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S U M M A R Y

The mathematical modelling of behaviour enables the formalisation of theories
of cognition. Removed from the details of neural implementation, we can
abstractly reason about properties of the algorithms employed by the brain
which transform the presented inputs into the observed actions. However,
there are a number of complications, both in behaviour itself and the process
of modelling it, which impede a comprehensive characterisation of behaviour.
In this thesis, we present two separate modelling approaches which deal with
some of these issues. We showcase these frameworks on the International
Brain Laboratory (IBL) data of over 100 mice performing a perceptual decision-
making task. Mice learn the basic contingencies of this task over a number
of sessions and many thousands of trials. Afterwards, the task gains a biased
block structure, requiring the animals to track this hidden state to improve
their task performance.

We �rst build a highly �exible model which deals with the issues of non-
stationary behaviour due to learning and motivation, along with individual
differences. This is achieved using an in�nite hidden Markov model (iHMM)
which provides a state based description of behaviour, with a non-parametric
Bayesian structure. The latter allows for the introduction of new states in
response to drastic changes in behaviour (such as learning through a sud-
den insight or motivational �uctuations). We �t this model to individuals
independently, exploiting automated complexity control. Dynamics in the char-
acterisation of the behavioural states additionally imbue the model with the
capacity to capture gradual learning. This allows us to identify distinct stages of
learning which are present throughout the population of IBL mice. We also �nd
substantial inter-individual differences in our model-based characterisations,
and quantify the limited predictability of the course of learning.

The second model we present uses neural networks to overcome the inherent
rigidities of models such as the iHMM, by progressively removing restrictions
from the class of modellable functions. This amounts to hybridising the neural
networks with a classical model of expert mouse behaviour on our task, to
maintain interpretability. We use this to �nd a simple extension of the classical
model which outperforms it, and thus provides a powerful but interpretable full
model of task behaviour. Amongst other insights, it shows how motivational
�uctuations represent a substantial source of behavioural variability for which
any complete model will have to account.

We thus provide tools which bring the �eld closer to a holistic modelling
approach of animal behaviour.
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Part I

I N T R O D U C T I O N





1I N T R O D U C T I O N

Intelligence is what lies between the sensory inputs an organism or agent
receives and the actions it takes. It is the goal of behavioural modelling to
understand the mediating processes, purely by considering directly observable
inputs and outputs (Daw, 2011; Wilson et al., 2019). David Marr famously
delineated three levels of understanding for such processes (Marr, 2010): (i)
The computational levelis about the question of what a computation achieves
and which purpose it thereby serves. (ii) The algorithmic levelconsiders how
a computation turns input into outputs, what the intermediate representa-
tions are, and how they are manipulated. (iii) Lastly, the implementational
level details how the abstract computations of the algorithmic level are ac-
tually realised, in the case of animal cognition through neuronal dynamics.
Marr's idea was that true understanding of an information processing system
requires complementary answers at all three levels. Other systems of levels
are related – for instance, with Tinbergen's notion of 'function' being closely
tied to Marr's computational level, and of 'mechanism' to the algorithmic and
implementational levels (MacDougall-Shackleton, 2011).

Behavioural modelling is best suited to questions at the algorithmic level.
For this, it is usually applied to data collected in the well-controlled setting
of a laboratory experiment (Skinner, 1953): this generally allows researchers
to determine the sensory inputs and to register an animal's outputs through
the well-de�ned channels of the experiment, pinning down the start and end
point of a computation. We can then formulate and test models of how the
animal performs the required transformation, via the touchstone of empirical
data. To this end, behaviour can be elicited in response to an enormous range
of experimental paradigms, from the basal perceptual processing probed in
psychophysics (Fechner, 1860) to the abstract considerations of choices under
probabilistic uncertainty (Tversky et al., 1974). Thus, a great many cognitive
processes are amenable to this scienti�c method. Behavioural modelling is also
associated with Marr's other two levels, as the question of what a computation
aims to achieve in the �rst place is unavoidable in experimental design, model
speci�cation, and beyond, and insights at the algorithmic level may help
constrain neural details at the implementation level. Behavioural modelling is
thus a crucial component in a holistic understanding of cognition (Krakauer
et al., 2017).

Orthogonal to Marr's levels of analysis is a different axis of understanding
(Craver, 2006): our models can be a description or summary of the behavioural
data (a descriptive or phenomenological model), or they may provide a mecha-
nism for how the observed data come about (a mechanistic or cognitive model).
Descriptive behavioural models aim to arrive at a useful and succinct formal
description of behaviour, making it amenable to other analyses. While not
directly furthering the understanding of cognition, these models can integrate
out the noise of behaviour, enabling understanding through their simpler or
more direct representations. Thus, with a descriptive model we can extract
quantities of interest with more clarity than may be possible from raw be-
haviour (such as the time spent at a certain level of understanding, as we will
discuss later).
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4 I N T R O D U C T I O N

By contrast, cognitive behavioural models aim to establish a form of iso-
morphism to the actual processes of cognition, emulating the mapping from
sensory cues to behavioural output as closely as possible within a restricted
formal language. Descriptive and mechanistic models are two extremes on a
spectrum, an actual model will generally aim to provide mechanistic expla-
nations for some aspects of the behaviour, but appealing to descriptions of
underlying components.

The classical approach to either sort of behavioural modelling consists of
de�ning a manageable set of equations which tie together abstract represen-
tations of the observations, latent variables representing concepts of interest
for or about the agent being modelled, and probabilities over actions. These
equations are steered by a small set of parameters, which are �tted to the ad-
ministered or observed input sequence and the output sequences of the agent.
A model thus provides a rigid structure in the form of equations, which can be
somewhat adjusted to a speci�c context, individual, or group via the setting
of parameters. Importantly, these equations, latent variables, and parameters
are usually designed in such a way as to yield easily interpretable models of
the underlying process. We can illustrate this with the popular mechanistic
example of a Q-learning agent (Watkins et al., 1992), which acquires the
capacity to choose actions to maximize rewards or minimize punishments.
Here, the latent concepts are the future cumulative rewards an agent expects
from taking actions (the Q-values), which are estimated via a simple update
equation or learning rule, with the magnitude of each update being directly
modulated by a learning rate parameter.

Parameters can be �t in a variety of ways. In general, the goal is to have the
model assign high probabilities to the actually performed actions. An important
distinction in parameter estimation is whether they are optimised via maximum
likelihood, or in a Bayesian manner: Maximum likelihood simply sets the
parameters such that the probability for chosen actions is maximal, yielding
point estimates of the free parameters. A Bayesian �t �nds the posterior over
the parameters of interest, treating them as random variables. This requires
the speci�cation of a prior over parameters, introducing, depending on one's
point of view, a source of subjectivity into the modelling process, or a useful
way to embed existing knowledge. More problematically, the computation
of the posterior requires the computation of generally intractable integrals
(namely the evidence, i.e. the marginal probability of the data themselves).
This necessitates the use of approximate inference, such as through variational
inference or Markov-Chain Monte-Carlo methods. The bene�t of using Bayesian
methods is that we do not just arrive at a point-estimate for each parameter,
but rather infer a full joint distribution over them. This makes explicit the
uncertainty inherent in estimates, and can reveal issues such as parameters
trading off with one another.

The resulting �tted parameters within the framework of a model represent a
succinct summary of the observed behaviour. Within a descriptive framework,
these parameters simply serve the purpose of describing the taken actions (e.g.
providing a distribution over choices at each point), without necessarily mak-
ing causal claims about underlying processes. A cognitive model goes further,
surfacing parameters and latent constructs (such as Q-values) that may be de-
tectable in the brain using the methods of neuroscience. However, in a vacuum,
we may only know that the �tted parameters have the most appropriate values
within the given modelling framework, but not how well the model itself, or
the model plus the �tted parameters, �ts the behaviour on an absolute scale. If
the model is itself misspeci�ed, i.e., is not an accurate re�ection of the kind
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of processes going on during decision-making, the inferred parameters may
not be very useful. A partial answer is for behavioural modelling to engage in
�tting and comparing against each other multiple candidate models, to �nd
the generally most faithful framework for the modelled behaviour. However,
this still leaves open the question of the quality of untested models, an issue
we will revisit later.

With a best-performing model selected and parameters �tted, we have
arrived at our desired model of behaviour. We can then use it to extract latent
variables which we assumed to be present in the brain and/or mind of a subject
(like the Q-values discussed earlier) and correlate them with other measures
of interest (e.g. neural activity, to go beyond pure behaviour). The same can
be done with the �tted parameters of the model (e.g. a learning rate).

It is a critical step in modelling to decide on the nature and level of detail at
which the data should be described and �tted, and adopting an appropriate
degree of simpli�cation. Making simplifying assumptions is an unavoidable
part of the modelling process. An agent may not be so simplistic as to be cap-
tured by a stationary algorithm which is completely uniformly implemented
across the population. We will highlight four prominent issues in behavioural
modelling, stemming from complexities within the modelled animals: learning,
motivational �uctuations, inter-individual differences, and perseverative biases.
We visit these issues in turn, discussing their effects and how researchers have
dealt with them in the past. Afterwards, we will outline the ideas which we
will apply in this work to address these dif�culties, in our effort to model the
learning trajectories in the mouse perceptual decision-making task that we
consider throughout (the so-called international brain lab or IBL task, The
International Brain Laboratory et al., 2021). Following this, we will confront
another problem, this time stemming from the inherent limits of the model
design process itself. Capturing processes through a manageable and inter-
pretable set of equations and variables imposes structure upon the process
being modelled and it can be dif�cult to ascertain whether the made assump-
tions are justi�ed or not. We will introduce our approach to overcome the
issues of model assumptions, while also accounting for the previously discussed
issues, that we will apply to the expert behaviour of IBL mice.

1.1 M O D E L L I N G A S P E C T: L E A R N I N G

Engaging with a new environment or experiment raises a multitude of ques-
tions: Which sensory signals are pertinent to the task at hand, and which are
just noise? What actions are relevant to performance? How should observa-
tions inform actions? As an agent gains experience with an environment, its
behaviour will naturally change, as it starts to form answers to these questions
and moves from uninformed to pro�cient behaviour. The details of learning
are intimately tied to the question of intelligence. It has been argued that the
most remarkable aspect of animal intelligence is its accuracy and robustness in
the face of few samples (Lake et al., 2017), in stark contrast to the extensive
training required by deep neural networks trained via backpropagation (Lake
et al., 2015). A better understanding of the processes which mediate learning
thus represents a tantalizing goal.

