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Abstract

While substantial amounts of global drinking and irrigation water consumption are
supplied from groundwater, its storage is increasingly threatened by depletion and
pollution. Thus, in order to remediate and protect it, understanding how solutes
are distributed in the subsurface by and within groundwater is very important.
However, this poses a challenge because solute transport in natural porous media is
highly affected by the spatial variability of hydraulic properties, which is never fully
known in real-world applications. Thus, there is a need for approaches which deal
with uncertainty in a stochastic manner. While tremendous progress has been made
in the past decades to characterize solute transport in heterogeneous media, there is
still confusion between advective spreading and diffusive mixing, and closed-form
expressions relating geostatistical properties of the formation to transport character-
istics are often restricted to cases of mild heterogeneity.

In this thesis, these research gaps are addressed by applying two different
stochastic methods: a stochastic advective-diffusive Spatial Markov Model (Study
A) and an analytical solution applying linear stochastic theory (Study B). Numerical
Monte-Carlo simulations serve as a synthetic reality to confirm the new approaches
which are advantageous concerning the computational effort. In both studies, the
main methodical angle lies in determining first and second temporal or spatial mo-
ments (mean and variance) of a moving plume from which dispersion coefficients
can be computed. Ensemble dispersion measures the increase of second central
temporal or spatial moments with distance and time, respectively, after taking
the average of concentration either over a large cross-sectional area or over many
realizations. By construction it includes the variance of first moments. In effective
dispersion, by contrast, second central moments are computed for individual
plumes first and are then averaged over the cross-sectional area or ensemble.
Thus, ensemble dispersion incorporates uncertainty about the field and effective
dispersion is more representative for a single plume.

The main goal of Study A is to advance Spatial Markov Models (SMM), which
are generally applicable to fields of unlimited heterogeneity, such that advection
and diffusion are derived analytically and mechanistically, rather than based on em-
pirical transition matrices. SMM parameterize advective transport as transitions be-
tween consecutive observation planes assuming random velocity transitions that are
conditioned on the directly preceding increments. The SMM introduced in Study A
draws advective velocities from a conditional distribution which is analytically de-
rived from geostatistical properties of the hydraulic conductivity field. Diffusion
is conceptualized as lateral jumps between advective trajectories. At every transi-
tion, the current advective travel time and the diffusion time necessary for a particle
to leave its trajectory by going beyond a certain radius in transverse direction are
compared. Whichever process acts faster produces the next transition. After a dif-
fusive exchange, the advective correlation chain is reset. With this model, I evaluate
temporal ensemble moments and breakthrough curves under different degrees of
heterogeneity and Péclet regimes.

Study B applies an existing linear stochastic theory solution for the evolution of
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concentration fields and their moments to transport with flow reversal. The key
idea behind subjecting a plume to flow reversal is the following: While spread-
ing is determined by velocity variability caused by the geometry and structure of
the subsurface, mixing is purely random. In a thought experiment where the two
processes can be switched on and off and can thus act isolated from each other,
spreading alone would be completely reversible upon flow reversal, while mixing
alone is completely irreversible independent of the direction of flow. In reality, the
processes are interconnected and act simultaneously, rendering dispersion partially
reversible. Thus, by looking at plume deformation over a flow reversal cycle, infor-
mation about the relative strengths and the interplay of spreading and mixing can
be inferred. With this approach, I evaluate spatial ensemble and effective moments
and dispersion coefficients.

Combining the results from both studies, applied to a point-injection, the follow-
ing effects of increasing diffusion strength are supported: (i) Ensemble dispersion
decreases because the velocity correlation is interrupted by diffusion. (ii) Effective
dispersion increases because point plumes are enabled to sample a range of veloc-
ities by diffusive plume expansion. (iii) The reversibility of dispersion decreases
because diffusion destroys path memory.

Further, from Study B I deduce that effective moments are not a metric for pure
mixing because they are affected by flow reversal, albeit not as strongly as ensemble
moments. Nevertheless, effective moments are much more appropriate for mixing
quantification. Also, it becomes evident how strongly spreading and mixing are
interconnected, since flow reversal alone does not allow to completely identify the
separate impacts of the two processes on dispersion. However, qualitatively the
influence strengths can be determined: The lower the degree of reversibility of dis-
persion the stronger diffusion dominates over advection.

Building on the present work, the advective-diffusive SMM could be refined by
enabling it to capture effective dispersion for which considering the longitudinal
velocity correlation normal to the direction of flow is most likely necessary. Addi-
tionally, it would be of high interest to perform laboratory flow reversal experiments
which allow for the assessment of specific mixing metrics like the dilution index be-
sides ensemble and effective dispersion.
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Zusammenfassung

Weltweit wird ein erheblicher Teil des Bedarfs an Trink- und Bewässerungswas-
ser aus dem Grundwasser gespiesen. Gleichzeitig ist dessen Speicher zunehmend
durch Verbrauch und Verschmutzung bedroht. Um die Grundwasservorkommen zu
sanieren und zu schützen, ist es daher sehr wichtig, zu verstehen, wie sich gelöste
Stoffe im Untergrund durch und innerhalb des Grundwassers verteilen. Eine grosse
Herausforderung dabei ist, dass der Transport gelöster Stoffe in natürlichen porösen
Medien stark von der räumlichen Variabilität der hydraulischen Eigenschaften bee-
influsst wird, die in realen Anwendungen nie vollständig bekannt ist. Owohl in den
letzten Jahrzehnten enorme Fortschritte bei der Charakterisierung von Stofftrans-
port in heterogenen Medien erzielt wurden, besteht weiterhin Bedarf an Ansätzen,
die diesen Unsicherheiten stochastisch begegnen. Dies ist insbesondere deswegen
der Fall, weil nach wie vor Unschärfe in der Abgrenzung zwischen advektiver Spre-
itung und diffusiver Vermischung besteht und weil geschlossene Ausdrücke, die
geostatistische Formationseigenschaften mit Transporteigenschaften in Beziehung
setzen, oft auf Fälle mit geringer Heterogenität beschränkt sind.

In dieser Arbeit werden diese Forschungslücken durch die Anwendung
zweier verschiedener stochastischer Methoden angegangen: einem stochastischen
advektiv-diffusiven Spatial Markov Modell (Studie A) und einer analytischen
Lösung unter Anwendung von linearer stochastischer Theorie (Studie B). Nu-
merische Monte-Carlo-Simulationen liefern dazu eine künstliche Realität, um die
neuen, hinsichtlich des Rechenaufwand vorteilhaften Ansätze zu bestätigen. Der
methodische Schwerpunkt beider Studien liegt auf der Bestimmung der ersten und
zweiten zeitlichen oder räumlichen Momente (Mittelwert und Varianz) einer sich
bewegenden Stoffwolke, aus denen Dispersionskoeffizienten berechnet werden
können. Ensemble-Dispersion misst den Anstieg des zweiten zentralen zeitlichen
oder räumlichen Moments mit der Entfernung bzw. der Zeit, nachdem die Durch-
schnittskonzentration entweder über einen grossen Querschnitt oder über viele
Realisierungen ermittelt wurde. Sie umfasst konstruktionsbedingt die Varianz der
ersten Momente. Bei der effektiven Dispersion hingegen werden zunächst die
zweiten zentralen Momente für einzelne Stoffwolken berechnet und dann über den
Querschnitt oder das Ensemble gemittelt. Somit beinhaltet Ensemble-Dispersion
Unsicherheit über das Feld, während effektive Dispersion repräsentativer für eine
einzelne Stoffwolke ist.

Das Hauptziel von Studie A ist die methodische Weiterentwicklung von
Spatial Markov Modellen (SMM), welche im Allgemeinen auf Felder beliebiger
Heterogenität anwendbar sind, so dass Advektion analytisch und neu auch
Diffusion mechanistisch hergeleitet werden, statt auf empirische Übergangs-
matrizen gestützt. SMM parameterisieren advektiven Transport als zufällige
Geschwindigkeitsübergänge zwischen aufeinanderfolgenden Beobachtungsebenen
konstanten Abstands, wobei die nächste Geschwindigkeit ausschliesslich von der
direkt vorgängigen abhängig ist. Im hier in Studie A vorgestellten SMM, werden die
advektiven Geschwindigkeiten aus einer konditionellen Verteilung gezogen, die aus
den geostatistischen Eigenschaften des Durchlässigkeitsfeldes analytisch hergeleitet
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ist. Die Diffusion wird als laterale Sprünge zwischen advektiven Trajektorien
konzipiert. Bei jedem Schritt wird die aktuelle advektive Transportzeit mit der
Diffusionszeit verglichen, die ein Partikel benötigt, um seine Trajektorie über einen
bestimmten Radius in Querrichtung zu verlassen. Derjenige Prozess, der schneller
abläuft, bewirkt den nächsten Übergang. Nach einem diffusiven Austausch
wird die advektive Korrelationskette zurückgesetzt. Mit diesem Modell bewerte
ich zeitliche Ensemble-Momente und Durchbruchskurven unter verschiedenen
Heterogenitätsgraden und Péclet-Regimen.

Studie B erweitert eine bestehende Lösung für die Entwicklung von Konzentra-
tionsfeldern und deren Momenten mit linearer stochastischer Theorie auf Transport
mit Strömungsumkehr. Die Grundidee dahinter, eine Stoffwolke Strömungsumkehr
auszusetzen, basiert darauf, dass Vermischung rein zufällig geschieht, wohingegen
Spreitung durch Geschwindigkeitsvariabilität verursacht wird, die wiederum durch
die Geometrie des Untergrunds bestimmt ist. In einem Gedankenexperiment, in
dem die beiden Prozesse ein- und ausgeschaltet werden und somit isoliert voneinan-
der wirken können, wäre Vermischung allein unabhängig von der Strömungsrich-
tung vollständig irreversibel, während Spreitung allein vollständig reversibel wäre.
In der Realität sind die Prozesse miteinander verbunden und wirken gleichzeitig,
wodurch Dispersion teilweise reversibel wird. Durch die Analyse der Stoffwolken-
verformung über einen Transportzyklus mit Strömungsumkehr lassen sich somit
Informationen über die relative Stärke und das Zusammenspiel von Spreitung und
Vermischung ableiten. Mit diesem Ansatz untersuche ich räumliche Ensemble- und
effektive Momente sowie Dispersionskoeffizienten. Auf eine Punktinjektion ange-
wandt, bestätigt die Kombination der Ergebnisse von Studie A und Studie B, dass
die Erhöhung der Diffusionsstärke folgende Auswirkungen hat: (i) Die Ensemble-
Dispersion wird verringert, da die Geschwindigkeitskorrelation durch Diffusion un-
terbrochen wird. (ii) Die effektive Dispersion wird erhöht, da Punktstoffwolken
durch diffusive Ausdehnung ein Geschwindigkeitsspektrum erfahrbar wird. (iii)
Die Reversibilität der Dispersion wird verringer, da Diffusion das Weggedächtnis
zerstört.

Aus Studie B leite ich ausserdem ab, dass effektive Momente kein Mass für reine
Vermischung sind, weil sie von der Strömungsumkehr beeinflusst werden. Den-
noch sind effektive Momente für die Quantifizierung von Vermischung viel besser
geeignet als Ensemble-Momente. Zudem wird deutlich, wie stark Spreitung und
Vermischung miteinander verbunden sind, da die Strömungsumkehr nicht ausre-
icht, um die getrennten Auswirkungen der beiden Prozesse auf die Dispersion voll-
ständig zu identifizieren. Qualitativ lassen sich die Einflussstärken hingegen bes-
timmen: Je geringer die Reversibilität der Dispersion ist, desto stärker dominiert die
Diffusion gegenüber der Advektion.

Basierend auf der vorliegenden Arbeit könnte das advektiv-diffusive SMM auf
Anwendungen für effektive Dispersion erweitert werden, indem die Korrelation der
longitudinalen Geschwindigkeiten senkrecht zur Strömungsrichtung berücksichtigt
wird. Darüber hinaus wäre es von grossem Interesse, Laborversuche zur Strömung-
sumkehr durchzuführen, die neben der Ensemble- und effektiven Dispersion auch
die Ermittlung spezifischer Vermischungskennzahlen wie z.B. des Verdünnungsin-
dex ermöglich.
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Chapter 1

General Introduction

1.1 Importance of Solute Transport and Mixing in Ground-

water

Groundwater is a resource of paramount importance for human life and is becom-
ing more and more threatened by depletion and pollution (Kuang et al., 2024). It
accounts for about 40% of global irrigation demands (Siebert et al., 2010) and the
fraction of drinking water extracted from the subsurface is as high as 50% globally
(Smith et al., 2016) and higher than 70% in Germany (Bannick et al., 2008). Ground-
water storage quantity suffers from increased water demands for irrigation caused
by climate change (Aeschbach-Hertig and Gleeson, 2012), while groundwater qual-
ity is threatened by pollution from a multitude of uses, including agriculture, in-
dustrial facilities and gasoline infrastructure (Foster and Bjerre, 2023; Santucci et al.,
2018; Hilpert et al., 2015). Because groundwater is of such vital importance and
faced with such substantial threats, it is of utmost importance to protect and reme-
diate it, for which it is necessary to understand solute transport, which may be sep-
arated into the movement with mean flow, denoted advection, and variation about
the mean movement, called dispersion. Investigating dispersion is the broad scope
of this thesis.

In heterogeneous porous media like aquifers, there are two contributions to dis-
persion: advective spreading, which is the distortion of the plume due to the non-
uniform flow field, and diffusive mixing, which is the dilution of the plume by Brow-
nian motion (e.g., Dentz et al., 2011). Advectively, solutes are transported with the
moving water parcels and diffusively, within and between water parcels. Spreading
is deterministically caused by the geometry of the porous medium and the distri-
bution of hydraulic conductivity. It leads to an increase of the plume surface while
the plume volume remains constant. By contrast, mixing increases the volume over
which the plume is distributed, implying a reduction of concentration in the plume
center (Kapoor and Kitanidis, 1996; Dentz et al., 2023). The two processes are closely
related. The efficiency of mixing is dramatically enhanced by advective spreading
which (i) increases the surface area over which diffusive exchange can occur (Weeks
and Sposito, 1998) and (ii) decreases diffusion distances due to compaction of fluid
elements perpendicular to their stretching direction (Le Borgne et al., 2013). Con-
versely, transverse mixing leads to a more efficient sampling of different velocities
and thus limits spreading (Andričević, 1998). Complex interactions between several
parameters, including plume age, aquifer heterogeneity, and diffusion strength, in-
fluence the plume behavior under transport and, as a general rule, mixing becomes
increasingly important with increasing travel time (Fiori et al., 2002; Tonina and
Bellin, 2008). In sum, while advective spreading changes the spatial distribution of



2 Chapter 1. General Introduction

solutes in the subsurface and usually is the much more efficient transport mecha-
nism over large distances, diffusive mixing changes the quality of the solute-bearing
groundwater - negatively when it leads to contamination of previously clean water
(Ding et al., 2022), but also positively when it facilitates groundwater remediation
via mixing-limited reactions (Piscopo et al., 2013). Since spreading and mixing are
so strongly interconnected and mixing is both an amplifier of and a possible solution
to pollution, it is very relevant to understand and quantify the processes’ impact on
solute transport in groundwater as well as their interplay, which are the overarching
objectives of this thesis.

1.2 Relevant Concepts for Transport in Groundwater

Uncertainty in the Subsurface A ubiquitous issue for transport prediction and
modeling in natural systems is the limited accessibility to the subsurface. It is im-
possible to know the aquifer structure and thus the heterogeneous flow field in full
detail. Since field methods allow either for exact information about the subsurface
at only specific places like boreholes, trenches or outcrops (Lowe and Zaccheo, 1991;
Kruse et al., 2018) or for spatially expanded information via indirect measurements
like geophysical investigation and hydraulic well tests (Maliva, 2016), one always
has to rely on assumptions when describing the three-dimensional subsurface. One
way to address the issue is by performing physical experiments in controlled set-
tings, where the artificial sediment structure is fully known or by conducting nu-
merical experiments in synthetic aquifers (Close et al., 2008; Larocque et al., 2009).
A more versatile and widely applicable approach is to treat the uncertainty as a
stochastic problem, which shifts the goal from knowing the exact distribution of
heterogeneity to making statements about its statistical properties. A multitude
of methods follows this approach. Two classical approaches are numerical Monte-
Carlo simulations and stochastic small-perturbation theory.

In the Monte-Carlo approach, an ensemble of possible random field realizations
given the statistical parameters is generated. The flow and transport problem is
solved numerically for each individual realization, then the initial uncertainty is ac-
counted for by averaging over the ensemble of realizations (e.g., Lu and Zhang,
2003; Pasetto et al., 2014). The advantage of Monte-Carlo simulations is that they
are not restricted to small variances of log-conductivity and simple geometries. The
disadvantage is that the computational effort is high, and a prediction of transport
characteristics from geostatistical parameters without performing simulations is not
possible. As Monte-Carlo simulations converge to the exact statistical distribution
of the uncertain variables of interest in the limit of an infinite number of realiza-
tions, they often serve as ground truth for parameterizations that do not resolve the
heterogeneity explicitly.

Stochastic small-perturbation theory treats the transport properties of an aquifer
as random, typically second-order stationary space variables of given statistical
properties (e.g., Dagan, 1989; Gelhar, 1993; Zhang, 2002; Rubin, 2003). Each variable
is expressed by the sum of its deterministic mean and the random auto-correlated
perturbations about it. The groundwater-flow and transport equations are then
simplified by linearization, implying that only perturbations of first order with
respect to the standard deviation of log-conductivity are considered (Yeh, 1992;
Dagan, 2002). The objective of small-perturbation theory is to predict the statistical
properties of dependent quantities from statistical properties of the formation
and mean forcings. Its advantage is that it provides closed-form predictions of



1.2. Relevant Concepts for Transport in Groundwater 3

solute behavior for given geostatistical properties of the log-conductivity field and
given forcing. The disadvantage is that the approach is restricted to cases of mild
heterogeneity and comparably simple overall settings, such as a uniform mean
hydraulic gradient.

