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Abstract

We investigate the dynamics of a small number of impurity particles immersed
in a high-density Fermi gas confined to a d-dimensional box, with d € {2, 3},
of side length L and periodic boundary conditions. The fermionic system is
characterized by its Fermi momentum kr. While previous works on this problem
have focused on the case of a non-interacting Fermi gas, we allow for an additional
two-body interaction k w(x) between the fermions themselves, in addition to the
impurity—fermion coupling Av(x). Here, k, A > 0 are coupling constants scaling
the strength of the interactions, and we require the Fourier transforms of the
functions v and w to be compactly supported. This generalization requires a more
delicate analysis of the thermodynamic limit (L — oo) at high density (kp > 1):
in contrast to the non-interacting case, the limit I — oo at fixed density is no
longer solely advantageous, since fermion—fermion correlations generate volume-
enhanced terms that can dominate the dynamics. We show that, under the scaling
A% = k%% and k? = L~2¢, these interaction-induced terms become subleading, and
the impurities effectively decouple from the fermions at leading order. Nevertheless,
their motion is governed by an induced pairwise interaction between the impurities,
generated by particle-hole excitations of the Fermi gas. Our results extend the
derivation of effective impurity dynamics from the ideal Fermi gas to weakly

interacting fermions, and clarify the role of the system size in controlling the
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asymptotic behaviour.



Zusammenfassung

Wir untersuchen die Dynamik einer kleinen Anzahl von Fremdteilchen (impu-
rity particles), die an ein Fermi-Gas mit hoher Dichte gekoppelt sind, das in
einer d-dimensionalen Box der Seitenldnge L mit periodischen Randbedingungen
eingeschlossen ist, wobei d € {2,3} gilt. Das fermionische System wird durch
seinen Fermi-Impuls kr charakterisiert. Wahrend sich frithere Arbeiten zu diesem
Problem auf den Fall eines nichtwechselwirkenden Fermi-Gases konzentriert haben,
berticksichtigen wir, zusétzlich zu der Kopplung A v(x) zwischen Verunreinigungs-
teilchen und Fermionen, eine Zweiteilchen-Wechselwirkung s w(x) zwischen den
Fermionen selbst. Dabei besitzen die Fouriertransformierten der Funktionen v und
w kompakten Trager, und x, A > 0 sind die Kopplungsparameter, welche die Starke
der Wechselwirkungen festlegen. Diese Verallgemeinerung erfordert eine subtilere
Analyse des thermodynamischen Limes (L — oo) fiir hohe Dichte (kp > 1): Im
Gegensatz zum nicht-wechselwirkenden Fall ist der Grenzwert L — oo bei fester
Dichte nicht mehr ausschliellich vorteilhaft, da Fermion-Fermion-Korrelationen
volumenvergroflerte Terme erzeugen, die die Dynamik dominieren kénnen. Wir
zeigen, dass unter der Skalierung A2 = k% und x> = L2 diese wechselwir-
kungsinduzierten Terme subdominant werden und die Fremdteilchen in fithrender
Ordnung effektiv von den Fermionen entkoppeln. Dennoch wird ihre Bewegung

durch eine induzierte paarweise Wechselwirkung zwischen den Fremdteilchen be-
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stimmt, die durch Teilchen-Loch-Anregungen des Fermi-Gases erzeugt wird.Unsere
Ergebnisse erweitern die Herleitung effektiver Fremdteilchen-Dynamik vom idealen
Fermi-Gas auf die von schwach wechselwirkenden Fermionen und verdeutlichen

die Rolle der Systemgrofie bei der Kontrolle des asymptotischen Verhaltens.
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Chapter 1

Introduction

1.1 The Need for Effective Many-Body Theories

Understanding the macroscopic behavior of physical systems through their micro-
scopic constituents represents one of the most profound achievements of modern
physics. This reductionist approach, pioneered in the 19th century, has become
fundamental across diverse fields, from quantum gases and condensed matter to bi-
ological and astrophysical systems, and has motivated the development of rigorous
mathematical methods for connecting microscopic and macroscopic descriptions.
However, this perspective presents a fundamental challenge: the mathematical
description of microscopic systems grows exponentially in complexity with the
number of constituents. A complete analysis requires tracking an enormous num-
ber of degrees of freedom and their intricate interactions, making exact solutions
generally intractable for realistic systems.

This complexity necessitates the development of effective theories, simplified de-
scriptions that capture essential physics while eliminating irrelevant microscopic

details. The central insight is that macroscopic phenomena often depend only on

15
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a subset of microscopic degrees of freedom, allowing systematic approximations
that preserve the relevant physics while dramatically reducing computational
complexity.

In quantum many-body systems, this framework acquires particular mathematical
rigor. The quantum mechanical description involves wave functions ¥y € L?(R3Y)
whose Hilbert space dimension scales exponentially with particle number N. The
time evolution, governed by the Schrodinger equation, becomes computationally
prohibitive for large N. Effective theories address this challenge through sys-
tematic procedures that integrate out high-energy degrees of freedom, yielding

reduced descriptions in terms of the remaining low-energy modes.

1.2 Fermionic Many-Body Systems

Among quantum many-body systems, fermionic gases provide a particularly
compelling example of the challenges outlined above. The antisymmetric nature of
fermionic wave functions creates a complex interplay between quantum statistics
and inter-particle interactions that defies simple approximation schemes. Yet
these same systems exhibit a natural hierarchy of energy scales that makes them
ideal candidates for systematic effective theory approaches.

Consider an N-body system of interacting fermions described by the Hamiltonian

HN:;;TL(—A%)—FR S we - 1), (1.1)

1<i<j<N

where the coupling parameter £ > 0 determines the relative importance of kinetic

and interaction energies.
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1.2.1 Structure of the Ideal Fermi Gas

To develop an intuitive understanding, we begin by considering the case of non-
interacting fermions (i.e. kK = 0), often referred to as the ideal Fermi gas. Even
without interactions, this system displays a rich quantum structure that arises
solely from the Pauli exclusion principle and forms the basis for understanding
more complex interacting systems.

The free Hamiltonian for N fermions takes the form

; (1.2)

We restrict the spatial domain to a d-dimensional cube of side length L > 0, where
d € {2, 3}, and impose periodic boundary conditions. This allows us to expand

the eigenfunctions in plane waves
or(z) = ethe /L2 (1.3)
corresponding to discrete momenta
ke(L)Z% (1.4)

Under this spatial constraint, the system approaches a dense Fermi gas in the
limit N — oo. The antisymmetric nature of fermionic wave functions requires

that each fermion occupies a distinct quantum state since otherwise

Un(z1,.. @iy, Ty ooy ay) = =Un(T1, .o Tj, o Ty .y xy) =00 (1.5)
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The ground state €y is therefore constructed by filling all single-particle momentum

states up to the Fermi momentum kg

Qo = /\ Pk (1'6)
keBp

Bp ={k € (2r/L)Z% : |k| < kp}, (1.7)

N = |Bpl|, (1.8)

which results in the so-called Fermi ball or Fermi sea. This creates a fundamental

energy hierarchy in the system. The ground state energy

Ey = Z |k‘2 (1.9)

keBp

involves only occupied states, while all excitations require promoting fermions
across the Fermi surface. The number of particles V is directly related to the
volume of the Fermi ball, and one obtains the characteristic scaling relation
N\ 1/d

kg ~ <Ld> , (1.10)
where the number of particles NV is directly linked to the Fermi momentum kp.
This establishes the crucial connection between particle density p = N/L? and
the characteristic momentum scale kr, showing that the density naturally sets the
relevant microscopic momentum scale, and in the high-density regime kr becomes
large. The large value of kr is essential: excitations typically occur near the Fermi

surface, while fermions deep inside the Fermi sea are blocked from scattering due

to the Pauli principle.
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1.3 Impurity Problems in Many-Body Systems

Among the various problems in many-body physics, the dynamics of impurity
particles immersed in a quantum medium has emerged as a particularly rich
and experimentally relevant area of research. The impurity problem serves as
a paradigmatic model for understanding how a small number of distinguishable
particles interact with and are influenced by a much larger fermionic or bosonic
environment.

The behavior of quantum particles can be significantly influenced by a surrounding
medium, which can modify intrinsic properties such as mass and charge and modify
the dispersion relation of the quantum particles [4]. It can also introduce new
interactions mediated by the medium itself. A classic example of this phenomenon
is the phonon-mediated attraction between two repulsive polarons. This attractive
force can potentially outweigh the inherent repulsion between polarons, leading to

the formation of a novel quasi-particle known as a bipolaron [3, 8, 11].

Similar effects are observed in the realm of ultracold atoms, where Casimir-
like forces occur between heavy fermions immersed in a Fermi sea [25], and
effective interactions arise among angulons [22] and Fermi polarons [10, 23] .
Additionally, fermion-mediated interactions have been identified in dilute mixtures
of Bose-Fermi gases [17, 21, 26|, with experimental evidence documented in studies
[26].

Consider a single impurity particle immersed in the fermionic background described

in the previous section. The total Hamiltonian takes the form

1
_2my

(—Ay)+H0+)\§:v(y—xi), (1.11)

i=1

H



20 1.3. Impurity Problems in Many-Body Systems

where y denotes the impurity coordinate, Hy is the free fermionic Hamiltonian
(1.2), and the coupling strength A controls the impurity-fermion interaction.
Assuming interactions are realized as momentum shifts, fermions deep inside of
the Fermi sea are prevented from such shifts, as all nearby momentum states are
already filled. Only fermions close to the Fermi surface have accessible unoccupied
states into which they can scatter. This means interactions primarily influence
particles on the Fermi surface, while the bulk remains largely uneffected. Given
that only a small minority of fermions, specifically those at the surface, are able
to engage in momentum shifts induced by interactions, the overall reaction of the
Fermi sea is severely limited, suggesting that the Fermi ball remains rigid under
weak impurity interactions, meaning that A < 1.

When multiple impurities are present, the fermionic medium can mediate effective
interactions between the impurities themselves as we can see .

The systematic derivation of such effective descriptions, particularly in the pres-
ence of fermion-fermion interactions (i.e. x > 0) within the host medium, forms

the central challenge addressed in this work.

We now review previous key results that form the foundation for the advances

presented in this work.

1.3.1 Previous Results

Our approach and the work of this dissertation builds upon and extends previous
findings in [18], [20], [19] and [24], which collectively demonstrate the emergence

of effective dynamics for impurity particles in fermionic environments.
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Single Impurity Dynamics in One Dimension

The simplest non-trivial setting for studying impurity dynamics in a Fermi gas is
the one-dimensional system. Although lower-dimensional models may appear as
idealized toy systems at first sight, the one-dimensional case exhibits remarkable
structural and physical features that make it both mathematically tractable and
conceptually illuminating.

From a mathematical perspective, the reduction to one spatial dimension simplifies
the geometry of the Fermi surface dramatically: it reduces to just two points,
corresponding to the Fermi edges at +kp. This reduction enables explicit control
of the many-body dynamics and allows rigorous estimates while retaining the
essential features of fermionic statistics, such as antisymmetry, Pauli blocking,
and the existence of a sharp Fermi edge.

The foundational work on this setting was carried out by Jeblick in his 2013
Master’s thesis [18] and later discussed in [20]. In this model, a single tracer
particle interacts with a one-dimensional ideal Fermi gas through an interaction
potential, with coupling constant A = O(1). The author rigorously proved
that in the high-density limit p — oo, the tracer effectively decouples from the
surrounding Fermi sea and evolves freely, up to a constant mean-field energy shift.
Quantitatively, convergence to the free evolution was established in the L?-norm
with error bounds scaling as p~/? for macroscopic times.

The physical mechanism underlying this result is deeply connected to the kinematic
constraints imposed by energy and momentum conservation in one dimension.
In contrast to higher dimensions, there exist no energetically allowed scattering
processes that can transfer finite momentum between the impurity and the fermions

while preserving total energy and momentum. Any potential scattering process
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that would transfer momentum ¢ necessarily changes the kinetic energy of a Fermi
particle by an amount of order krg, which becomes prohibitively large as kr — oco.
Consequently, impurity—fermion collisions that would lead to energy dissipation
are kinematically forbidden.

In summary, the one-dimensional case provides an explicit realization of the
counterintuitive phenomenon that dense fermionic environments can stabilize,

rather than disturb, the motion of an impurity.

Single Impurity Dynamics in Two Dimensions

The first rigorous result was established in [20], where the authors consider a
single impurity coupled to a dense ideal Fermi gas in two spatial dimensions.
This foundational work demonstrates that for strong coupling (i.e. A = 1), the
impurity effectively decouples from the fermions while evolving according to a
simple mean-field Hamiltonian, a simplified version of a many-body Hamiltonian
where particle-particle interactions are replaced by each particle interacting with
an average 'mean field" created by all other particles. The analysis provides an
L?-norm approximation between the microscopic many-body evolution and an
effective free dynamics in the so-called thermodynamic limit, where N, L — oo,
with p = N/L? = const.

More specifically, assuming an initial factorized state Vg = & ® €2y, where €2
denotes the filled Fermi ball and &, is adequately regular, they established that
the microscopic evolution remains close to the mean-field dynamics with error
bounds of order (1 + t)3/2p~1/8+¢ for arbitrarily small ¢ > 0. This demonstrates
that the approximation quality improves polynomially with density and remains

valid for macroscopic times.
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The effective dynamics is governed by the decoupled Hamiltonian

(Aocz) + pF[U](O) - Ere(ﬁ) (112)

where the mean-field energy pF[v](0) captures the leading-order effect of the
medium, while E,.(p) represents a next-to-leading order correction arising from
immediate recollision processes and v € C§°.

The physical mechanism underlying this decoupling can be understood as an
effective mean-field behavior arising from the fermionic structure. In a large Fermi
ball, momentum transfers induced by interactions typically occur near the Fermi
surface, where large momentum differences cause strong phase cancellations of
excitations. Additionally, particles near the Fermi surface have large velocities
(o< \/p), resulting in short interaction times and effectively small momentum trans-
fer. This mechanism, together with the Pauli exclusion principle’s suppression of
major excitations, maintains the stability of the initial state under perturbation.
This is a fundamental difference from bosonic and classical systems, where the
absence of a Fermi ball structure allows the mean free path to shorten as density

increases, resulting in frequent scattering.

This result stands in great contrast to the behavior observed in bosonic and
classical systems, where increased density typically leads to enhanced scattering
and reduced mean free paths [7]. The fundamental difference arises from the
fermionic statistics and the resulting Fermi ball structure: while bosons can occupy
the same quantum state without restriction, fermions are subject to the Pauli
exclusion principle, which dramatically alters the scattering dynamics in dense

systems.
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In bosonic systems, the mean-field regime coincides with weak coupling limits, and
increased density generally leads to more frequent collisions and shorter coherence
times [2, 12, 13]. The absence of exclusion effects means that all particles in
the medium can participate in scattering processes, leading to a mean free path
that decreases as p~° for some § > 0. Consequently, an impurity particle in a
dense Bose gas would experience significant disturbances on short time scales,
preventing the emergence of effective decoupling [13].

For fermionic systems, however, the filled Fermi ball structure fundamentally
restricts which scattering processes are kinematically allowed as explained above.
This restriction, combined with the large energy gaps that suppress excitations,
leads to the counterintuitive result that the mean-field approximation becomes
more accurate at stronger coupling and higher densities, a regime where bosonic
and classical descriptions would fail entirely [1, 9].

The mathematical manifestation of this difference appears in the scaling of fluc-
tuations: while bosonic systems typically require weak coupling for mean-field
validity, fermionic systems can maintain mean-field behavior even at strong cou-
pling, provided the density is sufficiently large. This represents a fundamental
advantage of fermionic statistics in enabling controllable many-body dynamics in
dense quantum systems.

Related approaches to deriving effective dynamics in fermionic many-body systems
have been pursued using different mathematical frameworks. In [15], the authors
derived time-dependent Hartree equations for strongly interacting dense fermionic
systems, while [16] studied effective polaron dynamics for impurity particles in
Fermi gases. These results, together with a comprehensive treatment of both
regimes, are presented in the dissertation [14], which establishes effective descrip-

tions for interacting fermionic many-body systems including the derivation of
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Frohlich-type polaron Hamiltonians in the high-density limit and the computation
of response functions. Although these works employ different techniques than the
methods used here, they provide complementary perspectives on the emergence of

effective descriptions in dense fermionic environments.

Two Impurity Case and Mediated Interactions

The framework was generalized in [19] to the case of two impurity particles,
revealing a qualitatively new phenomenon: an additional effective interaction
mediated by the Fermi gas. This interaction represents a nontrivial consequence of
the system’s fermionic nature, where the medium itself becomes a source of effective
coupling between the impurities. The derivation demonstrates that even when
impurities do not interact directly, the environment can induce fermion-mediated

correlations.

Multiple Impurities and Mediated Interactions

Building on this foundation, [24] extended the framework to n > 2 impurities
in two and three spatial dimensions with Coulomb-type interaction potentials.
This work reveals a qualitatively new phenomenon: while individual impurities
still decouple from the fermions, they develop attractive effective pair interactions
mediated by the Fermi sea.

The key insight is identifying the appropriate coupling regime where non-trivial
mediated interactions emerge while maintaining mathematical control over error
terms. The analysis employs weak coupling scaling \? = kg_d), which leads
to different regimes depending on dimension: In d = 2, this gives |A| = O(1),
corresponding to order-one coupling that remains consistent with the single

impurity case. For d = 3, the scaling yields |[\| = k;l/ ?, requiring genuinely weak
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coupling due to enhanced phase space effects in higher dimensions. Under this

scaling, the impurities evolve according to an effective many-body Hamiltonian

hn = hp) — Z N Wi (lyi — y31) — nA°Wi,.(0) (1.13)
i<j
where Wy,.(r) represents the fermion-mediated pair potential. This interaction
arises from the same phase cancellation mechanism as in the single impurity
case, but now intermediate fermionic excitations created by one impurity can be
annihilated by another, leading to attractive correlations.
The approximation holds for macroscopic times ¢t < /kr(Inkp)~3 with error

bounds:

(1+ [t))(In kp)?
Vkr

lw(t) —wi@)]| < © (1.14)

The dimensional dependence reflects fundamental differences in the availability of
phase space for virtual processes. The scaling \? = kg_d) ensures the effective
interaction remains of order one as kr — 00, but requires genuinely weak coupling
in three dimensions where phase space effects are more pronounced.

This establishes that dense fermionic media can generate long-range attractive
interactions between impurities, even when the underlying impurity-fermion
interaction has short range.

The progression of these results, from single impurity decoupling to mediated multi-
impurity interactions, and the emergence of dimensional constraints, establishes
the theoretical foundation upon which the present work builds. The challenge
that remains is to extend these findings to more complex scenarios involving

interactions among the fermions themselves, which introduces qualitatively new
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correlation effects and mathematical complexities.

The Perturbative Resolvent Method

In the following we want to give an overview on the perturbative resolvent method,
used in [24]. We build on this idea but modify it to accommodate our more general
setting. The key physical insight is that when interactions excite fermions from
occupied states k € Bp = {k € (2r/L)Z* : |k| < kr} to unoccupied states [ ¢ By,
the resulting energy difference 12 — k? ~ kr becomes arbitrarily large as the density
increases. These large energy differences generate rapid phase oscillations gl —k)t
in the time evolution, which lead to destructive interference when integrated over
time, the same mechanism responsible for the phase cancellations discussed in
both previous results.

Rather than rigorously detailing every calculation, we will provide a heuristic
explanation for the results of the key estimates. We will provide detailed compu-
tational analysis when presenting our results.

One examines the Hamiltonian (1.11) in second quantization

1
H =

a 2m,

(=A)+ Y Kaa+At Y a(l—k)e TP gray

ke(2m/L)Z4 k,l€(2m/L)Z4

: ) (1.15)

where © > 0 is compactly supported. The initial state is a product of the Fermi sea
Qp and a general tracer wave function &. Mathematically, the method begins with

Duhamel’s formula applied to the difference between microscopic and effective
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dynamics

(7 — ) &y @ Q| = H /0 " ds e Ve it (g0 @ )| (1.16)

where V represents the interaction terms that create excitations away from the
Fermi sea ground state. The crucial step involves introducing a resolvent operator
R = (T— Ep)~! that inverts the kinetic energy operator on the subspace orthogonal
to g and Ej is the ground state energy given by (1.9).

Through systematic integration by parts using the identity

cp—1 d cp—1
e iR S(dsem s)R:id, (1.17)

the method generates a perturbative expansion where each term involves increas-
ingly higher powers of RV. Since the resolvent scales as R ~ kp' (due to the

large kinetic energy differences) while interaction terms scale as V ~ )\kgj_l)/ 2,

the expansion parameter becomes /\kgﬁl_?’)/ 2,

The method distinguishes between two types of processes: bubble processes that
return the system to the original Fermi sea state (contributing to the effective
Hamiltonian) and ezcitation processes that leave the system in excited states
(contributing to error terms). The orthogonality of fermionic states with different
particle numbers ensures these contributions can be separated cleanly: The bubble
processes can be computed as expectation values with respect to €2y, while the
excitation processes can be estimated by utilizing the resolvent.

The key observation is that destructive interference suppresses excitation processes,

and only a limited number of iterations in the perturbative expansion contribute

meaningfully. This leads to explicit error bounds for the effective evolution, which
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depend on powers of kr and reveal the time scales on which the impurity can be
treated as effectively free. For the appropriate coupling scaling \? = /{:g_d) we
have the bubble processes yielding the effective interactions Wy, (r) at leading
order and excitation processes producing error bounds that vanish as kr — oo.

This systematic exploitation of phase cancellations through kinetic energy dom-
inance represents a powerful technique for analyzing dense fermionic systems,
providing mathematical control over the complex many-body dynamics while

revealing the emergent effective physics.

This approach has recently been applied to several areas, including deriving
an effective interaction between multiple impurity particles mediated by a dense
Fermi gas [24], analyzing radiative corrections to the dynamics of an impurity par-
ticle interacting with a bosonic scalar field [4], obtaining the two-body Coulomb
potential from the renormalized Nelson model [5], and performing a stability

analysis of Bose-Fermi mixtures [6].

1.4 From Non-Interacting to Interacting

Previous theoretical work on impurity dynamics has primarily focused on non-
interacting Fermi gas environments, where the mathematical treatment is signif-
icantly simplified due to the absence of fermion-fermion correlations. However,
real physical systems invariably involve interactions among the fermions them-
selves, introducing qualitatively new physics and mathematical challenges that
can fundamentally alter the effective impurity dynamics, since the interacting
fermion medium becomes a different environment.

