') € L(L), we let £, € L arbitrary and
compute

(WD) e = (mrm) 0T omzp(€)n)e=mal(T o mxp/(€) | 77 1) )a)
TA((T (g ) | T 0 Triy () a) = (€| Trm) 0 T* 0 mr(my-1(n) )e
= (&IW(T")())c

which shows that W(T) € £(L) with W(T)* = W(T™*). It is also easy to see that W is
linear and multiplicative and hence, a *~homomorphism from L(F(E)) to L(L).

Analogously, we define a mapping W~': L(L) — L(F(FE)) by setting
WHT)(n) = 7z 0 T o Tr(m) (1)

for T € L(L) and n € F(E). Tt is clear that W' is a *-homomorphism from £(L) to
L(F(FE)) and since W;-%E) is the inverse mapping of mz(g), it is also easy to see that W~!
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the inverse *-homomorphism of W. Hence, we see that the C*-algebras £(L) and L(F(E))
are isomorphic. The following computation shows that mx 7)) is the restriction of W to
IKC(F(E)), because for £,n € F(E) and ¢ € L we have

W(len)(C) = Tr(m) 000 Try(Q) = Trm) (€ - (0] 77 (C) )a)
= 7rm) (&) mal(n] 755 (O) a) = Trm)(€) - (7)) | e
= Oy ©mrmy ) (C) = Tre(r(E)) () (C)-

Now let S be the forward shift operator on ¢?(N), i.e., S(2, 21, 22, - . .) = (0, 20, 21, 22, - - .)
and let P, € L((*(N)) be the projection on the n-th component of (2(N). We consider
the operators

S™P, @ T (€™) € LIA(N) @ B) = L(A(N,B))  (£™ € E™,m,n € N)

that generate B x5 C*(N), see Example 5.35. We claim that L C ¢*(N, B) is an invariant
submodule for S™P, ® 7,,(§™). So let n = (0o, n1,12,...) € F(E) be arbitrary. Then
mrE)(n) = (mo(Mo), 1 (M), T2(n2), . ..) € L and we compute

(8™ Py @ mn(§™)) (mo(m0), m1(m1), m2(n2), - - )
(0,0, 0,7 (€T (1), 0, ) = (0,0, -0, (@ (€7 @ 1)), 0, )
7T]:(E)(0, O, c. ,0, (I)mm(fm X nn), 0, .. )

Now (0,0,...,0,®,,,(£"®n,),0,...) € F(E), since the n+m-th component ®,, ,,,(§™®@n,,)
is in B and thus (S™P, ® 7, (E™))(mo(no), m1(m ), m2(n2), . ..) € L, which shows that
S™ P, @1, (™) leaves L invariant. Analogously, we can show that (S™ P, ®,,(£™))* leaves
L invariant and hence, B xsC*(N) leaves L invariant and can be viewed as a C*-subalgebra
of L(L). The next computation shows that W=(S™P, ® m,,(£™)) = T (™) P, = Tem Py,
where P, is the projection onto the n-th component of F(E). For n = (n,m1,72,...) €
F(FE) we have

W (S™ Py ® Tn(€™)(0) = Tl © (8™ P ® Tm(€™)) 0 Tor(my ()
= Trp) © (8™ Py ® mn (™)) (mo(10), 71 (m1), T2 (112), - . )
= e (TrE) (0,00, @, (6" @1,),0,...))
= (0,0,...,0,Q,,,(™ ®@n,),0,...)

= Tem(0,0,...,0,m,,0,...) =Tem P, (n).

We claim that Tem P, € K(F(E)). So let (uq)a be an approximate unit for A and let
¢": A — K(E™) be the *~homomorphism that implies the left multiplication on E™. We
note that ¢"(A) C K(E™) since ¢p(A) C K(E). Then there exist n € E™ such that
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P (Ua) = Zz 977?,77? and we compute

Z 0¢n,m(€m®ﬂ?)mf‘ €) = Z D (E™ @0 - (0 [Coa = Z Py (E™ @n - (0| G )a)

)

= Z D (€7 @ Ono e (Cn)) = P (™ @ (Z 022 )(Cn))