Spatial and Temporal Moments The uncertainty about the subsurface and the de-
duced flow field is transferred onto the shape and position of plumes in groundwa-
ter. Therefore, it is convenient to characterize plumes by their statistical moments,
rather than aiming to describe their exact shape. Spatial and temporal moments
give information about the spatial distribution of a plume at given times and about
the distribution of arrival times at given locations, respectively (Dagan, 1987; Har-
vey and Gorelick, 1995). The zeroth, first, and second central spatial moments give
information about the total mass of the plume, the position of its center of mass,
and the spread around it, respectively. Spatial moments characterize the full plume
and are robust to heterogeneity. However, a high measurement effort is required to
capture data about the full extent of a plume. The zeroth, first, and second central
temporal moments give information about the mass recovered at the observation
point and the mean and the variance of arrival times, so they describe the shape of
breakthrough curves (BTC) rather than the shape of a plume. Temporal moments
represent a point measurement and are therefore in danger of not being representa-
tive for the full plume. However, they are very useful for long-term observations and
require less measurement infrastructure than spatial moments (Rubin and Ezzedine,
1997).

Dispersion coefficients, the Advection-Dispersion Equation and Macrodispersion

Additionally to moments, dispersion coefficients are a common metric to quantify
dispersion. The assumption behind dispersion coefficients is that when flow is av-
eraged over a large enough reference volume or after long enough travel times, dis-
persion processes can mathematically be treated as a Gaussian process just like dif-
fusion. This means dispersive mass transfer is assumed to follow Fick’s first law and
thus to be proportional to the mean concentration gradient with the dispersion ten-
sor D [L2T−1] as the proportionality constant (Ferrara et al., 1999). This concept is a
powerful tool for upscaling flow and transport as it spares describing flow through
single pores at the Darcy scale and knowing the exact distribution of heterogeneity
at the field scale. In the latter case, D is typically called macrodispersion tensor and
it is related to second central moments as half their rate of change (Kitanidis, 1988).
In this framework, solute transport is mathematically described with the advection-
dispersion equation (ADE) (Bear, 1972):

∂c

∂t
+ v · ∇c − D∇2c = 0, (1.1)

in which c and t denote concentration and time, respectively, and v is the velocity
vector.

Applying classical macrodispersion, a solute plume undergoing advection
with the mean velocity and dispersion by the macrodispersion tensor matches the
moments of the ensemble-averaged concentration in the heterogeneous domain.
Closed-form expressions for the second central spatial moments of the ensemble-
averaged concentration were derived using Eulerian (e.g., Gelhar and Axness,
1983), Lagrangian (e.g., Dagan, 1984; Dagan, 1988; Dagan and Fiori, 1997), and
Eulerian-Lagrangian approaches (e.g., Neuman et al., 1987). Shapiro and Cvetkovic
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(1988) and Dagan et al. (1992) derived expressions for temporal-moment based
equivalents.

Ensemble and Effective Dispersion I consider so-called ensemble and effective
moments and dispersion coefficients as they give different information about the
dispersive behavior of a plume. The two types of dispersion differ in the order of
operations, namely taking moments and ensemble averaging. Ensemble moments
are calculated as the variance of a concentration field averaged over many ensemble
members, differing in their specifics but sharing statistical properties. By contrast,
effective moments are calculated as the ensemble average of the second central mo-
ments in space or time of individual plumes (Attinger et al., 1999). Hence, ensemble
moments contain information about an average plume and display the combined
effect of average spreading and mixing, with mixing typically contributing only a
small part of the total variance. Ensemble dispersion quantifies the net effect of dis-
persion, which is of interest in risk assessment of groundwater contamination (Li,
2007). Effective moments are more representative for the behavior of a single plume
because they do not contain information about the uncertainty of the position of the
center of mass, and are considered a more suitable metric of mixing than ensemble
moments (Cirpka and Kitanidis, 2000; Benson et al., 2019).

The differences between ensemble and effective dispersion are the biggest for
point injections and vanish in the limit of an infinite original plume size. Dentz et al.
(2000) and Fiori and Dagan (2000) derived closed-form expressions for effective dis-
persion of a plume originating from a point injection in uniform-in-the-average ve-
locity fields by linear Eulerian and Lagrangian analyses, respectively. Without local
dispersion, the point-related effective dispersion is zero, and the ensemble disper-
sion can exclusively be related to the uncertainty of tagging the plume that remains
a Dirac pulse at all times. When adding local dispersion, a point plume in a sin-
gle realization experiences only pore-scale dispersion at early times, which slowly
expands the plume so that it starts to be affected by velocity variations within the
plume, leading to an acceleration of effective dispersion. At very late times, effective
dispersion coefficients asymptotically reach the same values as ensemble dispersion
coefficients.

Flow reversal and partial reversibility of dispersion Subjecting a plume to flow
reversal and examining how its dispersion reacts to it is an important concept to in-
vestigate the respective influence of spreading and mixing on dispersion. The under-
lying idea is to exploit the differences in the behavior of spreading and mixing under
reversed flow (cf. Gouze et al., 2008). For illustration, consider a thought experiment,
where the processes act completely independently. A plume is transported forward
until a certain time T, at which the velocity field is instantaneously inverted, and
the plume is then transported backward over the same time span. Then, pure ad-
vective spreading is fully reversible. That is, upon reversal of the flow field, the
plume exactly regains its initial spatial distribution, because the velocity variability
is deterministic, albeit in most cases not known in full resolution. Conversely, pure
mixing, prevalent for example in a set-up where the velocity is perfectly uniform,
is completely irreversible as diffusion is a random process independent of the di-
rection of flow. Upon flow reversal, the plume continues expanding by diffusion.
Because in natural porous media spatially variable advection and diffusive mixing
interact, dispersion is a partially reversible process. The spreading of the plume is
partially reversed but the concentration distribution is more spread out than in the
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initial state after equally long forward and backward motion than in the initial state
(cf. Figure 4.1). Investigating transport under flow reversal is relevant for applica-
tions such as push-pull tests (Istok, 2013), subsurface storage (Zivar et al., 2021), and
understanding tidally influenced aquifers (Pool et al., 2014).

1.3 A Brief Overview of Transport and Mixing Research

The classical description of solute transport with the advection-dispersion equation
1.1 as introduced above relies on assumptions whose validity is challenged. Stud-
ies from the field, Darcy and pore scale show that the use of a volume-averaged
dispersion coefficient fitted from conservative transport experiments with the ADE
overestimates mixing (Molz and Widdowson, 1988; Gramling et al., 2002; de Anna et
al., 2014). In other cases, the ADE fails to represent conservative transport correctly
altogether, because the transport is non-Fickian (e.g., Feehley et al., 2000; Moroni
et al., 2007). This reveals two issues: First, real mixing processes are not represented
properly by the scale-dependent dispersion coefficient, which grows much stronger
with travel distance and time than the impact of diffusion processes (Cherry, 2023).
Second, the ADE approach relies on averaging and homogenization in order to ap-
proximate Gaussian transport which is not reflected in many transport systems (Bol-
ster et al., 2019). By averaging over the pore space, pore-scale effects which can in-
fluence the large-scale behavior are neglected (Berkowitz et al., 2006). At the other
end of the scale, in field-scale transport it is almost impossible to find large enough
volumes and long enough travel times to reach the so called asymptotic transport
regime where dispersion through heterogeneous domains can truly be described
with macrodispersion coefficients (Molz, 2015). Contrarily, heterogeneity is so rele-
vant at all scales that the assumption that dispersion can be described diffusion-like
as a Gaussian process with a constant coefficient rarely holds and the ADE is not
applicable for the many cases of non-Fickian transport (Neuman and Tartakovsky,
2009).

Nevertheless, the ADE has many positive properties like its easy applicabil-
ity and its flexible use in numerical implementations as well as analytical solu-
tions. By using a time-dependent (macro)dispersion coefficient, the criticism of its
scale-dependency is alleviated. Additionally, Jose and Cirpka (2004) argue that for
most field applications initially incomplete pore-scale mixing is of little consequence
because over the considered distances and travel times diffusion becomes strong
enough to homogenize the solute distribution in the pore space.

However, it is beneficial to complement ADE-based approaches with other lines
of research with a more explicit focus on mixing and the ability to represent non-
Fickian transport. In the following, a selection of alternative approaches is pre-
sented.

Dilution Index The dilution index is based on the idea that by diffusion, the
volume of a conservative solute plume can only ever increase. A decrease is im-
possible altogether, and in the limit of complete absence of diffusion the volume re-
mains constant. Kitanidis (1994) introduced the dilution index as a metric of solute
mixing based on the concept of information entropy. Increased dilution of a plume
increases the entropy of the concentration distribution (interpreted as a spatial prob-
ability density function of particle locations), which is reflected in an increase in the
dilution index, calculated as the exponential of the Shannon entropy. The reactor
ratio is the dilution index normalized with an adequate theoretical maximum. In
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the case of a batch reactor, the maximum dilution is achieved by a uniform solute
distribution. In the case of a plume at the field scale in an infinite domain, maxi-
mum dilution corresponds to a Gaussian plume having the same zeroth to second
central moments as the actual plume. The original dilution index was developed for
evaluation of a constant mass. Rolle et al. (2009) developed the flux-related dilution
index which is applicable for cases with a continuous injection and describes how a
solute is distributed across a section normal to the flux, rather than how the solute is
distributed across a given volume. In reactive transport, in contrast to conservative
compounds, the volume occupied by a solute can indeed shrink, when it is trans-
formed or consumed by a reaction. Thus, Chiogna et al. (2012) used the evolution
of the dilution index in reactive transport to distinguish between regimes where dif-
fusive dilution (dilution index increases) or reactive consumption are the dominant
processes (dilution index decreases).

Multirate mass transfer models Coined by Haggerty and Gorelick (1995), Mul-
tirate Mass Transfer (MRMT) models are an upscaling approach for solute transport,
in which not an exact or stochastic spatial representation of the aquifer geometry
and heterogeneity is the goal, but the correct quantification of slow and fast ex-
change rates between a mobile zone and one or multiple immobile zones. All types
of aquifer heterogeneity are represented by introducing the necessary number of
mass-transfer rate coefficients which are coupled to the ADE for transport. The dif-
ficulty with MRMT models is to define or estimate the right number and values of
exchange coefficients (Molz, 2015; Andrés et al., 2025). There exist advanced MRMT
applications to modeling of two-phase flow in highly heterogeneous fracture net-
works (Tecklenburg et al., 2016) and to flow under transient conditions with rate
coefficients as function of the flow velocity (Guo et al., 2020), for example.

Stream-Tube Approach In the advective-dispersive stream-tube approach of
Cirpka and Kitanidis (2000), the longitudinal effective dispersion coefficient related
to a point injection is used to parameterize mixing in effective models of mixing-
controlled reactive transport in heterogeneous systems. The approach is based on
calculating temporal moments of local breakthrough curves to assess mixing, as op-
posed to using averaged breakthrough curves for ensemble dispersion. The idea
is, that the effects on the concentration that dilution and the variability in arrival
time at different positions have, are blended in a volume-averaged BTC, whereas
in a point measurement only the effect of dilution is observed. Along these lines,
Vanderborght and Vereecken (2002) developed perturbation-theory expressions for
effective and ensemble dispersivities and Jose et al. (2004) performed large-scale
sandbox tracer experiments with point measurements, allowing for calculation of
ensemble and effective dispersion coefficients. In a similar fashion, by following the
evolution of point sources in space rather than observing solute arrival at one point,
Cirpka (2002), Perez et al. (2019) and Perez et al. (2020) quantify reactive mixing
by means of effective dispersion coefficients in flow at the Darcy scale, in a single
channel and at the pore-scale, respectively.

Continuous Time Random Walk Rather than averaging over heterogeneities
of some scales, continuous time random walk models (CTRW) aim to include the
impact of heterogeneity at all scales in the transport description. CTRW are a prob-
abilistic approach which conceptualize solute transport as random particle transi-
tions in space and time, which are drawn from a probability distribution (Berkowitz
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et al., 2006). By choosing the right shape of the probability distribution, CTRW can
be applied at all scales (Rhodes et al., 2008; Raveh-Rubin et al., 2015; Gouze et al.,
2023) as well as under transient (Engdahl and Aquino, 2022; Elhanati et al., 2023)
and non-equilibrium conditions (Li and Ren, 2009). To obtain a predictive quality
for solute transport, it is important to relate the distribution of transition times to
the geostatistical properties of the medium (Akomolafe et al., 2024). This gives way
to correlated CTRW which include memory of travel times reflecting velocity corre-
lations inherent to heterogeneous porous media (Montero and Masoliver, 2007; Le
Borgne et al., 2011). One type of correlated CTRW are Spatial Markov Models (SMM)
(Le Borgne et al., 2008b; Le Borgne et al., 2008a). The key idea is that the spatial tran-
sitions of CTRW are deterministic, from one observation plane to the next, whereas
the transition times are stochastic. They are derived from velocity statistics that are
correlated from one transition to the next. As only correlation to the last transition
is considered, the scheme is a first-order Markov process. (Sherman et al., 2021).
Time-domain random walk (e.g., Cvetkovic et al., 2014) also considers sequences
of travel times over fixed spatial transitions, albeit in most applications neglecting
correlations between consecutive random jumps.

Lamellar Mixing Model Lamellar mixing models describe solute transport and
mixing by looking at the stretching and folding of individual tracer filaments in
2-D or tracer sheets in 3-D. They have been developed for transport on both the
Darcy and the pore scale and they are able to capture the full development from
pre-asymptotic to asymptotic regimes for any heterogeneity and diffusion strength
(Le Borgne et al., 2013; Le Borgne et al., 2015; Lester et al., 2016). Initially, individual
lamellae are stretched in the mean direction of flow. As dictated by mass conser-
vation, stretching demands compression in the direction normal to the mean flow.
This steepens concentration gradients and thus enhances diffusive mixing. At later
stages, when diffusion becomes more powerful than compression, individual lamel-
lae coalesce and build aggregates. The lamellar mixing model has been successfully
applied to reactive transport applications (e.g., Bandopadhyay et al., 2017; Yoon et
al., 2021).

1.4 Research Objectives

As is obvious from the abundance of concepts and approaches presented above
(which nota bene represent only a selection), quantifying dispersion and mixing is
a diverse and engaging area of research. The ultimate aspiration would be to find
a unified theory for both large-scale transport and spreading and local-scale mix-
ing. In the mean time, it is worthwhile to pursue many different paths and advance
the knowledge in increments. In general, there is an increasing complexity in quan-
tifying and understanding ensemble dispersion over effective dispersion to actual
mixing. I will follow this order of complexity in how I approach the topic with my
research avenues about transport in heterogeneous porous media.

Figure 1.1 depicts the most important processes and concepts covered in this the-
sis. It shows how a solute plume in the subsurface undergoing transport is reshaped
by advective spreading while it is simultaneously diluted by diffusive mixing act-
ing over its enlarged surface area. The distinction between ensemble and effective
dispersion is illustrated by the different plume widths they represent. Ensemble dis-
persion covers the maximum extent of the plume, from its rearmost to its foremost



8 Chapter 1. General Introduction

point, including the spread resulting primarily from velocity contrasts. Effective dis-
persion covers the local extent of the plume, measuring its width locally along the
direction of flow. In the figure, effective dispersion is indicated only at one position.
In fact, it would have to be given by the average local width over the full height of
the plume.

FIGURE 1.1: Concept figure illustrating advective spreading and dif-
fusive mixing, as well as ensemble and effective dispersion. Blue ar-
rows signify groundwater flowing at different velocities, the initial
plume and the solute plume deformed by dispersion are depicted in

red.

The overarching research questions of this thesis are the following:

• How does diffusion strength influence breakthrough curves, ensemble and ef-
fective moments and the degree of reversibility of dispersion?

• Are effective moments under flow reversal an adequate measure of mixing?

• How can flow reversal contribute to understanding the interplay between mix-
ing and spreading?

To investigate these questions, I apply and advance two different methods. Study
A examines the effect of diffusion strength and field heterogeneity on breakthrough
curves in unidirectional flow by means of temporal moments of ensemble concen-
trations. To do so, a Spatial Markov Model with a velocity transition probability
distribution inferred from properties of the porous medium is developed which al-
lows for loss of correlation by diffusive exchange. Study B investigates the influence
of flow reversal on the reversibility of dispersion under different conditions and
evaluates how much information about mixing can be extracted from spatial ensem-
ble and effective moments. Linear small-perturbation theory is applied to look into
these topics. For both studies, I adapt numerical schemes to my requirements in
order to use them as a synthetic reality and compare the results of the theoretical
approaches to them.
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1.5 Outline

Following the general introduction to the topic, its motivation and the research ob-
jectives presented in this chapter, the general theory and methods are provided in
Chapter 2, which includes the governing equations for flow and transport and the
numerical methods used to create the synthetic fields and simulate transport. Chap-
ters 3 and 4 treat Study A and Study B, applying methods of Spatial Markov Models
and linear stochastic theory, respectively. Finally, Chapter 5 summarizes and com-
pounds the major findings of each study and opens possible further research direc-
tions adding on to the work of this thesis.
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Chapter 2

Theory & Methods

In the following, the general theory and methods applicable to both Study A and
Study B are introduced.

2.1 Governing Equations for Flow and Transport

3-D transient groundwater flow is described by the groundwater flow equation
(Bear, 1972):

S0
∂h

∂t
−∇ · (K∇h) = W0, (2.1)

subject to initial and boundary conditions. Here h (x, t) [L] is the hydraulic-head
field depending on the spatial coordinates x [L] and time t [T], K (x) [LT−1]denotes
the hydraulic conductivity, S0 [L−1] is the specific storage, and W0 [T−1] is an internal
volumetric source/sink term. In the following, we assume incompressibility and
neglect internal volumetric sources and the storage properties of an aquifer, resulting
in steady-state flow:

∇ · (K∇h) = 0. (2.2)

Under these conditions, groundwater flow through the medium can be described
by Darcy’s law:

q (x) = −K (x)∇h(x), (2.3)

in which q (x) is the specific discharge vector [LT−1] which is related to the velocity
vector v via the effective porosity θ, assumed spatially uniform, by:

v (x) =
q (x)

θ
. (2.4)

Solute transport can be expressed with the advection-diffusion/dispersion equa-
tion (Bear, 1972):

∂c

∂t
+ v · ∇c − D∇2c = 0, (2.5)

in which c denotes concentration [ML−3], and D denotes the diffusion-dispersion
tensor [L2T−1]. In the present applications, D is simplified to be spatially uniform
and isotropic, rendering it a scalar coefficient D.

