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Introduction

Problems worthy of attack
prove their worth by hitting back.
P. Hein !

Between 1942 and 1950, E. Hille [Hil42], [Hil48], K. Yosida [Yos48] and many others
created the theory of strongly continuous semigroups on Banach spaces in order to
treat initial value problems for partial differential equations. By now, their theory is
well established, and its applications reach well beyond the classical field of partial
differential equations.

However, from the very beginning many situations occured in which the correspond-
ing semigroup is not strongly continuous or the underlying space is not a Banach
space. In order to deal with such phenomena, already E. Hille and R. S. Phillips
[HP57] introduced a whole range of semigroups on Banach spaces having weaker con-
tinuity properties. On the other hand, I. Miyadera [Miy59], H. Komatsu [Kom64],
T. Komura [Kom68], S. Ouchi [Ouc73], K. Yosida [Yos74], and others generalized
the theory to strongly continuous semigroups on locally convex spaces. It seems,
however, that both theories have found relatively few applications.

In contrast and motivated by concrete applications, many authors considered semi-
groups on Banach spaces which are strongly continuous for a topology weaker than
the norm topology. We mention, e.g., adjoint semigroups (e.g., [BR79], [Nee92]) or
implemented semigroups as occuring in [BR79, Section 3.2]. Motivated by stochastic
differential equations on Banach spaces, S. Cerrai [Cer94| introduced weakly contin-
uous semigroups which were subsequently applied to transition semigroups like the
(infinite dimensional) Ornstein—Uhlenbeck semigroup (see, e.g., [DPZ92]). Finally,
we mention work by J. R. Dorroh and J. W. Neuberger (e.g., [DN93], [DN96]) who

“linearized” a flow (¢:):>0 on a metric space §2 and introduced its Lie generator as

!Danish poet and scientist (1905-1996)



2 Introduction

the generator of a linear operator semigroup on C,(2) which is strongly continuous
with respect to the finest locally convex topology agreeing with the compact—open
topology on norm bounded sets.

To treat these semigroups, generation theorems and approximation results have
been developed.

The aim of this thesis is to put these individual results into a general framework. To
that purpose, we propose the concept of bi—continuous semigroups on spaces with two
topologies. We show that these semigroups allow, as in the case of Cjy—semigroups, a
systematic theory including Hille-Yosida and Trotter-Kato type theorems. A long

series of applications shows the flexibility and strength of our theory.

In Chapter 1 we consider Banach spaces endowed with an additional locally con-
vex Hausdorff topology 7 which is coarser than the norm topology and such that
the topological dual (X, 7) is norming for (X,|| - ||). On such spaces we define
bi-continuous semigroups (T'(t)):>o as semigroups consisting of bounded linear op-
erators which are locally bi—equicontinuous for T (see Definition 1.2) and such that

the orbit maps
Ryst—TtzreX

are 7—continuous. For such a bi-continuous semigroup (7°(t)):;>o we show the exis-

tence of its 7—Laplace transform

1) R\z = /O TN T(adr = || lim (T /0 ' e”T(t):cdt), reX.

From R(\) we obtain the generator of (T'(t));>o as a Hille-Yosida operator defined
on a 7—dense subspace of the Banach space X. Finally, the relation between bi—
continuous semigroups, integrated semigroups and Hille-Yosida operators yields a
characterization of the generator of a bi—continuous semigroup in form of a general-
ized Hille-Yosida theorem (Theorem 1.28).

In Chapter 2 we study the convergence of sequences of bi—continuous semigroups.
We use our results from Chapter 1 in order to establish approximation theorems
of Trotter—Kato type. Based on these results, we then obtain an explicit formula
for bi—continuous semigroups in form of a generalization of the Chernoff Product
Formula (Proposition 2.9). We use this formula to state the Post-Widder Inver-

sion Formula for bi—continuous semigroups in terms of the powers of the resolvent
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of its generator (Corollary 2.10). Finally, we show that under stability and consis-
tency conditions on two bi—continuous semigroups, the closure of the sum of their
generators is a generator and the perturbed semigroup can be represented by the
Lie-Trotter Product Formula (Corollary 2.11).

In order to check the applicability of our approach, we discuss in Chapter 3 a series
of examples of the previous results.

First, we give a survey on locally equicontinuous semigroups as treated, e.g., in
[Kom64], [Kom68], [Ouc73], K. Yosida [Yos74], which can be viewed as bi—continuous
semigroups in many concrete situations.

In Section 3.2, we reproduce results by J. R. Dorroh and J. W. Neuberger [DN93],
[DNO96] by verifying that semigroups on C(§2) which are induced by flows are bi—
continuous for the topology of compact convergence. In particular, we give a sim-
plified proof for their generation theorem for such semigroups on Cy(2) and give
conditions implying the Lie-Trotter Product Formula for this class of semigroups
(Proposition 3.8). This formula is then illustrated by an example (Example 3.9).
In Section 3.3 we concentrate on the Ornstein-Uhlenbeck semigroup which has
been intensively studied by many authors, e.g., [DPZ92],[CDP93], [Cer94], [CG95],
[DPL95], [Pri99], [TZ]. Using the results by S. Cerrai [Cer94] we show that the
Ornstein—Uhlenbeck semigroup on Cy,(H ), H Hilbert space, is bi—continuous. Hence,
our Hille-Yosida Theorem and our approximation results apply. Further, based on
joint work with A. Albanese [AK00], we show that the Lie-Trotter Product Formula
holds for these semigroup on C,(R") if we take a locally convex topology finer than
the compact—open topology.

In Section 3.4 we look at implemented semigroups on Banach spaces of bounded
linear operators which have been studied, e.g., in [GN81], [Pho91], [ARS94], [PS98],
[A1b99], [Alb]. We show that these semigroups fit into the theory of bi-continuous
semigroups by using the strong operator topology on £(X,Y’), X, Y Banach spaces.
Moreover, we state the Lie-Trotter Product Formula for these semigroups.

Finally, we look at adjoint semigroups on the topological dual X’ of a Banach space
X assuming that the corresponding semigroup on X is strongly continuous. Every
such adjoint semigroup is bi—continuous with respect to the weak* topology. More-
over, we characterize adjoint semigroups, which are bi—continuous with respect to
the Mackey topology on X'.

For the reader’s convenience, the Appendix contains some results on Laplace trans-
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form methods for evolution equations which are needed in Chapter 1.
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Chapter 1

Bi—continuous semigroups,

generators and resolvents

As mentioned in the introduction, for many applications of operator semigroups
strong continuity with respect to the norm of a Banach space is a too strong require-
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ment. Instead, a “weaker” strong continuity with respect to some locally convex

topology holds in many interesting cases (see Chapter 3). We take this observation

as motivation to introduce bi—continuous semigroups on a Banach space X.

1.1 Bi—continuous semigroups

In order to define bi—continuous semigroups, we assume that our underlying space

X satisfies the following conditions.

Assumptions 1.1. Let (X, || -||) be a Banach space with topological dual X', and

let T be a locally convex topology on X with the following properties.

1. The space (X,T) is sequentially complete on || - ||-bounded sets, i.e., every

| - [|[-bounded T—Cauchy sequence converges in (X, ).
2. The topology T is Hausdorff and coarser than the || - ||-topology.
3. The space (X, 1) is norming for (X, -|), i.e.,

lz|| =sup{| <z, 0> | ¢ € (X,7) and ||¢]|(x, 1y <1} forallz € X.
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Comment. The notion of a norming space was introduced by J. Lindenstrauss
and L. Tzafriri in [LT70, p. 29]. Clearly, Assumption 1.1.3 implies that (X, 1)’
separates the points of X. On the other hand, separation of points does not imply
that (X, 7)" is norming for (X, || - ||). As a simple example, let X := (I*°,||-||) be
the space of norm bounded, real sequences endowed with the norm ||-|| defined as
lzll == 2||z||lcc = 2sup, ey |Tnl, = (Tp)nen € 1*°. Additionally, we take the
weak topology o (1%, 1'), where [' C [°’ denotes the space of absolutely summable
sequences. It is easy to see that (I°°, (I, [')) is sequentially complete on |-||-
bounded sets, and [' separates the points of [*°. Now, we take = := (1,1,...) € [*®

and suppose that [* is norming for (I°°, ||-||). Then

2= |z =sup{| <z,y >|: yel' |yl <1}
<sup{| <z,y>|: yel' |lyllge ey <1}
— 1,

which is a contradiction to our assumption.

In the following we denote by £(.X) the space of bounded linear operators on (X [|-]|),
and P, denotes a family of seminorms inducing the locally convex topology 7 on X.
Since 7 is coarser than the || - |[-topology, we assume without loss of generality that
p(z) < ||z| for all z € X and p € P;. For the definition of bi-continuous semigroups,

we require a specific relation between the semigroup operators and the 7—topology.

Definition 1.2. An operator family {T'(t) : t > 0} C L(X) is called (globally)
bi—equicontinuous if for every || - ||-bounded sequence (x,)neny € X which is T—
convergent to x € X we have

7- lim (T'(t)(x, —x)) =0

uniformly for allt > 0.
It 1s called locally bi—equicontinuous if for every to > 0 the subset
{T(t): 0<t<ty} is bi-equicontinuous.

Definition 1.3. An operator family {T'(t) : t > 0} C L(X) is called a bi-
continuous semigroup (with respect to T and of type w) if the following conditions
hold.

(1) T(0)=1Id and T(t + s) =T(t)T(s) for all s,t > 0.
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(ii) The operators T'(t) are exponentially bounded, i.e., ||T(t)||zx) < Me**
for allt > 0 and some constants M > 1 and w € R.

(7ii) (T'(t))i>0 is strongly T—continuous, i.e., the map
Ristr— T e X
s T—continuous for each v € X.
(iv) (T(t))e>0 is locally bi—equicontinuous.
For a bi—continuous semigroup (7'(t)):>o we call

wo := wo(7T'(+)) := inf{w € R : there exists M > 1 such that

(1.1)
|T(t)]] < Me** for all t > 0}

its growth bound. We call (T'(t));>o bounded if we can take w = 0 in Definition
1.3(ii), and contractive if w = 0 and M = 1 is possible.

Clearly, every strongly continuous semigroup on a Banach space is a bi-continuous
semigroup with respect to 7 = || - || (see [EN0O, Ch. I, Def. 5.1]). We now list
interesting examples of bi—continuous semigroups most of which will be discussed in
detail in Chapter 3 below.

e evolution semigroups as in [CL99], [EN00, Ch. VI, Sec. 9b] but defined on the
space Cp(R, X)) (e.g., [Sch96, Sec. 5.3, Thm. 5.6)),

e semigroups canonically extended from X to the sequence space (*°(X) as in

INPOO)],
e semigroups induced by flows (e.g., [DN96], see Section 3.2 below),

e the Ornstein—Uhlenbeck semigroup on C,(H) (e.g., [DPZ92], [Cer94], [DPL95],

see Section 3.3 below),
e adjoint semigroups (e.g., [Nee92], see Section 3.5 below), and

e implemented semigroups (e.g., [BR79, Section 3.2], [ARS94], see Section 3.4
below).

We now state some important consequences of the above definition.
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Proposition 1.4. Let (T'(t))i>0 be a bi-continuous semigroup of type w on X. Then
the following properties hold.

(a) For every a >0 and \ € C there exists the operator R,(\) : X — X defined

(1.2) R, Nz := /Oa e MT(t)adt

for all x € X. The integral has to be understood as a T—Riemann integral
(sometimes denoted by T— [;' e MT(t)xdt).

(b) The rescaled semigroup (e~ “T(t));>0 is globally bi-equicontinuous for every

o> w.

Proof. Assertion (a) is an immediate consequence of Assumptions 1.1 and Def-
inition 1.3. Indeed, for fixed A € C and a > 0, &,(-) := e MT(-)x is a uniformly
T—continuous X—valued function on the interval [0, a] for all x € X. Therefore, the
Riemann sums S(&,(-), A) defined as

S(gw()a A) = Zéx(t;c)(tk - tk,1),

A: 0=t <t/ <t; <..<t

form a 7—Cauchy net. Taking
a4 k
S(fz()7An) = EZ&QE(GE)? n = 1a27-~-
k=1

we obtain an equivalent || - ||-bounded 7-Cauchy sequence. Since (X, 7T) is sequen-
tially complete on || - ||[-bounded sets, S(&.(),A,) converges, and hence &, (-) =
e MT(-)z is Riemann integrable for all z € X (cf. [Kom64, Prop. 1.1]).
To prove property (b), let &« > w,e > 0,p € Py, and (x,)neny € X be a || - ||-bounded
sequence which is 7—convergent to x € X. Then there exists t; > 0 such that

sup p(e= T (t) (zn — 7)) < supe | T(t) (xn — 2)]

t>to t>to

< sup e“ M (||z, || + [|]))
t>tg
€

<
-2

for all n € N.
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Further, by Definition 1.3(iv), there exists ny € N such that

sup ple T (t)(x, — 1)) <
0<t<to

DO ™

for all n > ng. Therefore,

sup p(e” ' T(t) (2 — 7)) < sup p(e”*"T(t)(xn — x)) + supp(e T (t)(z, — 7))

>0 0<t<to t>to
€
< 5 +supe T (t)(x, — )|
t>to
<e
for all n > ng. O

Remark 1.5. (a) The semigroup law, the 7—continuity of the map t +— T'(t)z at 0
and local bi—equicontinuity imply the 7—continuity at every point in R, . To see this,
let to >0, x € X and p € P;. Then (T'(1/n)z),eny € X is a || - |-bounded sequence
which is 7—convergent to x by the 7—continuity at 0. By Definition 1.3(ii),(iv), we
obtain that p(T'(¢)(T'(1/n)z — x)) — 0 uniformly for 0 < ¢ < ¢y as n — oo, and
therefore p(T'(tg+h)x —T'(to)x) converges to 0 as h \, 0, and by the same argument
as h /' 0 which implies the continuity at t,.

(b) In [Kom68, Prop. 1.1] (cf. [Sch80, Ch. III, Thm. 4.2]) it is shown that on
a barreled! locally convex vector space (X, 7) conditions (i)-(iii) in Definition 1.3
automatically imply that (7'(¢)):>o is locally equicontinuous, i.e., for any fixed
to > 0 and for any continuous seminorm p € P, there exists a continuous seminorm
q € P, such that

p(T(t)x) < q(x)

for all z € X and uniformly for 0 <t < ¢;. Therefore, condition (iv) in Definition

1.3 is satisfied automatically.

In the following we give first an example of a bi—continuous semigroup which is not

locally equicontinuous in the sense of the definition given in Remark 1.5(b). Further,

LA locally convex vector space is barreled if each absorbing, absolutely convex and closed

subset is a neighborhood of zero.
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we show that the translation semigroup on Cy(R) is not bi-continuous with respect
to the topology of pointwise convergence. However, bi—continuity holds if we use

the topology of uniform convergence on compact intervals.

Examples 1.6. (a) Let X be the space Cp(R) endowed with the supremum norm
| - |loo and the topology 7. of uniform convergence on compact subsets of R. Clearly,
(Cp(R), 7) is sequentially complete on || - ||—bounded sets, 7. is coarser than the
|| - ||cc—topology, Hausdorff, and, since the topological dual (C,(R), 7.)" contains the
point measures, it is norming for (Cy(R),|| - ||). On this space we consider the

diffusion semigroup (7'(t)):>o defined as

T(t)f(x) = /Rf(y)/\/(af,t)dy, z€R, feCy(R),t>0,

where N (z,t) denotes the Gauss measure with mean x and variance t defined via

the probability density g,; on R defined as

1 —(y—x)?
gw,t<y> = \/4_7Tt€ 4

for all y € R. This semigroup is a bi—continuous semigroup with respect to 7.
In fact, (T'(t));>0 is a contraction semigroup on Cy(R) and for f € Cy(R),e > 0,

and a compact subset X' C R there exists d. ¢ > 0 such that |y| < 6.k implies
|f(z +vy) — f(x)] < eforall z € K. Therefore, by the Chebyshev inequality (see
[Bau92, Ch. II, Lemma 20.1]), we have

sup|T'(t) f(x) — [ ()|

rzeK
1 —ly|?
< sup / @+ y) — F@INO, )y + 2 oo / ey
2K J{ly|<be i} VATE J{ly1>6 1}
2| flloo
<ett £l

0ok
which yields the strong 7—continuity of (7'(t)):>0 at 0. Next, we show that (T'(t)):> is

locally bi—equicontinuous. To that purpose, let K C R be compact, ty > 0, and
€ > 0. Then there exists a compact subset K. C R such that

Nz t)(K)>1—¢

uniformly for x € K and 0 <t <t,.
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Fix a function f € Cp(R) and a || - ||c—bounded sequence (f,)nen € Cp(R) which is
T.—convergent to f. Therefore, there exists ng € N such that

sup |fu(z) — f(2)| <€

reK,
for all n > ng. Thus

ig£|T(t)(fn(I) — f(2))]

<sup [ |fa(y) — f()IN(z,t)dy + sup /BK |fa(y) = F()IN (2, t)dy

zeK J K, zeK
< e+ (1fnlls + 11 flloc)e
uniformly for 0 <t < ty, and hence (7'(t));>0 is locally bi-equicontinuous.
By Definition 1.3 it follows that (7'(t));>o is bi—continuous.
However, (T'(t)):;>0 is not locally equicontinuous in the sense of the definition given
in Remark 1.5 (cf. Definition 3.1 in Chapter 3). Suppose the contrary, then for
every to > 0 and K C R compact there would exist a compact subset Ky C R such
that
sup [T()f(x)] < sup [ f(x)

for all f € Cp(R) and uniformly for 0 < t < ¢y. This must also be true for any
function 0 < g € Cy(R) such that g(z) = 0 for all = in the interval [a, b] containing
K. Therefore sup,cx, |g(x)| = 0, but

sup |T'(t)g(x)| = sup | 9(y)N (z,t)dy| > 0

veK 2K JR\[a,b]
because of the strict positivity of the integrand. This is a contradiction to our as-
sumption.
(b) Let X be the space C,(R) endowed with the supremum norm ||-||o, and the topol-
ogy T, of pointwise convergence. By the same argument as in (a) (Cy(R), 7,) satisfies

Assumptions 1.1. We consider the (left)translation semigroup (7°(t)):>o defined as
Tt)f(z):=f(x+1), zeR,feCyR),t>0.
It does not satisfy the property of local bi—equicontinuity. This can be easily seen

by taking a sequence (f,)nen € Cp(R) defined for n > 2 as

max (1 —n?lz — £[,0) if z € [0, 1],
fal(®) =

0 else.
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Then (f,)nen is a || - ||o—bounded sequence, and lim,, o f,(x) = 0 for all x € R.
However, since T'(+)f,,(0) = 1 for all n > 2, the semigroup (T'(t)):>o is not locally
equicontinuous. Hence (T(t))>0 is not bi-continuous with respect to 7,. However, if
we take the finer topology 7. as in (a), then it is easy to see that conditions (i)—(iv)

in Definition 1.3 hold, hence (T'(t));>0 is bi-continuous with respect to 7.

