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Abstract

Geoscientists use computer simulations to understand and model a myriad of processes taking place
on our planet. Bayesian inference is a statistical framework that identifies parameter configura-
tions that make the simulator’s predictions consistent with experimental observations. Traditional
Bayesian inference approaches make use of the likelihood function, which quantifies the probability
of an observation given a particular parameter configuration. However, this likelihood function
cannot be evaluated directly for many computer simulators due to their complexity. This limita-
tion necessitates new algorithms for performing inference. One recently proposed solution to this
problem is Simulation-Based Inference (SBI).

This thesis consists of three publications that develop and apply new SBI approaches to enable
statistical inference for larger, more complex geoscientific problems that were previously infeasible.
In the first publication, we introduce a particular inference problem in the field of glaciology.
This problem pertains to the inference of surface accumulation and basal melt rates of Antarctic
ice shelves from radar measurements of their internal layering structure. We present a statistical
framework to describe this inference problem, and apply an existing SBI method to provide an
uncertainty-aware solution to this problem for the first time. In the second publication, we develop
a new approach to simulation-based inference of function-valued parameters. Current SBI methods
require a very large number of simulations to solve geoscientific inference problems, which can
be computationally demanding or even unattainable. This is because geoscientific parameters are
function-valued, describing quantities that vary in space and/or time and resulting in many values
to infer. Our method exploits the spatial and temporal correlations in geoscientific parameters to
perform inference using a much smaller number of simulations than existing SBI methods. We
apply this approach to the Antarctic ice shelf case study, and show that it reduces the computational
cost of inference by two orders of magnitude. In the third publication, we tackle a distinct type of
inference problem known as source distribution estimation. This aims to identify a distribution over
the parameters that is consistent with a dataset of observations, as opposed to a single or repeated
measurements. This inference paradigm is also ubiquitous in geoscientific applications, for instance
in extreme event modeling. We develop a new simulation-based approach to estimating source
distributions and demonstrate its applicability to challenging scientific tasks.

Overall this thesis develops new statistical inference methods and applies them to solve chal-
lenging problems in various geoscience domains. It thus provides a vital connection between
machine learning methodology and scientific practice, enabling statistical inference for complex
and high-dimensional simulators in geoscience.






Zusammenfassung

Geowissenschaftler verwenden Computersimulationen, um eine Vielzahl von Prozessen auf un-
serem Planeten zu verstehen und zu modellieren. Mit Bayes‘scher Inferenz, einem statistischen
Ansatz, konnen Parameterkonfigurationen identifiziert werden, die die Vorhersagen des Simula-
tors mit experimentellen Beobachtungen in Einklang bringen. Traditionelle Bayes’sche Inferen-
zansitze verwenden die Likelihood-Funktion, die die Wahrscheinlichkeit einer Beobachtung fiir
eine bestimmten Parameterkonfiguration quantifiziert. Diese Wahrscheinlichkeitsfunktion kann je-
doch aufgrund ihrer Komplexitat fiir viele Computersimulatoren nicht direkt ausgewertet werden.
Diese Einschriankung erfordert neue Algorithmen fiir die Durchfithrung der Inferenz. Eine kiirzlich
vorgeschlagene Losung fiir dieses Problem ist die simulationsbasierte Inferenz (SBI).

Diese Arbeit besteht aus drei Publikationen, in denen neue SBI-Ansétze entwickelt und angewen-
det werden, um statistische Inferenz fiir grof3ere, komplexere geowissenschaftliche Probleme zu
ermoglichen, die bisher nicht realisierbar waren. In der ersten Publikation stellen wir ein spezielles
Inferenzproblem aus dem Bereich der Glaziologie vor. Hier sollen die Oberflaichenmassenbilanz und
die basalen Schmelzraten von antarktischen Eisschelfen aus Radarmessungen ihrer inneren Schich-
tung abgeleitet werden. Wir stellen einen statistischen Ansatz zur Beschreibung dieses Inferen-
zproblems vor und wenden eine bestehende SBI-Methode an, um erstmals eine Losung fiir dieses
Problem zu finden, die Unsicherheiten miteinbezieht. In der zweiten Veroffentlichung entwickeln
wir einen neuen Ansatz fiir die simulationsbasierte Inferenz von funktionswertigen Parametern. Ak-
tuelle SBI-Methoden erfordern eine sehr grof3e Anzahl von Simulationen, um geowissenschaftliche
Inferenzprobleme zu 16sen, was rechnerisch aufwendig oder sogar unmoglich sein kann. Dies liegt
daran, dass geowissenschaftliche Parameter funktionswertig sind und Gré8en beschreiben, die sich
raumlich und/oder zeitlich 4ndern und zu vielen zu inferierenden Werten fiithren. Unsere Methode
nutzt die rdumlichen und zeitlichen Korrelationen in geowissenschaftlichen Parametern, um die
Inferenz mit einer viel geringeren Anzahl von Simulationen als bei bestehenden SBI-Methoden
durchzufiihren. Wir wenden diesen Ansatz auf die Fallstudie zum antarktischen Schelfeis an und
zeigen, dass er den Rechenaufwand fiir die Inferenz um zwei Grofdenordnungen reduziert. In der
dritten Veroffentlichung befassen wir uns mit einer besonderen Art von Inferenzproblem, der soge-
nannten Source Distribution Estimation. Dabei geht es darum, eine Verteilung {iber die Parameter
zu identifizieren, die mit einem Datensatz von Beobachtungen {ibereinstimmt, im Gegensatz zu
einzelnen Messungen. Dieses Inferenzproblem ist auch in geowissenschaftlichen Anwendungen,
beispielsweise in der Modellierung von Extremereignissen. Wir entwickeln einen neuen simulations-
basierten Ansatz zur Schitzung von Source Distributions und demonstrieren seine Anwendbarkeit
auf anspruchsvolle wissenschaftliche Aufgaben.

Insgesamt entwickelt diese Arbeit neue statistische Methoden und wendet sie zur Losung
anspruchsvoller geowissenschaftlicher Probleme an. Sie stellt eine wichtige Verbindung zwischen
maschinellem Lernen und wissenschaftlicher Praxis her und ermdglicht statistische Inferenz fiir
komplexe Simulatoren.
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Chapter 1

Introduction

The study of the Earth is inextricably linked to inference. The goal of inference is to identify
unknown properties of a system based on observations of quantities that depend on them. Geosci-
entists have tackled inference problems for millennia: As early as the 3rd century BCE, Erastothenes
was able to reason about the climate as a consequence of the Earth’s inclination to the Sun [Ed-
wards, 2011]. He is also credited with solving one of the world’s first inference problems—by
deducing the circumference of the Earth from measurements of the length of a shadow cast by a
vertical rod. With increasing mathematical sophistication, more complex inferences became pos-
sible. Newton’s development of calculus’ [Newton, 1726] allowed him to estimate the Earth’s
gravitational constant from pendulum deflection measurements. Inference can also be a first step
in our understanding of real-world phenomena. By measuring the flow and deformation of glaciers,
Weinberg [1907] was able to estimate the viscosity of ice. Thus, when Antarctica was first dis-
covered, inference problems were solved to develop the first ice flow models used to describe the
continent. In the present, inference problems are also used to incorporate large datasets such as
satellite observations into our models of the world [Goldberg and Sergienko, 2011, Mauritsen et al.,
2012]. Inference problems are typically split into two categories. In deterministic inference, we
estimate a single best “guess” of the quantity of interest given available data. However, the best
estimate may not always correspond to reality. Hence, we often want to quantify the uncertainty in
our estimates, by capturing all possible solutions and determining the confidence in those solutions.
To obtain such uncertainties, we must turn to statistical inference.

One powerful framework for performing statistical inference is Bayesian inference. Bayesian
inference requires two components: (i) A prior distribution, quantifying our existing knowledge
about the unknown quantities, known as parameters, and (ii) A likelihood function, describing the
probability of the dependent variable, known as the observation, given a specific value for the
parameters. Bayes’ theorem provides a formula for combining these components into the posterior
distribution, which represents the updated belief about the parameters given the observation.
Bayesian inference is a tool in countless disciplines, from particle physics [Feroz et al., 2009] to
medicine [Ashby, 2006].

In many scientific applications, the likelihood function is described in terms of a computer sim-
ulator derived from theoretical principles. Simulators take the parameters as an input, and output
a possible observation, i.e., a sample from the likelihood function. When the likelihood function
is sufficiently complex, the Bayesian posterior cannot be calculated analytically and needs to be
estimated. The advent of computational methods has enabled a renaissance in Bayesian statistics

At last, this discussion can be put to rest.
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through Monte Carlo methods [Metropolis and and, 1949, Rubinstein and Kroese, 2016], such as
Markov Chain Monte Carlo (MCMC Metropolis et al. [1953], Duane et al. [1987], Hoffman and Gel-
man [2014], Betancourt [2019]) and particle filtering [Gordon et al., 1993, Liu et al., 1998, Doucet
et al., 2001]. These algorithms enable Bayesian inference by performing repeated simulations. All
these methods are based on the assumption that the simulator can evaluate the likelihood of the
simulations it generates. However, for increasingly complex simulators, evaluating the likelihood
of a simulation requires computing challenging integrals over all the possible ways the simulation
could have unfolded. Such likelihood functions are intractable. Sampling an observation given a
parameter configuration from an intractable likelihood is possible, but evaluating the likelihood
function to compute the probability its probability given the parameter configuration is impractical.
This is a crucial distinction, as the traditional algorithms for estimating the Bayesian posterior
distribution require this probability.

Simulation-based inference (SBI) [Wood, 2010, Papamakarios and Murray, 2016, Lueckmann
et al., 2017, Papamakarios et al., 2019, Durkan et al., 2020, Greenberg et al., 2019, Cranmer
et al., 2020, Radev et al., 2022, Deistler et al., 2025] approaches seek to approximate the Bayesian
posterior for computational simulators where the likelihood is intractable. In particular, neural SBI
methods build on advances in machine learning to approximate Bayesian inference. SBI performs
simulations for many different values of the parameters. These simulations form a training dataset,
with which an artificial neural network can be trained to estimate Bayesian quantities, such as to
approximate the unknown likelihood function (NLE, Wood [2010], Papamakarios et al. [2019]),
the likelihood-to-evidence ratio (NRE, Durkan et al. [2020], Miller et al. [2022]), or even the
posterior distribution directly (NPE, Papamakarios and Murray [2016], Lueckmann et al. [2017],
Greenberg et al. [2019]). Neural SBI methods have been successfully applied to enable statistical
inference in a variety of disciplines, such as neuroscience [Goncalves et al., 2020], astronomy
[Dax et al., 2021], spectroscopy [Dingeldein et al., 2023], and many others. In addition, toolboxes
implementing a variety of SBI methods facilitate applications of these methods without in-depth
machine learning expertise [Tejero-Cantero et al., 2020, Radev et al., 2023, Dirmeier et al., 2024,
Boelts et al., 2025].

In geoscience, there exists a tension between the development of computational simulators of in-
creasing complexity and fidelity, and statistical inference. As our understanding of physical systems
improves, geoscientists develop simulators that more accurately model the real world [Winkel-
mann et al., 2011, Megann et al., 2014, Danabasoglu et al., 2020]. However, these simulators
come with a large number of parameters, and at increasing computational costs. The result is that
the required simulation budget to perform inference can increase exponentially with the number
of parameters due to the curse of dimensionality [Bellman, 1966]. This is especially a challenge for
geoscientific models, where the parameters are typically not just scalars, but rather functions that
themselves vary in space and/or time. These challenges have so far rendered Bayesian inference
and SBI infeasible for many geoscientific applications.