The key difficulty arises from volume-enhanced contributions generated by fermion-
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fermion correlations. While in non-interacting systems the thermodynamic limit
L — oo at fixed density is typically advantageous (sums over fermionic modes
become integrals, and no dangerous volume factors remain), interactions can gen-
erate terms scaling with positive powers of the volume L¢. Without appropriate
scaling of the coupling parameters, these contributions can dominate the dynamics
and invalidate the effective theory approach, necessitating a coordinated treatment

of both the high-density limit kr — oo and the thermodynamic limit L — oo.

1.4.1 Contribution of This Work

This work addresses the theoretical challenge of deriving effective impurity dy-
namics in the presence of weakly interacting fermions. We build upon and expand
the work presented in [24]. Building directly on the perturbative resolvent method
established for non-interacting systems, we extend the rigorous mathematical
framework to include fermion-fermion interactions while carefully controlling
volume-enhanced terms through appropriate parameter scaling.

We investigate the dynamics of multiple impurity particles immersed in a high-
density, weakly interacting Fermi gas, meaning that we control the interaction
strength by the coupling constant x. The central question is whether the effective
decoupling and mediated interactions observed in ideal Fermi gases survive the
inclusion of fermion-fermion correlations, or if these correlations qualitatively alter
the impurity dynamics.

To achieve this, we begin by constructing the Hamiltonian for the system, which
includes both impurity-fermion and fermion-fermion interactions. Using a pertur-
bative approach, we then derive the effective interaction potential between the

impurity particles, accounting for the alterations brought about by the interacting
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Fermi gas. Our main results demonstrate that under the scaling \*> = k% ¢ for
impurity-fermion coupling and x? = L=2? for fermion-fermion interactions, the
correlation-induced terms become subleading. The impurities effectively decouple
from the fermions at leading order, with their motion governed by the same type
of induced pairwise attraction as in the non-interacting case, but now mediated
by particle-hole excitations in the interacting Fermi sea, with x > 0.

This work extends the mathematical rigor of the resolvent method to a previously
inaccessible regime, providing the foundation for understanding impurity dynamics
in realistic quantum many-body systems relevant to ultracold atomic gases and
quantum materials. The results establish the robustness of fermion-mediated inter-
actions against weak correlations in the medium, confirming that the fundamental

physics identified in ideal systems persists in more realistic settings.
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1.4. From Non-Interacting to Interacting




Chapter 2

Main Project

2.1 Setting, Effective Model and Main Result

2.1.1 The Model

In our model, we consider N fermions and n > 2 tracer particles in A = [0, L]¢,
the d-dimensional cube with periodic boundary conditions. As our Hilbert space

we allocate ‘H,, ® Hp, where

H, = L? (A)®" is the state space of the tracer particles, (2.1)

N
Hy = /\L?(A) is the state space for the fermions. (2.2)

With Hy we denote the subspace of all anti-symmetric wave functions in Hx. The

tracer particles have coordinates v, s, ..., ¥y, and the fermions have coordinates

33
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x1,T9,...,rN. The associated Hamiltonian is given by
n n N N n
H=3 (=A8y,)+> ulyi—y) + D (=Au) + kY wlw —z;) +AY_ Y v (y — )
i=1 i<j i=1 i<j i=1j=1
S
:;h% =:Tn =Wy ::VN+n

(2.3)

with u(y; — y;) the interaction between the impurities, v (y; — x;) the interaction
between fermions and impurities, and w(z; — z;) the interaction between the
fermions.

We choose u to be a real-valued, even function on the d-dimensional cube that

satisfies

u? < c(1 - A) (2.4)

for some constant ¢ € [0,1) as an operator inequality on L*(A). Additionally, we

require that © and @ have compact support, i.e.

o(k) =0=w(k") forall k,k' ¢ [-D,D]*, (2.5)

and

|o(k)| < C, forke[-D,D]*, |w(k) <C', fork'€[-D,D*  (2.6)

for some D > 0 and constants C,C” > 0. These conditions imply that the
interactions among fermions and between fermions and impurities are confined
within a compact region. We also require © and w to be rotationally invariant

functions. Concerning the different parts of the Hamiltonian the operator h2 acts
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only on the tensor component H,,, while T, Wy act on the tensor component
Hy-
In the following we are analyzing the solution of the time-dependent Schrodinger

equation

d

i W() = HU(), (2.7)

with W(0) = Wy for initial states ¥, of the form

VoY1, s Yn, 1y N) = &0 (Y1, -+ Yn) @ Qo(x1, ..., 2N) € Hy @ Hy - (2.8)

We assume that the fermions initially occupy the ground state {2y of the Fermi
gas, also known as the Fermi sea, which corresponds to the ground state of the
kinetic energy operator Ty. The n-body wave function &, € H,, can be selected
more generally, with the only condition that its kinetic energy remains of order
one with density p > 1. This ensures a separation of scales between the impurity
particles and the fast-moving fermions. We choose a Fermi momentum kr > 0

and fix NV in terms of kr and the length of our d-dimensional cube L by
N =|Bp| with Bp={ke 2r/L)Z%: |k| < kr}, (2.9)

see (2.1). This implies the non-degeneracy of the free fermionic ground state,
given by the anti-symmetric product of all plane waves with momenta inside the
fermi ball Bp,

_ exp(ikz)

W= A ¢ €Hyppry rle)=—15~ €L(A). (2.10)
keBp
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Figure 2.1: Fermi ball Br with Fermi momentum kr. The black dots represent

occupied states in the Fermi ball, while the grey dots picture unoccupied ones.

Hence, we simplify the problem by initially ignoring the interactions between
fermions. Our approach provides a clear, foundational state from which we
can systematically introduce interactions and study their effects on the system’s

behavior. Clearly,

TnQ = E°(kp, L), (2.11)

where EY(kp, L) is an eigenvalue with

E’(kp,L)= > K. (2.12)

keBp
A relation between the Fermi momentum and the average density in two and
three dimensions can be found by replacing the sum by its Riemann integral

N(kF>L)

7 = Va kL 4 o(1). (2.13)
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For d € {2,3}, the constants equal V, = 1/(4w) and V3 = 1/(67%). As L — oo,
o(1) vanishes and we obtain from the relation above

7d >1 <= kp>1. (2.14)

In the perturbative expansion carried out later, both L and kg are kept fixed. The
asymptotic relations above are used only after the expansion, when we investigate
the large-volume limit I — oo and the high-density limit kr > 1 under the

scalings chosen in the main theorem.

2.1.2 Effective Model and Main Result
Effective n-body Model

In contrast to the initial state ¥q = &, ® )y, the time-evolved wave-function
U(t) = e 4, does not maintain its product form when there is a non-vanishing
interaction v between the fermions and the tracer particles. However, assuming
sufficiently small coupling and large kg, the leading order of the interaction can
be replaced by its mean-field interaction which only depends on the collective
behavior of particles and does not generate correlations. We thus find that the
product form is approximately preserved in that situation. In order to see this we

compare ¥ (t) with
\Peﬁ(t) — e—ih%ﬂté-o ® e—iE(kF,L)tQO ) (215)

With

E(kg,L) = E°(kg, L) + nA0(0) T

(2.16)
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being the energy shift and the operator
hit = hy = > N Wi (lyi — y3]) — nA*Wi,.(0) (2.17)
i<j
defined on the Hilbert space H,,, where

[o(n —m)|?

n?—m2+(n—m)2+1

Wi, (r) = V2 / d?m / din,

|m|<kp [n|>kr

cos ((n —m) - ra)
(2.18)

defines the effective interaction potential for » > 0 and @ € R? an arbitrary vector
of length one. Here, V,; denotes a volume factor arising from the continuum limit
of momentum sums with explicit values V5 = 1/(47) and V3 = 1/(672). Looking
at the effective dynamics defined in (2.15) we see, that there is no interaction
between the fermions and the tracer particles. While the tracer particles evolve
with an extra pair interaction, the time evolution of the fermions is stationary.
Heuristically one can think of the effective interaction as particle-hole excitations
on the Fermi sea. One of the tracer particles causes a particle-hole excitation and
then a different one annihilates it again. After the process (which is of second
order) these two tracer particles are correlated to one another but not to the
fermions. In the proof one can see, that similar processes with more than two
tracer as well as processes caused by the interaction between the fermions and
combinations of those two are possible and lead to more complicated interactions.
However, in our setting, those are subleading and therefore do not need to be

included in the effective dynamics.
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We choose our coupling constants x and A such that
M= l{:g_d) and k?=L"%, (2.19)

With this choice the effective potential A>T}, (r) is of order one and the processes

induced by the interaction of the fermions are subleading.

Main Result

We are now prepared to present our main result, which offers an estimate for the
large-volume limit of the norm of W(¢) — ¥°f(¢). The norm and scalar product on
the Hilbert space H,, ® Hy are represented by || - || and (-, -), respectively. For

the individual spaces H,, and Hj;, we use additional subscripts to specify them.
Theorem 1. Let d € {2,3}, n > 2 and let u be a real-valued function on A that
satisfies u> < c(1 — A) for some constant ¢ € [0,1). Additionally let

0(k)| < C, forke|-D,D]*, |wk) <C", fork €[-D,D]* (2.20)

for some D > 0 and constants C,C" > 0. For L,kr > 0 choose the number of
fermions N by (2.9) and let the free fermionic ground state Qo defined as in (2.10).

Moreover, let & € H,, such that

w, =1 and ag = supsupd (&, (—Ay,) &)n, < 0. (2.21)
kp>1 L>0 i=1

1€o]

Given the energy shift operator E(kp, L) as defined by (2.16) and h7 by (2.17),

let |\ = kY% and |k| = L=,
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Then there exists a constant C' (R, n, ag,) > 0 independent of L and kp such that

(1+ [¢]) In (kr)*
kr ’
(2.22)

. _ _speff .
nggo e M0y —e Mg ®e ZEU‘CF’LMQOH < O (R, n,ag)

forall kp > 2 and t € R.

This bound is meaningful in the case of kp > 1 as long as |t| < kg In (kp) >,

since the wave functions on the left-hand side are normalized.

Remark 2. Our proof and calculations yield a statement that is even more general
than the one formulated in Theorem (1). A detailed summary of all term estimates
can be found in (3.141).

Setting |\| = EE and || = L= then leads to (2.22).

Remark 3. The theorem is formulated in terms of the large-volume limit L — oo
with fived kr and only later take the limit krp — oo. However, the way our proof
s structured, one can also consider a simultaneous limit L,kr — oo, provided
the growth rates of L and kr are suitably balanced. In particular, as long as L
increases sufficiently fast compared to kr, the error estimate remains valid. A
crucial point in our estimates is the interplay between the system size L and the
Fermi momentum k.

The correct balance is therefore achieved by choosing krp as a polynomial function

of L,
krp=LP, 0<p<1/2, (2.23)

which ensures that the terms decrease in a controlled way.

The explicit structure of our estimates, summarized in (3.141), allows us to
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precisely fix how krp must depend on L, then the same effective Hamiltonian

emerges in the limit.

2.2 Proof

We begin by outlining the main idea of the proof, followed by the introduction
of the second quantization formalism. Next, we estimate the norm difference
within the second quantization framework and apply a form of perturbation theory

expansion. Finally, we individually estimate all the resulting terms.

2.2.1 Heuristics and Idea of the Proof

Let us first start with the idea and sketch of the proof. We want to derive the

bound stated in (1) by estimating the norm difference
He—i(HfE(kF,L))t&] 2 Qp — efihifft&] ® QOH _ (2.24)
The fundamental theorem of calculus gives us

(ez‘(H—E(kF,L))-oe—i(H—E(kF,L))o i ez‘(H—E(kp,L))te—z‘hfiLﬁt> £ ® Qo (2'25)

_ (1 B €¢<H—E(kF,L>)te—ihszt) & ® Qo

_ ds d (ei(H—E(kF,L))s e—z‘h%ﬁs) £ ® D
0 ds
t

_ i ds (Z(H — B(kr, L))ei(H—E(kF,L))se—z‘hfffs . ez‘(H—E(kF,L))sihne—ihgﬁs) €0 @ Qo

_ @'/t ds (ei(H—E(kF,L))S ((H — B(kp, L)) — hzﬁ) e—ihiﬁs> £ @ D

0

t )
= /0 ds | H-EERL)s | Ty EO(ky L)

_.exc
7'TN
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+ Viin — nA@(O)NUZZ’L) + Wy — mz)(())N(kLFQ;L)2 +hY — h 1 E(t) ® Q
=V, =W
= —i /O ds <ei<H—E<kF7L>>S (VN+n — nAﬁ(O)N(]ZZ’ L)
+Wy — m(O)W + Rl — hfiff>> (1) ® Q.

We recall that, in the present proof strategy, both L and kp are kept fixed during
the expansion and the scaling behaviour in L and kp is analyzed only afterwards.
We want to estimate the norm of the part with V£, and W by using the

unitary e/—Ekr.L)s We find

H— E(kp,L) = hY) + T3 + Vs, + W, (2.26)

Heuristically the idea is, that, applying the operator T3 to states orthogonal
to g, produces a large energy shift. Those then lead to phase cancellations
and suppress the value of the norm. This will later be done by introducing
a resolvent type operator, which, after inserting it with an identity and after
using again integration by parts, leads to a perturbation type expansion for V<,
and Wg. We therefore sort the terms into two different categories: The ones
parallel and the ones orthogonal to €2y. Since T3*€)y = 0, the are no more phase
cancellations in the terms parallel to €29. One of those terms is the one, which
determines the choice of h®f. For some of the terms orthogonal to €y one can

prove their smallness rather directly, for some a second integration by parts will be

used. All of the resulting terms are going to be estimated and computed separately.

Before doing these estimates we first introduce the formalism of second quantiza-
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tion. This formalism, while not strictly necessary for our proofs, simplifies many

computations.

2.2.2 Second Quantization

In second quantization the Hilbert space H,, ® Hy can be understood as the

N-particle sector of H, ® F, where F denotes the fermionic Fock space

o0

F=PH,, M= 7\L2(A). (2.27)

For plane waves ¢y (z), with k € (27/L)Z?, we define the annihilation and creation

operators

ap: Hy @ F = H, @ F, (2.28)

aj: My @ F - H, @ F (2.29)
through

(ak\IJ)(m) (Y1 s Yny T1y e e oy T

=vm+ 1/A dz o ()T D (g, Y T, T, T (2.30)

(azkp)(m) (y17 vy Yny L1y e 7xm)

o (_1)] n—
= Z \/mgok(xj)\ll( 1)(y1,...,yn,xl,...,:L’j_l,xj+1,...,xm), (2.31)

=1

where ¥ = (\p(m)) - with U™ € H, ® H, . The creation and annihilation

m2=

operator satisfy the anticommutation relations for all k,1 € (2r/L)Z4

ara; + ajay, = Opr,  ara + aar = 0. (2.32)
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Now we can write our Hamiltonian in terms of second quantization on the Hilbert

space H ® F. We define the Hamiltonian in second quantization

H=h)+T+V+W-—E%Fkg,L), (2.33)

where the operators T, Vy and Wy are written in terms of creation and annihi-

lation operators with

T = Z k*alay (2.34)
V=YY V¥  where = ALY o =ki gxay, | (2.35)
' P
W = kLYY (k) Ay kg1 - (2.36)
P9 k

Note, that the operator W ensures conservation of momentum.

Restricting the Hamiltonian H to the N (kp, L)-particle sector we find

H pon-.  =H—B(kp,L). (2.37)

N(kg,L)

We subtracted the energy

E°(kp,L) = > K (2.38)

keBp

and the momentum-conserving part of the interaction between fermions and tracer

Z AL™ d Z _Z (I=k)y: 5lkal ar = n)\U Z kak (239)
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and the momentum-conserving part of the interaction between fermions

- N - k(0 . u
RL™ Z Z w(k) ApGgQp—kQg+k = L2(d> Z g Qg - (2.40)
p,q

P9 k

The Fermi sea € in terms of the Fock space vacuum |0) = (1,0,0,...) is given by

Qo = ( I a;) 10) . (2.41)

keBp

It satisfies

arQo =0,  forall k € B, (2.42)

a;fly =0, for all k € Bp. (2.43)

2.2.3 Estimation of the norm difference

All computations and rigorous steps are now done in terms of second quantization.

Using (2.37) and again the fundamental theorem of calculus, we receive

(eiH'Oe_ih%H‘o — ethe_ih%ﬂt> §o® Qo = (1 - ethe_ih%Ht) S0 @ L
_ /Ot ds C;i (eiHse—ihgﬂs) €0 ® o
_ / " s (e el — (Bsipele=ini®™) £ @ O
0
_ i/ot ds (eiHs (H _ hgff) efihf,’ffs) f0® O

—: &(t) + D(t) + (1)
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with
®(t) = i/ot ds e™WE(s) @ Qo (2.44)
O(t) = —i /0lt ds e™VE(s) @ Qp, (2.45)
o(t) = z‘/ot ds ™ (heff = h0) &(s) ® Qp, (2.46)

where e~™a"tg, = £(t).
In the following, we use integration by parts in order to expand the states ®(t)
and ®(t) into several contributions.

Decomposition of ¢

We define a resolvent type operator
R=(T—-E+P;+1)"" | HOHy, (2.47)
with
Py =" kagay (2.48)
k

the momentum operator. As explained above, the operator R is defined such that
it measures the energy-difference. P is included for important cancellations in the
decomposition of ®, while it does not make any difference in the decomposition of

®. The plus one is needed to avoid singularities. Now we can rewrite ® by

t , . o
O(t) = —i / ds e RIS R=16iR s Rye(s) @ (2.49)
0

[t iHs _—iR™ls d iR™1s
= —Z/ ds e"e —e RVE(s) ® Q.
0 ds
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In the following we use
d d e -
TE(s) = e g = —ihilem Mg = —ihiTe(s) (2.50)
as well as
d R-1
£€ZH5672R s (251)
_ iHeiHse—iR_ls . eiHsiR—le—iR_ls
(1,0 0) ils —iR™'s iHs ; 0 2 —iR™1s
zz(hn+T—|—V+W—|—E)e e —e Z(T—E —i—Pf—i-l)e
=ic™ [(h + T+ V+ W+ E%) — (T — E®+ P} + 1) e
=i (R +V+ W= PF—1)e e,
By integration by parts we find ®(¢) = S, ®;(¢) with
iHs t
o (t) = — [™ RVE(s) ® Qo] (2.52a)
t .
O, (t) = i / ds ™ RV (—1 + 1) — 1) £(s) @ Q0 (2.52b)
0
t .
By (1) = i / ds €™ R{[h2, V] — P2V}&(s) ® Oy, (2.52¢)
0
t .
By (1) = i / ds e VRVE(s) ® Qo (2.52d)
0
i .
By (t) =i / ds ™ WRVE(s) @ Q. (2.52¢)
0

Examining ®3(t), we observe that the state VRVE(s) ® Qg generates zero, one, or

two holes in the Fermi sea, while in ®,(¢), the state WRVE(s) @ (g creates one,

two, or three holes, as shown in (2.2) and (2.3).
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Figure 2.2: Pictures of zero, one and two holes in the Fermi sea, produced by term
RVE(s) ® . Since the operator V is applied first, it always produces one hole.

The operator V, which is applied second, then determines the number of holes.

Figure 2.3: Pictures of one, two and three holes in the Fermi sea, produced by
term WRVE(s) ®Qo. The operator V first creates one hole in the Fermi sea, while
the operator W then determines the number of holes. Notice, that since we have
conservation of momentum in the operator W the arrows drawn always need to

be of same length, but pointing in the exact opposite direction.

In order to decompose ®3(t) and ®,(¢) into the number of hole we define the
orthogonal projector P in H,, ® H acting in H,,, that projects on the subspace

of exactly m holes

ranP™ = {U € 1, @Hy: > |ap¥|> =m|¥|*}. (2.53)

keBp
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This helps us to sort the terms along €2y and orthogonal to £25. We obtain

2 t
Dy(t) = i /0 ¢ PV RVE(s) ©
m=0

= z_:o D3 (L),

as well as

t
Dy(t) =3 i /0 s POV RVE(s) © Qp

(2.54)

(2.55)

(2.56)

(2.57)

We expand the term ®35(t) with two holes a second time in the same way as

before, using integration by parts. Similarly as before one finds

to | d .p1
D3y (t) :/0 eHseth s (dseZR s) RP®VRVE(s) @ Q

with

Dag(t) = [ RPOVRVE(s) © Q).

Do (t) = —i /0 " ds e RPOVRY (—1 + R — h;ff) £(s) @ Qy,
Dy (t) = —i /0 " ds e RP{[hY VRV] — PPVRV}(s) ® Qq,
By (1) = —i /O " ds eV RPOVRVE(s) ® O,

t .
Booa(t) = —i / ds ™ WRPOVRVE(s) @ Q.
0

(2.58)

(2.59)

(2.60a)

(2.60b)
(2.60c)
(2.60d)

(2.60e)
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Proof

We again decompose the last two lines in terms of the number of holes:

t .
B () = —i / ds ¢ PV RPOVRVE(s)  Qp
0

3
=) DPazn(t),
m=1

and

t .
Bopan(t) = —i / ds ¢ POWRPOVRVE(s) @ O
0

4
S0
n=0

In summary we obtain the decomposition

2

Z t) + Pagy(t 2@43 )+ ®30(t)

=0

+ Dy (1) + Z D3giam () + Z P39, (1)
m=1 n=0

which is illustrated in a mindmap in (2.4).

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)
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P32;0 (%)

Figure 2.4: This illustration represents the decomposition of ®(t) structured as
a finite series of alternating steps. The first step involves an expansion of ®(t)
by inserting the resolvent operator R and then performing integration by parts.
This structured expansion and simplification of terms is followed by a second step,
where the decomposed terms are categorized according to the number of holes via
the orthogonal projector P that projects onto the subspace with exactly m

holes.
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Decomposition of P

Similarly to the decomposition of ®(¢), we aim to apply the same process to P,
utilizing again the resolvent-type operator R. To do so, we first insert an identity

and then proceed with integration by parts. We have

3 . — I
(I)(t) = —Z/ ds eHse—ilt 1SR—16’LR 15RW€(t) 2 (266)
0

t . o d .o
— i /0 ds eHsgmif's (dsem ) RWE(t) @ Q.