1.2 Generators and resolvents

We now assume that (7'(¢));>0 is a bi-continuous semigroup on X, where X satisfies
Assumptions 1.1. Since the space (X, 7)" is norming for (X, || - ||), we obtain that
the 7—Laplace transform R(\) defined as in (1) becomes a || - |[-bounded operator
satisfying the Hille—Yosida estimates. This observation will lead us to the generator
of a bi-continuous semigroup whose resolvent coincides with R(\).

First, we collect some elementary properties of these resolvents. We remark that
the results of Lemma 1.7, Proposition 1.9 and 1.12 have already appeared in [Alb99,
Ch. 2] in the context of implemented semigroups.

For w € R we set A, :={\ € C: Re\ > w}.

Lemma 1.7. Let (T'(t))i>0 be a bi-continuous semigroup on X. Then the following

properties hold.
(a) Let A € C and a > 0. Then R,(\) € L(X) and

(1.3) R(\) == lim R,()\)

a—00

for A € A, exists with respect to the operator norm and satisfies the estimate

M
R(A < -
IBO)len < g

for all N € A, w > wqy, and some constant M > 1.
(b) For every x € X we have

7— lim AR(\)z = z.

Ww<A—00
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Proof. (a) Let a > 0, A € C, and € X. Since (X, 7)" is norming for (X, | - ||),
we have with ® := {¢ € (X, 7)" : [|¢||(x,y < 1} that

IRV =sup| < [ e T(t)adt o>
ped 0

=sup| [ e M < T(t)x, ¢ > dt|
e Jo
0
<L o)
—|z||.
~ Rel—w

Therefore assertion (a) holds.
(b) Let x € X,p € P, and € > 0. There exists J. > 0 such that 0 < ¢ < . implies
p(T(t)r — z) < e. Thus, we have

p(AR(N)z — 1) =p ( / N e MT(t)xdt — / h Ae—%dt)

0 0

<» ( /O AT () x)dt) +p ( /5 jo e M(T(#)e — :c)dt)

:IT1+T2 .

For the term 75 we obtain with ® as above that
Ty < sup| < / A M(T (B — )dt, 6 > |
PP e

< sup/ Ae ™M < T(t)x —x,¢ > |dt
¢€® J§,

A
< fol [ar5 2 el g ).
A —w
which converges to zero as A tends to infinity. For the term T} we obtain

Oe oo
T < / e Mp(T(H)x — x)dt < e / e Mdt = e,
0 0

which concludes the proof. O

To the operators (R2(A))iea,, We can now associate an operator whose resolvent

coincides with (R()))xea,,- To that purpose, we first give some basic results of
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pseudoresolvents which will be needed to further develop our theory (see [ENOO,
Ch. III, Sec. 4.a]).

Definition 1.8. Let X be a Banach space, A C C, and consider operators J(\) €
L(X) for each A € A. The family {T(\) : XA € A} is called a pseudoresolvent if
(RE) TA) =T (1) = (=T (NI (1)

holds for all u, A\ € A.

By the resolvent equation (RE) we obtain the following elementary properties of
pseudoresolvents (see [EN00, Ch. III, Prop. 4.6]).

Proposition 1.9. Let {T(\) : A € A} be a pseudoresolvent on a Banach space X .
Then J(N)JT (n) = T ()T (M), kerT(X) = kerT (n) and rgJ (X)) = rgJ (u) hold for
all \, i € A.

Moreover, the following assertions are equivalent.

(i) There exists a closed operator (A, D(A)) such that A C p(A) and
JA) =R\ A) for all X € A.
(i1) kerJ(N) = {0} for some/all X € A.
For the following, we recall that X satisfies Assumptions 1.1.

Definition 1.10. A subset M C X is called bi—dense if for every x € X there

exists a || - ||-bounded sequence (T, )neny C M which is T—convergent to x.

With the above definition a particular case of Proposition 1.9 is stated in the fol-

lowing corollary.

Corollary 1.11. Let {TJ(\) : X € A} be a pseudoresolvent on X and assume that

A contains an unbounded sequence (A\,)nen. If

(1.4) 7— lim N\, J(\)x ==z foralzxze X,

n—~ao

then {TJ(\): X € A} is a resolvent.
In particular, (1.4) holds if rgJ () is bi—dense,

(1.5) AnT (An)ll < M

for some constant M > 0 and all n € N, and the family {\,J(\,) : n € N} s

bi—equicontinuous.
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Proof. For x € kerJ(\) we have z € kerJ(\,) for all n € N and 7 —
limy,, oo AnJ (An)x = 0. Since 7 is Hausdorff, it follows x = 0. Applying Propo-
sition 1.9 the first assertion holds. Next, estimate (1.5) and the resolvent equation
imply lim,, e [[( AT (An) — Id) T (1)]| = 0 for fixed p € A. Therefore, we have

1= lim AT (An)y =y

for all y € rgJ (u). Let z € X, e >0, and p € P, . Since rgJ (1) is bi—dense, there
exists a || - ||-bounded sequence (yx)ren € rgJ (1) and kg € N such that

plyr — ) <

Wl m

for all k > ko. The bi-equicontinuity of the family {\,J(\,) : n € N} implies that
there exists /;:0 > ko such that

€

PAnT (An) gk = @)) <

W

for all k > ko and uniformly for n € N. Thus, there exists nyg € N such that

POnT (M) — )

< pAT (M) = y,)) + AT Mn)yi, — i | + (Y7, — )
<e€

for all n > ny. O

Let now (7'(t)):>0 be a bi—continuous semigroup on X and wy its growth bound as de-
fined in (1.1). Applying the results above to the corresponding operators R(\)xe Aue
defined in (1.3), we obtain the following.

Proposition 1.12. The family of operators (R(\))xen,, is a resolvent.

Proof. Let A # u € A,,. We assume without loss of generality that A > p and
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A—p

/ - W=Ntdt R(p) / e THT () dt
= e W) — e T
0 o (A—p)
t=00

o0 o0 e(“_k)t t
= / e(“_)‘)t/ e "T(s)x ds dt — [ / e MT(s)x ds}
0 0 A—=p Jo =0
'] t
—/ e(“_’\)t/ e "T(s)x ds dt
0 0
—/ e(“_)‘)t/ e T (s)x ds dt
0 ¢

= )‘t/ e T (s)T(t)x ds dt
0 0

RN R(p)x

for all # € X. Therefore, (R(\))xea,, is a pseudoresolvent by Definition 1.8. By
Lemma 1.7(b) we obtain the injectivity of the operators R(A). In fact, for z €
ker R(\) and an unbounded sequence (\,)nen C Ay, N Ry, we have z € kerR(\,)
for all n € N and 7—1lim,, o, A\, R(\,)x = 0. Since 7 is Hausdorff, it follows x = 0.

Proposition 1.9 concludes the proof. O

We observe that, by Proposition 1.12, the map A,, > A — R(A\) € L(X) is holo-
morphic and

dk
dX\k
for all z € X,k € N, and A € A, (see [EN0O, Ch. IV, Prop. 1.3]).

The above observations allow the definition of the generator of a bi—continuous

(1.6) RNz = (—1)FEIR(N)

semigroup.

Definition 1.13. The generator A : D(A) C X — X of a bi-continuous semi-
group (T'(t))i>0 on X is the unique operator on X such that its resolvent R(\, A)

(1.7) R\ A)x = /00 e MT(t)xdt

forall X € Ay, and z € X.
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As a first consequence, we obtain that these generators satisfy the Hille-Yosida

estimates.

Proposition 1.14. Let (A, D(A)) be the generator of a bi—continuous semigroup
(T'(t))e>0 of type w on X. Then we have

(1.8) dd—;R()\,A)m = (=1)" /00 the M () zdt

forallz € X,k € N and A\ € A,,. In particular, there exists for each w > wy a
constant M > 1 such that

M

A k [ —
RN, A)F|| < (Reh— o)
forall k € N and A € A,,.

Proof. Letx € X, A€ Ay, w > wp, and & :={¢ € (X,7) : |¢]|x < 1}. Since
the space (X, 1)’ is norming for (X, || - ), for every u € A,, we have

HRODZ::fwa*ﬂAm}eAqXﬂxﬁH

(1.9) < sup /OOO

pcd

Sme/
0

which converges to zero as i tends to A as a consequence of Lebesgue’s dominated

e—ut _ €—>\t

+te M| < T(t)x, ¢ > |dt

= A

e—ut o e—At
— te M| e¥idt,
/4[/ —

convergence theorem. Via induction we obtain the desired equality. Further, (1.6)

and (1.8) imply

1 o0
|m@waam————/ Bl e ™ < T(t)e, ¢ > |dt
sco (n— 1) Jo

(1.10) g—J%—Mw/t“%W&Wﬁ
(n—1)! 0
S
=——||x
(ReX — w)*k
forall x € X and A\ € A, O

Proposition 1.14 says that generators of bi—continuous semigroups are Hille—Yosida
operators (see [EN0O, Ch. II, Def. 3.22] and Section 1.3 below).
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Following, e.g., [Yos74, Ch. IX, Sec. 3], [Kom68, p. 260], [DS57, Ch. VIII, Def.
1.6], [EN0O, Ch. II, Def. 1.2], another way to introduce the generator (A, D(A,))

of a bi—continuous semigroup (7°(t))+>o would be to define

Ax = Tlimw
(1.11) o )
r—ux
forall z € D(A,) ={r e X : T*li{%f exists in X}.
0

In general, i.e., if we are not in the setting of bi—continuous semigroups, the operators
A, and A, defined as in Definition 1.13, do not coincide. This can be seen in the

following example.

Example 1.15. Let C(R) be the space of continuous functions endowed with the
compact-open topology 7.. We consider the multiplication semigroup (7;(t))t>0
defined as

T,t)f :=¢€"f, t>0,feC(R),

for some function ¢ € C(R). It can be easily verified that (7},(t)):>o is strongly
T.—continuous, and its generator is given by

T0f~f _

A f =711
cf TC t{l(]]. t

q-f forall fe D(A,)=CR).

However, if ¢ is an unbounded function, the integral fooo e MT,(t)zdt does not always

exist and the operator A cannot be defined as in Definition 1.13.

However, in the setting of bi—continuous semigroups, the operators (A,, D(A;)) and
(A, D(A)) coincide. To see this, we first look at the following fundamental properties
of the operator (A,, D(A;)) (cf. [Kom68, Prop. 1.2, 1.4]).

Proposition 1.16. Let (T'(t));>0 be a bi-continuous semigroup on X and
(A;, D(A;)) as above. Then the following properties hold.

(a) If v € D(A;), then T(t)x € D(A;) for allt >0, T(t)z is continuously differ-
entiable in t with respect to the topology T, and

d
STt = A T(t)r = T(t)Aca

for allt > 0.
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(b) An element v € X belongs to D(A,) and A,x =y if and only if

(1.12) Tt —x= /tT(s)yds
0
for allt > 0.

(c) The operator (A,, D(A;)) is bi—closed, i.e.,
for all sequences (xp)nen € D(A;) with (Ty)neny and (Arzp)nen || - || -bounded,
T, — 2 €X and A;x, —— y € X we have v € D(A;) and A,z = y.

Proof. (a) If x € D(A,), then for t > 0 we have

T() A+ = Jim T(t+ h)z ~T(t)z _ i (T'(h) — }fd)T(t)m

I

which shows that T'(t)x € D(A;) and the right derivative %T(t)x exists. Thus we
have
d+

—T()a = A T()a = T(H)Aa.

Let now ¢ € (X, 7)". Then

+ +

d
7 < T(t)x, ¢ >=< %T(t)x, ¢ >=<T(t)Ax,¢ >,

which implies the continuity in ¢ of % < T(t)x,¢ >. Therefore, applying Dini’s

Lemma from [Yos74, p. 239], < T'(t)x,¢ > is differentiable in ¢ and

% < T(O)r, ¢ >=< T() Az, > .

Since (T'(t))¢>o is bi—continuous, the integral f(f T(s)A;zds exists in X, and we

obtain
bd
<T(t)xr—xz,¢> :/ — <T(s)x,¢ > ds
o ds
t
= / <T(s)A;x,¢ > ds

0

t
:</ T(s)A xds, ¢ > .
0
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Hence,
¢
(1.13) T(t)r —z = / T(s)A,xds
0

for all ¢ > 0, and T'(¢)z is differentiable in ¢ with

d
%T(t)a: =T(t)Ax.
(b) Let € D(A,) and A;x = y. Then equation (1.13) yields the assertion. On the

other hand, let x € X and z = T'(t)x — fot T(s)yds for all t > 0. Then

T(t)x — I
7—lim —( Jo—@ =7-lim- | T(s)y =y,
t\0 t t\0 t 0
and hence z € D(A;) and A,z = y.
(c) Let (zn)nen € D(A;) be a || - ||-bounded sequence which is 7—convergent to
x € X and (A,;Zy)neny € X be || - ||[-bounded and 7—convergent to y € X. Then, by

Theorem 1.17 and assertion (b), we obtain

t
Tz, —x, = / T(s)A,xpds
0

for all ¢ > 0. Using the local bi-equicontinuity of (7°(t)):>0, we have

Tt)r —x = /0 T(s)yds.

Therefore, again by Theorem 1.17 and assertion (b), x € D(A,) and A,z = v,
i.e., (A.,D(A,)) is bi—closed. O

Theorem 1.17. Let (T'(t))i>0 be a bi-continuous semigroup on X with generator
(A, D(A)) and define (A,, D(A,)) as in (1.11). Then A = A,.

Proof. We show first that A C A,. For x € X and X € A,,, we have
T(h) — Id Ah 1 00 Ah h
Th) =1 gy, ayg = 221 / eMT(adt — S | e NT(t)wdt,
h h 0 h J,

which converges to AR\, A)z —x = AR(A, A)x as h \, 0. Thus A C A,.
On the other hand, for z € D(A,) we define y := (A — A;)z. By Proposition 1.16

we have

AT/ e_AtT(t)xdt:/ e MT(t) A adt.
0 0
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Therefore, we obtain
RMNAy=(\—A,) / e MT(Hadt = (A — AR\, Az =,
0

and hence A, C A. O

Proposition 1.18. Let (A, D(A)) be the generator of a bi—continuous semigroup
(T'(t))i>0 of type w on X. Then the following properties hold.

(a) The generator (A, D(A)) is bi—closed.

(b) The domain of A is bi-dense (see Definition 1.10) in X.

(¢c) Let D C D(A) be a bi-dense subset in X. Then RN\, A)D,\ > a > w, is
bi—dense in D(A).

(d) The subspace Xy := m”“ C X is (T'(t))s=0-tnvariant and (T(t)|y, )e=0 is

the strongly continuous semigroup on Xy generated by the part 2 of A in X,.

Proof.  Assertion (a) follows directly from Proposition 1.16(c) and Theorem 1.17.
(b) Let x € X. By Lemma 1.7 the sequence (x,,)nen € D(A) defined as

nR(n,A)z ifn>w,
Ty 1=
0 else,

is || - |-bounded and 7—convergent to x.

To prove (c), let x € D(A),\ > o > w,e >0, and p € P.. There exists z € X such
that R(\, A)z = x. Since D is bi—dense in X, there exists a || - ||-bounded sequence
(Yn)nen € D and ny € N such that

pyn —2) <€

for all n > ng. Further, the sequence (R(\, A)yn)nen is || - [[-bounded, and, by the
bi-continuity of (7()):>0, we obtain that there exists 7y > ng such that

(RO, Ao — ) = p(RON, A) (g — 2)) < / T O (T (1) (g, — )it < €

for all n > nyg.

2The part of A in Y — X is the operator A defined as Ay := Ay with domain
D(A) :={DA)NY : Aye Y}
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Assertion (d) is a consequence of Proposition 1.14 and [EN00, Ch. II, Cor. 3.21].
(]

Combining Formulas (1.6) and (1.8) we obtain the following additional properties
of the powers of the resolvent operators R(\, A), A € A, (cf. [Cer94, Prop. 3.5] in

the context of her “weakly continuous semigroups on Cyy(H)”).

Proposition 1.19. Let (T(t))i>0 be a bi—continuous semigroup of type w on X with
generator (A, D(A)). Then the operators N*R(\, A)*, X > wy, k € N, have the

following properties.
(a) T-limy oo \*R(\, A)fz = 2 for allx € X and k € N.

(b) Let (xp)nen C X be a || - || -bounded sequence which is T—convergent to x € X.
Let o > w. Then

(1.14) 7 lim (A — @)*R(\, A)¥(z,, — ) =0

n—oo

uniformly for k € N and A > a.

Proof. (a) Without loss of generality we suppose that (T'(t));>0 is || - [[-bounded.
Let x € X,k € N,e > 0, and p € P,. There exists . > 0 such that 0 < ¢t < 6,
implies p(T'(t)r — ) < §. Formula (1.6) and (1.8) imply that there exists Ay > wp
such that

p(NR(\, Az — )

<p ((ki—kl)v /056 th=te™ (T (t)a — x)dt)
+p ((k%kl)' /; tF e M(T(t)a — x)dt)

e A\ % k1 AP RS
< - e~ 14+ M “lemMg
_2(k—1)!/0 Ple Mgy 1 (1 4 )||x||(k_1)!/§€ Pl gy

€ AF k—1_—X5 —6 Y
§§+(1+M)||x||{(k_1>!5€ e+ .+ Ao Mt e

<e€

for all A > \g and some constant M > 1.
(b) Let € > 0, p € P;, and o > w. By Proposition 1.4(b) we obtain that the rescaled
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semigroup (e~ *T'(t));>o is globally bi—equicontinuous. Hence, by Formula (1.6) and
(1.8), there exists ng € N such that

A—a)k -1 —(\—« —a
p((A — a)kR()\, A)k(_flj'n —x)) < ﬁ/o th=1,=(1 )tp(6 tT(t)(xn — x))dt
<e
for all n > ny and uniformly for £ € N and A > a. O

In the following we introduce the notion of a bi—core for a linear operator. This

terminology will be useful for the approximation theory treated in Chapter 2.

Definition 1.20. A subspace D of the domain of a linear operator A : D(A) C
X — X is called a bi—core for A if for all x € D(A) there exists a sequence
(Tn)nen € D such that (x,)nen and (Azy)nen are || - ||-bounded, and lim,,_. x, =
with respect to the topology induced by the family P. of continuous seminorms defined
as p(x) := p(x) + p(Ax) for all x € D(A) and p € P;.