In this thesis, I bridge the gap between SBI and geoscience by developing SBI methodologies
tailored to the unique challenges posed by geoscientific inference problems. In particular, this thesis
consists of three publications tackling distinct parts of the inference workflow.

In the first publication, we provide for the first time an uncertainty-aware solution to a well-
known inference problem in the field of glaciology: Inferring surface accumulation and basal
melting rate histories of ice over an Antarctic ice shelf. Ice shelves in Antarctica are the floating
ice masses surrounding the Antarctic continent, and are crucial in holding back, or “buttressing”
ice from the continent, thus improving its stability and resistance to climate change [Reese et al.,
2018, Greene et al., 2022]. When making future predictions of the ice shelves, it is crucial to know
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their atmospheric and oceanic boundary conditions, namely the rate of ice accumulation through
snowfall, and the rate of ice melt due to interaction with the ocean. Furthermore, uncertainties
in these quantities will be propagated through to uncertainties in our prediction of the future of
the ice shelf, for instance as in the Intergovernmental Panel on Climate Change (IPCC) reports
[[PCC, 2023]. These rates cannot be measured directly, and so many works focused on inferring the
accumulation and melting rates of ice from radar measurements of the internal layering structure
of the ice [Waddington et al., 2007, Catania et al., 2010, Wolovick et al., 2021]. However, previous
works do not provide the crucial uncertainty estimates. In this first work, we develop a statistical
framework to perform Bayesian inference of the accumulation and melt rates. This work not only
constitutes one of the first applications of SBI in geoscience, but also highlights the potential gain
through a statistical treatment of glaciological inference problems, as we reveal that many distinct
values for the accumulation and melting rates are indeed possible.

The SBI application in our first work required a large number (~200,000) of simulations, which
may not be feasible for other models arising in geoscience. A primary reason for this requirement
is that the mass balance parameters are function-valued, as they vary spatially across the ice shelf,
resulting in a large number of values to infer. In a follow up work we develop a new SBI approach,
tailored to inferring function-valued parameters with small simulation budgets. When inferring
function-valued parameters, which occur frequently in geoscientific inference problems, an intuitive
approach is to fix a discretization of the spatial/temporal domain, and treat the value of the function
at each point as a parameter. This approach has two limitations: First, the number of parameters
increases exponentially with the dimensionality of the domain, and increases linearly with the
resolution of the discretization. The resulting inference problems are therefore extremely high-
dimensional, and consequently are very challenging. Second, the trained SBI model is then fixed
to the chosen discretization: The values of the parameter cannot be queried by the model at other
points of the domain without retraining the model. To overcome these challenges, we develop
an approach which makes use of Fourier Neural Operators (FNOs) [Li et al., 2021]. These neural
networks are designed to operate on function-valued data by operating on the low-frequency
components of the parameters. This enables us to exploit the long-range correlations common to
many geoscientific parameters. We apply our new approach on the Antarctic ice shelf case study,
and achieve comparable results using two orders of magnitude less simulations than what was
required for the existing SBI methods used in our first publication.

Our last work presents a new approach to a related problem—source distribution estimation,
also known as Empirical Bayes. Recall that in Bayesian inference, we define the prior distribution
using existing knowledge about the parameters. Often such knowledge is not available, and so
practitioners opt to use so-called uninformative prior distributions, such as uniform or Gaussian
distributions. Using such prior distributions can introduce an error to the resulting posterior distri-
bution, as well as making the inference problem much harder to solve by introducing a very large
hypothesis space. One way to address this challenge is to estimate prior distributions from exper-
imental data—which is a source distribution estimation problem. Unlike the Bayesian inference
problem, in source distribution estimation we seek to find a distribution over the parameters which
is consistent with a dataset of experimental observations, as opposed to just one observation, or
many independent and identically distributed (i.i.d) observations. While existing methods address
source distribution estimation, only a few are applicable to simulators which can only sample
from the likelihood function. Furthermore, the source distribution estimation problem is known to
be ill-posed, having non-unique solutions. We address this problem by employing the maximum
entropy principle [Jaynes, 1968]. The maximum entropy principle selects the "maximally ignorant"
distribution from those which satisfy given constraints, which intuitively assumes the least about
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the parameters. Furthermore, we propose a simulation-based approach to estimating source dis-
tributions. We optimize a Sliced-Wasserstein distance (SWD, Bonneel et al. [2015], Nadjahi et al.
[2020]), which is completely sample-based, meaning our approach does not require evaluating the
likelihood function. We show experimentally that our approach efficiently estimates high-entropy
source distributions. This approach enables practitioners to estimate informed prior distributions,
and thus can significantly reduce the computational burden of downstream inference problems.

The remainder of this thesis is structured as follows. I provide a general background to inference
problems and Bayesian inference (Sec. 2.1-2.2). I give an overview of the relevant methods used
in this thesis (Sec. 2.3-2.4). I then provide background on the main application—inferring surface
accumulation and basal melt rates of Antarctic Ice Shelves (Sec. 2.5). In Sec. 3, I summarize the
three main publications. I discuss the significance of this work and avenues for future work in
Sec. 4. Overall, this thesis presents how the framework of SBI can be extended and applied to
challenging problems in geoscience.



Chapter 2

Background

This chapter provides the general background and context for the contributions made in this thesis.
I begin by discussing approaches for deterministic and statistical inference. I then provide an
overview of existing work for simulation-based inference. I provide a description of concepts in
modeling spatial and temporal data relevant to this work, concerning inference of function-valued
parameters. Finally, I provide some background of the main application domain in glaciology.

2.1 Deterministic inverse problems

The most common form used to describe a model of a physical system in science is a function
f:© — X, taking a known vector of quantities # € © (known as the parameters), and outputting
some vector € X of predictions'. If the properties of the system described by 6 are known, such a
model allows to make predictions about (other) properties of the system, described by z, using

x = f(0). (2.1

A desirable model is one that perfectly matches real-world observations. That is, if we know that
the system is described by 6, and we experimentally measure an observation x,, then x, = f(0) is
satisfied.

Inherently, the ability of scientific theory to derive models predicting x from 6 is independent
to the questions of which of # or z are more important to quantify or which is easier to measure
experimentally. Rather, such models derive from and reflect our understanding of the mechanisms
of this physical system. For many applications, therefore, predicting 6 from z is also an important
and relevant problem. However, the existence of the model f : © — X does not imply that a
function g : X — © can be derived, or that it even exists. Given sufficiently simple functions f, it
may be possible to analytically derive the inverse function, f~! : X — O, satisfying

fHf) =0 voeo

f(f N z) =2 VzexX. (2.2)

In the majority of scientific research, however, this is not the case. Thus, the question: “If I observe
Z,, What is the corresponding value for the parameters 0 for this system?” becomes nontrivial to
answer, and the field of methods to answer such questions is known as (deterministic) inverse
problems.

IThe case where 0 and z are function-valued is discussed in Sec. 2.4.2.

19
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One of the most common approaches is regression?. In regression, a mismatch function £(6, z) :
O x X — R is defined to measure the “goodness of fit” of any possible value of # to any possible
value of x. Given an observation x,, the goal of regression is to find the value of # which minimizes
the defined mismatch £, i.e. to solve

0" = argmin £(6, x,). 2.3)
0cO

For example, a common choice for £ is the mean square error (or L? loss) between predictions
x = f(0) and the observation z,, resulting in least-squares regression,

0" = argmin || f(0) — xo|| 2. 2.4
0cO

Therefore, solving inverse problem can be seen as finding the “best estimate” of the param-
eters 6 to explain the observation x,, with respect to some pre-defined measure of goodness of
fit>. However, obtained solutions 6*, whether optimal with respect to £ or not, are typically not
exact, i.e. it is typically not true that f(6*) = x,. This is due to a variety of reasons, chief among
them is capture by the famous quote by George Box: “all models are wrong”. While deterministic
models f are very powerful, there will always be sources of error in the real world. These can be
caused not only by the insufficient precision of our measuring devices, but also due to incomplete
understanding of the physical system. In order to quantify this error, we turn from deterministic
inverse problems to statistical inverse problems, also known as statistical inference.

2.2 Statistical inference

Instead of making singular predictions on the values of z, statistical models instead opt to define
a probability measure Py over x. This probability measure corresponds to how likely arbitrary
predictions x are to be observed under the model. As in deterministic inverse problems, there is no
special significance assigned to x over 6, and so a probability measure Pg can also be defined, and
indeed the joint measure Pg« . This joint measure describes not only the possible values of # and
x individually, but also how they depend on one another. While it is possible to extend the notion
of statistical inference to probability measures which do not admit density functions, we focus in
this thesis on measures which do admit probability densities p(z), p(#) and p(0, x).

Knowledge of the joint density p(6, x) in fact corresponds to full knowledge of the physical
system under the statistical lens. It fully quantifies all possible outcomes of the system. More
commonly, and in parallel to the deterministic setting, scientific theory leads to a partial model
that allows us to generate predictions of x, given knowledge of #. Such a generative model in this
case takes the form of the likelihood function,

z~plxld =0,),* (2.5)

which is a conditional distribution over the random variable x, given a fixed value 6, of the param-
eter 6,. As opposed to Eq. (2.1), the likelihood function can generate many distinct predictions for
the same value of the parameters 6, with the value of the likelihood function corresponding to the
relative frequency with which the respective predictions will be produced.

2Also known as parameter fitting.
3The goodness of fit can include hard constraints on 6, such as bounds, or soft constraints, known as regularization.
I will use the shorthand p(x|0) to refer to the likelihood function for an arbitrary parameter throughout this thesis.
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Frequentist and Bayesian statistical inference

In the frequentist view of statistical inference, it is assumed that only «x is a random variable, and
has corresponding distribution p(x) or, when conditioned on 6, p(x|6). However, the parameters 6
are assumed to be fixed, instead of random variables. Similarly to the deterministic view, the goal
is to find an optimal value of #* which best explains the data. The optimization problem becomes
to identify the value #* which maximizes the likelihood of the observation z,,

0" = arg max p(z,0). (2.6)
0cO

Thus, frequentist inference is commonly referred to as maximum likelihood estimation (MLE). MLE
is widely used to find the “best” model to describe observed data. The MLE approach is especially
potent for inference problems where the parameters 6 are only of interest insofar as their ability
to predict z. On the other hand, reasoning about uncertainty in the parameter estimate itself is
crucial for many inference problems. First, likelihood models can be degenerate, meaning that
several different values of § can produce the same x - and no unique solution z* exists. Second,
the parameter 6 can be of scientific interest in its own right, as it represents physical quantities of
system that are immeasurable, or otherwise difficult to measure experimentally. In such cases, it
is insufficient to only provide a best estimate, but we must also provide the uncertainty associated
with this estimate.