Learning constitutes a fundamental non-stationarity in behaviour, as the
process of decision-making adapts to the current best understanding of the
animal. During the initial task acquisition period, an animal has to learn the
relevant structure of the world (Gershman et al., 2010b) and how to act in
it through the use of feedback (Sutton et al., 2018). These improvements
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through experience entail great changes in behaviour, and it is immediately
obvious that behaviour is not stationary in this period. Learning is generally
seen as a normative process, in the sense that an increase in informationshould
lead to changes in behaviour. However, learning comes in a number of subtly
different forms, some more desirable to the modeller than others.

Some tasks will purposefully induce learning even after basic acquisition
has (more or less) completed, in order to model learning processes. Examples
include protocols such as reversal learning, in which an established conditioned
association is suddenly altered (Izquierdo et al., 2017), or the ongoing tracking
of non-stationary probabilities in a multi-armed bandit task (Daw et al., 2006).
While these are interesting in their own right, they represent changes in modest
facets of a task, not requiring completely de novo learning. It is typical in such
cases that modelling only begins after most of the problem has been solved,
with subjects who failed to acquire overall competence having been discarded.

However, even in stationary tasks, it is of course never a reasonable assump-
tion to make that the world is 100% unchanging and subjects will likely engage
in at least some amount of inference about the current world model. While this
may still be normatively correct, it is nevertheless undesirable for researchers
who are interested in the behaviour itself, rather than continual learning or
adaptation around it. This ongoing learning may be suf�ciently negligible to
be ignored, and we may assume that each response, during the period under
study, is produced via the same process.1

One of the main reasons for not tackling the problem of learning in its
full breadth, is that each animal provides only one sample of a learning
curve, whereas for fully acquired behaviour, every trial can typically be viewed
as another sample from the learned behaviour. This means that learning
curve data are generally sparse, further aggravating issues through large inter-
individual variability (which we highlight below). We make use of the large
data set collected by the IBL (The International Brain Laboratory et al. (2021)),
to build a rigorous descriptive model of the multi-session learning curves of
more than 100 mice coming to solve a perceptual decision-making task. This
puts us in an exceptional position to tackle the sparsity of data.

Previous work on quantifying acquisition has sought to achieve somewhat
more modest goals, like �nding the point in time at which an animal can be
said to have "learned" a task, often de�ned as reliably above chance perfor-
mance (Gallistel et al., 2004; Smith et al., 2004). Methods for solving this kind
of change-point detection task (e.g., Papachristos et al. (2006) and Jang et al.
(2015)) typically make a binary distinction between uninformed and learned
behaviour, rather than describing the strategies that are used in detail, or �nd-
ing possible intermediate stages. However, there is previous work addressing
strategy inference more speci�cally, which does consider learning (e.g., Maggi
et al., 2022). In this paper, the authors perform inference on a trial-by-trial
basis over a set of simple, pre-selected strategies, decaying evidence expo-
nentially over time to track the arrival and departure of various strategies.
Their framework does however require formalising possible strategies ahead
of time and cannot incorporate probabilistic strategies. There has also been
work on forms of progressive meta-learning in humans (Jain et al., 2023),
which similarly works with a set of prede�ned strategies, their connection to
performed actions, and a prior over strategy sequences, enabling inference
with a focus on individual learning trajectories.

1 Note that, in a way, this is trivially true, as the animal itself instantiates this one single process.
However, in practice, there will be �uctuations in this singular process which change response
statistics in a suf�ciently modest way that they are omitted from models.
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One of the interesting questions about learning is whether it progresses
through sudden jumps or gradual accumulations (Moore et al., 2022). Simply
considering the population-averaged increase in performance over time, one
might be inclined, from the smoothness of such a curve, to conclude that it is
a gradual process. For instance, one of the most in�uential models of learning,
the Rescorla-Wagner rule, implements learning as the gradual, step-wise up-
dating of weights which associate, for example, stimuli and rewards (Rescorla,
1972). There are indeed notable examples of people learning extremely gradu-
ally over a great number of trials, for instance, when the underlying pattern is
rather subtly obscured (Éltet�o et al., 2022). However, it has also been recog-
nised that apparent slow learning can be an artefact of averaging over many
animals: Individuals themselves often exhibit quite drastic increases in perfor-
mance over a short time – which one might call insights (Maier, 1931; Köhler,
1948; Epstein et al., 1984) – but which, however, wash out into a smoothly
increasing population average (Gallistel et al., 2004). Similarly, whereas the
population may appear to progress as a Bayesian observer, individuals do not.
This has given rise to the hypothesis that the population works as a particle
�lter approximation to Bayesian inference, with each individual holding on
to just a single posterior particle, which undergoes occasional update jumps
(Daw et al., 2007). Of course, the speed of progress may also differ between
the algorithmic substrate and behavioural expression, as analysed in Löwe
et al. (2024). In that work, the dissociation is a consequence of a thresholding
process in decision-making.

Connected to these questions on the nature of change is the study of interme-
diate learning stages: Does an animal exhibit distinct intermediate behaviours,
representing an incomplete advancement over initial uninformed behaviour,
in which it remains for suf�ciently long and suf�ciently consistently to be
identi�ed as a distinct phase of understanding? And how do these different
strategies re�ect in the underlying representations which the animal uses? The
existence of such stepping stones probably strongly depends on task details;
however, in the right setting, they have been observed. Intermediate stages
have been reported in motor skill learning, which has also been related to fast
and slow learning (Luft et al. (2005), though the terms are used differently
from the way we will use them). Liebana Garcia et al. (2023) observed distinct
intermediate stages, and even entire trajectories connecting them, in a task
very similar to the IBL task that we analyse. Intermediate strategies were also
observed in humans by Dekker et al. (2022), in a task that required them
to generalise observations across two dimensions. While most participants
were best described by a model progressing directly from random behaviour to
correct generalisation across both dimensions, a sizeable minority exhibited a
distinct intermediate stage of generalising over one dimension only. Strategies
at multiple levels of sophistication might even co-exist, which would then
require a model with a repertoire of behaviours (e.g. Ashwood et al. (2022))

The dynamics of learning thus represent both a highly interesting target for
research questions and possibly problematic stumbling block to our modelling
efforts. We will present a model with the express purpose of dealing with these
pervasive dif�culties.

1.2 M O D E L L I N G A S P E C T: M O T I VAT I O N

Another major aspect of behavioural non-stationarity can be coarsely sum-
marised as a �uctuation in the degree of motivation during task performance.
This summarises many different phenomena, such as the waxing and waning
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of attention a person may commit to a lengthy task, momentary bouts of
inattenion on individual trials, the effects of an initial warm-up period when
starting a well-known task after a short break, and the decrease in motivation
of an animal which has acquired suf�cient reward during a session so as to be
sated at the end (after having initially been kept engaged as a consequence
of restricted access to food or water). Whereas the drivers behind learning
are part of a task, this is less so for motivation, making it harder to capture
these processes mechanistically (but see, for instance, Meyniel et al., 2013;
Brielmann et al., 2022).

The need to take motivational effects during decision-making tasks into
account has been recognised for some time now. Wichmann et al. (2001)
model momentary lapses in attention on single trials of perceptual decision-
making tasks as an ever-present chance of a random response. They particularly
highlight how this small chance of a mistake at any stimulus intensity may
considerably affect the estimation of asymptotic performance on extremely
salient stimuli, requiring explicit handling to accurately �t model parameters.
In further work, Fründ et al. (2011) analyse non-stationarities more generally
(also considering temporally extended motivational effects and learning),
discussing how to detect them via simulations and how to correct for them
by adjusting the credible intervals of estimated parameters of a psychometric
function. Notably, lapses have also been contextualised as a form of exploration
(Pisupati et al., 2021), as they have shown themselves to be manipulable in
a one-sided manner by one-sided reward manipulations, which a pure noise
process should not be. This would place them in the previous category of
non-stationarity through learning. Evidently, lapses may have many different
drivers.

Ashwood et al. (2022) extend the original lapse rate framework via a model
which explicitly tracks multiple behavioural states, modelling behaviour as a
mixture of policies. This allows for a more precise description of the disengaged
strategies (rather than a uniform distribution over responses) and a temporal
autocorrelation of the different modes of behaviour (rather than modelling
lapses as independent events across trials).

As all these approaches highlight, considering all trials equally when �tting
a model is likely to confound multiple modes of operation, leading to �awed
parameter estimates, no matter how well trained a subject is, and therefore
this needs to be accounted for in a comprehensive model of behaviour.

1.3 M O D E L L I N G A S P E C T: I N T E R- I N D I V I D UA L D I F F E R E N C E S

When �tting a model to a population of subjects, we may do so at different
levels of granularity. We can pool all individuals together and only �t an overall
set of parameters, leading to a model which describes the population as a
whole. Alternatively, model �ts can be individualised by �tting parameters
to animals independently, returning separate parameter estimates for each
individual. This will better re�ect differences in the approaches of the subjects,
but will also tend to overestimate the true variability in the population, as noise
in behaviour or other incidental factors can affect the �tting to a greater extent
in the comparatively smaller data set of a single individual. An hierarchical
model �tting procedure can help with this, as it partially pools information
across individuals in a principled manner (Gelman, 2013). One step further
still, different animals may be best described by different models, i.e. their
decision-making processes do not just rely on different parameters, but differ-
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ent equations entirely. Taking this stance necessitates an individualised model
comparison.

Determining what exactly should be attributed to individual differences
(through nature or nurture), versus natural noise, or day-to-day variability, is
a subtle question (Boogert et al., 2018). However, there is evidence for real
inter-individual differences within a population, not attributable to behavioural
plasticity alone, which do play a sizeable role in affecting behaviour, called
"animal personality" (Dingemanse et al., 2010) or "behavioural syndromes"
(Sih et al., 2012). Dougherty et al. (2018) performed a large meta-analysis,
studying the connection between animal personality and different learning
characteristics (such as performance after training or learning speed). Interest-
ingly, they found signi�cant, if modest, effects, which were however so variable
across studies, that they averaged out to be insigni�cantly different from zero.