We consider three-dimensional heterogeneous log-normally distributed
hydraulic-conductivity fields, which are characterized by the geometric mean
Kg, the variance σ2

Y of the log-hydraulic conductivity ln K (x) and an exponential
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correlation structure with integral scale IY. The corresponding stationary covariance
function C (d) reads as:

C (d) = σ2
Y exp

(∥d∥2

IY

)

, (2.6)

with the distance vector of coordinates d [L] and its length ∥d∥2 [L]. For exponential
covariance functions, the integral scale IY and the correlation length λ are identical
and can be used interchangeably.

The relative strength of advective and diffusive-dispersive transport processes
are measured by the dimensionless Péclet number Pe, which gives the ratio between
characteristic diffusion-dispersion and advection times, τD and τa respectively, over
a characteristic length scale l (Fetter et al., 2017):

Pe =
τD

τa
=

lv

D
. (2.7)

The characteristic length scale l has to be chosen appropriately for the consid-
ered system and the problem at hand (Huysmans and Dassargues, 2005). For the
present applications, it is convenient to define Pe over a correlation length of the
heterogeneous medium.

2.2 Numerical Simulations of Flow and Transport

The general procedure for the numerical simulations follows the approach of
Hansen et al. (2018) and consists of creating Monte-Carlo simulations of random
log-conductivity fields, calculating the corresponding head and velocity fields, and
performing particle-tracking random-walk on the velocity fields. From the resulting
distributions of particle displacements and arrival times, spatial and temporal
moments are calculated.

To minimize boundary effects, the numerical simulations are performed for infi-
nite periodic domains with periodic log-conductivity fields and flow subject to peri-
odic boundary conditions with a trend in the hydraulic head as described by Hansen
et al. (2018):

K (x + nLiei) = K (x) ∀n ∈ Z, i ∈ {1, 2, 3}, (2.8)

h (x + Liei) = h (x)− JiLi, i ∈ {1, 2, 3}, (2.9)

in which L1, L2, and L3 [L] are the dimensions of the unit cell. The hydraulic gradient
J = [J1, J2, J3]

T [−] is chosen such that the mean velocity is strictly oriented into
direction x1. Because the hydraulic-head and conductivity fields are periodic, the
velocity fields are also periodic:

v (x + nLiei) = v (x) ∀n ∈ Z, i ∈ {1, 2, 3}. (2.10)

For the covariance function C (d) of log-hydraulic conductivity, we choose the
exponential model, adapted for periodicity:

C (d) = σ2
Y exp



-

√

(

min (d1, L1-d1)

λh

)2

+
(

min (d2, L2-d2)

λh

)2

+
(

min (d3, L3-d3)

λv

)2


 ,

(2.11)
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in which λh and λv are the correlation lengths in horizontal and vertical direction,
respectively. Because we analyze all properties in dimensionless terms, λh is chosen
as unity and all velocities are normalized by the mean velocity before simulating
solute transport, which means that arbitrary values can be assigned to the geometric
mean of the hydraulic conductivity Kg and to the effective porosity θ.

For the particle-tracking random-walk simulations, the semi-analytical method
of Pollock (1988), which effectuates particle transport along streamlines, is paral-
lelized on the graphics processing units (GPU) (see Hansen et al., 2018).

In its standard configuration, the periodic unit cell has an isotropic covariance
function and is discretized into 400 × 200 × 200 cells of a uniform spatial resolution
of ∆d = 0.1λh, yielding dimensions of L1 = 40λh, and L2 = L3 = 20λh.
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Chapter 3

Spatial Markov Model of
Advective-Diffusive Transport in
Heterogeneous Domains

3.1 Introduction

A typical question in applied hydrogeology is: When does a compound introduced
into the subsurface reach a receiver of interest? Also, groundwater age has been as-
sociated to the chemical status and is thus used as proxy for water quality (Sprenger
et al., 2019). Therefore, investigating breakthrough curves in observation planes and
their temporal moments is an approach relevant to application.

As stated before, solute transport is strongly influenced by the heterogeneity of
the subsurface. A direct way to assess the effects of heterogeneity in a stochastic
manner is given by numerical Monte-Carlo simulations. As examples for BTC ap-
plications, Gotovac et al. (2009) evaluated purely advective travel-time statistics in
a Lagrangian framework performing two-dimensional Monte-Carlo simulations of
transport in highly heterogeneous synthetic fields of isotropic multi-Gaussian cor-
relation structure, Srzic et al. (2013) performed numerical transport simulations in
highly heterogeneous fields with distinct connectivity structures to calculate con-
centration moments and uncertainty at different distances under both diffusion- and
advection-dominated transport conditions, and Hansen et al. (2018) derived an em-
pirical relationship between temporal moments and the geostatistical properties of
heterogeneous porous media by performing a regression on results of Monte-Carlo
transport simulations in isotropic multi-Gaussian fields.

An alternative stochastic approach is to apply small-perturbation theory.
Shapiro and Cvetkovic (1988) applied small-perturbation theory to derive first and
second central moments of travel times registered at observation planes for purely
advective transport. Vanderborght and Vereecken (2002) expanded the theory
to advective-diffusive transport by modeling local and flux-averaged dispersion
from BTC measured in a natural-gradient tracer test in a fluvial aquifer. As a
final example, Fernàndez-Garcia et al. (2005) found that temporal moments of
breakthrough curves in a three-dimensional heterogeneous, anisotropic sandbox
experiment were in good agreement with predictions by linear stochastic theory.

Continuous Time Random Walk models are an efficient and versatile alterna-
tive to the approaches mentioned above because (i) other than small-perturbation
based approaches they are not limited to small variances of log-velocity, (ii) they
require little knowledge about the medium geometry and are thus computationally
efficient, and (iii) they do not assume that the effective transport equation resembles
advective-diffusive transport, which enables them to capture anomalous transport
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(Berkowitz et al., 2006; Sherman et al., 2021). CTRW approaches allow modeling
non-Fickian transport in a variety of environments, including fractured rock (Met-
tier et al., 2006; Kang et al., 2011; Hyman and Dentz, 2021), karst aquifers (Goeppert
et al., 2020), and porous media at the continuum (Le Borgne et al., 2008b; Fiori et al.,
2015; Comolli et al., 2019), and pore scale (Morales et al., 2017; Dentz et al., 2018b;
Puyguiraud et al., 2019). In the following, we focus on Spatial Markov Models,
which can be seen as a CTRW with spatially correlated particle velocities or particle
transit times.

When Le Borgne et al. (2008b) and Le Borgne et al. (2008a) introduced the concept
of SMM, they used numerical transition matrices of particle velocities created from
two-dimensional particle-tracking random-walk (PTRW) calculations and demon-
strated that the simple first-order Markov model can predict mean transport proper-
ties. Some of the many SMM applications include pore-scale modeling of transport
in a sandstone (Kang et al., 2014) and modeling the BTC of laboratory column tests
(Sherman et al., 2018) and pumping tests in fractured aquifers (Kang et al., 2015),
demonstrating the method’s versatility.

Dentz et al. (2016) and Morales et al. (2017) provided analytical frameworks to
model transitions of particle velocities. Based on the fact that the Lagrangian veloc-
ity distribution is identical to the flux-weighted Eulerian velocity distribution, Dentz
et al. (2016) parameterized transport in the SMM framework making use of proper-
ties of the Eulerian velocity field only. Morales et al. (2017) reproduced experimental
data showing intermittent and non-Fickian behavior based on bivariate log-normal
distributions of consecutive particle velocities. These two analytical SMM have been
applied for upscaling of purely advective anomalous transport in highly heteroge-
neous porous media (Comolli et al., 2019; Puyguiraud et al., 2019) and in fracture
networks (Hyman and Dentz, 2021). Cirpka et al. (2022) developed a purely ad-
vective SMM based on velocity and slowness statistics derived from statistics of the
hydraulic conductivity field, assuming that the distributions of all named properties
are log-normal. These authors derived analytical expressions for ensemble disper-
sion based on travel-time statistics.

The approaches listed above neglect diffusion and local dispersion. In a review
of SMM, Sherman et al. (2021) also identified a lack of mixing applications. Existing
SMM for transport with finite finite Péclet number are based on transition matrices
determined by numerical transport simulations (e.g., Le Borgne et al., 2011; Bolster
et al., 2014; Sund et al., 2017b; Sherman et al., 2018) and most existing work with an
explicit focus on mixing is based on velocity distributions from small-scale simula-
tions with no process-based implementation of diffusion (Sund et al., 2017a; Wright
et al., 2019; Wright et al., 2021). An exception is the study by Aquino and Le Borgne
(2021) who developed an analytical mechanistic model incorporating advection as
velocity transitions in longitudinal direction and diffusion in transverse direction
based on a velocity-dependent shear rate. However, the latter authors did not apply
their model to realistic heterogeneous velocity fields.

In summary, analytically derived SMM have so far been limited to purely advec-
tive transport, and SMM for finite Péclet numbers have taken the transition matrices
for travel-time increments from numerical simulations of multi-dimensional flow-
and-transport simulations. The objective of this study is thus to develop a process-
based diffusion implementation in SMM and limit the use of empirical data for finite
Péclet transport within the framework. However, this study is restricted to the BTC
and their moments of the ensemble concentration, which may be interpreted as the
BTC averaged over a very wide observation plane for injection also over a very wide
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plane. These breakthrough curves are affected by diffusion (studied here), but do not
address solute mixing relevant for chemical reactions.

In the following sections, we establish the governing equations for flow and
transport and describe our PTRW simulations which we perform to validate our
proposed SMM. We then introduce a purely advective SMM which we base on the
work of Comolli et al. (2019) and Cirpka et al. (2022). Next, to account for diffusion,
we introduce the option for particles to leave their current advective trajectory by
transverse diffusion. The proposed diffusion algorithm is based on comparing the
advection time over a spatial increment to the diffusion time over a characteristic
radius for each particle and velocity transition. If the advection time is shorter than
the diffusion time, the particle remains on its current advective trajectory and the
next velocity is drawn from the distribution conditioned on the preceding velocity.
If the advection time is longer than the diffusion time, the particle diffuses onto a
different trajectory and the next velocity is drawn from the marginal distribution.
Finally, we show that our results are in good agreement with numerical simulations
of ensemble dispersion in second-order heterogeneous log-conductivity fields with
stationary, isotropic exponential correlation structure.

3.2 Flow and Transport in Three-Dimensional Heteroge-

neous Porous Media

3.2.1 Governing Equations

Flow and transport through three-dimensional heterogeneous log-normally dis-
tributed hydraulic-conductivity fields K (x) of an exponential correlation structure
are described as given in Section 2.1.

In the SMM framework, it is convenient to use the Langevin equation as a
particle-oriented equivalent to the ADE (equation 2.5) (Risken, 1996):

dx (t)

dt
= v (x (t)) +

√
2Dξ (t) , (3.1)

where ξ (t) is Gaussian white noise with zero mean and a covariance of
⟨ξ (t) ξ (t′)⟩ = δ (t − t′). The angular brackets denote the average over all
noise realizations.

Here, we define the Péclet number (equation 2.7) as:

Pe =
IYv1

D
, (3.2)

where the overline denotes averaging.

3.2.2 Ground-Truth Numerical Simulations in 3-D

We perform PTRW simulations in a periodic three-dimensional heterogeneous
porous medium to test the validity of the advective-diffusive SMM introduced in
Section 3.3. The periodic unit cell as described in Section 2.2 is calculated based
on an isotropic exponential covariance function. 4 × 106 particles are injected
across evenly spaced injection planes across the domain in 50 realizations of the
conductivity fields for each value of σ2

Y considered in combination with each value
of Pe.

After each advection step, random walk is implemented by displacing the par-
ticle in the x2- and x3-directions of the coordinate system by a random increment
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drawn from a normal distribution with zero mean and variance of 2D∆t with ∆t the
advective travel time. To minimize the number of particles crossing the same ob-
servation plane several times and to ensure particle arrival at the exact position of
the observation planes, diffusion in the x1-direction of mean flow is disabled. Since
the effect of said diffusion on longitudinal macrodispersion has been shown to be
negligible (Fiori, 1996), we choose this approximation over techniques relying on
interpolation. We limit ∆t to a maximum value of ∆d2

4D in order to prevent diffusive
displacements that are larger than the spatial discretization ∆d for the solution of the
flow equation.

We record the distribution of breakthrough times at control planes perpendicular
to the mean flow direction. Breakthrough times are defined as the times of first ar-
rivals of particles at the control planes. Since the particles are injected at different in-
jection planes, we consider the difference between the injection and the observation
plane rather than actual longitudinal coordinates for the statistical evaluation. The
PTRW simulations are performed with a uniform injection (i.e. volume-weighted).
A flux-weighted injection condition is simulated by weighting the particle break-
through times at control planes by the initial particle velocities.

All simulations are performed for variances of log-hydraulic conductivity rang-
ing between 0.1 and 5, and for Péclet number Pe of 10, 30, 100, 1000, and in the limit
Pe → ∞. Transport is quantified by the mean µτ and variance σ2

τ of arrival times as
well as the BTC at observation planes at different travel distances.

3.2.3 Temporal Moments

Temporal moments characterize a distribution of arrival times τ at given observation
points. The nth raw temporal moment of concentration µn [ML−3Tn] at a given
location is defined as (e.g., Harvey and Gorelick, 1995):

µn (c (x, τ)) =

∞
∫

0

τnc (x, τ) dτ. (3.3)

The zeroth temporal moment µ0 (c (x, τ)) indicates the mass recovered at the
observation point.

The nth central temporal moment of concentration µc
n [ML−3Tn] is defined as:

µc
n (c (x, τ)) =

∞
∫

0

(τ − τ (x))n c (x, τ) dτ, (3.4)

in which τ = µ1 (c (x, τ)) /µ0 (c (x, τ)) = µτ is the mean breakthrough time and
the second central temporal moment µc

2 = σ2
τ denotes the variance of arrival times,

which corresponds to ensemble dispersion.
Numerically, including flux-weighting by the initial particle velocity, the tempo-

ral first and second central ensemble moments are expressed as follows:

µτ (⟨c (x, τ)⟩) = 1
np

Σ
np

i=1wi (τi (x1)− τi (0)) , (3.5)

σ2
τ (⟨c (x, τ)⟩) = 1

np−1 Σ
np

i=1wi (τi (x1)− τi (0)− µτ (x1))
2 , (3.6)

where np is the number of injected particles and wi = v1,i(t = 0)/Σ
np

i=1v1, i(t = 0) is
the weight given to each particle.
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3.3 Spatial Markov Model

3.3.1 Advective Transport

In a Spatial Markov Model, the movement of a particle is conceptualized along ad-
vective trajectories, which are discretized into spatial increments between observa-
tion planes of a fixed spacing ∆x in the mean direction of flow. A random velocity u,
and thus a transition time ∆x/u, is assigned to each spatial increment, leading to the
following equations for updating the particle position and travel time (Le Borgne
et al., 2008b):

xi+1 = xi + ∆x, (3.7)

τi+1 = τi +
∆x

uxi

. (3.8)

The series of particle velocities {ux} is modeled as a stationary first-order
Markov process, that is, the velocity ux can be attained by the knowledge of only
a single previous velocity u(x′) at x′ < x. The distribution of the velocity u(x)
conditional to the velocity u(x′) = u′ is given by p (u, x|u′, x′) ≡ p(u, x − x′|u′).
Note that the conditional distribution depends only on the increment x − x′ due
to the stationarity assumption. For the conditional distribution p(u, x|u′) the
Chapman-Kolmogorov equation holds (Pavliotis, 2014):

p
(

u, x − x′|u′) =

∞
∫

0

p
(

u, x − x′′|x′′
)

p
(

u′′, x′′ − x′|u′)du′′, (3.9)

with x′ ≤ x′′ ≤ x. The evolution of the one-point velocity distribution p(u, x) from
the initial velocity distribution p(u, x = 0) ≡ p0(u) is given by:

p(u, x) =

∞
∫

0

p
(

u, x|u′) p0
(

u′)du′. (3.10)

We denote the stationary velocity distribution by ps(u). For p0(x) = ps(u), the ve-
locity distribution p(u, x) = ps(u) remains unchanged. This initial condition holds
for an injection into the flux (Demmy et al., 1999; Dentz et al., 2016). In contrast,
for a volume-weighted injection, the initial velocity distribution deviates from the
stationary distribution and over time the velocity distribution evolves toward it as
described by equation 3.10. With these relationships, the sampling of consecutive
particle velocities along an advective trajectory in the spatial Markov process is fully
defined. The first velocity is drawn from the initial distribution p0(u) and from the
conditional distribution p(u, x|u′) in all subsequent steps.