In Bayesian statistical inference, the parameter vector 6 is also assumed to be a random variable.
In the Bayesian perspective, we assume to have some prior belief about what the parameters could
be, defined in the form of the prior distribution p(¢). The goal is to find the conditional distribution
(also known as the posterior distribution),

p(miﬂ = 1‘0)- (2.7)

As in the deterministic case, our ability to define a likelihood function p(z|f) does not imply that
we can equivalently derive a model for the conditional distribution p(f|x = z,). Bayes’ theorem
gives a principled way of updating our prior belief about the parameters given an observation. If we
measure an observation z,, Bayes’ theorem states that the resulting posterior distribution satisfies

p(,|0)p(6)

POl = o)

5 (2.8)

where p(z,) is the marginal likelihood (also known as the model evidence). The marginal
likelihood is fully determined given the assumed knowledge of the prior p(6) and the likelihood
p(z]0), since

p@@zém%mmww 2.9)

Therefore, the challenge of performing Bayesian inference is to solve the integral in Eq.(2.9). There
exist a remarkable amount of non-trivial distributions for which a closed form solution of this
integral is possible. A particularly potent example of closed-form Bayesian inference is generalized
linear models [Bishop, 2006], which appear in a variety of scientific applications [Atkinson et al.,
1998, Lane, 2002, Allard et al., 2012].
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2.2.1 Computational Bayesian inference

When the integral Eq. (2.9) cannot be computed analytically, it may also be challenging to approx-
imate numerically, as §# may be a high-dimensional vector. A crucial observation, however, is that
to perform inference, it may be sufficient to only generate samples from the posterior distribution
p(0|z), as opposed to evaluate the probability density itself. This is because samples from the distri-
bution correspond to possible models of the observed data x,. Furthermore, quantities of interest
about the distribution such as the mean, covariance matrix, and quantiles of the distribution p(6|x,)
may be estimated from samples via the Monte Carlo approach.

This insight is the main force behind classical approaches to numerically approximate Bayesian
inference. Chief among these classical approaches is Markov Chain Monte Carlo (MCMC, Metropo-
lis et al. [1953], Duane et al. [1987], Hoffman and Gelman [2014], Betancourt [2019]). In MCMC,
the goal is to sequentially generate samples 61, 6o, ... ~ p(f|z,). First, a (Markovian) proposal distri-
bution, ¢(6'|0,) is defined, and a sample ¢’ drawn from this distribution. The proposal distribution
can be chosen independently of the inference problem at hand, as long as it can theoretically assign
a nonzero probability to any # € © in some finite number of steps N. For this reason, typically
Gaussian proposal distributions are used. To make the Markov chain dependent on the true pos-
terior distribution, the next value 6,,. is only set to #’ with a given probability a(6,,6’). In the
earliest (Metropolis) formulation of MCMC, this acceptance probability is

' o) — i (1. 2O _ (PO (p(xo]¢)
alf’.6) = <1’ pwm)) <1’ p<e><p<xore>>’ (210

where we made use of the fact that p(x,) is independent of # to eliminate the model evidence term
in Bayes’ theorem. With probability (1 — a(f, ¢’)), the next sample in the chain is simply set to the
current state, 0,11 = 6,. It is well-known that in the limit N — oo, the distribution of samples
0; converges to the target posterior distribution p(0|x,) [Meyn et al., 2009]. Many variations of
MCMC have been proposed and studied, where the proposal distribution ¢(¢’|f) and acceptance
probability a(6, §') are altered.

MCMC methods, as well as other sequential Monte Carlo approaches [Gordon et al., 1993, Liu
et al.,, 1998, Doucet et al., 2001], have been widely and successfully applied to solve challenging
Bayesian inference problems. Despite this, these approaches face some limitations. First, while
these approaches are known to converge to the target posterior in the limit of infinite sampling
steps N — oo, in practice the number of steps required for a good approximation of the posterior
distribution to be reached can be very large. Thus, approximating the posterior distribution can be
computationally expensive or even infeasible, especially when computing the likelihood function
p(z|@) is computationally expensive. In addition, classical methods estimate the posterior distribu-
tion p(f|z,) for a fixed value of z,. In other words, the inference algorithm needs to be restarted
from scratch for each new observation 5. This can be computationally infeasible in applications
where there are many observations for which we wish to estimate posterior distributions.

The advent of machine learning, and in particular of artificial neural networks, has revolu-
tionized computational Bayesian inference. The study of training artificial neural networks to
approximate probability distributions is known as variational inference [Hoffman et al., 2013, Blei
et al.,, 2017]. Given an unknown distribution p(z) over a random variable z € Z, the goal of varia-
tional inference is to train a variational distribution, ¢, (%), parameterized by ¢ € ®, to approximate
p(z) by minimizing the Kullback-Leibler (KL) divergence,

¢" = argmin KL(gy(2)||p(2)). (2.1D
ped
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As an intuitive example, ¢,(z) can be a Gaussian distribution, N (z; y14, ¥4), with mean and co-
variance parameterized by ¢. In practice, g4 is a deep neural network, with a particular relevant
architecture being a normalizing flow, which we describe in more detail in Sec. 2.3.2.

In the context of Bayesian inference, the corresponding problem becomes to estimate a distribu-
tion ¢, (¢) to match the posterior distribution p(#|x). However, the KL divergence Dxi.(¢4(8)||p(0|0))
cannot be computed as the distribution p(#|z,) is not known. However, the KL divergence can be
decomposed as

s - ione(35)

(2.12)
- /@ 45(0) [log(qs(60) — log(p(xol0)p(60)) + log(p(z.)))] dob,

where we made use of Bayes’ theorem to decompose the posterior p(f|z,). Note that the final term,
Jo 46(8) log(p(x,))df = log p(x,) is a constant with respect to ¢, and thus can be omitted from the
optimization objective without changing the optimization problem for ¢. Thus we can again ignore
the probelmatic evidence term and instead optimize the tractable remaining terms in Eq. (2.12),
known as the Evidence Lower BOund (ELBO)".

The generalization properties of neural networks mean that variational distributions as de-
scribed above can produce good approximations of the posterior distribution with a relatively small
number of evaluations of the likelihood function p(x|6), and thus offer a powerful alternative to
classical inference algorithms. Furthermore, the variational distribution can be made explicitly
dependent on z, g,(6|x), and an equivalent ELBO loss can be derived for the expectation of the KL
divergence over p(x) [Rezende and Mohamed, 2015], so that once trained, the variational distribu-
tion g4 (0|x) can be evaluated for any observation z, without any further training. This property is
known as amortization, and in certain applications is a significant advantage of variational methods
for posterior inference.

2.2.2 Intractable likelihood functions

The statistical inference methods described previously all rely on the numerical evaluation of
the likelihood function. In many cases, scientific models are defined in terms of computational
simulators: Computer programs which take 6 as input and output a sample x from the likelihood
function. The ability of the simulator to also return the value of the likelihood function for this
sample is not guaranteed. In general, a simulator produces a sequence of latent random variables
21, ..., 2k depending on ° These can represent random observational noise, random initial or
boundary conditions, or nuisance parameters which we do not wish to infer. The resulting likelihood
can then be evaluated as

p(x|0) = /P(JJ\ZLN,9)p(21:N\9)dZ1:N- (2.13)

This integral may be solved in special cases, namely the case where the only source of noise is
an observational noise of known form. However, in many cases, this integral cannot be evaluated
in closed form, and the resulting likelihood is said to be intractable. In such cases, to solve the
inference problem, we must use likelihood-free methods, also known as simulation-based inference.

>The ELBO is defined as the negative of the remaining terms, as it is a lower bound of the model evidence. It is
defined as ELBO = —Eq, [log g»(0) —logp(0]zo)] = Eq, [logp(0|xo) — log g4 (0)] < p(x0)
6K = 0 is possible and corresponds to a deterministic simulator, and K can also be dependent on 6.



Background 24

a Bayesian inference b Simulation-based inference

Prior Simulated N Inference Posterior

predictions network estimate

Parameter Simulation Observation

space /_\ space
p(x[0)

[7] o\ \oi ‘
‘ —s gt | —» —>
L7 I\ /N
\l
‘ @

Train on simulations,
p(0]%,) '\—/ Xo 6 ~ p(0) x ~ p(x]6) q4(0)x,)

then evaluate at x,,.

Inference

Figure 2.1: Overview of Bayesian inference and simulation-based inference (SBI). a: Bayesian inference is
an approach for solving inverse problems. We are given a statistical model defining the likelihood p(z|0) of
some predictions x given any values of the model parameters 6, as well as a prior distribution p(6) encoding
the prior knowledge over the probably values of 6. Bayesian inference returns the posterior distribution
p(f]z,) of the parameters given a particular observation z,. b: SBI approximates Bayesian inference by
estimating the posterior distribution p(f|x,). SBI generates a training dataset of parameter-prediction pairs
(6;, x;) by sampling the prior and simulating. This training dataset is used to train a conditional generative
model g4. Given any observation xz,, the generative model predicts the posterior distribution p(6|z,) directly,
or by enabling other computational Bayesian methods (Sec. 2.2.1). After Deistler et al. [2025].

2.2.3 Approximate Bayesian computation

An intuitive approach for statistical inference when we can only sample from the likelihood function
(but not evaluate it) is to use alternative notions of “goodness-of-fit”, as in the deterministic view of
inverse problems (Sec. 2.1). By defining a mismatch £(6, x,,) that we can compute from simulations,
we can replace the likelihood function by £ in inference algorithms. This is known as Approximate
Bayesian Computation (ABC) [Sisson et al., 2018].

The classical approach of Rejection ABC is to sample ¢’ ~ p(#) and 2’ ~ p(z|#’), and define the
mismatch metric as some distance d(z’, z,) (e.g. the L2 norm).” The sample 2’ is accepted (meaning
it is considered a sample from the approximate posterior) if d(z’,z,) < € for some predefined
threshold e. Repeating this process yields an approximate posterior p(6|z,), however, this procedure
can yield very low acceptance rates, and therefore many simulations are required in order to
estimate the approximate posterior. Other ABC approaches build on ideas from computational
Bayesian inference to improve the simulation-cost of approximate inference [Marjoram et al.,
2003, Sisson et al., 2007, Beaumont et al., 2008].

2.3 Neural simulation-based inference

An alternative and scalable approach for SBI is to use simulations as training data in order to
train a variational distribution, g,. This variational distribution can be used to either estimate the
likelihood itself, ¢4(x|0) ~ p(x|#), after which the computational Bayesian inference approaches
(Sec. 2.2.1) can be used to estimate the posterior distribution. Alternatively, the variational distribu-
tion can estimate the posterior distribution directly, ¢4(6|z) ~ p(f|x). In both cases, the challenge
is to design a suitable architecture for ¢,, combined with a suitable loss function £, such that g4
indeed converges to the desired distribution. Such approaches are similar to variational inference,
but crucially, the loss function cannot make use of the now intractable likelihood function p(z|0).

"note that in this case, the mismatch metric £(6, x,) is a random variable as it depends on the random sample z’.
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I begin by describing Neural Posterior Estimation methods (Sec. 2.3.1). I then describe two
particularly powerful generative modeling frameworks for representing the variational distribution
¢4, namely Normalizing flows (Sec. 2.3.2) and score-/flow-matching (Sec. 2.3.3). These models can
also be applied for Neural Likelihood Estimation (Sec. 2.3.4). Finally, I describe Source Distribution
Estimation (Sec. 2.3.5), which is a distinct yet related problem to likelihood-free inference.