The following is a criterion for subspaces to be a bi—core for the generator of a

bi—continuous semigroup analogous to [EN00, Ch. II, Prop. 1.7].

Proposition 1.21. Let (A, D(A)) be the generator of a bi—continuous semigroup
(T'(t))i>0 and D be a subspace of D(A) which is invariant under the semigroup
(T'(t))i>0- If for every x € X there exists a sequence (z)nen C D such that (z,)nen

and (Azy)nen are || - ||-bounded and T-lim,, .. x, = x, then D is a bi—core for A.

Proof. Let x € D(A). By assumption there exists a sequence (x,)neny € D which
is 7—convergent to x and (x,)n,en and (Ax,)nen are || - ||-bounded. By Proposition
1.16(a) for each n € N the map R} 3 s +— T'(s)z, € D is continuous with respect to
the system of seminorms P, occuring in Definition 1.20. It follows that fg T(s)xpds,
being a Riemann integral, belongs to the closure of D with respect to the topology
induced by the family of seminorms P,. Similarly, the P,—continuity of Ry 35—
T(s)x for z € D(A) and Proposition 1.16(b) imply for p € P, that

5 <% /Ot T(s)zds — x) — (% /Ot T(s)2ds — x)
+p (% /Ot T(s)Axds — Ax)
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converges to zero as t tends to zero, and

p G /0 T(s)ends — . /0 t T(s)xds)

converges to zero as n tends to infinity for each ¢ > 0. Therefore, for every ¢ > 0
there exists ¢ > 0 and n € N such that

1 t
D (—/ T(s)r,ds — x) <e,
U Jo

—p,
and hence x € D . O

1.3 Hille-Yosida operators

In Proposition 1.14 we showed that bi—continuous semigroups on a Banach space X
are generated by Hille-Yosida operators. Such operators generate strongly continu-
ous semigroups on the closure of their domains (see Proposition 1.18(d)) and, e.g.,
from the result of R. Nagel and E. Sinestrari [NS70], we conclude that the original
space X is a closed subspace of the extrapolated Favard space Fj (see below for the
definition of Fp).

First, we briefly recall the definition of a Hille-Yosida operator (see [EN00, Ch. II,
3.22]) and construct the associated Sobolev tower (see [NS70], [NNR96] for more
details).

Definition 1.22. An operator (A, D(A)) on a Banach space X is called a Hille—
Yosida operator (of type w) if there exists w € R such that (w,00) C p(A) and

M

IRO A < =5

for all k € N\ > w and some M > 1.

For the following construction we assume (without loss of generality) that w < 0.
It is well known (see [EN0O, Ch. III, Cor. 3.21]) that the part Ay of A in X, :=
D(A)”'”X is the generator of a strongly continuous semigroup (75(t))i>0 on Xo. To

this semigroup and its generator we associate the following spaces:

(i) the domain space X; := D(Ay) with norm ||z||; := ||Aox|| for = € X,.



1.3 Hille-Yosida operators 25

(ii) the extrapolation space X 1 := (X, || - ||-1)~ with ||z]|_; := || 45 7]
for x € Xo.

(iii) the Favard space Fy of (To(t)):>o defined as
1
Fy:={z € Xq:sup—||To(t)z — z|| < oo}
>0 1
with norm

1
lzll7 = sup 2| To(t)z — =] -
t>0

By continuity the semigroup (75(t)):>0 can be extended to a strongly continuous
semigroup (7-1(¢))i>0 on X_1 := (Xo, || - ||-1)~ and its generator A_; is an extension
of A with domain D(A_;) = Xy. Therefore, we define

(iv) the extrapolated Favard space F with respect to (T-1(t));>0 in analogy to
(ii).
The semigroup (7-1(t))>0 leaves F} and Fy invariant, but is not strongly continuous

on these Banach spaces. We collect these facts in the following diagram, and call it
the Sobolev tower associated to the Hille-Yosida operator A (see [NS70]).

Proposition 1.23. For a Hille-Yosida operator (A, D(A)) on a Banach space X

and with the above definitions one has the following situation.

T ()
X_1 X—l
N i
F() F()
T |
X X
7 To(t) N
XO XO
N /
Fi F
T |
D(A) D(A)
/ N
Do) —— W piay)
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Moreover, one has the inclusions
D(Ao) QD(A) §F1<—>XOQXQFO<—>X,1 .

As a consequence the space X is always sandwiched between X, and the extrapo-
lated Favard space Fj.
A certain converse of this statements also holds and follows directly from the defi-

nitions.

Corollary 1.24. Under the above assumptions let Y be a closed subspace of Fy
containing Xo. Then the part of A_1 in'Y s a Hille-Yosida operator on Y .

Corollary 1.25. If X is reflexive, then every Hille—Yosida operator on X is already
the generator of a strongly continuous semigroup. In particular, every bi—continuous

semigroup on X 1s already strongly continuous for the norm topology.

Proof. By [EN00, Ch. II, Cor. 5.21] we obtain F} = D(Ay) and Fy = X,. Hence,
by Proposition 1.23, the semigroup (T_:(t)|, )i>0 = (To(t))¢>0 is strongly continuous.
O

In general, the space X need not be invariant under (71 (¢)):>o (see [Nee92, Example
3.1.18]) and therefore, there is no semigroup on it. However, X is (T_(¢))t>0—
invariant if and only if D(A) is (Ty(t)):>o—invariant. For instance, this is fulfilled if
X = Fy.

At this point it may be interesting to look for topologies on X for which (7_;(t) )i>0

becomes continuous. In Section 3.5 we will give some answers to this problem.

1.4 Integrated semigroups

In this section we collect some results concerning integrated semigroups on Banach
spaces and their relation to strongly continuous semigroups and Hille-Yosida opera-
tors, respectively. Integrated semigroups were introduced by W. Arendt in [Are87a].
For further informations we refer to the book of W. Arendt et al. [ABHN] and the
references therein.

First, we recall the definition of the generator of an integrated semigroup.

Definition 1.26. We call an operator A on a Banach space X the generator of an

integrated semigroup if there exists a strongly continuous function F : R, —
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L(X) such that w = inf{A € R : [T e MF(t)adt exists for allz € X} < o0,
(w,00) € p(A) and

(1.15) R\, Az = )\/Oo e M P (t)xdt

forallx € X and X\ > w.

If instead of (1.15) the equality
R(\A) :/ e ME(t)dt, > w,
0

holds, then (F'(t)):>o is a strongly continuous semigroup on X (see [ABHN, Thm.
3.1.5]).
Mainly as a consequence of Widder’s Theorem A.3, a Hille-Yosida operator is always

the generator of an integrated semigroup with the following additional properties
(see [ABHN, Section 3.3]).

Proposition 1.27. Let A be a Hille-Yosida operator of type w on X and denote
=YarRUAL

Xo = D(A) ". Then there exists an integrated semigroup F on X possessing the

following properties.

(a) The map Ry >t — F(t)x € X is continuously differentiable with respect to
the norm for all x € D(A). The operator family (F'(t)|y )iz0 is a strongly

continuous semigroup on Xg.

(b) The integrated semigroup F' is given by

(1.16) F(t) = lim (—1)(k + 1) /:O s"R(s, A)*?ds

k—o00

t
for allt >0, F(0) =0, and |F(t+h)— F(t)| <M [T e~ dr for all t,h > 0.

Proof. Since (A, D(A)) is a Hille-Yosida operator, we are able to apply Widder’s
Theorem A.3 to the function

(w,00) 2 A— R(NA) € L(X).

Therefore, we obtain that there exists a Lipschitz continuous function F' : R, —
L(X) satisfying F(0) = 0, [|F(t +h) — Ft)|| < M [ erdr for all t,h > 0 and

t
some constant M > 1, and

(1.17) R\ A)x = /OO e M () xdt
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for all A > w and x € X. Thus, F' is an integrated semigroup with generator
(A,D(A)). Applying the approximation formula for integrated semigroups from
[HN93] (see Theorem A.5), we obtain assertion (b).

By [EN00, Ch. III, Cor. 3.21]) the part Ay of A in X, is the generator of a strongly
continuous semigroup (75(t));>0 on Xo. On the other hand, applying Lemma A.4,

we obtain
t
(1.18) F(t)x —tx = / F(s)Axds
0

for all x € D(A). Therefore, the map Ry > t — F(t)r € X is continuously
differentiable with respect to the norm for all x € D(A), and integration by parts
yields

(1.19) R\, A)z = /OO e ME(t)xdt

for all A > w and = € D(A). Note that F’(t) has a bounded extension to X, by part
(b). Thus F'(t) coincides with Tj(¢) on Xj. O

1.5 A generation theorem

We are now able to state the desired relation between bi—continuous semigroups, in-
tegrated semigroups and Hille-Yosida operators in form of a generalized Hille-Yosida
theorem for bi—continuous semigroups. This theorem puts in a general framework
the Hille-Yosida type theorems due to S. Cerrai for weakly continuous semigroups
([Cer94], see Section 3.3), due to J. R. Dorroh and J. W. Neuberger for semigroups
induced by flows ([DN96], see Section 3.2), and due to O. Bratelli and D. W. Robin-
son for adjoint semigroups ([BR79, Thm. 3.1.10], see Section 3.5).

Let X satisfy Assumptions 1.1.

Theorem 1.28. Let A: D(A) C X — X be a linear operator and denote Xy =

D(A) ". Then the following assertions are equivalent.

(a) (A, D(A)) generates a bi-continuous semigroup (T'(t))i>0 (of type w) on X.

(b) (A, D(A)) is a bi-densely defined Hille-Yosida operator of type w, and the
family {(s — a)*R(s,A)* : k € N,s > a} is bi-equicontinuous for every

a > w.
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(c) There exists an integrated semigroup F satisfying the following conditions.

(i) F(-)z € C'(Ry, (X, ][ - [|) for all z € D(A), (F'(t)|y,)iz0 evists and is a

strongly continuous semigroup on X.
(i) F(-)xr € CY(Ry, (X, 7)) for allz € X.
(i11) The operator family (F'(t))i>o is locally bi-equicontinuous.
(iv) F'(t), t >0, is exponentially bounded on X.

(v) For all A > w and v € X we have

R(/\,A)x:/ e ME(t)xdt.
0

Proof. (b) = (c¢) First, we assume w < 0.

As a consequence of Proposition 1.27 there exists an integrated semigroup F' satis-
fying assertion (i).

To prove (ii) we consider, for x € X and t > 0, the sequence (D,,(z,t))men € X
defined as

Dy (z,1) == = 1/Z)Tfl — F(t)x

for all m € N. As a consequence of Proposition 1.27(b) this sequence is ||-|[-bounded.
It remains to prove that it is a 7—Cauchy sequence. Let x € X, e > 0,p € P,. By
the assumptions there exists a || - ||-bounded sequence (x,),en € D(A) which is

T—convergent to x and there exists ng € N such that

€

(1.20) p(s*R(s, A)F(z — z,)) <

W

for all n > ng and uniformly for s > 0 and k£ € N. Applying estimate (1.20) and
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Proposition 1.27(b) we obtain

, <F(t + 11/72 S F() xn))

=p <khm m | (k+ 1)/C s*R(s, A2 (x — x,)ds
t
—(k+1) [ s*R(s, A)2(z — 1,)ds ])
t+1/m
k
(1.21) = mklim (k+1) i s*R(s, A2 (x — x,)ds
e t+1/m
] k
t
< Sm lim (k+1) [——]
k—o0 S|.__k
5=+ 1/m
€ 1
=g fim 1+ 7)
_°
I

for all n > ng and uniformly for m € N and ¢ > 0.
Since (i) is valid, (Dy,(2n,t))men is a 7-Cauchy sequence for all n € N. Therefore,
there exists my € N such that

) (F(t+ I/m)z — F(t)r  F(t+1/D)r— F(t)x)

1/m 1/1
<p(F(t+1/m)_F(t)(x—x ))
- 1/m "o
Ft+1/m)x,, — F(t)x,, F{t+1/0)x,, — F(t)x,,
p( 1/m B 1l )

F(t+1/1) — F(t)
+p< 1/[ (33—$n0))

<e€

for all m,l > my. Since (X, 7) is sequentially complete on || - |[-bounded sets, the
map (t — F(t)x) is differentiable with respect to 7 for all x € X.

Before proving that its derivative is continuous we show assertion (iii).

Clearly, by estimate (1.21), the operator family {F’(t) : t > 0} is globally bi-

equicontinuous.
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Next, we show the 7—continuity of F'(-)x for all z € X. To that purpose, let x € X,
to >0, € >0, and p € P,. Further, let (2,,)nen € D(A) be a || - ||-bounded sequence
which is 7—convergent to x € X. Since F'(-)x is 7—continuous for all z € D(A), we

obtain that there exists d. > 0 depending on n such that [t — ty| < J. implies
P(F' (D) — F'(to)n) < §
Again with estimate (1.21) there exists ng € N such that |t — | < . implies

p(F' () — F'(to)x) < p(F"(t)(x — ng)) + p(F'(H)2n, — F'(to)Tn, )
+ p(F' (o) (Tne — @)
< e.

Therefore, assertion (ii) is shown.
Property (iv) holds by Proposition 1.27(b) and the fact that (X, 7)" is norming for
(X, |- 1])- In fact, for @ :={p € (X,7)" : ||¢|| <1} we have

|F'(t)z|| = sup| < 7= lim Dy, ¢ > |
peD h—0t

=sup| im < Dpx, ¢ > |
ped h—0Tt
1 t+h
< M||z|| lim —/ e“*ds
N0 B,
= Me*'||z|

for all x € X.
To prove (v), we note first that the sequential completeness of (X, 7) on ||-||-bounded

sets implies that

T—/ e MF (t)adt
0

exists for all a > 0,\ > w, and x € X.
Since (X, 7)" is norming for (X, - ||), we obtain as in the proof of Lemma 1.7(a)
that

T—/ e MF(t)adt
0

exists.
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It remains to prove that

(1.22) R\, A)x = / e MF (t)adt
0
for all z € X and A > w. To show this, let z € X, ¢ > 0. By assumption there
exists a || - ||-bounded sequence (z,)neny € D(A) and ny € N such that
€

for all n > ng. Since F' is an integrated semigroup, we obtain by Proposition A.1

P (R()\, A)x — /O h e”F’(t)xdt>
< p(RO\, A)(x — 2,,)) + ( /0 N e M (t) (2, — x)dt>

<e.

Therefore, assertion (v) holds.
By a rescaling argument we obtain the desired properties (i)—(v) for arbitrary w € R.
(¢) = (a) We define first

T(t)e = F(t)z = 7 lim L0 TR = FO)

, ve X, t>0.
R\0 h

By assumption (c) it remains to show that the semigroup law on X holds. By (i)
the semigroup law already holds on X,. Further, let x € X and t,s > 0. By the
same arguments as in the proof of Proposition 1.7(b) and equality (iv) there exists

a || - ||-bounded sequence (x,)neny € D(A) which is 7—convergent to x such that
T(t+ s)x, =TH)T(s)x,
for all t,s > 0 and n € N, and

7 lim T'(t+ s)x, = T(t + s)x.

n—oo

Since (T'(8)xp)nen is || - [[-bounded and 7—convergent, we also obtain

7 lim T'(t)T(s)x, = T(t)T(s)x.

n—oo

The topology 7 is Hausdorff, therefore the limit is unique and the semigroup law
holds for (7(t)):>o . By the same way we obtain 7'(0) = Id.
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(a) = (b) If we have a bi—continuous semigroup (7'(t));>0, assertion (b) follows

directly from Proposition 1.14, Proposition 1.18 and Proposition 1.19. O

This characterization of the generators of bi—continuous semigroups will play an
essential role in the following chapter to establish approximation results for bi—
continuous semigroups. A concrete application of Theorem 1.28 is given in Section
3.2.






Chapter 2

Approximation of bi—continuous

semigroups

In this chapter we study the convergence of sequences of bi—continuous semigroups
(Tk(t))+>0 on a Banach space X with two topologies (see Assumptions 1.1). To that
purpose, we need to impose stability conditions on (7%(t));>o which are the basis
for generalized Trotter—Kato theorems. Results on approximation theory on locally
convex spaces can be found, e.g., in [Yos74] for equicontinuous semigroups, [Buc68§]
for semigroups on Fréchet spaces, and [Ouc73], [AKO00] for locally equicontinuous
semigroups. For the classical results on Cy—semigroups we refer to [Dav80], [Gol85],
[Paz92], [EN0OO] and the references therein. We present first a version in which
we obtain the convergence of (T%(t))i>0 to a bi-continuous semigroup (7°(¢))¢>0 by
assuming that R(\, Ag) is pointwise || -||—convergent to the resolvent of the generator
A of (T'(t))i>0 on a || - || -dense subset of M‘H

more valuable for the applications, permits us to conclude that an operator A is the

. A second approximation theorem,

generator of a bi-continuous semigroup only by assuming that a sequence (Ag)gen
of generators converges to it.

We then use our results to obtain a Chernoff Product Formula which, in the Cy—case,
goes back to [Che68]. From this formula we then deduce the Post-Widder Inversion
Formula representing a bi—continuous semigroup in terms of the resolvents of its
generator.

A classical result of S. Lie around 1900 says that for n x n—matrices A and B the
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exponential of their sum is

AB) — 1im (eAt/’“eBt/’“)k
k—00

for all t € R. The extension of this formula to generators A and B of strongly con-
tinuous semigroups on Banach spaces was first considered by H. F. Trotter [Tro59],
and then, e.g., by P. R. Chernoff [Che68], [Che74]. In this thesis we obtain such a
Lie—Trotter Product Formula for bi—continuous semigroups as a consequence of the
Chernoff Product Formula.

Moreover, in combination with Section 3.3, we give an answer to a question re-
cently asked by G. Da Prato at the Trento EVEQ 2000 conference in the context of
semigroups corresponding to evolution equations for convex gradient systems (see

[DP00]).

2.1 Generalized Trotter—Kato theorems

We now investigate the relation between the convergence of bi-continuous semi-
groups, their resolvents and generators. To that purpose, we first introduce the
notion of uniformly bi—continuous semigroups which will play the role of the stabil-
ity condition essential for the subsequent approximation theory.

As in Chapter 1 we assume that the underlying space X satisfies Assumptions 1.1,
P, denotes a family of seminorms inducing the locally convex topology 7 on X,

assuming, without loss of generality, that p(z) < ||z|| for all x € X and p € P;.

Definition 2.1. Let (Ti(t))i>0, k € N, be bi—continuous semigroups on X. They are

called uniformly bi—continuous (of type w) if the following conditions hold.
(1) |Tu(®)]] < Me**  forall t>0 and k € N and some constants M > 1,w € R.