Velocity Distributions

In the following, we derive the stationary velocity distribution ps (u) based on the
Eulerian velocity distribution pe (u). They could also be called flux-weighted and
volume-weighted velocity distributions, respectively. We consider a flux-weighted
injection of particles into a three-dimensional heterogeneous porous medium with
a log-normally distributed K field defined by its uniform geometric mean KG, uni-
form variance σ2

Y, integral scale IY, and functional form of the stationary correlation
structure of log-conductivity. Rather than following true particle paths, we use the
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path projection onto the x1-coordinate which is identical to the direction of mean
flow. In this framework, the calculated trajectories are shorter than the true paths
by a factor of the advective tortuosity χ (Koponen et al., 1996; Puyguiraud et al.,
2019), which we treat as a scalar. Thus, we transform the full velocity vector into the
tortuosity-corrected velocity in x1-direction which we denote u:

u (x) =
∥v (x)∥

χ
. (3.11)

By that, negative velocities are avoided and the line perspective of the SMM
is accounted for. Scaling with the mean tortuosity-corrected Eulerian velocity µu

and the integral scale of the hydraulic conductivity field leads to the dimensionless
velocity, spatial coordinate and time, u∗, x∗ and t∗, respectively:

u∗ =
u

µu
, x∗ =

x

IY
, t∗ =t

µu

IY
. (3.12)

In the following, all asterisks are dropped for brevity.
For moderately heterogeneous media with σ2

Y ≲ 1, the Eulerian velocity distri-
bution can be approximated by a log-normal distribution (Fiori et al., 2006; Comolli
et al., 2019):

pe (u) =
1

u
√

2πσ2
ln u

exp

[

− (ln u − µln u)
2

2σ2
ln u

]

, (3.13)

where µln u and σ2
ln u are the mean and variance of the log-velocity ln u.

According to linear stochastic theory, the variance σ2
ln u and integral scale Iln u of

the Eulerian log-velocity can be related to σ2
Y and IY as (Dagan, 1989; Gelhar, 1993):

σ2
ln u =

8
15

σ2
Y, Iln u =

15
8

IY. (3.14)

Using the general relationship between statistical properties of a pair of corre-
sponding normal and log-normal distributions (e.g., Zerovnik et al., 2013), the mean
log-velocity µln u is given in terms of the average flow velocity as:

µln u = ln(µu)−
σ2

ln u

2
= −σ2

ln u

2
, (3.15)

where µu = 1 has been used, which results from the normalization applied in equa-
tion 3.12.

The stationary velocity distribution ps(u) is given in terms of the distribution
pe(u) of Eulerian flow velocities as (Dentz et al., 2016):

ps(u) =
upe(u)

µu
. (3.16)

Combining equations 3.13 and 3.16 leads to the stationary velocity distribution ps(u)
which is also log-normally distributed and given by:

ps(u) =
1

u
√

2πσ2
ln u

exp

[

−
(

ln u − µln u − σ2
ln u

)2

2σ2
ln u

]

, (3.17)

in which u = exp(ln u) and µu = exp
(

µln u +
σ2

ln u
2

)

have been used.
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By inserting equation 3.15 into equation 3.17 it can be simplified to:

ps(u) =
1

u
√

2πσ2
ln u

exp

[

− (ln u + µln u)
2

2σ2
ln u

]

. (3.18)

Thus, for moderately heterogeneous media the velocity distribution ps(u) can be
fully parameterized in terms of the statistics of the hydraulic conductivity field and
the Eulerian mean flow velocity. For stronger heterogeneity with σ2

Y > 1, however,
pe(u) deviates from a log-normal distribution. Drawing from the Eulerian and the
stationary velocity distributions corresponds to drawing from a volume- and a flux-
weighted velocity distribution, respectively.

Velocity Transitions

We base particle velocity transitions on an Ornstein-Uhlenbeck process, closely re-
lated to the outdrw model described in Comolli et al. (2019). The initial velocity for
each particle is drawn from the marginal flux-weighted velocity distribution (equa-
tion 3.18). Since Ornstein-Uhlenbeck processes are Gaussian (e.g., Pavliotis, 2014),
the velocities need to be transformed into their normal scores w:

w (x) = Φ−1 {Ps [u (x)]} , (3.19)

where Φ (w) is the cdf of the normal distribution and Ps (u) is the velocity cdf. For
advective transport with injection into the flux, Ps (u) corresponds to the integral
of ps (u) (equation 3.17) from 0 to u. Then, the correlated evolution of the velocity
normal score transforms w(x) is modeled as an Ornstein-Uhlenbeck process using
the Langevin equation (Van Kampen, 2007):

dw (x)

dx
= −w (x)

Iln u
+

√

2
Iln u

ξ (x) , (3.20)

where ξ(s) denotes a zero mean Gaussian white noise. Equation 3.20 is discretized
as

w(x + ∆x) = w(x)− w(x)∆x

Iln u
+

√

2∆x

Iln u
ζ(x), (3.21)

where ζ(x) is a standard normal random variable. The updated normal scores are
backtransformed into velocities by:

u (x + ∆x) = P−1
s {Φ [w (x + ∆x)]} . (3.22)

Finally, the particle position and travel time are updated according to equations 3.7
and 3.8.

3.3.2 Advective-Diffusive Transport

For purely advective particle motion, velocities change as particles move along
streamlines as described by the SMM presented in the previous section. Advective
velocity changes occur on the characteristic length scale Iln u. In the presence of dif-
fusion, particle velocities can change also due to diffusive jumps across streamlines,
which occur on a characteristic diffusion time scale τD. These two processes are in
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competition, and during a transition, velocity changes are triggered by the process
that acts fastest.

Transition Times

We consider particle transitions over the distance ∆x between two observation
planes according to equation 3.7. The advective time increment for a velocity
transition to occur is:

τa =
∆x

u(x)
. (3.23)

The diffusive time increment τD for a velocity transition to occur is set equal to
the escape time of a particle from a disk with radius R that is of the order of the
transverse integral scale of the medium. Such an event resets the particle velocity.
The solution of the escape problem is detailed in Appendix A. There, we show that
the escape time distribution ψ(t) can be represented by the exponential distribution:

ψ(t) =
exp(−t/τm)

τm
, τm =

R2

8D
, (3.24)

where τm is the mean escape time. The sampling of the steady flow field by diffusion
is equivalent to volumetric sampling.

Velocity Transitions

The SMM for advective-diffusive transport can now be written as

xi+1 = xi + ∆x (3.25)

t(x + ∆x) = t(x) + min[τa(x), τD]. (3.26)

For an advective transition, that is, for τa(x) < τD, the next particle velocity is sam-
pled from p(u, ∆x|u′). For a diffusive transition, that is, for τD < τa(x) it is sam-
pled from the Eulerian velocity distribution pe(u). The reason for sampling from
pe(u) is that by diffusion particles tend to uniformly cover space, which is equiva-
lent to the volumetric sampling of flow velocities. This implies that after each dif-
fusive transition, the Markov process, which models advective transitions, is reset
and correlations to the previous velocities are lost. This means that the distribution
pD(u, ∆x|u′, τ′) of particles velocities u(x + ∆x) conditional to the particle velocity
u(x) = u′ and diffusion time τD = τ′ at the previous step is given by:

pD(u, ∆x|u′, τ′) =

{

p(u, ∆x|u′) if u′
>

∆x
τ′

pe(u) if u′
<

∆x
τ′

(3.27)

The presented algorithm is a simplification of the actual transport processes. In
reality, particles gradually deviate from their advective trajectory by transverse dif-
fusion, and the velocity experienced by the particles is decreasingly correlated with
the velocity on the purely advective trajectory with increasing lateral distance. In
fact, the covariance function of longitudinal velocities normal to the mean direction
of flow is known to be of hole-type (Rubin, 1990). Considering this behavior would
require keeping track of the lateral particle position and motion and using different
transition probabilities of the longitudinal velocity for different lateral positions. In-
stead we consider a binary process. If transverse diffusion leads to a lateral distance
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smaller than a given escape radius R, we consider exactly the same advective ve-
locity that the particle would experience if it had stayed on the advective trajectory.
This is what we denote the advective velocity transition. It corresponds to assum-
ing perfect lateral velocity correlation for distances smaller than R. By contrast, if
the transverse diffusion leads to a lateral distance larger than the given radius, the
velocity in the next step does not correlate to the previous one at all. In the current
application, where we target ensemble dispersion, these approximations are of in-
significant effect. However, for an explicit focus on effective dispersion of plumes
originating from point sources, these local processes need to be considered. Effec-
tive dispersion has been associated with effective diffusive mixing in heterogeneous
media (Cirpka, 2002; Perez et al., 2020). Hence, we cannot make statements about
mixing with the current approach.

3.3.3 Setup and Parameterization of the Spatial Markov Model

For the stochastic models, 106 trajectories are created for each combination of Pe and
σ2

Y. The particles are injected into the flux and follow a spatial step size of ∆x =
10−2 Iln u.

The characteristic tube radius R
(

σ2
Y

)

as used for the calculation of the mean first-
passage time in equation 3.24 depends on σ2

Y by the following empirical relationship:

R
(

σ2
Y

)

= (2.164 − 0.048σ2
Y)IY. (3.28)

R decreases with increasing heterogeneity of the porous medium, which is in
line with transport being increasingly concentrated along fewer preferential flow
paths with increasing σ2

Y (Zehe et al., 2021). Increasing σ2
Y and thus decreasing the

tube radius increases the probability for diffusive exchange, which reflects the well-
known fact that mixing is enhanced by heterogeneity (Urroz et al., 1995; Weeks and
Sposito, 1998).

We present two variants of the SMM: One based on the theoretical log-normal
velocity distributions given in Section 3.3.1 and one based on empirical statistical
velocity distributions, attained from averaging over the numerical Monte-Carlo sim-
ulations as described in Sections 2.2 & 3.2.2. The variants will be distinguished as
theoretical SMM and empirical SMM.

The tortuosity used in equation 3.11 is computed as (Koponen et al., 1996):

χ =
∥v (x)∥
v1 (x)

(3.29)

and has the same values as given by Cirpka et al. (2022) who found the following
empirical relationship:

χ = 1 + 0.059 × σ2
lnK. (3.30)

3.4 Results & Discussion

3.4.1 Velocity Distributions

Figure 3.1 shows statistical distributions of tortuosity-corrected Eulerian velocity in
the mean transport direction. Solid lines denote the average over the numerical ve-
locity fields. Dashed lines are calculated from the theoretical marginal log-normal
velocity distribution analogous to equations 3.13 & 3.18. With increasing variance
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of hydraulic conductivity, the empirical distributions progressively deviate from
the prescribed log-normal distributions towards higher velocities. Previous studies
(Bellin et al., 1992; Le Borgne et al., 2007; Gotovac et al., 2009) share this observation,
which is important for the evaluation of the proposed transport model.

FIGURE 3.1: Double logarithmic plot of tortuosity-corrected Eule-
rian velocity distributions. Golden: volume-weighted distributions,
blue: flux-weighted distributions, solid line: empirical distributions,

dashed lines: theoretical, log-normal distributions.

3.4.2 Mean Arrival Times

Figure 3.2 shows the mean arrival times µτ at observation planes for the PTRW simu-
lations and the stochastic model. There is a perfect agreement between the empirical
and stochastic data for all hydraulic conductivity variances and Péclet numbers. As
predicted for injection into the flux, the mean arrival time equals the travel distance
divided by the mean Eulerian velocity (Demmy et al., 1999). Since the mean velocity
is not affected by diffusion strength, all considered Péclet variants collapse onto one
line.

3.4.3 Variances of Arrival Times

Figure 3.3 shows the variance of arrival times σ2
τ at different observation planes

for the numerical and stochastic model. Increasing the heterogeneity of log-
conductivity increases the variance of arrival times, as to be expected from theory
predicting direct proportionality between the two metrics (e.g., Shapiro and
Cvetkovic, 1988). The variance of arrival times decreases with increasing diffusion
strength because in heterogeneous media transverse diffusion leads to a more
efficient sampling of the velocity variability and thus limits the time during which a
particle remains in an extreme part of the velocity spectrum (Andričević, 1998).
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FIGURE 3.2: Mean arrival times for different hydraulic conductivity
variances and Péclet numbers resulting from the PTRW simulations

and the two variants of the stochastic model.

The agreement between the direct numerical simulations and the SMM is gen-
erally good, although it decreases slightly with increasing σ2

Y. The theoretical SMM
shows a systematic deviation towards slightly increased variances. The deviation
increases with decreasing diffusion strength. Thus, fine-tuning the escape radius R
to the theoretical SMM does not decrease the misfit because the SMM is most sensi-
tive to R when diffusion is strongest, that is, in the low-Péclet cases where the fit is
good as it is.

3.4.4 Breakthrough Curves

Figure 3.4 shows the BTC for purely advective transport at travel distances of 10
and 20 correlation lengths, comparing the PTRW and SMM models. Stronger het-
erogeneity leads to enhanced tailing and faster first arrival. This is visible in the
peak arriving increasingly earlier than the expected mean arrival time, denoted by
the colored vertical lines in the insets in figure 3.4. There is a good agreement be-
tween the PTRW results and the empirical SMM for all values of σ2

Y. The theoretical
SMM shows significant deviations from the PTRW results at early times, especially
for large variances of log-conductivity. The breakthrough is too early in compari-
son to the PTRW results, which we attribute to the theoretical velocity distributions
being shifted towards higher velocities in comparison to the empirical distributions
(cf. figure 3.1).

Figures 3.5 & 3.6 show the BTC for infinite- and finite Péclet numbers of 10 and
100 computed by PTRW and the theoretical and empirical SMM, respectively. Like
in the purely advective case, the theoretical model deviates from the PTRW results
at early times. For the sake of clarity, we do not show the BTC for Pe = 30 and
Pe = 1000. They follow the same behavior as discussed below. Figures 3.5 & 3.6
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FIGURE 3.3: Variance of arrival times for different hydraulic conduc-
tivity variances and Péclet numbers for the PTRW simulations as well

as the variants of the stochastic model.

allow us to discuss the effect of diffusion strength on particle breakthrough. As
explained above, diffusion limits the effect of extreme velocities on the particle dis-
tribution. Therefore, stronger diffusion delays peak arrival (because particles are
less influenced by the fastest velocity zones) and weakens tailing (because particles
are less influenced by the slowest velocity zones), consistent with the observations
of Fiori et al. (2011). Moreover, as measured by the decreasing variance of arrival
times, the BTC becomes narrower with increasing diffusion strength. It is impor-
tant to note that this behavior is specific to heterogeneous media and opposite to
the behavior in homogeneous media, where plumes become wider with increasing
diffusion strength. The behavior of the concentration peak depends on the com-
bined effects of heterogeneity and Péclet number. In fields with weak heterogeneity,
the peak arrival is not discernible from the mean arrival time, which is denoted by
the black vertical lines in the insets of figures 3.5 & 3.6, and diffusion heightens the
concentration peak. In fields with strong heterogeneity, preferential flow is more
pronounced (Fiori and Jankovic, 2012), leading to the peak of the BTC arriving ear-
lier than the mean arrival time. In this case, diffusion decreases the concentration
peaks, because, as already stated, it cuts very fast arrival. The compacting of the
BTC with increasing diffusion is still observable from the higher probability weight
at the mean arrival time of the BTC for Pe = 10 compared to Pe = 100. All of these
behaviors are captured by the theoretical and empirical SMM in accordance with the
BTC data from the direct numerical simulations.

To quantitatively assess the performance of the two types of SMM, we compute
the Cramér-von Mises criterion ω2, which indicates the goodness of fit between two
cumulative distribution functions Anderson, 1962:
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FIGURE 3.4: BTC at x/IY = 10, 20 for different hydraulic conductiv-
ity variances and purely advective transport. Double logarithmic dis-
play in main plots, semilogarithmic in insets. The inset axes have the
same labels as the main plots. Solid black lines: PTRW results, colored
lines: results from the SMM using the theoretical (solid) and empiri-
cal (dashed) velocity distributions. The colors indicate the position of
the observation planes. The vertical colorful lines in the insets show
the position where the dimensionless mean travel time equals the di-

mensionless coordinate of the observation planes.

ω2 =

∞
∫

−∞

[PSMM(τ)− PPTRW(τ)]2 dP(τ), (3.31)

in which PPTRW(τ) and PSMM(τ) are the cdf of arrival times of the explicit and
stochastic models.

Figure 3.7 shows a direct comparison between ω2 for the theoretical and the em-
pirical SMM. The smaller ω2 the better the agreement between the SMM and the
PTRW results. Generally, the empirical model performs better than the theoretical
model, and the mismatch is smaller for milder heterogeneity. However, for σ2

Y = 3,
the theoretical model performs better than the empirical model with the exception
of the first observation plane. We attribute this irregularity to the difference be-
tween the represented averages: While the SMM represents a true ensemble average
Sherman et al., 2021, the PTRW simulations are an average over a finite number of
realizations which converge towards the ensemble average. We can rule out the fit-
ting of R as the underlying reason because the theoretical model also outperforms
the empirical model for the case of Pe = ∞.

The decision whether to use the theoretical or the empirical SMM depends on
the given application. For cases of mild heterogeneity, the theoretical model is suf-
ficiently accurate. For stronger heterogeneity and when the early breakthrough be-
havior is of great relevance, the empirical model is recommended.
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FIGURE 3.5: BTC at x/Iln K = 10, 20 for different hydraulic conduc-
tivity variances and Péclet numbers. Double logarithmic display in
main plots, semilogarithmic in insets. The inset axes have the same
labels as the main plots. Solid lines: PTRW results, dashed lines: re-
sults from the theoretical SMM. The vertical bold lines in the insets
show the position where the dimensionless mean travel time equals

the dimensionless coordinate of the observation planes.

3.5 Conclusions

In this work, we have presented a Spatial Markov Model for advective-diffusive
transport based on the purely advective models of Cirpka et al. (2022) and Comolli et
al. (2019). Our defined objective was to develop a process-based concept of diffusion
while limiting the use of empirical data in an advective-diffusive SMM.

We successfully model diffusion as jumps between different advective trajecto-
ries which is translated into resetting the Markovian sequence of advective particle
transitions. Diffusive exchange takes place at a spatial step if the diffusive travel
time in transverse direction is shorter than the advective time in longitudinal direc-
tion. The diffusion probability depends on the Péclet number and the radius of the
advective tube, which is a fitting parameter depending on σ2

Y. Although it still relies
on a fitting parameter and thus is not fully physically parameterized, our mechanis-
tic concept for diffusion is an improvement over previous advective-diffusive SMM
Le Borgne et al. (e.g., 2011), Sund et al. (2017b), Sund et al. (2017a), and Wright et al.
(2021). The latter required input from transport simulations, which is in contrast
to the goal of substituting the spatially explicit transport simulation by something
computationally less costly.