2.3.1 Neural posterior estimation

Neural Posterior Estimation (NPE, Papamakarios and Murray [2016], Lueckmann et al. [2017],
Greenberg et al. [2019], Radev et al. [2022]) describes a family of methods to estimate the
posterior distribution, p(#|x). NPE defines a variational distribution, g4(0|x,), which is optimized to
approximate the true posterior distribution p(6|z,). A key observation made by Papamakarios and
Murray [2016] is that by maximizing the reverse KL divergence between the variational and true
posterior distributions, one can derive a tractable loss function. This follows from the following
argument:

log(p(0)p(x|0))

log(qg(0]z)p(z))

= H[p(0, 2)] = E(9,2)~p(0)p(x|0) 108 P(T)] — E(g,2)~p(8)p(x|0) (26 (0]2)]
= —E(9,2)~p(0)p(x]0) |9 (0|2)] + const,

Dxa.(p(0,7)|qe(0]2)p(2)) = E(g,2)~p(0)p(=]0)
(2.14)

where the constant in the final line is with respect to the variational parameters ¢, and H denotes the
entropy. Thus, maximizing the probability the variational distribution assigns to samples (6, z) ~
p(0)p(x|6) in fact minimizes the KL divergence which is zero if and only if ¢4(0|z) = p(0|z).
Additionally, the loss function

LNpE(9) = —E9,2)~p@)p(2]0) [26(0]7)] (2.15)

can be minimized without knowing the likelihood p(x|6), making it suitable for simulation-based
inference tasks. In practice, the expected value in Eq. (2.15) is approximated using a fixed dataset
of draws from the simulator, {6;, xi}f\fj{“.

One of the key advantages of NPE is that it is an amortized inference method. However, in order
to train the variational posterior distribution ¢4 to convergence, many simulations are required.
Thus, a fruitful line of research has developed in improving the performance of NPE methods, pri-
marily with the goal of reducing the number of simulations required to accurately estimate posterior
distributions. Notable advancements have been the adoption of normalizing flows (Sec. 2.3.2) as
the variational distribution, as well as embedding high-dimensional predictions x using an em-
bedding network to learn effective summary statistics [Lueckmann et al., 2017, Greenberg et al.,
2019]. There has also been fruitful work in developing interpretable evaluation metrics to measure
the quality of the learned posterior distributions, many of which are reliant on the amortization
property of NPE [Talts et al., 2020, Hermans et al., 2022, Lemos et al., 2023, Linhart et al., 2023,
Cabezas et al., 2025]. When amortization of the posterior is not needed, sequential NPE methods
can improve the simulation-efficiency of inference by using intermediate estimates of the posterior
distribution to generate simulations as opposed to the prior distribution [Lueckmann et al., 2017,
Greenberg et al., 2019, Deistler et al., 2022a].
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2.3.2 Normalizing flows

The key insight behind many generative models, including normalizing flows [Kobyzev et al., 2019,
Papamakarios et al., 2021], is that in order to sample from an unknown distribution, 6 ~ p(6)8, it
is sufficient to learn a transformation, §# = T'(z), where z follows some simple distribution from
which we can sample from, such as the unit Gaussian z ~ A/ (0, I). If the transformation is correct,
then p(0) is the pushforward distribution of p(z) under 7'. To sample from p(f), one can sample
z ~ po(z) and compute T(z). To evaluate the probability of a given sample # under p(6), one
computes z = T~!(x), and then evaluates

p(0) = [ det Jp-1]po(2), (2.16)

where .J;—1 is the Jacobian matrix of the inverse transformation 7!, and the absolute determinant
| det Jp-1| is a necessary volume correction term for the equality to hold.

In the deep learning context, we parameterize the transformation with some learnable weights,
T,, and wish to optimize ¢. This can be done via maximum likelihood training” [Papamakarios
et al., 2021],

P = arg;nin —Egp(o)| det Ty po(T; (). (2.17)

The remaining challenges to training T, is to ensure that T} is invertible with inverse del for all

values of ¢, and furthermore that both the inverse Ty ! and the absolute determinant of the Jacobian
of that inverse, | det .J—1], can be efficiently computed. If they cannot be efficiently computed, then
training can become prohibitively slow. Overcoming these challenges is the main contribution of
normalizing flows.

Normalizing flows parameterize the transformation 7 as a sequence of transformations,

Ty =Ty oTy,0...0Ty,. (2.18)

Each transformation Ty, is defined as a strictly monotonic function such that it always has a lower-

triangular Jacobian, with resulting determinant det J; = Hé\f:l Jl-jj , and that the overall Jacobian
determinant is the product of the Jacobian determinants of all individual transformations,

L
det Jp—1 = [ det . (2.19)
i=1

2.3.3 Score matching and flow matching

Neural SBI is a conditional distribution estimation task. Therefore, advances in conditional distri-
bution estimation, and generative modeling more broadly, have often led to new methods for SBI
[Geffner et al., 2022, Wildberger et al., 2023, Linhart et al., 2024, Gloeckler et al., 2024, Vetter et al.,
2025]. Particularly of note is the work of Ramesh et al. [2022], who used generative adversarial
networks to perform simulation-based inference for the shallow water equations in oceanography.
Recently, score-based models [Hyvarinen, 2005, Sohl-Dickstein et al., 2015, Song et al., 20217 (also
known as diffusion models), and flow matching models [Lipman et al., 2023] have become go-to

80r conditional distributions, such as posteriors p(8|z)
°Thus, normalizing flows can be trained directly using the NPE loss in Eq. (2.15)
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Figure 2.2: Denoising generative models. a: In diffusion models, the data zg = 6 ~ p(2p) is gradually
degraded into a pure noise distribution through the stochastic differential equation (2.20). By learning the
score function s,(z;,t) = V,,p(z), the reverse stochastic differential equation (2.21) can be used to map
pure noise samples z; back into data. b: Flow Matching also defines a (possibly identical) time-dependent
forward process to map zy to z;. However, flow matching seeks to learn the unconditional velocity field
vg(2t,t) =~ uy(z) defined by the forward process. This velocity is learned by minimizing a mean square error
loss to the conditional velocity u:(z:|z0) (Eq. 2.25). Once the velocity field is trained, data samples can be
generated from pure noise using an ordinary differential equation.

generative modeling approaches due to their ability to estimate high-dimensional probability distri-
butions including timeseries [Rasul et al., 2021, Vetter et al., 2024a], images [Ramesh et al., 2021,
Rombach et al., 2021, Blattmann et al., 2022], videos [Ho et al., 2022] and more. Extensive work
has been dedicated to different formulations and representations of diffusion models [Salimans
and Ho, 2022, Karras et al., 2022, Song et al., 2023, Meng et al., 2023, Yang et al., 2024]. Here,
I provide a brief introduction to diffusion models as described in Song et al. [2021] and of flow
matching as in Lipman et al. [2023]. Note that to simplify notation and to match the descriptions
of these works, I describe the unconditional generation case, where we wish to model a distribution
p(0). However, the work is trivially extended to conditional generation p(f|z) by making learnable
quantities also conditioned on any condition z.

Diffusion models define a mapping from the nontrivial data distribution over zy = 6, p(2p), to
a simple (almost always Gaussian) distribution over noise z; = € ~ p(e¢) = N (0, I). This mapping
is achieved through a continuous-time stochastic process, defined as

dzy = f(z, t)dt + g(t)dwy, (2.20)

where f(z,t) and g(t) are the drift and diffusion functions of the diffusion process, and w; is
Brownian noise. A classical result [Anderson, 1982] states that given the diffusion process of
Eq. (2.20) mapping p(zo) to p(z1), there exists a reverse diffusion process mapping p(z1) to p(zo),
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which follows the reverse diffusion process
dz = [f(z1,t) — g(t)*V 2, log p(z)]dt + g(t)duw, (2.21)

where w is also Brownian motion for time flowing from ¢ = 1 to ¢t = 0. Crucially, this process is fully
known given access to the score function V., log p(z;), which is typically intractable. Thus, the goal
of diffusion models is to estimate the score function with a parameterized model, s4(z,t), which is
learned by minimizing the loss

Escore—matching - Etwu([o,l]),zo~p(0),zt~p(zt\zo) [/\(t)HS(;ﬁ(ztv t) - VZt logp(zt]z())H?] ) (2.22)

where A(%) is a weighting function (which can be freely chosen). Note that while the score func-
tion V., logp(z;) is intractable, the marginal score V, log p(z¢|z0) can be trivially computed as
the marginal distribution p(z|zy) follows from the definition of the drift and diffusion function in
Eq. (2.20). In practice, different choices for the drift and diffusion function exist, but they are always
chosen to be sufficiently simple such that the marginal distributions p(z|z0) = N (z; a4 20, 071),
where different choices exist for the schedules «;, o, corresponding to different underlying prop-
erties of the stochastic differential equation. Despite not regressing on the actual score function
V., log p(2t), the 108s Lgcore-matching from samples is known to be minimized by the desired score
function [Hyvérinen, 2005].
Often, diffusion models are parameterized not in terms of learning the score function V, log p(2),

but rather by predicting the denoised z, from z, directly, which is linked to the score function via
Tweedie’s formula [Tweedie, 1947, Efron, 2011, Kim and Ye, 2021]:

Elz0]2¢] = 2t + 02V, log p(24). (2.23)

Using Tweedie’s formula, z4 (2, t) ~ E[z0|2] is optimized by minimizing the loss

At
L prediction = Etntt(0,1]),20~p(0),2e~p(z¢|20) ?H%(zt, t) — zol|*] .1° (2.24)
t

Flow matching [Lipman et al., 2023] methods are very closely related to diffusion models.
We again consider a continuous process {z }c[p,1) with marginal distributions 2o ~ p(f) and
21 ~ N(0,I). Instead of estimating a score function, or indeed a denoised sample zy, the goal of
flow matching is to learn a velocity field v, (2, t) ~ u¢(2;), where u;(z;) corresponds to the mean
paths taken by samples z;. While this quantity is not tractable, the conditional flow velocity wu;(z|zo)
is analytically tractable for many definitions of the paths z;. For example, it is common to define
z; as linear interpolations between the data and Gaussian noise, i.e. z; = (1 — t)zg + te, in which
case u;(z¢|z0) = 2zt — z0. It has been shown [Lipman et al., 2023] that regressing on this conditional
velocity with the conditional flow matching loss,

Lerm = Eona(0,11),20~p(68),z1~p(z2l20) [|[V8(22, 1) — ue(2t]20) 7] (2.25)

is indeed minimized by the w;(z;). Once v4(z,t) has been learned, samples can be generated by
solving the resulting ordinary differential equation from ¢ = 1 to ¢ = 0, starting from samples

e ~N(0,1).

YAnother common formulation is “e prediction”, where the network approximates the noise added to the original
data zo to get the current state, z;. It is related to z-prediction, since € = (z; — ax20)/0%.
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While the formulations are motivated differently, there are many equivalences between flow
matching and score matching [Lipman et al., 2023, Albergo et al., 2023]. Heuristically, denoising
models are powerful as they do not require us to predict data # from noise ¢ in one step. Instead,
denoising models learn to predict # from noisy versions of #, which is an easier task, making these
models easier to train. However, the sequential sampling procedure can itself be computationally
expensive, and is a limitation of these models. Alleviating this limitation is a key research area, with
many solutions being proposed. Distillation and reflow models [Salimans and Ho, 2022, Liu et al.,
2023] which train a second model to sample more efficiently than the original model. Consistency
and mean flow models [Song et al., 2023, Geng et al., 2025] train denoising models on varying
time domains to facilitate better long-range denoising. Conditional flow matching with optimal
transport [Tong et al., 2023, 2024], aims to estimate the optimal transport mapping between noise
and data distributions, making the resulting trajectories z; smoother and thus easier to integrate.

2.3.4 Neural likelihood estimation

Neural Likelihood Estimation (NLE) methods train probabilistic generative models to learn the
likelihood function, p(x|). By considering the likelihood as a distribution over z, as opposed to
a function of #, generative models can trivially be used in the likelihood-learning scenario—that
is, the probabilistic generative model is now g¢,(z|f) [Wood, 2010, Papamakarios et al., 2019,
Lueckmann et al., 2019, Boelts et al., 2022].