(11) (Ty(t))e>0 are locally bi—equicontinuous uniformly for k € N, i.e., for every
to > 0 and for every ||-||-bounded sequence (x,)neny € X which is T—convergent
to x € X we have that

7— lim (Ty(t)(x, —x)) =0

n—oo

uniformly for 0 <t <ty and k € N.
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Lemma 2.2. Let (Ty(t))i>0, k € N, be uniformly bi—continuous semigroups (of type
w) with generators Ay. Then, for every || - || -bounded sequence (,)neny € X which
1s T—convergent to x € X and for every a > w, we have

(2.1) 7 lim e T, (t)(z, — ) = 0

n—oo

uniformly for all k € N and t > 0, and
(2.2) 7 lim (A — a)' RO\, Ap) (2, —2) =0

uniformly for I,k € N and A > a.

Proof. Assertion (2.1) is an easy consequence of Proposition 1.4(b) and Definition
2.1. To prove the second assertion, let x € X, ¢ > 0,p € Pr, a > w, and (,)peny € X
be a || - |[-bounded sequence which is 7—convergent to x. Combining (2.1) and
Formula (1.6) from Chapter 1, we obtain, in analogy to the proof of Proposition
1.19(b), that there exists ng € N such that

p((N =) RO\, ARz, — 2)) < ((;\: f)>! /000 = te= Oty (et (1) (2, — x))dt

<e

for all n > ng and uniformly for &,/ € N and A > «. Therefore, assertion (2.2)
holds. O

We are now able to state the generalization of what in [EN00, Ch.III, Sec. 4] is
called the First Trotter-Kato Approximation Theorem.

Theorem 2.3. Let (T)(t))i>0, k € N, and (T'(t))i>0 be uniformly bi-continuous semi-
groups (of type w) on X with generators Ay and A, respectively, and let D be a

| - [|-dense subset of D(A)
If
R(ho, Ap)z s R(Xg, A)z
for all x € D and some \g > a > w as k — oo, then
Ti(t)r — T(t)x

for all x € X as k — oco. Moreover, the convergence is uniform for t in compact

intervals of R
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Proof. Let ty > 0. The first step is to show that

(2.3) 7 lim (T3 (t) = T(t)) R(Ao, A)y = 0

for all y € D and uniformly for 0 <t < ty. The proof is similar to the one given in
[Paz92, Thm. 3.4.2]. Fory € D, 0 <t <ty and p € P,, we have

p((Ti(t) = T (X)) R(Xo, A)y)
< p(Tr(t)(B(Xo, A) = R(Xo, Ax))y)
+ p(R(Ao, A) (T (t) — T(t))y) + p((R(Xo, Ar) — B(Xo, A))T(t)y)
1Tk (8)(R( Ao, A) = B0, Ar))y
+P(R(Ao, Ap)(Tk(t) = T(1))y) + [|(R(Xo; Ar) = B(Ao, A))T(1)y]|
=: ap(t) + bu(t) + cu(t).
Since ||Tx(t)|| < C for all 0 < t < ¢, and some constant C' > 0, it follows that
ai(t) — 0 uniformly on [0,%y] as k — oo. Further, the || - |[-continuity of the map
t — T(t)y by Proposition 1.27 implies that the set {T'(t)y : 0 <t <t} C D(A) is
| - [[-compact. By the || - ||[-density of D in MH'H, we obtain, by [Sch80, Ch. III,
Thm. 4.5], ¢x(t) — 0 uniformly on [0,y as k — oo.

IN

It remains to prove that bg(t) — 0 uniformly on [0, %] as k — oco. To show this, we
consider, for each t € [0,%y],k € N, and y € D, the map

[0,t] 5 s Ti(t — s)R(Ao, Ax) T (s)R(Ao, A)y € D(Ag)
which is 7—differentiable in [0, ¢], and its derivative is given by
[0,t] 5 s — —=Tk(t — s) A R(Xo, Ax)T(s)R(Xo, A)y
+ Ty (t — s)R(XNo, Ax)T(s)AR(Ng, A)y € X.
Consequently, for each t € [0, ] and y € D we have

p(R(Xo, Ar) (T

/'\

t) =T (@) E(Xo, A)y)

S (Tk(t — S)[—AkR(/\g, Ak)T(S> + R()\(), Ak)T(S)A]R<)\0, A)y)dS

t

p(Ti(t — s){[Id — Mo R(Xo, Ar)| (Ao, A)

I
No\

+ R(Xo, Ax)[MoR(No, A) — Id]}T(s)y)ds

I[R(Xo, A) — R(Ao, Ap)]T (s)yl|ds,

IN

S—

C
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which converges to zero uniformly on [0,to] as k — oo by assumption and the same

compactness argument as above. Therefore,
R(Xo, Ap)(Ti(t) = T(t))y — 0

for all y € R(X\g, A)D uniformly on [0, %] as k — 0.
By (2.4) and Proposition 1.18(c) we obtain

k—o00

for all y € D and uniformly for 0 <t < ty. It follows that
Ti(t)r = T(t)x

for all € R(\g, A)D and uniformly for 0 <t < .

Now, let z € X, ¢ > 0 and p € P;. Since D(A) is bi-dense in X and D is || - |[-dense
in D(A), there exists a || - |[-bounded sequence (x,),eny € D which is 7—convergent
to x. By the stability condition from Definition 2.1(ii) there exists ny € N such that

p((Ti(t) = T())(xn — 7)) <€

for all n > ny and uniformly for £ € N and 0 < t < t5. Applying Proposition
1.18(c), there exists a sequence (Yn)neny € D such that (R(Mo, A)Yn)nen € D(A) is

| - ||-bounded and T—convergent to x,, € D. Thus, there exists g > ny such that

P(Te(t) = T(@)) (2 = 2ng)) + P((Tk(t) = T(t)) (2, — B( Ao, A)yn)) < %

for all n > ng and uniformly for £ € N and 0 <t < ty. By (2.3) there exists kg € N
such that
p((Tk(t) = T (1)) R(Aos A)yie) <
for all k£ > ky and uniformly for 0 < ¢ < ¢y, and hence
p(Ti(t)x = T(t)z) < p((Th(t) — T(t))(x — zn,))
+ p((Te(t) — T(1))(@ne — R(Nos A)Yay))

)
+ p((Te(t) = T()) R(Xo, A)yao)
<e€

Wl ™

for all k& > kg and uniformly for 0 <t < t,. O
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Remark 2.4. 1) Let (Tx(t))i>0,k € N, and (T'(¢))¢>0 be uniformly bi-continuous

semigroups on X with generators Ay and A, respectively. If
Ti(t)r — T(t)x

for all x € X as k — oo uniformly for ¢ in compact intervals of R, , then for
A>a>w,p€e P and x € X, we obtain

p(RO\ ARz — RO, A)z) < /0 (Tt — T(1)2)dt,

which converges to zero as k — oo by Lebesgue’s dominated convergence theorem.
2) Let (Tx(t))t>0, k € N, and (T'(t))s>0 be uniformly bi-continuous semigroups on X
with generators Ay and A, respectively, such that

(x) for each ty > 0 and p € P, there exists ¢ € P, such that p(Ty(t)z) < ¢(z) for
all 0 <t <ty, x € X and uniformly for k € N.

Then we obtain as in the proof of Theorem 2.3 that the 7—convergence of R(\g, Ag)z
to R(\g, A)z for all x € X implies that Tj,(t)r — T(t)z for all x € X as k — oo
and uniformly for ¢ in compact intervals of Ry (cf. [Yos74, Ch. IX, Thm. 12.1],
[AK00, Thm. 15]).

It remains an open question if condition (%) is redundant.

Before proving the second approximation result we restate Proposition III. 4.4 from

[ENO00] replacing the norm convergence by T—convergence.

Lemma 2.5. Let (Ty(t))i>0, k € N, be uniformly bi—continuous semigroups (of type
w) on X with generators (Ag, D(Ag)). If

7— lim R()\o, Ak)ﬂﬁ

k—o00

exists for all x € X and some \g > w, then

R(AN)zx :=7-lim R(\, Ay)x

k—oo

exists for all x € X and Re\ > w and defines a pseudoresolvent.
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Proof. By [EN00, Ch. IV, Prop. 1.3] R(A, Ax)x has a power series expansion
around Ay given by

RO\ Ap)z =) (A= Aol R(Xo, Ap) e,

Jj=0

where the series converges in X uniformly for £ € N if |A — A\g| < €(Ag — w) for
each 0 < € < 1. We now show that 7 — limy_,. R(\, Ag)z exists for all A\ with
A — Xo|] < €(Ag —w). Since X is sequentially complete on || - ||-bounded sets, it
is sufficient to prove that {R(\, Ag)x}ren is a 7-Cauchy sequence in X. To that
purpose, let p € P, and € > 0. There exists hy € N such that

p (Z(/\ = Xo)! (R(Xo, A )™ — R<)\07Al)j+1)x> <

Jj>ho

DN

for all k,1 > hy. Further, using Lemma 2.2, {R()\, Ag)?z}ren is a 7—Cauchy se-
quence in X for all j € N, and hence there exists ng > hg such that

p(R()\, Ak)l’ — R()\, Al)l’)

=p (Z(/\ = 20) (R(Xo, Ar)"*" = R(No, Al)jﬂ)ﬂf)

320

<3 (0 = 20 p(R(A0, A) T — R(Ao, A7) + g
§=0

<e€

for all k,1 > ny.

Furthermore, the above considerations imply that the set of all A € C with ReA > w
such that limy_. R(\, Ag)z exists for all x € X is open and relatively closed (cf.
[EN00, Ch. III, Prop. 4.4]). Therefore, it coincides with the set {A € C: Re\ > w}.
Clearly, the resolvent equation (RE)! also holds for the operators R(\), ReA > w.
This concludes the proof. O

In the following main result we extend the above considerations by giving conditions
such that the convergence of R(\g, Ax)x to some limit implies that this limit is the
resolvent of a suitable generator. Moreover, we obtain that the convergence of a

sequence of generators to an operator already implies that it is a generator.

Isee Definition 1.8
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Theorem 2.6. Let (Ty(t))i>0,k € N, be uniformly bi—continuous semigroups (of
type w) on X with generators (A, D(Ax)). Consider for some \g > a > w the

following assertions.
(a) There exists a bi-densely defined operator (A, D(A)) such that Apx LN

for all x in a bi—core®> D for A and rg(\g — A) is bi-dense in X.

(b) There exists an operator R € L(X) such that R(\o, Ax)x I Ry for all x in

a subset of rgR which is bi-dense in X.

(¢) There ezists a bi—continuous semigroup (T'(t))i>o with generator (B, D(B))
such that

Tp(t)r — T(t)x
for all x € X and uniformly for t in compact intervals of R .
Then, the implications
(a) = (b) = (¢)

hold.
In particular, if (a) holds, then the bi—closure A" of A is equal to B.

Before proving the theorem we state the following simple lemma.

Lemma 2.7. Let (C,D(C)) be a bi-continuous operator, i.e., for all sequences
(Tn)nen € D(C) with (zn)nen and (Czp)nen || - ||-bounded and x, — x € X
we have Cx,, — Cx. If C is bi-closed, then its domain D(C) is bi-closed.

We are now able to prove Theorem 2.6.

Proof. (a) = (b) Take y := (\g — A)z,z € D. Then

R()\(), Ak)y = R(/\(), Ak)[(Ao — Ak)l’ — ()\0 — Ak)l' + ()\0 — A)[E]

(2.5)
=x+ R()\(), Ak)[Akl’ — ALL’L

which converges to x =: Ry as kK — o0o. Moreover, rgR contains D. Since D
is a bi-core for A and D(A) is bi-dense in X, we have that D is bi-dense in X,

2see Definition 1.20
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and hence rgR is bi-dense in X. It remains to show that the operator R can be
|| - ||-continuously extended to X. To that purpose, we show that for z € X the ||-||-
bounded sequence (R(Ag, Ax)Z)ren is a 7—Cauchy sequence. Let z € X, p € P,, and
e > 0. Since rg(Ag — A) is bi—dense in X, there exists a sequence (z,)nen € D(A)
and ng € N such that

plx— (Ao — A)zp) < 5

for all n > ngy. Further, since D is a bi-core for A, there exists a || - ||-bounded

sequence Yy, := (Ao — A)zp, x, € D,n € N, and ng > ng such that
Pz —yn) S plz— (Ao — A)zny) + (Ao — A)zng —yn) S €
for all n > ng. By Lemma 2.2, there exists n € N such that

(2.6) P(R(Xo, Ap)(z — yn)) <

Wl m

for all n > n and uniformly for £ € N. With equation (2.5) there exists ky € N such
that

p(R(Ao, Ak)l’ — R(Ao, ADZE)
< p(R(Ao, Ap) (@ = Yny)) + [[R( Aoy Ak)Yng — R(Xoy A1) Yno |

+ p(R(/\(), Al)(yno - Jj))
<e€

for all k,1 > ky. Thus,

(2.7)

7— lim R(\o, Ag)z =: Rx

k—o0

exists for all x € X. Since (X, 7)" is norming for (X, || - ||), we have for
b = {gb c (X, 7')/ . ||¢||(X7H||)/ S 1} that

|Rx|| = ||T—klim R(Xo, Ap)zx|| = sup| lim < R(Xg, Ap)x, ¢ > | <
—00 ped

Jim pyesmldl

for all € X, and therefore R € L(X).

(b) = (¢) As in (2.6) and (2.7), we obtain that 7—limy_,. R(Ag, Ax)z exists for all
r € X and for some \g > a > w. Without loss of generality we assume o = 0. By
Lemma 2.5 we obtain that

RNz := 17— lim R(\, Ay)x

k—oo
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exists for all x € X and A > 0 and defines a pseudoresolvent. This pseudoresolvent

has a bi—dense range rgR(\) = rgR in X, and
AR < M
for all A > 0 and some constant M > 1. Since
R\ =7 Jim R(A, Al
for all z € X and [ € N, we have
INRO| < M

for all A > 0 and I € N. Let now (2,)neny € X be a || - ||-bounded sequence which
is 7—convergent to x € X. Further, let p € P,, ¢ > 0. By Lemma 2.2 there exists
ng € N such that

p(NRON, ARz — ) < €
for all n > ngy and uniformly for £,/ € N and A > 0, and hence
PR (z —x,)) < e

for all n > ngy and uniformly for A > 0 and [ € N. Applying Corollary 1.11, we obtain
the existence of a bi-densely defined operator (B, D(B)) such that R(\) = R(\, B)
for all A > 0. It satisfies

INRA, B)' || < M

for all A > 0 and [ € N, and the operator family {NR(\, B)' : A > 0,1 € N}
is bi—equicontinuous. Applying Theorem 1.28 we obtain that (B, D(B)) generates
a bi-continuous semigroup (7°(t))¢>o. We can now apply Theorem 2.3 in order to

conclude that
Ti(t)r = T(t)x

for all x € X as k — oo. Moreover, the convergence is uniform for ¢ in compact
intervals of R .
In the final step, we show that condition (a) implies A" = B. Since R(M\o, B) = R,
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we have R(Ag, B)(Ag — A)z = z for all x € D, and hence D C D(B). We now take
x € D(A). Since D is a bi-—core for A, there exists a sequence (z,),en € D C D(B)
such that (z,,)nen and (Az,)nen are || - ||-bounded, x, — x and Az,, — Az. Since
Bz, = Az, for every n € N, we obtain Bz, — Ax. By Proposition 1.18(a) the
operator B is bi—closed. Therefore, x € D(B) and Bx = Az. Thus, we have shown
that D(A) C D(B) and Bz = Az for all x € D(A).

Moreover, (Ag — A)~" exists and its bi-closure (A — A" )" is contained in R()\o, B).
Since R(\o, B) is bi-continuous, we obtain that (A — A")~! is bi-continuous. Fur-
ther, the domain D((A\g — A")~!) contains the range rg(\o — A) which is bi-dense
in X by assumption. Applying Lemma 2.7, this implies that D((A\g — A")~!) = X.
Consequently, we obtain R()\g, B) = R(\g, A'), and therefore A" = B. O

2.2 Approximation formulas

We apply our approximation results to obtain a generalization of the Chernoff Prod-
uct Formula to bi—continuous semigroups. Based on this formula we easily obtain
the Post-Widder Formula representing a bi-continuous semigroup by products of
the resolvents of its generator. Moreover, this leads to the Lie-Trotter Product For-
mula for a bi—continuous semigroup whose generator is the sum of two generators.

First, we recall Lemma II1.5.1 from [ENOO].

Lemma 2.8. Let S € L(X). Assume that ||S™| < M for all m € N and some
constant M > 1. Then we have

le" D2 — S| < V/nl|Sz — «|

for allx € X andn € N.
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Proposition 2.9. Let V : R, — L(X) satisfy the following conditions.
(i) V(0) = Id.

(i) ||[V(@E)™|| < Me™* for all t > 0,m € N, and some constants M > 1 and
w e R.

(iii) The operator family {V (t)™ : t > 0} is locally bi—equicontinuous uniformly for
m € N.

(iv) Az = || - || -lime o Y22 egists for all x € D C X, where D and (\g — A)D

S
are bi-dense subsets in X for some \g > a > w.

Then the bi—closure A of A generates a bi-continuous semigroup (T(t))i=o which is

giwen by the Chernoff Product Formula, i.e.,

T(t)xr = 7- lim [V(%)}kx

k—oo

for all x € X and uniformly for t in compact intervals of R, .

Proof. Without loss of generality we assume w = 0. For s > 0 we define

V() —Id
()-1d _

Ay = LX), keN,

EI

and observe that Aiz LN Az for all x € D as k — oco. Since the operators A; are

bounded, the semigroups (e!*);>q are uniformly continuous and satisfy

b & (%)

e4e]) < e S0 V) < M

m=0

for all ¢ > 0 and some M > 1. Moreover, by assumption (iii), for every || - ||-bounded
sequence (x,)nen € X which is 7—convergent to z € X we have for e > 0 and p € P,
that there exists ng € N such that

(V™ (en —x)) <€

for all n > ny and uniformly for k£, m € N. Hence,

ple 2y —w)) < e
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for all n > ng and uniformly for £ € N and ¢ > 0. Therefore, the semigroups
(€M) ;>0 are bi—equicontinuous uniformly for k£ € N, and hence, according to Defini-
tion 2.1, uniformly bi—continuous. Consequently, the assumptions of Theorem 2.6(a)
are satisfied, and we obtain that the bi—closure A™ of A generates a bi-continuous

semigroup (7'(t));>o such that
(2.8) ey T T(t)x

for all z € X as k — oo, where the convergence is uniform for ¢ in compact intervals
of R,. Further, by Lemma 2.8, we have

tM
A
(2.9) le"y = V() yll < WHAM/H

for all y € D. This converges to zero as k — oo uniformly for ¢ in compact intervals
of R,.