This allows us to systematically break down the expression via integration by

parts, leading to ®(t) = 31, ®;(t) with

Bo(t) = — [FRWE(s) © Q] (2.67)
O (t) = z'/ot ds e™RW (—1+ hf — h) £(s) @ Q (2.67D)
Bat) = | " ds FER{(AY, W] — PWIE(s) @ O (2.67¢)
By (t) = i /O " ds FWRWE(s) @ O (2.67d)
By(t) =i /0 " ds FEVRWE(s) @ Q. (2.67¢)

To decompose ®3(t) and ®4(t) based on the number of holes in the Fermi sea, we
once again make use of the orthogonal projector P which projects onto the
subspace corresponding to exactly m holes. By applying this projection operator,
we can isolate the contributions of the states with different numbers of holes,
allowing us to express ®3(t) and ®4(t) as sums over these distinct subspaces. We

obtain

- 4 t
By(t) = 3 i /0 ¢ POV RWE (5) @ O (2.68)
m=0



Chapter 2. Main Project 53
2 ~
m=0
as well as
~ t.
By(t) =S i / ¢ POy RWE(s) ® Qo (2.70)
n=1 0
3 ~
= Dy, (t) (2.71)
n=1
In summary this gets us the decomposition
N 2 4 N 3
D(t) =D Q;(t) + > Dy;(t) + Pao(t) + > Puy(t), (2.72)
1 =1

=0 j=

which is illustrated in a mindmap in (2.5).
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Figure 2.5: This illustration represents the decomposition of ®(t), structured
follows: The first step involves an expansion of &)(t) by inserting the resolvent
operator R and then performing integration by parts. The second step focuses
on decomposing the resulting terms according to the number of holes. P(™ is an

orthogonal projector, that projects onto the subspace with exactly m holes.

Let us clarify the motivation behind this expansion. When evaluating individual
contributions, the idea is that each R introduces a factor of k', while each V
contributes a factor of k:%fl_l)/ > and a |A|. Each W gives a factor k4! and a |x|.

Very roughly and generally speaking, for any number n € N of V in the term, as
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well as any number m € N of W, we find

o\ 1/2

S s () ()™

VR..VRWR... W
—_——— ——

n—times m—times

LA for d =2
= |=™Al"

Y ford=3.
Here, (n +m) — 1 represents the total number of resolvents R in the term. This
bound remains valid for all possible commutations of V. and W within the norm.
This helps explain why ||Uy(t)|| can be bounded by a constant time || k;;fl_w 2,
whereas || ¥3.44(t)|| can be bounded by a constant times |¢| |r] A2 kgd_4). Although
this straightforward rule offers the correct intuition for all terms with the maximal
possible number of holes, it does somewhat oversimplify the scenario, as it does

not apply to every term in the expansion. For example, it fails when a V or W

does not change the number of holes in the state it acts upon, such as in Ws;(¢).

The above counting rule captures only the dependence on the Fermi momen-
tum kg, it does not include the possible volume factors that can appear, especially
in the interacting case through the fermion—fermion term W. In our setting, these
L—dependent factors also require careful control, which will be a crucial part of the
computations later on. Unlike in the non-interacting Fermi gas, certain sums over
momentum states can scale with positive powers of L, and without an appropriate
L—dependence in the coupling x these contributions may remain leading in the
large-volume limit. Therefore we fix the scaling x? = L=2¢ to ensure that such
volume-enhanced terms become subleading in the high-density regime.

We now evaluate the contributions of the various terms in the decomposition. For
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2.2.

Proof

this purpose, we define the set of momentum pairs

Tr :={(l,k) € BS x Br} C (2n/L)Z" x (2 /L) 2%,

as well as the crescent moon inside and outside of Bp, see (2.6),

M =By N (Br +k) ={p € (2r/L)Z° | [p — k| < kr < |pl},

MF = Bp\ (Bp — k) ,

and the union of two crescent moons, see (2.7),

NE :={(p.q) € MF}, x M},

NF ={(p—k,q+k) e M, x M}'}

MF = BN (Br+k)

Figure 2.6: Pictures of M} and MF.

MF =BG\ (Bp — k)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)
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;;\\\\\\ Bp +k

NF = MF, U MF NF = MF, uMF

Bp—k

Figure 2.7: Pictures of N and NF.

We sometimes use the following notation in order to abbreviate the terms
p=00—-k), dp=wk), en=012—-k+(1-k)? (2.79)
and for i, j,u € {1,...,n} we set
Ky = emi=Rm, K'r(zzng,)lk = KO K, KGow = KDKO K. (2.80)

sr,nm, n

Our aim in the following chapter is to estimate each term individually in order to

compare their respective contributions.
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2.2. Proof




Chapter 3

Decomposition

3.1 Estimation of the terms

In the subsequent analysis, we will rely on several auxiliary bounds, given in (8), to
estimate the various terms that arise from the decomposition. Detailed statements
of these bounds, along with their full proofs, are provided in the Appendix for

reference.

3.1.1 &-terms

Term ®(t): We find that ajar is an eigenstate of T and P]?. Using the

anticommutation relation for fermions we have

a}z,ak/afak = —az,afak/ak + 5lk1az,ak (31)
= —afaz,akak/ + 5lkraz,ak

= Q] QA QG — Op k) g + Oy Ay,

29



60 3.1. Estimation of the terms

and find with k € Br and k # [

oo
Ta;jaro = Y K aj,apaiaro (3.2)
k'=1
(0.9} o0 o0
= &76% Z leCLZ/CLk/QO — Z 5k/kk’2a2‘ak/90 + Z (Slk/kQ&Z/aon
k'=1 k'=1 k'=1
_ 12 % 2k 2 %
= Z k=a;arQy — k7a; a8 + Fa; a2y
k'eBp

= (EO +1? - k2> ay ai$o

and
o0
Pfafaon = Z k’az,ak/afakﬁo (33)
k'=1
[e.e] oo [e.e]
= a?ak Z k:’azfaklﬂo — Z 5k/kk:’afak/§20 + Z 6lk/k’a2,ak90
k'=1 k'=1 k'=1
= Y KajarQo—ka;aQo + lajar
k/EBF
=0
= —k)ajapfl.
Hence,

(T — E%ajarQ = (I — k*)a;ar, Pfafakﬂg = (I — k)?a;arfd (3.4)
and thus also

RajayQo= (P~ K+ (1~ k)’ + 1) ajai. (3.5)
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Using the Wick rule and

eWe(s)|, =11y, = (3.6)

one finds

|RVOe(s) @ 0 (3.7)
2

RAL™ S oy K afare(s) ® Qg

(Lk)eTr
— VLR Y 0 KYaial(s) @ QRS dpwKypaiapé(s) @ Q)
(Lk)eTR (LK)eTR

Dt (K E(5), K€ (8) D), (af aro, afar Qo)
(P—k24+(I—k2+1) (12— k2+ (' — k) + )

— A2L_2d Z

(1Lk)ETw (I k)ET.

NP
< )\2L72d ’U”f|
- (l,ge:TF 2=k +(—k)2+1)

<2
S )\2]672L72d |Ulk’ — ’
PL 2 TR R

where we used the inequality
(] + 1K) (2] = [R]) = K (1 = K1) (3-8)

which holds, since k € By and | € B%. Then we have with (A.43c)

1 k 1/2
1o < I L2 L paor o (BTN g )
(1+ﬁ) kp
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Term &, (t): We find

| RVO (14 1) — ne(s) © Q| (3.10)

27 —2d |01 — k)|? 0 ,
SR D DR By ST (1+ 0 - ree), )

To bound the norm, we use

1<j

hg — hzﬂ = hg — (hg — Z )\ZW]CF (yl — yj) + n)\QWkF (0)) (311)

= > NWi(yi — y;) + nA* Wy, (0)

1<j

and with (9)

(Wi ()] < Wi, (0) S B2 (3.12)

~Y

Together with (A.43c) we have

1+ (2)]] (3.13)

1 _ In(kp)'/? _
§|t||)\| (L1/2~(1+ L)k;ﬁl 3)/2+O<n(kFF) ))(1_’_)\2]{:1(531 2))'
kr

Term ®,(t): Here we need to evaluate two different terms. We have

PVOEs)@ Qg =L~ > 0(l—k)(I—k)?e " P¥E(s) @ afarQy  (3.14)

(Lk)ETw
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and
(W0, VOle(s) @ Qo = L4 3 o - (I — k)2KPE(s) ® afar (3.15)
(Lk)eTr
+ L0 K (k= 1) - (<2iV,)€(s) ® af ax
(Lk)eTr

which, computing the difference, leads to

R{[hS, VO] — P2V}e(s) @ Qo= L™ Y oully) (k — 1) (3.16)

(Lk)ETR

(—2iV,,)E(s) ® ajarfdo .
Hence,

|R{RS, VO] — PAVOYE(s) © Q| (3.17)

Ao 2 (1 — k)*
AR IV, €)1
( woery  (Ew Tt 1)? Y My

To bound the norm involving the gradient, we use u? < ¢(1—A) for some ¢ € [0, 1),

therefore

D (E(s): (=Ay) €D, S 1+ (€(s), hng(s))a, (3.18)

and using again

(Wi ()] < Wi (0) S k&2, (3.19)
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it follows that

(€(5), h(9)) S NRE™ + (£(0), g (0, (3.20)
S XD+ 3 (E0), (-2, 6O,

<N 41
The last step follows from (2.21). In combination with (A.43d) we find

[@2(2)] (3.21)

1 _ In(kp)'/? .
< Jtl A (Ll/Q-(1+ y k210 <n<k1;) )) S+ N
kp

Given that the state VRVE(s) ® g generates at most two holes in the Fermi sea,

and we are decomposing @35, we need to evaluate the contributions of ®39 and ®3;:

Term ®34(t): With P = 1 ® |£)(Q| and using the identity
P(O)afakaflamﬂo = 0m.10nk20 (3.22)
for all (n,m) € Tp, as well as

(0, VO RVOQp) - (3.23)
A 2
_ )\ZL—2d Z |U(TL — m)| ei(n—m)(y]-—yi)

(e, 12— M+ (n—m)?2+1

we find

D30(t) (3.24)



Chapter 3. Decomposition 65

n t . . .
=iy /O ds ¢ POVO RYOe(5) @ 0

i,j=1

n t . 3 —
=S [ as e (AQL_M 5 [o(n — m)
=170

(nm)eTs n?—m?+ (n—m)?+1

| 2

)5(8)@@90

| 2

nooat ) Sl
+ i Z /O ds e'LHs ()\2L2d Z |’U<TL m)
' (

1<j n,m)ETE n® —m? + (TL - m)2 +1

~cos ((n —m)(y; — yj))) §(s) © Q..

This contribution is the one determining the effective Hamiltonian h,,. Since the
Riemann sums converge to the corresponding integrals, we find that
2

lim A2 24 [0(n —m)
et (nmz):eTF n?2—m?2+(n—m)?+1

cos((n —m)(y; —y;)) (3.25)

= )‘2Wk1~“ (’yl - Z/j‘) )

where we used the rotational invariance of 9(k) in order to replace the argument

in the cosine by (n —m) - a (|y; — y;|) for any unit vector @ € R%. Furthermore

N 2
lim )\QL—Qd Z ’U(TL m)‘

L—o0 (e, 12— M+ (n—m)?2+1

= MWy, (0) . (3.26)

The prefactor V7 in the definition of Wy, in (2.18) emerges from the normalization
that arises when replacing the two discrete momentum sums in finite volume by
integrals in the thermodynamic limit, i.e., each discrete sum contributes a factor
Vy, so that their product yields the overall volume-normalization factor V7.

Using (9) we notice that ®30(¢) is of order /\2k:1(éi_2). We then have a complete

cancellation

Hm [[o(t) + Pso(t)[| = 0, (3.27)
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since,

t) = i/ot ds ™ (— zn: MW, (lyi — 4]) — n)\2WkF(O)) E(s)® Q. (3.28)

1<J

Everything together results in the choice \? = kgid).
Term ®3;(t): Using the identity

P(l)afaka:;amﬁo = OmaxBp (k)ara, Qo + 5k7nXBg(l)a2‘amQO (3.29)
for all (n,m) € BY x Bp we find

P(I)V(i)RV(j)f(s) @ Qo

k)o(n —m)

- o(m — m—k)y; ,(n—m)y, *
=AMLY D (m2 + (n—m)2 + 16( Bemmiig (s) @ apan Qo

nQ _
keBp (n,m) eTr

(3.30a)

51— n)i(n —
+ )\4L_4d Z Z ~ ’U( . n)U(n Tr;) e(l—n)yie(n—m)ng(s) ® Cleaon-
ieBg (nmyery, W 7 F (n=m)? 41

(3.30D)

Therefore

|POVORVOL(s) @ Q0H2 (3.31)

< )\4L 4d Umk Um'k! Unm @n’m’ word O avd™ ) .
kk’ze:BF (n%éTF (n mzjeT (Enm + 1) (Enmr + 1) |(a @y, €0, aray o) gy |

3 W{A}l/ /r{) 'm/
FAL Ty ( n+ Z) (nm nj— 1) (im0, @ @m0 )|
LIeBS (n,m)eTF (n',m')e€Tp Enm Enlm!
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2

S )\4 L—2d L—Qd ‘vmk" ‘Unml
(n,k)ZETF m;p“ (n2 —m?+ (n - m)Q + 1)

2

_ _ ﬁln‘ "ﬁnml
+ A4 ) 2d L 2d |
(lm%gTF nEZBg (n? —m? 4 (n —m)? +1)

Then with (A.43g) and (A.43h)
@51 (8)]] < [t A2k In (k) . (3.32)

Furthermore we find for the decomposition of ®4.,, n € {1,2,3}:

Term ®4(t): The identity

P(z)a;a(jap_kaﬁka:amﬁg = 5n7p_k5m7pxj\~4£(q + k)agaq £ (3.33)

+ 5n,q+k5m,qxj\7[5 (p - /{:)a;ap_kQO
for all (n,m) in BS x By yields

POWRVIE(s) @ Q
_ -2 w(k) 9(n —m) (%)
—RALY Y Y I N =T} K €(s)

qeM[F ke[-D,D]¢ (n,m)€Tp

® ayaq4 120 (3.34a)
—2d w(k) 9(n —m) (i)
FRALHM Y Yy KA E(s)

qeM[F ke[-D,D]4 (n,m)€Tr

® aya, 1o (3.34Db)
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and therefore we find

1(3-34a)|* (3.35)

(L EDIEDY }uxk)?) L (“d 2 (Tl'f(_"_m)' )

2
qeM ke[-D (n,m)eTr m? + 1)

Since (3.34b) is of the same order of magnitude, we have with (A.43b) and (A.43n)

@41 (2)]] (3.36)

1 B In(k
< Jt] s A (Ll/zkd v/ +o<1)) L (L1/2.<1+L)k;é 2+0< ]iFF)>) .

Term ®4(t): The identity

P(Q)a;a;ap*kanrka;aon = 5n,p7kxj\~4]5 (q+ k)aganaqkam (3.37)
+ 5n,q+kXM£ (p — k)agaya, 1am$o
T 5m,pXﬁ]f ((p — kg + k)>&2apfkaq+ka:190

+ 5m,qX]’\7F ((q + k,p - k:))a;ap_kaq+ka2§20

k

for all (n,m) in B x Bp. We find

PAOWRVIE(s) @ Q

= KL% > > > Me—i(n—m)yig(s)

(p,q)ENF ke[-D,D]? (n,m)eTR (5nm + 1)

® Ay gy kamSo (3.38a)

FRALY Yy R iemug ()

(p, Q)ENF ke[-D,D]¢ (n,m)eTr (5nm + 1)
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® gy km o (3.38Db)

+ kAL Z Z Z Me—i(n—m)yig(s)

(p,9)eN] k€[-D,D]? (n,m)eTr (gnm + 1)

&® a;ap_kaﬁka;ﬁo (338C)

+ KAL™2 Z Z Z Me*i(nfm)yig(s)

(p.a)eN]F ke[-D,D]4 (n,m)eTr (Enm + 1)

&® a;ap,kaq+ka290 . (338(31)
This yields

1(3.38a)||” (3.39)

2

<l Y Y emwp| ety [y o ml

2 2
()N} k€[-D,D]4 meBp neBg (n* —m? +1)

Because of the compact support of the functions © and @ and conservation of
momentum of the operator W, the scalar product only gives this single term.
Similarly we have the same bounds for (3.38b)-(3.38d), hence, with (A.43e) and
(A.43m),

1Paa ()| S [t 1] [A] (L7 k5t + 27 0(1) (ke m(kp)) . (3.40)

Term ®y3(t): We have

POWRVUE(s) @ Q (3.41)

VD YD DI SRS

(p,9)€ NFkE[ D,D]4 (n,m)eTF <8nm+1)
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® ar aqap kOt ks Gy G S0
following from the identity
P(g)a;a;ap_kaq+ka2amﬁo = XNF ((p, q))a;a;ap_kaﬁka:amﬁg (3.42)

for all (n,m) in B& x Bp. One can easily check that

bk)o(n—m)  @k)an —m)
(77,2 —m?2+ (n — m)2 + 1) (n/2 —m2 (n/ _ m/)Q + 1) (343)
ko —m)P o JeR)o(n — )P
a 2<n2—m2+(n—m)2+1)2 2(n/2_m/2+(n,_m/)2+1)2.

| POWRVOe (s5) @ | (3.44)
b(k)o(n —m)|?

<ol Y Y Y [

(p,q)Ele (p’,q’)eN]f; k.k'€[—D,D]? (n,m)eTr (n',m')eTR (n2 —m? + (n - m)2 + 1)

2

-“e‘i("_m)yiﬁ(s)“H X |y gy 1y m 0,5 Gy Qs Oy 1 Qg 4 17 Gy Qi S N]
n

5 Y L72d Z Z |1f)(]€)|2 (LQd Z |@(n B T);)Q - 1)2> ’

(p,g)eNF ke[-D,D]4 (n,m)eTp (n? —m?+(n

where we used H —in=—m)yi ¢ H = 1 as well as the fact that the scalar product

provides 36 summations. This and (A.43c), (A.43m) yields to

[@az(t)] (3.45)

1 _ In(kp)t/?
I (2 + 10 0() (L”Q gt (f@)) .
kp
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Term P35.0(t): We have

PPa*apaamQo = x1, (1, k)a} ara’amQo (3.46)

for all (n,m) € Tp. Therefore

PORVORVUE(s) @ Q (3.47)
_ AQL_Qd ﬁlk @nm K(z,zl)mg(s) ® a*akazamQO
(lJC)ZeTF (mgeTF (et + €nm + 1) (Epm + 1) !
and using
@lk lanm ﬁl’k’ @n’m/
: 3.48
(glk + Enm + 1) (Snm + 1) (el’k’ + Entmr + 1) (5n/m’ + 1) ( )
|1A)l]€ @nm|2 |1A)l/k/ Q/}n/m/‘z
B 2 (Elk —+ 1)2 (gnm =+ 1)2 2 <€l/k’ + 1)2 (En/m/ —+ 1)2 ’
we find
. : 2
HP(2)RV(’)RV(J)§(S) ® QOH (3.49)
471 —4d |@lk @nm|2
<AL > (@] aa;,amQo, ajar ayyam o)y |

2 2
(Lk)eTr (n,m)eTr (Elk + 1) (gnm + 1)
(l/,k’/)ETF (n’m')ETF

2
2 2 [ |”
<4 (ML > 5]

(n,m)eTE (77,2 —m?+ 1)

where we used that the scalar product provides four different possibilities. With

(A.43c) this yields

1 In(k
o)l £ |2 v o (M) ) o
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Term ®3o.4(¢): Similarly to the previous term we have

|RPOVRY (—1 + 1) — 5" é(s) @ Q| (3.51)
<MLy O O __[* (1 A )
- (e +1) (enm +1) " >,

(LK)ETF (n,m)ETR

and then as above

[ @32 (1) (3.52)

<N |L- b s +0 <ln(kF)> : (1 + AQkﬁéH)) .