There are several reasons to learn the likelihood instead of the posterior distribution directly.
First, a learned neural likelihood is in fact a surrogate model of the simulator. In many cases in
geoscience, this equates to having a surrogate model that can be evaluated faster than the simulator,
which is of scientific value in itself [Brinkerhoff et al., 2021, Jouvet et al., 2022, Jouvet, 2023, Finn
et al., 2025]. Furthermore, neural likelihood models are often differentiable, which can be of
additional use compared to the simulator itself, e.g. by enabling direct optimization with respect to
the forward model. Second, the neural likelihood can be used to perform likelihood-based Bayesian
inference, for example with MCMC or variational inference as described in Sec. 2.2. If only the
latter application is of interest, a further alternative is Neural Ratio Estimation (NRE), which learns
a model of the likelihood ratio, r(z|0) = 20l2) Mohamed and Lakshminarayanan, 2017, Thomas

p(0)
et al., 2016, Hermans et al., 2020, Durkan et al., 2020, Miller et al., 2022].

2.3.5 Source distribution estimation

Recall that given prior knowledge over the parameters # and a likelihood model p(z|#), the goal
of Bayesian inference is to quantify the posterior distribution over the parameters given a single
observation of the system, xz,. Most Bayesian inference methods can be extended to the case where
we also have multiple observations x! [Bardenet et al., 2017], but under the crucial assumption
that these observations come from the same underlying parameter, 6,. Conceptually, this represents
repeating an observation under the same experimental conditions.

There are many scenarios, however, where this assumption is broken. That is, we have a col-
lection of observations, a:gi), each coming from the same likelihood model p(z|#), but generated
under (potentially) different ;. A typical setting in which this scenario arises is in the context of
populations. Each individual ¢ from the population follows the same mechanistic model, described
by the likelihood p(x|6), but is described by different parameters 6; ~ p(6;), where the distribution
p(0) is unknown. One such example arises in the context of detecting gravitational waves [Thrane
and Talbot, 2019]. Each binary system follows the same underlying physics encoding the likelihood
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function, but each system is described by different parameters 6 describing the masses of the two
black holes, as well as their position in the sky. Thus, by measuring observations 2 from each
individual i, we wish to infer the distribution of the parameters for the entire population, p(6),
which we refer to as the source distribution.

The Bayesian approach to solving such inference problems is to describe a hyperprior, p(¢),
where the hyperparameters ¢ describe the possible source distributions, s(0|£). The resulting likeli-

hood of x given ¢ is described by

p(alé) = [ plalt, )8 = [ (alopp(ole)as. (2.26)
Since ¢ describes the population, as opposed to individuals, now the observations mg) are generated
using the same ¢. Therefore, given the observations {z{’}Y,, the posterior p(¢|{z{”"})¥,) can be
computed, resulting in a distribution over 6,

p(O{a() YY) = / p(01E)p(E| ()} ) de. 2.27)

This approach, known as Hierarchical Bayes [Malinverno and Briggs, 2004, Bishop, 2006, Teh and
Jordan, 2010], is only tractable for simpler models. A more common approach is to estimate
the maximum likelihood value for the population parameters, £*, using Eq. (2.26), giving rise to
p(G!{x((f) N ) =~ p(6|¢*). This approach is commonly referred to as Empirical Bayes [Robbins, 1956,
Efron and Morris, 1972, Bishop, 2006].

As for Bayesian inference, traditional methods of source distribution estimation require a
tractable likelihood to evaluate the objective function (Eq. (2.26)), and are hence not available for
the likelihood-free simulator scenarios. One approach to mitigate this is to first train a likelihood
surrogate as in NLE (Sec. 2.3.4), which can then be used to estimate a source distribution [Wang
et al., 2019, Vandegar et al., 2020].

2.4 Function-valued statistics

Many quantities in geoscience are defined not as vectors § € R", but rather as functions that
vary with spatial positions X and/or time ¢. In general, most functions arising in geoscientific
applications can be written as functions 6 : X — Y, where the domain X is either (a subset of) R”
for D € {1,2,3} or (a subset of) RP x RT. Y can also be multi-dimensional—for example velocities
in all spatial directions would correspond to a vector in R3. We denote the function space where ¢
is defined as A(X;Y) := A.

Such function spaces on continuous domains can be infinite-dimensional'', in which case it is
not possible to fully describe # with a finite-dimensional vector of numbers. In this section I briefly
introduce relevant concepts in machine learning for working with function-valued data.

2.4.1 Gaussian processes

In order to perform probabilistic inference on infinite-dimensional, function-valued variables, we
must also define the notion of a distribution over infinite-dimensional quantities. In particular,
a prominent class of distributions over function-valued variables is the Gaussian Process (GPs,

¥or example, if A is the space of continuous functions
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Williams and Rasmussen [2006]). For notational clarity, I only consider single-output GPs, that is,
distributions over functions f : X — R.
Gaussian Processes are defined in terms of two quantities:

1. The mean function p : X — R defines the mean of the distribution at any given point X € X,
and

2. The kernel function k : X x X — R, which defines the covariance between the random
variables f(X) and f(X').

Gaussian Processes are denoted as 6(~ GP(u(-),k(-,-)). GPs then define a distribution over the
function 6 in the sense that given some locations X = [Xy, Xs,...Xy] in the domain, the vector
of values of 6 at these positions, 6(X) = [0(X1), ..., Xy] is normally distributed. More precisely,

0(X) ~NOX); u(X), k(X, X)), (2.28)
where m(X) = [u(Xy),...,m(Xy)], and
E(X,X1) ... k(X1,XN)
k(X,X)= : : (2.29)
E(Xn,X1) ... k(Xy,Xn)

Intuitively for geophysical functions, the kernel k(X, X') typically captures the continuity, or
variability, of the function. Typical choices for the kernel function are the square exponential kernel

X — X/ 2
k(X,X') = exp <H2l2H2> , (2.30)

for some length scale /, and the Matérn—v kernel

91—V (mnxxwz)”m (@Hxx'h) (2.31)

!/
RX,X) = I'(v) l l
where [ is the lengthscale, v is a positive real number, I" is the Gamma function, and K, is the
modified Bessel function. In general, the only restriction is that the kernel must be positive semi-
definite, so it always yields valid covariance matrices for any vector of positions X.

Gaussian Processes maintain many of the useful properties of Gaussian distributions, such as
closed-form marginalization and conditioning. Additionally, the flexibility in the choice of the kernel
allows for a variety of geophysical prior knowledge to be incorporated into the distribution. In
the context of this thesis, GPs will be used as prior distributions for geophysical inverse problems,
as well as tractable base distributions for generative modeling of function-valued parameters.
However, note that the useful properties of GPs also mean that they have wide-ranging applications.
Classical applications in the geosciences include regression and classification'? [Oliver and Webster,
1990, Cressie, 1990, Christianson et al., 2022]. Approximations of Gaussian Processes, for example
by finding sparse approximations [Snelson and Ghahramani, 2005], low-rank approximations
via inducing points [Titsias, 2009], state-space approaches Sarkka et al. [2013], or variational
inference [Hensman et al., 2013] have enabled the application of GPs even to extremely high-data
regimes. GPs can also be extended to the multi-output scenario, either by treating the individual
outputs independently, or by constructing covariance kernels that also explicitly model how the
different outputs covary [Alvarez and Lawrence, 2011].

2where Gaussian Processes are also referred to as kriging
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2.4.2 Deep learning architectures for function-valued data

Many geophysical simulators are defined in terms of ordinary or partial differential equations. Math-
ematically, these simulators operate on functions, however in practice they are typically solved using
approximate computational methods such as finite difference or finite element solvers. Such compu-
tational approaches only require the value of the function §(X,t) on a predefined grid, {X;,#;}},.
Therefore, the function is computationally represented using a fine-dimensional quantity 6; € Y.
In principle, any neural network architecture can be applied to this discretized representation, such
a discretization scheme typically yields large vectors, matrices, or tensors. Therefore, specialized
architectures employing inductive biases are employed to reduce the network sizes required to
model these data.

Convolutional neural networks and tokenization

Convolutional Neural Networks (CNNs, LeCun et al. [1989], Krizhevsky et al. [2012], LeCun et al.
[2015]) are prominently used in the context of functions defined on a fixed discretization of the
domain. CNNs perform convolutions using small, learnable kernels k. This produces a feature
map that highlights the presence of learned patterns at different spatial locations. Because the
same kernel is applied everywhere, CNNs use far fewer parameters, making them more efficient
for large, structured inputs such as continuous functions. CNNs stack several learnable convolution
operations, with initial layers learning the fine-structure of the data, and the latter learning large-
scale patterns. However, a disadvantage of CNNS is that they require a fixed input shape: A neural
network trained using one discretization cannot be applied to the same parameter discretized
differently. This is not a strong limitation in the context of many machine learning problems, e.g.
image data, where the data format is highly standardized. However, geoscientific domains can be
vastly different. Different measurements of the same system cannot always be made at the same
positions in space and/or time due to operational constraints.

An alternative approach to convolutions is tokenization of the function. For example, Deep Sets
[Zaheer et al., 2017] embed each value §(X;), together with its position X; using some embedding
network hy(0,X) : Y x X — RE, where L is a fixed latent dimension. The embeddings of all the
points in the discretization are then aggregated into one vector p € R%!3, The aggregate latent
embedding p can then be used to predict desired outputs using a decoder network g,,. For example,
it can be used to predict the value of § at an unseen location X; (gy(p, X;) € Y, i.e. interpolation),
or to predict a class label for the parameter (g, (p) € {0, 1}, i.e. classification). Neural Processes
[Garnelo et al., 2018a,b] extend the Deep Set formalism to probabilistic interpolation, by using a
generative model for the decoder g4, with the latent embedding p as a context.

A more expressive alternative to Deep Sets and Neural Processes are Transformers [Vaswani
et al., 2017]. Similarly to the former, Transformers embed each value #(X;) (optionally together
with its position X;) into a latent vector p; of fixed size L. However, as opposed to aggregating the
resulting tokens, transformers operate on all the tokens p; in an attention block. In the case that we
only have one input stream'?, the learned embeddings p; are further transformed into key, query,
and value matrices (K, @, V respectively). The output of the attention block is then defined as

KT
Attention = softmax <Q > V, (2.32)
Vg

13The aggregation function is typically taken to be an average over the individual embeddings.
14This is known as self-attention, which is distinct from cross-attention, where there are two input streams.
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where d is the dimension of the key embeddings. Transformers stack several of these attention
blocks. Between each block there is a nonlinear, token-wise transformation (normally a multilayer
perceptron). Note that the attention operation (Eq.(2.32)) can be applied independently of the
number of tokens in the key, query, and attention matrices, and the rest of the transformer archi-
tecture operates token-wise. Therefore, the transformer can also be applied flexibly to varying
discretizations of the spatial domain. Furthermore, since it operates on all the tokens, transformers
are more flexible models than aggregator-based models such as deep sets. However, this comes
at increased computation and memory cost, as the attention operation scales with the number
of tokens as O(M?). One way to resolve this limitation is to tokenize features of the function, as
opposed to each point individually, for example by tokenizing patches [Han et al., 2021] or spectral
powers [Buchholz and Jug, 2022].