The theoretical SMM assumes a log-normal velocity distribution and is solely de-
rived from properties of the hydraulic conductivity field. However, its applicability
is limited to fields of moderate heterogeneity. The empirical SMM requires the prob-
ability density function of the Eulerian velocity field. It is applicable to any degree
of heterogeneity because, in contrast to the theoretical variant, it is not impacted by
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FIGURE 3.6: BTC at x/IY = 10, 20 for different hydraulic conduc-
tivity variances and Péclet numbers. Double logarithmic display in
main plots, semilogarithmic in insets. The inset axes have the same
labels as the main plots. Solid lines: PTRW results, dashed lines: re-
sults from the empirical SMM. The vertical bold lines in the insets
show the position where the dimensionless mean travel time equals

the dimensionless coordinate of the observation planes.

the increasing deviation between the log-normal prediction and the true empirical
velocity distribution. For an approximate estimation of the temporal transport statis-
tics, the theoretical SMM is quick and efficient. For cases where a high accuracy is
needed and the heterogeneity is strong, it is important to use the exact velocity dis-
tribution which requires flow simulations. At least, in contrast to approaches relying
on empirical transition matrices of Lagrangian velocities, it does not require solving
a spatially explicit transport equation. In general, the proposed SMM is very flex-
ible and can be used with any velocity distribution. Thus, it should be possible to
advance it to be independent of empirical input altogether.

As mentioned in the introduction, the BTC and their moments analyzed here de-
scribe the average over a large ensemble of conductivity realizations. In real-world
applications, this relates to the injection and observation of a solute over a wide cross
section. The current framework cannot make statements about the expected spread
of BTC at single observation points in single realizations, which has been used as a
metric for mixing (Cirpka and Kitanidis, 2000). It would be of high interest to ex-
pand the analytical SMM framework to address local mixing phenomena that may
control nonlinear mixing-controlled reactions. As stated in Section 3.3.2, the model
in its current state is a simplification of the true correlation of longitudinal velocities
in transverse direction. Incorporating a mechanism which allows for a gradual loss
of correlation between particle pairs conditioned on their transverse distance might
be a key to targeting mixing specifically. This is supported by Wright et al. (2019)
who emphasize the importance of similitude between neighboring trajectories for
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FIGURE 3.7: Cramér-von Mises criterion ω2 for the agreement be-
tween the theoretical (cross symbols) or empirical (circles) SMM and
the PTRW results for different hydraulic conductivity variances and

Péclet numbers

mixing in their empirically parameterized SMM. To remain in the SMM framework,
one would have to consider a coupled Markov model of longitudinal and transverse
motion, or of absolute velocity and orientation, respectively (Meyer, 2018), in which
the joint transition probabilities of two particles depend on their lateral distance.
However, to develop a robust SMM framework that captures solute mixing further
research is clearly needed.

Data Availability

All data and the Matlab codes for the SMM and to reproduce the figures are avail-
able at https://doi.org/10.5281/zenodo.15389771 (Stettler et al., 2025) under the
international Creative Commons license CC-BY-NC 4.0. Access to the Matlab codes
for the three-dimensional numerical fields and particle-tracking simulations is de-
scribed in Cirpka et al. (2022).
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Chapter 4

Linear Stochastic Analysis of the
Partial Reversibility of Ensemble
and Effective Dispersion in
Heterogeneous Porous Media

4.1 Introduction

Only mixing facilitates chemical reactions of reactants that are initially separated.
Therefore it is of vital interest to separate the contributions of spreading and mixing
to overall dispersion. Mixing is an irreversible process, whereas the deformation of
a solute plume due to spatially variable advection is perfectly reversible. In thermo-
dynamics, irreversibility implies an increase of entropy. Along these lines, Kitanidis
(1994) introduced the dilution index as metric of solute mixing. With the exception
of very simple cases, such as a truly Gaussian plume in a homogeneous flow field,
the dilution index cannot be computed analytically. In heterogeneous aquifers with
deformed plumes, evaluating the dilution index requires knowledge about the full
3-D concentration distribution, which has been calculated in numerical studies (e.g.,
Rolle et al., 2013; Dentz et al., 2018a), but is not measurable in the field. That is, while
the dilution index is an accurate metric of mixing, it is not accessible under realistic
field conditions. Therefore, other approaches are needed.

Applying the stream-tube approach, Cirpka (2002) considered advective-
dispersive-reactive transport along independent stream tubes using the effective
dispersion coefficient and a distribution of velocities among the stream tubes
that reflected the variance of mean point-observed arrival times. The predictive
capabilities of this parameterization for bimolecular reactions was excellent. Benson
et al. (2019) compared the approach to 2-D simulations and a reactive-particle-
tracking approach for bimolecular reactions in Poiseuille flow, confirming excellent
agreement. Perez et al. (2019) and Perez et al. (2020) and Puyguiraud et al. (2019)
used effective dispersion coefficients related to point injections to quantify mixing
on the pore scale in a framework of lamellar mixing models. While these simulation
results suggest that the longitudinal effective second central moment is a good
predictor of longitudinal mixing in mixing-controlled reactive transport, it has not
been tested whether it has all properties of a true mixing metric. In particular, the
effective second central moment should not decrease upon flow reversal if it truly
quantified mixing.

Reversibility of transport in creeping Couette flow has experimentally been
demonstrated by Heller (1960), and the impact of diffusion on the reversibility of
transport in such systems has been analyzed by Sundararajan et al. (2012), among
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others. In the present study, we analyze to which extent second central spatial
moments of solute plumes in heterogeneous porous media decrease upon reversal
of the flow field. Because in natural porous media spatially variable advection and
diffusive mixing interact, we expect that second central spatial moments decrease
upon flow reversal but not to the same extent as they increased in the forward
motion. Hence, solute dispersion should be addressed as a partially reversible
process. This partial reversibility of second central moments is the main target of
the present study.

The key idea is to analyze the behavior of solute clouds upon flow reversal in
uniform-in-the-mean random velocity fields. Figure 4.1 exemplifies the reasoning
by the simulated evolution of five point injections evenly spaced along a line in
a 3-D heterogeneous domain. The top row of Figure 4.1 shows the depth-averaged
concentration during forward motion. Due to the underlying heterogeneity, the indi-
vidual particle clouds move with different advective velocities and are spread out in
longitudinal direction while being transported downstream. Local-scale dispersion
smears the initial point geometries. In the example, the flow direction is reversed af-
ter passing 10 integral scales in the mean. As shown in the bottom row of Figure 4.1,
the positions of the receding plumes resemble those of the forward motion, meaning
that the variability of the solute plumes’ centers of gravity shrinks again upon flow
reversal. However, the spread of the individual plumes is much less susceptible to
flow reversal. The plumes seemingly continue expanding also in the reversed veloc-
ity field. The different behavior between the ensemble of all injected particles and
the individual plumes illustrates the conceptual difference between ensemble and
effective dispersion.

In field applications, the concept of reversing the flow field is known as push-
pull test (Istok, 2013, and references therein). Here, solutes (or heat) are introduced
in the water injected into a well (push phase) and are extracted from the same well
upon water extraction (pull phase). Push-pull tests have been used to deduce var-
ious aquifer and transport properties (e.g. Leap and Kaplan, 1988; Vandenbohede
et al., 2009; Rasmusson et al., 2014; Kang et al., 2015; Paradis et al., 2018), aside char-
acterization of reactive transport (e.g. Istok et al., 1997; Ma et al., 2019; Kruisdijk and
Breukelen, 2021). Because of flow reversibility, the spread of a conservative-tracer
breakthrough curve is often considered to be unaffected by hydraulic heterogene-
ity, but the interpretation is hampered by ambient flow, mass-exchange into zones
of immobile porosity, and the interplay between advective spreading and diffusive
mixing (Hansen et al., 2016). Roth et al. (2021) performed laboratory-scale push-pull
tracer experiments using refractive index matching in quasi two-dimensional homo-
geneous porous media and Neupauer et al. (2021) conducted corresponding numer-
ical particle-tracking simulations for radial flow. In their numerical analysis of the
laboratory experiments, diffusion was considered negligible, and consequently the
authors observed complete reversibility of advective spreading.

For theoretical analyses, the radial flow geometry corresponding to push-pull
tests is not advantageous as it introduces spatial non-stationarity (Neuweiler et al.,
2001; Indelman, 2004; Di Dato et al., 2019). Previous works considering macro-
scopically uniform flow subject to flow reversal were performed by Berentsen et al.
(2005) for the case of stratified formations. They developed an analytical solution for
the ensemble moments demonstrating the partial reversibility of Taylor dispersion.
Jha et al. (2009) and John et al. (2010) conducted purely numerical studies in multi-
Gaussian random log-conductivity fields. The latter two investigated the influence
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of flow reversal on the ensemble dispersion coefficient and how dispersivities in for-
ward and reversed movement are influenced by geostatistical and transport char-
acteristics, but they did not derive closed-form expressions. None of these studies
analyzed effective moments, which are vital to address mixing dynamics.

Mixing in fields undergoing flow reversal is of practical interest in naturally os-
cillating systems, for example, contaminant transport and freshwater-seawater mix-
ing in tidally influenced aquifers (La Licata et al., 2011; Pool et al., 2014), as well
as in underground storage systems involving injection/extraction regimes, one ex-
ample being hydrogen storage where an accurate prediction of mixing is required
to assess the storage efficiency (Feldmann et al., 2016). As stated before, isolating
the contribution of mixing to dispersion is of interest in order to accurately predict
mixing-limited reactions, which are relevant for the remediation of contaminated
sites (Kahler and Kabala, 2016). With our study we want to investigate how flow
reversal can contribute to distinguishing between spreading and mixing.

In the present study we will analyze advective-diffusive transport in second-
order stationary velocity fields affected by perfect flow reversal at time t = T by
linear stochastic theory and compare the theoretical results to particle-tracking
random-walk simulations. Specifically, we analyze the ensemble and effective
second central moments of plumes originating from point sources to quantify their
partial reversibility.

By this analysis we address the following research questions:

1. Do effective second central moments for point sources decrease upon flow re-
versal? If this is the case, effective dispersion is an inaccurate metric of mixing.

2. Can ensemble second central moments after equally long forward and back-
ward motion be used to estimate solute mixing? The answer to this question
has implications for the design of practical tests. While spatial moments are
difficult to measure in the field, the related temporal moments of breakthrough
curves are accessible. If the question can be answered with “yes”, the ensem-
ble and effective second central moments must become identical again after
equally long forward and backward motion.

3. How do geostatistical parameters of the log-conductivity field and transport
parameters influence the partial reversibility of dispersion? We expect that
the reversibility decreases with increasing variance of the log-hydraulic con-
ductivity because stronger heterogeneity causes stronger spreading fostering
enhanced mixing (Urroz et al., 1995). We also expect that larger local disper-
sion coefficients decrease the reversibility as diffusion destroys memory. We
expect that a larger contrast between horizontal and vertical integral scales de-
creases the reversibility because the decisive diffusive mixing takes place in the
transverse direction (e.g., Cirpka et al., 1999). Finally, we expect the reversibil-
ity to decrease with longer flow periods in both directions (corresponding to
larger values of T) because the diffusive transport contribution becomes more
relevant with time.

4. How long do the effects of flow reversal on second central moments prevail?
Over which time do second central moments decrease, and how long does it
take until the dispersion coefficients reach their asymptotic value after a flow
reversal event?



4.2. Theory 35

5. What are the limits of linear stochastic theory when applied to the partial re-
versibility of ensemble and effective second central moments? The limits of lin-
ear theory have been intensively studied for asymptotic ensemble dispersion
in forward motion, where the effects of local dispersion are typically minor.
This is quite different for the moments after equally long forward and back-
ward movement, posing a different, potentially harder test for linear stochastic
theory.

The remainder of this paper is structured as follows: In Section 4.2 we present the
mathematical description of flow and transport with flow reversal at t = T and ex-
pand the analytical solution for ensemble and effective dispersion following linear
stochastic theory (Dentz et al., 2000) to the case with flow reversal. In Section 4.3 we
describe how we computationally evaluate the analytical solution in periodic me-
dia and how we numerically calculate spatial second central moments by particle-
tracking random-walk simulations to test the analytical solution. In Section 4.4 we
present how the reversibility of dispersion is influenced by different parameters and
analyze characteristic times for transport in the reversed flow field. In Section 4.5 we
conclude the paper by trying to answer the questions posed above.

4.2 Theory

4.2.1 Governing Equations for Flow and Transport with Flow Reversal

Starting point for the description of flow and transport through a 3-D heterogeneous
domain is the steady-state groundwater flow equation 2.2:

∇ · (K∇h) = 0. (4.1)

In order to account for flow reversal, it is subjected to transient forcings causing
an immediate response of the groundwater flow system, rendering equation 4.1 to
be at quasi-steady-state, in fact. As auxiliary condition of flow in an infinite domain,
we assume that the mean hydraulic gradient J(t) = −∇h̄ [-] is spatially uniform but
time dependent, in which the overbar denotes a large-scale spatial mean.

In line with linear stochastic theory (e.g., Dagan, 1989; Gelhar, 1993; Rubin, 2003),
we consider the hydraulic conductivity K(x) to be a log-normal random space func-
tion with uniform geometric mean Kg [LT−1] and second-order stationary random
fluctuations Y′(x) [-] of log-conductivity with zero mean and covariance function
C (d) [-] with variance σ2

Y [-] and horizontal and vertical integral scales λh and λv

[L]:

K (x) = Kg exp
(

Y′(x)
)

, (4.2)
〈

Y′(x)
〉

= 0 ∀x, (4.3)
〈

Y′(x)Y′(x + d)
〉

= C
(

d, σ2
Y, λh, λv

)

∀x, (4.4)

where ⟨·⟩ denotes the ensemble average, and d [L] is a distance vector. Note that the
terms "integral scales" and "correlation lengths" are interchangeable if an exponential
covariance function is used. Substituting equation 4.2 into equation 4.1 yields:

Kg · ∇
[

exp
(

Y′) · ∇h
]

= 0, (4.5)
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subject to a time-dependent, uniform-in-the-mean hydraulic gradient. The related
linear-groundwater-velocity field v (x, t) [LT−1] is described by:

v(x, t) = −Kg

θ
exp

[

Y′ (x)
]

· ∇h (x, t) , (4.6)

where θ [-] is the effective porosity.
The advection-dispersion equation describes solute transport in this velocity

field:

∂c

∂t
+ v · ∇c −∇ · (D∇c) = 0, (4.7)

in which c(x, t) [ML−3] is the solute concentration, D [L2T−1] is the dispersion ten-
sor assumed spatially uniform for simplification. We assume a point-like initial
distribution of the concentration and vanishing derivatives at the far-distance limit
xi → ±∞, i ∈ [1, 2, 3]:

c(x, 0) = m0δ(x), (4.8)

lim
xi→±∞

∂kc

∂xk
i

= 0 ∀k ∈ N0, i ∈ [1, 2, 3], (4.9)

in which m0 [M] is the solute mass and δ(·) is the Dirac delta function.
Since the velocity field v(x, t) depends on the second-order stationary random

log-K field it can be decomposed into a spatially uniform, time-dependent mean
⟨v(t)⟩ [LT−1] and second-order stationary spatial fluctuations v′(x, t) [LT−1] about
the mean that have an expected value of zero:

v(x, t) = ⟨v(t)⟩+ v′(x, t). (4.10)

Thus, the transport equation 4.7 can be written as:

∂c

∂t
+
(

⟨v⟩+ v′) · ∇c −∇ · (D∇c) = 0. (4.11)

If we assume a uniform porosity and a quasi-steady-state flow field without in-
ternal sources and sinks, the velocity field is non-divergent:

∇ · v = 0 ∀t. (4.12)

With a uniform mean velocity ⟨v⟩, the velocity fluctuations must have zero di-
vergence, too:

∇ · v′ = 0 ∀t. (4.13)

We consider the following special case with uniform-in-the-mean forward move-
ment into direction x1 until a time T of flow reversal, from which on the spatial
distribution of velocity is exactly opposite of the original distribution:
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⟨v1(t)⟩ =

{

v̄0 if t ≤ T

−v̄0 if t > T
, ⟨v2(t)⟩ = ⟨v3(t)⟩ = 0 ∀t, (4.14)

v′(t) =

{

v′
0(x) if t ≤ T

−v′
0(x) if t > T

, (4.15)

where v̄0 [LT−1] is the mean velocity of the forward motion, being strictly oriented
into direction x1, and v′

0(x) [LT−1] is the auto-correlated velocity fluctuation about
the mean velocity in the forward motion.

Our model includes three time scales of transport: The advective time scale τa,
which we use to make times non-dimensional, and the diffusive time scales in hori-
zontal and vertical direction τD,h and τD,v [T]. They are given as (Attinger et al., 1999,
e.g.):

τa = λh/v̄0 (4.16)

τD,h = λ2
h/D (4.17)

τD,v = λ2
v/D (4.18)

The ratio of τa and τD,h yields the Péclet number as defined in equation 2.7

4.2.2 Spatial Moments

The concentration fields are characterized by their zeroth, first, second raw and sec-
ond central moments, m0 (c (x, t)) [M], mx (c (x, t)) [ML], Mx⊗x (c (x, t)) [ML2], and
Mc

x⊗x (c (x, t)) [ML2], which are functionals of the concentration field c (x, t) defined
by:

m0 (c (x, t)) =
∫

V∞

c (x, t) dx, (4.19)

mx (c (x, t)) =
∫

V∞

xc (x, t) dx, (4.20)

Mx⊗x (c (x, t)) =
∫

V∞

x ⊗ xc (x, t) dx, (4.21)

Mc
x⊗x (c (x, t)) = Mx⊗x (c (x, t))− mx (c (x, t))⊗ mx (c (x, t))

m0 (c (x, t))
, (4.22)

in which ⊗ denotes the matrix product of two vectors.
The zeroth spatial moment m0 (c (x, t)) is the solute mass in the total domain,

mx (c (x, t)) /m0 (c (x, t)) [L] describes the position vector of the plume’s center of
gravity, and Mc

x⊗x (c (x, t)) /m0 (c (x, t)) [L2] the spatial spread of the solute cloud
about its center of gravity. Half the rate of change of the normalized second central
spatial moments operationally defines the dispersion tensor of the entire plume.