Term P39.5(t): Here we again need to compute the two different contributions

PP VRV]Q, (3.53)

= Y VORMRL, VIQ, + R[AS, VOIVDQ,

ij=1

= Z L~ Z Z Dy Dpme kWi g i (n=m)y; (n —m+1 — k)?aarRa’an,

5,j=1 (n,m)eTr (L,Lk)ETF

+ ZHIL‘M S > tubpme ReTimmy

1,7=1 (n,m)ETF (l,k‘)ETF

(20 = k) - (=iVy,) +2(n — m) - (—iV,,)) afaxRaj a0
and

P}PPVRVQ (3.54)

n

_ ZL72d Z Z @lk@nmefi(l*k)yiefi(n*m)yj

t,j=1 (n,m)eTr (L,k)ETr
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-(n—m+1—k)afapRa’a, .
Then, computing the difference we find

|REPP 1S, VRV — PAVRV)e(s) ® O (3.55)

Coa 2
SML N> |Ulkv"’§| 2
(nmyeTr (Liyets (Etk T Enm +1)7 (Enm + 1)

(=K + (= m)?) Z 19,.£)12,
<y (de S m)z) (Lm s P )
~ ( (n2 —m2 4+ 1) 7 (N2 —m?+1)°

n,m)ETr

(o (rtgro)

Therefore, with (A.43c) and (A.43d),

[P32:2(¢) | (3.56)

1 In(k .
< [t] A2 L-2k§—3+0<n(2F)> (1 AR
() i

Term ®35.31(t): Now we come to the term with one hole. Here we have

P(l)a;‘laga}“aka:‘lamﬁo = O hOn,gQ] 20 + O, 101, g0 A o (3.57)

* *
+ 5k,h§n,gal aon + (5m,h51,ganaon

for all (n,m) € Tr and (I, k) € Tg. Therefore

P(l)V(”)P(Z)RV(i)RV(j)f(s) ® Qo
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~ 2 A
_ 9)\3],~3d | |* Dux Kfﬁf’j)nmﬁ(S)
(z,ge:TF (nm)eTp (et + enm + 1) (Enm + 1) Ik,
® ajarf (3.58a)
- D |Buk|” (i)
+ 2L Ky (5)
(l,lgE:TF (n,T%GTF (5lk + Enm + 1) (gnm + 1) kLI,
® a, am o (3.58b)
— @lk ﬁnm @kn (u,2,5)
+2°L K i€ (5)
(l,ge:TF (n,n%eTF (et + Enm + 1) (Epm + 1) FmtF:
® ay amo (3.58¢)
i 2)\3L73d Z Uik Uik Uml K(u,z,]) 5(8)

(BCTe (nateTs (tk + Enm + 1) (Epm + 1) mhtRnm

® a’apo. (3.58d)

Since we require compact support for 9(k) for k € [—D, D], we find that 9(k—n) <

C' and 9(m — 1) < C for some constant C'. Then

| POV PR RYO RV (s) © QoH2 (3.59)
2
S U 7 i ] B VI S Gl 8
~ 2
(nm)eTs n?—m?2+1 (Lk)eTp (2 —k%2+1)

Y (Lgd s o —m)p )(L 5 l|f(—l;2k4>r|i)

(n,m)eTr (n? —m? + 1)2 (Lk)ETs
2 2
o(l — k)? o(l — k)|?
oy (LM s _lot=h) )2> o (Lgd s =) )2) |
(

(Lk)ETs (P—k+1 1k)ETr (P —k>+1

which in total with (A.43b) and (A.43c) gets us

1 _ In (k
COTRITIE (H Lo ,EF))) (3.0

kr
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e, 1 pd=3/2 o In(kp)!/?
L)F k '
(1 + kF) F

Term ®s3.55(t): Next we consider the contribution with two holes. Using the

identity
PWasa,afaralanQ = X B¢ (1) (6,907 akam$o + 01 gaparay, amilo) (3.61)
+ X8 (9) (0m,naga; aray Qo + O, paga; ay,am )
we find

p(2)V(U)p(Q)Rv(i)Rv(j)g(S) ® Q
O Ot O g
=MLY Y Y s Kt (5)

heBS (L,k)ETE (n,m)ETk etk + €nm + 1) (Enm + 1)

® ayag apan (3.62a)
- Ont Otk Opm, (wisg)
4 N\3[,3d >y > Ky nm6(8)
hGBg (LE)ETR (n,m)eTr (glk + Enm + 1) <5nm —+ 1) R,
@ a0, amSlo (3.62b)
) Ormg Otk D (1)
4\ Z Z Z g K nmf(s)
9€Bp (Lk)ETF (n,m)eTr (e + enm + 1) (€pm + 1) "9
® aga; apa, (3.62c)
. Oy Dtk O »
XL 22 : K 6(s)

9EBp (Lk)ETw (n,m)eTr (ete + nm + 1) (€nm + 1)

® aga; a,amS - (3.62d)



76 3.1. Estimation of the terms

We now estimate the first summand of the term

1(3.62a)]|? (3.63)
<)\ |2 Z [0(n — )|2
B nmETF(n2_m2+1
2
4 L72d L Z ‘U | |U(l_ )|
(hk ETF 1eBS —m?+1)°
2
O o (L e (L TR
hneBC (lkeT n?—k*+1) (1> —k*+ 1)

_ 2
m.k€Bp nicpe (M2 —m

. N !Wn—meU—MHMn—Ulz
AL 2 (L T +1)(l2k2+1))

. Wn— nwa— m)| o -1\
(e 2 s ol i)

(n,m)eTF lEBF

Analogously we find the same bounds for the other summands (3.62b)-(3.62d).
Then with (A.43c), (A.43h), (A.43i), (A.43j) and (A.43k) This yields

[ Ps2:32(t)] (3.64)

1 _ In(kp)!/? _:
Il (L1/2 ) kL0 (“(ki) )) (KD (kp)) .
kr

Term P35.35(1): We have

PO ata,a;aratamQo = X, (h, 9)aia,a} aralam (3.65)
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for all (n,m) € Tr and (I, k) € Tr. Therefore

PEV®PARYORYIE(s) @ Q (3.66)

37— ﬁh 'ﬁlk 'ﬁnm (u,%,5)
- wLH ’ Kisi ()
2 0 ot G 1) (e £ 1) P

® ayagQ; gty amSlo

and using
@hg 'z)lk @nm . 'ah’g’ @l’k’ @n’m’ (3 67)
(5lk + Enm + 1) (5nm + 1) (5l’k’ + En'm/ + 1) (5n’m’ + 1) '
|@hg ﬁlk @nm|2 ‘@h/g/ @l/k’ ﬁn/m”2
B 2 (Elk’ + 1)2 (anm + 1)2 2 (51%” -+ 1)2 (En’m’ + 1)2 ’
we find
. . 2

|POVE PO RV RVOE (5) @ Q| (3.68)

< )\6L—6d Z Z |ﬁhg ’ﬁlk @nm|2

2 2
(h,9)ETF (Lk)ETF (n,m)E€TF (5lk + 1) (5nm + 1)
(h,g"YeTr (UK )ETF (n'm/)eTF

X |(apaza] agay,amSo, ayayajag ay, am@O)H; |

~ 12 ~ 2
S 36 )\6 (L_2d Z |@hg|2) (L_2d Z |Ulk| ) (L—Qd Z |U7lm| ) )
( ( (

2 2
h,9)€TR Lk)ETR (6”€ + 1) n,m)ETr (gnm + 1)

Therefore with (A.43a) and (A.43c) we find

[P32;33(1)] (3.69)

L 1 In(k
< [t AP <L1/2k§§1 1)/2+(’)(1)> L-kd—3+@<n( F))
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Term P39.40(f): Using the identity

0) * * * *
Pl )apaqap—kaq+kahaganam90 = 0g,pOh,p—k0m,g0n,q+%820 + 0g.qOn g+k0m,pOnp—18d0 ,

(3.70)

for all (n,m) € T and (h,g) € Tr, we find

(Qo, POWRPEVEH RYIIQ) (3.71)

B S Lt 1 Lt VR [
(n,m)eTr (h,g)eTr (6hg + Enm + 1) (Snm + 1)

ey 0 — m)| [i(n = m)?

—i(n—m)(yi+y;) )
(n,m)ETF (h,g)ETF (Ehg + Enm + 1) (Enm + 1)

This yields

CI)32;40

n t
— =iy / ds B POWRPOVO RYUE(s) @ O (3.72)

=1}

n t A A~ A
= zZ/ds e’ (/{)\2[/ Y > [ @] Onim] [Ong| ) £(s) ® Qo

=17 (n,m)eTr (h,g)ETF (€hg + €nm + 1) (Enm + 1)

s /dse%(MzL sy oyl [fnl [on

i< (o) eTs (ha)eTs (€hg +€nm + 1) (Enm + 1)

~cos ((n —m)(y; + yj))) £(s) @ €.

This contribution represents the second component, following ®3,, that aligns
with 2y and produces zero holes in the Fermi sea. However, due to the specific

choice of k, this term remains small in comparison to ®3y, making it negligible in



Chapter 3. Decomposition 79

determining the effective Hamiltonian kT, which we can see by computing the

norm

2
"P(O)WRP(2)V(i)RV(j)§(t) ® QOH < gN2LA | L2 Z M . (3.73)
(n,m)eTE (Snm + 1)

Then we have with (A.43b),

1 _ In (&
[ @s20(t)]] S [#] 1] A° (Ld- s 2>+Ld-0< ,i))) SNCAE
kp F
Term 3541 (t): We find
P(l)a;a;ap_kanrkaZaga;aon = n,p—k5h,q+k5g,qXM]f (p)ayam$ (3.75)

+ Ong+k0h,p—k0g.pX nrF (4) AgamSdo
+ Onp—kOm.qOn.g+kXarr (P)ayaglo
+ Ong+kOmpOnp—kXarr () agaglo
+ 5m7p5h,q+k59,qxj\7[]f (p)ap—ra,, Qo
+ 5m,q5h,pfk59,sz\7[,f (9)aqxa,
+ 0g,pOm,qOn,g+k X iiF (p)ap—rap Qo

+ 5g,q6m,p5n,p7kX]\~4£ (q)aq+kaZQO >
for (n,m) € Tr and for (n,m) € Tr. Therefore
POWRPOVORVIE() @ Q

— k)23 Z Z Z Z wpn @hg Upmn

PGM;f ke[,D7D}d (h7g)eTF (n,m)GTF (5hg + gnm + ]‘) <5nm + 1)
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G () @ anan S (3.764)

hg,nm

+ kA2 34 Z Z Z Z Wpn, Vhg Unm

4eMF ke[~D,DJ4 (h,g)ETr (nm)eTr (ehg + €nm + 1) (Epm + 1)

K€ (8) @ a5anQ (3.76b)

hg,nm

+RNLTE ST Y 3 3 Wpn Ung Opm

peM[ ke[-D,D]¢ (h,g)€TF (n,m)ETF <€h9 +enm + 1) (pm + 1)

LK LE(8) © anagQ (3.76¢)

hg,nm

+ /€>\2L73d Z Z Z Z Wpn Vhg Unm

geMF ke[-D,D]4 (h.g)€Tr (n,m)ETy (€hg + €nm + 1) (Enm + 1)

K €(8) @ a5a,Q (3.76d)

hg,nm

+ :‘i)\2L 3d Z Z Z Z Wpn Vhg Unm

peMF ke[~D,DJ (hg)ETx (nm)eTr (eng + €nm + 1) (Enm + 1)

K £(t) ® ap-ray (3.76e)

hg,nm

+RNILT ST Y 3 3 Wpn Ung Unm

qeM[ ke[-D,D]¢ (h,g)€TF (n,m)eTp (5}19 + Enm + 1) (Snm + 1)

K6 (1) ® ageran Qo (3.76f)

hg,nm

+ K2 L34 Z Z Z Z Wpn Vhg Unm

peMF ke[~D,D] (h,g)€Tr (n,m)ETr (€hg + €nm + 1) (Enm + 1)

KD () @ apaiy (3.76g)

hg,nm

+ KN L™ 3d Z Z Z Z Wpn, Vhg Unm

qeM[ ke[-D,D]¢ (h,g)€TF (n,m)€TF (€ng + Enm + 1) (Enm + 1)

KNP E(1) @ agarapQo. (3.76D)

hg,nm

Looking at the norm we have

(3.76) -

SEXNLTE Y (3.78)

F d
pEM, ke[—-D,D]
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2

7,2 Z I Z Z ’@hg‘ wnm’

meBp h,g€TFr nEBg (ghg + 1) (snm + 1)

Analogously we derive at the same bounds for the other summands (3.76b)-(3.76h).
Therefore with, (A.43p) and (A.43l),

(d-1)/2
1 Vd
[ (1 5 111 2 (M (k4 37) ) (3.79)

_ 1 _ In (/{ZF>
BV (k) - K Lo .
( F n( F) 1+é F + k%

Term ®35.45(t): Here we have

P(Q)a;a;ap_kanrkaZagaflang = 5n,p—k5h,q+kXN,f ((q, p)) RO O (3.80)
+ Ong+kOnp—k X NF ((pv Q)>a;a;a9am90
+ Omp0g.aX i ((p —k,q+ k))ap_kaﬁka;‘la:ﬁo
+ 5m,q597pxﬁlf ((q +k,p— k))ap_kaq%a;a;ﬂg
+ O gOngixry (.0 — k) ) aday,_raja
+ O pOnp—k XTp ((CL q+ k))ai‘,aq+ka2agﬂo
+ 0g,40n,g+kXTr ((Pv p— k))%?;ap—ka:;amgﬂ

+ 6g,p6h,pkaTF ((q, q -+ k))GZCLqukCL;CLmQO ,
for all (n,m) € Ty and (h, g) € Tr. Therefore

POWRPAVORVUIE (1) @ Q
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= K)\QL_Bd Z Z Z Z wpn @hg QA)nrn

(g.p)eNL ke[-D,D]4 (h,g)ETF (n,m)€TF (5hg + Enm + 1) (Enm + 1)

- l0d) £(t) @ apagagamSlo (3.81a)

hg,nm

+ KA2L 73 Z Z Z Z Wng Vng Unm

(4.p)ENF ke[-D,D]d (hg)€Tr (nm)eTr (Ehg + €nm + 1) (Enm + 1)

KR E() ® alagagm (3.81b)

hg,nm

+ RAPLT N 3 3 Z Wi Vng Onm

(‘LP)ENE ke[-D,D]? (h,g)€TF (n,m)eTF (Ehg + Epm + 1) (gnm + 1)

KD () ® ap_ragiranan Qo (3.81c)

hg,nm

+ Ii)\QLigd Z Z Z Z WE Vhg Unm

(q,p)Gle‘ ke[-D,D]? (h,g)€TF (n,m)eTF (ghg + Enm + 1) (gnm + 1)

g,Jr)Lmé( ) ® ap—kaq+kCLZCLZQO (381d)

+RNLTEST Y 3 3 Wy, Ong Vpim

pet kel DD (hg et (namyety (Ehg + Enm + 1) (Enm +1)

KED (1) @ ata, rafa, Yo (3.81e)

+ RN Y > Z Wy, Ong Dpm

qeM] ke[-D,D]4 (h,g)€TF (n,m)eTF (ng + €nm + 1) (Enm + 1)

. K B) ) ® a;aq+ka2ag(20 (3.81f)

hg,nm

+ gAZL 3 >y 3 3 Wk Vpg Unm

pEMF ke[~D,D]4 (h,g)€Tr (n,m)eTr (Ehg + €nm + 1) (€nm + 1)

KD €)@ abay_rahamQ  (3.81g)

hg,nm

+ RN Y 3 Z W Vng Onm

qeM[ ke[-D,D]4 (h,g)€TF (n,m)eTp (ghg + Enm + 1) (gnm + 1)

Kp?) (1) ® alagialamQy.  (3.81h)

hg nm

Then

1(3.81a)|” (3.82)
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SENL Y > (3.83)

(g.p)eN{ ke[-D,D)4
2

. L2d L—Qd Z L—2d Z ‘®h9| |@nm‘
g,mEBFr h,neBg (Ehg + 1) (Enm + 1)

and in close analogy we have the same bound for (3.81b)-(3.81d). Here, the
scalarproduct does not lead to more summands, because of the compact support

of ¥ and w. Similarly

I(3.81e)||* (3.84)

-~ 2
S22 LY Z \w,€|2 (L‘Qd > |”hg|2) (3.85)
(

peM[F ke[-D h,g)€Tr (eng +1)

2
. LQd L—Qd Z ”Unm’
(Enm +1)

(n,m)eTr

+ 2620 (L oy oy y Bl |”p9) (3.86)

kDD wayetr nepe  (Epg T 1)

2
cg2d | - Z D
(n,m)eTr (E"m + 1)

which we also find similarly for (3.81f)-(3.81h). Together with (A.43q) and (A.43j),
as well as (A.43b), (A.43c), (A.43n) and (A.43t), this yields

[ P32;42(1)] (3.87)

- 1 _ In(kn)1/2
< It |k A2 (L*1/2k;§fl 1)/2) Id (Ll/zwkgz /2 L 0 (n(;jj))
kr

1 (d—2) ln (kJF)
. k @
(1 + & i ( k2,
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Term P39.43(t): Here we have

(3) ,,x * * _ " . % % *
P ajaga, g4 ,a,ana,a0m80 = 5n,q+kXle (p — k))aya;a, ra,agamfdo
* ok *
+ (5n7p,kxz\~4kp(q + k) ayagaq 10y ay0m82
k %k *
+ 5h’q+kXsz (p — k)ayaga,—1rayar,a,0

+ (5h7p_kxz\~4kp (q + k)aya;aq kagay,amSlo

(3.88)

+ Om, g Xy r ((p —k,q+ /{:))a;ap_kanrka}"Laga:‘LQO

k

k

+ 5g,qXN}§ ((p —k,q+ k))a;ap_kanrka;afLaon

+ 5g,pxﬁkp ((q +k,p— k))aflap_kaﬁka;’;aflam&)o :

for all (n,m) € Tr and (h,g) € Tr. Then

POWRPAVORVUE (1) @ Qq

= K>\2L73d Z Z Z Z wk @hg @nm

(a.p)eN} ke[-D,D]4 (h,g)€TF (n,m)€Tp

) Kf(L;,Jvz,mg(t) ® a;a;apfkazagaon

+ KAPLT T S ) >y Wk Uhg Unm

(¢.p)ENF ke[-D,D}d (hg)eTr (nm)eTk (ehg + €nm + 1) (Enm + 1)

’ Ké;?%mg(t) ® a;azaq—kkazagamﬂo

+ I§}>\2L_3d Z Z Z Z W Vhg Unm

(o) eNF kel D DY (hg)eTy (nomyer (Ehg F Enm + 1) (Enm +1)

LK) £(t) @ anayay raganam

hg,nm

+ RAZLTH N S 3 3 Wk, Uhg Unm

(%P)GN,f ke[—D,D]4 (h,g)€TF (n,m)eTk (6hg + €nm + ]-) (Enm + 1)

(€hg +€nm + 1) (Enm + 1)

(3.89a)

(3.89b)

(3.89¢)
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K5 () @ a aqaq+kaga ramf  (3.89d)

hg,nm

D D SR S S

() eNF kel-D.DY (h )T (nomeTy (Ehg + Enm + 1) (Enm +1)

LK) et ) ® ylp—kqskayaganSl  (3.89)

hg,nm

D S SR S S

(@HENF ke[~ D.DY ()T (nmyery (Sho F Enm + 1) (Enm +1)

KD £(t) ® agay pagyrarnaga,$  (3.89f)

hg,nm

D S S S S T

(Gm)eNF kel -D.DI (ha)eTr (nomeTy (Ehg F Enm + 1) (Enm +1)

K}(fgjnmf(t) ® yap— g ka0 o (3.89)

RN Y Y Y Y Wk Uhg Unm

() eNF kel-D.DY (hg)ele (nomeTy (Shg T+ Enm + 1) (Enm +1)

K(”) f(t) & azap_kaqMaZa;‘Laon (389h)

hg,nm

Then

1(3.89)|* (3.90)

5 /{2 4 L~ 2d Z Z |1Dk;|2

(q,p)eN[ ke[-D,D]4

L2 | 2 Z Z 1,24 Z ( |@h9| |@nm|

meBF (h,g)€Tr nEBg ghg + 1) (€nm + 1)

+ ,%2)\4 L—Qd Z Z |wk|2

peM}F ke[—D,D]4

2
gy (L s [Ohnl [Bon [ )
(

n,m)eTp (5hm + 1) <€nm + 1)

+ HQ)\4 L—Qd Z Z |wk|2

peM[ ke[-D,D]d
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2

. L2d L—Qd Z L—Qd Z ’@hg‘ |6nm’ ’@hn|
g,meBF h,nGBg (ghg + 1) (Enm + 1)

2
_ R _ Ongl [Ong| |Onnl
+/€2>\4 L 2d m 2 L 2d ’ g g
Z Z [0 Z Z (eng +1) (gnm + 1)

peM[" ke[-D,D]¢ (h,g)€TF n€EBR

Analogously we find the same bounds for the other summands (3.89b)-(3.89h).
Then with (A.431), (A.43j), (A.43k), (A.43m), (A.43n) and (A.43u) this yields

|Pszas()]| S 1] 1] X (L7265 Y2 + 0 (1)) - L (ki) In (kp)?)

Term @32;44(15)2 We have

4) *x % * * * ok * *
Pl )apaqap_kaq+kahaganam90 = XNF ((p, q))apaqap_kanrkahaganaon (3.91)

for all (n,m) € Tp and (h,g) € Tr. Using the inequality

wk zAJhg @nm ) ﬁ)k/ @h’g’ ’ﬁn/m/ (3 92)
(ghg + Epm + 1) (8nm + 1) (5h’g/ + € + 1) <5n’m’ + 1) .
"UAJk @hg @nm|2 ’UA)k:’ 'ﬁh’g’ @n’m’|2
= 2(ng+ 12 Eam + 1) 2(eny + 1) (B + 1)°
we find
. . 2
| POWRPEVO RVOE (1) @ Q| (3.93)

N a2
< K2MNL6d Z Z Z Z |k Dng Drm| 2§(t)

2
(ba)eNF ke[ DD} (nm)eTr (hg)eTs (Ehg T 1) (Enm +1)

* ok * * * * * *
X |(ayayap—1ag1 1050900, 0, ap,aq,ap/_k/aq/+k/ah,ag/an,am/Q())H;V|
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(p,9)eN{ ke[-D

o 2
- Un — Unm
L 2d Z ‘ g| . L 2d Z | | 5 )
(h,9)€TF (ghg + 1) (n,m)eTr <€nm + 1)

Therefore with (A.43c) and (A.43m)

(L DY Z d@k2)

[[Ps2;44(t)]] (3.94)

In(k
< el X (LY + L7 0(1)) (L.Hkgsmo ( n( F))) |

In summary we obtain with (2.65) the decomposition

1)l (3.95)

1/2
< Al Y2 . 1 k(d 3)/ +(9 (hl(kF) )
(1 + kF) kr

1 _ In(k 1/2 B
+ ¢l A (LW D) k240 (n(;;) )) (L XRY) (3.96)
kp

) A2E 2 1 (k)

_ 1 In(k
+ |t| |li| |A| (L_I/Qk:;fl 1)/2 + 0(1)> Ld (L1/2 . @ k%‘—Q + O ( n]({;FF)>>

[t ml AL (LR 2 0() (ki n(ke))

1 - In(kp)l/?
+ [t |s] AL (L R+ LT 0(1)) (LW-Lkgd D2, o (fﬁlﬁ))
(1+&) 3

TRl A — <ln(k1’)>
()
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1 1 )
+ |t| Nl L. 72]?%—3 +0 H(IEF) . (1 + /\Qk%d 2))
(1+5) i

1 — ln(kp)
t 3 k(d 2)
+ 1A (1+L o (M

kr
N A I, (W)
(1 + é) kp

1 _ In(kn)'/? B
+ [t AP (LW sl 0 (“”)) (2 n(hr))

(1) " b
3 1 - 1 = In(k
+|tH)\’5(L1/2'kfvd 1)/2+(9(1)> L-sz%5+(9< ](€2F)>
(1+4) r
LACEE) In (kp)
+ [t] |K] N2LY k¢ +(9<
2] x| <1+;€LF i 2

(d-1)/2
1 Vd
2
+ [t] |kl A (L<d—1>/2'<k’F+2L> )

- 1 — In (kp)
A R 2 (k) 143

_ 1 _ In(k 1/2
+|t] |x] )2 (L_l/ngi 1)/2> Ié L1/27Lk§;1 3)/2 o) (Il(;))
(1+ ) F

1 d-2) (hl(k‘F)))
: K0
(1 i ki
[t 5] A2 (L7202 1 0 (1) - 14 (K90 I (ke )?)

+ [t 6] A2 (L4 RSV + L1 0(1)) Lo—Y _ped 40 <ln(l;p)>
(1+%) &

3.1.2 ®-terms

In the following step, we again proceed by estimating each of the resulting terms

individually.



Chapter 3. Decomposition 89

Term ®,(t): We have

|RWE(s) @ Qol|? (3.97)

B (k)

2
(p.g)eNF k€[-D,D}4 PP —p—k)?+¢—(¢g+k)?>+1)

A k/‘ 2
< 2/@21@22[72‘1 Z Z (k)| .
warenr ke-oop (1o = |p = k| + lal — g + k| + k7'

We utilized the identities

P ==k =(pl = o= kD (Ipl +|p = k) = (Ip| = |p = k) kr and (3.98)

¢ —(q+k)?=(al =g+ k) (al + la + k) = (lg] — g+ k) kp, (3.99)

since p — k,q+ k € Br and p,q € BY, alongside Wick’s theorem. This initially
suggested the presence of four different cases. However, due to the assumption of
compact support for @w(k), only two cases remain, see (3.1). The compact support
effectively reduces the complexity of the scenario by eliminating contributions

from terms outside the support of @(k), allowing us to focus on these two cases.