Fourier neural operators

In general, neural network architectures for mapping between infinite-dimensional function spaces
are known as neural operators [Kovachki et al., 2023, 2024]. Fourier Neural Operator (FNO, Li
et al. [2021]) are particularly applicable to continuous functions. Unlike CNNs, which operate in
physical space with local kernels, FNOs perform global convolutions in the Fourier domain. FNOs
typically operate on a much smaller latent representation of the data, by simply discarding the
high-frequency components of the function. While this is a strong inductive bias, it is satisfied by
many function-valued data in the geosciences, which satisfy strong smoothness constraints. Given
an input function 6 discretized on some grid X, a single FNO block operates on §(X) applies a
learnable linear transformation to the lower frequency modes, adds a learnable linear residual
connection, and applies a nonlinearity. Mathematically:

z = F(0(X)), (2.33)

Z,’C _ {Rk 2k, if ‘k‘ S.K, (2.34)
Zks otherwise

§(X) = F (&), (2.35)

0'(X) = o (£(X) + WH(X)) (2.36)

Here K is the number of retained modes, R;. are learnable complex matrices, and W is a linear map
in physical space'®. Multiple FNO blocks are stacked to learn complex mappings, with the Fourier-
domain multiplication giving efficient global receptive fields. The Fourier basis is essentially a fixed
and compact basis to represent functions, which can be efficiently and differentiably computed
using the Fast Fourier Transform [Cooley and Tukey, 1965]. However, other basis functions can
be used, especially when the Fourier basis may not be sufficient, such as using Wavelet operators
[Tripura and Chakraborty, 2023], or using learnable latent spaces, such as with transformers [Hao
et al., 2023].

2.5 Modeling ice sheets and ice shelves

The Antarctic Ice Sheet is a dynamic and active component of the global climate. It is crucial
in maintaining the global circulation of ocean currents [Goosse and Fichefet, 1999], as well as

13it is common to set TV as a pointwise (1x 1) transformation
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Figure 2.3: Cross-section of an Antarctic ice shelf. Ice flows outwards from the continental ice sheet,
buttressed by the ice shelf. The ice flow influences the internal stratigraphy of the ice shelf and is itself influ-
enced by atmosphere-driven surface accumulation and ocean-driven basal melt. The stratigraphy, consisting
of layers of constant age, can be detected as Internal Reflection Horizons (IRHs) in Ground-Penetrating
Radar (GPR) measurements.

influencing global temperatures through high albedo snow coverage [Munneke et al., 2011]. The
Antarctic Ice Sheet is vulnerable to rising global temperatures and contains ice equivalent to
approximately 58 meters of sea level rise [Morlighem et al., 2020]. Finally, the Antarctic Ice
Sheet is also of interest as it is an archive of past climate information, and current estimates
suggest that the oldest ice in Antarctica is over 10° years old [Parrenin et al., 2017]. The study
of Antarctica is therefore multifaceted, with much attention given to the projection of its future
extent, identification of areas which are vulnerable to climate change, the interaction of Antarctica
with the atmosphere and ocean, and the probing of past climates using Antarctic ice records.

Modeling the dynamics of the Antarctic Ice Sheet and its ice shelves enables to better understand
its past, as well as make predictions about its future. The primary dynamics of ice are those of fluid
flow. Specifically, ice is assumed to be an incompressible, viscous, non-Newtonian fluid. Due to the
slow speed of ice flow, second order effects of inertia and acceleration can be neglected, resulting
in the Stokes equation of ice flow,

V.o =-F. (2.37)

Here, o is the stress tensor of the ice, and F are the external forces acting on the ice, which is
typically F' = piceg, where pic. is the density of the ice and g is gravitational acceleration [Greve
and Blatter, 2009, Hooke, 2019]. The stress tensor of ice can be related to the ice velocity, which
allows ice flow to be modeled computationally. Namely, the stress tensor is given by ¢ = —pIl + 7,
where p is the known isotropic pressure of ice, and 7 is the deviatoric stress. Using Glen’s flow law,
the deviatoric stress is given by

¢ = A", (2.38)
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where A is the fluidity, n is Glen’s exponent '©. The strain rate tensor, ¢, has components

.1 /ou; | oU;

where U is the ice velocity and X are the Cartesian coordinates.

Despite knowledge of these governing equations, modeling ice flow can still be a significant
challenge. In part, this is because of the sheer extent of Antarctic ice sheets, spanning thousands
of kilometers horizontally, and up to four kilometers vertically. To model ice flow on a sufficiently
fine resolution on such a spatial extent is difficult even for comparatively short timescales. For this
reason, significant work has been devoted to the computational modeling of the Stokes equation
[Winkelmann et al., 2011, Larour et al., 2012, Gagliardini et al., 2013]. Still, a single simulation
of the Stokes flow equation with these models can span several days on supercomputers [Fischler
et al., 2022, Bueler, 2023], which poses a challenge to exploring various parameter configurations.
Concretely, statistical inference with models of this complexity is typically intractable. Several
approximations of the Stokes flow, such as the Shallow Ice Approximation and the Shallow Shelf
Approximation [Greve and Blatter, 2009], have been successfully applied to speed up ice flow
models where these approximations are valid. Additionally, recent works focus on designing easy to
use and interpretable models. For example, Shapero et al. [2021] design a flexible and composable
framework allowing for more user experimentation, whereas Verjans et al. [2022] incorporate
uncertainties into a stochastic ice flow model.

The challenging nature of modeling ice flow is not only due to computational complexity, but
also to unknown variables. Our knowledge of the current state of the ice sheet is mostly limited on
values at the ice surface, which are accessible through remote sensing [Morlighem, 2022, Gardner
et al., 2022]. However, ice flow depends also on sub-surface quantities, such as the temperature
profile T'(z) of the ice, the roughness of the ground at the ice base, or the melting of ice at its
interface with the ocean [Greve and Blatter, 2009, Hooke, 2019]. These quantities can typically
only be measured pointwise!”, as opposed to throughout the ice sheet, and therefore need to
be estimated in order to perform an ice flow simulation, which can lead to downstream errors.
Thus, there exists a large body of works into the inference of ice-dynamic quantities that are not
directly measurable [Neckel et al., 2012, Riel et al., 2021, Brinkerhoff et al., 2021, Jezek et al.,
2022, Hoffman et al., 2022, Riel and Minchew, 2023].

18Glen’s exponent is typically assumed to be n = 3, Greve and Blatter [2009], but recent work argues it should be
n =4, e.g. Bons et al. [2018]
7For example, through ice core drilling [Brook and Buizert, 2018]
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Chapter 3

Publications

This thesis develops and applies new techniques to enable simulation-based inference for geoscien-
tific inference problems. In this chapter, I discuss the three main publications that are part of this
thesis, with the full publications provided in the Appendix. All these works were in collaboration
with different colleagues, and so I also provide a breakdown of my individual author contributions
for each work separately.

3.1 Statement of contributions

Simulation-based inference of surface accumulation and basal melt rates of an Antarctic ice
shelf from isochronal layers

Published as: “Simulation-based inference of surface accumulation and basal melt rates of an
Antarctic ice shelf from isochronal layers”—Guy Moss, Vjeran Visnjevi¢, Olaf Eisen, Falk M. Oraschewski,
Cornelius Schroder, Jakob H. Macke and Reinhard Drews in the Journal of Glaciology (2025).

This publication was co-authored by GM, VV, OE, FMO, CS, JHM and RD. The idea to apply SBI
to infer basal melting rates of ice shelves was conceptualized by JHM and RD. GM developed this
idea further. The forward model was implemented by GM, with input from VV and RD. The SBI
application was implemented by GM, with input from CS and JHM. The main experiments were
run by GM. Data processing and curation was done by FMO, OE and RD. GM, CS and RD wrote
the first draft of the manuscript. All coauthors contributed in editing and refining the manuscript.
The main supervision in this project was from CS, JHM and RD.

FNOPE: Simulation-based inference on function spaces with Fourier Neural Operators

Published as: “FNOPE: Simulation-based inference on function spaces with Fourier Neural Operators”—
Guy Moss, Leah Sophie Muhle, Reinhard Drews, Jakob H. Macke and Cornelius Schroder in the
39th Conference on Neural Information Processing Systems (NeurIPS 2025).

This publication was co-authored by GM, LSM, RD, JHM and CS. GM initialized the idea of
performing SBI for function-valued parameters by training Fourier Neural Operators in a flow-
matching approach. The method was implemented by GM and LSM. Experiments were run by
GM, LSM, and CS. The initial draft was written by GM, LSM, RD, and CS. RD and JHM provided
feedback throughout the project, as well as editing of the manuscript. The main supervision of this
project was from JHM and CS.

37
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Sourcerer: Sample-based Maximum Entropy Source Distribution Estimation

Published as: “Sourcerer: Sample-based Maximum Entropy Source Distribution Estimation”—Julius
Vetter*, Guy Moss*, Richard Gao, Cornelius Schroder and Jakob H. Macke in the 38th Conference
on Neural Information Processing Systems (NeurIPS 2024)

This paper was co-authored by JV, GM, CS, RG, and JHM. JV had the initial idea to target
maximum entropy source distributions using a sample-based approach. JV and GM together for-
malized this idea in terms of a constrained optimization problem, and proved the uniqueness of
the maximum entropy source distribution. GM worked out the connection to the average posterior
and proved that average posterios were not always valid source distributions. JV performed the
initial implementation of the code and the analysis pipeline for the synthetic tasks. JV and GM
implemented the application to the Hodgkin-Huxley model. JV and GM wrote the initial draft of
the paper. CS, RG, and JHM provided the feedback on the project throughout, and reviewed and
edited the initial version of the paper.
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3.2 Simulation-based inference of surface accumulation and basal
melt rates of an Antarctic ice shelf from isochronal layers
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Figure 3.1: Inferring the Mass Balance Parameters of Ekstrom Ice Shelf, Antarctica. a: Radar transect
where internal reflection horizon (IRH) data was collected on Ekstrom Ice Shelf, Antarctica. b Visualization
of labeled IRHs. ¢: Zoom in on box in panel b. d: Schematic of different methods of estimating mass balance
parameters of ice shelves. Traditional methods infer the total mass balance (surface accumulation rate -
basal melt rate) from the steady state thickness of the ice shelf. Knowledge of the IRHs can separate the
effects of surface accumulation rate and basal melt rate. e: Prior and learned posterior over the surface
accumulation and basal melt rates (top and bottom, respectively). Posterior is conditioned on IRH 2. Middle
panel shows prior and posterior predictive distributions compared to IRH 2. Panels adapted from Moss et al.
[2025b].

Motivation

Antarctic ice shelves are floating ice masses surrounding the continent. While they only account
for 11% of the total Antarctic surface area [Andreasen et al., 2023], they buttress the grounded ice
sheet, thereby increasing its stability [Bindschadler et al., 2011]. The extent of the ice shelf itself is
dependent on the incoming ice flow from the continent, the accumulation of ice through snowfall
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on the ice shelf surface, and the ocean-driven melting of ice at the base. The latter atmospheric-
and oceanic-driven factors are particularly of interest as they are in effect unknown boundary
conditions on ice flow [Winkelmann et al., 2012, Gudmundsson et al., 2019], which can have a
significant effect on predictions of the future state of the ice shelf [Bindschadler et al., 2013].

Inferring the surface accumulation rate and basal melt rate, collectively known as the mass
balance parameters, from empirical observations has been the subject of many existing works
[Waddington et al., 2007, Catania et al., 2010, Steen-Larsen et al., 2010, Wolovick et al., 2021,
Visnjevic et al., 2022, Theofilopoulos and Born, 2023]. In particular, the mass balance parameters
can be inferred from the internal stratigraphy of the ice shelves. The internal stratigraphy is
the internal structure of the shelves, which consists of layers of constant age of deposition. These
layers are shaped by ice flow (Sec 2.5), which is in turn dependent on the mass balance parameters.
Notably, the internal stratigraphy can be measured using ground-penetrating radar (GPR, Schroeder
et al. [2020]), where layers of constant deposition appear as internal reflection horizons (IRHs).
Therefore, to infer the mass balance parameters of an ice shelf, we should first define a simulator
predicting linking them to the IRHs (Fig. 3.1d).