Following Kitanidis (1988) and Dentz et al. (2000), we distinguish between the
matrix of second central moments of the expected concentration ⟨c (x, t)⟩, further on
denoted ensemble moments, and the expected value of the second central moments,
further on denoted effective moments, defined as:
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Mc
x⊗x (⟨c (x, t)⟩) = Mx⊗x (⟨c (x, t)⟩)− mx (⟨c (x, t)⟩)⊗ mx (⟨c (x, t)⟩)

m0 (c (x, t))
, (4.23)

⟨Mc
x⊗x (c (x, t))⟩ = Mc

x⊗x (⟨c (x, t)⟩)− ⟨mx (c (x, t))⊗ mx (c (x, t))⟩
m0 (c (x, t))

, (4.24)

in which we have already made use of the zeroth moment m0 (c (x, t)) of a conser-
vative compound being constant when considering non-divergent flow in an infinite
domain.
⟨mx (c (x, t))⊗ mx (c (x, t))⟩ [M2L2] is the covariance matrix of the first moments,
expressing the uncertainty of tagging the spatial center of the solute plume.

We perform the spatial Fourier transformation of the concentration using ordi-
nary frequencies:

c̃ (s, t) =
∫

V∞

c (x, t) exp (−2πix·s) dx, (4.25)

where c̃ (s, t) [M] is the Fourier transform of c (x, t), s [L−1] is the vector of spatial
frequencies, and i with the property i2 = −1 is the imaginary unit. The zeroth, first,
and second spatial moments of c (x, t) relate to the Fourier transform c̃ (s, t) of the
concentration by:

m0 (c (x, t)) = c̃ (0, t) , (4.26)

mx (c (x, t)) =
i

2π
∇s c̃ (s, t)|s=0 , (4.27)

Mx⊗x (c (x, t)) = − 1
4π2 ∇s ⊗∇s c̃ (s, t)|s=0 . (4.28)

4.2.3 Dimensionless Expressions

Scaling the spatial coordinates with λh and time with τa = λh/v̄0 leads to the dimen-
sionless transport equation:

∂c∗
∂t∗

+
(

e1 + v′
0∗(t∗)

)

· ∇∗c∗ −∇∗ · (E∇∗c∗) = 0 if t∗ ≤ T∗, (4.29)

∂c∗
∂t∗

−
(

e1 + v′
0∗(t∗)

)

· ∇∗c∗ −∇∗ · (E∇∗c∗) = 0 if t∗ > T∗, (4.30)

c∗(x∗, 0) = δ(x∗), (4.31)

in which c∗ = cλ3
h/m0, v′

0∗ = v′
0/v̄0, x∗ = x/λh, and t∗ = t/τa are the dimensionless

concentration, velocity fluctuations, spatial coordinates, and time, respectively, e1 =

[1, 0, 0]T is the unit vector in direction x1, and E = D/ (λhv̄0) is a dimensionless
dispersion tensor, that is, a matrix of inverse Péclet numbers. For the case of isotropic
local dispersion, E = D/ (λhv̄0) = 1/Pe is a scalar. For the case of a full local
dispersion tensor, using the matrix E of inverse Péclet numbers avoids the issue of
inverting the local-dispersion tensor.

Like the states and properties in the spatial domain, the Fourier transformed
concentration c̃ (s, t), the frequency vector s, and the spatial moments are made
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dimensionless by c̃∗ = c̃/m0,s∗ = sλh, m0∗ = 1, mx∗ = mx/(m0λh), Mx⊗x∗ =
Mx⊗x/(m0λ2

h), and Mc
x⊗x∗ = Mc

x⊗x/(m0λ2
h). From here on, we drop the asterisks for

brevity.

4.2.4 Evolution of Spatial Moments according to Linear Stochastic The-
ory

The following analysis adapts the derivation of Dentz et al. (2000) for effective and
ensemble dispersion in second-order stationary velocity fields to the case of flow
reversal at time T.

Concentration Fields

In the spectral domain, the dimensionless advection-dispersion equations for a
point-like injection during forward and backward motion and the initial condition,
equations 4.29-4.31, are:

∂c̃ (s, t)

∂t
+
(

4π2s · (Es) + 2πie1 · s
)

c̃ (s, t)

+2πi
∫

V∞

s · ṽ′
0

(

s′
)

c̃
(

s − s′, t
)

ds′ = 0 if t ≤ T, (4.32)

∂c̃ (s, t)

∂t
+
(

4π2s · (Es)− 2πie1 · s
)

c̃ (s, t)

−2πi
∫

V∞

s · ṽ′
0

(

s′
)

c̃
(

s − s′, t
)

ds′ = 0 if t > T, (4.33)

c̃(s, 0) = 1, (4.34)

in which all variables with a tilde are Fourier transforms of the respective variables
in the spatial domain.

Equations 4.32 & 4.33 are inhomogeneous first-order differential equations
(ODE) that can be solved by the following recursive integrals:

c̃ (s, t) = c̃0 (s, t)− 2πi

t
∫

0

c̃0 (s, t)

c̃0 (s, t′)

∫

V∞

s · ṽ′
0

(

s′
)

c̃
(

s − s′, t′
)

ds′dt′ if t ≤ T, (4.35)

c̃ (s, t) = c̃0 (s, t)− 2πi

T
∫

0

c̃0 (s, t)

c̃0 (s, t′)

∫

V∞

s · ṽ′
0

(

s′
)

c̃
(

s − s′, t′
)

ds′dt′

+ 2πi

t
∫

T

c̃0 (s, t)

c̃0 (s, τ)

∫

V∞

s · ṽ′
0

(

s′
)

c̃
(

s − s′, τ
)

ds′dτ if t > T, (4.36)

in which the homogeneous solution c̃0 (s, t) reads as:

c̃0 (s, t) = exp (− (A + B) t) if t ≤ T, (4.37)

c̃0 (s, t) = exp (−At − B (2T − t))if t > T, (4.38)

with the coefficients A and B related to local dispersion and mean advection:
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A = 4π2s · (Es) , (4.39)

B = 2πie1 · s. (4.40)

Substituting equation 4.35 into itself creates a series expansion of the concentra-
tion field which is the centerpiece in the approach of Dentz et al. (2000):

c̃(s, t ≤ T) = c̃0(s, t ≤ T) + c̃1(s, t ≤ T) + c̃2(s, t ≤ T) + H.O.T., (4.41)

in which c̃1 and c̃2 are the first- and second-order terms and H.O.T. denotes higher-
order terms. The expressions for c̃1 and c̃2 are given in Appendix B.1 as well as
the derivation of the series expansion of the concentration field for t > T and the
expressions for the second-order expected concentrations which are the basis for the
moment calculations.

Spatial Moments for t ≤ T

Dentz et al. (2000) derived analytical expressions for the ensemble and effective dis-
persion tensors Dens (t ≤ T) and De f f (t ≤ T) in the spectral domain. The ensemble
dispersion tensor is related to second central ensemble moment by

Dens =
1

2m0

dMc
x⊗x(⟨c(x, t)⟩)

dt
, (4.42)

and the effective dispersion tensor accordingly.
The second central ensemble moments for t ≤ T are given in perturbation theory

by:

Mc
x⊗x (⟨c (x, t ≤ T)⟩) = 2E t + 2

∫

V∞

Sv′
0⊗v′

0
(s)

(A − B) t + exp ((−A + B) t)− 1

(A − B)2 ds.

(4.43)

The second central effective moments ⟨Mc
x⊗x (c (x, t ≤ T))⟩ are given by subtract-

ing the covariance matrix of first moments (equation 4.44) from equation 4.43:

〈

m′
x (c (x, t ≤ T))⊗ m′

x (c (x, t ≤ T))
〉

=
∫

V∞

Sv′
0⊗v′

0
(s)

exp (−2At)− exp (−At + Bt)− exp (−At − Bt) + 1
A2 − B2 ds. (4.44)

For a derivation of the expressions, the reader is referred to Dentz et al. (2000)
or to Appendix B.2 where the spatial moments for t > T are derived following the
same steps.

Spatial Moments for t > T

The matrix of second central ensemble moments for t > T reads as (c.f. Appendix
B.2):
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Mc
x⊗x (⟨c(x, t > T)⟩) = 2E t + 2

∫

V∞

Sv′
0⊗v′

0
(s)

(

(A − B) T + exp (−AT + BT)− 1

(A − B)2

− exp (−At + B (2T − t))− exp (− (A + B) (t − T))− exp (−AT + BT) + 1
A2 − B2

+
(t − T) (A + B) + exp (− (A + B) (t − T))− 1

(A + B)2

)

ds. (4.45)

The covariance matrix of the first moments is given by (for the derivation see
Appendix B.2):

〈

m′
x (c (x, t > T))⊗ m′

x (c (x, t > T))
〉

=
∫

V∞

Sv′
0⊗v′

0
(s)

(

exp (-2AT) - exp (-AT+BT) - exp (-AT-BT)+1
A2-B2

-
exp (-A (T+t) -B (T-t)) - exp (-2AT) - exp (-At-B (2T-t))+ exp (-AT-BT)

(A-B)2

-
exp (-A (T+t)+B (T-t)) - exp (-2AT) - exp (-At+B (2T-t))+ exp (-AT+BT)

(A+B)2

+
exp (-2At) - exp (-A (T+t) -B (T-t)) - exp (-A (T+t)+B (T-t))+ exp (-2AT)

A2-B2

)

ds.

(4.46)

The matrix of second central effective moments ⟨Mc
x⊗x (c (x, t > T))⟩ for t > T

is then given by subtracting equation 4.46 from equation 4.45, according to equation
4.24.

4.3 Application to Periodic Media

Our theoretical results involve integrals for which we do not have closed-form solu-
tions. Thus, for the evaluation of the first-order analytical results, we discretize the
periodic covariance function C (d) (equation 2.11) with a dimensionless grid spacing
of ∆d1 ×∆d2 ×∆d3 and obtain the power spectrum SY′Y′ (s) of log-conductivity fluc-
tuations by discrete Fourier transformation using the FFTW-library implemented in
Matlab (http://www.fftw.org). Because the heterogeneity-related contributions to
the second central moments scale with σ2

Y, it is sufficient fo perform the calculations
with a single value of unity. The dimensionless velocity spectrum Sv′

0⊗v′
0
(s) is then

computed as (Dagan, 1989):

Sv′
0⊗v′

0
(s) =

(

e1 −
s1

s · s
s
)

⊗
(

e1 −
s1

s · s
s
)

SY′Y′ (s) , (4.47)

which is substituted into Equations 4.43 and 4.45. The integrations in these equa-
tions are performed by summation over the discrete values of s. The limits of the
moment expressions for s → 0, which are needed for the computation of the various
integrals, are given in Appendix B.3.
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For the numerical simulations of flow and transport, two million particle pairs
are injected via 50 evenly spaced injection planes perpendicular to the mean di-
rection of flow. Within those planes, the starting locations are evenly distributed
over the cross-section of the unit cell. The particles are tracked forward until t = T
and subsequently tracked backward until t = 2T, which is implemented by simply
changing the sign of the velocity field. Injecting the particles distributed throughout
the model domain rather than at the same location makes them sampling the flow
variability of a single realization of the log-K field in a much more representative
way. To remain in the framework of a point injection, the spatial moments are calcu-
lated from the particle displacements rather than spatial coordinates. Consequently,
ergodicity can be achieved with fewer realizations. We average our numerical re-
sults over 10 realizations of the log-K field.

The mean longitudinal displacement and the ensemble second central moments
of longitudinal displacements are computed by:

mx1 (⟨c (x, t)⟩) ≈ 1
np

np

∑
i=1

1
2
(x1,i,1(t) + x1,i,2(t))− x1,i,1(0), (4.48)

Mc
x1x1

(⟨c (x, t)⟩) ≈ 1
np − 1

np

∑
i=1

(

1
2
(x1,i,1(t) + x1,i,2(t))− x1,i,1(0)− mx1(t)

)2

, (4.49)

in which x1,i,j(t) is the x1-coordinate of the j-th particle starting at the i-th starting
location. The effective second central moment of longitudinal displacements is eval-
uated as the two-particle semi-variogram of longitudinal displacements, which is
why the particles are injected in pairs:

〈

Mc
x1x1

(c (x, t))
〉

≈ 1
np

np

∑
i=1

1
2
(x1,i,1(t)− x1,i,2(t))

2 . (4.50)

The standard configuration of the periodic unit cell, as described in Section 2.2, is
adjusted to study the influence of different parameters onto the reversibility of dis-
persion. For the standard case, the log-K field is characterized by a variance of log-K
fluctuations σ2

Y = 0.3 and is isotropic, that is, the vertical-to-horizontal anisotropy
ratio e = λv/λh equals unity.

In all calculations, we assume local dispersion to be isotropic. In the standard
case, a Péclet number of Pe = 1000 is used, flow reversal takes place at T = 10τa,
and the spatial moments are calculated in a dimensionless temporal resolution of
dt = 0.1. the anisotropic fields are generated by flattening the unit cell and thus the
grid cells while keeping the number of cells constant.

The calculation of characteristic times requires very large domains and is exclu-
sively performed by means of the analytical solution, for σ2

Y = 1 and e = 1. In order
to keep the computational effort at a reasonable level, the model discretization nor-
mal to the mean direction of flow is altered to 100× 100 cells of a spatial resolution of
∆d2 = ∆d3 = 0.4λh. In the direction of mean flow, we keep the spatial resolution of
∆d1 = 0.1λh and calculate the required length of the periodic unit cell as L1 = 2T/τa.
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FIGURE 4.2: Analytical solution (black) and numerical results (col-
ored) of the second central ensemble and effective spatial moments
for different log-K variances σ2

Y after subtracting the purely diffusive
contribution 2E t scaled by σ2

Y for Pe = 1000 and e = 1.

4.4 Results and Discussion

4.4.1 Principle of Partial Reversibility

Figure 4.2 shows the ensemble and effective second central moments calculated
analytically and numerically as function of time for different values of the log-
conductivity variance σ2

Y. Until flow reversal, both ensemble and effective second
central moments follow the well-known behavior for a uniform-in-the-mean veloc-
ity field with a transition from a quadratic to a linear increase with time. Upon flow
reversal, the ensemble and effective moments decrease until they reach a minimum
after which they increase again. For effective moments, this happens much quicker
than for ensemble moments. At t = 2T, ensemble and effective second central
moments are much more similar than at t = T, but they still differ: The effective
moments reach approximately 90% of the ensemble moments for low values of σ2

Y

and approximately 80% for high values of σ2
Y.

Dispersion becomes increasingly irreversible with increasing σ2
Y because stronger

heterogeneity pronounces the effect of spreading by increasing the surface area of
the plume over which transverse diffusion acts. However, with increasing σ2

Y, there
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is a decreasing agreement between the analytical and numerical results. While the
first-order analytical solution scales strictly linearly with σ2

Y, the numerical second
central ensemble moments upon flow reversal and the effective moments increase
more than linearly with σ2

Y.
As both ensemble and effective moments undergo a phase of shrinking upon

flow reversal, it is evident that they both measure a mixture of advective spread-
ing and diffusive mixing. A true metric of mixing would not decrease upon flow
reversal as mixing is an irreversible process. Nonetheless, the two types of second
central moments are qualitatively different. The ensemble moments are dominated
by spreading (at the given E ), while the effective moments are dominated by mixing.
In the point-injection framework, effective second central moments begin to incorpo-
rate spreading once the volume of the plume has increased sufficiently by diffusion
for it to experience different advective velocities. This explains why the effective
second central moments are influenced by flow reversal. However, the plumes in
individual realizations are much smaller than the ensemble-averaged plume. Upon
flow reversal, consequently, a shorter time is needed to decorrelate the velocity fluc-
tuations experienced within the individual plumes, implying that diffusion takes
over earlier as the dominant mechanism of plume expansion in reversed flow.

Since the ensemble and effective moments do not reach the same value at t =
2T, the moments at this time cannot be considered representative for the mixing
contribution in unidirectional transport for a duration of 2T. Spreading and mixing
are interdependent and apparently cannot be completely separated by mechanical
flow reversal.

The minimum in the moments during backward flow marks the time point at
which advective memory (leading to a decrease in spreading during backward flow)
and the exploration of new travel paths by diffusion are in balance. We denote the
time period between t = T and the time at which the moments reach their minimum
in the reversed flow field the shrinking time ts. For T < t < ts, the advective memory
is still so strong that the plume shrinks in size, whereas for times t > ts, diffusion
has destroyed advective memory to an extent that the plume expands again. The
definition of the shrinking time applies to both ensemble and effective moments.
We will discuss the computed values in Section 4.4.4 in detail.

The decreasing agreement between the analytical and numerical results with in-
creasing σ2

Y is attributed to the limitations of linear stochastic theory, which is strictly
valid only at the limit σ2

Y → 0. However, in applications to unidirectional flow linear
stochastic theory has been found valid for σ2

Y ≤ 1 (Gutjahr et al., 1978; Dagan et al.,
2003). In the present case with flow reversal, the analytical solution substantially un-
derestimates solute spreading during backward flow already for cases of very small
heterogeneity while the spreading in the phase of forward flow is satisfactorily re-
produced for all considered degrees of heterogeneity.