®n,m(§m & Ug €n> = (I)n,m(£m ®~ua : P’VL(C))
= Ppm(§™ - ta ® Po(C)) = Temu, Fr(C)

for ¢ € F(E) arbitrary. Hence, Tem., P = >, O, memane) e € K(F(E)). But Tem.y,
converges in norm to Tgm and thus also Tem P, € K(F(E)).
Hence, we get that W—(S™P, ® m,(€™)) = TemP, € K(F(E)), which implies that
W=1(B x5 C*(N)) C K(F(FE)). Finally, we observe that

WS Py @ Tn(€)(S" Py  mal1"))") = Tem PolTis Po)* = Ten T Po = B

forall ™ € E™, n™ € E™, n,m € N. But it is clear that the linear span of these operators
is dense in C(F(E)) and hence, W1 (B x5 C*(N)) = K(F(E)), which yields that

B s C*(N) = K(F(E)).

Corollary 6.5 A and (A xg N) x5 C*(N) are strongly Morita equivalent.

Proof: By Theorem 6.3, (A xg N) x; C*(N) and K(F(E)) are isomorphic and hence,
strongly Morita equivalent. Moreover, Proposition 6.2 implies that A and K(F(FE)) are
strongly Morita equivalent and thus, it is clear that A and (A xgN) x; C*(N) are strongly
Morita equivalent. O
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Appendix A

Crossed products by discrete groups

Let GG be a discrete group, i.e., a group that carries the discrete topology, and let A be a C*-
algebra. Moreover, let a be an action of G on A, i.e., the mapping g € G — a, € Aut(A)
is a group homomorphism. Then we call the triple (A, G, «) a discrete C*-dynamical
system.

A wunitary representation of a discrete group G is a group homomorphism U from G into
the group of unitary operators U(H) on a Hilbert space H. A covariant representation
of a discrete C*-dynamical system (A, G, «) is a pair (7, U), where 7 is a nondegenerate
representation of A on a Hilbert space H and U is a unitary representation on the same
Hilbert space such that

w(as(a)) = Uyr(a)U;

foralla € A and s € G.

Given a discrete C*-dynamical system (A, G, «) and a nondegenerate representation 7 of

A on a Hilbert space ‘H, we can always construct covariant representations (7, A) and
(75, p) of (A, G, ) on £*(G,'H) using the left and the right regular representation A and
p of G on (*(@), respectively :

DO =€) and  (pO)1) = Ets) e P(C)steC.
Fora € A, £ € *(G,H) and s,t € G we define

(T (@E)(t) = m(a-1()é(t) and  (AL)(t) = &(s7).

Then one can easily check that (75, A) is a covariant representation, the left reqular rep-
resentation corresponding to 7. Similarly, we define

(Tp(@))(t) == 7(au(a))§(t) and  (p:€)(F) == &(ts)

and again it is easy to see that (7,, p) is a covariant representation of (A4, G, «), the right
reqular representation corresponding to .
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Definition A.1 A crossed product corresponding to a discrete C*-dynamical system
(A,G,a) is a C*-algebra B together with a *-homomorphism i4: A — M(B) and a
group homomorphism ig: G — UM (B) such that

o iy(as(a)) =ig(s)ia(a)ig(s)" for all a € A, s € G and

e for every covariant representation (7, U) of (A, G, «) there is a unique nondegenerate
representation m X U of B with m = (7 x U) oiy and U = (7w x U) o ig.

One can show that given a discrete C*-dynamical system (A, G, «), a crossed product ex-
ists and that it is unique up to isomorphism. Hence, we can talk about the crossed product
of (A,G,a) and we denote it by A x, G. By definition, there is a 1-1-correspondence
between the representations of A X, G and the covariant representations of (A, G, «).

We want to describe one way how the crossed product of a discrete C*-dynamical system
(A, G, a) can be constructed. Let C.(G, A) be the vector space of all A-valued functions
on G with compact support. Hence, a function f € C.(G, A) takes nonzero values only
on a finite subset of G. We define pointwise addition and a convolution product by

(f*9)(t) =D fs)as(g(s™'t)
seG
for f,g € C.(G,A) and t € G. Moreover, we define an involution and a norm on C.(G, A)
by
@) =a(f@))  and k=) 16,
seG

where f € C.(A,G) and t € G. This makes C.(G, A) a normed algebra with isometric
involution. The completion of C,(G, A), which we denote by L'(G, A), is an involutive
Banach algebra but in general not a C*-algebra since the norm ||.||; is not a C*-norm.