Figure 3.1: Pictures of the four different cases, suggested by

*

* * *
<apaqap,kap+k90,ap,aq,ap/,k/ap/%/Qo)HE, produced by term W€y. Due to

the assumption of compact support for @(k), only the first two cases are possible.
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This yields with (A.430)

_ X ) 1
B < nl (24t kP e 0 (S)) - @)
(2+5) p
F
Term il(t);

HRW(—l + 10— hfe(s) ® QOHQ (3.101)

<KL Y Z (k)2 2

parerp kb (2468 = (0= k) = (¢ + kP +1)

(1 s = M)

2
)
To bound the norm, we again use Y — ho' = N> 37 Wi, (yi — ;) + nA* Wy, (0).
Then

2.0 (3.102)
1 ) . )
S [t x| (dekﬁfl & + L¢.0O (kp)) . (1 + )‘Qk'}(z;i 2)) _

Term ®,(t): Here we need to evaluate two different terms. Since

PFWE(s) @ Qo = L~ Y > w(k)E(s) ® Plasaia,—kap Q0 (3.103)

(p.q)eNF ke[=D,D]¢

=0
and

[ho, WE(s) @ Qo =ho L™ > > w(k)E(s) @ aratap-rapr (3.104)

e _ d
(p.g)NF k€[=D,D]
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> > wk)E(s) ® a;aZap_kap+kQOh2

AT _ d
(p.g)eN} k€[-D,D]

we find
| RERS, W] — P3wye(s) @ | =0, (3.105)
and therefore
|®2(t)]| = 0. (3.106)

Term E1330(15): Here, we also obtain a term aligned with )y that generates no

holes:

0) % % * K _
P( )apaqapfkanrkarasarftasﬁ‘/QO - pfk,s5p,s+t6q+k,r6q,r7t90 (3107)

+ 6p7k:,r 5p,r7t5q+k,s(5q,s+tQO )

for all (r,s) € NI and we have

(Q, POWRWQ), (3.108)
2
— 212 [@(t)]|
o (TS)XE:NFtE[ZD:Dd e R  CR L

Therefore

Dyo(t) (3.109)

t )
= / ds e POWRWE(s) @ Q (3.110)
0
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o - b(t)?
— d iHs 2L 2d |’U}( O .
2/0 R 2 2 r2—(r—t)2+s2—(s+1t)?+1 §(s) @

(r,s)eN}F te[-D,D]4

In terms of the norm, we have

! SkE =% 4+ L* . 0(1) (3.111)

(T) < 2 L2d
H 30(@” Sk 7(2[/ N %)

Due to the specific choice of k, this term is once again too small to influence the

determination of heff.

Term 631(1&): Producing one hole is impossible with two operators W due to

conservation of momentum, hence

PYOWRWE(s) @ Qo =0. (3.112)
Therefore
|®a1(t)]| = 0. (3.113)
Term ®3,(t): We find
P(2)a;a;;ap,kaﬁka:a:ar,tasHQo (3.114)

= T,pfkés,qukXN,f (p, Q)a;azarftas+tQ0
+ 5r,q+k5s,p—kXN,f (p, Q)a;azar—tas+t§20
+ OrtpbsriaX e (P = ko a + k) ay-ragena;aiQ

+ 6r—t,q65+t,pXj\7£ ((p - ka q-+ k)>ap—kaq+ka:a:g20 ’
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for all (r,s) € NF'. Then

POWRWE(s) @ Qo

— 2] Z Z Z Z ”Lf)(p - T)w(t) 5(8)

(p q)GNF kG[ D D]d (r s)ENF tE (57“7" t + Es ,5+1t + 1)

& a;a;ar_ta5+t90 (3115&)

D YD D D SR e

(p, q)GNF ke[-D,D]? (r, S)ENF te[-D,D)d (E;T,Tft + 5s,s+t + 1)

® @y, 104§ (3.115b)

sRpHy oy oy oy ORI

(p, Q)GNF ke[-D,D]? (r,s)eNF te[-D,D]4 (51“,7"—15 + €554t T 1)

® Ap—k gk, @Sl (3.115¢)

S N D Y o) DO =) gy

(p, Q)GNF ke[-D,D]? (r,s)eN]F te[— (51“,7"—15 + €554t T 1)

® Ay g karaiflo (3.115d)
and we find

1(3.115a)|” (3.116)

12
Sk Y Z a3 Z ||
(p.q)ENF ke[-D (ro)eNF tel-D.Djt (Err—t T Esept + 1)
Similarly we derive with the same bounds for (3.115b)-(3.115d). Then, with
(A.430),

|®s2(t)| (3.117)
Ld

2 d—1 d d—2 d 1
S [t w (Mkp + L ~O(1)) (MRF + L O(@)) .
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Term P33 (t): Here,

PBasaza, ragiraaia,1asQ0 = 0 graXarr (9)Xarr, (P)ayazay rala,—1as
+ (5r,p—kXle (p)XMfk (Q)a;a;aq+k&: ar— @120
+ 6s,q+kXle (Q)XMfk (p)a;a:;apfka:arftas+tgo
+ Osp—kXarr (P)Xarr, (Q)apagQq 0y ar—1as4€h
+ 5rft,qX]\~4I§ (Q)XMfk (P)ayap—rkagkara;as+:820
+ 5r—t,pX1\715 (p)XMfk (9)agap—kaq+rara5asSdo
+ 0ot pX i (@)X a7, (P)agap—kaqsrayaga,—§do

+ 6s+t,pX]\7[£ (p)XMfk (Q)a:;ap—kaq—i-ka:a:ar—tgo s

(3.118)

for all (r,s) € NF. This yields

PAWRWE(s) @ Qo

LD YD YD VD S

(p’q)EN]f kE[—D,D]d (T,S)ENtF tE[—D,D]d

w(k)w(t)
<5r,r—t + 5s7s+t + ]-)

§(s)

® a,a,a, ka0, 15120 (3.119a)

A

4+ K22 Z Z Z Z w(k)w(t) £(s)

(p7Q)€N£ ke[fD,D}d (T,S)GNtF te[fD,D]d (87“,7"71‘/ + 8s,s+t + 1)

A

® a0y kAyar 1051482 (3.119b)

(k)i (t)
(gr,rft + 6s,s+t + 1)5(8)

AL

(p.9)€NF ke[-D,D]? (r,s)eN] te[-D,D]4

® apayap kA, ar 151420 (3.119c¢)

w(k)(t)
(er,r—t + Es,s+t + 1)5(8)

D YD S VD S

(paq)eN}:_‘ kG[—D,D}d (T,S)ENtF tE[—D,D]d
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® a0y aq4 k0 ar 105420 (3.119d)

w(k)(t)
(€T7~ t + Es ,s+t + 1)5(5)

+RLT Y Z

(p, q)eNF ke[-D,D}? (r,s)eNF te[—

® apap kg kayasasi1€o  (3.119)
w(k)w(t)
(5'r,7'—t + 5s,s+t + ]-)

P Y Y Y%

(p,g)ENF k€[=D,D]* (r,s)eN]" te[-D,D]?

§(s)

® Apap kg kra5as448  (3.119f)

w(k)(t)
(5r,r—t + 5s,s+t + 1)5(5)

PR Y Y Y%

(pg)ENF k€[=D,D]* (r,s)eN]" te[-D,D]?

® ayap ragirayazar—§o  (3.119g)

w(k)(t)
(5rr t + Es ,s+t + 1)6(5)

+ LT Y Z

(p,q)€ NF ke[-D,D]? (r,s)eN}F te[—

® apap g rayazar—§ . (3.119h)
We find

1(3.119a) || (3.120)

~ 12
=P D VD ST R A SR » o

(p,q)EN,f k‘E[*D,D]d ( ) NF tE[ D D]‘i (57‘1" t + Eg ,5+t _'_ 1)
The same bounds can be found analogously for (3.119b)-(3.119h). Therefore,
using (A.43m) and (A.430),
|®ss(t)| (3.121)

_ L _ 1
S Jtle? (LD + L7 o(1)) (k(d 40 ()) .
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Term (534(t): We have

PYWRWE(s) @ Qo (3.122)

_ I<L2L_2d Z Z Z Z UA)(]{?)UAJ(t) f(S)

(p, q)GNF ke[-D D]d (r, s)GNF te[— (57"7“ t + €s ,5+t + 1)

® CL a, ap kaq—i—kza ar—tas—i-tQO
following from the identity

4) *x % * ok * ok * %
P! )apaqap_kaq+karasar_taertQO = XnF ((p, q))apaqap_kaq+kaTasar_ta5+tQO

(3.123)
for all (r,s) in Nf'. One can easily check that
w(k)w(t) w(K)w(t)
(r2—(r—t2+s2—=(s+t)2+1) (=" —t')2+s?%—(s+t)2+1)
| (k)b (t)|* | (k) (t)[?
T2(r2—(r—t)2 4 82— (s+1)2+1)° 202 — (' — )2+ 52— (s + )2+ 1)7
(3.124)
Then
| POWRWE(s) @ Q| (3.125)

iy Yy oy oy e e
(p,9)eN] (r,s)eNF (p' q)GNF (r', ’)ENF t,t'€[—D,D]? (5r7’ t & 5+t+ 1)
k,k'€[-D,D]?

* * *
X |<apaqap_kaq+kar sAr— ta5+th, p,aq,ap/_k/aqurk/ar,aslarf_t/as/+t/Qo>H;v|

~ 12
S/ ,{4 L—2d Z Z |wk|2 Z Z |wt‘ 5 ’

(p.q)eNF ke[-D,D]d (r,s)eNF te[—D,D]4 a (Erp—t T €55t + 1)
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which, using (A.43m) and (A.430), yields
|®sa() (3.126)
S 1 (LR + 20 0(1)) ((2 . L)kgfl‘” + 140 (é))
Term &, (): Using

P(l)a;;ama;a Ap— kg4 1820 = OpmOp—rnX1p (M, 1)) AZaq k20 (3.127)

+ 5q,m6q+k,nXTF ((m7 n)) a;aP*kQO
for all (p,q) in NI, we find

POVO RWE(s) @ Q
(k) w(k)

= kAL e g (s)
pe%F qezM:F ke[z (Epp—k T Eqatr + 1)
® agaqg4 1S (3.128a)
o(k) w(k ,
4 H)\LiQd Z Z Z U( ) w( ) efzkyié(s)

peMF, qeM[ ke[-D,D]? (Epp—t + Eqger + 1)

® apap—k$2o - (3.128b)
This yields

| POV RWE (s) © 90H2 (3.129)

N (Ld > )2 (L2d D o(k)|” @(k);)

peMF, qeMF ke[-D,D]? (€gq4k + 1)
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2

N A N G IR

qeMF peMF, ke[-D,D]4 (gp,p—k + 1)

Therefore, using (A.43p) and (A.176), we find

d—1
1@ ()] < 1t 1] 1A ((kp + ﬂ) : 2) (3.130)

1
@DL+ 12 1 e g < n (kF)>

Term ®,,(t): The identity

2) ok * ok * %
Pl )anamapaqap_kaq+k90 = Onp-kXBp (M) Q0 aq 1k (3.131)
* ok
+ 5”7Q+kXBF (m) aqapap—kamQO
* *
+ 5m7PXBg (n) aqap*kaq+kan90

+ 5m,qXBg (n) ayAp—kQq+kanSo
for all (p,q) € NF and (p — k,q+ k) € NF, yields

PAOVYORWE (s5) @ Q

I Z Z Z o(p—k —m) w(k)

—i(p—k—m)yig( )
e S
mEBF (p,q)eNF k€[-D (5pp kT €q,q+k 1)

® gyl 1k amSo (3.132a)

LR Z Z Z o(q+k —m) w(k)

meBp (p,q)eN]f ke[-D,D]4 (81771)—’@ + Cq.q+k + 1)

e—i(q+k—m)y¢§(s)

® @, a0, amS (3.132b)

4 RN Z Z Z d(n —p) w(k) efi(nfp)yif((g)

Epp—k T € 1
WeBS (ra)enF kelp.ppt (Epao—k T Cagri +1)
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® gy 1Ay 10, (3.132¢)

+ kAL 2d Z Z Z @(n — Q) ’LTJ(]{J) efi(nfq)yig(s)

neBE (p,q)eN} ke[-D (Ep,p—k + €q,q4k T+ 1)

® a0y kg kS0 - (3.132d)
Then
1(3.132a) (3.133)

5/{2)\2 (L—Qd Z ) L 2d Z Z !@W

meBp (p.q)EN} ke[-D,D]d (Epp—tk + gtk + 1)

Analogously we find the same bounds for (3.132b)-(3.132d). Therefore with
(A.430) and (A.43s)

[ @aa(®)] S Tl sl 1A K27 (3.134)

S ( (l{:p+\2/§>) (@f)k%) Lo (é)) .

kr

Term &)43(15): We have

POVYRWE(s) @ Q (3.135)

— LN Z Z Z d(n —m) (k)

(n,m)€Tr (pq)eNF ke[—D,D]? (Epp—tk +Eqqtk + 1)

e—i(n—m)yié(s)

® Ay, A @y, 11120
following from the identity

P(S)aZama;aZap,kanero = XTp ((n, m))a;ama;aZap,kaq%Qo (3.136)
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for all (p,q) in Nf'. One can easily check that

dn—m) (k) o —m) (k) (3.137)
(epp—t T Eqqrr 1) (eppw +eggin +1)
o _ o —m) @k)* [o(n" —m/) DK
T 2(eppk ek + 1) 2(epp o Feggiw + 17
Then
. 2
| POV RWE (5) @ Q| (3.138)

< kAL Z Z Z Z Z |[(k)D(n — m)|2

_ . (Eppt + Eqqrn + 1)
(n.m)€Tp (n';m")ETr (p,q)eNF (¢, )eN], kik'€l=D,D)* =Pk T =a.atk

. He_i(”_m)yf(s)’

* kk * * *
. X [(ay,amayagza,rag 1o, an/am/ap,aq,ap/_k/aqurk/QO)H;V|

S K\ (LQd Z ‘@(n _ m)|2) L72d Z Z |ZAU</{J)|
(

(n,m)eTr p,q)eN]f kE[*D,D]d <€p,p7k + Eq,quk + 1)

2 Y

where we used “e‘i(”_m)yiﬁ (S)H = 1 as well as the fact that the scalar product

provides 36 summations. This yields to

"5’43(75)” (3.139)
L -1 LY o | qa 1
S It [kl |A|< s +O(1)> (k:F + L o() .
ey z

Together with (2.72), we obtain

|2 (3.140)

1 _ 1
S (mm s o )

kr

1 . 1 )
d (d-2) d 27.(d—2)
+ |t] 5] (L (2+L)kF v L O(m)) (142K

kr
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1
t ke

i [ g o) (B ke Ld-(’)(l)
(2L +£) (2+ &) kr

kr kr

_ L¢ _ 1
It 2 (LD 4 L 0(1) ( ke T+ 1o (U)
(2+%) r

1 _ 1

(14

\/E)d Ld d—2 1
el [t (e YO R AC Ld-0<)

1 (a2 LY a2 1
PPN (k; +o<1)) e 0()
o z

Summary of Term Estimations

We showed, that for d € {2,3}, A,k € R and kr > 2, combining all bounds of the

decomposition of ® and CTD, that we end up with

W (t) - &(t) @ e FEmDigy| (3.141)

1 _
<A (Ll/? S +0<1>)

(1+55)

1 _ -
+ [t A (LW e +(9(1)) (1 22
(1+4)
1 A2k In (kp)
- 1
+ 1t K] [A] LT (L7272 + 0(1)) | LV ——< k2 4+ 0 (1)
(14 )

+ [t 6] AL (L7 + o) (ki (k)
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+ 1t ] A 29 - (L7 + O(1) L1/2.%k§f“3>/2+0<1>
(1+&)
+ N | L — K+ 01)
(1+7)

+ [t A (L : i(l +1L)2 K2+ 0 (1)) (1 AR
kp

1 - 1 -
+ [t A1 (1+ ok 2>+c9(1>) : (Llﬂ.k(d 3>/2+0(1>)

i (L)
+ 1t AP <L1/2 : (1+1 0y K240 (1)) (k2 (k)
kr

AP (272 B2+ o) (L : % kP 4+ 0 (1))

(1+5)
1

D o0
el (1)

(d—1)/2
1 \/3
2 —_— . —
+ |t] |k| A (L(d—l)/Z (kp—i- 2L> )

_ 1 _
: (k&fl D20 (k) - ( k) +0<1>))
1+

o]l X2 L1 (L7RE0)

1 _ 1 _
g eon) (g vou)

kF kF

+ [t] || A2 L* - (

+ [t R A2 LY (72K 1 0 (1) (K I (kp)?)

+ [t RN L (L7 + o)) (L :

(1+%)
+ || L% ((2+1L) K 4 0(1))

kr

1 _ _
+ [t k| L2 - ( k) +0(1)) (1+ A2k

(2+4)
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_I_KIQ L2d L 2 1L > k%d—?)_,_@(]_)
(2+&)
1 1

+ | w2 L2 LT k4t 4 0(1) k4240 (1)

(2+#) " (2+&) "

_ 1 _
+ [t s 22 (L) + o)) — kP 0 (1)

(2+ &)

\/C_l d—1 1

+|t] 5] || ((kp+2L> -
1
(2DL+1)d/2-ﬁk(d V2 Lo)
(1+3)

+ [t] || [A] L - ( (kF+) ) ( 5 k(““r@(l))
+&)

_ 1
+ [t ] A 24 - (LR + 0 (1)) ( KPP ron ))
(2+ kF)

Setting now A\? = k% % and k? = L™2? we find the statement in (1)

(L+|t) In (kr)®
ke

lim sup H\If — ) ® e’iE(kF’L)tQOH <C(n,R,ag) (3.142)

L—oo

In conclusion, we have successfully extended the study of impurity particles in a
dense Fermi gas by incorporating internal interactions into the theoretical frame-
work. By employing a perturbative approach, we evaluated the various terms
that arise due to these interactions. Our analysis shows that, consistent with the
findings in [24], the leading-order term responsible for restoring the zero-hole state
in the Fermi sea is of order one. All other terms, as expected, are smaller, given
the choices of coupling constants k2> = L~2? for the internal fermion interaction

and \? = k%% for the impurity-fermion interaction.
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This careful selection of parameters allows us to reproduce the same effective
interaction among impurities as seen in the non-interacting case. Furthermore, our
results demonstrate that the product structure of the many-body wave function,
as assumed in earlier works, is approximately preserved in the limit of large Fermi
momentum kx. This preservation of structure validates the robustness of previous

models, even in the presence of weak fermion-fermion interactions.

On the validity of the large-volume limit.

In the setting without fermion—fermion interaction (as in [24]), the thermodyy-
namic limit . — oo at fixed density (i.e. fixed kp) is harmless: sums over fermionic
modes become integrals and no dangerous volume factors remain. In our extended
model with an additional two-body interaction W between the fermions, the situ-
ation is more delicate. The summations in the W-terms generate factors of order
L% or L*. If one were to take L — oo without adapting the coupling constant s,
the fermion—fermion contribution would remain leading and the effective dynamics
would no longer coincide with the one derived in the non-interacting Fermi gas

case. This is precisely why, in our proof, we choose

K? =L (3.143)

which suppresses these volume factors before passing to the high-density regime
kr > 1. With this scaling, the W-terms become subleading, and the large-volume
limit can be taken either in two stages (first L — oo at fixed kg, then kp > 1)
or jointly with kr = O(LP) for 0 < 3 < 1/2. We emphasize that without such
a scaling of k, the argument from the ideal Fermi gas case does not carry over

directly.



Chapter 4

Discussion

4.1 Challenges in the Large Volume Limit

Despite the clarity of our results, the current theoretical framework encounters
significant challenges when considering large system volumes, particularly at the
boundaries of the confining box. In our setting, the influence of the system’s
finite size, even with periodic boundary conditions often assumed in such models,
becomes pronounced as L — oco. The effective decoupling we observe is contingent

on specific scaling of interaction parameters.

4.1.1 Limitations of the Current Method

A key limitation of our current approach lies in its ability to control excitations
within the fermionic system. The only way we have been able to manage these
excitations and ensure the validity of our approximations is by carefully scaling
the fermion-fermion coupling constant x in relation to the system volume L.
Specifically, by making « sufficiently small in a volume-dependent manner, we

effectively suppress problematic terms arising from fermion-fermion interactions
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that would otherwise destabilize our analysis or obscure the impurity dynamics.
This choice of k essentially acts as a compensatory mechanism, allowing us to tame
the influence of the fermionic background. However, this method is somewhat
restrictive; it implies that our results are most robust in a regime where fermion-
fermion interactions are inherently weak or effectively screened by the large volume.
It does not offer a direct method to incorporate or analyze strongly interacting
fermionic systems where such suppression of k would be physically unrealistic.
This means that if we were to venture into regimes of stronger k, our current
methode would likely break down, necessitating a different approach to handle

the more complex interplay of fermionic excitations.

4.1.2 Future Directions and New Theoretical Approaches

To overcome the challenges associated with large volumes and to achieve a more
comprehensive understanding of these systems, new theoretical approaches are
essential.

One idea for future research is to focus and perform calculations directly on the
ground state of the system. A rigorous ground-state approach could offer a more
stable and accurate foundation for understanding the effective interactions between
impurities. Such an approach might provide a more natural way to account for the
collective behavior of the fermions and their influence on the impurities without
being overly constrained by the need to explicitly control excited states.

A second direction involves rethinking our definition of , proximity“ within the
system. Instead of relying on global norms, which can be sensitive to boundary
effects and long-range correlations in large volumes, we could explore a more local

concept, perhaps by considering a form of scalar product rather than a traditional
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norm. This would entail focusing on how the impurities interact with localized

fermionic densities or fluctuations, rather than assuming a uniform background.
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Chapter 5

Conclusion and Outlook

Our research investigates the intriguing behavior of a small number of impurity
particles immersed in a system of fermions within a d-dimensional box. We have
shown that in the thermodynamic limit for high-density and under specific scaling
of coupling constants, these impurities effectively decouple from the fermionic
system. Their dynamics are dictated by an induced pairwise attraction, mediated
by fluctuations within the Fermi gas. This finding provides valuable insights into
the emergent properties of impurity-fermion systems in a regime where quantum

many-body effects are paramount.