4.4.2 Influence of Diffusion Strength on Reversibility

We examine the influence of changing the diffusion strength onto the reversibility of
dispersion by considering cases with different Péclet numbers Pe and cases with dif-
ferent vertical-to-horizontal anisotropy ratios e. Decreasing the latter corresponds
to increasing the diffusion strength because in features of high oblateness, parti-
cles reach zones of a significantly different hydraulic conductivity already at a short
transverse diffusion distance. For the case of forward motion, already Dentz et al.
(2000) have shown that effective dispersion catches up faster with ensemble disper-
sion when the vertical-to-horizontal anisotropy ratio e is smaller.
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FIGURE 4.3: Analytical solution (bold colors) and numerical results
(faded colors) for the second central ensemble and effective spatial
moments for different local Péclet numbers Pe scaled by σ2

Y without
the purely diffusive contribution 2E t for σ2

Y = 0.3 and e = 1.

Figure 4.3 shows the influence of Pe on the time-dependent second central mo-
ments after subtracting the purely diffusive contribution 2E t in equations 4.43 &
4.45. In the purely advective case (Pe → ∞, or E = 0), ensemble spreading is
completely reversible, while the effective moments remain at zero, because in the
absence of diffusion the considered point plume will never expand, and will thus be
subject to a single velocity at any given time. In the other extreme case of Pe = 1
shown in Figure 4.3 (equal influence of diffusion and advection over travel distances
of one integral scale of log-K), flow reversal has a very limited impact on the second
central moments, as they increase again soon after the reversal and the ensemble and
effective moments are almost identical. As a general trend, the smaller Pe, the closer
to each other are ensemble and effective moments, the smaller are the ensemble mo-
ments (after subtracting the purely diffusive contribution) at t = T, the bigger are
the effective moments at t = T, and the bigger are both moments at t = 2T.

Figure 4.4 shows the influence of the vertical-to-horizontal anisotropy ratio e on
the ensemble and effective moments for the analytical solution and numerical re-
sults. Decreasing e has the same effect as decreasing Pe. The lower e, the higher are
the effective second central moments at all times and the ensemble second central
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FIGURE 4.4: Analytical solution (bold colors) and numerical results
(faded colors) of the second central ensemble and effective spatial
moments after subtracting the purely diffusive contribution 2E t and
scaled by σ2

Y for different vertical-to-horizontal anisotropy ratios e for
σ2

Y = 0.3 and Pe = 1000.

moments at t = 2T. This may be explained by diffusion destroying the advective
memory so that dispersion becomes less reversible when diffusion get stronger in
comparison to advection. The dimensionless diffusive time scales are τD,h = Pe
in the horizontal and τD,v = e2Pe in the vertical direction. For diffusive mixing in
heterogeneous media the transverse directions are more important than the vertical
one. Hence, small values of e imply shorter mixing times, and have the same effect
as smaller values of Pe (Dentz et al., 2000, sec. 3.2.3). In unidirectional movement,
stronger diffusion leads to a decrease in the second central ensemble moments be-
cause transverse diffusion restricts advective spreading Andričević (1998).

At extremely small Péclet numbers the second central ensemble moments are
larger than at small Péclet numbers also in forward movement, because the longi-
tudinal diffusion is so strong that the heterogeneity becomes irrelevant. Note that
our smallest Péclet numbers are not representative for natural groundwater flow in
heterogeneous formations. To obtain very small Péclet numbers one needs either
very low velocities or very small integral scales, which is more typical for pore-scale
rather than field-scale dispersion (Huysmans and Dassargues, 2005; Yew et al., 2013).
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When considering ranges of Pe typical for transport in natural aquifers and for
all values of e, the impact of diffusion on second central moments is much larger in
backwards than in forward flow, which can be seen in the second central ensemble
moments spanning over a much wider range in backward than in forward move-
ment. An increasing impact of diffusion reduces the distance over which advective
memory prevails. This memory is irrelevant in forward flow, whereas in reversed
flow it causes the reversion of advective spreading. This reversion is hampered by
diffusion-caused amnesia.

4.4.3 Influence of the Reversal Time T on Reversibility

Figure 4.5 shows the influence of the reversal time T on the second central ensemble
moments at t = 2T, that is, at the time point when the plume’s center of gravity
has returned to its origin, for different Péclet numbers. The higher T, the higher are
the second central moments at t = 2T and therefore the less reversible is dispersion.
This is so because longer travel times allow diffusion to destruct advective memory
more efficiently.

For short reversal times, smaller Péclet numbers imply higher second central
moments at t = 2T. However, for very long reversal times the relationship loses its
monotonicity and the lines corresponding to different Péclet numbers are arranged
according to their order in unidirectional movement (cf. difference in order from
lowest to highest ensemble moment in Figure 4.3 between t = T and t = 2T). The
inset in Figure 4.5 exemplifies that the lines of different Pe do not simply converge
but intersect, leading to a non-monotonous relationship between Pe and the second
central ensemble moments at t = 2T. The change in order is complete once the re-
versal times exceed the time during which advective memory has any influence on
the dispersion process for all Péclet numbers considered. Note that our simulation
maximum of T = 3000 is not sufficient to reach this point. For these very large rever-
sal times the asymptotic macrodispersive behavior is reached in backward motion
before the plumes have returned to their origin. The relevant time is the setting time
ts,rev introduced in the next section 4.4.4.

The considerations of the second central moments at t = 2T for different Péclet
numbers are of practical interest. Under the assumption that the second central spa-
tial moments at t = 2T can be related to the second central temporal moments at
the starting plane upon flow reversal, a series of push-pull tracer experiments with
different reversal times could be used to determine Pe.

4.4.4 Characteristic Times

Figure 4.6A shows the development of the second central ensemble moments with
time for different reversal times for Pe = 10 and Figure 4.6B shows the correspond-
ing ensemble dispersion coefficients, defined as half the rate of change of the second
central ensemble moments. In both plots, we consider the time since flow reversal.
In Figure 4.6A, the ensemble moments at the time of reversal are subtracted from the
ensemble moments at all times because we want to concentrate on what is happen-
ing after flow reversal. The subsets of Figures 4.6A & 4.6B are enlargements focusing
on the time shortly after the time of flow reversal. These subsets also illustrate the
definition of the shrinking time tsh, which is the duration between the time of flow
reversal and the point at which the second central moments begin to increase again.
Figure 4.6A shows this point as a minimum, and Figure 4.6B correspondingly where
the ensemble dispersion coefficient is zero.
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FIGURE 4.5: Second central ensemble moments at t = 2T for different
reversal times T and Péclet numbers, σ2

Y = 1, e = 1. The inset shows
the second central ensemble moments at t = 2T for the case of T =

3000, with symbols scattered horizontally to improve readability.

The shrinking time tsh measures how long the reduction in spreading under
reversed flow due to advective memory prevails over the diffusive destruction of
memory making the plume explore parts of the velocity field that have not been
explored in the forward motion.

Figure 4.6C shows the dependence of the shrinking time on the reversal time for
ensemble and effective moments. Both shrinking times converge to the same asymp-
totic limit for large values of T. For small to intermediate values of the reversal time
T, the shrinking time of the effective moments is smaller than that of the ensemble
moments. The reversal time needed for the shrinking time to reach the asymptotic
limit is considerably larger for the effective than for the ensemble moments. This be-
havior reflects that individual plumes originating from a point source need very long
forward motion until they sample the full heterogeneity of the flow field in a rep-
resentative manner. Only when this point is reached, the shrinking time upon flow
reversal is independent of the time of forward motion. In comparison, the ensemble-
averaged point-related plumes sample the full heterogeneity much quicker so that
also the asymptotic shrinking time is reached in a setup with a smaller reversal time
T.

As second characteristic time, we consider the setting time, which was intro-
duced by Fiori (1996) for unidirectional flow as the time needed for the dispersion
coefficient to reach 99% of its asymptotic value, which the latter authors used to de-
fine the beginning of the macrodispersive plume behavior. We distinguish between
the setting time ts,uni for unidirectional flow and the setting time ts,rev after flow re-
versal in the reversed flow field:
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E (ts,uni) = 0.99E∞ if t ≤ T, (4.51)

E (T + ts,rev) = 0.99E∞ if t > T. (4.52)

ts,rev is a measure for the dimensionless time after flow reversal over which
advective memory affects dispersion, i.e. the duration over which the onset of
macrodispersive plume behavior is delayed. For times t > ts,rev + T, flow reversal
has lost all influence on the plume spreading and the moments begin to increase at
the same rate as if the movement had been unidirectional from the beginning on.

Figure 4.6D shows the setting times ts,uni and ts,rev as function of the reversal time
T for ensemble dispersion. For very short T, ts,uni is not defined. These are the cases
where the duration of forward flow is too short for the plume behavior to become
macrodispersive. Once this point is reached, ts,uni remains at a constant value inde-
pendent of T. Conversely, ts,rev is defined for all T. The minimum value is identical
to the constant value of ts,uni, followed by a linear increase of ts,rev with T until the
constant asymptotic value ts,rev,∞ is attained for very large values of T. ts,rev,∞ is sig-
nificantly higher than ts,uni,∞, pointing at the strong persistence of advective memory
in reversed flow.

The dashed vertical lines in Figures 4.6A & 4.6B mark the time point at which
the center of gravity of the plume has returned to the origin (t = 2T). For times
t ≳ 2T there is no more influence of advective memory on the moments because
the plume (in the mean) begins to move through parts of the domain it has not been
exposed to before. (This does not happen at exactly t = 2T because the rear parts
of the plume are still in the known part of the domain and thus are influenced by
advective memory.) Thus at t ≈ 2T, the moments begin to increase linearly with
time (Figure 4.6A), and respectively their temporal derivatives move quickly to their
asymptotic limit (Figure 4.6B). For T < ts,rev,∞ the linear relationship between T and
ts,rev is observed, because here, the setting time is not determined by the balance
between advective memory and diffusive mixing but by the length of the explored
domain. The asymptotic setting time is attained for T ≥ ts,rev,∞, indicating that
macrodispersive plume behavior in backward motion has been reached before the
plume has passed the original starting location.

Figure 4.6E shows the dependence of the discussed asymptotic characteristic
times on the Péclet number in a log-log plot. While tsh,∞ and ts,rev,∞ increase lin-
early with Pe, ts,uni,∞ remains at a constant value. This difference in behavior be-
tween the two setting times illustrates the increased importance of diffusion strength
in reversed flow, in which the advective and diffusive contributions to dispersion
have opposing effects. Generally, increasing Pe increases the characteristic times be-
cause higher Péclet numbers imply that diffusive mixing needs longer to overrule
the plume-shrinking effect of advective memory (in the case of tsh) or to completely
erase advective memory (in the case of ts,rev), respectively. The slope of the linear
relationship between Pe and ts,rev,∞ is especially steep, thus we are numerically lim-
ited to evaluate the characteristic times for low Péclet numbers, where diffusion is
very strong. When extrapolating to Pe-ranges typical for natural aquifers, the char-
acteristic times reach such high values that the necessary travel distances to reach
their asymptotic values exceed reasonable lengths over which aquifer statistics can
be assumed to be stationary. As a consequence, the influence of flow reversal on
plume behavior in realistic settings seems to persist until the plume has returned to
its origin.
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Note that all analyses on characteristic times were conducted using the analytical
solution only.

4.5 Conclusions

We investigated the reversibility of dispersion in heterogeneous porous media by
analyzing ensemble and effective second central spatial moments for uniform-in-
the-mean transport with flow reversal. Based on our analytical and numerical re-
sults, we formulate the following answers to the research questions raised in the
introduction:

1. For finite Péclet numbers, both ensemble and effective second central moments
undergo a phase of shrinking upon flow reversal and do not return to their
initial value. This shows that effective dispersion is not a measure for pure
mixing, although it has successfully been applied as such (e.g., Cirpka, 2002;
Benson et al., 2019).

2. Generally, it is well known that ensemble dispersion in forward motion is not
a metric of mixing. We were hoping that the ensemble moments after equally
long forward and backward motion could provide insights on mixing. How-
ever, comparing the second central moments at t = 2T to their initial state (thus
comparing the plume shape between the two time points at which the plume’s
center of gravity is at the origin) we were not able to derive an exact quantita-
tive measure of solute mixing. Spreading, stretching-enhanced diffusive mix-
ing, and the destruction of advective memory by diffusion are strongly inter-
related and the ensemble moments after equally long forward and backward
motion contain contributions of both mixing and spreading. Although effec-
tive dispersion contains reversible elements as well, it is still a better suited
metric, and we encourage its use over ensemble dispersion in parameterizing
mixing.

3. Our expectations regarding the influence of geostatistical and transport pa-
rameters have been confirmed. Parameter changes favoring diffusion over ad-
vection decrease the reversibility of dispersion. Thus the reversibility of dis-
persion decreases with increasing variance σ2

Y of log-conductivity, decreasing
vertical-to-horizontal anisotropy ratio e and local Péclet number Pe and in-
creasing reversal time T. The influence of parameter changes on the second
central moments is much more pronounced after equally long forward and re-
versed flow than in unidirectional flow, which we attribute to diffusion and
advection acting opposingly. Thus, flow reversal allows for a better qualita-
tive assessment of advective and diffusive influences on dispersion than it is
possible in unidirectional transport.

4. We defined two characteristic times: the shrinking time, which measures over
which time period the second central moments shrink upon flow removal, and
the setting time, which quantifies how long the influence of advective memory
on the plume behavior persists. Stronger reversibility of dispersion is marked
by higher characteristic times. For sufficiently long durations of forward mo-
tion, the characteristic times reach asymptotic values that depend linearly on
the Péclet number. However, the asymptotic setting times in reversed flow are
so high that it is very doubtful whether they are ever reached in real aquifers.
This in turn means that under realistic conditions the advective memory is so
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strong that the change of second central moments will be influenced by the pre-
ceding forward motion and flow reversal until the plume has returned to its
origin. Only for unrealistically long times of forward motion, diffusion has the
chance to completely destroy the advective memory in the backward motion
before reaching the origin, so that asymptotic ensemble dispersion coefficients
are achieved.

5. Linear stochastic theory is valid only for conductivity fields with mild hetero-
geneity. The comparison of the analytical second central moments to the nu-
merical results obtained by particle-tracking random-walk simulations shows
that the range of log-conductivity variances in which linear stochastic theory
is applicable is more restricted for transport with flow reversal than for unidi-
rectional flow. This is a direct result of the higher impact of local dispersion
on second central moments when the flow field is reversed. In the limit of
σ2

Y → 0, linear stochastic theory solution predicts solute spreading accurately
for any given value of Pe and e.

With our results from both linear stochastic theory and numerical simulations,
we are able to quantify the partial reversibility of dispersion. Other than initially
hoped for, the approach of flow reversal does not facilitate a complete distinction be-
tween advective and diffusive processes. While we can qualitatively assess different
influences, we have no handle to quantify the spreading and mixing contributions
to dispersion separately. This also puts the interpretation of dispersion coefficients
obtained by fitting breakthrough curves in standard push-pull tests into question.
These coefficients are not material properties of the formation; they cannot distinc-
tively be related to the formations heterogeneity; neither do they apply to trans-
port under natural-gradient flow conditions, nor do they quantify mixing (unless
within the borehole during the push-pull test itself). Possibly, a series of push-pull
experiments with different injection times and mean flow velocities could help in
disentangling the various contributions to the observed dispersion. Deriving such
approaches, however, is beyond the scope of the current study.

Data Availability

The in-house Matlab codes used to generate the data are available at https:

//doi.org/10.5281/zenodo.7023202 (Stettler and Cirpka, 2022) under the
international Creative Commons license CC-BY-NC 4.0. The HSL-MI20 al-
gebraic multigrid (AMG) preconditioner used to solve the system of equa-
tions resulting from discretizing the flow equation is taken from the HSL
library, a collection of Fortran codes for large-scale scientific computation
(http://www.hsl.rl.ac.uk/catalogue/hsl_mi20.html).
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Chapter 5

Conclusions & Outlook

5.1 Synthesis of Major Findings

In this thesis, I have approached the issue of understanding and quantitatively de-
scribing solute transport and dispersion in groundwater flow through heteroge-
neous aquifers from different angles. The general scope of investigation lies in rec-
ognizing and quantifying the interactions between spreading and mixing and their
individual contributions to dispersion. In the following, I will first highlight the
methodical achievements and then focus on answering the content-related research
questions posed in the introduction.

Methodically, two theoretical approaches have been extended. Study A intro-
duces a Spatial Markov Model which incorporates both advective and diffusive ve-
locity transitions and can successfully model temporal moments and breakthrough
curves under different Péclet regimes. A SMM using velocity transitions derived
analytically from field properties that mechanistically includes diffusion has not ex-
isted for realistic heterogeneous porous media before. I have successfully developed
and implemented such a method for the case of mild heterogeneity of the field. Here,
the velocity statistics are derived from properties of the ln K distribution, which is
assumed log-normal. However, for values of σ2

Y > 1, the model relies on numeri-
cal flow simulations to attain the velocity distributions because the actual velocity
distributions increasingly deviate from log-normal shapes with increasing hetero-
geneity. Yet, contrasting previous studies (e.g. Le Borgne et al., 2011; Sund et al.,
2017b), no simulations of transport are necessary because the diffusion implemen-
tation is based on mechanistic considerations rather than on a diffusive transition
matrix. Specifically, particles can leave their current advective trajectory (resulting
in a momentary loss of velocity correlation) if they diffuse further away from the
center of the stream tube than a given escape radius over which the longitudinal
velocity is assumed constant.

Study B expands the small perturbation solution by Dentz et al. (2000) for the
evolution of spatial moments and related ensemble and effective dispersion to flow
reversal. The analytical approximation is based on a series expansion in the spectral
domain of the concentration field emerging from a point injection. As is the case
for linear stochastic theory in general (e.g. Dagan, 2002), the solution is restricted to
moderate heterogeneity, especially during the transport phase following flow rever-
sal and for effective dispersion. This shows that the deviation between the analytical
solution and the numerical results is higher in cases where the role of diffusion is en-
hanced. However, when taking its limitations into account, it is very convenient to
resort to an analytical solution rather than performing numerical simulations, par-
ticularly when fully explicit 3-D schemes are computationally too expensive, as is
the case in the present study for the examination of the evolution and asymptotic
behavior of characteristic transport times (Figures 4.5 & 4.6).
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Concentrating on the content contributions, the overarching research questions
as stated in the introduction (Section 1.4), can be answered as follows:

• How does diffusion strength influence breakthrough curves, ensemble and ef-
fective moments and the degree of reversibility of dispersion?