Inter-individual differences also interact with the earlier highlighted issue of
learning, as individuals progress at different speeds and over distinct interme-
diate stages (Piaget, 1952). Inter-individual differences during learning are a
known phenomenon (Papachristos et al., 2006; The International Brain Labo-
ratory et al., 2021), though they are rather less commonly studied (though,
for instance, see Kastner et al. (2022) and Akiti et al. (2022)). Even if the
ultimate behaviour is indistinguishable across individuals, the initial variability
can make comparisons across groups during learning challenging (The Inter-
national Brain Laboratory et al., 2021). More generally, the particularities of
the learning path may never be fully overcome, so that their trace is detectable
in performance even after learning has �nished and behaviour has stabilised
(Dayan et al., 2020).

Thus, with our later goals of accurately describing the highly individualised
learning trajectories, and capturing as much variance as possible in expert
behaviour, it will also be important to account for individual differences.

1.4 M O D E L L I N G A S P E C T: P E R S E V E R AT I O N

Animals show a tendency to repeat previous actions, as famously formalised in
Thorndike's law of exercise (Thorndike, 1911). In behavioural experiments,
this is often not appropriate, as researchers want to treat their data as in-
dependent and identically distributed (as many statistical methods require
this assumption), and so they present trials in an independent manner. Sys-
tematically persevering in spite of this harms the reward rate of the animal
and breaks the independence assumption which a researcher may make. It
has been argued that this pervasive perseverative tendency is the result of a
bias towards simpler strategies, which may explain why it persists in spite of
causing a lower reward rate (Gershman, 2020a).

Even though it breaks one of the fundamental assumptions of many models,
perseveration is a somewhat less concerning issue as compared to the others.
It is reasonably well understood and straightforward to model. There are
statistical methods for detecting such tendencies (Fründ et al. (2014), which
quanti�es intertrial dependencies more broadly), and they can be modelled
as an increased probability to repeat the previous action (Roy et al., 2021;
Ashwood et al., 2022) or as a bias towards a weighted average over previous
actions (Akam et al., 2021).

Complicating this for us, however, is that in the later stages of the IBL task,
perseveration is a partially desirable trait. This is because the task induces
speci�c autocorrelations in optimal behaviour, as it involves blocks of trials
in which one of two possible stimulus conditions is probabilistically more
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prevalent. This induces autocorrelations into expert choices, and a measured
degree of perseverative bias is thus a reasonable, though, as we will see,
not optimal prior for the animal. Mice have shown themselves capable of
appropriately adapting their perseverative tendencies in a very similar task
(Fritsche et al., 2024), so we may expect them to settle on an ef�cient, though
improveable, strategy which makes use of the biased block structure.

1.5 O U R M O D E L O F L E A R N I N G: T H E D Y N A M I C I N F I N I T E H I D D E N M A R KO V

M O D E L

We identi�ed four broad categories of behavioural complexities as our focus
for this work: learning, inter-individual differences, motivational �uctuations,
and perseverative biases. As already highlighted for individualised learning,
these complexities can interact: motivational �uctuations are individualised
and cannot be described in a standardised way across the population, and
motivation of course also in�uences the when and how of learning.

While we cannot hope to solve these dif�culties in their entirety, the goal
of this thesis is to provide methods which explicitly address them, taking into
account the dynamics of behaviour through various processes, and generally
increasing the capacity of existing modelling frameworks.

Our �rst major goal is the descriptive modelling of the initial learning trajec-
tories of the population of IBL mice. To handle the dif�culties present during
learning that we outlined above, we draw upon multiple previous approaches:
We use a non-parametric Bayesian model for its �exibility in encompassing
degrees of complexity. This has an arbitrary number of states, each of which
parameterises a (potentially partly perseverative) strategy. Sudden switches
between states can capture immediate changes in performance, as animals
grasp something new about the task or change their levels of attention. Slow
changes in the parameters of behavioural models within the states allow for
gradual improvement in the quality of choices. The rest of this section discusses
these foundations in turn, so we can bring them together in chapter 3.

Non-parametric Bayesian models represent an important extension of the
classical Bayesian framework. Classical parametric models, like a Gaussian
mixture model, �x their complexity at the outset, enjoying a �xed number of
parameters. The �tting procedure then adapts these parameters to the given
data. Classical non-parametric models on the other hand, such as Gaussian
kernel density estimation, do not specify the number of parameters ahead
of time, but simply smooth around the existing data points (in a way, each
data point becomes a parameter). A Bayesian non-parametric model offers an
intermediate solution: The �tted model is capable of growing with the data,
but has a preference for simpler solutions (less complexity, fewer parameters).
This removes the need for trying out different levels of complexity within a
parametric framework (varying the number of used Gaussians) and comparing
their performance, as this becomes part of the inference process itself. The
inference does become more involved though, as we now have to consider the
complexity prior as well, which requires special procedures to cope with the
varying dimensionality of the model.

Of particular relevance for us are non-parametric Bayesian extensions of the
hidden Markov model (HMM, Baum et al. (1966)). The basic HMM aims to
�nd a probabilistic characterisation of a sequence of observations, through the
use of latent states. Each state is equipped with an observation distributions,
which speci�es how an observation might be generated on each time step
on which the state is active, and there is a transition matrix which governs
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the probabilistic transitions between states. Non-parametric versions of this
model use a hierarchical Dirichlet process (Teh et al., 2006), to implement an
in�nite transition matrix, enabling complexity inference over the number of
states (Beal et al., 2001). We focus particularly on a speci�c inference scheme
which also imbues the latent states with duration distributions (turning the
hidden Markov model into a hidden semi-Markov model), as presented in
Johnson et al. (2013) and Johnson (2014). This framework has proven its great
�exibility and capacity by informatively describing the movement patterns of
animals and how they lead into one another, making full use of the in�nite
HMM framework (Wiltschko et al., 2015).

The non-parametric Bayesian approach has also been applied as a cognitive
model, as complexity inference is a natural component of many real world prob-
lems: How do we support a possibly unbounded number of objects or problem
instances, while effectively sharing information across instances (Austerweil
et al., 2015; Gershman et al., 2012b). Putting this problem into a Bayesian
framework allows us to tackle this dif�cult question in a normative way. One
of the most notable applications of this framework is the modelling of fear
acquisition and extinction through context inference (Gershman et al. (2010a),
along with a more general approach which appropriately deals with time
by modelling context persistence by Lloyd et al. (2013b)). The experimental
paradigm is initially simple conditioning: an animal is repeatedly exposed to
a tone, followed by a shock (acquisition) and it will begin to exhibit a fear
reaction in response to the tone alone. This is followed by an extinction phase
– many trials during which the tone is delivered without a subsequent shock
(extinction). If the experimenter then lets a number of days pass (spontaneous
recovery) or delivers a shock just by itself, no previous tone (reinstatement),
and then plays the tone again, the exhibited fear response has surprisingly
returned, being considerably stronger than it was at the end of extinction.

Latent cause models explain this by assigning observations (e.g., tone plus
shock or no tone plus shock) to inferred latent causes, via a combination
of the observation likelihood and a Chinese-restaurant process prior (a non-
parametric structure closely related to the Dirichlet process, Gershman et al.
(2015a)). Since the observations between the acquisition and extinction phase
differ considerably, it may occur that the animal assigns them to two separate
states. In this case, the fear memory is not overwritten during extinction, and
may resurface at a later time. This paradigm and model have been used to
model individually different learning trajectories (Gershman et al., 2015b),
though the Bayesian non-parametric component was used mechanistically in
that work, whereas we use it descriptively.

One noteworthy addition to the nonparametric Bayesian cognitive model
literature is the contextual inference (COIN) model (Heald et al., 2021). This
learns motor behaviour by inferring the current context via a non-parametric
Bayesian structure, and tracks changes within these contexts through inference
with a Gaussian random walk prior (which will turn out to be closely related
to our descriptive learning model).

For the second ingredient of our model, we turn to state-based modelling.
Here, we take inspiration from Ashwood et al. (2022) (see also Calhoun et al.
(2019)), who described decision-making performance after learning with an
HMM. Each latent state of the model captures a single component of behaviour
as a map from task-relevant variables to a distribution over choices, via lo-
gistic regression. In the case of perceptual decision-making, this generalises
a psychometric function to include other factors (e.g. perseveration). The
overall description of behaviour is in terms of a mixture of different policies
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that can switch rapidly, allowing, for instance, for the effects of motivational
�uctuations in engagement.

The �nal component idea of our model is Roy et al. (2021), which effectively
considers just a single state, but allows the weights of the logistic regression
to be dynamic, tracking changes in behaviour through appropriate changes in
the weights.

Taken together, these components address a sizeable proportion of the
behavioural complexities during learning and allow for a comprehensive de-
scription of behaviour during it, as we show in the later chapters of this thesis.

1.6 M O D E L L I N G A S P E C T: M O D E L L I M I TAT I O N S

The �nal critical aspect of modelling does not have to do with issues of animal
behaviour speci�cally, but rather is a pair of inherent issues for the standard
modelling approach itself: We design models for interpretability, and can
only evaluate them comparatively. The models we have considered so far
are speci�cally focussed on making a process understandable, which they
achieve through a small set of parameters, each of which �lls a distinct, easily
understandable, role in the equations governing the model. This makes the
modelled process interpretable, but naturally restricts model expressiveness,
as the starting point is a set of simple equations, expanded upon by researcher
ingenuity and creativity. Even the model comparison process is not without
issues, as a held-out data set needs to be maintained properly to prevent data
leakage and correlations within our data (as naturally occur in time-series
data) may allow some models to gain an untoward advantage over others.
However, even assuming models can be properly evaluated, this still does not
answer the question of whether better, untested, models exist (Nassar et al.,
2016) (although evidence of �tting failures can be provided by generative
testing of models (Palminteri et al., 2017)).

Increasing the expressiveness of models such that they capture as much
variance of the data as possible is actually fairly straightforward and can be
achieved via neural networks, which are universal function approximators
(assuming an appropriately chosen training procedure and model architecture)
(Hornik et al., 1989). They can even be powerful enough to adapt their
predictions to the behaviour of individuals as they progress through the trials
of single sessions. That is, they can implement a kind of hierarchical �t (or
possibly even a model comparison procedure), as they are tuned to the overall
statistics of the population, and can then �ne-tune as they observe behaviour
from a single individual, in case of successful generalisation even one which
was not in the training set.

However, the way they achieve this �exibility typically clashes directly with
the goal of model interpretability. As in the case of individual differences,
neural networks can capture and intermingle all sources of variance, further
complicating the interpretation and possibly capturing processes we are not
directly interested in. For the most part, models can be put on a spectrum
from interpretable but limited in their predictive power, as in Q-learning, to
predictively powerful but opaque, as in neural networks. However, the opacity
comes with some advantages, most notably the con�dence that all relevant
aspects of the modelled process are captured, and that our explanations are
not limited by the creativity and exhaustive experimentation of the model
designer.