5.1 Future Directions

While this work establishes the validity of effective impurity dynamics in weakly

interacting Fermi gases, several natural extensions and open questions remain:

1) In our analysis, we have assumed that the fermionic system is initially
prepared in the non-interacting ground state €2y, corresponding to a filled

Fermi ball. A natural question is: How would the situation change if one
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5.1. Future Directions

4)

considers an initial state that is the true ground state of the interacting
Hamiltonian? The resolvent method could potentially be adapted to this
setting by working in the interaction picture with respect to the interacting
ground state, though this would require controlling additional correlation

effects.

Our main result provides convergence in the L2-norm, which is natural from
a quantum mechanical perspective but comes at the cost of requiring the
limit L — oo. One might ask: Can different results be obtained by working
directly at finite L7 Working at fixed L would eliminate the need to take the
large volume limit and might yield effective Hamiltonians involving discrete

sums rather than the integrals appearing in Wy, (r).

Our approach relies on weak coupling, which depends on the system size
L. Using the resolvent method and considering the norm, it may be very
difficult, to improve k. A major challenge, therefore, is to extend these results
to more strongly interacting Fermi gases by means of different techniques.
One possible idea would be to adopt a different notion of proximity and to

work with the scalar product instead of the norm, as discussed above.

While we have considered d € {2, 3}, the dependence of our results on spatial
dimension is non-trivial, as reflected in the scaling A\> = k% . Exploring the
behavior in one dimension or in higher dimensions could provide a more
complete understanding of how dimensionality affects fermion-mediated

interactions.



Appendix A

Bounds

A.1 Bounds and Computations

The following Lemma presents and proves a statement related to the summation
of an indicator function over lattice points within an annulus. To simplify notation
and computations, we have chosen a lattice distance of 1/L instead of 27/L. This

does not affect the validity of the subsequent calculations.

Notation 4. The following notations are used:

d € {2,3} denotes the dimension.

o L >0 is a scaling factor for the lattice.

e Bgr(u):={r € R*: |z —u| < R} and Br = Bg(0).

« Bf(u) :={k € 1Z": |k — u| < R} and B} = B§(0).

o Bli py(u) :={k ¢ 17Z%: Ry < |k —u| < Ry} and Bz, 7y = B, 1y (0)-

o la(x)=11ifx € A and 0 otherwise.
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o Angular coordinates for integration in R are denoted by w.

Lemma 5. For m € %Zd, and real numbers r > 0, R > 0,0 > 0 such that

r— % >0 and |m| — R > 0, the following inequality holds:
Z L (m)(n) (A.1)
n€B<LT‘T+6]
d—1 Vv d—1
d d R+ Y2
< L= R—sjm/+R) (T) - L (r +6+ ;/Z:> <5 + {) (2 arcsin (M))

Proof. The sum on the left-hand side counts the number of lattice points n € %Zd

that satisfy both r < |n| <7+ 0 and |n —m| < R. Let this number be
N' = |B(m) 1 BE, 5. (A2

The indicator function 1, —r—sm|+r) () accounts for the necessary condition for
this intersection to be non-empty. If 7 is outside the interval (jm|— R —4J, |m|+ R),

the annulus B(LW +5 and the ball BE(m) are disjoint, and the sum is zero.

To bound N’ we consider the continuous regions

Br(m)={zeR%: |z —m| <R} and A={zecR*:r<|z|<r+4}.
(A.3)

The intersection of these continuous regions is Sy = Br(m) N A. A lattice point

n e %Zd is counted in N’ if and only if n € Sj.

Each lattice point n € %Zd can be associated with a fundamental cell, for instance,
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the hypercube

1 1 1 1
m—i,n1+2—>><---><[nd—ﬁ,ncﬁi) (A.4)

centered at n, which has volume (1/L)¢. If a lattice point n lies within Sy, some
parts of its fundamental cell might fall outside Sy, and conversely, Sy might contain

parts of fundamental cells of lattice points not in Sy.

Figure A.1: The blue area denotes the intersection of the continuous regions,
So = Br(m) N A. The pink area shows the enlarged region S’, which contains all
fundamental cells of lattice points in Sj.
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To obtain a reliable upper bound on the number of lattice points in Sy, we
consider an enlarged region S’ such that if a lattice point n is in Sy, then its entire
fundamental cell is contained within S’. The maximum distance from any point
in the fundamental cell to its center n is half the length of the space diagonal,

which is

1 /712 1\? Vd
2\/<L> vt (g) =5p (A.5)
Therefore, if a lattice point n is in Sy, then n is within distance 2—*/5 of the enlarged

region S’ defined as:

S"=B ﬁ(m)ﬂ{xERd:r—\Q/LE<|95\<T+5+\2/LE} (A.6)

The number of lattice points N’ in Sy is then bounded by the volume of this

enlarged region S’ multiplied by the density of lattice points L4
N’ < L*-Vol(S"). (A7)

The volume of S” can be estimated by integrating in spherical coordinates. The

Vd Vd

radial part of the integration is over p € (r — 2—5, r+0+ 2—5) The angular part is

bounded by the solid angle subtended by B, a(m) as viewed from the origin.
2L
An upper bound for the (d — 1)-dimensional surface area of the intersection of the

sphere of radius p with the enlarged ball is p?~! times an upper bound for the

. . . ([ R+¥d
solid angle, which is given by (2 arcsin (|m|_2%

d—1
>> . 'This bound holds under the

condition |m| — R > 0.
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Thus,
r+5+7ﬂ d—1
Vol(S') < / Lpd’l 2 arcsin RL% dp (A8)
- Im| - R '
Y
2L
r+6+7\/g R+ Vd d—1
= / p?tdp | [ 2arcsin 2L .
Im| = R
i
2L
The radial integral evaluates to
r+5+2f‘/5 d d
1 Vd Vd
d—1
dp = - o+—) —|r——=— : A.
P 0 d(<r+ +2L> (7“ 2L>) (A.9)
oV
2L
Using the inequality
b —at < d- bbb —a) (A.10)

for b > a >0, Withb:r+§+£andazr—%,andnotingthat

b—azé—i—\za, (A.11)

we get

(o) - (-50) )< Loost) ()

Combining these bounds and including the indicator function, we obtain the
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stated inequality:.

> Lpym(m) (A.13)
nEB(LnH_a]
d—1 Nz d—1
d d R+ye
< W) - r—sjml+r) () - LY (7" +0+ ;/L—> ((5 + {) (2 arcsin (M))
O

Lemma 6. Let f: RxR — R be a function that is anti-monotone in the first

and monotone in the second argument. Let further

F = supf (il ) (A14)
n,mEZZ
n#Em

Then the following inequality holds

L7237 f|nl Im]) gy (n) (A.15)
neB[LkF’oo)
mEB,fF
1 kr kr+R
< fsup(L)i (C + C~1) k_;i;l + Cf f (w/”u/) dow’ d,u’,
L kF[R k{
where
/2
C=—1— (R + \/E) (1+ V) (A.16a)
r(g+1) L
_ _ d—
AN IS AN O A5 AN
oL Y O ks 2R ’
N /2
O=—F— (R + ﬂ) (1+va) (A.16b)
r(4+1) L
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_ _ d—1
Vi V" R+ Yd
| — + R+ — 2 i 2L
<2L> <kF i L ) arest kr — 2R ’

C = (1 + \/Zi) (kF+R+ 2+\/E> _ (2arcsin (M)) _ . (A.16¢)

2L kr — 2R

Proof. We aim to split the sum into parts: a critical region within an annulus

around the Fermi momentum kg, and the remaining less critical regions. We find

L7203 F(|nls [m]) Wp gy () (A.17)
neBéF@@
meBér
neBL 1 neBL
lkpkp+T) lkp,kp+R)
mGBL mEBL 1
lkp—R.kp) lkp—1.kp)
=:(1) =:(2)
+ > f(Inl, m]) 113R(m)(n)) :
neBL 1
(bt L kp+R)
meBL

lkp—Rkp—1)

In the following we are going to estimate the three sums separately. Starting with

the first one we get

(1) (A.18)
d—1 d-1

2+ d 1+d R+ Y4

< k 2 in [ —2L

< LZ ( F+ 51 ) < i ) ( arcsin (k’p—ZR

mEB[kF*R’kF)
/2 NZANE Vd 2+ va\ !
< L% e (k;F + ) (R + ) (kp + )
T (5 + 1) 2L L 2L

d—1
. 1+ \/C_Z 2 arcsin R;T\/g
L kr — 2R ’
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where in the first step we used (5) and in the second one we used similar estimates

to count the number of points in the annulus than before. This yields
- su su C —
L2 o) (1) < f P(“Zk% b (A.19)

where

C :1“(7‘;jfl> (;/g)d_l (R + ‘f) (1+ V) (A.20)

d—1 Vd d—1
2 d R+ X&
) (]CF + _{2'[?/_> (2 arcsin (M)) .

For the second sum we analogously obtain

¢

L—Qd fsup(L) (2) < fsup(L 7

k4L (A.21)

where

2L L
V" R+ya\\"
. <l€F -+ R + L) QaICSin kjF—iél_lR .

Now we estimate the third sum. Let m be fixed with |m| > kr — R and further

G- " <ﬂ>d_1 (R + ﬂ) (1+ V) (A.22)

assume that kp - L € N for simplicity. We want to split the sum into rings of

thickness 1/L to find

> [ (In], Im|) 1pgamy(n) (A.23)

neBL
lkp+1 .kp+R)
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= > > flnlIml) Lpyem(n)

L(kF+R)1n§1I>IZkF~L+1 "EBE%, ]
r
reN TLEBL
L(kp+R)>r>kp-L+1 (%’T}:l]

where we used the anti-monotony of f in n, i.e. |n| > r/L. Using (5) we find

< X (5ml) (kF+R+ “ﬁfl

reN
L(kp+R)>r>kp-L+1

vevay [, (R
. ( 7 ) arcsin -y
e, 3 f (’” |m|> . (A.24)

r
L(kp+R)>r>kp-L+1

Here we defined

d—1 Vv d—1
C’:<kF+R+2+\/E> (1+\/c_l) (2arcsin<R+2L)) . (A.25)

2L kr —2R

Since f is anti-monotone in n, we can use the inequality

kp-L+1

kp-L+1 kp-L+1
) = () aw (a20)
L L
kp-L
kp-L+1
TG
kp-L

which allows us to write

e T f (T |m|) (A.27)

Y
reN L
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r

=L C > / f (2, |m|) dw

reN r—1
L(kp+R)>r>kp-L+1

L(kr+R)
<L / f (cz’ |m|> dw

kp-L

where the last step uses the substitution w +— w’ = w/L. Now we need to use the

exact method again for m backwards by using that f is monotone in m, to obtain

kp kp+R
S kD) Us(n) S L2C [ [ i) do'dd (A28)
nEB{IJ@F+%,kF+R) kp—R kp
meBL 1
kp—Rkp—1)
Combining the bounds, we obtain the stated inequality. O

We now establish analogous results in the continuous setting, obtained by

taking the limit L — oo, whereby the sums are replaced by Riemann integrals.

Lemma 7. Let d € {2,3}, D > 0 and k € R® with |k| > 3D. Then

d-1
. (D
/Q dQ ]lBD(k:) (l) S ]l[|k:|fD,|k|+D] (|l|) : (2 arcsin (lk“)) . (A29)
Here, we denote with Bp (k) the sphere around k with radius D and dS) is the

integral over the space angle(s) and | = |l| - eq, with e being the unit vector.

Proof. We split the proof into two parts and prove the two- and three-dimensional

part separately.
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dim = 2: We can w.l.o.g. assume that

b | ) (A.30)

sin (o)

lies along the y-axis, and otherwise we can perform a rotation ¢ — ¢ — @y + 7/2.

In two dimensions it holds, that

Figure A.2: Picture of the proof in two dimensions.

™ cos ()
/Q dQ g, (1) = /_ de Tapm |11 - : (A.31)

sin ()

The angle ¢ is taken against the y-axis (see picture). It is clear that, independent

on the additional constraint on [,

cos ()
L, | 1] (A.32)

sin ()

evaluates to zero, if ¢ ¢ [—O, O]. Independent of ¢ it further evaluates to zero, if
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|k| — D < |l| < |k| + D. This clearly means

cos ()
Te,m (1] <T1ee] (©) Lyk-p,k+n) (I]) - (A.33)

sin ()

Trigonometry gives for |k| > 3D

sin (©) = |,]i| (A.34)
<= O = arcsin <D> )
||
Therefore
™ cos ()
/ dQ g, (1) = / de Ly | 1] - (A.35)
" - sin ()

< /_7r dy ]1[— arcsin(D/|k|),arcsin(D/|k|)] (90) ]l[lkl—D,|k|+D] (W)

. (D
= 2arcsin ] Lyr—p, oy (1)) -

dim = 3: We assume w.l.o.g. that
E=1{o0]. (A.36)

We have

/Q dQ 1, (1) (A.37)
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sin () cos (@)

= [ﬂ ng/O sin (©) dA 1B,k II| - | sin (A) sin ()
cos ()

In the z-y-plane, we get Hence, we can conclude with all the same steps as in the

Figure A.3: Picture of the proof in three dimensions, looking at the z-y-plane.

two-dimensional case, that

sin () cos (¢)
Bo(F) [ 1] sin () sin (o) (A.38)
cos ()

1

is zero, if ¢ ¢ [arcsin (D/|k|) ,arcsin (D/|k|)]. In the z-z-plane we get Hence,

sin () cos (¢)
Ly | 11+ | sin (\) sin (¢) (A.39)
cos ()

is zero, if A ¢ [7/2 — arcsin (D/|k|), /2 + arcsin (D/|k|)] . With the constraint
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Figure A.4: Picture of the proof in three dimensions, looking at the z-z-plane.

on [ we finally get

sin () cos ()
Ly | 1]+ | sin (A) sin () (A.40)

cos ()

< Lir/2—arcsin(D/|k])x /24aresin(D/k])] (A) L= aresin(D/1k])aresin(D/[k))] (@) Lijkl—D,1ki+07 (1]) -

Therefore, with sin (\) < 1,

/Q dQ L, (1) (A41)
sin () cos ()
_ /_ dp /0 sin (©) dXA L, | 1+ | sin (M) sin ()
cos (N)

< » d@/o dA 1z /2—arcsin(D/|k])x /2+arcsin(D/ k)] (A)

L= arcsin(D/|k]),arcsin(D/|kD)] (@) Ljjgj—D,jkl+0) (|7])
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D)2
<4 <arcsin (W)) Lr)-p,k+0y (|1]) -

]

Lemma 8. Let d € {2,3}. Suppose the functions 0,10 are compactly supported in

Fourier space, 1i.e.,

supp(0) C [=D, D)%, supp(@) C [-D', D')? (A.42)

for some constants D, D’ > 0. There exist constants C’,CN',CAY > 0, defined in

(A.16a)—(A.16¢), such that for L,kr > 1, the following bounds hold:

a)
PR s % (C+C) kg™ +cCD? (A.43a)
(n,m)eTr
b)
0 2
7,2 |0 (n —m)| ] .
wg:eTF (Inf = [m[ + k7"
9 - A In (kr)
(d—1) -
<
N 1+é (O+C)k‘F +O(’)< - >
c)
0 2
7-2d 19 (n — m”, e
(nm%Tp (In| — |m| + kp')?
< 1  (C+C) K+ CO (n(kr)
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d)
N 2 2
L 2 {n = m)l"(n — m) (A.43d)
(n,mz)éTF (In| = |m| + kp')?
1 - R
= Tz (C+C) kgt + CO (In(kr))
oy )
e)
2
L L4 [o(n = m) < E9 0 (kp)?- 0D, (A.43e
m%;’p ( nEzB;g (Inl = lml +kz") ) =" () (A A3e)
where
/2 Vd d—1 Nz ce) ) 2
o5 I L R+Y2) . + 021 —k
(r(g+1) <2L> ( L e -p-(/).0/(m| = kr)
(I (kp) 7 I (k)" 1)
d—1 \/g d—1
2+ Vd D4 Yd
°) = N e
c (k‘p—i- 5T ) (1—1—\/3) <2arcs1n (kp—ZD)) .
f)

2
L~ (L‘d R k] ) < BV (kp)? - €2 (A43f)

nepg \ meby (In] = m|+ kz)

where

v A" Vd oh 2
(F (% + 1) 2L L 1+ £ o.0)(In] — kr)

(I (kp) 7 I (k)" 4 1)
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d—1 Va d—1
. ﬁ 9 : D+31
cl . (kp+2L> (R—i—\/;i)( arcsm(kF_zD )

9)
2
Ly (L_d 5~ lom =) |v<n;m>r) (A 43¢)
(n,k)ETr meBp <|n|_|m|+kF)
< k& n (kp)? - €7
h)
2
ey (pe oy B ml o —m) (A.430)
et \ nepe (Inl = [ml+kz")
< k& In (kp)* - C?
i)
R R R 2
Ly (de 0 Sl 0 el Gl W G )
aiere (1ol = 1kl + k") (11 — [kl + k")
< K (ke)' - (€)' (A.431)
i)

S (Lgd s i —m)l 50— b)] it~ ))

By wicne (1ol = Iml+kg") (1 = [k| + kg +1

< K (ke)* - (€9 (A.43))
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k)
3 Ll Ut e NP
(nomyers 165, (In] = [m| +kz") (1] = |m] + kz")
< k& n (kp)® - 0
)
2
_ 0(h —g)| |o(n —m)|
L 2d Z L d Z Z ’U(
meBr ( h.9€TF ne B (’h’ 9] + kF1> (W — |m| + kFl)
2
1 A In (kF) _
< [2d (d-1) LAEd1 2 rve2)
< (1+kF (C+0O)kV +CO - k5 n (kp)? - C
(A.431)
m)
Ly Y k)P (A.43m)
(p,.9)eN} ke[-D,D)4
< L2d—2k%d—26/ (C’Q+52+ZC~’C> _}_LQdCAvQDZI
n)
2% S |ak)?< %(20+20) k14 CD? (A.43n)
peMF ke[-D,D]4
0)

u Yy (k)]

-1 2
waeng kel =p.oe ([pl = Ip— k| + la| — lg + k| + kz")
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1 ~ ~ A
< LMo (CP 4+ P4 20C) k2 + 17C7-O(1)  (A430)
(2+5%)
p)
Ly Y (A.43p)
peM,f ke[_DvD]d
1\¢  dv/dn'/? ! 1
L) T (2+1) 2L L
q)
L2y 3 (A.43q)
(¢:p)eN[ ke[-D,D]4
1\d dvan'? \* Vi 1y?
§<2D+) L —— (k;F+\/?lD+> D )
L r(d+1) 2L L
r)

[@(k) (A.431)

L—Qd Z Z
(¢:)eNF ke[-D,D]? <|P| —|p— k[ +1q| — |lg+ k| + kﬁl)

< [ (C*+C*+2CC) k32 + 1LC*- 0(1)

(2L + 5)2

+1)
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t)
_ —k)[lo(p — 9)|
ey oy oy e B (A.430)
ke[-D D]d (p,g)€TF hEBC |p‘ |g| + kFl
1 (d-1) In (kr) d 7d
< L+1)'L
< (1+I€LF(C+C)k +CO< i (2DL + 1) L’
where
_ d—1
Vd 2+ Va\"" (D+y
c <D+L>(1+\/_) (k:F+D+ o7 ) 2arcsin | 130
u)
2
_ _ b(h — g)l|o(n —m))|
I 2d Z Z L d Z |U(
mEBF (hg)€Tr neB¢ (|h| — gl + kﬁl) (|”| — m| + /fEl)
< ! 5 (C+é) kY 4+ CO (In(kp)) | - LS In (kp)? - CY
()
(A.43u)
v)
2 2
Iy Y (k)| [@(k)| (A 43v)

2
kel=D.DI¢ genif (|qr g+ k| + k7

- (C+C) kY +Co<lnli’;F)>

1
< (2DL 4 1)*. I
kr

Proof. For all the following computations and bounds we use (5) and (6).
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a) To bound the sum

L7 3 o(n—m) (A.44)

(n,m)eTk

let f(|n|, |m|) = ¢ be a constant function with ¢ > 0, which is anti-monotone

and monotone in both coordinates. Then

L2 > Jo(n— m)[* < L™ > dpym(n) (A.45)
(n,m)eTF nEB[iF!OO)
meB
kp kp+D
< % (C+C) kM +cC / / o g’
kp—D kp
< % (C+ Ok + cOD?,

where the constants C, C' and C' are defined in (A.16a)-(A.16¢) above. For
all constants we use the fact that the function x — =z - arcsin (1/z) is
monotonically decreasing. Therefore, for increasing values of L and kg, the

constants above contribute only marginally and we have

L7437 Jo(n—m)* <

(n,m)eTr

(C+CO) k" + o) (A.46)

1o

b) Similar to the computations before we bound the sum

5 1

1,2 Z \v(n—m) __< 1,2 Z 1, (m)(n)
(n;m)€Tp (In[ = m| + kg neBL (In] = [m|+ kz') =77
meB{;F

(A.47)



132 A.1. Bounds and Computations

Then we find, by using (6),

L2 f (Il ml) Loggm () (A.48)

L
neB[kF’OC)

BL
me kg

d—1 krp kp+D
< fsup(L)i (C’ + 6’) (kF + \/C_l> + C / / f(w/7/l/) dw’ d,u',

2L
kp—D kp

where

1

(A.49)

and C,C and C as defined in (A.16a)-(A.16c). We again use te fact that
x +— x - arcsin (1/z) is monotonically decreasing. Therefore, for increasing

values of L and kg, the constants above contribute only marginally. With

et = supf (|nl, m) (A.50)
n,mifz

1
= sup —
ez (] — m] + k)

n#m
B 1
1+ kgt

we then have

’ 2

pu oy loem

(I~ [l + k) (A-51)

(n,m)eTr
1 kr kp+D 1
=~ (d-1) A / /
kr kp—D kp F

Lets have a look and the integrals. Using w’ +— r — kp and p' — s — kp, we
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find
kr kp+D 1
C / / ———— dw'dy (A.52)
kp—D kp Wk
C 0 77 ! drd
= rds
I r—kp— (s —kp)+ kit
L r
— ¢ // _drds
r—s+kp
“D 0
Computing the integral, we find
0 D ] 0 b
/ ds/ dro———— = / ds [ln (r -5+ k;l)}o (A.53)

0
:/ ds In (D — s+ k') —In (—s + kp!)
“D

0 0
:/ds 1n(D—s+k;1)—/ds In (s +kz') |
-D -D

where, using D — s + kz' > 1,

0 D+kp!
/ ds In (D~ s+ k') = / de In(2) = [rIn(z) — 277, (A54)
F
-D 2D+k7!

=(D+ k') In (D +kz') = (D + k')
— (2D + kz") In (2D + kz') = (2D + k')
= (D+ k') In (D + kz') = (2D + k')

‘In (2D + kp') + D,
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and, using —s + kp' — v,

-1
kg

/ ds In (—3 + k}l) = / dy In(y) = [yIn(y) — y]l;;;kgl (A.55)

D+kp!