Finally, let x € X,0 <t < tg,p € P, and € > 0. By assumption (iii) and (iv) there
exists a || - ||-bounded sequence (¥, )neny € D which is 7-convergent to x, and there
exists ng € N such that

(2.10) p(T(t) (@ — ya)) + p(V (L) (yn — x)) <

for all n > ng, uniformly for £ € N and 0 < ¢ < ¢;,. Combining (2.8)-(2.10) we can
conclude that there exists kg € N such that

p(T(t)z = V()'2) < p(T(t) (@ = Yno)) + 2Ty = V(£) Yno)
+p(V ()" (yny — )

€
< 5 + HetAkyNO - V(%)kynon
€

NN e

IN

for all & > ko uniformly for 0 <t < ;. Therefore, (T'(t));>0 is given by the Chernoff
Product Formula and the proof is complete. O

Corollary 2.10. For every bi—continuous semigroup (T(t))i>0 of type w on X with
generator (A, D(A)) the Post—Widder Inversion Formula holds, i.e.,

(2.11) T(t)r =7-lim [2R(%, 4)] =

k—oo ¢

for all x € X and uniformly for t in compact intervals of R, .
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Proof. Let us assume without loss of generality that (7°(t));>o is of type w < 0
and define

Id if t =0,
V(t):=qiR(3,A) ifte(0,-1),
0 ift > -1

Then, the map V : Ry — L((X, || - ||)) possess the following properties.
(i) V(0) = Id.

(i) |V ()™ < % < M for all £ > 0,m € N, and some constant M > 1.

(iii) Let tg > 0, p € Py, and (2,)neny € X be a || - ||-bounded sequence which is
T—convergent to x € X. Then, by Proposition 1.19(b), we obtain

p(V ()" (2 = an)) = p([; R(}, A)]" (2 = 2)) — 0

uniformly for m € Nand t > 0 as n — oc.

(iv) Since the part Ap of A in D(A) = is the generator of (1'(t));>o restricted to
D(A)H'” (cf. Chapter 1, Section 1.3), we obtain that D(Ap) and (Ag— A)D(Ay)
are bi—dense in X. Moreover, for x € D(Ay) we have

t —
|- || lim Ve =z _ |- [|-lim LR(Y, A)Az = Az.
t\0 t tNo bt
Therefore, taking D := D(Ap), we obtain that assumptions (i)—(iv) of Proposition
2.9 are fulfilled. Thus, (T'(t)):>0 is given by

Ttz =7 lim [V(§)] 2 =7 lim [FR(},4)] 2
for all x € X and uniformly for ¢ in compact intervals of R, . O

The next corollary states that under stability and consistency conditions on two
bi—continuous semigroups generated by A and B, respectively, the closure of the
sum of A and B is a generator and the perturbed semigroup can be represented by
the so—called Lie-Trotter Product Formula. For results on the classical Lie-Trotter
Product Formula for Cy—semigroups we refer to [Tro59], [Gol70], [Kat78], [Che74],
[ENO00], [KWO00], [KW] and the references therein.
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Corollary 2.11. Let (T'(t))i>0 and (S(t))i>0 be bi—continuous semigroups on X with
generators (A, D(A)) and (B, D(B)), respectively. Assume the following stability

conditions.
(i) |[T(E)S(E)N™| < Me“ for allt >0, and some constants M > 1, w € R.

(i) The operator family {[T(£)S(L)]™ : t > 0} is locally bi-equicontinuous uni-
formly for m € N.

Consider the sum A+ B on a subspace D C D(Ay)ND(By), where D(Ay) and D(By)
denote the domains of the parts Ay and By of A and B in mll'\\ and WH'H,
respectively, and assume that D and (A\g — A — B)D are bi-dense in X for some
Ao > a > w. Then the bi—closure of A+ B exists and generates a bi—continuous

semigroup (U(t))i>0 given by the Lie—Trotter Product Formula, i.e.,

(2.12) U(t)r =7 lim [T(£)S(4)]" =,

k—o00

where the limit exists for all x € X and uniformly for t in compact intervals in R, .

Proof. We define V (t) := T'(t)S(t) for t > 0. Then

. Vt)r—=x
|| - ”*th = Az + Bx
t\,0 t
for all x € D. The assertion is now a consequence of Proposition 2.9. O

Concrete examples are given in Section 3.2, 3.3.2 and 3.4 below.






Chapter 3

Applications

In this chapter we apply the general results obtained in the previous chapters to
classes of semigroups which do not fit into the classical theory of Cy—semigroups.
Here, we concentrate on such examples for which, due to their importance, different
theories, including Hille-Yosida type theorems, had been developed. For instance,
we retrieve the theory of semigroups induced by flows introduced by J. R. Dorroh
and J. W. Neuberger, e.g. in [DN93], the theory of weakly continuous semigroups
introduced by S. Cerrai and F. Gozzi, e.g. in [Cer94], [CG95] to treat the Ornstein—
Uhlenbeck semigroup on C,(H), and the theory of adjoint semigroups, as studied
systematically in [Nee92].

Our aim is to verify that these semigroups are bi—continuous. This will lead to
a unification, and therefore to a more systematic treatment of these semigroups.
Moreover, we will obtain, even in these special cases, new approximation results.
Finally, we mention the theory of m—semigroups on Cy,(H), H a Hilbert space, due
to E. Priola [Pri99], which does not completely fit into our theory of bi-continuous
semigroups. However, it seems that there is no example known of a m—semigroup

which is not already a bi—continuous semigroup for some canonical topology on

Cy(H).
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3.1 A survey on locally equicontinuous
semigroups

In order to deal with phenomena in which the underlying space is not a Banach
space, L. Schwartz [Sch57] already in 1957 generalized the classical Hille-Yosida the-
orem to semigroups on complete locally convex spaces. Thereafter, many authors
studied operator semigroups on locally convex spaces and tried to develop a system-
atical theory parallel to the one in Banach spaces (e.g. [Kom64], [Kom68], [Ouc73],
[Yos74]). The theory divides basically into two classes of semigroups: equicontinu-
ous and locally equicontinuous semigroups, respectively, and it suffices to suppose

that the underlying vector space is sequentially complete.

Definition 3.1. Let (X, 1) be a sequentially complete locally convex space (where
P, is a family of seminorms inducing 7) and {T(t) : t > 0} be a family of con-
tinuous linear operators on X. The family (T(t))i>o is called an equicontinuous

semigroup if
(i) T(0) =1Id and T(t +s) =T(t)T(s) for all s,t > 0.

(i1) (T(t))e>0 is strongly T—continuous, i.e., Ry 3t — T(t)x € X is T—continuous
forallz € X.

(i1i) For each seminorm p € Py there exists ¢ € P, such that
p(T(t)x) < q(x)
forallt >0 and x € X.

The family (T(t))i>0 is called quasi—equicontinuous if {e"*T(t) : ¢ > 0} is
equicontinuous for some o > 0, and it is called locally equicontinuous if instead

of (i) the following condition is satisfied.
(iii’) For each ty > 0 the subset {T'(t): 0 <t <ty} is equicontinuous.

The generator (A, D(A)) of (T(t))i>0 is defined as

T(t)x —
(3.1) Az = lim Wz
t\0 t

with domain D(A) :={z € X : limy o % exists}.
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Starting from the results of L. Schwartz, J. Miyadera [Miy59] developed a theory for
semigroups on Fréchet spaces including a generation result for quasi—equicontinuous
semigroups. Following his approach, A. B. Buche [Buc68] added to this theory cer-
tain approximation results. Parallel, H. Komatsu [Kom64], S. Oharu [Oha66], R.T.
Moore [Moo71a], [Moo71b], and K. Yosida [Yos74] generalized the theory to sequen-
tially complete spaces. Finally, we mention a paper by Y. H. Choe [Cho85] in which
so—called calibrations are used for a reformulation of the Hille-Yosida theorem for
equicontinuous semigroups.

This theory depends heavily on the fact that for an equicontinuous semigroup
(T'(t))i>o with generator A on a sequentially complete locally convex space X,

its Laplace transform defined as
7'/ e MT(t)dt
0

exists for all z € X and A € C with Re) > 0 and coincides with (A — A)~'a.

On the other hand, if equicontinuity fails, this integral representation may no longer
hold. For instance, let (7'(t)):>0 be the left translation semigroup on the space C'(R)
of all continuous functions on R endowed with the topology of uniform convergence
on bounded subsets. Then (7'(t));>o is not equicontinuous, its Laplace transform
does not exist for any A € C, and its generator given by A = % has empty resolvent
set.

To avoid these difficulties, T. Komura [Kom68] introduced the “generalized resol-
vent” for such locally equicontinuous semigroups. She obtained a Hille-Yosida the-
orem for locally equicontinuous semigroups on sequentially complete locally convex
spaces by giving conditions on such a generalized resolvent (see [Kom68, Thm.3]).
Since this type of resolvent is difficult to treat, S. Ouchi [Ouc73] used “asymptotic
resolvents” instead to state a simplified generation theorem of Hille-Yosida type
[Ouc73, Thm. 2.1]. Following this approach, C. Grosu proved in [Gro86] a version
of the Trotter—Kato theorem for continuous (or, in some cases, even bounded) gen-
erators of locally equicontinuous semigroups in Fréchet—Schwartz spaces.

In a recent work with A. Albanese [AK00] we prove Trotter—Kato theorems and the
Lie—Trotter product formula for locally equicontinuous semigroups in the general
setting of sequentially complete locally convex spaces with no additional assump-
tion on the generator. Therefore, we substantially improve the results of C. Grosu

[Gro86] and add a missing piece to the theory of locally equicontinuous semigroups.



54 Applications

For the perturbation theory of locally equicontinuous semigroups we refer to [Dem?73]
and [Dem74] where perturbations by relatively bounded operators are treated. Fur-

ther, continuous perturbations are considered by L. Wenzel [Wen85] and an appli-

p

cation to the Boltzmann equation on a space of distributions and on a L,

—space,
respectively, can be found in [Wen87] and [Wen89].

Although the theory of operator semigroups on locally convex spaces is well estab-
lished, it seems that there are only very few serious applications of this theory. In
addition, no systematic qualitative theory has been developed, certainly due to the
lack of an appropriate spectral theory.

However, in many concrete situation the underlying space is indeed a Banach space
(X, ]| - ]]), but has an additional locally convex topology 7 satisfying Assumptions
1.1 from Chapter 1. Moreover, the equicontinuous (resp. locally equicontinuous)
semigroups to be considered on (X, 7) are exponentially norm bounded. This leads

us to bi—continuous semigroups as treated in Chapter 1 and 2.

Proposition 3.2. Let (X, || -||) be a Banach space, T be a locally convex topology
on X satisfying Assumptions 1.1, and let {T'(t) : t > 0} C L(X) be a locally
equicontinuous semigroup on (X, 7) such that [|T(t)|| < Me“* for allt > 0 and some
constants M > 1, w € R. Then (T'(t))i>0 is a bi—continuous semigroup on X with

respect to T.

The proof is a trivial consequence of Definition 1.3 and Definition 3.1. In addition,
by Lemma 1.7, the resolvent of the generator (A, D(A)) of such a semigroup is given
by

R\, A)z = 7'/ e MT(t)zdt
0

for all z € X and Re\ > w for some w € R, and is a norm bounded operator. In
particular, the theory developed in Chapter 1 and 2 applies.
In the following, however, we concentrate on more concrete situations occuring in

the literature.
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3.2 Semigroups induced by flows

Around 1970, J. W. Neuberger [Neu72], [Neu73] and D. L. Lovelady [Lov75] started
a theory of nonlinear, jointly continuous semigroups (flows) on a metric space € in
terms of their Lie generator. Following S. Lie, the main idea was to define an asso-
ciated linear semigroup, the semigroup induced by the flow, on the Banach space X
of bounded, continuous functions on ). This semigroup, in general, is not strongly
continuous for the supremum norm. However, there exists a locally convex topology
on X such that strong continuity holds. To treat this class of semigroups, J. W.
Neuberger proved a generation theorem and a representation formula.

20 years later, in joint work by J. R. Dorroh and J. W. Neuberger [DN93], [DN96]
a complete characterization of the Lie generator of a jointly continuous flow on a
complete, separable, metric space () was established, and an exponential formula
in terms of the powers of the resolvents of its Lie generator was found. The main
step towards these results was, using a result by F. D. Sentilles [Sen72], to find the
“right” locally convex topology on the space Cy(2) of bounded, continuous func-
tions on €2, for which the associated linear semigroup becomes strongly continuous.
More recently, in [DNOO] and [Neu00] even the adjoint of such a semigroup has been
considered on the topological dual (Cy(£2), 3)’, § defined as below.

For our purpose it is now essential to note that the space C(£2) is a Banach space
for the supremum norm || - ||, but has an additional locally convex topology (3 de-
fined as the finest locally convex topology on Cy(€2) agreeing with the compact—open
topology 7. on || - ||co—bounded sets. By a result of F. D. Sentilles [Sen72] a sequence
in Cp(€2) converges with respect to g if and only if it is || - ||[-bounded and convergent
with respect to 7.

Using the norm and the f—topology we show that these Dorroh—Neuberger semi-
groups fit into the theory of bi—continuous semigroups. Further, we give a short
proof of the generation result stated in [DN96] using our Theorem 1.28 and the
Post-Widder Formula given in Corollary 2.10.

As a first step, we verify that the space Cp(€2) endowed with || - ||, and [ satisfies
Assumptions 1.1. Clearly, the topology 3 is coarser than the || - ||—topology, is
Hausdorff, sequentially complete on || - |[,c—bounded sets, and the topological dual
(Cp(£2), B)" contains the point measures which implies that the space (Cy(2), 5) is
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norming for (Cy(€2), || - ||oo). Therefore, Assumptions 1.1 are fulfilled.
We now give some basic definitions taken from [DN96] and [Nag86, Ch. B.II, Sec. 3].

Definition 3.3. a) A jointly continuous flow ( or semigroup of jointly continuous
transformations) on a topological space ) is a mapping ¢ : (t,x) — ¢i(x) from
R, x Q — Q such that

(i) o = id, ¢1ps = brrs for all t,s > 0.
(ii) The mapping (t,z) — ¢i(x) is jointly continuous from Ry x  into Q.

b) The Lie generator of a jointly continuous flow ¢ is the linear operator A in
Cy(QQ) consisting of all ordered pairs (f,g) such that f,g € Cp(Q) and

o f(d(@) = f(2)
g(x) —11\103 ;

for all x € Q.

c) A linear operator (A, D(A)) on Cy(R2) is called a derivation if f,g € D(A)
implies fg € D(A) and A(fg) = fAg+ gAf.

d) The (linear) semigroup (T'(t))i>0 on Cy(Q2) defined as

(3.2) T(t)f = fodr

for all f € Cy() and t > 0 is called the semigroup induced by the (jointly

continuous) flow ¢.

It is clear that {T'(t) : t > 0} C L(C,(2)) and [|T'(¢)|| < 1 for all £ > 0.

Moreover, (T'(t)):>o is a semigroup which, if  is compact, is strongly continuous on
(Cp(2), || -||o) (see [Nag86, Ch. B.II, Lemma 3.2]). In the general case, the following
continuity properties hold (see [DN93, Thm. 2.1, 2.2 ]).

Proposition 3.4. Let (T'(t))i>0 be the semigroup induced by the jointly continuous
flow ¢ on Cy(). Then (T(t))i>0 has the following properties.

(i) (T'(t))i>0 is strongly S—continuous.

(11) (T(t))e>0 is locally equicontinuous with respect to [ in the sense of Definition
3.1.
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As an immediate consequence of Proposition 3.2 and Proposition 3.4 we obtain the

following.

Proposition 3.5. Let ¢ be a jointly continuous flow on Q and (T(t))i>0 be the
semigroup induced by ¢ on Cp(2). Then (T'(t))i>0 is a bi—continuous contraction

semigroup with respect to the topology (3.

We note that, by Theorem 1.17, the generator (A, D(A)) of (T'(t))t>0 is given by

T f—f
Af = f-lim —2 —
(3.3) 0Nt

for all f € D(A) ={f € Cy(Q) : ﬁli{%% exists in Cp(2)}.

This generator (A, D(A)) coincides with the Lie generator of the flow ¢ (see [DN96,
Prop. 2.4]).

Proposition 3.6. Let ¢ be a jointly continuous flow and let f,g € Cy(S2). Then the

following assertions are equivalent.

(1) g(x) = limy o w for all x € .

(i) g = B-limp o L22%=L.

Proof.  Since ( is finer than the topology of pointwise convergence on Cj(€2),
assertion (ii) implies (i).

(1) = (di) Since ¢ is a jointly continuous flow, the semigroup (7°(t)):>o is well defined
on Cy(2), and, by Proposition 3.5, bi-continuous with respect to 5. Let (A, D(A))
denote its generator. Applying Proposition 1.16(b) and Theorem 1.17, we obtain
that

(3.4 107 -f=5- [ T(s)gds

for all ¢ > 0. This implies (ii). O

We can now apply Theorem 1.28 to obtain a generation theorem for bi—continuous
contraction semigroups induced by jointly continuous flows. Moreover, by Proposi-
tion 3.6, this yields a characterization of the Lie generator of a jointly continuous
flow thereby reproving the results in [DN96, Thm. 3.1, 3.2].
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Theorem 3.7. Let A : D(A) C Cy(2) — Cp(Q) be a linear operator. Then the

following assertions are equivalent.
(a) The operator A is the Lie generator of a jointly continuous flow ¢ on Q.

(b) (A, D(A)) is a derivation and generates a bi—continuous contraction semigroup

(T'(t))e>0 on Cyp(2) with respect to B which is induced by a jointly continuous
flow ¢.

(c) (A, D(A)) is a bi-densely defined Hille-Yosida operator of type 0 and a deriva-
tion, and the family {(s — a)*R(s, A) : k € N,s > a} is bi-equicontinuous
for every a > 0.

Furthermore, if A is the Lie generator of a jointly continuous flow ¢, then

k

(3.5) foon =B lim [£R(5, 4)]"

for all f € Cy(Q) and uniformly for t in compact intervals of R .

Proof. (a) = (b) It is easy to see that the Lie generator of a jointly continuous
flow ¢ on € is a derivation. Defining T'(¢)f := fo¢, for all f € C,(Q) and t > 0, we
obtain, by Proposition 3.5, that (7'(t)):>0 is a bi—continuous contraction semigroup
on Cp(€2) with respect to 5. Let (B, D(B)) denote its generator. Combining (3.3)
and Proposition 3.6, we have A = B. Therefore, (b) holds.

(b) = (c) If (b) holds, Theorem 1.28 leads to assertion (c).