It is therefore a tantalizing goal to try to combine both of these aspects,
which we have so far described as being mutually exclusive, into a single
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treatment which offers both qualities. One noteworthy approach to achieving
this involves methods for making sense of neural networks after they were
trained, such as through distillation into smaller networks (Schaeffer et al.,
2020), or by studying simulated behaviour from the �tted networks, using
them as an easily manipulable simulacrum of the actual behaviour (Dezfouli
et al., 2019b). A second approach is to design networks with interpretability
in mind from the outset. This can take the form of training networks with very
few hidden units (Ji-An et al., 2023), adding an information disentanglement
objective to the loss function (Miller et al., 2024; Dezfouli et al., 2019a), or
designing networks with a restricted information �ow (Eckstein et al., 2024).
The work of Dezfouli et al. (2019a) is particularly relevant for us, as they also
focussed on individual differences. They achieved this by explicitly encoding
subjects' behaviour into a low-dimensional and interpretable space, where
they could �nd individuals differently sensitive to reward and varying in their
inclination to persevere or switch.

All the mentioned approaches reduce the complexity of the �tted network
by using a few computational elements or granting access to only limited parts
of the input information. Through this, one limits the expressiveness of the
models again, but we can always compare performance against a completely
unrestricted network to estimate how close the model is to the noise ceiling
of the given data set (assuming an appropriate architecture and training
procedure).

1.7 O U R M O D E L O F E X P E RT B E H AV I O U R: H Y B R I D N E T W O R K S

We adapt the approach of Eckstein et al. (2024), as it transparently decomposes
a decision making process into individual functions (which are realised through
neural networks), into hybrid neural networks. These separate functions re-
main interpretable by virtue of only representing a relatively manageable step
in the entire process. As the IBL decision-making process naturally decomposes
into separate streams (involving the current stimulus and past stimuli/choic-
es/rewards), the hybrid network approach lends itself naturally to our task.

A particular focus of our model will be on the details of how the history
of trials affects the current choice for expert mice. As mentioned, the latent
block structure of the IBL task introduces autocorrelations into the contrast
sides, making action perseveration a useful tendency (Findling et al., 2023).
However, adhering to one's own previous actions is not the ideal way to
implement this strategy and animals would do better if they combined the
deterministic feedback information they receive to infer the actual stimulus
location. Additionally, they should apply Bayesian change point detection to
these inferred stimuli to make inferences about the current block (Behrens
et al., 2007). Of course, this would require complicated inference machinery
and a precise knowledge of the generating process, which might not be worth
the relatively modest increase in reward that they would afford. In fact, there
is still a vast space of strategies between the exponential �ltering of previous
actions and full Bayesian inference of the current contrast prior, and we use
the hybrid network approach to explore it.

1.8 O U T L I N E

In the next, brief, Chapter 2, we present the task protocol employed by the
IBL, the different phases of which underlie the subsequent chapters. We then
develop in detail our �exible and extensible modelling framework to capture
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learning behaviour as comprehensively as possible in Chapter 3. This model
is applied to a large population of 134 IBL mice in Chapter 4, in which we
showcase the capabilities of the model and use it to gain insights into the trends
across the population, while also highlighting the substantial inter-individual
differences. These two chapters are based on the work published in Bruijns
et al. (2023). We then move on to the study of expert behaviour in Chapter 5,
where we apply neural networks to arrange for tight control over the effects
of restrictions we impose upon our model and to �nd an interpretable, but
predictively powerful, model of behaviour. We conclude with a discussion in
Chapter 6.



Part II

B E H A V I O U R A L TA S K
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We applied our modelling frameworks to different phases of the International
Brain Laboratory (IBL) task protocol. Due to its international collaborative
nature, the IBL provides a large dataset of> 100mice, performing the same
perceptual decision-making task, trained under (mostly) the same rigorous pro-
tocol (The International Brain Laboratory et al., 2021). In this task, head-�xed
mice were shown a sinusoidal grating of a controlled contrast on either the
right or left side of a screen. This was accompanied by a tone which signi�ed
the beginning of a trial. They then had to center the grating (within 60 s) by
turning a steering wheel in the appropriate direction see Fig. 2.1(a) . Note, that
an animal has to move the wheel leftwards (or rather, counterclockwise), when
the stimulus is on the rightwards side. This serves to establish an intuitive con-
nection between the wheel movement and the stimulus, since the latter moves
when the wheel does. To keep things simple, we will call the correct choice on
a trial with a rightwards stimulus a rightwards choice, ignoring the direction
of wheel movement. Successful trials led to water reward; unsuccessful trials
to a noise burst and a 1 s timeout. Trials were self-paced, with mice signalling
their readiness by keeping the wheel still for a period.

The IBL divides performance of the task into a number of stages, so as to
encourage successful learning of the task and similar endpoints of behaviour.
Our �rst modelling target was the initial learning period, from the �rst day
on which the mouse interacts with the task until the animal reaches full
pro�ciency with the basic task contingencies. Our second model focussed
on pro�cient behaviour after learning. Mice learned the task according to a
rigorous shaping protocol, which introduced more dif�cult stimuli gradually
and actively removed action biases. Accordingly, shaping started with gratings
of the highest contrasts: 100% and 50%. At this initial stage, there was no
perceptual dif�culty, but the animals had to learn the basic contingencies and
requirements of the task. Once they had reached suf�cient performance on
these contrasts (� 80% correct for each contrast type on the last 50 trials),
25% strength contrasts were introduced. After performance was good on
this extended set as well (same criterion for each contrast), the remaining
contrasts were introduced in a staggered manner: 12.5%, 6.125%, and 0%,
while the 50% contrast was dropped from the task. For the 0% contrast,
one side was rewarded randomly (with probabilities 50% each). A debiasing
protocol increased the probability of repeating the stimulus that was just shown
when the mouse made a mistake on an easy (100% or 50%) contrast. This
served to motivate the animals away from perseverative or biased strategies,
and could lead to reward rates lower than 50% (as would otherwise be
expected from pure chance).

An animal moved on to the next stage of training (which we did not consider
with our learning model), after having been introduced to the full set of
contrasts, and ful�lling the following criteria: Accuracy on easy trials (100%
or 50% contrast) on the last three sessions each needed to be better than
90%, each sessions needed to include at least 400 trials (there are automatic
stopping criteria for a session, checking whether accuracy or reaction time
drops too much), and a computed psychometric function needed to have a
certain level of steepness, low bias and low lapse rate across the last three

17
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Figure 2.1: Basics of the IBL task.(a) left: the mouse performs a rightwards action
(moving the wheel counterclockwise), thereby centering the stimulus on the rightwards
side of the screen, earning a water reward. Right: A clockwise motion moves the
stimulus outside of the screen, resulting in a noise burst and timeout before the onset
of the next trial. (b) Representative behaviour of mouse KS014 (also used later). This
shows the improvements in behaviour and concomitant extensions of the contrast set
across the days on which the animal learns the contingencies of the task.

sessions. In this new stage, the biased training, the basic task stayed the
same, but instead of contrasts appearing equiprobably left or right, there were
now unsignalled alternations between blocks, lasting 20-100 trials following
a truncated geometric distribution, during which a contrast was 80% likely
to appear on one side versus 20% on the other, seeFig. 2.2. The geometric
distribution was chosen to produce a �at hazard rate across the block, not
facilitating the anticipation of a block switch This is obviously invalidated by
the truncation, but it seems implausible that the mice are actually able (not to
mention willing) to learn these restrictions with suf�cient certainty. Blocks only
started after the �rst 90 trials, these �rst trials still had an even distribution of
left and right stimuli. The block structure was of course particularly helpful for
0% contrasts, on which an animal could now reach a much higher reward rate
than chance, given a suitable block inference mechanism (a detailed analysis of
their actual algorithm was performed in Findling et al., 2023). Mice completed
this part of training when their behaviour was appropriately modulated during
the two types of blocks, as indicated inFig. 2.1(c) .

After animals passed this stage of training as well, their behaviour was
deemed suf�ciently stationary and they moved on to a new experimental rig,
in which it was possible to perform neural recordings during task performance.
The IBL used Neuropixels multi-electrode probes (Jun et al., 2017) to perform
recordings covering large parts of the brain, which so far included 279 brain
areas in the left fore- and midbrain, and the right hindbrain (The International
Brain Laboratory et al., 2023). As this represents the peak of stationarity and
performance in mouse behaviour on this task, we used these recorded sessions
as the target for our second model, which aimed at a comprehensive description
of pro�cient behaviour in this perceptual task combined with a hidden state
inference component. Mice performed varying numbers of sessions while being
recorded, ranging from just one, up to sixteen sessions, with the mode being
at �ve.

Just like the criteria for when a mouse moves to a new stage of the task,
there is also a set of rigorous criteria for when a session ends (a mouse has
at most one session per day). A session can end for one of three reasons: (i)
the mouse has been training for more than 90 minutes, (ii) the mouse fails to
do more than 400 trials in the �rst 45 minutes, or (iii) the mouse completes
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Figure 2.2: Basics of the hidden blocks in the IBL task.(a) An example session,
showing which contrast were shown on which trial, and which block is currently active,
through the background colour (white: neutral �rst 90 trials, blue: left biased, red:
right biased). Inferring the current block correctly is especially helpful for 0% contrast
trials, since they get rewarded probabilistically according to the current block (i.e. in a
rightwards block, 80% of rightwards choices on a 0% contrast will be rewarded. (b)
The distribution over block lengths. A block lasts at least 20 trials and at most 100,
the distribution is a truncated geometric distribution. (c) The psychometric functions
of expert animals, conditioned on the blocks (we call the �rst 90 trials the neutral
block). Clearly, their behaviour is modulated by the block identity. Here, we plotted the
different contrast strengths on a linear scale. Throughout this work, however, we will
plot them equidistantly, for visual clarity.

over 400 trials in the session and the median response time (de�ned as the
time from stimulus onset to the registration of the response) over the past
20 trials is over �ve times longer than the median response time over the
entire session. This has two important consequences: If a session has less than
400 trials, behaviour will usually have been rather poor, therefore we exclude
such sessions in our second model which focusses on pro�cient behaviour. The
other consequence is that behaviour will usually degrade towards the end of a
session, since the end of a session tends to come about due to slow responses,
meaning the animals tended to have disengaged, possibly due to satiation.
We will see a re�ection of this decreased performance towards the end in our
second model and discuss disengagement in general with our �rst model.