—((D+ k") In (D +kz') = (D + k"))

__ (D + k;1> In (D + k;l) — kp'ln (k;l) +D.

Therefore
0 D ]
ds / dr —mM8M8M8M (A.56)
_é 5 (r — s+ k:;1>

=2(D +kp')In(D + kz') — (2D + kp') In(2D + kp') + kx' In(kz")
. ln(k:p)
of)

Combining all computations, we have

0 (n—m)|" A In (kr)
L Lo C+Ck“”+00< F>
<n,§en<lnl—lmi+k;1> - 1+;f;( )i b
(A.57)
¢) The sum
NPT :
L—Qd ’U (TL m)’f < L_Qd 7 Ly (n)’
(n,%eTF (Il = Im] + kz')> REB% el =Tl + ) p(m)
F,OO
meBlgF

(A.58)

can be evaluated and bounded in essentially the same way as the previous
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one, using
foPE = sup [ (|n], [m]) (A.59)
n,mE%Zd
n#Em
1
= sup —
n,me%Zd (|7’L| - |m‘ + kFl)Q
n#m
B 1
— . N2
(2 + ki)
Then
- 2
L—Qd ‘/U (n _ m)‘_ (A60)
D CEIE
1 0 D
< cropg e [ [ .
(L—1/2+L]jf)2( ) BT 4kt
Similarly to the computation above one can check
0 D ] 0 ] D
/ ds/ dr = / ds l—_] (A.61)

0

— 1
:/ds T+ —

= (D s+ k") —In (k' —s)]

=In (D +kz') = In (k")

-D

— (In (2D + k") —=In (D + kz'))

=2In (D +kp') —In (k3') —In (2D + kz') |
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where
2In (D +kz') —In (kp') —In (2D + kz') = O (In(kp)) (A.62)

for large kp. Therefore we have

7 T R (4.63)
< =L 1+ %f (C+C) k' + CO (In(kp)) -
d) The sum
T I@(n—m)IQ(n—m)Q’ (A.64)

(In] = m| + kz')?

(n7m)€TF

can be bounded the exact same way as in c), since the difference n —m is

of order one. Therefore

(n,m)e€Tr (In] = |m| + kz')?
1

= 1/2\2
)

(C+C) ki + CO (In(kr)) -

e) The sum

iy (Ld s i —m) )) | Ao

meEBp neBg (|n| - |m| + kEI

can be computed and bounded in the following way. Using (5) and parts of
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the proof of (6), we find

- [0 (n —m)|_ (A.67)
2 (ol =l + 1)
1
S L_d — ]]-B m (n)
N TR
00
<L 3 )+ X f(Inlml) Ly (n)
neBL 1 neBL
kpkp+1) kp+i kp+R)
kp+D
<+ C [ D) A poamo(ml — k),
kp kp
where
d—1 Vd d—1
2+ \/_ D 4+ Y
e) .__ : 2L _
cY = (k’p+ 5T ) (1+\/_) (Qar081n<kF_2D)) =0(1).
(A.68)
Then, with
D
/ ryim|) dr Lee—p—q/n),0(m| — kr) (A.69)
dr 1 m|—k
T—‘m|+/{:F) (krp—D—(1/L),0 (’ ‘ F)

0

D

~¢[q
< (ln (IfF + D —|m|+ k;l) —In (kF — |m| + /{31;1))
Li-p—q/n)0(m| — kr)

< Cln (ke)Li—p_q 00 (Im| — kr)



A.1. Bounds and Computations

138
we have
2 Tl =[]+ £7)
< LCG) +C’1n (k:p)]l[(,p,(l/L)70)(|m| —k‘F)
kr

This yields
2
Oe) + C’ln (l{?F>]l[[_D_(1/L),O)(|m| — ]{JF>)

meEBp (1 kp

(A.66) < L™ Y T
co 2
In (kp)Lkp—p—1/0),0)(|m| — kr)

+

<L *y -
mEBF 1 + E
o\’
<Ly — | +C?In(kp)* L p_1yn).0)(Im| — k)
meBp 1 + E

209 .
~C'n (kp)Lhp—p-ay/n)0)(Im| — kF))

L

(7 (e )

Ce) ’ ) 2
+C*In (kp) " L—p_a/p),0)(Im| — kr)

1+ £
209 .
+ Hj . Ch'l (kF)]l[—D—(l/L),O)“m‘ — kF))
kr
<ki'In(kp)® - C, (A.71)
with
eI e <\/3>d_1 (R + ﬁ) (A.72)
C\r(g+)\2r L -
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c

2
' 7"‘6’2]1_ _ ml — k
(1 4 é (-D (1/L),0)(| | F))

(I (kp) ™ + I (kp) 1)

where
- 2
/2 Vd d=1 Vd ce) A
(p(dJrl) <2L) (R * L> o C* 1-p-@/my0)(Im| — k)
2 kp
(I (k)" 4 In (k)" +1)
1
=0 ( Ld_l) (A.73)
f) The sum
" 2
Ly (L_d s li=ml ) | (A7)
wepe \ mepe (Inl = m| + k")

can be computed and bounded equivalently to the previous one:

mebr (In] = |m| + kz')
1
S L_d — ]lB m (n)
o Tl 8 o
cf) .

<

kr
+C [ FUnlo) A Loy (Il = ki)
-D

L
Lt

where

d—1 Vd d—1
o = <kp + ;/Z?) (R + \/Zl) (2 arcsin (M)) =0(1).

(A.76)
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Then,
0
e / F(nl,s) ds Lopy(|n| — k) < On (kp) Lo (In| — kr),  (AT7)

—-D

we have

Ly [0 (n—m)| (A.78)

by (0] = Im|+kg")

1 A
=1 77+ Cln (ke) o, py(In] = kr)

kr

This leads to

(AT4) S L) ( ! —CP + C‘ln(kp)]l[op)(\n\ — k:F)) (A.79)

nepe \1 T &p

< k%I (kp)? - 07

with
/2 -t 5 . 2
= (F(d+1) <\2/La> <R+ ?)) ' (1i L + C? 1o,y (In| — kF))
(I (kp)* +In (k)™ + 1) (A.80)
where
/2 g\ ] ch . 2
(Fr ) () (5 - ermot)
: (m (kp) 2 +1n(kp) ™" + 1)

<0 (Ldll) : (A.81)
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g) The sum
A . 2
oy ( -y lom = bl o - m)|> (A82)
wiere \ mepp  (Inl = |m|+ k")
can be bounded by
. . 2
Ly (Ld 5 lotm =kl o(n - m>r) (A83)
i\ wese (Il = Iml +K5)
2
Ity (Ld s lo—m)l )
neBY méeBp (|”| = |[m| + k?)
Hence, with the computations before we have
(A.82) < k& tin (kp)® - O (A.84)
h) The sum
2
(Lm)ETp vepe (Inl = |m|+kz")
can be bounded by
2
Loy ( pa g [l ot~ m>) s

(l,m)ETF

iy (Ld s _litn—m) 1)) |

meBp neBS (|n’ - |m| + kg
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Hence, with the computations before we have

(A.85) < k¢ tIn (kp)* - CY. (A.87)

i) The sum

2
TS (de s =Bl o=k oh=1) ) (A58)
aiere (o] = 1kl + k") (11 — [kl + k")

can be bounded by

Ly (M s o=kl o= R o(h = 1)
e aiery (ol = 1kl + k") (11 — [k + k7")

) ) ok )
< | L7 L=
~ ( 2, ( Z (n—k+kF1)) )

< (K m(kp)? - €Y’

) (A.89)

2

= k3 In (kp)* - (C¥)

j) The sum

2
N P S e N TN CET I R
m.k€Bp nleB (|n| — |m| + kg ) (|l| — k[ + kg + 1)

can be bounded by

m ke By wierg (ol = Il + k') (11 = k] + k' + 1

S (Lgd s it m)l o =R fo(o 1) ))
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2

—d —d |@(TL — m)| 2
< (K (k) 02

= K (k) (0 (A.91)

k) The sum

[0(n —m)[ [o(l —m)| [o(n — 1)|

L7 3y (A.92)
(namere 165, (Inl = Im| + kz") (|1 = Im| + k")
can be bounded by
pu oy oy e m e ml Dl o

iy &5 (Il = ml + k) (1] = [ml + kg")

. (Ld s> _litn—m) ))

e wepe (Inl = |m]| + kz'

< kI (kp)? - O

1) The sum

2
- - (A.94)
weBr iere nepe (101 =g+ k') (Inl = m] + k;))

0y (Lm s 5 =) lotn—m)

can be bounded by

Ly (Ld s 5 Dyl —m) ))

meEBp (h,9)ETE nEB}(;v (|h| - |g| + kf;l) (|n| - |m| + kf;l

SLM(LM s lit=g) )

(h,9)ETE (|h'| - ’g’ + kf;l)
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crd | Z -4 Z [0(n —m)|

mcTr vepe (Inl = m| + kz')

, (A.95)

which we can compute with the previous bounds.

m) The sum

L2 N oo k)] (A.96)

AT _ d
(p.g)ENF k€[=D,D]

can be bounded by

L S % k) (A.97)

p—keBS q+keBE
pEBr  q€BF

<AL 3T Y Iepp(R) Lyg(k),

p—keBE q+keBE
pEBr  q€BF

where [@(k)|? < ¢1p,4)(k) 1, (k). Similar to the proof of (6) we aim
to split the sum into parts: a critical region within an annulus around the

Fermi momentum kg, and the remaining less critical regions. We find

L= Y. gy (R) Ly (k) (A.98)
p—keB[Lkao) q+k€Bﬁ€FYm>
pEB,fF qGB,’;F
<L ( > Y. gkl (k)
p_kEB[LkakF+%) q+keB[LkF7kF+%)
peBﬁvF*Dakzﬂ qEB[L’CF*D”@F)

=:(1m)
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+ > > 1,4 (k) 1a, ) (k)

p— kGB[kF kp+D) q+k€B[

kp.kp+D)
PEBG Ly TPl L
—(2m)

+ Z Z ]lBD(P)<k)]lBD(q)(k)
p—keB[L}%kF+ )q—&-keB[k kptD)
peBﬁchD,km B p b
—(3m)

+ Z Z 1BD(p>(k)llBD(q)(k)

peEB

(kp— 1kF) ac [kaD,kF)

=:(4m)
+ ) > ]1BD(p>(’€)]1BD<q)(k))
L L
P= keB[kF+L kp+D) at+keB lkp++ kp+D)
L L
pEB[kF Dkp—+) qu[kF -Dkp—1)

In the following we a re going to estimate all sums separately. We get

C . C?
(Im) < LMfkfé ! > 1p, (k) < L4dﬁk2d 2 (A.99)
p— keB[k kp+D)
pEB[LkF** kp)

as well as

C C?
(2m) < Ldek‘%‘l > Lp, (k) < L*— 73 kF=20 (A.100)
p—keBE
kg, kF+L)

peB[kF*D;kF)
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and

C cC
(3m) < Ldekzj‘ffl > Lg, (k) < L4dﬁk%d‘2, (A.101)
p_keB[Ich7kF+D)

eBt
P kp—1.kp)

and

cc

T3 k272 (A102)

(m) S LCRE Y (k) < 1¥

—keBL
P e kp+1)

L
pEB[kF—D«kF)

Now we estimate the last sum. Let p and ¢ be fixed with |p|, || > kr — R
and further assume that kr - L € N for simplicity. We want to split the sum

into rings of thickness 1/L to find

> > 1,4 (k) LBy g (k) (A.103)

p—keBﬁcF+%7kF+D) q+k€B[I;cF+%,kF+D)
= > > > > 1,0 (k) Lp, ) (k) -
N / _ L L
Ll + DSk Ll L+ D)2 2k L keB(%le] qukeB(%’,LZ *]

Using (5) and similar methods as in the proof of (6) we find

kr kp+D kp kp+D
< [id¢e / / / / do/ dp' v/ dyf = LYC?DY. (A.104)

kr—D kp kp—D kp

Combining all computations we find

LY ) (A.105)

7 _ d
(p.q)eNF k€[-D,D]

< [Py (02 1+ C? 4 260) 4+ L2202t
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n) The sum

L7228 N o)) (A.106)

peM}F ke[-D,D]d

can be bounded by

L7203 k)P <L YT dp,p(k), (A.107)
p—keBE p—keBS
pEBF pEBR

where [@(k)[> < "1, (k). We again aim to split the sum into parts

different parts to find

L7 > Apyp(k) (A.108)
p—kEBﬁFQﬂ
pEB,’;I7
< L ( Z IlBD(P)(k)+ Z ]lBD(p)(k)
p_keBéFﬁF+%) p_keBéF$F+D)
eBL peBL |
PEZlkp—Dkp) kp—1.kp)
:(1TL) :(Qn)
+ > ]1BD<p>(/f)> :
p—keBL

lkp++.kp+D)

eBL
b lkp—Dkp—+1)

Using the same computations as before we find
20C a1
(In) < L ZkF , (A.109)
and

(2n) < LQde:}i‘l : (A.110)
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The last sum can be computed via

k‘F kF+D
> L,y (k) < L*C / / dw'dy’ = L*CD?. (A.111)
pikEB[II‘cF+%,kF+D) kp—D
pEBéF—DﬁF—%)
This yields
/!
LY k) < % (C+C) kit + CD2. (A112)
p—keBY
PEBF
o) To bound the sum
| (k)

L—Qd Z

5 (A113)
~ —1
waenrkenoe (1ol = |p =kl + lql = g+ k| + kz')

we use (5), (6) and the computations in the proof of m). We bound the sum

by

oy [ (k)|

1\ 2

p-scng gricog ([pl = |p =kl + lal = la -+ k| + k7')
peEbF qEbF

pweng arkeng (1ol = Ip— k| + lgl — lg + k| + k")
pEBr  qE€EBF

(A.114)

1

5L, (K) LBy (k) .

We consider the function

N2
g (ol Ip = kL. lal, g + k) = (Il = Ip = kI + lal — lg + k| + kz')
(A.115)

that is anti-monotone in the first and third component and monotone in the
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second and fourth. With

o= swp g (bl p— kL lal g+ k) (A.116)
pp—k,q,q+k€ETZ?
p#p—k#qF#q+k

1
= Sup —
po—hagikerzd ([Pl = |p— K|+ lg| — g + k| + k5')?
p#Ap—k#q#q+k

B 1
=,
(2 +5:)
we then have
L2y o g(pllp =kl lal, lg + ) L,y (k) Lp, ) (k)
p—kEBﬁCF’OO) q+k€B[LkF700)
pEBkL,F qGB,fF

(A.117)

< 1,2 (gsup(L)( Z Z ]lBD(p)(k)lBD(Q)(k)
p—keB

L L
+keB
[kFku-‘-%)q [kF,kF+%)
L L
pGB[’CF*Dv’VF) qEB[kF*D’kF)

=:(1o)

+ > > Lpp, () (k) LBy () (K)

L L
pkaB[kFku_,'_D) q+keB

lkp,kp+D)
eBr eBt
b kp—+.kp) e kp—+.kp)
=:(20)
+ > > Ieyp(B)Lsy (k)
_ L L
P kEB[kF,kF+%) q+kef[kakF+D)

L qgeB
PEBY Dok kp—t.kp)

=:(30)
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+ > > 1,4 (k) 1a, ) (k) )

keBL +keBL
p= o ) 4 kpkp+d)
peB

L
kp—1kp) qu[kF D.kp)

kp.kp+R

=:(40)

+ > > (Iplalp—k\,|q|,IqukDﬂBD(p)(/f)llBDm)(/f))'

keBL keBL

PR et L prp) TP 1 i)
€BL eBL

P Dkp—1) KT Dkp—1)

We obtain
sup(L)(]_ ) < sup(L) L4d02 ]{;2d 2 L4d072k2d_2 (A 118)
qg 0)~(¢g 12 (2 L L)Q F ) .
kr
as well as
~2
gsup(L) (20) sup( L4dC k2d 2 L4dC72k?;d72 ’ (Allg)
w ey
kp
and
sup(L (30) < sup(L) L4d CLC k2d 2 L4dC(C;2k%d—2 , (A120)
(2+%)
and
7B (40) < gsup(L)L4d07(;k%d—2 _ L4di2k%d 2 (A.121)
L (2+%)

For the last sum, combining previous computations and using w’ — r —
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kp,p' v s —kp, vV —t —kp and 0 — u — kp, we get
kr kp+D kp kp+D

A |
§L4d02/ / / / s dw' dg dv/ dnf

krp—D krp kp—D kg (w/ - /'L/ + v — 77/ + kf;l)

0 D 0 D 1
:L4d02/ ds/ dr/ du/ dt . (A.122)
o s (r—s—l—t—u—irk;l)

Computing the integral we find

dr

1
du/ dt ; (A.123)
0 <r—8+t—u+k§1)

1 D
r—s+t—u+kp |,

1 1
— +
r—s+D—u+kp' r—s—u+kp

o,
<

S
| | |
U —o UT—0o UT™—o
o,
IS

—-D

Il

e\o l@\o lb\o lb\o lb\o
o,
w

D
/
D
ds/dr{ln(r—s—l—D—u—i—k;l)—ln(r—s—u+k;1>}0
0D
[

(ln(r—s—l—ZD—l—k;l)—1n(r—s+D—|—k‘;1>)

D
ds/dr 21n(r—s+D+k;1)
0

I
lb\o

—ln(r—s+k;1)—ln(r—3+2D—|—k}1)

0 D 0 D
:2/ds/dr ln(r—s+D+k;1)—/ds/dr ln(r—s+k§1)
-D 0 -D 0
=] =11

D

0
—/ds/dr 1n<r—s+2D—|—k;1),

-D 0

=117
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with, using r — s + D + kz' — =z, and later 2D — s + kz' — y and

D —s+kp'— 2,

0 D
I:/ ds/dr In (7“—3+D+l<;1) (A.124)
“D 0
0 2D—s+kp'
:/ ds / dz In(z)
D —stD+k!
0 1
2D stkp
= / ds [zIn(z S+D+kF1

:/ ds (2D — s+ k') In (2D — s+ k') — (2D — s + ky!)
—((D=s+k')In(D=s+kp') = (D= s +kg'))

:/ ds (2D — s+ kp')In (2D — s + k7))
~(D=s+kp')n(D—s+kg') =D

—/ ds (2D — s+ kp')In (2D — s + k7))

—/ds D—s+ ki) (D — s+ k;!) /dsD
2D+kF1 D+kp? 0
= / dy yIn(y) — / dz zln(z)—/ ds D
D+kjt 2D+k," -D
1, 1, 2D+k! [1 ) 1, D+kyt { ]o
= |=y In(y) — - — |=2"In(z) — == — |Ds
[2y ) 4 Dkt 2 (=) 4 Joptr; -D
B 1 _1\2 1 1 1\ 2
= 5(2D+l<;F ) In (2D + k') —1<2D+kF )
1 2 1 2
- (2 (D+ k') In (D + k') — 1 (D + k') )
1 _1\2 1 1 1\ 2
—§(D+/<:F) In (D + k') —Z(DJF/@F)
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(5 D+ W (20 4 k7Y) - 5 (20 + k7)) - 2
:;(2D+k;1)zln(2D+k;) i(2D+k:F)
—;(D+k;1)21n(D+kF)+i(D+kF)
(D) W (D4 k) - (D4 k)’
—;(2D+kF) 1n(2D+k;F)+i(2D+k;1) ~D?

= (D+ k:;l)2 In (D +kz') = D?

and, using 7 — s + kz' + z, and later D — s + k' +— y and k' — s — 2,

0o D
I[:/ ds/dr ln(r—s—l—k}l)
“D 0
0 D—s+kz"
:/ ds / dz In(z)
-D k;lfs
0 —1
:/ ds [mln(x)—x]kD;:ij
0
—/ds D — s+ kg' (D—s+k;1>—(D—s—l—k‘;1)
(k" =) (ki =) = (k' =)
—/ ds —s—l—kF (D—s+k;1)

— (ki' = s)In (kp' —5) + D

—/ds —s—l—kF (D—s—l—k;l)

(A.125)
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D+kpt
/ dy yIn (y / dz zln (2 +/ ds D
2D+kj! Dtk

1, 1 10 11 1,k 0
= |=zy"In(y) — = 2} — {22 In(z) — zz] + [Ds}
[Qy ) 1Y 2Dkt L2 (=) 4 Ipsig! )

= (k) m (D k) - (D k)’

_ (; (2D + k;l)zln (2D + kz') - i (2D + "‘51)2)

_ ; (k') I (k5") - i (k')

B (; (D+k1;1>21n (D-f-k‘]?l) _ i (D—I—k;]?l)Q) + D?
D+ k)’ ln(D—i-kFl)—le(D‘f‘kFl)Q

(2D+k ) In (2D+k;1)+i(2D+k;1)2

and, using r — s + 2D + kz' — 2, and later 3D — s + kz' — y and

2D — s+ ki' e 2,

0 D
17 = / ds/ dr In (r — s+ 2D + kz!) (A.126)
—-D 0
0 3D—s+kp'

:/ ds / dz In(z)

=D 2D—s+kp!

3D—s+kp!

:/ ds [wln(z) — 2]y, 45
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0
:/ ds (3D — s+ ki) In (3D — s+ k') — (3D — s+ kp!)

—-D

—((2D = s+ k") (2D — s+ k') = (2D — s + ki'))
0
:/ ds <3D—s—|—k‘;1>ln(3D—s+k;1>

-D

— (2D — s+ k') In (2D — s+ k') + 5D

:/ ds (3D—s+k;1>ln(3D—s—l—k3;1>

0

—/ds (2D—s+k )1n 2D—s+k /ds5D
-D
3D+ky! 2D+k, !
= / dy yIn (y) — / dzzln(z)—l—/ ds 5D
AD+kL! 3D+kp" -D
3D+ky! 2D+k! 0
ol G U N Lt R o B L

e 15) -0

_ @ (4D + k;1)2 In (4D + kz') - i (4D + ’“Fl)z)

_ ; (2D + k;lf In (2D + k') - i (2D + kEl)Q
(30 w3047 — § (04 05")°) 507
; (3D + ks ) In (3D + kp') — i (3D - k51)2

_;(4D+k;1>21n <4D+kF (4D+kF )2

1

)+
5 Dk (2D 4 k) — ¢ (20 + k)’
-5 (3D + k') In (3D + k') +

(3D + k') + 5D
5 (4D k) (4D 1 k) + i (4D + k')’

- ; (2D + k') In (2D + k5t — i (2D + k')’ + 507
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Putting I, IT and II together we find

0 D D
ds [ dr [ du [ dt (A.127)
Jofor [l

(r—s—l—t—u—irkF)

( D+ k") In (D + k5') - D2>

(
(-1 (2D + k7 )2111 (2D + k') + i(2D+kF1)2

_ <_; (2D + k') In (2D + k7' - i (2D + k)" + 5D2>
=2(D+ k;l)zln (D + kz') — 2D”

+ ; (2D + k') In (2D + k') — i (2D + k3')”

1 ;k:;? n (kz') + ikgz ~D?