Now the full crossed product A x, G is the completion of C.(G, A) with respect to the
maximal C*-norm

£l := sup{||=(f)| : 7 is a *-representation of L'(G, A)}

and the reduced crossed product A X4, G is the norm closure of ((7,)x X A)(A X4 G), where
mu: A — L(H,) is the universal representation of A on. We notice that the linear span
of the set of products {(ﬁu),\(a)S\S: a € A,s € G} is dense in A x,, G. In other words,
the reduced crossed product A X, G is the C*-subalgebra of L(¢*(G,H,)) generated by

the products {(7,)x(a)As: a € A, s € G}.

Remark: Let B be the C*-subalgebra of L(¢*(G,H,)) generated by the set of products
{(7u)p(a)ps: a € A, s € G}. We claim that A x,, G and B are isomorphic. To see this,
we use the unitary operator U € L((*(G,H,)) defined by (U&)(t) := £(t') and we define
an automorphism ¢ € Aut(L(¢*(G,H,))) by 9(T) := UTU* = UTU. An easy calculation
yields that 9(\,) = ps and 9((7,)a(a)) = (7u),(a) for all s € G and a € A and so it is
clear that ¥(A X, G) = B. So one could have also used the right regular representation

corresponding to 7, to define the reduced crossed product.
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Zusammenfassung in deutscher
Sprache

Diese Arbeit lasst sich in zwei Teile gliedern. Im ersten Teil, der die Kapitel eins bis
vier umfasst, wollen wir Produktsysteme von einem héheren Standpunkt aus betrachten.
Produktsysteme wurden zuerst von Arveson [1] im Jahre 1989 eingefiihrt, um eine Index-
theorie fiir stetige Halbgruppen von *-Endomorphismen in £(H) zu entwickeln. Spéter
betrachtete dann Dinh [8] den diskreten Fall und Fowler [10] wiederum verallgemeinerte
Dinhs Konzept, indem er Hilbert-Bimoduln anstelle von Hilbertraumen benutzte. Fowlers
diskrete Produktsysteme von Hilbert-Bimoduln bestehen aus einer Familie von Hilbert-
Bimoduln {X;: s € S} {iber einer C*-Algebra A, die von einer abzéhlbaren Halbgruppe
S indiziert wird, und einer Familie von unitaren Bimodulabbildungen

¢8,t:XS®AXt_)XSt7 S,tGS.

Wir wollen mit Hilfe der Bikategorientheorie die Struktur offenlegen, die sich hinter den
Produktsystemen verbirgt. Eine Bikategorie besteht, ebenso wie eine Kategorie, aus Ob-
jekten und Pfeilen zwischen diesen Objekten. Im Unterschied zu Kategorien besitzen
Bikategorien jedoch noch eine zusatzliche Struktur, namlich Pfeile zwischen den Pfeilen,
die 2-Zellen genannt werden. Unser Hauptbeispiel fiir Bikategorien ist die Bikategorie
C*ARR. Die Objekte von C*ARR sind C*-Algebren, die Pfeile sind C*-Pfeile (ein Begriff,
der auf Hilbert-Bimoduln basiert und auf den wir spéter noch néher eingehen werden)
und die 2-Zellen sind adjungierbare, isometrische Bimodulabbildungen.

Wir werden die “Funktoren” zwischen Bikategorien einfiihren — die sogenannten Mor-
phismen — und wir werden sehen, dass die Fowlerschen Produktsysteme im Grunde nur
spezielle Morphismen von der Halbgruppe S (als Bikategorie betrachtet) in die Bikate-
gorie C*ARR darstellen. Somit kénnen wir eine natiirlichere und elegantere Definition
fiir Produktsysteme angeben, indem wir definieren, dass ein Produktsystem ein Morphis-
mus von einer Indexkategorie J (die wir als Bikategorie betrachten) in die Bikategorie
C*ARR ist. Wir konnen damit die Produktsysteme, die urspriinglich von Arveson fiir die
Indextheorie fiir Halbgruppen von *-Endomorphismen entwickelt worden waren, auf eine
sehr natiirliche Art und Weise beschreiben, indem wir die Bikategorientheorie bemiihen.
AufBlerdem ergibt sich dadurch, dass wir unsere Produktsysteme nicht mehr durch Hal-
bgruppen sondern durch Indexkategorien indizieren lassen, eine viel groflere Klasse von
Beispielen.
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Im weiteren Verlauf der Arbeit ordnen wir jedem Produktsystem (F, ®) zwei C*-Algebren
zu, und zwar die reduzierte Toeplitz-Algebra 7,.(F, ®) und die reduzierte Cuntz-Pimsner-
Algebra O, (F,®). Desweiteren untersuchen wir diverse Spezialfille, die zeigen, dass un-
sere Konstruktionsmethoden fiir die reduzierten Toeplitz- bzw. Cuntz-Pimsner-Algebren
viele andere Konstruktionen von C*-Algebren verallgemeinern.