For the purpose of reproducibility, the IBL employed the exact same sessions
for all mice while they were recorded from (the training sessions were created
randomly on the spot). With "exactly the same", we mean that the contrasts
which were presented and the choices which were rewarded followed a �xed
sequence, so we call these prototypical sessions "session types". There were
twelve different session types, which were always presented to the mice in the
same order (though some mice, presumably accidentally, were presented the
same session types twice). As a consequences, the early session types were
considerably more frequent in our data set than later ones, the count of session
types in order is: 107, 98, 96, 90, 32, 30, 30, 24, 13, 8, 6, 5. It is the prevalence
of the �rst four session types which introduced the visible trends into some
of our performance plots. For example, since there were only so many block
switches to observe, if the contrast on the third trial after a switch was, by
chance, usually a strong one in the most frequent session types, the predictions
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on this trial will be relatively better than surrounding trials, as seen later in
Fig. 5.9.



Part III
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Our �rst model focusses on the initial learning period of the animal, from its
�rst day interacting with the task, to the session at which it reaches suf�cient
pro�ciency to move on to bias training. We will begin with a description of
the high-level intuition of our model, before developing it in detail in the
following sections. For our description of the behaviour, we follow previous
work (Ashwood et al., 2022; Roy et al., 2021) and formalise the response
probabilities for the binary choices of mice through logistic regression (omitting
the rare trials in which the animal timed out by not responding within 60 s).
Trial t of sessionn is described by featuresfffn,t comprising: (i) the stimulus, i.e.
the contrast on the left and right of the screen; separated, to allow for different
sensitivities to leftwards and rightwards stimuli, as mice were frequently
differently sensitive to the screen sides in this task (ii) task history, in the shape
of an exponentially decaying average over the last actions; interestingly, mice
only employed a perseverative bias, but did not use reward information to
implement a win-stay lose-shift strategy (as was also observed in Miller et al.
(2021), Beron et al. (2022), and, in the same task at a later stage, by Findling
et al. (2023)) (iii) a bias term to allow for side preferences regardless of other
features. Labelling the state that is active on this trial as xn,t , the response
yn,t 2 f L,Rg (for Left and Right) is modelled by the distribution

P(yn,t = R) = sig
�

fffn,t � wwwxn,t ,n
�

, (3.1)

where the weights of the stateswwwx,n, 8x are also indexed by sessionn, as they
can drift across sessions. Here sig(�) is the standard logistic sigmoid function.

In order to characterise the course of learning across every trial, we devel-
oped a �exible model which segments the behaviour of an animal into discrete
states that last for variable numbers of trials within a session and can recur in
multiple sessions. As this is a descriptive model, we equate a behaviour with
its corresponding state, and generally will not distinguish between the two in
the text. We �rst describe how a single state generates choice probabilities on
a trial for which it was responsible ( Fig. 3.1 within circles); and then how we
treat multiple states (Fig. 3.1 arrows).

The model generalises a standard hidden Markov model (HMM) in three
ways that make it especially suited to describe the phases of learning, see also
Fig. 3.1: (i) it is non-parametric about the number of states, i.e. the number
of states describing the behaviour of each individual is separately determined,
accommodating inter-individual differences. This characteristic also allows the
model to capture sudden changes in behaviour, as it is able to introduce a new
state when behaviour changes notably (we call this the 'fast process', see section
3.1). (ii) States are dynamic over sessions, allowing the behaviour implied by
a state to change gradually across session boundaries (Roy et al., 2021) (the
'slow process', see section 3.2). (iii) Whereas for HMMs, the numbers of trials
for which a single state remains active always follows a geometric distribution,
we adopt a semi-Markovian approach, allowing for more general distributions.
The prior over these duration distributions encourages temporally extended
states, in order to extract persistent behavioural modes, rather than single trial
deviations which are more likely noise. Taking all these additions together
we end up with a dynamic in�nite input-output hidden semi-Markov model
(abbreviated as diHMM).

23
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Figure 3.1: Visual representation of the main components of the model. Each state,
represented by a circle, has an associated observation distribution, shown inside its
circle. This is implemented via logistic regression, to consider the contrast of the current
trial and a weighted history of previous choices (the latter is not shown here). The
weights underlying these regressions can change from session to session, resulting in
shifts of the psychometric functions (PMFs) they represent; we depict this evolution
here with varying shades of colour. States are connected to other existing states via
transition probabilities p. In addition to that, states also have the option to transition
into a new state, to describe a type of behaviour which is not well captured by any
of the existing states. Lastly, staying in the same state for more than one trial is not
modelled via a self-transition probability, but instead each state has its own duration
distribution.

The transition matrix over a �exible number of states and the evolution
of the psychometric weights are de�ned by priors, and the Bernoulli obser-
vation model provides a likelihood for each trial, allowing for approximate
Bayesian inference (details in Methods). We performed this via a Markov chain
Monte-Carlo algorithm, namely Gibbs sampling. For a single animal, the entire
response and feature data across all training sessions were �tted together.
Individuals were �tted separately, meaning a large number of subjects is not
necessary for the application of our model. Integrating across a number of
Gibbs samples from multiple Markov-chains led to a set of behavioural states
de�ned by their session-varying weights wwwx,n and duration distributions, as
well as a hard assignment of every trial onto one of these states. Due to the
�exibility of the nature and number of states on any given sample, which
usually expressed themselves in a multi-modal posterior, we had to develop
techniques which were able to appropriately summarise a collection of sam-
ples. As a result of this necessary post-processing, it became more complex to
form e.g. a posterior over which state is active on which trial, which we will
elaborate on below. While all other relevant random variables are speci�ed
hierarchically or ruled by vague priors, the variance for slow changes within
states is set, as inference over this variable proved problematic; we revisit this
parameter in the discussion.

We structure these methods as follows: We begin with a detailed description
of the in�nite hidden semi-Markov model, i.e. the speci�cation of the priors
and how they relate to the other random variables in the hierarchy. In section
3.2 we describe inference for the logistic regression observation distributions,
with a focus on the details of resampling. These two components together give
us the full dynamic in�nite input-output hidden semi-Markov model (diHMM).
We cover how to integrate the collection of generated samples in section 3.3,
dealing with the hurdles of label switching and multi-modality, ultimately
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obtaining well-de�ned states from the samples. This concludes the details of
the model itself. Section A.1 elaborates how we assign states and their PMFs
to the three types. Extending slightly beyond the scope of this work, section
A.2 relates properties of the initial learning considered here with the next
training step, the biased block training. We conclude with important validation
analyses: we elaborate on our cross-validation procedure for parameter and
prior selection and present ablations of our full model in section 3.4, discuss
posterior predictive checks in section 3.5, and �nally by showing successful
recoveries of various generative models in section 3.6.

3.1 I N F I N I T E H I D D E N S E M I-M A R KO V M O D E L

We start by describing the diHMM, focussing on Bayesian inference over its
random variables. Following Johnson et al. (2013), we use Gibbs sampling, a
Markov chain Monte-Carlo algorithm (MCMC), to realise an iterative resam-
pling scheme over the model components, including the PMFs of the hidden
states and the assignments of the individual trials onto those states. For this
purpose, all distributions are paired up with conjugate priors in this section,
to enable simple resampling steps. The posterior distribution is ultimately
represented by a collection of samples, with every component being assigned
an explicit value in each sample.

Overview over quantities and counters

Quantity Meaning Counter

N number of sessions n

Tn number of trials within a session n t, m

J number of MCMC samples j

L number of states in the model i

S number of states employed within a session s

We �rst describe all the relevant random variables (using the iterator nota-
tion from the table above).

The technical backbone of an in�nite HMM is a hierarchical Dirichlet process.
At the top of the hierarchy of this process is the prototypical transition vector

bbb � GEM(g), (3.2)

where GEM (named after Grif�ths, Engen, and McCloskey) is a Dirichlet pro-
cess without a base distribution, a pure stick-breaking process which samples
a probability vector over in�nitely many elements (which will be states in our
case). The concentration parameterg probabilistically determines the size of
the individual sticks, and therefore how many states are practically relevant,
with a higher g encouraging more states. We put a vague Gamma prior on
g, making it, and thereby the propensity to introduce new states, part of the
inference as well, with g � Gamma(0.01, 0.01).

At the next level we sample the transition vectors, a classical HMM compo-
nent, p i of the individual states i. These are tied together viabbb, which is used
as the base distribution for a second Dirichlet process

p ip ip i � DP(a,bbb), i = 1, 2, ...,L, (3.3)

p 0p 0p 0 � GEM(3) (3.4)

a is another concentration parameter and determines how closely thep i
are related to bbb. Sampling the individual state transition vectors from this
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common source formalises an overall kind of state popularity. The highera,
the more like bbb is p ip ip i , 8i, and so the more the bias in the frequency of state
i0 in the particular sample bbb will be re�ected in the transitions from i to i0,
and so the more popular i0 will be overall. We put another vague Gamma
prior on it, a � Gamma(0.01, 0.01). The initial state distribution p 0p 0p 0 is drawn
entirely separately, with a concentration parameter of 3 as a trade-off between
allowing new states but not encouraging the invention of new states at the
start of sessions.

For our inference scheme, we make use of the weak-limit approximation
which puts an upper limit L = 15 on the number of states, rather than em-
ploying the full in�nite process. This simpli�es the resampling scheme, while
still behaving similarly to an in�nite HMM if L is suf�ciently large. Across the
entire population, there were only three mice with 12 states, after applying
our hierarchical state clustering procedure (section 6.3); all other mice used
fewer states. Furthermore, the minimum fraction of trials captured in states (as
described further below) is 99.38% (mean is 99.97%), justifying the choice of
L = 15 (though a higher limit would possibly allows us to capture motivational
�uctuations better). In particular, we still perform inference over the realized
state complexity. In the weak-limit framework, Eq. 3.2, 3.3, and 3.4 turn into
L-dimensional Dirichlet distributions

bbb � Dir (g/ L, ...g/ L), (3.5)

p ip ip i � Dir (abbb1, ...,abbbL), i = 1, 2, ...,L, (3.6)

p 0p 0p 0 � Dir (3/ L, ..., 3/ L) (3.7)

The transition structure within a session is given by

zn,1 � ppp 0, (3.8)

zn,s � ppp zn,s� 1, (3.9)

where zn,s 2 f 1 . . .Lg is an indicator for the sth state within a sessionn (which
does not align with the trial number), and p 0 is the initial state distribution.