(¢) = (a) By Theorem 1.28 we obtain that there exists a bi-continuous semigroup
(T'(t))e>0 on Cp(€2) with respect to 8. We show that each operator T'(t) is a multi-

plicative homomorphism, i.e., we have

(3.6) Tt)(fg) =TH)f-T(t)g

for all ¢ > 0 and f, g € Cp(Q2). Indeed, for f,g € D(A) we define a function
n:[0,t] — Cy(Q) by

n(s) =Tt —s)[T(s)f-T(s)gl,

which is differentiable with respect to 5 by Proposition 1.16. Then n(0) = T'(¢)(f-g)
and n(t) = T(t)f - T(t)g. Since A is a derivation, we have 7/(s) = 0 for s € [0,¢].
Hence, n(0) = n(t) and T'(t)(fg) = T(t)f - T'(t)g. The bi-density of D(A) yields
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equation (3.6) for all f, g € Cp(£2).

Since (T'(t)):>o consists of multiplicative homomorphisms, there exists, by [DN93,
Prop. 1.6], for each z € Q a unique y € Q such that T'(t)f(z) = f(y) for all
f € Cy(R2). Thus, (T(t))i>0 is a contraction semigroup, and, for every ¢ > 0, we can
define a flow ¢ from €2 into 2 as

f(@u(x)) :=T(t)f(x)

for all f € Cy(2),z € Q. This flow is jointly continuous from R, x 2 — € by The-
orem 3.3 stated in [DN93]. Further, by Theorem 1.17, the generator of (7'(¢));>o is
given by

. fodi—f
A7 = - fiy =L
and, by Proposition 3.6, this is equivalent to the fact that A is the Lie generator of
the flow ¢. This concludes the proof of the equivalent assertions.
Finally, if A is the Lie generator of a jointly continuous flow ¢, then implication
(a) = (b) and the Post-Widder Formula in Corollary 2.10 imply the approximation
of the semigroup (7'(t));>0 by the powers of the resolvents of A as stated in (3.5).

O

Using the Lie-Trotter Product Formula stated in Proposition 2.11, we obtain the

following product formula for two semigroups induced by flows.

Proposition 3.8. Let (T'(t)):>0 and (S(t)):>o0 be bi-continuous semigroups on Cy(£2)
which are induced by jointly continuous flows ¢ and 1, and generated by (A, D(A))

and (B, D(B)), respectively. Suppose that for every to > 0 and compact subset
K C Q) there exists a compact subset K C Q such that

for all t € [0,to] and m € N. If there exists a subset D C D(Ag) N D(By), where

D(Ao) and D(By) denote the domains of the parts Ag and By of A and B in D(A)”'”
and D(B)”.”, respectively, such that D and (A\g — A — B)D are bi-dense in Cy(2),

then the bi—closure of A+ B generates a bi—continuous semigroup (U(t))i>0 on Cy(§2)

which 1s induced by a jointly continuous flow & such that
Ut)f=fo& = g lim fo [Vt fmDrym]™

for all f € Cy(Q) and uniformly for t in compact intervals of R, .
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Proof. First, we recall that, by [Sen72], the S—convergence of a || - ||-bounded
sequence in Cy(£2) is equivalent to its 7.—convergence. Clearly, the semigroups

(T'(t))e>0 and (S(t))s>0 consist of contractions, hence

(3.8) NTGHSEIMI <1

m

for all t > 0 and m € N.
Next, we show that the operator family {[T'(t)S(L)]™ : t > 0} is locally bi-
equicontinuous uniformly for m € N. Let ¢y > 0 and (fn)nen € Cp(2) be a || - [|oo—
bounded sequence which is f—convergent to f € Cy(2). Therefore, (f,)nen 18 T~
convergent to f. Hence, for each compact subset K C () there exists a compact
subset K C € such that

sup [[T(;5) SO (ful@) = f(2)] = sup | fr([eymeym]™ (@) = f([Ye/me/m]™ ()]
< su}lg|fn(x) — f(=@)],

which converges to zero uniformly for ¢t € [0,¢o] and m € N as n — oo. With
estimate (3.8) this implies that {[T'(£)S(%)]™ : ¢ > 0} is locally bi-equicontinuous
uniformly for m € N.

Thus, we are able to apply Corollary 2.11 and obtain a bi—continuous semigroup
(U(t))i>0 on (Cy(2), 3) generated by the bi—closure of A + B such that the Lie—
Trotter Product Formula holds. Furthermore, using the same arguments as in the

proof of Theorem 3.7, we obtain the existence of a jointly continuous flow £ on {2

such that U(t)f = f o & for all f € Cy(9). 0
Example 3.9. To illustrate the above proposition, we consider on C,(R) the oper-
ators (A, D(A)) and (B, D(B)) defined as
Af(a) = 2 f'(x)
for all z € R and f € D(A) :={f € CG,(R) : Af € C,(R)}, and
Bf(z) :=xf'(x)

for all z € R and f € D(B) := {f € Cy(R) : Bf € Cy(R)}. Then, the operator
(A, D(A)) generates the semigroup (7'(¢)):>o given by

T(t)f(x) = f((z'° +1/3)°) = (f o &) ()
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for all z € R, f € Cy(R) and ¢t > 0, which is bi-continuous with respect to 3 and is
induced by the jointly continuous flow ¢ with ¢,(z) = (/3 +¢/3)3.
The operator (B, D(B)) generates the semigroup (S(t):>0 given by

St)f(z) = fle'z) = (f o t)(x)

for all z € R, f € Cy(R) and ¢ > 0, which is bi-continuous with respect to # and
induced by the jointly continuous flow ¢ with ¢;(x) = e'z.

By induction we obtain

k:

59) o] (@) = [ e S ]

for all z € R,t > 0 and m € N. Since &3 lek < %eﬁ for all m € N and
t > 0, the products [¢/m¢t/m|™ map a ﬁxed compact subset K C R into some
fixed compact subset K of R. Moreover, the Schwartz space S(R) is contained in
C}(R), the space of continuously differentiable functions vanishing at infinity, and
therefore S(R) C D(Ag) N D(By). Furthermore, by solving an ordinary differential
equation, there exists Ag > 0 such that (A\g—A— B)S(R) is bi-dense in C,(R). Thus,
the assumptions of Proposition 3.8 are fulfilled, and we obtain that the bi—closure
of A+ B generates a semigroup (U(t)):>o on Cp(£2) which is induced by a jointly

continuous flow ¢ such that
Ut)f=fo&= f- lim fo [t /mPrejm]|™

for all f € Cy(£2) and uniformly for ¢ in compact intervals of R, .

Moreover, in this case the flow £ is given explicitly by
£(z) = et (x1/3 L1 6—t/3)3

for all £ > 0 and = € R. In fact, using formula (3.9), we obtain
L t(et(?wtl) — eﬁ)

3m k=1 3m (eﬁ — 1)

for all ¢ > 0 and m € N, which converges to es —1 as m — oo for all ¢ > 0.

Therefore,
i [0/ Grjm] ™ (2) = €' (@12 41— e7/%)

for allt > 0 and z € R.
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3.3 The Ornstein—Uhlenbeck semigroup
In this section we start from the stochastic equation

dX () = AX (t)dt + dW (1),

(3.10) X0

where A is the generator of a strongly continuous semigroup (S(t)):>o on a separable
Hilbert space H, W is an H—valued )—Wiener process for a self-adjoint, positive,
bounded linear operator Q on H, and z € H.

We now look at the Ornstein—Uhlenbeck semigroup (or transition semigroup) cor-

responding to equation (3.10) which is given by

P(t)f(x) = E(f(X(t,2)))

for all f € Cy(H), x € H and t > 0, and has been studied by many authors, e.g.,
[DPZ92],[CDP93|, [Cer94], [CG95], [DPLI5], [Pri99], [TZ].

Our aim is to show that the Ornstein—Uhlenbeck semigroup on Cy(H) is bi—con-
tinuous with respect to the compact—open topology. Further, we apply Corollary
2.11 and obtain that the Ornstein—Uhlenbeck semigroup on C,(R") is given by the
Lie—Trotter Product Formula with respect to a locally convex topology finer than

the compact—open topology.

3.3.1 The Ornstein—Uhlenbeck semigroup on C,(H)

Let A be the generator of a strongly continuous semigroup (S(¢)):>0 on a separa-
ble Hilbert space H, ) be a self-adjoint, positive, bounded linear operator on H.
Further, let Q(t), t > 0, be the so—called covariance operator defined by

Q(t)x ::/O S(r)QS(r) xdr

for all x € H and t > 0, where (S(t)')i>0 is the adjoint semigroup of (S(t));>0 -
Suppose that each Q(t) is of trace class! operator. Then the Gaussian measures
N(S(t)x,Q(t)) with mean S(t)z and covariance Q(t) exist for all ¢ > 0 and x € H

LA bounded linear operator @ on a separable Hilbert space H is called trace class
if tr|Q[ == 32,51 {(¢n, |A|pn) < oo, where {¢, : n > 1} is an orthonormal basis for H (cf. [RST72,
p. 207)).
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(see [DPZ92, Ch. I, Sec. 2.3.2]). The Ornstein—Uhlenbeck semigroup on Cy,(H), the

space of bounded and continuous functions on H, is defined as

P(t) () = E(f( / 1y £, Q(t))dy

for all f € Cy(H), z € H and t > 0.

In general, (P(t));>0 is not strongly continuous on C,(H) with respect to the supre-
mum norm (see [Cer94], [DPL95]). However, using the results stated in [Cer94],
it turns out that this semigroup is bi-continuous on Cy(H) with respect to the

compact—open topology.

Proposition 3.10. Under the above assumptions, the Ornstein—Uhlenbeck semi-
group (P(t))i>0 is a bi-continuous contraction semigroup with respect to the compact—

open topology 1. on Cy(H).

Proof. It is easy to see that Cy,(H) endowed with the supremum norm ||- || and the
compact—open topology 7. satisfies Assumptions 1.1. Clearly, (P(t));>o consists of
bounded linear operators on Cy(H) and ||P(¢)|| < 1 for all ¢ > 0. By the same way
as in [Cer94, Proposition 6.2] we show now the strong 7.—continuity of (P(t)):>o.
Let f € Cy(H), K C H compact, and € > 0. Since f is uniformly continuous on K
and (S(t))i>0 strongly continuous on H, there exists ¢ (K ) > 0 and ¢y > 0 such that

sup [ f(y + S(t)x) = fFy)l < 5

for all ||y|| < §(K) and t < to. Thus, there exists ¢ < ty such that

sup [P(t)f(z) — f(z)| < sup| [f(y+S@)x) = fW)INO,Q(t))dy
zeK €K Jlyl|<é(K)
$2fle [ A(0.Q0)y
llyll>d0(K)
€ 2l fllo
< - Tr
<5t 5Ee r e
<e€
for all ¢t < t.
It remains to show that (P(t)):>o is locally bi-equicontinuous. Let K C H be a
compact set, ty > 0, € > 0, and (f,,)nen C Cp(H) be a || - [[-bounded sequence which

is 7,—convergent to f € Cp(H). The tightness of the family of probability measures
NSz, Q(t): 0<t<ty,z e K}
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proved, e.g., in [Cer94, Lemma 6.3] implies that there exists a compact subset KCH
such that

L= N(S(t)z,Q(1))(K) < e

for all 0 <t <ty and z € K. Therefore, there exists ng € N such that
sup [P(O)(f() = F(@)| < sup [ 1) = F6)WS(2)2. @)y
zeK rzeK
+sup / h9) — IV (S, Q) dy

zeK JOK
< et ([[falls + 1fllc0)e

for all n > ny and uniformly for 0 < ¢ < ¢y. This concludes the proof. O

3.3.2 The LieTrotter Product Formula for the Ornstein—
Uhlenbeck semigroup on Cj(R")

In this subsection we show that the Lie-Trotter Product Formula given in Corollary
2.11 can be applied to the Ornstein-Uhlenbeck semigroup on C,(R™). This is joint
work with A. Albanese [AKO00].

Let A := (a;;) be a symmetric, positive definite matrix, and B := (b;;) € L(R"). In
this case, the generator of the Ornstein—Uhlenbeck semigroup can be written as

n

Of(x) := Z a;; Dij f(z) + Z bijx; D;f ()

(3.11) w e
=: (V,AVf(z)) + (Bz,V f(x))
= Af(x) + Bf(x)
for all f € S(R"),z € R*, V := (aixl,...  Bor 2 (cf. [DPL95]). The Ornstein—

Uhlenbeck semigroup (P(t)):>o generated by O has the following representation
(see [DPL95)):

1 -~ (Qt_lyyy) .
(3.12)  (P(O)f)(x) = { TrTaagy Jee €7 (e —y)dy, i >0,
f(z), ift=0,
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for all f € Cy(R™) and = € R", where Q; := fot e*B AesP'ds.

From (3.11) we see that the generator O is the sum of two simpler generators A
and B. However, since (P(t)):>o is not strongly continuous on (Cy(R"), || + [ls)),
Lie—Trotter’s Product Formula in its classical formulation does not apply. It is our
aim to show that (P(t)):>o still can be obtained via a Lie-Trotter Product Formula
from the semigroups generated by A and B.

As a first step, we show that C,(R™) can be endowed with a suitable locally convex
Hausdorff topology 7 finer than the compact—open topology such that (C,(R™), 1)
becomes sequentially complete on || - ||o—bounded sets. Then, this space satisfies
Assumptions 1.1, and (P(t)):>0 is bi-continuous on it.

To show this, we construct the appropriate topology 7 by taking a family P, of
seminorms on C,(R™) generating a locally convex topology 7 on C,(R™) such that

the inclusion maps
(Co(R™), || - loc) = (Co(R"),7) — (Cy(R"), 7c)

are continuous, where 7. denotes the compact—open topology on Cy(R™). (This
construction of P; is similar to the one given in [Gig93, Sec. 2].) Denote by Cy(R™)

the space of continuous functions vanishing at infinity and let
I''={yeCy(R"): v>0, | 1"1‘m |z]|*y () exists in R}.
Clearly, I' is nonempty. Indeed, each function defined as

[ if ||z|| <,
(3.13) v(z) =

2 .
IIZT if ||z|| > r,

with [, > 0 arbitrary, belongs to I'. Moreover, if (D,,)men is an exhaustion of
R™ (i.e., D,, is compact, D,, C D,,4; for all m € N, and U;.::o D,, = R"), and
(Ym)men € Co(R™) such that

0<ym <1 on R 4,=1 on D,,_;and 7, =0 on R"\ D,

for all m € N, then each function defined as

(314) T0(r) = 3 (@)

m=1
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for x € R™ belongs to I' too, where (I,;,)men 18 an increasing sequence of integers
such that l,,, > max{m, d(0, D,,)} and l,,, € N for all m € N.

Furthermore, we have the following property.

(i) Let A be a non-zero, real matrix and v € I". For each s > 0 the function 7,
defined as

Fs(x) = sup y(e7lz), = e R,
0<t<s

belongs to I' and satisfies v < 7.

We now consider the family of seminorms P, := {p, : v € I'} on C,(R") defined as
(1) = sup 1 ()| (@) for all £ € Gy(R").
TER™
Clearly, P, generates a locally convex topology 7 coarser than the topology of uni-
form convergence on R”. Since for each vy € I' there exists M := sup,cpny(z) > 0
such that
py(f) = sup (@) |f(2)] < M| flloe

FASING

for all f € Cp(R™), the inclusion map (Cp(R™), || - [|0) < (Cp(R™), 7) is continuous.
Also the inclusion map (Cy(R"),7) — (Cy(R™), 7.) is continuous. Indeed, for each
m € N there exists v € I', where v is given as in (3.13) with [ = 1 and r = m, such
that

sup |f(x)] < sup y(2)[f ()] = py(f)

[|z]|[<m z€R™

for all f € Cy(R™).
Moreover, by repeating the proof in [Gig93, Prop. 2.3, 2.4] with minor changes and

using functions 7 defined as in (3.14), we obtain the following.
(ii) The space Cy(R™) is bi-dense in (Cy(R"), 7).
(iii) The space (Cp(R™),7) is sequentially complete on || - ||—bounded sets.

Hence Cy(R"™) satisfies Assumptions 1.1.
We now show that the closure of (A, S(R™)) and (B, S(R")) from (3.11) are gener-

ators of bi-continuous semigroups on Cy(R™) with respect to 7.
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Proposition 3.11. The semigroup (S(t))i>0 given by
(3.15) (St f)(x) = f(e'Pz) for t >0, f € Cy(R"), v €R"

is bi—continuous on Cy(R™) with respect to T and its generator coincides with the

bi—closure of the operator

Bf(z) =Y bya;Dif(x) = (Bx,V f(x))

ij=1
defined for every f € S(R™).

Proof. It is easy to see that S(t) € L(Cy(R™)) and ||S(¢)|| < 1 for all ¢ > 0.
Further, for each compact subset K C R™ we have

3.16 lim sup ||ePz — z|| = 0.
(3.16) i sup ¢

Let f € Cy(R"™), M = sup,epn |f(2)|, v € ' and € > 0. There exists > 0 such
that 0 < y(x) < 457 for all x € R™ with [|z[| > 7. Thus,
€

(317)  sup Y(@)|f(e2) = f@)] < 77

lll|>r

su ePr) — flx <L2]\4:E
sup F(e) — f(@)] < oM = §

for all t > 0. Now, let K := {z € R": |jz|| < r} and 0 < d := max,cx y(z) < 0.
Then, by (3.16), there exists > 0 such that

sup |f(ePx) — f(z)| < —

2 <r 2d
for all ¢ €]0, [, and hence
€ €
(3.18) sup v(z)|f(e"Pz) — f(z)] < d sup |f(ePz) — f(z)| <d— = =
lzf<r 2| <r 2d 2

for all ¢ €]0, 0.
Combining (3.17) and (3.18), we obtain

1 — i =

(3.19) T M SOf =/

for all f € Cy(R™).

Next, we show the local equicontinuity of (S(¢));>0. Let s > 0 and v € I' and take

Ys(y) := supg<ic, V(e Py), y € R™, so that 5 € ' by (i).
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Then we have

z€R™

(3.20) Py (S(t)f) = sup v(z)| f(e'Pz)| < sup FsW)f ()| = ps.(f)

for all f € Cp(R") and 0 <t < s. Combining (3.19), (3.20) and Proposition 3.2, we
obtain that (S(t)):>o is bi-continuous.