Anschlieflend werden wir die universelle Toeplitz-Algebra 7 (F,®) und die universelle
Cuntz-Pimsner-Algebra O(F, ®) einfithren. Wir wiederholen den Begriff des bikategoriel-
len Kolimes fiir einen Morphismus und beschlieen den ersten Teil dieser Arbeit, indem
wir zeigen, dass fiir gewisse Produktsysteme (F,®) die universelle Toeplitz-Algebra als
das bikategorielle Kolimesobjekt des Morphismus (F, ®) betrachtet werden kann.

Im zweiten Teil der Arbeit, der die Kapitel fiinf und sechs beinhaltet, entwickeln wir
eine Dualitdtstheorie fiir lokalkompakte Halbgruppen und greifen dabei auf das Konzept
der Hopf C*-Algebren zuriick. Eine Hopf C*-Algebra ist eine C*-Algebra H, auf der ein
nicht-degenerierter, injektiver *~Homomorphismus éy: H — M (H ® H) — die sogenannte
Komultiplikation — definiert ist. Das Standardbeispiel fiir eine Hopf C*-Algebra ist Cy(S),
die C*-Algebra der komplexen Funktionen auf einer lokalkompakten Halbgruppe S, die
im Unendlichen verschwinden. Die Multiplikation auf S induziert eine Komultiplikation
auf Cy(S). Insofern kann man Hopf C*-Algebren als verallgemeinerte lokalkompakte
Halbgruppen betrachten.

Wir werden dann eine hinreichende Bedingung an die Hopf C*-Algebra H entwickeln, die
es uns ermoglicht, eine Kodarstellung von H auf einem ausgezeichneten Hilbertraum zu
konstruieren, ahnlich der regularen Darstellung einer lokalkompakten Gruppe G auf dem
Hilbertraum L*(G, i), wobei u das rechte HaarmaB auf G' bezeichnet. Mit Hilfe dieser
regularen Kodarstellung konnen wir dann die reduzierte duale C*-Algebra von einer Hopf
C*-Algebra definieren und wir werden zeigen, dass die klassische Toeplitz-Algebra C*(N)
die reduzierte duale C*-Algebra der Hopf C*-Algebra cy(N) ist. Ebenso ergibt sich, dass
co(N) die reduzierte duale C*-Algebra der Hopf C*-Algebra C*(N) ist. Dies entspricht der
Tatsache, dass fiir eine lokalkompakte Gruppe G die beiden C*-Algebren Cy(G) und C*(G)
in Dualitat zueinander stehen und kann als Analogon zum Dualitéatssatz von Pontryagin
betrachtet werden.

Schliellich werden wir uns noch einem weiteren Dualitatssatz zuwenden, dem Dualitats-
satz von Takai [28]. Dies ist einer der grundlegendsten Sétze aus dem Bereich der ver-
schrankten Produkte. Er besagt, dass fiir ein C*-dynamisches System (A, G, «) das dop-
pelte verschrinkte Produkt (A X, G) x4 G stark Morita-dquivalent zu A ist. Schweizer
behandelte in seiner Arbeit [25] ein Analogon zu Takais Dualitétssatz fiir verschrankte
Produkte durch Aqulvalenzblmoduln Er zeigte, dass es eine Wirkung v von 7, auf A x xZ
gibt — wobei X ein Aquivalenzbimodul iiber der C*-Algebra A ist — so dass (AXxZ)x, 7
stark Morita-aquivalent zu A ist.