+ ; (2D + k;1)2 In (2D + kz') + i (2D + k;1)2 — 5D
= 2(D+ k) (D + k) + (2D + k') In (2D + k7

+ ;k,;z n (kz') + ikgz —8D?

=0(1). (A.128)
Now we can combine everything to end up with

pay % o (k)] o (A129)
p-seng gicng (Ip] = Ip = K|+ lal = g+ kl + k7')
pEBFR qEDF

5 (C*+C?+20C) k2 4+ 1C? - 0(1). (A.130)

< [*

(2+5)
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p) In order to bound the sum, we find

CD VR VIS S VAR

peM[ ke[-D ke[-D,D]¢

which means that we need to count the number of lattice points that are
outside the Fermi ball but within distance kr from the shifted center k. For
fixed k € [—D, D]¢, we need to estimate |M}'|, the number of lattice points
p satisfying |p — k| < kp (inside the shifted Fermi ball centered at k) and
|p| > kr (outside the original Fermi ball)

The set M{" is contained in the annular region between spheres of radius
kr — |k| and kp + | k| centered at the origin, provided these radii are positive.

More precisely, if |p — k| < kr and |p| > kg, then by the triangle inequality:
pl = [k <|p—k| <kp and |[p|>kp (A.132)

This gives us krp < |p| < kg + |k|. Similarly, from |[p — k| < kr and the

reverse triangle inequality:
p| > |lp — k| = kI > |kr — |K]] (A.133)

For k € [-D, D], we have |k| < v/dD. The set M} is therefore contained

in the annular region:

1
{p € 220 ke < |pl < ke + \/&D} (A.134)

Using the same technique as in Lemma 5, each lattice point can be associated

va

5L to

with a fundamental cell of volume L~¢, and we enlarge the region by



158 A.1. Bounds and Computations

account for the discrete nature of the lattice.

The volume of the enlarged annular region is:

<kp +VdD + \/E>d - (kF - ‘/C_Zﬂ (A.135)

/2

Vol = F(gi—i-l)

2L 2L

Using the inequality b —a? < d - b (b —a) for b > a > 0:

42 d—1
Vol< — . d- /<:F+JED+\/3 vap + Y (A.136)
d
r(g+1) 2L L
dy/dn?? a\ " 1
:m<kF+¢ED+‘[> (D+>.
r(d+1) 2L L
Therefore we have
dy/dnt? 4\ 1
uw,ﬂng-\él_7T ke 4 vap 1+ V4 (D+). (A.137)
L(Z+1) 2L L

The number of lattice points k in [—D, D]? can be bounded by

(2D + %) .
S <L opL+1)t, (A.138)
ke[-D,D]d %

where we divide the volume of the enlarged cube of dimension d by the

volume of the fundamental cell, similar to computations in (5). Thus

L2 3 |M| (A.139)

ke[-D,D)¢

dv/dr /2 AN 1
gL*2d~(2DL+1)d~Ld-\/_77T /~sF+\/3D+£ <D+>
r(d+1) 2L L
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/2 d-1
§(2D+L-1)d-d\/3”<kF+fD+‘/a> <D+1>,
r(4+1) 2L L

Y Z (A.140)

(g.p)eN] ke[-D

In order to bound the sum, we find

L2 3y >oo1=L7 3y |Nf (A.141)

((Lp)eNjf kE[—D,D]d ke[_D)D]d

Since NI' = {(p — k,q+ k) € M*, x M}} is the Cartesian product of two

annular regions, we have
[Ni | = [ME] - [M] (A.142)
From the previous bound, we know that for k& € [—D, D]¢

dv/drd/? Vi« 1
ME|<d. 220 kp+VdD + 2= (D+>. A.143
Mf| < F@H)(F Ve D )

Since M*, has the same structure as M} (only with shifted center —k

instead of k), the same bound applies

\ME| < L% Fd{;id/f) ( +dD + gg)d_l (D + 1) (A.144)
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Therefore
NG| = ML |- |My]] (A.145)
2 2(d—1)
d/2 1\ 2
< 1. d\/daﬂ (kzF+\/ElD+\/E> <D+> .
r(4+1) 2L L

The number of lattice points k in [—D, D]? can be bounded by

> 1< (@2DL+ 1)t (A.146)

ke[-D,D]¢

Thus

L2 N |NE (A.147)

ke[-D,D)d

2
< L7 .(2DL+1)%. L*. (W>

r(g+1)

- (kF +VdD + ‘/‘_i>2(d_1) <D + 1>2

2L L
2 2(d—1)
1\¢ d/2 1\ 2
< (204 1) p (L (kF+¢aD+@) (1)
L r (g + 1) 2L L
This yields
L2 5 NS (A.148)
ke[-D,D]4
2 2(d—1)
1\¢ d/2 1\ 2
§(2D+> D (kp+\/ED+\/E> <D+> .
L r (g + 1) 2L L

The key observation is that we get the L¢ factor from the lattice structure

and the kfp(d*l) = k22 scaling from the Cartesian product of the two
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annular regions.

r) To bound the sum

| ()

L2y (A.149)
(q.p)ENF ke[~D,D) (|P\ —lp—kl+lal —la+ k[ + kﬁl)
we use the similar computations as in o). We find
o (k)|
L2y Y il (A.150)
pieng qrieng (Il = o=kl +lal = la + k| + k7"
pEBr  q€BFr
1
<Ly X L) (F) LB () (K) -
piesS arkene (1Pl = 10— K|+ lal = lg + k| + k')
peEBr  q€Bp
We consider the function
h(lpl, [p — kI, lal, 1g + &) (A.151)

-1
= (Ipl = lp— Kl +lgl = lg+ k| + k"),

that is anti-monotone in the first and third component and monotone in the

second and fourth. With

R = sup h(|pl lp— kI, lql, g + k) (A.152)
p.p—k,q,q+keL 7%
pAp—k#q#q+k

1
= sup —
po—kaqirerzs ([p| = |p— &l +lal = lg + k| + k5"
pF#Ep—kFqFq+k
1
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we then have

L_Qd Z Z h’(‘p’a‘p_k’a‘qyam—{_k’) ]lBD(p)(k)llBD(q)(k)
p—kEB[Lkao) q—i—kEB[I]‘CF’OC)
pGB,fF qEBkLF
(A.153)

< 7,2 (gsup(L)( Z Z ]1BD(p)(k)]lBD(q)(k)
p—ke

BL +keBL
lkpkp+¢ )q [k kF+ )
L

peB[kaD,kF) [kF D,k )

=:(1r)

+ > > 1,4 (k) 1a, ) (k)

p—keBL ) q+keBL

[kp.kp+D [kp.kp+D)
pEB[iF—%’kF) qEB[I’;F—%,kF)
—(or)
+ Z Y. ey lp,yg(k)
p—ke [k kF+L>q+kEB[kaF+D>
PEBL D kg qEB[kF**ka)
=:(3r)

+ > Z L5, (k) 15, (k) )

p— keB[k kptR) q+keB

L [k kF-‘r )
pGB[kF,, ) quéF Do)
=:(4r)
+ > > h(lp\,Ip—k\,lq\,|q+k\)llBD(m(k)]lBDm)(/f))-
P kEB[kF+£ kp+D) q+k€B[kF+i kp+D)
pEB[iF gt qu[zF_D,kF_f)
We obtain
C? C?
hsup( ( ) < hsup L4d71€2d 2 L4d k%d—27 (A].54)

L? (2L+ &)
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as well as
hsup(L (27’) < hsup L4d%k2d 2 L4d072k,%d—2 ’ (A155)
L (2L +£)
F
and
hSuP (L) (3’/“) < hsup L4d CC de 2 _ 4d&2ki—~d_2 7 (A 156)
JE (2L +£)

and

CCN’ k’2d_2 _ L4d Cé k2d_2 )

hsup(L) 4r hsup L4d _

(A.157)
For the last sum, combining previous computations and using w’ — r —
kp, i v s —kp, vV —t —kpand 0 — u — kp, we get

kr kp+D kp kp+D

< [Y¢? / / / / L do’ dg A/ dnf
(w/ _ ’u/ N/ 7]/ + k;l)

-D kp kp-D kg

D 0 D
e / ds / dr / du / dt ! <. (A.158)
ol (st t—ut k)

Computing the integral we find

1
du/dt 1 (A.159)
5 (r—s+t—u+k§)

o
Va)
o
3

du {ln(r—s+t—u+k;1)}f

o
V)

O\b O\U

o
=

I

lb\o lb\o lU\O
o,
w

du (In(r—s+D—u+k'))—(In(r—s—u+ks'))

o,
<
lb\o lb\o ltl\o



164 A.1. Bounds and Computations

0 D
:/ds/dr{—(r—3+D—u+k;1)ln(r—5+D—u+k:;1)
"D 0

+(r—s+D—u+tk')(r—s—u+kg')

-ln(r—s—u—l—k}l)—(r—s—u+k;1) '

-D

0 D
= / ds/dr <(7‘—s+2D+k;1)ln(r—s—|—2D+k;1)

—Q(r—s+D+k;1)1n(r—s+D+k;1)

+<r—3+k;1) ln<r—s+k;1))
0 D
= / ds/dr (7"—5—|—2D+k;1)1n(r—s+2D—l—k3;1>
“D 0

=A

0 D
—2/ ds/dr (r—s+D+ka')In(r — s+ D+ kp)

—-D 0

=B

0 D
+/ ds/dr (r—s+k;1>ln(r—s+k§1).
—-D 0

=C

Evaluation of A, using r — s + 2D + kp' + x, and later 3D — s+ k' — y

and 2D — s+ kp' > 2

0 D

A= / ds/dr (r—s+2D+kp")In(r—s+2D + kz') (A.160)
“D 0
3D—s+ky"'
= / ds / dr zInx
-D 2D—s+kj!

0 -1

1 1 3D—s+k
= / ds [xQ lnz — xﬂ "
2 4 lop—stky!
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1

0
1
— / ds (2(31) — s+ kx)?In(3D — s + ki) (8D s+ k;1)2>
-D

1 1
- (2(217 — s+ kx)?In(2D — s+ kp') — 1(QD s+ k;1)2)

0
1
- 5/ds (3D — s+ k)2 In(3D — s + k)
-D
1 0
—Z/ds (3D — s+ kpl)?
D
0
1 gy R
5 ds (2D — s+ kp )*In(2D — s+ kz)
“D

0
1

+Z/d8 (2D — s+ kz')?
-D

) AD+k;! . AD+k !
- dy *lny — / dy 2
B / yy ny 4 vy
3D+ky! 3D+k,"
. 3D+k;! . 3D+k,"
3 / d2221nz+1 / dz 22
2D+k," 2D+k,*
1711 1 .14D+kp" 11 L14D+kRE!
= - {?ﬁ ny — -y’ - {y?’
213 97 lsptryt 4137 lsptry?
111 1 3D+k! 111 3D+kt
- = {23 Inz— —2° - {23 )
213 9 lopgrzt 413 lapgayt
1 AD+k! 1 5 3D+k7!
= [yglny—y?’ " —[zglnz—z ! .
6 367 3Dkt 6 36 Jop+4kpt

Evaluation of B, using r — s + D + kp' + x, and later 2D — s + k' > y
and D — s+ kp' + 2
D

0
B:/ds/dr(r—s+D+k;1)1n(r—s+D+k;1) (A.161)
—-D 0
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0 2D—s+kj'
= / ds / dr xlnz
=D ‘D—s+k;1
0 -1
1 1 2D—s+k
= / ds {x%nx—xﬂ "
2 4 Ip—stiyt

0 0

1 1
- 5/ds (2D—s+k;1)21n(2D—s+k;1)—Z/ds (2D — s + kz!)?

-D -D
1] 1y
—§/ds (D—S+k}1)2ln(D—s+k§1)+Z/ds (D — s+ kp')?
-D -D
3D+ky" 3D+ky!
=5 / dy y*Iny — 7 / dy y*
2D+ky! 2D+k,*
. 2D+k;! 2D+kp"
- = / dz 22Inz+ = / dz 22
D+kp! D+kp!
111 1 .13D+kz" 171 .13D+kR'
= {y?’ ny— 4| —{y3 i
213 97 loptryt 4137 lepgry?
171 4 1 ,12D+ke 1 [1 3] 2Dk
——|zz"lnz— -2 +—|-2°|D+k F
2 [3 97 Ipsryt 413 F
1 5 3D+kp! 1 5 2D+k!
= [y?’ Iny — —y — [zg Inz— —=z :
6 36 2D+k;1 6 36 D+k;1

Evaluation of C' (using r — s + k' + x, and later D — s + k' +— y and

knl — s+ 2):

0 D

C = / ds/dr (r—s+k;1)ln<r—s+k}1)
-~ ODfs+k;1

= / ds / dr zrlnz
_ k_;lis

0
= / ds
kol-s

—-D F

1 1 . 1D—s+kp'

2
22 lne — =
5% Inz x

(A.162)
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0 0
1 1
= 5/ds (D—s+k§1)21n(D—s+k;1)—i/ds (D — s+ kg')?
-D
0
1 —1 2
—f/ds (k! — s)?In(ky! — )+Z/ds(k’F _s)
—-D
2D+k_ 2D+k_ D+k_ D+k_
= / dyylny—f / dyy—f / dzzlnz—i—f / dz 2*
D+k_ D+k_
171, 1 ]2D+ke! 1[13
2123 ny — = Z
2[3y Y e T al3?
Dkt 1[1 .

2D+k Fl

Dkt

171 1 Dkt

—[231:(12—23 + 152 )
9 lkt 413

X 2D+k! B {1 5

213

-1
kg

-1
5 D+ky,

o
= ny — —
6?9 Y 36y

Blnz— —23

6 36

D+k" k!

Putting A, B, and C together we find
D 0 D

0
_é ds [ dr [ au [ at (r—s+t1—u—|—k‘,§1) (A.163)

0 -D 0

—A-2B+C

— (é(w + k') In(4D + kp') — 4 - (13(30 + k') In(3D + k")
46- é(QD + k)3 In(2D + kpl) — 4 é(D +kp')’ In(D + kg')
+ S () )

=0(1).
Now we can combine everything to end up with

DY [0(k) — (A.164)
prene qrwene (1Pl = Ip— k| + lal — g+ k| + kz")
pEBr  q€BF
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< LQd(ZLiLZ)Z (02 +C*+ 206) k-2 4 L¥MC?.001)
kr

s) In order to bound the sum, we find

L7 N 1= L7 | By (A.165)

meBp

To estimate |Bp|, we note that Bp is contained in the ball of radius kp
centered at the origin. Using the same technique as in the previous com-

putations, each lattice point can be associated with a fundamental cell of

volume L~¢, and we enlarge the region by % to account for the discrete

nature of the lattice. The volume of the enlarged ball is given by

ﬂ>d . (A.166)

/2

Therefore, the number of lattice points in Br can be bounded by

Zd/z) (kp + \/E>d | (A.167)

Bp| < L%.
[Brl < r(4+1 2L

Thus,

(A.168)
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t) We find

- Z Z Z |wh(p—k) | |Upg| (A.169)
D,D

—1
ke[-D,D]? (p,g)€TF he BE |p| - |g| + kg

_ 0 .
S L 2d Z | Pg‘ Z Z ’wh(p—k)’-

-1
(p7g)€TF ’p| - |g’ + kF ke[,D7D]d heBg

We want to estimate:

> > lo(h—p—k) (A.170)

ke[-D,D)4 he BS

Since @ has compact support, we have |(-)| < ||| =: C for some constant

C'. Moreover, (k) # 0 only for |k| < D. Therefore

SO j@th—p-k[<C Y S Mppk<p  (AITD)

ke[-D,D]¢ he BS ke[-D,D]¢ he BE

< > > Lppwen

ke[-D,D]? he BY

We bound ¢ po 1j5—p—kj<p using Lemma (5) to find

> 1jpr<p < LY <D + ﬁ) (1 + \/Zl) (A.172)

heBS L

d—1 Nz d—1
2 d D+ ¥
. <kF + D+ ;f) (2 arcsin (km_l__;%)) .

With

Y <@DL+1)7, (A.173)

ke[-D,D]4
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and using previous bounds, we find

- Z Z Z |wh(p—k’)||vp97| (A.174)

1
ke[-D,D)¢ (p,9)€Tr he BS Ip| — 9| + kg

< ( L (C+CO) ki +CO (mlil{ﬂ)) (2DL +1)°

I+ = F

Ld<D+\£—>( +Vd) - (kF+D+2;L\/a>d_l

d—1
2 arcsin D;T\/La
kr —2D

u) To bound the sum, we find

—2d —d B2 |
LG (L % (hlgl+’fF1)(|"|m+kFl>)

meBr (h,g)eTr neBY
—-2d |0 |2
<l ¥ L,
tnorere (|h] =gl + kr")

2
L L L™ [P : (A.175)

which we can compute using previous bounds.

v) For fixed k we can use (6) and previous computations to find

-2 [0(k)[* [ (K)[? (A176)
. ,
JENIE (|q| g+ k| + k')
1 1 krp kp+D
< e / / dw’ dp/
=71 -1 T -1
T+ kg L o w = +k
1 A\ 1), A (0 (kr)
< C+C)k co .
< 1+kLF( +C) kY + ( .
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Since the number of lattice points k in [—D, D]¢ can be bounded by
> 1< (2DL+1)4, (A.177)
ke[-D,D]¢
we find

~ 2 [N 2
oy oy R P (A178)
ve-op gty (lal — la + k| + kz')

- (C+C) ki ”+Co< ]i’:f“)> .

1
< (2DL +1)*-
1+ £

]

Lemma 9. Let d € {2,3} and v,w compactly supported in Fourier space, then
there exists a constant C' > 0, such that for all kp > 2 and |k| > 3B the following
bounds hold

~ _ 2
lim L7 % o (n m)l_l < C'glaY (A.179)

e (] — [+ k)

Proof. To derive the bounds, we replace the sum by its Riemann integral, which
we arise with in the high volume limit L — oo.

Fix m with |m| < kg. Since |n| > kp, we have n € [kp, kp + D], hence

kF+D D d—1
/ dn xjo.p) (Jn —m|) < / dn nt™ (2 arcsin ( )> , (A.180)
kp — D

In|>kF

where we used a coordinate transformation to use Lemma (7), as well as the

fact that z — arcsin (D/z) is monotonically decreasing and kr — D < m. Since
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D d—1
/ dn n=! <2 arcsin <k — D)) (A.181)
kp F
D d—1 kr+D
< (kp+ D) (2 arcsin < >) / dn.
kp — D :

For kp > 3D

(kp + D)d—l (2 arcsin (kFD— D)>d_1 < (4D)d_1 (2 arcsin (;))dl (A.182)

= C . D!
therefore
D d—1 krp+D
(kp +D)*! (2 arcsin (k D)) / dn (A.183)
F— h
kp+D
< C-D! / dn

kr

=C- D"

Plugging this into the integral over m and using |n| > kr and |n —m| < D, we

find

d“m / d"n xj0.p) (Jn —m|) (A.184)

Im|<kp In|>kF

SCDt [ A (Im])

|m|<kp
kr
/ dm md1
D

kp—

:C-Dd/dQ
Q
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kr
< O Dl / dm

kp—D

< C - (Dkp)"".

Therefore we bound the integral

‘ 2

ddm / ddn "U (n — m)

(Tl =l + k) (A.185)

|m|<kr [n|>kr

by fixing m with |m| < kr and using |n| > kp with n € [kg, kr + D]. Then

X[, (|n —m|)
) - (A.186)
S Ul =l
krp+D d—1 1
< / dn n?! (2 arcsin ( ))
o kp—D (l — |m| + k;l)
kp+D 1
<C.p*H! / dn —,
J (1= Im| + kz")
as before. Using n — r — kpr, we have
k‘F-i-D 1
¢ . pi-! / dn (A.187)
—1
h (n — |m| + kg )
7 |
—c.p*t [ar

b (r—ke—|ml+ k")

Plugging this into the integral over m and using again |n| > kg, [n —m| < D, we

find

dm i X001 (In = ml) (A.188)
(In| = |m| + kz")

Im|<kp In|=kp
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D

1

<C.-Dp*! / ddm/ dr X[kr—D,krp] (/M)
<l 0 (7’ —kp — \m| + k‘;l) F F

kp D 1
§C~Dd*1/dQ / dmmd’l/dr 1
) (r = ke —m+ k')

kp—D 0
kr

D
1
SC-keD)™ [ dm [ ar ; -
kp—D 0 (T_ F— M F)

Using m — s — kg, we have

kg D 1
C - (kpD)" / dm/ dr — (A.189)
kpoD 5 (r—kp—m—l—k’F)
7 1
:C-(k:FD)d’l/ ds/dr S
S (r — s+ k;1>
Therefore,
Xpo,pj (I —m|)
d?m / din (‘n[(‘) o o T (A.190)
m<ke  Inl2ke g
0 D .
< (kpD)“™ / ds/ dr .
R/ (r — s+ kp )
Computing the integral, we find
0 D 1 0 5
/ ds/ dr ———— = / ds [ln (7" -5+ k:;lﬂ (A.191)
R/ (7“ —s+kp ) A 0

0
:/ ds 1n<D—s—|—kz}1)—ln(—s+k;1)
-D

0 0
:/ds 1n<D—s—|—k§1)—/ds ln(—s—l—k‘gl),
-D —-D
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where, using D — s + kz' +—

0 D+kj! )
/ ds In (D — s + k') = / de In(2) = [rIn(z) — 27, (A.192)
F
-D 2D+ky!

=(D+ k") In (D +kz') = (D + k')
— (2D + kz") In (2D + kz') — (2D + k')
=(D+ k') In (D + kz')

— (2D + k') In (2D + k') + D,

and, using —s + kp' v,

0 P
/ ds In (—3 + k‘;l) = / dy In(y) = [yIn(y) — y]’;ik,l (A.193)
-b D+k;! !
= kp'In (k') — k' = (D + kp') In (D + kz')
— (D + k"))

— (D+ k') In (D + k') = kg' In (kz') + D

Therefore

0 D

4 dso/ dr (7“—81—#1651) (A.194)

=2(D + ki) In(D + k') — (2D + kz') In(2D + k') + k' In(ki")

which only is a very small contribution for large kr and can be bounded by a

constant, depending on D. O
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