For transport through heterogeneous media, ensemble dispersion (slightly) de-
creases with increasing diffusion strength (Fiori et al., 2002). Both studies confirm
this result. The BTCs in Study A become narrower and more symmetrical the
stronger diffusion acts. Increasing the field heterogeneity has the opposite effect.
The study exemplifies the competition between the plume spreading due to het-
erogeneity and the smoothing effect of random diffusion by limiting the influence
of extreme velocities. Study B confirms that the effect of diffusion does not only
depend on the Péclet number (e.g. Tonina and Bellin, 2008). With longer travel
and reversal times, diffusion becomes more and more dominant over advection.
Additionally, the diffusion strength grows by its interaction with the heterogeneity
and the anisotropy of the field. To correctly assess the influence of diffusion strength
on solute transport, the perspective is important, especially for point injections:
Over the ensemble average - when the uncertainty of the center of mass is included
- mixing decreases the plume variance by breaking velocity correlations. When
looking at individual plumes originating from point injections (effective disper-
sion), mixing increases the plume variance by allowing a plume to sample different
velocities. Those effects are reflected in the respective decrease and increase in
ensemble and effective dispersion with increasing diffusion strength. The degree
of reversibility of dispersion decreases with increasing diffusion strength both for
ensemble and effective dispersion because diffusion destroys the advective memory
which is required for reversibility.

• Are effective moments under flow reversal an adequate measure for mixing?

Study B shows that both ensemble and effective dispersion are partially reversible
upon flow reversal. Thus, effective moments are not a direct measure for mixing. A
true mixing metric can never decrease since under mass conservation diffusion leads
to a monotonous increase of the system’s entropy and is completely irreversible
(Chiogna and Rolle, 2017). However, since effective moments are generally more
descriptive for individual plumes (Barros and Dentz, 2016) and we can see from
Study B that they are much less influenced by flow reversal, they are certainly more
suited to infer mixing information than ensemble moments.

• How can flow reversal contribute to understanding the interplay between mix-
ing and spreading?

From the degree of reversibility of dispersion upon flow reversal, we can deduce
information about the relative strengths of advection and diffusion and associated
spreading and mixing. The less reversible dispersion, the more dominant is diffu-
sion over advection. However, this assessment remains qualitative. Solely based
on moment analysis, no quantitative statements are possible because ensemble and
effective dispersion are influenced by both transport processes. Obviously, the in-
teractions between spreading and mixing are too complex and persistent to be fully
disentangled by flow reversal. Thus, considering additional metrics for pure mixing
would be very instructive. Nevertheless, applying flow reversal provides a perspec-
tive on the interplay between spreading and mixing as opposed to unidirectional
flow, in which the processes remain indiscernible. The observed partial reversibility
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of dispersion raises the question what information is provided by dispersion co-
efficients gained through single-well push-pull tests. The signal after a complete
push-pull cycle is strongly influenced by its path, over which spreading is reduced
in parts, yet mixing is not isolated from it. In fact, we observe the combined effect
of spreading and mixing on path memory which does not appear as such in uni-
directional transport. Thus, since a dispersion coefficient determined from such an
experiment carries a very specific signature it is debatable whether it can reasonably
be applied to more general cases which usually would be its purpose.

To condense the above to a minimum: The core contribution of study A lies in
the method development of an analytically based advective-diffusive SMM with a
mechanistic diffusion implementation. The core contribution of Study B lies in a
better understanding of the information content of effective dispersion and of the
potential that flow reversal carries to differentiate between transport processes.

5.2 Research Perspectives

Several research avenues arise from the present studies.
First, it is of high interest to enhance the advective-diffusive SMM so that it can

be applied even more widely and flexibly. I identify three main progression points
for the SMM: (i) Advance the model to be independent of numerical or empirical
input. This involves finding a distribution other than the log-normal one which cor-
rectly represents the K and corresponding velocity fields also at high variances (cf.
Loáiciga et al., 2006; Meerschaert et al., 2013). Additionally, this requires a physically
based derivation of the stream-tube radius rather than relying on the empirical rela-
tionship between σ2

Y and R (equation 3.28). (ii) Include flow reversal. This demands
an implementation of path memory. For a purely advective scenario, this memory
is easily created by storing the full history of all experienced velocities for every
particle. However, when including diffusion which naturally destroys memory, this
becomes a more challenging task. (iii) Forge the model to allow for measurements of
effective dispersion as well as ensemble dispersion. This can be attained by injecting
particles in pairs, meaning two particles originate with the same initial velocity, and
then deriving the effective dispersion from observing how their covariance evolves.
Here, the challenge lies in finding a mechanism which allows for a gradual loss of
correlation with travel distance between particles making up a pair rather than a
binary system where the particles are either perfectly correlated or not correlated at
all.

All three progression points have one aspect in common: Information about the
correlation of longitudinal velocities in transverse direction is useful or even neces-
sary to attain them. However, the presented SMM cannot account for the correlation
of longitudinal velocities between neighboring stream tubes. Once a particle leaves
its current trajectory, the first velocity on the new trajectory is drawn fully indepen-
dently from the last velocity. This complete loss of correlation does not represent the
true covariance function of longitudinal velocities normal to the mean direction of
flow. Only when incorporating some knowledge about transverse velocity correla-
tion, we can develop a physical law for tube radii, account for path memory correctly
and represent mixing from a single-plume perspective. A first step towards this goal
could be to examine what correlation can be found between a particle’s current ve-
locity and the velocity gradient in transverse direction (cf. Aquino and Le Borgne,
2021). However, a strong advantage of SMM lies in their simplicity of breaking down
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the three-dimensional reality to a one-dimensional stochastic process. So the chal-
lenge is to add the required amount of information and complexity while remaining
in the reduced stochastic framework.

Second, the theoretical findings would be strongly supported by an experimental
verification. A possible experimental set-up to measure both temporal and spatial
moments of an evolving plume under flow reversal could be the following: Inject a
(dye) tracer into a quasi-2-D transparent experiment box, filled with a combination
of an artificial sediment (homogeneously or heterogeneously packed) and a fluid
whose refractive indices are matched. Like this, the tracer plume will be visible
integrated over the full thickness of the box, in the ideal case without any optical
distortion from the matrix (Wiederseiner et al., 2011). Once the wanted reversal
time is met, invert the direction of the pump while keeping the net pumping rate
constant. The full concentration field required for calculation of spatial moments
is acquired from relating the light intensity from pictures taken of the plume during
the experiment run time to the tracer concentration (e.g. Zinn et al., 2004; Roth et al.,
2021; Rousseau et al., 2023). Temporal moments can be determined by measuring the
tracer concentration at the outlet of the box. Applying the stream-tube approach, by
taking samples at several locations along the box rather than integrated over the full
width, local breakthrough corresponding to effective moments can be determined
(e.g. Jose et al., 2004; Ye et al., 2016).

Moreover, additional measures like the dilution index (Kitanidis, 1994) and the
mixing area or volume (Basilio Hazas et al., 2023) which are directly measuring mix-
ing and thus expected to be unaffected by flow reversal can be calculated based on
the fully resolved concentration fields. Comparing these measures to the ensemble
and effective moments which Study B has shown to be affected by flow reversal
should shed light on the remaining open question about the respective strength of
the individual contributions of spreading and mixing to overall dispersion and to
describe the interplay between the processes not just qualitatively but quantitatively
as well. Furthermore, performing these push-pull experiments under variable con-
trolled conditions could clarify what information we actually gain from single-well
push-pull tests and their associated dispersion coefficients.

Finally, experimentally generated physical data could be the core of an integra-
tive study, combining all theoretical and numerical methods presented in this thesis.
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Appendix A

Appendix to Study A

A.1 Exponential Approximation of first-passage-time distri-

bution

In order to determine the first-passage or escape time from a tube of radius R, we
consider radial diffusion:

∂c(r, t)

∂t
− D

1
r

∂

∂r

(

r
∂

∂r
c(r, t)

)

=0 (A.1)

with a uniform initial condition c(r, t = 0) = 1 and the boundary condition c(r =
R, t) = 0. This implies, that we assume that particles are initially uniformly dis-
tributed across the tube. The first-passage-time distribution is then given by:

ψ(t) = −2DπR
∂c(r = R, t)

∂r
. (A.2)

The solution can be found in Laplace space (Harvey and Gorelick, 1995):

ψ∗(s) =
2√
sτ0

I1(
√

sτ0)

I0(
√

sτ0)
, (A.3)

where Ii is the modified Bessel function of the first type of order i, s is the Laplace
variable, and τ0 = R2/D. For times t < τ0 it decays as t−1/2, and for t > τ0 it
decays exponentially fast. The leading exponential mode is given by (Haggerty and
Gorelick, 1995):

ψ0(t) =
4 exp(−α2

0t/τD)

τD
, (A.4)

where α0 = 2.4048 is the first zero of the Bessel function J0(z).
The mean first-passage time can be determined from ψ∗(s) by differentiation:

τm = − dψ(s)

ds

∣

∣

∣

∣

λ=0
=

τ0

8
. (A.5)

The first-passage-time distribution ψ(t) can be approximated by the exponential
distribution:

ψ(t) =
exp(−t/τm)

τm
. (A.6)

Figure A.1 shows examples for the first-passage-time distributions and their ex-
ponential approximation:
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FIGURE A.1: First-passage-time distribution. Open circles: obtained
by inverse Laplace transform of equation A.3 for τ0 = 10 (gold) and
100 (blue); solid lines: dominant mode given by equation A.4; dashed

lines: exponential approximation given by equation A.6.
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Appendix B

Appendix to Study B

B.1 Derivation of Concentration Fields according to Linear

Stochastic Theory

The first- and second-order terms c̃1 and c̃2 in equation 4.41 read as:

c̃1(s, t ≤ T) = −2πi
∫

V∞

t
∫

0

c̃0(s, t)

c̃0(s, t′)
s · ṽ′

0(s
′)c̃0(s − s′, t′)dt′ds′ (B.1)

c̃2(s, t ≤ T) = −4π2
∫

V∞

∫

V∞

t
∫

0

t′
∫

0

c̃0(s, t)

c̃0(s, t′)
s · ṽ′

0(s
′)

c̃0(s − s′, t′)
c̃0(s − s′, t′′)

(s − s′)

· ṽ′
0(s

′′)c̃0(s − s′ − s′′, t′′)dt′′dt′ds′′ds′. (B.2)

Truncating equation 4.41 after the second-order term and taking expected values
leads to the following expression for the Fourier transform of the expected concen-
tration ⟨c̃ (s, t)⟩ in macroscopically unidirectional flow:

⟨c̃ (s, t ≤ T)⟩ = c̃0 (s, t ≤ T)

− 4π2
∫

V∞

t
∫

0

t′
∫

0

c̃0 (s, t)

c̃0 (s, t′)
c̃0 (s − s′, t′)
c̃0 (s − s′, t′′)

c̃0
(

s, t′′
)

s ·
(

Sv′
0⊗v′

0

(

s′
)

s
)

dt′′dt′ds′, (B.3)

in which the incompressibility condition (equation 4.13) in the spectral domain,
s′ · ṽ′ (s′) = 0, has been used and Sv′

0⊗v′
0

is the cross-power spectrum of velocity
fluctuations, calculated using the identity ⟨ṽ′

0 (s
′)⊗ṽ′

0 (s
′′)⟩ = Sv′

0⊗v′
0
(s′) δ (s′ + s′′).

Equation B.3 is used to calculate the moments of the expected concentration before
flow reversal.

With flow reversal at t = T, the series expansion is constructed by substituting
equation 4.35 into the first recursive integral of equation 4.36 and the latter into the
second recursive integral of itself:
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c̃(s, t > T) = c̃0(s, t > T)− 2πi
∫
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Now, the second-order expected concentration in the spectral domain reads as:

⟨c̃ (s, t > T)⟩ = c̃0 (s, t > T)
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which is the basis for the moment expressions for t > T.

B.2 Derivation of Spatial Moments for t > T according to

Linear Stochastic Theory

B.2.1 Zeroth Moment

Evaluating the series expansion of equation B.4 at s = 0, yields the zeroth moment
of the concentration field for t > T:

m0 (c (x, t > T)) = c̃0 (0, t > T) = 1, (B.6)

which is consistent with the total mass of the solute in the domain being conserved
at all times.
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B.2.2 First Moment

The first moments of the expected value of the concentration mx (⟨c (x, t > T)⟩) for
t > T are derived by applying equation 4.27 to equation B.5:

mx (⟨c (x, t > T)⟩) = i

2π
∇s (c̃0 (s, t > T)) s=0 = e1 (2T − t) . (B.7)

The first moments of the actual concentrations mx (c (x, t > T)) for t > T are
derived by applying equation 4.27 to equation B.4. In a first-order approximation,
all second- and higher order terms in the latter are neglected:

mx (c (x, t > T)) ≈ e1 (2T − t)

+
∫

V∞

T
∫

0

ṽ′
0(s

′)c̃0(−s′, t′)dt′ds′ −
∫

V∞

t
∫

T

ṽ′
0(s

′)c̃0(−s′, τ)dτds′. (B.8)

The expected value of first moments ⟨mx (c (x, t > T))⟩ equals the first moments
of the expected concentration mx (⟨c (x, t > T)⟩) even to the second order because
the expected value of the velocity fluctuations in equation B.8 is zero and the second-
order terms in equation B.4 are accounted for in equation B.5.

Using mx = ⟨mx⟩+ m′
x, the first-order deviation m′

x (c (x, t > T)) is:

m′
x (c (x, t > T)) =

∫

V∞

T
∫

0

ṽ′
0(s

′)c̃0(−s′, t′)dt′ds′ −
∫

V∞

t
∫

T

ṽ′
0(s

′)c̃0(−s′, τ)dτds′. (B.9)

The covariance matrix of first moments ⟨m′
x (c (x, t > T))⊗ m′

x (c (x, t > T))⟩ for
t > T is calculated by computing the product of first-moment deviations and taking
the expected value, leading to:

〈

m′
x (c (x, t > T))⊗ m′

x (c (x, t > T))
〉

=

∫

V∞

T
∫

0

T
∫

0

c̃0(−s′, t′)Sv′
0⊗v′

0

(

s′
)

c̃0(s
′, t′′)dt′′dt′ds′

−
∫

V∞

T
∫

0

t
∫

T

c̃0(−s′, t′)Sv′
0⊗v′

0

(

s′
)

c̃0(s
′, τ)dτdt′ds′

−
∫

V∞

t
∫

T

T
∫

0

c̃0(−s′, τ)Sv′
0⊗v′

0

(

s′
)

c̃0(s
′, t′)dt′dτds′

+
∫

V∞

t
∫

T

t
∫

T

c̃0(−s′, τ)Sv′
0⊗v′

0

(

s′
)

c̃0(s
′, τ′)dτ′dτds′, (B.10)

in which ⟨ṽ′
0(s

′)⊗ ṽ′
0(s

′′)⟩ = Sv′
0⊗v′

0
(s′) δ (s′ + s′′) has been used.

The temporal integrals in equation B.10 can be evaluated explicitly, yielding
equation 4.46.
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B.2.3 Second Raw Moment

Applying equation 4.28 to equation B.5, yields the second raw moment of the en-
semble concentration:

Mx⊗x (⟨c(x, t > T)⟩) = 2E t + e1 ⊗ e1 (2T − t)2

+ 2
∫

V∞

T
∫

0

t′
∫

0

c̃0 (−s′, t′)
c̃0 (−s′, t′′)

Sv′
0⊗v′

0

(

s′
)

dt′′dt′ds′

− 2
∫

V∞

t
∫

T

T
∫

0

c̃0 (−s′, τ)

c̃0 (−s′, t′)
Sv′

0⊗v′
0

(

s′
)

dt′dτds′

+ 2
∫

V∞

t
∫

T

τ
∫

T

c̃0 (−s′, τ)

c̃0 (−s′, τ′)
Sv′

0⊗v′
0

(

s′
)

dτ′dτds′, (B.11)

which is identical to the expected value of the second raw moments:

⟨Mx⊗x(c(x, t > T))⟩ = Mx⊗x (⟨c(x, t > T)⟩) . (B.12)

The temporal integrals in equation B.11 are evaluated analytically, leading to the
following expression for Mx⊗x (⟨c(x, t > T)⟩):

Mx⊗x (⟨c(x, t > T)⟩) = 2E t + e1 ⊗ e1 (2T − t)2

+ 2
∫

V∞

Sv′
0⊗v′

0
(s)

(

(A − B) T + exp (−AT + BT)− 1

(A − B)2

− exp (−At + B (2T − t))− exp (− (A + B) (t − T))− exp (−AT + BT) + 1
A2 − B2

+
(t − T) (A + B) + exp (− (A + B) (t − T))− 1

(A + B)2

)

ds. (B.13)

B.2.4 Second Central Moment

Finally, inserting equations B.13 & 4.46 into equation 4.23 yields the matrix of second
central ensemble moments for t > T, equation 4.45.

B.3 Limits of Moment Expressions for s → 0

B.3.1 Limits for t ≤ T

The fraction in equation 4.43 becomes at the limit of s → 0:

lim
s→0

(A − B) t + exp ((−A + B) t)− 1

(A − B)2 =
t2

2
. (B.14)

The fraction in equation 4.44 becomes at the limit of s → 0:
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lim
s→0

exp (−2At)− exp (−At + Bt)− exp (−At − Bt) + 1
A2 − B2 = t2. (B.15)

B.3.2 Limits for t > T

Summing up the fractions inside the integral of equation 4.45 and taking the limit
s → 0 yields:

lim
s→0

( ·
· −

·
· +

·
·
)

=
1
2
(2T − t)2 . (B.16)

Summing up the fractions inside the integral of equation 4.46 and taking the limit
s → 0 yields:

lim
s→0

( ·
· −

·
· −

·
· +

·
·
)

= (2T − t)2 . (B.17)
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