A limitation of existing methods of inferring the mass balance parameters is that they all
produce point estimates, i.e., they do not quantify the uncertainty in the estimated mass balance
parameters. These uncertainty estimates are vital as they also influence uncertainty estimates of
projections of the future state of the ice shelf. In this work, we address this limitation by developing
a framework to approach this task statistically, and then solve the resulting inference problem with
SBI.

Methods

Our first contribution is to develop a simulator which is capable of generating ice shelf internal
stratigraphies of ice shelves given prescribed surface accumulation rates ¢ and basal melt rates b.
We circumvent computationally expensive ice flow models (Sec. 2.5) by adapting a tracer method
[Born, 2017, Born and Robinson, 2021]). In this work, we consider a vertical cross-section of
the ice shelf following an ice flowline (Fig. 3.1a-c), and parameterize the horizontal coordinate
along the ice shelf by X. The tracer method splits this vertical cross-section into segments, each
with varying thickness along the cross-section, { H1(X), ..., H.(X)}, for some number of layers
L. Each layer H;(X) is then evolved using the advection equation. The advection equations are
independent and can therefore be solved in parallel. The mass balance parameters are used to
add and remove mass from the top and bottom layers respectively at each time step. We make the
forward model stochastic by defining a physically-grounded noise model. This model accounts for
uncertainty from observational noise, but crucially also for the high-frequency features of internal
stratigraphies which are not captured by the tracer method, which produces smooth internal layers.
This model was able to produce realistic stratigraphies in approximately 1 minute of computation
time on a single CPU, enabling us to perform many simulations to tackle the inference problem.
Using this model, we define the resulting statistical inference problem. We define the param-
eters, which are the values of the surface accumulation rate 4(X) on a predefined grid of 50
positions along the flowline domain. Assuming the ice shelf is in steady state, we can compute
the resulting basal melt rate values b(X) corresponding to any particular sample of a. For a given
radar measurement of an ice shelf, the IRHs are labeled manually. Since the labeling process is time
consuming, only a few IRHs are labeled, and hence they cover the vertical span of the ice shelf. As
a result, we define a separate inference problem per labeled IRH z. We define a prediction from
our forward model to be the layer elevations of the closest layer (in terms of Euclidean distance)
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to z9. This choice has the distinct advantage that solving the inference problem for the different
observed IRHs also provides a time signal of how the mass balance parameters changed over time.

We define a prior distribution over the surface accumulation rates @ as a Gaussian Process with
a Matérn kernel (Sec. 2.4.1). The mean function and kernel of the Gaussian process are motivated
by past observations of surface accumulation rates on Antarctic Ice Shelves. We then use NPE
(Sec. 2.3.1) to solve the resulting inference problems. In particular, we first design a synthetic
experiment on an idealized ice shelf to validate that our approach can indeed recover the ground
truth. We then use this approach to infer the surface accumulation rates and basal melt rates
on a flowline in Ekstrom Ice Shelf, Antarctica (Fig. 3.1), using new measurements of its internal
stratigraphy.

Results

We first validate our approach on the synthetic ice shelf example. We observe that the ground
truth surface accumulation and basal melt rates are indeed within the 95% confidence intervals
of our posterior distribution. Furthermore, the posterior predictive simulations produce internal
layers which are much closer to the observation than prior predictive simulations. Despite this
strong reduction in predictive uncertainty, the distribution over the mass balance parameters is
notably still broad. This shows that there is no unique solution, and even constrained by IRH
measurements there can be significant uncertainty in the mass balance parameters of an ice shelf.
We also estimate the age of the synthetic IRHs by simulating predictive simulations and measuring
the ages of the best-fit layers. In the synthetic example, we observe that our posterior predictive
ages are well-calibrated to the ground truth ages. This supports the claim that our approach can
additional be used to estimate the ages of the IRHs without time-intensive ice coring.

We then move on to real IRH data from Ekstrom Ice Shelf, Antarctica. Here, we also observe
a significant decrease in the predictive error from the prior predictive to the posterior predictive
distributions (Fig. 3.1e). While no ground truth mass balance parameters are known for Ekstrom
Ice Shelf, we compare our results to previous studies of its mass balance parameters, and note that
our posteriors exhibit similar trends in the spatial dependence of both the surface accumulation
and basal melt rates as what was reported in those studies. We predict the ages of the observed
IRHs using our posterior predictive distribution, with the deepest layer estimated at ~ 200a.

In conclusion, we develop a framework to infer the mass balance parameters of Antarctic
ice shelves from measurements of their internal stratigraphies. In contrast to existing works, our
approach also estimates the uncertainties in the mass balance parameters. Our results support
the claim that there is a need for these uncertainties, as there exists a wide range of mass balance
parameters that are consistent with the observed internal stratigraphies of ice shelves. Due to
the large number of parameters (50 values of a), our SBI approach requires a large number of
simulations: 189, 000 training simulations were generated for each of the synthetic and Ekstrom ice
shelf tasks. This large simulation budget is enabled by the forward model developed in our work. An
advantage of our NPE approach, compared to methods that require sequential sampling, is that the
majority of the computational cost is amortized. The same simulations could be reused in solving
the inverse problems for each of the individual observed IRHs. This reduced the computational
cost of our approach by four (the number of observed IRHs in the dataset).
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3.3 FNOPE: Simulation-based inference on function spaces with Fourier

Neural Operators

% 02 = = |ower bound 3
e 0.6 o o 0.6
€ u°_| S
FNO block > 3 ;
e P % E .
frequency-limited % 00 S—‘A 0.0 SesEmEmmEw g 00
spectral decomposition s X
3 4 5 3 4 5 3 4 5

Ground truth

FNOPE (fix)

== FMPE (spectral)

FNOPE NPE (spectral)

# simulations

== FMPE (raw)

FMPE (spectral)

# simulations

5
]
E
¢ 9
= x10 gl
£ 0.2 = = |ower bound g
g transformation to a a 2
S original domain w 3 La 5”
(2] P
= Q g
2 = 5
2 -4
I ! .- T T 0.0 .- T T 8 .- T T
3 4 3 4 3 4
10 10 10 10 10 10
# simulations # simulations # simulations
== FNOPE (fix) =§= FNOPE == NPE (spectral)

NPE (raw)

FMPE (raw)

Figure 3.2: FNOPE: Simulation-based inference of function-valued parameters. a: Schematic of FNOPE
architecture. The network estimates the flow field for both function-valued and vector-valued parameters,
which is used to sample from the posterior distribution using flow matching. b-d: Benchmarking of FNOPE
and baseline methods on mass balance parameter task for several simulation budgets. Note that FNOPE
(fix) is not applied on this task as the parameter and observation domains are distinct. e-g: Benchmarking
of FNOPE and FNOPE (fix) on Darcy flow task for several simulation budgets. Note that NPE (raw) is
not applied on this task due to computational constraints. h: Samples from the posterior over Darcy flow
permeability parameters, trained with 10* simulations for each of the methods. Panels adapted from Moss
et al. [2025a].

Motivation

In the geosciences, the inference of function-valued parameters is a common task. Typically, the
function domains are spatial, temporal, or both. Applying existing SBI methods to the inference of
function-valued parameters suffers from several disadvantages. First, they require fixing a repre-
sentation of the function-valued parameter for both training and sampling stages. This necessitates
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a predetermined basis expansion, which may not be sufficiently expressive, or a fixed discretiza-
tion, meaning the parameters cannot be inferred at other locations without introducing additional
interpolation error. Second, these fixed representations of the function-valued parameters typically
yield many coefficients to infer, and therefore require a (prohibitively) large number of training
simulations.

One property of function-valued parameters that may be used to alleviate these challenges
is that these parameters often exhibit structure, specifically strong spatial/temporal correlations.
This structure implies that while the parameters are high-dimensional, the latent dimensionality
is lower. Exploiting this latent dimensionality can therefore make the inference easier than oper-
ating on a predetermined representation of the parameters. In this work, we seek to develop a
new approach for simulation-based inference tailored to inferring function-valued parameters. Our
approach operates in function space, thereby avoiding the challenges that come from choosing a
fixed representation of these parameters. Furthermore, by incorporating knowledge of the smooth-
ness constraints on function-valued parameters, we develop an efficient approach that facilitates
inference using considerably fewer simulations than previous work. Our approach trains Fourier
Neural Operators for Posterior Estimation (FNOPE).

Methods

We formulate the task of learning a distribution over function-valued 6 as learning a distribution
over the value of # evaluated at an arbitrary set of points [’ € Dy, where Dy is the function domain.
We also assume that z is function-valued and observed on a set of points I* € D,, where the domain
D, may differ from Dy. Therefore, [* may differ from !’ and may contain a different number of
points. This formulation is particularly useful for geophysical measurements, where operational
constraints mean that the positions at which = can be measured ({*) are unpredictable and may
differ from the positions at which we wish to infer the parameters. We extend the definition of the
prior distribution as the conditional distribution of a measure on the function space, p, at the finite
set of positions, 1, i.e., § ~ p,. Similarly, the simulator returns predictions following the likelihood
pi= ()6, 19). Given this problem formulation, the goal is to estimate the posterior, p;s (6|z, [*), given
sets of positions, I and I”.

We address this problem by using Fourier Neural Operators (FNOs, Sec. 2.4.2). Since FNOs
operate on a fixed number of spectral modes of the input data, they can be applied regardless
of the number of points in the discretizations !’ and [* of the parameters and observations, re-
spectively. In addition, to ensure that we can apply our approach to non-uniform discretizations
19,17 of the respective domains, we augment the FNOs by using the type II non-uniform discrete
Fourier transform [Greengard and Lee, 2004, Lingsch et al., 2024]. Furthermore, we design an
FNO architecture that explicitly conditions on the discretizations I%, [* (Fig. 3.2a), which allows the
network to learn to compensate for errors in the non-uniform discrete Fourier transform arising
from different discretizations for test and training samples.

To train the FNO architecture as a probabilistic generative model, we use a flow matching
posterior estimation (FMPE) scheme (Sec. 2.3), where the FNO parameterizes the learnable vector
field v;’;. We make further additions to the FMPE scheme to extend the applicability, robustness,
and performance of FNOPE. First, we add masking and positional noise during training to the
discretizations 1 and I* of the simulations. This improves the robustness of FNOPE when sampling
posterior distributions at different discretizations to those used in simulations. Second, we change
the base distribution in the flow-matching scheme from a unit Gaussian to a Gaussian Process
(GP) with a square exponential kernel (Sec. 2.4.1). We set the length scale of this GP to produce
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samples with smoothness matching the smoothness implied by the highest FNO spectral mode. This
modification reduces the amount of white noise artifacts in generated samples. Finally, to make
our method applicable to simulators containing both function- and vector-valued parameters, we
extend the framework and architecture to also allow for the estimation of vector-valued parameters

n. This results in the combined velocity field, v¢ = [vﬁ ,v%], which is trained with the loss:

2
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Here, S = {Hi,lf ,2i, 1%, m;}¥, is the simulation dataset and t is the flow time, z; is the linear

interpolation between the vector-valued parameters n and a sample from a unit Gaussian z; ~

N(0,1), & is a convex combination between the real parameter # and a sample from the Gaussian

process &;. Following Liu et al. [2023], the true velocity of the rectified flow between the base and
data distribution is

-0
up = [@ } : (3.2)

Zt—M

Results

We benchmark FNOPE against established methods, namely NPE with normalizing flows, and a
Multilayer Perceptron-based FMPE as a flow matching baseline without the modifications made
in our approach. Since we consider tasks with high numbers of parameters, we anticipate that
these baselines will struggle to correctly estimate the posteriors, especially in the low-simulation-
budget regime. We therefore also compare against spectral variants of NPE and FMPE, where the
parameters are represented by their first M spectral modes. The spectral NPE and FMPE variants
then estimate the posterior over the coefficients of these modes, thus significantly reducing the
dimensionality of the parameter space.