Wir wollen Schweizers Aussage auf verschrankte Produkte durch C*-Pfeile tibertragen.
Dazu definieren wir zunachst das verschriankte Produkt Ax gN eines C*-Pfeils F {iber einer
C*-Algebra A als die reduzierte Toeplitz-Algebra von (A, E), wobei (A, F) ein bestimmtes
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Produktsystem tiber N ist, das aus den Potenzen von E besteht. Anschlieend definieren
wir das reduzierte verschrankte Produkt zu einem dynamischen Kosystem und schlielich
konstruieren wir eine Kowirkung 6 von C*(N) auf A xg N und zeigen, dass das doppelte
verschriankte Produkt (A x g N) x5 C*(N) stark Morita-dquivalent zu A ist.

Nach diesem eher allgemein gehaltenen Uberblick wollen wir nun eine etwas prézisere
Inhaltsangabe machen:

Das erste Kapitel dient dazu, die historische Entwicklung der Produktsysteme zu skizzie-
ren. Wir geben einen kurzen Uberblick iiber die Arbeiten von Arveson [1], der Produkt-
systeme erstmals eingefiihrt hat, Dinh [8], der als erster diskrete Produktsysteme unter-
suchte, und Fowler [10], der Dinhs diskrete Produktsysteme verallgemeinert hat, indem
er Hilbertraume durch Hilbert-Bimoduln ersetzte und beliebige abzahlbare Halbgruppen
als Indexmengen zulief3.

Im zweiten Kapitel wiederholen wir den Begriff der Bikategorie und liefern einige Beispiele
fiir Bikategorien. Wir werden das Konzept der C*-Pfeile einfiithren, das eine wichtige Rolle
in unserer Arbeit spielt. Ein C*-Pfeil ist ein Hilbert B-Modul, der auch die Struktur eines
A-B-Bimoduls besitzt, wobei A und B C*-Algebren sind. C*-Pfeile sind die Pfeile in un-
serem wichtigsten Beispiel fiir eine Bikategorie, der Bikategorie C*ARR. Die Objekte von
C*ARR sind C*-Algebren und die 2-Zellen sind adjungierbare, isometrische Bimodulab-
bildungen. Wir wiederholen dann den Begriff des Morphismus zwischen Bikategorien,
welcher das Konzept von Funktoren zwischen Kategorien verallgemeinert. Diesen Begriff
werden wir dazu benutzen, um ein Produktsystem iiber einer Kategorie als Morphis-
mus von einer Indexkategorie J in die Bikategorie C*ARR zu definieren. Nach dieser
Definition bestehen unsere Produktsysteme dann aus einer Familie von C*-Algebren A;,
i € Ob(J), einer Familie von C*-Pfeilen F,, r € Arr(/J), und einer Familie von adjungier-
baren, isometrischen Bimodulabbildungen ®;,: F, ® Fy — Fj, fiir komponierbare Pfeile s
und 7 in J. Schliellich werden wir sehen, dass die Fowlerschen diskreten Produktsysteme
von Hilbert-Bimoduln einen Spezialfall unserer Definition darstellen.

Kapitel 3 behandelt die Konstruktion der reduzierten Toeplitz-Algebra 7,.(F, ®) und der
reduzierten Cuntz-Pimsner-Algebra O, (F,®), die man jedem gegebenen Produktsystem
(F, @) zuordnen kann. Zunéchst fithren wir den Begriff der Toeplitz-Darstellung von einem
Produktsystem (F,®) in eine C*-Algebra ein und geben einige technische Resultate tiber
Homomorphismen zwischen Hilbert C*-Moduln an, die wir im spéateren Verlauf der Ar-
beit noch gebrauchen werden. Dann fithren wir die Fock-Korrespondenz F(F, ®) eines
Produktsystems (F,®) als einen C*-Pfeil iiber der direkten Summe der A;, i € Ob(J),
ein. Wir benutzen F(F,®), um eine spezielle Toeplitz-Darstellung zu konstruieren: die
reduzierte Toeplitz-Darstellung von (F,®) in die reduzierte Toeplitz-Algebra 7,.(F, ®),
bei der es sich um eine C*-Unteralgebra von L(F(F, ®)) handelt. Wir definieren die re-
duzierte Cuntz-Pimsner-Algebra O, (F, ®) als den Quotienten von 7,.(F, ®) modulo dem
Ideal der kompakten Operatoren in 7,.(F, ®). AnschlieBend liefern wir mehrere Beispiele,
die zeigen, dass unsere Methode zur Konstruktion der reduzierten Toeplitz- bzw. Cuntz-
Pimsner-Algebren viele andere Methoden zur Konstruktion von C*-Algebren verallge-
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meinert. Je nachdem, wie wir unser Produktsystem (F,®) wéhlen, erhalten wir als
resultierende Toeplitz- bzw. Cuntz-Pimsner-Algebren C*-Algebren, die isomorph sind
zur direkten Summe einer Familie von C*-Algebren, zum direkten Limes eines direkten
Systems von C*-Algebren oder zum verschrankten Produkt einer C*-Algebra mit einer
Gruppe oder Halbgruppe.