Let (B, D(B)) be the generator of (S(t))=o. For f € S(R") we consider g :=
f—Bf € S(R"). Then, using Lemma 1.7 and integration by parts, we obtain

R(1,B)g(x) :/ et f(ePx)dt —/ e (BePx, Vf(ePr))dt
0 0
= f(z).
Therefore, S(R”) € D(B). On the other hand, S(R") is invariant under (S(t))i=0

and bi-dense in (Cy(R™), 7). So, it is a bi—core by Proposition 1.21. This completes
the proof. O

Proposition 3.12. The semigroup (7 (t))i>0 given by

((27t)"/2(det A)1/2)~1
(TW () =9 - Jgeexp (=5 (A @ —y), (x —y)) fly)dy  if t >0,
f(z) ift =0

forallt >0, f € Cp,(R™) and x € R" is bi—continuous on Cy(R™) with respect to T

and its generator coincides with the bi—closure of the operator

n

Af(z) = 3 Z aijDz’jf(x) = (V, AV f(z))

ij=1
defined for every f € S(R™).
Proof. Clearly, 7(t) € L(Cy,(R™)) and [|7(¢)]] < 1 for all ¢ > 0. We now prove

the local equicontinuity of (7 (t));>o with respect to 7. Let v € I', f € C,(R™), and
r € R™.
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Then
V(@) T () f(2)]

(z) 1 .

= (27rt)"/z(det AL/ /R xp (_g < (A7 (z —y), (z - y)>>

o ()]
(1 + [yl )THyHQd?J

< e o (S @ -0 =) 4 Py

|f(2)]

. Su —_—
1P

< @)1+ ol + nt] A2 sup LD

z€R™ 1 + ||Z||2
£ (2)|
<M(1+t)sup —+,
S SEuEC
where M := 2max{M,, n| A||?} with M, := sup,cgn(1 + [|z]|*)7(z) < oo.
Put 7(z) := %, z € R", so that ¥ € T". It follows that
(3.21) po(T()f) < (1 +t)ps(f)
for all f € Cy(R™). Therefore, (7(t)):>o is locally equicontinuous on (C,(R"), 7).
Since (7 (t))>o is strongly continuous on (Co(R"™), || - [|«) (see [CDP93]), we have
T Im T (t)f = f
for all f € Cy(R™), since 7 is coarser than || - ||oo. Now, let f € Cp(R™), v € T', and
e > 0. Since Cy(R™) is dense in (Cp(R™), 7), there exists fo € Co(R™) such that
€
p’y(f - fO) < Z )
where 4 € T' is taken as in the above inequality (3.21). Moreover, there exists
0 < d. < 1 such that

(T fo—fo) < 3
for all 0 < t < §.. Therefore,
(T = f) < p (T = fo)) + (T () fo = fo) + py(fo = )
< (L4 0py(f = fo) + 5 +p: (o= 1)
<€
for all 0 <t < ..
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Hence,

T Im T (t)f = f
for all f € Cy(R™). By Proposition 3.2 we obtain that (7 (t)):>o is bi-continuous.
Let (A, D(A)) be the generator of (7 (t))¢o. Note that (7 (t))s is strongly contin-
uous on Cy(R™) with the || - ||-closure of (A, S(R™)) as its generator. Further, S(R")
is invariant under (7 (¢))¢=0, and hence S(R®) € D(A). On the other hand, S(R")
is bi-dense in (Cy(R™), 7). So, it is a bi-core by Proposition 1.21. This completes
the proof. O

With the previous propositions we are now able to approximate (P(t)):>o by the
Lie-Trotter products of (7 (t));>0 and (S(%))i>0-

Theorem 3.13. Let (7 (t))i>0 and (S(t))i>0 be the bi-continuous semigroups on
Cy(R™) given in Proposition 3.11 and 3.12 and generated by (A, D(A)) and (B, D(B)),
respectively. Then the Ornstein—Uhlenbeck semigroup on Cy(R™) given by (3.12) is
bi—continuous with respect to T, generated by the bi—closure of A+B, and represented

by the Lie—Trotter product formula, i.e.,

P(t)f =7 lim [T(1)S(L)]" f

n—oo

for all f € Cy,(R™) and uniformly for t in compact intervals of R, .

Proof.  Clearly, ||[T(t)S(t)]™]| < 1 for all t > 0,m € N. Let m € N, t > 0,
f € Cy(R™), and = € R"™. Then

[THSH)" f(x) =
1 1
(2mt)"m /2 (det A)n/2 / P (‘%M (x_y”’(x_yl))) W

m—1
1 _
/ exp (-g(z‘l 1(EtB,?Jzel - yi)a (etByiJ - y1>>) dy;
2

=

e (= G A s = ) s = 5} ) £

Put [, := (27t)"/?(det A)"/? and let v € T.
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It follows that
@ ITOSO)" £(2)
< 2 [ e (-7 - o) )

m—1
/ exp <——<A_l(€tByi1 - yz‘), (etByz;l - yz))) dy;
Rn

. /R exp (_21<A_1<€t3ym—1 — Ym), (€Y1 — ym)>)

7Pyl

1+ gy
T Toml?

(3.22) Z o) 1)

I cemn 1427

[ e (<57 - - ) )
':i;!l/n exp <—21t<A_1(€tByi—1 — i), (€Pyi1 — yi)>) dy;

e (= A s = ) s =)

2t

(1 + (| Y|P A

Now, fix s > 0 and put J(z) := sup,cpn m, z € R", so that 4y € T" by (i).
Then, by (3.22), we obtain that for 0 <t <s

@) [TOSO" F(z)
<29 up so(l (o)

t zeR™

e (-7 o= ) ) i
tll__[: /n exp (‘%(A_l(etByi—l —yi), (ePyiq — ?Ji)>) dy;

e (‘im“ewyml = ) (€ Py - ym>>) (1 + gl
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< sup 30(2)| (<)

: (’V(IL‘) + %/ exp (—2%@4’1(33 — ), (z— y1)>) dy,
:i__[:/" exp (‘%(A_l(etByi—l — i), (€Pyia — ?Ji)>) dy;

1
: / €xXp (‘%(Al(ewymz — ymfl)a (etBymfz — ym1>>)
(e Py + ntHAWtdyml)

< sup Fo(2)[ ()]
z€R™

2)e2IBl
(@t nal) + B o (<47 = ), (- ) )

m—2

1, -
H / €xp <_2_t<A 1(€tByi—1 - yi), (6tByi—1 - yz))) dy;
i=2 JR”

1
e (— A ey s — ), (P s — ym_l») ||ym_1u2dym_1)

2t
< sup Fo(2)1f(2)] ¥(@)(1 + mnt[|A[]* + 2™ 1BV|2)1?),
z€R™
and hence

(3:23) () ([T (OS] f(=)]

< sup Fo(2)|f(2)] (@) (1 + mnt||A||* 4 > 15Uz [|?).
zeR"

Take w := max{2||B||, 1} which is independent of v, s and f, and
M :=2max{M,, n||A||*} with M, := sup,cpn(1 + [|2]|*)7(z) < oco. It follows by
(3.23) that there exists 7 := M#, € ' such that

Py ([THSH]™ f) < e™'ps(f)

for all f € Cp(R™), 0 <t < sand m € N. Since v and s were arbitrary, we conclude
that there exists w € R, such that for v € I and s > 0 there exists 7 € I' such that

Py ([T(ESEH]™ f) < epa(f)



3.4 Implemented semigroups 73

for all f € C,(R"),0<t<s, and m € N.

Therefore, the family {[7(£)S(%)]™ : ¢ > 0} is locally bi-equicontinuous uniformly
for m € N.

As stated in (ii) at the beginning of this subsection, the Schwartz space S(R™) is
bi-dense in (Cy(R™), 7). Moreover, it is a subset of D(Ay) N D(By), where D(A)
and D(By) denote the domains of the parts Ay and By of A and B in Cy(R™). On
Co(R™) the Ornstein—Uhlenbeck semigroup (P(t)):>o is strongly continuous and is
represented by the Lie-Trotter Product Formula (see [KW, Prop. 12]). In particular,
its generator coincides with A + B restricted to S(R™). Hence, by the invariance of
the Schwartz space under (P(t))t>0, we obtain that (A — A — B)S(R™) is bi-dense
in (Cy(R™),7) for A > 0. Applying Corollary 2.11 we obtain that the bi—closure
of A+ B generates the bi-continuous semigroup (P(t)):>o on Cp(R™) given by the
Lie—Trotter product formula

P(t)f =7 lim [T(L)S(L)]™ f

m—oo m

for all f € Cy(R™) and uniformly for ¢ in compact intervals of R™. 0

3.4 Implemented semigroups

In this section we look at so—called implemented semigroups, which are of interest,

e. g., in the context of operator equations of the form
AX+XB=Y, X e X,

where X := L(X,Y), X,Y Banach spaces, and A and B are generators of strongly
continuous semigroups (7'(t));>0 and (S(t))i>o on X and Y, respectively. Such
equations have been studied, e.g., in [GN81], [Pho91], [ARS94], [PS98], [CL99, Sec.
4.4], [Alb99], [Alb]. Moreover, implemented semigroups are the natural semigroups
on operator algebras such as £(H), H Hilbert space, or more general C*—algebras
(see [BR79)).

On the Banach space X = L(X,Y) endowed with the operator norm | - ||+ we
consider the operator family {{/(¢) : ¢ > 0} defined as

(3.24) U)X =T(H)XS(t), t>0, X € X.
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Clearly, U(t) € L(X) for all t > 0 and U(0) = Idx, U(t + s) = U(t)U(s) for all
t,s > 0. The semigroup (U(t)):>o given in (3.24) is called implemented semi-
group on X with implementing semigroups (7'(t));>0 and (S(t)):>o0 -

The following lemma gives the relation between the growth bound of the imple-
mented semigroup and its implementing semigroups (7'(¢));>o and (S(t))i>0 (see
[AlIb99, Lemma 4.4.1]).

Lemma 3.14. The growth bound wo(U(-)) of (U(t))i>0 is given by

wo(U(+)) = wo(T(+)) + wo(S(+)),

where wo(T'(+)) and wo(S(+)) denote the growth bound of the semigroups (T'(t))i>o
and (S(t))i>0 , respectively.

Proof. Clearly, [[U(&)X]| < || T()] ||S@)] ||X]| for all X € X.
On the other hand, let ® :={¢ € (Y, ]| -||) : ||¢|| <1}, then we have

SOOI NT @) = sup{| < S(t)y, ¢ >|: y €Y with [jy[ly <1 and ¢ € } [|T(t)]
= sup{[|T(t) < S(t)y, ¢ > 2| - [lylly <1, [[z[lx <1,¢ € &}

< sup [|T(6)XS(0)|x
X<

= [le@)1l;

and hence ||S(¢)]] [|T(t)]| = [|(t)]| for all £ > 0. Therefore, applying [EN0O, Ch.
IV, Prop. 2.2], we obtain

wo(U(-)) = lim % log([ITM [1S@) = wo(T(-)) + wo(S(-))-

O

If the implementing semigroups (7'(t));>0 and (S(t));>o are uniformly continuous,
one can verify that the corresponding implemented semigroup is also uniformly
continuous. However, if the implementing semigroups (7'(t));>o and (S(t))i>0 are
only strongly continuous, the implemented semigroup is not strongly continuous in

general.

Example 3.15. On X =Y = LY(R,C) we define (T'(t))icr as the left translation
group defined as T'(t) f(s) := f(s+t) forall s,¢,€ Rand f € X. The group (S(t)):er
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is taken as S(t)f(s) :=T(t)f(s) for all f € X and s,t € R.

Now, we consider the operator X € £(X) defined as X f := xjo,1)f for all f € X, and
choose a real-valued sequence (f,,)nen € X such that ||f,||1 = 1 and the support of
fn is contained in [0, 1/n] for all n € N. We then have

[UE)VX fro = X fall = X0 /n151/m S0 — X falli = [ fall = 1.

Thus, the implemented semigroup is not strongly continuous (cf. [Alb99, Beispiel
1.2.1]).

However, if we endow & with the strong operator topology 7stp, Which is induced by
a family of seminorms Py, := {p, : ® € X} where p, is defined as p,(X) := || Xz|y
for all X € X', then the implemented semigroups fit into the theory of bi—continuous
semigroups.

To show this, we verify first that the space X satisfies Assumptions 1.1. Clearly,
the strong operator topology s, is coarser than the norm topology and Haus-
dorff. Further, (X, 7s,p,) is sequentially complete on norm bounded sets. Indeed, let
(Xy)nen be a || - [|x—bounded 7y, Cauchy-sequence in X, i.e., there exists M > 0
such that sup, ¢y || Xn]| < M and for z € X and for € > 0 there exists ng € N such
that || X,x — X,.x|| = pe(X, — Xin) < € for all n,m > ng. Therefore, (X, 7)nen is a
Cauchy-sequence in (X, ||| x), and hence X := lim,_,, X,z and X is a linear oper-
ator from X into Y. Further, || Xz|| = lim,— || Xnz| < sup,ey [|Xnl 2] < M]|z]|.
Finally, since the mappings 1, : X —< Xz, ¢ > belong to the dual (X, 7y,)" with
|Ypallar < 1for all z € X with ||z][x <1 and ¢ € Y’ with ||¢]y» < 1, the dual

(X7T.Stop), is norming for (X’ H . HX)

Proposition 3.16. Let (U(t))i>0 be a semigroup on X implemented by strongly
continuous semigroups (T(t))i>o and (S(t))i>0 on Banach spaces X and Y, re-
spectively. Then the implemented semigroup (U(t))i>o is a bi—continuous semigroup

with respect 10 Tgiop.

Proof. As mentioned above, (U(t));>o consists of bounded linear operators on X
and the semigroup law holds. Now, let t5 > 0, X € X, y € Y, and h € R such that
to — h > 0. We then have

U(to+h) Xy —U(te) Xy =T(tg + h) X S(to + h)y — T(te) X S(to)y
=T(to +h)X(S(to + h)y — S(to)y)
+ (T'(to + h) —T(to)) X S(to)y,
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which converges to zero as h — 0 with respect to the norm on X.
Moreover, for every ¢y > 0 and every || - || x—bounded sequence (X,,)neny € X which is
Tstop—convergent to X € X, it follows that for all p, € P,

retop bHETE €XiSts a constant
M > 0 such that

sup po(U(t)(Xn — X)) = sup |[T()(Xy — X)S(t)xly

0<t<tg 0<t<to

<M sup [|(X, — X)S(B)ally.

0<t<tp

(3.25)

By the strong continuity of the semigroups (7'(t)):>0 and (S(¢)):>0 and the fact
that X,, — X converges uniformly on compact sets, it follows that (3.25) converges
to zero as n — 00, i.e., (U(t))i>o is locally bi-equicontinuous. This completes the
proof. O

As a consequence we obtain that the characterization theorem from Chapter 1 and
the approximation theorems from Chapter 2 hold for implemented semigroups. For
a detailed description of their generators (and domains) we refer to [Alb]. Here, we

only state the Lie-Trotter Product Formula for implemented semigroups.

Proposition 3.17. Let (U(t))i>0 and (V(t))i>0 be implemented semigroups on X
generated by (A, D(A)) and (B, D(B)), respectively. satisfying the following stability
condition.

(3.26) U@V < Me!

for allt > 0,m € N, and some constants M > 1, w € R. Consider the sum A+ B
on a subspace D C D(Agy) N D(By), where D(Ay) and D(By) denote the domains of
the parts Ay and By of A and B in W\HI and (—B)M, respectively, and assume
that D and (Ao — A — B)D are bi-dense in X for some \g > o > w. Then the
bi—closure of A+ B exists and generates a bi—continuous semigroup (W(t))i>o with

respect 10 Tsop given by

(3.27) WX = Tyop— lim [ULV(D)]" X,

k—o00

where the limit exists for all X € X and uniformly for t in compact intervals in R, .

Proof.  Let (Tv(t))i>0 and (Sy(t))i>0 denote the implementing semigroups of
(V(t))e>0, to > 0 and (X,)nen € X be a || - ||x—bounded sequence which is 710,
convergent to X € X. It follows that for all p, € P,

retop bRETE exist constants
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C.C, M > 0 such that
sup p ([U(H)V ()™ (X — X))
0<t<to

< sup [[UCVE UV (X = X))

< sup Mer [U(L)] sup [V(£)(X, — X))
< 0<t<
< C sup [Ty (8)(Xn — X)Sv(t)zy
0<t<to
<C sup ||[(X,—X)S(t)x|y,
0<t<to
which converges to zero as n — oo uniformly for all m € N.

Therefore, the assumptions of Corollary 2.11 are satisfied and the assertion holds.
O

For instance, the stability condition in (3.26) is fulfilled if wo(U(:)) = wo(T(+)) +
wo(S(+)) < 0.

3.5 Adjoint semigroups

The general theory of adjoint semigroups was initiated by W. Feller [Fel53] and R. S.
Phillips [Phi55]. In [BR79, Sec. 3.1.2-3.1.5] a generation result and an approxima-
tion theory has been developed, and we refer to the book of J. van Neerven [Nee92]

where a systematic exposition of the theory of adjoint semigroups is given.

3.5.1 Bi—continuous adjoint semigroups

Let X be a Banach space and X' its topological dual. We denote by o(X, X’) the
weak topology on X and by o(X’, X) the weak® topology on X’. For a strongly
continuous semigroup (7'(¢));>0 on X its adjoint semigroup (7°()');>0, consisting
of all adjoint operators T'(t)" on the dual X', is not strongly continuous in general.
An example is provided by the left translation group on L'(R). Its adjoint is the
right translation group on L*°(R) which is not strongly continuous (see [EN0O, Ch.
I, Sec. 4.c]).

However, in our first result we show that every adjoint semigroup (7'(t)");>¢ is bi-

continuous with respect to o(X’, X), hence the results from Chapter 1 and 2 apply.



78 Applications

To show this we note that X’ endowed with the norm || - ||x and the topology
o(X’, X) satisfies Assumptions 1.1.

Proposition 3.18. Let (T'(t))i>0 be a strongly continuous semigroup on X. Then

(T'(t) )i>0 is a bi—continuous semigroup on X' with respect to o(X', X).

Proof. Clearly, (T'(t)"):>0 is a semigroup which is exponentially bounded. Since

(T'(t))+>0 is strongly continuous on X, we have
| <T@)a" =T(s)a" x> |=[ <2 T(t)x —T(s)z > | < ||2'|| [|T(t)x —T(s)x]|

forall z € X, 2’ € X" and t,s > 0, and hence (T'(t)")i>0 is o(X’, X )—continuous.
Let now tg > 0 and (z},),eny € X’ be a || - ||-bounded sequence which is o (X', X)-

convergent to x’ € X’. Then,
| <T() (2, —a)w>|=|<a, -2 T(t)r > |

for all x € X which converges to zero as n — oo uniformly for 0 < ¢t < ¢y by
the compactness of {T'(t)z : 0 <t < ty}. Therefore, (T'(t)');>o is a bi-continuous
semigroup with respect to o(X’, X). O

3.5.2 A characterization of Mackey—continuous semigroups

on dual spaces

It is a natural question to look for topologies on X’ coarser than the norm topology
but finer than the weak* topology for which the adjoint semigroup (7°(t)")¢>o still is
continuous. A natural candidate for this purpose is the Mackey topology 7(X’, X)
on X'. This topology is defined by the family P, of seminorms pg on X’ with

ps(a’) :=sup| <2’z > |
€S

for all 7 € X’ and S € 3, the family of all (convex, see [Sch80, Ch. II, 4.3])
o(X, X")—compact subsets of X. By the Mackey—Arens theorem [Sch80, Ch. IV,
Thm. 3.2] this topology is the finest locally convex topology on X’ such that all

7(X’, X)—continuous functionals belong to X.