Given the transition vectors, the workings of the hidden semi-Markov model
are fairly standard, except that the duration distributions are speci�ed explic-
itly rather than being drawn from a geometric distribution (as in a regular
HMM). We therefore prohibit self-transitions, which makes a data augmenta-
tion scheme for resampling necessary, as described in Johnson et al. (2013).
Nevertheless, as in a standard HMM, durations are statistically independent of
the target state of transitions. Durations are drawn from a negative-binomial
distribution, with state-speci�c random variables, coming from their own priors

r i � U (5, 6, 7, ..., 704), i = 1, 2, ...,L, (3.10)

pi � Beta(1, 1), (3.11)

dn,s � NB(rzn,s, pzn,s). (3.12)

(Note the difference between state namesi, which hold for the entire model,
and the session speci�c state counterss, which can be used to �nd the current
state name via the indicator zn,s). We chose a uniform prior over a large range
of numbers for the possible values ofr, to enable long durations, but excluded
small values for r (in particular r = 1 would give the geometric distribution).
Small values of r encourage transitions after a very small number of trials,
which would capture the statistics of the presentation of left and right stimuli
by the experimenter rather than the longer-lasting states that we sought. Using
cross-validation we ensured that enabling larger values ofr did not bene�t the
�ts.
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States stay active and generate observations for as long as the drawn dura-
tion indicates

tn(s) =
k< s

å
k= 1

dn,k, (3.13)

xn,tn(s)+ 1:tn(s)+ ds
= zn,s (3.14)

P(yn,t = R) = sig
�

fffn,t � wwwxn,t ,n
�

, (3.15)

where we de�ned tn(s) to return the trial on which the sth state of a session
n starts, which allows for the de�nition of xn,t , the state on any given trial
t. We denote the logistic sigmoid function assig. This takes the dot product
between the state weightswwws,n (which we discuss in the next section) and the
input features of the current trial fffn,t and produces the probability over the
observation yn,t . The binary response variabley has 0 representing a leftwards,
and 1 a rightwards, choice. See alsoFig. 3.2 for a visual summary of these
variables.

Figure 3.2: Visualisation of the different variables across training, with some explana-
tory text in blue.

We summarise this collection of variables as

Q = f g, a, b,ppp 0, f ppp i , r i , pi , f wwwi ,ngN
n= 1gL

i= 1, ff xn,tg
Nt
n= 1gT

t= 1g,

where N is the total number of sessions. The connections between these
variables are visualized in the form of a graphical model in Fig. 3.3. The result
of inference is a set of samplesf Q jg

J
j= 1. Each sample is a full instantiation

of the listed random variables, which we can treat as a representation of
the posterior. Gibbs sampling works by iterating through all variables, and
re-sampling them from their distribution, given all other variables of the model.
After updating all variables, the result is one new sample within the MCMC-
chain. The details of how to resample the individual components can be found
in (Johnson et al., 2013).

3.2 D Y N A M I C L O G I S T I C R E G R E S S I O N P R I O R A N D S A M P L I N G

Gibbs sampling resamples each random variable conditioned on all others.
Thus, inference over the observation distributions of the states is separate from
almost all the rest of the model, only using the information as to which trial
is currently assigned to which state. We drop the explicit state dependencei
in wi ,t for this section, but it is important to keep in mind that this sampling
scheme is applied to every state individually, with each states being in�uenced
only by trials for which xn,t = s in the current sample. We implement slow
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Figure 3.3: Visualisation of the random variables as a graphical model, showing the
variables z, d, x, and y of a speci�c sessionn. Variables in shaded circles are observed,
unshaded variables are inferred. We suppressed the dependence on sessionn for all
relevant variables other than the state weightsw, for which we highlighted that they
can indeed change across sessions.

changes in the characteristics of the states by putting a Gaussian random walk
prior on the weights wwwn, allowing for modest change across session boundaries,
parameterised by the variances. We choose a diffuse initial distribution for the
weights, and use cross-validation to select the inter-session variances = 0.04
(we performed cross-validation on a range of small values, in order to limit
the state adaptation process to small changes):

www1 � N (0, 8� I), (3.16)

wwwn+ 1 � N (wwwn, s � I), (3.17)

where I denotes the identity matrix. If a state has no trial assigned to it in
a particular session, its weights are held �xed during the next transition,
preventing states from morphing radically during a prolonged absence.

Inference for the logistic regression weights is performed using Pólya-Gamma
data augmentation, which allows for ef�cient inference in settings with bino-
mial likelihoods (Polson et al., 2013; Linderman et al., 2015), since it is not
possible to choose a conjugate prior. We review the relevant computations here,
for a full treatment we refer to (Windle et al., 2013). In the �rst step of the
resampling scheme we sample pseudo-observations. This uses a Pólya-Gamma
distribution PG, by �rst sampling wn � PG(bn,yyy n), where yyy n = fff n � wwwn is the
dot product of features and weights, and bn is the total number of times this
exact instantiation of features was observed in sessionn. However, the same
state is associated with more than just one speci�c instantiation of features
(i.e., including contrasts of different strengths and side, and different response
histories). To handle this, we treat a single session as multiple different time
points, but prevent weight changes between time points that belong to the
same session. In this way, the observations from different features within the
same session are effectively aggregated. To complete the pseudo-observation
generation, we needkn = an � bn/2 , where an is the number of rightwards
answers observed for the currentyyy n under consideration. Now zn = kn/ wn

can be treated as if they were drawn from N (yyy n, 1/ wn).
This data-augmentation serves the purpose of having thewwwn emit observa-

tions with Gaussian noise (after combination with the features xxxn into yyy n).
Since the prior on www is a Gaussian random walk, this places inference in the
well studied realm of Kalman �ltering. To resample the wwwn we use the forward
�lter backward sample algorithm (FFBS, Carter et al. (1994) and Frühwirth-
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Schnatter (1994)), which �lters forwards through all the observations using
a Kalman �lter, then samples the sequence ofwwwn backwards through time. A
single resampling step therefore consists of �rst drawing the Pólya-Gamma
variables to create pseudo-observations, then using them to sample thewwwn

using the FFBS algorithm.
We consider four features for the logistic regression: the contrast on the

left side, the contrast on the right side, an exponentially weighted history
over all previous choices, and a bias. Separating the features for left and right
contrast allows the sensitivities to the two sides to be different. Since the
notional contrast values do not match the psychophysical dif�culty of the
contrasts (100% and 50% are both virtually equally easy to perceive, not a
factor of 2 apart), we apply a transformation to have a better alignment. For
this, we follow Roy et al. (2021) and use a tanh-transformation, mapping
the actual contrast c onto the input c̃ for our logistic regression through
c̃ = tanh(pc)/ tanh(p), where we follow their recommendation and set p = 5,
which scales the steepness of the transformation. This maps the contrasts (1,
0.5, 0.25, 0.125, 0.0625, 0) onto (1, 0.987, 0.848, 0.555, 0.302, 0).

The regressor for previous answers, enabling perseveration as a strategy,
proved to be bene�cial for cross-validated performance. It is associated with
the famous law of exercise (Thorndike, 1911; Gershman, 2020b), and has also
been found to be exhibited by the mice in the asypmtotic regime that arises
after the sessions that we are presently analysing (Findling et al., 2023). The
same analyses showed no general statistical support for a regressor sensitive
to the interaction between past choice and past reward, as would be re�ected,
for instance, in win-stay, lose-shift behaviour. We implement the perseveration
regressor as an exponentially weighted sum over all past trials. We found that
weighting previous trials with an exponentially decaying �lter with smoothing
factor 0.25 worked best (though slightly different parameter settings have
almost equal cross validation performance). Thus, we compute this feature on
sessionn and trial m as such:

1
Z

m� 1

å
k= 1

exp (� 0.25� k) � (2 � yn,m� k � 1), (3.18)

where Z = å m� 1
k= 1 exp (� 0.25� k) is a normalisation constant, such that the

entire exponential �lter adds to 1. The transformation 2 � y � 1 serves to encode
responses as� 1 and 1, for the purpose of having the perseverative feature
sway the current response appropriately. Therefore, this feature reaches its
maximal value of 1 if all previous responses were rightwards and� 1 if they
were all leftward, putting it on the same scale as the other features. Time-out
trials, where the animal did not respond before 60 s had passed, while skipped
for the logistic regression of responses, are taken into account for the previous
answer regressor, encoded as0.

We experimented with a parameter that determined for how many sessions
a state is allowed to change its weights through the slow process after it was
last observed. The idea was that a behaviour may be inactive during any given
session, but is still malleable, or even being improved through e.g. replay
mechanisms. However, it turned out that allowing states to change in their
absence allowed the model too much freedom to simply re-use old states with
considerably different PMFs in the later parts of the learning trajectory, leading
to undesirable behaviour in the usage of states, even for low settings of the
parameter. We therefore decided to only allow the weights of a state to change
after a session during which it actually occurred.
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3.3 A G G R E G AT I O N A N D I N T E R P R E TAT I O N O F C H A I N S

We generally generated 48,000 samples from each of 16 chains (with different
starting points), discarding the �rst 4000 as burn-in. We assessed conver-
gence of the chains using the classical measurêR (Gelman et al., 1992), and
generated more samples by continuing each chain if necessary (though not
all animals ever reached a suf�ciently low R̂ score). R̂ compares intra- and
inter-chain variability of bespoke, state-independent features of the chains. To
detect differences in the variances of the chains, and other problems which
R̂ is known to miss, we also used folded-̂R and rank-normalised-R̂ (Vehtari
et al., 2021). We reduced the memory cost by thinning the chain, using only
every 25th sample (we did this purely for memory reasons, not because it
is necessary for MCMC algorithms (Link et al., 2012)). For a �rst pass, we
sought to discard chains which differed substantially from other chains in the
explored region in parameter space, either because they never reached the
relevant parts of it, or because they spent disproportionate amounts of time in
some modes over others. This is a known problem for MCMC algorithms in
multi-modal environments, and can be mitigated by taking non-mixed chains
and combining them via stacking (Yao et al., 2022). However, since our goal
here is not prediction, we still want to focus on �nding and visualising the most
important modes of the posterior, which we did by combining the (possibly
not perfectly mixed) chains, and considering the regions of probability space
in which they collectively spent the most time. Given the slow transitions
between different modes, we also did not split our individual MCMC chains
when computing R̂, as the two halves of the chains were often too different.