Im vierten Kapitel werden wir die universelle Toeplitz-Algebra 7 (F, ®) und die universelle
Cuntz-Pimsner-Algebra O(F, ®) zusammen mit ihren jeweiligen Toeplitz-Darstellungen
einfithren. Zuerst zeigen wir, dass es zu jedem Produktsystem (F, ®) iiber einer Indexka-
tegorie J eine C*-Algebra gibt, die universell ist fiir Toeplitz-Darstellungen iiber (F, ®).
Diese C*-Algebra nennen wir die universelle Toeplitz-Algebra 7 (F, ®). Dann wiederholen
wir den Begriff der Cuntz-Pimsner kovarianten Toeplitz-Darstellungen, den Fowler bereits
fiir seine Produktsysteme benutzt hat, und wir fiihren die universelle Cuntz-Pimsner-
Algebra ein, die universell ist fiir Cuntz-Pimsner kovariante Toeplitz-Darstellungen iiber
(F, ®). SchlieBlich werden wir den Begriff des bikategoriellen Kolimes fiir einen Morphis-
mus (F, ®) von einer Bikategorie B in eine Bikategorie B’ wiederholen und zeigen, dass
man fiir gewisse Produktsysteme (F, ®) die universelle Toeplitz-Algebra 7 (F, ®) als zum
Morphismus (F, @) gehoriges Kolimesobjekt in der Bikategorie C*ARR betrachten kann.

In Kapitel 5 behandeln wir zundchst Hopf C*-Algebren und wiederholen dabei auch
einige Begriffe aus deren Umfeld, die die entsprechenden Begriffe aus der Theorie der
lokalkompakten Halbgruppen verallgemeinern. Dabei handelt es sich um Kodarstellungen,
Kowirkungen von Hopf C*-Algebren auf C*-Algebren und kovariante Darstellungen von
dynamischen Kosystemen. Anschlieend zeigen wir, dass die Existenz eines invarianten
Gewichtes auf einer Hopf C*-Algebra H es ermoglicht, eine spezielle kovariante Darstel-
lung des dynamischen Kosystems (H, H,dy) zu konstruieren. Diese kovariante Darstel-
lung hat ihr Vorbild in der rechtsreguldren kovarianten Darstellung von (Cy(G), G, «) auf
L?(G, i) — wobei u das rechte Haarma$ auf einer lokalkompakten Gruppe G und « die
Gruppenwirkung von G auf Cy(G) durch Rechtstranslation bezeichnet — und wir nennen
sie deshalb regulare kovariante Darstellung. Wir benutzen diese im folgenden, um die
duale C*-Algebra zu einer Hopf C*-Algebra mit invariantem Gewicht 7 zu konstruieren
und geben Beispiele fiir duale C*-Algebren. Schliellich konstruieren wir noch das re-
duzierte verschriankte Produkt A x5 H zu einem dynamischen Kosystem (A, H,¢), das
wir in Kapitel 6 brauchen werden.

In diesem sechsten Kapitel iibertragen wir Takais Dualitétssatz [28] auf verschrénkte
Produkte mit C*-Pfeilen. Wir zeigen, dass fiir spezielle Produktsysteme (A, F) iiber den
natiirlichen Zahlen — wobei E ein C*-Pfeil iiber einer C*-Algebra A ist — gilt, dass das
doppelte verschriankte Produkt (A xgN) xsC*(N) stark Morita-dquivalent zu A ist. Dabei
ist A xgN die reduzierte Toeplitz-Algebra und ¢ kann als die duale Kowirkung von C*(N)
auf A xg N betrachtet werden. Als weiteres Resultat erhalten wir hierbei noch, dass ein
Produktsystem (A, E') iiber N stets stark Morita-Aquivalent ist zu einem Produktsystem,
das von einem *-Endomorphismus herkommt.
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