Proposition 3.19. Let (T'(t))i>0 be a strongly continuous semigroup on a Banach
space X and (X', X) the Mackey topology on the dual space X'. Then the following

assertions are equivalent.
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(a) For every S € %

(3.28) U rt)sex.

0<t<1
(b) The adjoint semigroup (T'(t))e>o is (X', X)—continuous on the dual space X'.
Proof. (a) = (b) First, we prove that the subspace of X’ defined by

E={eX :7- lglrgl(T(t)/ml —2') =0}

is o(X’, X)—dense in X’ and therefore 7—dense in X’ since all 7(X’, X )—continuous
functionals belong to X.
Let 2’ € X’ and 0 < r < 1. We define a linear form z/. on X by

1 T
<z, x >:—/ <T(s)a',x2>ds forxeX.
" Jo

Then z is bounded and therefore z;. € X’. Furthermore, the set
D:={z,:0<r<1,2 €X'}

is o(X’, X)-dense in X’ because (T'(t)")i>0 is o(X’, X)—continuous. Moreover, for

S € Y there exists a constant M > 1 such that

(3.29) sup| < T(t)'z,. — x),x > |

z€S
1 " 1 ["

= sup |—T(t)'/ <T(s)a,xz>ds— —/ <T(s)a',x > ds|

zeS T 0 ™ Jo
1 e !0 1 ! !0

<sup\ |- <T(s)x',x>ds|+ |- | <T(s)z',z>ds]
:EGS r r r 0
o

(3.30) < —M||z'|[ sup ||z,

r zes

where sup,.g ||z|| < co. This implies that (3.30) converges to zero as t N\, 0. Thus
D C FE which implies that F is 7—dense in X'.
Finally, we prove the 7—continuity of (7'(t)")i>o on X’. Let S € ¥ and ¢ > 0. By

assumption (3.28) we have

sc | rms==5s¢ex.

0<t<1
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Since E' is (X', X)-dense in X', there exists a linear form xj, € E such that

sup | <2’ —xg, x> | <e€.
TESY

Moreover, since z(, € E, there exists ¢y > 0 such that

sup| < T(t)'zg,x > — < xp,x > | <€
z€S

for each 0 <t <ty. Hence,

sup| < T(t)a' 2 > — <2,z >|
zeS

=sup| < T(t)'2",2 > — <T(t)zy,x >
zeS

+ < Tt)xy,x>— <agx>+<axyg—a,x>|
<sup|<T(t)2',x>—<T(t)xy, x> |+ 2
xeS

=sup| <’ —xp, T(t)x > | + 2¢
xeS

<sup| < —xp, x> |+ 2
TEST

< 3e.

(b) = (a) Let S € X be relatively weakly compact. By the Eberlein-Smulian
theorem ([DS57, Chap. V.6.1, Thm. 1]) it suffices to show that Sy := (Jy<;«y T'(£)S
is weakly sequentially compact. Let (z,)nen € S7 such that z, = T(t_n)_yn with
(tn)nen C [0,1] and (yn)neny € S. Since [0, 1] is compact and S is relatively weakly
compact, by passing to subsequences, we have that ¢,, — ¢, for some ¢, € [0, 1], and
Yn, — Yo With respect to the weak topology for some yy € S. To simplify matters, we
denote these subsequences by (¢, )nen and (Y, )nen. We claim that T'(¢,)y, — T (to)yo
as n — oo with respect to the weak topology. To that purpose, we observe that

(3.31) T(tn)yn = T(to)yo = T(tn)yn — T(to)yn + T (to)yn — T'(to)yo
for all n € N. Since T'(¢y) is norm, and hence weakly continuous, we obtain

(3.32) (X, X"~ lim T(to)yn = T (to)yo-

n—oo
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Moreover, H := {y,, : m € N} is a relatively weakly compact subset of X. There-

fore, by assumption, we have

sup | < T(tp)y — T(to)y, 2’ > | =sup | < T(tp)Ym — T(t0)Ym,z" > |,
yeH meN

which converges to zero as n — oo, and this implies that

lim < T(t,)yn — T(to)yn, 2’ >= 0.

n—oo

Combining (3.31) and (3.32) concludes the proof. 0

Take now the adjoint (7'(t)');>0 of a strongly continuous semigroup (7°(t)):>o and
assume that it is 7(X’, X )—continuous. It is then locally bi—equicontinuous with
respect to 7(X’, X). In fact, take tg > 0, (2], )neny € X" a || - || x--bounded sequence
which is 7(X’, X )—convergent to x € X', and S € ¥. We then obtain, by Proposition
3.19, that Sy, == Uy<i<y, T(t)S € ¥, and therefore

sup| < T(t)'(z), — 2'),x > | =sup| <z, —x,T(t)x >| = sup | <z, —z,2> |,
€S €S xESm

which converges to zero as n — oo uniformly for 0 <t < t,.

Since evidently X’ with 7(X’, X) satisfies Assumptions 1.1, we obtain the following

result.

Proposition 3.20. Let (T(t))i>0 be a strongly continuous semigroup on a Banach
space X and take 7(X', X) the Mackey topology on the dual space X'. If the adjoint
semigroup (T(t))eo is T(X', X)—continuous, then it is a bi—continuous semigroup
with respect to (X', X).

Remark 3.21. a) If 7 is any locally convex topology on X’ which is given by a
saturated? family 3 of relatively o(X, X’)-compact subsets of X, one shows, as in
the proof of Proposition 3.19, that the adjoint semigroup (7°(t)"):>o is T—continuous
on X' if and only if

U 7(t)sex

0<t<1

2A family () # ¥ of bounded subsets of a locally convex space is called saturated if it contains
arbitrary subsets and all scalar multiples of each of its members, and it contains the closed, convex,
circled hull of the union of each finite subfamily (see [Sch80, Ch. III, p. 81])
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for all S € X..

b) Condition (3.28) is trivially satisfied if 7 is the o(X’, X)~topology or if 7 is the
locally convex topology of uniform convergence on sets formed by the ranges of all
null sequences in X (cf. [Sch80, p. 151])).

As an example we show the Mackey—continuity of the translation group on L>*(R).

Example 3.22. Let (L(t)):er be the left translation group on L'(R). Then the right
translation group (R(t))ier is bi—continuous on L*(R) with respect to the Mackey
topology 7(L>, L1).

By Proposition 3.19, it suffices to show that assumption (3.28) is satisfied with re-
spect to the Mackey topology, i.e., for ¥ the family of all o(L(R), L*°(R))-compact
subsets of L'(R). To show this, we first recall that, by a result of Dunford-Pettis
(see [DUT7, p. 76]), a subset S of L*(R) is relatively weakly compact if and only if
S'is || - ||-bounded and

Ve > 0 36 > 0 such that
(3.33) VQ C R with Lebesgue measure A(€2) < 6 one has
Jolf(s)|ds <e VfeS.

Let S C LY(R) be relatively weakly compact. Then S is || - ||-bounded and hence
IL@ S = IF1 < sup [[f]] < o0
fes
for all t € R and f € S. This means that

Si:=J L®)s
0<t<1
is || - ||-bounded. It remains to show that S; satisfies condition (3.33). Since S is
relatively weakly compact and the Lebesgue measure is translation invariant, we

have

Ve > 0 36 > 0 such that
VQ C R with A(Q) <4

Jo L) f(s)lds = [ |f(s+t)|ds = [, |f(s)lds <e VfeSVteR.

This completes the proof.
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Remark 3.23. If we take the multiplication semigroup (7'(t))¢>0 on L*(R) generated
by A = M, for ¢ : R — R a measurable and locally integrable function, then, the
adjoint semigroup (7'(t)')s>o is bi—continuous on L>*(R) with respect to the Mackey
topology 7(L>, L'). In fact, by the same way as in Example 3.22, for a relatively
weakly compact subset S C L'(R) we have

Ve > 0 36 > 0 such that
vV C R with A(Q) < J:

fQ |T(t)f(s)|ds = fQ le?1(®) £ (s)|ds = fQ |f(s)lds <e VfeSVteR,

which yields the assertion.

Since the geometric condition (3.28) stated in Proposition 3.28 is hard to verify,
we look for conditions on the semigroup (7'(t)):>o implying (3.28). It is an easy
consequence of the Eberlein-Smulian theorem ([DS57, Chap. V.6.1, Thm. 1]) that
if the map (¢, x) — T'(t)z is weakly sequentially jointly continuous, we obtain that
GRAGE
0<t<1
is relatively weakly compact for every relatively weakly compact subset S C X. By
Proposition 3.19 this implies the Mackey continuity of (7'(t)");>o in X’. Furthermore,
it turns out that the local bi-equicontinuity of (7'(¢));>¢ with respect to (X, X’)

already implies that the map (¢, z) — T'(t)z is weakly sequentially jointly continuous.

Proposition 3.24. Let (T'(t))i>0 be a strongly continuous semigroup on a Banach
space X. If (T(t))eo is locally bi-equicontinuous with respect to o(X,X’), then
the adjoint semigroup (T'(t)")i>0 on X' is bi-continuous with respect to the Mackey

topology.

Proof. By the previous considerations it remains to show that the local bi—equi-
continuity of (T'(t)):>o with respect to o(X, X’) implies that the map (¢, x) — T'(t)z
is jointly weakly sequentially continuous. To that purpose, let (¢,).en C [0,1] be a
sequence which converges to tg € [0,1] and (z,)nen € X converges to zp € X with
respect to o(X, X’). By the principle of uniform boundedness the sequence (z,,)nen
is || - ||-bounded. Let ¢ > 0. There exists ng € N such that ¢, € [e¢ — o, € + o] for all
n > ng. Therefore, we have, by the local bi—equicontinuity of (7'(t));>o with respect
to o(X, X’), that there exists ny > ng such that

sup [ <T(t)(yn — %0), 2" > | <

tnE[e—to,E-f—to]

[NRNe
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for all 2’ € X" and n > ny. Hence, using the strong o (X, X')—continuity of (7'(¢));>0 ,
we obtain
| < T(t)yn — T(to)yo, x> |
<< T(tn)(Yn — o), @' > |+ | < T(tn)yo — T(to)yo, ©" >
<e

for all 2/ € X’ and n > ngy. This concludes the proof. O



Appendix A

Laplace transform methods

In this appendix we collect some results needed for the generalized Hille-Yosida
Theorem 1.28. For a systematic treatment and much more informations we refer to
the monograph to [ABHN].

In the following let X be a Banach space.

Proposition A.1. Let F : [a,b] — X and g : [a,b] — C. If F is an antiderivative
of an L*~function f and g € C([a,b]), then fabg(t)dF(t) is equal to the Bochner inte-
gral f;g(t)f(t)dt. If F' is continuous and g absolutely continuous, then fab F(s)dg(s)
is equal to the Bochner integral ij(s)g’(s)ds.

To state the main result of the Laplace—Stieltjes transform theory, we define for
functions r € C*°((0, 00), X') the norm

1
Irllw = supsup A1 ()|
keN A>0 :

and the Widder space
CE((0,00), X) = {r € C((0,00), X) : ||r||w < oo}

This is a Banach space, and we obtain the following result due to D. V. Widder
[Wid36] in the numerical case and to W. Arendt [Are87b] in the vector-valued case
(see also [BN94]).

Theorem A.2. The Laplace—Stieltjes transform

Ls : Lipy([0,00), X) — C7((0,00), X)
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defined as
Ls F()\) := / e MdF(t)
0

for F € Lipy([0,00), X) is an isometric isomorphism.

To adapt this results to functions with exponential growth, we define, for w € R,

the Banach space
Lip,([0,00),X) :={F :[0,00) — X | F(0) =0 and
t+h
|F(t+h)—F@)| < M/ e“*ds
t
for all ¢, h > 0 and some M > 0}

endowed with the norm
| F||Lipw) == nf{M : ||F(t+h)—F(t)|| < M/Hh e*?ds for all t,h > 0},
t
and Cy ((w, 00), X)) the space of all functions r € C*((w, 00), X') with the norm
Irllw := supsup (A —w)* " gr ()] < oo.

By using a “shift” procedure we obtain the following reformulation of Widder’s
Theorem (cf. [ABHN, Thm. 2.5.1]).

Theorem A.3. Let M >0, w € R, and r € C*((w,00), X). Then the following

assertions are equivalent.
(i) [|(A = w)FLr® ()| < M for all A > w and k € N.
(ii) There exists F : [0,00) — X satisfying F'(0) =0 and
t+h
(A1) |E(t+h)—F@)] < M/ e“"dr
t
for allt,h > 0 such that
r(A) :/ e MdF(t)
0

for all A > w.
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Lemma A.4. Let A be a Hille-Yosida operator on a Banach space X. Then there
exists a function F' € Lip,([0,00), L(X)) such that

(A.2) F(t)r —tx = /t F(s)Axzds

for all x € D(A).

Proof. Since A is a Hille-Yosida operator, we are able to apply Widder’s Theorem
A.3 to the function

(w,0) 2 A= R(\A) € L(X).
Therefore, we obtain a function F' € Lip,(]0,00), £(X)) such that
R(\A) = /0 b e MdF(t)
for all A > w. Hence, by Proposition A.1, we obtain
(A.3) ROV Az = |- || /0 e M P ()t

for all A > w and x € X. Now, let z € D(A). By the closedness of A, equation
(A.3), and integration by parts, we have

A2 / e Mtrdt = v = AR\, A)x — R(\, A)Ax
0
= )\2/ e ME(t)adt — )\/ e MF(t)Axdt
0 0

_ /0 MNPt — /0 ' F(s) Audsldt.

Thus, by the uniqueness of the Laplace transform [ABHN, Ch. I, Thm. 1.5.3], we
obtain the desired formula (A.2). O

Finally, we mention an approximation result for functions in Lip, ([0, 00), X) (see

[HN93, Thm. 2.7]).

Theorem A.5. Let M,w > 0 and r(-) € C"(,;O)((w,oo),X) satisfying Widder’s
growth condition sup,.,, | & (A — w)*1r®(X)| < C for some C > 0 and all k € N.
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Then
(k)
: k+1 [ r(X
F(t) : = lim (<1 (5" (52) 7,
“t
k o
~ i (1 (550 (8)
i=0
= kh_)ngo(—l)k%/§ sk (5)ds

t

exists for allt > 0, limp o F(t) = 0, |F(t +h) — F(t)|| < Mhe*) for allt,h >0
and

r(A) =\ /0 h e ME(t)dt

for all A > w.
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Zusammenfassung in deutscher

Sprache

Das Ziel der vorliegenden Arbeit ist es, Klassen von Halbgruppen auf Banachraumen,
die nur fiir eine schwéchere Topologie als die Normtopologie stark stetig sind, in einer
umfassenden Theorie zu behandeln. Hierzu fithren wir das Konzept der bi-stetigen
Halbgruppen ein.

Das erste Kapitel ist der Charakterisierung bi-stetiger Halbgruppen durch ein Hille—
Yosida—Theorem gewidmet.

Im zweiten Kapitel studieren wir die Konvergenz von Folgen bi—stetiger Halbgrup-
pen und entwickeln verallgemeinerte Trotter—-Kato—Theoreme. Basierend auf diesen
Resultaten erhalten wir anschlieend eine explizite Darstellung bi-stetiger Halb-
gruppen in Form einer Chernoff-Produktformel. Diese Resultate werden dann be-
nutzt, um die Post-Widder-Umkehrformel fiir bi-stetige Halbgruppen zu bewei-
sen. Schliellich zeigen wir, dass unter ,,Stabilitdts”—und ,, Konsistenzbedingungen”
an zwei bi—stetige Halbgruppen der Abschluss der Summe ihrer Generatoren wieder
ein Generator ist, und die gestorte Halbgruppe durch die Lie-Trotter—Produktformel
dargestellt werden kann.

Um die Stéarke unseres Zugangs zu demonstrieren, diskutieren wir im dritten Kapitel
Beispiele und Anwendungen der in den ersten beiden Kapiteln entwickelten Resul-
tate. Zuerst geben wir einen Uberblick iiber lokalgleichstetige Halbgruppen (siche
z.B. [Kom64], [Kom68], [Ouc73], K. Yosida [Yos74]), die in konkreten Situationen
als bi-stetige Halbgruppen angesehen werden kénnen. Basierend auf Arbeiten von
J. R. Dorroh und J. W. Neuberger [DN93], [DN96] verifizieren wir in Abschnitt
3.2, dass Halbgruppen auf C,(2), die von Fliissen induziert werden, bi-stetig sind.
Insbesondere geben wir einen vereinfachten Beweis des Erzeugungstheorems und
Bedingungen an, welche die Lie-Trotter—Produktformel fiir diese Halbgruppen im-

plizieren.



Danach konzentrieren wir uns in Abschnitt 3.3 auf die Ornstein—Uhlenbeck—Halb-
gruppe, die intensiv z.B. in [DPZ92],[CDP93], [Cer94], [CG95], [DPLI5], [Pri99]und
[TZ] studiert wurde. Wir zeigen, dass diese Halbgruppe auf C,(H), H Hilbert, bi—
stetig ist, wobei H ein Hilbertraum ist. Basierend auf einer gemeinsamen Arbeit mit
A. Albanese [AKO00] gelingt es, diese Halbgruppen auf C,(R™), versehen mit einer
lokalkonvexen Topologie, die feiner ist als die kompakt—offene Topologie, durch die
Lie-Trotter—Produktformel zu représentieren.

In Abschnitt 3.4 betrachten wir implementierte Halbgruppen auf L£(X,Y), wobei
X,Y Banachrdume sind, wie sie z.B. in [BR79], [GN81], [Pho91], [ARS94], [PS9§],
[A1Ib99] und [Alb] auftreten. Wir zeigen, dass diese fiir die starke Operatortopologie
in die Theorie der bi-stetigen Halbgruppen passen.

In Abschnitt 3.5 betrachten wir adjungierte Halbgruppen (siche [BR79], [Nee92]) auf
dem topologischen Dual X’ eines Banachraumes X unter der Annahme, dass die ur-
spriingliche Halbgruppe auf X stark stetig ist. Unter diesen Annahmen ist jede sol-
che adjungierte Halbgruppe bi-stetig beziiglich der schwach*~Topologie. Weiter cha-
rakterisieren wir Mackey—stetige adjungierte Halbgruppen, die bi-stetig beziiglich
der Mackey—Topologie auf X’ sind.