As scalars underlyingR̂, we used the concentration parameters:a and g,
as they are independent of states, and, as general properties of the �t: the
number of trials assigned to the state with the most trials, and the second-
most trials, as well as the overall numbers of states with more than 20%,
and more than 10% of trials assigned to them (we chose multiple cutoffs to
gain information about the �t at different levels of resolution). By greedily
discarding the chains which increaseR̂ the most, we reduced the number
of chains under consideration from 16 to at least 8. For this we considered
all features and all variants of R̂ (normal, folded, rank-normalised) at once,
so we were minimising the maximum over all these R̂s. We only further
processed the chains whenR̂ < 1.05, which is more conservative than some
recommendations, but, in light of the strong multi-modality, more lenient than
the newest ones (Vehtari et al., 2021).

However, it is still not trivial to extract information from the remaining
chains given the multi-modality. There are two main sources of multi-modality:
(i) genuine uncertainty in the usage of states or the exact setup of the random
variables of the states, and (ii) mode equivalence with permuted labels (e.g.,
state i = 1 in the �rst chain might explain roughly the same set of trials as state
i = 2 in the second). Although the second source makes evaluating the results
more complicated, it is in fact just the sampling scheme working correctly,
as there is nothing special about the particular state labels – solutions with
permuted state labels are functionally equivalent. For the same reason, even
within a single chain, a relatively consistent set of trials might be explained
by one label for some part of the chain, but by a different label in another.
Indeed, we frequently observed this kind of label switching, where one state
completely took over the trials of another within a few sampling steps. In the
limit of in�nitely many samples, we can expect any trial to have a uniform
distribution over the state label assigned to it; the only important question is
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which other trials were usually accounted for by the same state as the given
trial within suitably similar samples.

To formalise the necessary abstraction from direct state assignments, we
computed co-occupancy matricesCj for each samplej. Cj is a matrix of size
T � T, with T being the total number of trials across all sessions of a mouse,
whose t, mth entry reports whether trials t and m (for convenience, dropping
the additional session label) used the same state in samplej

Cj
t,m = 1(xt = xm). (3.19)

We used these co-occupancy matrices as a basis for two different processing
steps: (i) at a coarser resolution across trials, we applied dimensionality re-
duction to �nd posterior modes; (ii) at full resolution, we averaged Cj across
similar samples j to derive a matrix that describes the mutual af�liation of tri-
als, allowing us to overcome the labelling issues. Both steps are reminiscent of
representational similarity analysis (Kriegeskorte et al., 2008), in that, instead
of comparing two samples directly, we compare state co-occurrence within the
samples.

In principle, to explore the posterior, we could have �attened each Cj into
an T2 vector and applied principal components analysis (PCA). However, there
were too many trials per mouse (of the order of 15000) to do this at full
resolution, so we binned the trials into 200 bins, ignoring session boundaries,
and then used the Wasserstein distance to measure state co-occurence between
the bins. That is, we de�ne modi�ed matrices C0j as

C0j
t,m =

L

å
i= 1

1 � j pj
t,i � pj

m,i j (3.20)

where pj
t,i is the proportion of trials in bin t which is assigned to statei in

sample j. C0j reduces toCj for bins comprising a single trial. We then plotted
individual samples in the �rst three dimensions of the PCA-space arising from
�attened versions of C0j , as shown in Fig. 3.4.

Figure 3.4: Individual MCMC-samples can be scattered in 2D principal component (PC)
space, to �nd regions of high probability. To make those regions more salient, we colour
individual samples according to a Gaussian density estimation (the density estimation
occurs in 3D PC space). There are multiple modes of varying importance, with one
mode being particularly dominant.

In doing this, we found that the posterior for a number of animals wanders
itinerantly between different modes, re�ecting true uncertainty. These modes
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are distinct solutions and should not be blended. To isolate them, we performed
Gaussian density estimation in the 3D PCA space to identify the ones that were
most prevalent, as the regions of highest estimated density. We used this
clustering to select samplesj 2 J h that were suf�ciently similar as to comprise
an individual mode J h. For now, we did this by hand; however, the process
could be made more formal by �tting a mixture of Gaussians to the posterior,
and then selecting samples around the means of the Gaussians with suf�ciently
large mixture weights. We selected at least 400 samples from a mode to form
a representative collection.

Next, we sought to understand how trials within that mode were co-assigned
to states. To do this, we averaged the co-occurrencesCh = 1

jJ h j å j2J h Cj , and

treated C̃h = 1 � Ch as a distance matrix, where trials were close if they share
a state in most samples in the mode. We then performed hierarchical clustering

on C̃h, using as a cluster distanced(u, n) = max
�

C̃h
u[k],n[l ]

�
, k 2 u; l 2 n, which

took as distance between clusters the maximum distance between any two
trials in the clusters u and n. The result of the hierarchical clustering was a tree
on the individual trials; cutting this tree at a certain level leads to a speci�c
clustering. Thus, cutting at, say, 0.6 means that we only have clusters in which
every trial was explained by the same state in at least 40% (1 � 0.6) of the
samples. For our plots we cut at 0.95, which empirically returned good results.
Even though this meant that trials needed to use the same state in only 5%
of samples to be in one cluster, most trials were assigned to the same state
much more frequently; seeFig. 3.5. This also shows a number of alternative
clusterings from different thresholds, demonstrating that there is little change
across a wide range of thresholds: The 95% threshold leads to 8 states with
100% trial coverage, an 80% cutoff leads to 9 states and 99.92% coverage, a
50% cutoff gives 12 states with 98.77% coverage, and lastly a threshold at
20% gives 15 states and 95.27% coverage. We can thus see that low criteria
led to trials becoming unassigned and some states splitting apart, which is why
we chose a rather high cutoff. A further ver�cation that the procedure and its
threshold gave a faithful representation of the collection of samples comes
from comparing the overall solution against individual solutions from single
samples. Empirically, these did indeed align. Our later recovery analyses also
used this approach.

The states we show are therefore de�ned at heart by sets of trials. To compute
the PMFs of such a set, we �rst considered a single MCMC-sample, and noted
which states it assigns to the trials within this set on a session-by-session basis
(though each individual trial only had one state assigned in a single sample,
for the whole set of trials it usually will not just have been a single state, due
to random �uctuations, but mostly a single state). We turned the psychometric
weights of these states into PMFs, over which we then averaged (in a weighted
manner, considering how often any state occurred in the set of trials). For a
single sample, this resulted in an average PMF of that state for each session.
This then got averaged across samples within a cluster (evenly over all selected
samples of a mode), to obtain the ultimate PMFs of this state.

To determine how closely a single trial is connected to its assigned state, we
averaged the proportions of samples in which it was in the same state as all
the other trials assigned to this state. That is, for a given trial t, we took a row
of the consistency matrix Ch

t , and considered only the entries corresponding to
other trials within the state under consideration. We then averaged over those
entries, yielding the average proportion of co-assignment. We think of this as a
proxy of the posterior over which state a trial is assigned to, and show it in
Fig. 4.2.



3.4 C R O S S-VA L I D AT I O N A N D A B L AT I O N S 33

Figure 3.5: Consistency matrixCh of the animal seen in Fig. 4.1, with different state
assignments, based on cutting the hierarchical clustering tree at different levels, as
noted above the colouring assignment. The ticks on the left mark session boundaries,
with the numbers indicating the total number of trials so far. State colour on the bars to
the right was determined based on the ranking of how many trials are assigned to the
state, therefore a colour change need not be a major change in state assignments. As
can be seen, state assignments are robust in a large range of cutoff values, with large
states staying particularly consistent. Most of the change comes from the splitting of
smaller states, and some trials losing a state assignment altogether (a state needed at
least 40 trials to be coloured; if the state of a trial had fewer than that, we colour it
white).

3.4 C R O S S-VA L I D AT I O N A N D A B L AT I O N S

Our model contains a number of free parameters which we set using a cross-
validation procedure. We used this most notably for the variance s of the
normal distribution over how much the logistic weights of a state can change
from session to session and the decay constant of the exponential �lter over
previous actions, which are �xed parameters that are not inferred during the
inference procedure. This inference procedure is itself guided by priors, which
we set to be vague, exerting minimal in�uence upon the ultimate posterior.
However, their precise setting can nevertheless also be evaluated via cross-
validation. This applies to the two gamma distributions over the concentration
parametersa and g and the priors over the parameters of the states' duration
distributions. Cross-validation also allowed us to verify that our usage of the
weak-limit L = 15 did not hurt our model �ts, and that including a win-stay
lose-switch feature, indicating which side was or would have been rewarded
on the previous trial, was not bene�cial in capturing animal choices during
learning.

We used a 10-fold cross-validation scheme, randomly masking 10% of trials
on each session. Since we were not interested in the details of the �ts, we
only ran one chain of 10.000 samples for each parameter combination and
cross-validation fold we wanted to test and evaluated the quality of the �t
through the summed negative log-likelihood on the last 4.000 samples on the
held-out trials, which was suf�cient for a stable estimation of the held-out log-
likelihood. Despite this time saving strategy, there were too many combinations
of parameters to check exhaustively, so we employed a manual heuristic search
over promising combinations, �nding an optimal setting and verifying that any
relevant deviations from it only lowered the negative log-likelihood, see Fig.
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3.6 left . As another measure to save computation we only evaluated 2 folds of
each animal for each parameter setting, but since we evaluated our model on
all 134 mice, we still evaluated on a substantial number of folds in total.

We tested the perseveration decay constant over the set of values (0.15,
0.2, 0.25, 0.3, 0.35, 0.4), the variance s over the set (0.01, 0.02, 0.03, 0.04,
0.06, 0.12, 0.24), representing the small range which we found desirable
for a consistent state identity, as well as some larger values to ensure that
they did not outperform smaller variances. The search also included a larger
support for the r parameter of the duration distribution (running from r = 2 to
r = 905), and different settings of the a and g concentration priors, which were
independently varied over the set ((0.1, 0.1), (0.01, 0.01), (0.001, 0.001)).

Many of the parameter settings performed at a similarly high level. Note that
the parameter setup which is closest to the selected model is one which simply
allows for higher r values in the duration distribution, representing a strict
extension of the model, which however does not improve �t. When studying
the correlations of the same animal and same cross-validation fold across two
different parameter settings, we found extremely strong correlations, with only
slight offsets from the identity line and a small handful of outliers making the
difference. This provided evidence that the �ts were fundamentally the same,
and different mice did not signi�cantly bene�t from different settings, allowing
us to simply take the best among many good settings and proceed with it for
the population wide �t. These settings were the ones speci�ed throughout the
paper: perseveration= 0.25, s = 0.04, r i � U (5, 6, 7, ..., 704), and both a and
g � Gamma(0.01, 0.01)

In addition to �nding the best parameters for our �t, we also used this
approach to ablate the most important model components, verifying that
all aspects of the model were necessary to provide as good a �t as possible
within our framework, see Fig. 3.6 right . In particular, we tested the best
parameter setting we found, but did not allow for change in weights between
sessions (effectively removing the slow process of the model), both with
3 states (thus emulating the work of Ashwood et al. (2022), though with
duration distributions) and with the usual upper bound of 15 states. Allowing
for 15 states but no slow process led to only somewhat worse performance
than the full model, but did so at the cost of signi�cantly increasing the
usage of short-lived states. We tested this by considering how many states
explained more than x% of trials of an individual animal (which can be
read directly from the cross-validation samples, not requiring the sample
aggregation procedure described previously). The full model makes more use of
highly prevalent states which explain more than 20% of trials: 1.7� 0.53(mean
� s.d.) per animal, versus1.07� 0.67of such states for a model without the
slow process (two-sided Mann-Whitney-U-Test,U = 21858.5,p < 1e� 30, effect
size= 1.18(standardized mean difference with standard deviation over full
model state number)), but fewer overall states, such as any that explain more
than 2% of trials: 5.16� 1.62versus9.13� 2.14(two-sided Mann-Whitney-U-
Test, U = 87773.5,p < 1e� 73, effect size= 2.45). Thus, while the removal of
the slow process can mostly be made up for by an increased reliance on new
states (for which our model has plenty of capacity), the slow process bene�ts
the �ts by tying together highly similar trials across short time scales, rather
than arbitrarily separating them when behaviour gradually changes too much
to be accommodated by a single state.

We also allowed for only one state (but including the slow process), removing
the notion of multiple states from the �t. This model performed perhaps
surprisingly well, but since a session is usually dominated by a single state,
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a single adaptable state may perform somewhat well. We tested whether a
Win-stay lose-switch feature, indicating which choice was or would have been
rewarded on the last trial, was bene�cial, which it was not, and whether the
perseveration feature could be removed, which it could not. Lastly, we also
tested the improvement due to the duration distributions (which replaced
the implicit geometric duration distribution of an HMM). This test proved
somewhat problematic within our framework, as restricting the model to
implement durations through the transition matrix led many of the posteriors
to settle on an unsatisfying solution. In this solution, states were extremely
strongly biased leftwards or rightwards and rapidly alternated, depending on
the choice of the animal. Such a model has of course almost no predictive
power on held-out trials. This is seemingly a consequence of the hierarchical
nature of the transition matrix: if we often transition into a state (and without
duration distributions we have a state transition after every single trial, with
most of them being self-transitions), it becomes generally attractive in the
iHMM framework, encouraging transition distributions which are much closer
to uniform than one would expect for a reasonable notion of temporally
extended states. We thus implemented geometric distributions which prefer
longer states by �xing r = 1, but biasing the prior over p. We performed
another small cross-validation sweep, and present here the best model found
in this way.

Figure 3.6: Left, Cross-validation results over the best model, and all variants which
represent a small change either way in one of the relevant model parameters (not all
tested parameter combinations are depicted). Error bars represent 1 standard error
of the mean. The best model uses these parameters: perseveration= 0.25, s = 0.04,
r i � U (5, 6, 7, ..., 704), and both a and g � Gamma(0.01, 0.01). Right, Cross-validation
results for ablated versions of the model. Note that the y-axis is considerably zoomed
out from the plot on the left.

3.5 P O S T E R I O R P R E D I C T I V E C H E C K S

To identify any mismatches between our modelling assumptions and actual be-
haviour, we performed posterior predictive checks using multiple test statistics.
The goal of this analysis was to study if responses, when generated purely from
posterior samples, reproduced the behavioural trends present in the actual
data. We simulated behaviour for each session of an animal by taking each
sample from our selected posterior mode, initialising with the state which was
the actual state on the �rst trial for that sample, and then generated responses.
We needed to initialise with the true state, since the model uses a static initial
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state distribution p 0, so a random initialisation would lead to an unstructured
mix of pro�cient and inexperienced behaviour. However, after intialising the
�rst state, the model ran completely independently: we drew a duration from
the duration distribution of that state, using posterior parameters, randomly
sampled a next state from the transition matrix once a state ended, and sam-
pled responses from the observation distribution of the current state, given
the current features. These features included the contrast that was presented
on that trial and a recomputed perseveration feature based on the choices of
the current run of the simulation (so notably not the perseveration feature
based on the choices of the animal). This unguided generation of behaviour
thus represents a very stringent test of the posterior �t.

We visualised the results by plotting actual behaviour in relation to the
distribution created by simulating behaviour three separate times with each
sample (since we use at least 400 samples from a mode, this equates to> 1200
simulations). As metrics of interest we chose the percentage of correct choices
in a session and the percentage of rightwards choices for each contrast. We
plot the accuracy of a single individual (the mouse of Fig. 4.1) in Fig. 3.7a and
the PMF on the last session of that animal inFig. 3.7b. As we can see here,
behaviour simulated from the posterior generally provides both a tight as well
as accurate estimate around the true behaviour.

To summarise the relationship between true behaviour and the simulated
distribution across the population, we calculated the percentiles of the empiri-
cal values within the simulated distribution, visualised in Fig. 3.7c & d . In an
ideal case, the histograms over these percentiles would be uniform, indicating
that the posterior provides an unbiased and calibrated estimate for the true
behaviour. This is not quite true here: We can see that accuracy has a modest
tendency to be overestimated (i.e. the true accuracy tends to fall onto lower
percentiles of the simulated distribution). As mentioned in the discussion,
behaviour often degrades towards the end of a session (almost by necessity, as
it is one of the session termination criteria), but this was not always acknowl-
edged with a separate state by the model, perhaps because behaviour degrades
in a gradual and inconsistent manner across sessions. We suggest this as an
interesting direction for a possible extension of our framework, by combining
the states with a mechanism for change on a shorter time scale, similar to the
work of Roy et al. (2021). However, implementing this in a way which keeps
states distinct and has them retain their identity over long time periods seems
challenging, in the face of motivational changes which occur gradually but can
change behaviour quite notably on the order of tens of trials. Note that the
overestimation of accuracy also occurs on sessions on which the model does
ultimately include a state that re�ects a substantial reduction in performance.
This happens since the model sometimes fails to make a transition to this worse
state appropriately (given that it averages over all sessions). Thus, accuracy in
free simulations can be too great.

While the percentage of rightwards choices across contrasts forms a seem-
ingly uniform distribution, splitting the histogram over the different contrasts
reveals that there is a modelling assumption which biases the estimates for
the different contrasts somewhat, as shown inFig. 3.7e. Most notably, for the
100% contrasts, the model underestimates how accurate the animals are (by
overestimating the % rightwards choices on leftwards contrasts and vice versa).
Note though, that the insets for these contrasts show that the actual deviation
is very small. Somewhat more subtly, the opposite occurs for the respective
50% contrasts. These deviations arise from the psychophysical transform we
borrowed from Roy et al. (2021) and Ashwood et al. (2022), namely the tanh-
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transformation on the raw contrast values. The 100% and 50% contrasts are
mapped onto very similar values (1 and 0.987 respectively), strongly coupling
the percentage of rightwards choices for the two contrasts, requiring them
to take on almost the same value. This is intuitively desirable: allowing a
smoothing over the different contrast strengths and reducing the number of
parameters in our logistic regression (using a general "leftwards sensitivity",
rather than having a separate parameter for each contrast). While 100% and
50% are very different in terms of absolute value, they are both highly visible,
meaning their difference from a psychophysical perspective is rather minor
(Fechner, 1860). Nevertheless, as it turns out, some mice can occasionally
exhibit rather different behaviour on the two contrasts (see Fig. 3.7e insets ),
leading to an underestimation for the stronger contrast, and an overestimation
on the weaker one.

The 0% contrast plot on the other hand exempli�es a posterior predictive
check without such reservations: there is no noticeable bias and the posteriors
appear correctly calibrated. The predictive checks thus serve as an important
tool to study the limitations of our modelling approach, highlighting that de-
grading behaviour is not fully captured by the model, and that the smoothing
over contrasts imposes some structure onto the PMFs that biases the perfor-
mance estimates. To study further the effect these biases in the model have
upon the �ts, we analysed the magnitude of the bias imposed, seeFig. A.3.
As we can see, most of the differences fall within a close range around the
posterior mean.

3.6 M O D E L R E C O V E RY

We tested the model and our inference procedures by �tting to data for which
the ground truth was available. For this we instantiated all the random vari-
ables of the model to speci�c values and generated responses from it. This was
performed for multiple different variable settings, to assess the accuracy of the
�tting procedure in all relevant regimes, and using input data (i.e. contrast
sequences) from actual training trajectories. The data generated this way were
processed in exactly the same way as those of the IBL mice.

We paid particular attention to assessing the strength of the inductive biases
of the inference procedure - particularly in terms of the number of states it
inferred (given that this could be potentially unbounded, within our weak-
limit approximation) and the degree of change between sessions (since slow
and fast state changes could interact). We tested multiple settings in which
all the data were actually generated from a single state, to test whether the
model would incorrectly split behaviour into multiple states. In one setting, the
psychometric weights of the state stayed constant throughout all sessions, in
another, the weights gradually evolved from poor performance to pro�ciency
(at constant steps of a magnitude that corresponds to a variance of 0.0311, the
variance of the �tting procedure was �xed to 0.03). Both �ts recovered their
ground truth successfully, explaining virtually all trials with a single state, as
can be seen for the example of the changing state inFig. 3.8. We also tried a
variation of the latter situation, in which the psychometric weights changed in
(proportionally smaller) steps on every single trial, rather than all at once at
a session boundary (as the model assumes). This, too, was recovered by the
model with only one state (which we consider the best possible solution, given
that the generative process was outside the model class).

We also successfully recovered settings from 2 to 9 states, with and without
session-to-session variation on the weights, with strongly varying trial pro-
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