We also demonstrate the improvement of our approach on a real-world inference task by re-
visiting the Ekstrom Ice Shelf inference task from Sec. 3.2 (Fig. 3.2b-d). We first evaluate the
Mean Square Error (MSE) between the posterior predictive simulations from each method to a
synthetic IRH. We observe that all methods converge to a similar performance given sufficiently
many simulations. However, for smaller simulation budgets the methods inferring the parameters
on a fixed discretization (denoted “raw”) perform significantly worse than the methods inferring
the spectral coefficients (denoted “spectral”, here 10 modes are used). Furthermore, FNOPE signifi-
cantly outperforms even these spectral baselines, appearing to converge to the posterior using only
10% simulations. We also verify that the learned posteriors are calibrated using Simulation-based
calibration (SBC, [Talts et al., 2020]) on the posterior marginal distributions. The calibration is
summarized for each method and simulation budget by the error of the diagonal (EoD). We see that
all methods are reasonably well-calibrated, indicating that the posterior learned using FNOPE is
not significantly more over- or underconfident than the baseline methods. Finally, we also measure
the posterior predictive MSE when conditioning the trained networks on a real IRH measured
in Ekstrom Ice Shelf, where the model may be misspecified. As for the synthetic observation, we
observe that FNOPE outperforms all methods at low simulation budgets.

We also explore the performance of FNOPE on a higher-dimensional problem, by inferring a
function-valued parameter that varies in two spatial dimension in the Darcy Flow model. The Darcy
Flow model is a PDE with many applications. One application is to model the spatial distribution
of groundwater as a function of the hydraulic permeability. We consider the steady-state of the
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two-dimensional Darcy flow equation on a unit square:

1 X €(0,1)?
u(X) =0 X € 9(0,1)3,

where a(X) > 0 is the permeability and u(X) is the hydraulic potential. We simulate the forward
model on a resolution of 129 x 129, leading to a total of >16k parameters to infer. Despite the large
number of parameters, we observe (Fig. 3.2h) that FNOPE produces visually faithful samples to
ground truth parameters, while the baseline methods cannot. As for the previous task, we again
observe (Fig. 3.2e-g) that in terms of posterior predictive MSE, FNOPE outperforms the baseline
methods, especially for lower simulation budgets. The posterior learned by FNOPE is reasonably
well-calibrated. Finally, we also measure the log-probability (per pixel) of the ground truth samples
under the posterior learned by FNOPE, as another measure of posterior performance [Papamakarios
and Murray, 2016, Greenberg et al., 2019, Durkan et al., 2020, Lueckmann et al., 2021]. Here, we
can only compare against the non-spectral FMPE method, as the spectral methods do not model
the parameters directly and thus cannot assign them a log-probability. In terms of this metric,
we again see that FNOPE outperforms the baseline method. Overall, our results demonstrate that
FNOPE is a flexible, simulation-efficient approach for simulation-based inference of function-valued
parameters.
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3.4 Sourcerer: Sample-based Maximum Entropy Source Distribution
Estimation

Maximize entropy H(q), regularize mismatch SWD Lotka-Volterra model
% | compare | T
SWDG)| .. S
: 2 ®©
=3
source model pushforward data distribution c O
q(®) distribution g#(x) Po(X) s a
c
b S
Example: Inverse Kinematics (IK) © -
Original source Observations g
Estimated source Simulations o o
q\\y, N\ .'\V'/,
NS
T T T T 1
0 10 20 30 40 50
d Time

1 82 03

Figure 3.3: Sourcerer: Sample-based, maximum entropy source distribution estimation. a: Method
schematic. We estimate a source distribution g, with maximum entropy such that its pushforward qZZL
matches a given observed data distribution p,(z). b: Sourcerer finds a higher-entropy source distribution
than that used to generate the data for a benchmark task, even though the pushforward distributions match.
c: Predictive distributions on the Lotka-Volterra task from source distributions estimated using Sourcerer
and the ground truth source. d: Sliced-Wasserstein distance (lower is better) between simulations and
observations, and entropy of estimated sources (higher is better) for the Lotka-Volterra task. Sources are
estimated using different regularization strengths A and without the entropy regularization (NA). Sourcerer
is able to learn higher-entropy sources without sacrificing predictive quality. Panels adapted from Vetter et al.
[2024b].

Motivation

The source distribution estimation problem (Sec. 2.3.5), also known as Empirical Bayes, is a related
yet distinct paradigm to Bayesian inference. The source distribution estimation problem is to infer
a distribution of parameters consistent with a dataset of observations. This is in contrast to a single
observation or independently and identically distributed (i.i.d.) observations. A distinctive chal-
lenge inherent in the source distribution estimation problem is its ill-posedness. For a sufficiently
degenerate forward model, different source distributions over the parameters can give rise to the
same distribution over the predictions. Consequently, the source distribution consistent with some
observed dataset may not be unique.

A common application of source distribution estimation is in the estimation of prior distributions
from data. When such datasets are available, they can be used to learn informed prior distributions,
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thereby facilitating downstream inference problems. The non-uniqueness of the source distribution
estimation problem is a particular concern in this case, as the learned prior should still have
coverage of all feasible parameters that can be consistent with the observations. In this work, we
propose to estimate the maximum entropy source distribution. The maximum entropy principle
[Good, 1963, Jaynes, 1968] is a principled approach to the selection of distributions, as it aligns
with the intuitive concept that the solution should be "maximally ignorant", that is to say, as broad
as possible. We show that the maximum entropy source distribution is unique, and propose a
simulation-based method to estimate it.

Methods

Given a distribution ¢(#) over the parameters, and the (potentially intractable) likelihood model
p(z|0) we define the pushforward of ¢ as

g* () = / p(2]0)(8)db. (3.3)

For the source distribution estimation task, we are given a dataset D = {z;} , from some unknown
distribution over the observations, x; ~ p,(z). A source distribution ¢ is defined as a distribution
which satisfies ¢* = p,. This condition can alternatively be stated as D(q*,p,) = 0 for any valid
distance metric D(-, -). In this work, we want to find the source distribution ¢ which also maximizes
the entropy H (¢q) among all source distributions (Fig. 3.3a). In practice, we consider a variational
family of source distributions ¢, which is trained by the regularized objective function

Lsourcerer = )\H((M)) - (1 - )\) log(D(qf,po)) (3.4)

for some regularization parameter A € (0, 1). This regularized objective is only an approximation
of the constrained optimization problem we try to solve. The minimizer of Eq. (3.4) may not satisfy
the hard constraint D(qf, po) = 0, and therefore may only be an approximate source distribution.
However, due to challenges such as model misspecification, and a limited variational family, the
hard constraint cannot be satisfied for any distribution in practice. Therefore, we opt for this
relaxation of the constrained optimization problem.
We choose the Sliced-Wasserstein Distance (SWD, Bonneel et al. [2015], Kolouri et al. [2019],
Nadjahi et al. [2020]),
L X 1/2
SWD(qf,po) =Eyusn) N Z Tz —uy) 3 (3.5)
i=1

as the distance metric D. Here, x; ~ p,(x), y; ~ qff (y) are samples from the probability distributions

and v are uniformly randomly sampled vectors on the unit sphere S~!. One advantage of using the
SWD is that we do not need to evaluate the likelihood p(z|f), and thus this loss is appropriate for
simulation-based methods. We additionally estimate the entropy H(¢,) in a sample-based manner
using the Kozachenko-Leonenko estimator [Kozachenko and Leonenko, 1987, Berrett et al., 2019].
Estimating the entropy from samples removes the constraint from the variational distribution ¢
to admit tractable log-probability computation. Overall, our sample-based approach requires only
differentiable simulators, or, if the simulator is not differentiable, a differentiable surrogate model.
This is in contrast to previous state-of-the-art approaches [Vandegar et al., 2020], which require a
tractable and differentiable likelihood model (or surrogate). Therefore, Sourcerer can more readily
be applied to a larger class of source distribution estimation problems.
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Results

We compare Sourcerer against Neural Empirical Bayes [Vandegar et al., 2020], a state-of-the-
art approach for source distribution estimation, on several benchmark tasks. Both approaches
successfully estimate source distributions as measured by the pushforwards of the learned sources.
However, Sourcerer consistently identifies higher entropy source distributions, thus highlighting
both the non-uniqueness of the source distribution estimation problem and the ability of Sourcerer
to find higher entropy distributions that are still consistent with the observations.

We also apply Sourcerer to simulators that produce high-dimensional observations in the form
of timeseries. These settings are more similar to geoscientific applications than the low-dimensional
benchmark tasks. Training a surrogate model to generate timeseries would be challenging in
itself, but if the simulators are differentiable, Sourcerer circumvents the need to train a surrogate
model altogether. In particular, we consider the Lotka-Volterra predator-prey model from ecology
(Fig. 3.3c). We measure the quality of the learned source (Fig. 3.3d) via the SWD between the
pushforward and the true observed distribution (red), and the entropy of the learned source (blue).
We observe that the pushforward SWD is near the theoretical minimum, indicating that Sourcerer
estimates a valid source distribution. Furthermore, when we set the regularization strength A > 0
in the Sourcerer objective (Eq. (3.4)), meaning that we also try to maximize the entropy of the
learned source, we observe that Sourcerer estimates higher entropy source distributions without
considerably reducing predictive fidelity.

Overall, our results demonstrate that Sourcerer is a robust method for estimating high-entropy
source distributions. An advantage of Sourcerer is that it does not require likelihood evaluations,
so it can be applied more readily in likelihood-free scenarios. We apply Sourcerer to a synthetic
example from ecology, and note its general applicability to various other domains. Learning source
distributions from past experimental datasets allows us to eliminate many unrealistic parameter
settings from our prior knowledge. Thus, using the learned sources as informed prior distributions
for new experimental data, we can reduce the difficulty of downstream inference problems for
these simulators.
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Discussion

Statistical inference is one of the primary tools for integrating experimental observations into sim-
ulators of geoscientific phenomena. As more experimental data becomes available and simulators
become more complex, geoscientists will need a variety of algorithms to solve the increasingly
challenging inference problems that arise. A remarkable variety of algorithms already exist for
statistical inference, and they are tailored to different settings and model configurations. Among
these, simulation-based inference (SBI) is a useful and broadly applicable recent addition capable
of solving many inference tasks. SBI makes few assumptions about the simulator or the data and
can learn high-dimensional, multimodal posterior distributions for simulators without a tractable
likelihood function.

This thesis demonstrates how SBI can solve a significant and challenging problem in glaciology
and provide meaningful scientific insights into the ice dynamic history of ice shelves (Sec. 3.2).
This has the potential to improve future projections of Antarctic ice shelf progression. Further-
more, this thesis expands the applicability of SBI methods in geoscience. First, we introduce a
new SBI method designed for function-valued parameters and demonstrate its superiority over
traditional SBI approaches for such problems (Sec. 3.3). This work extends the applicability of
SBI to geoscientific inference problems involving parameters that vary spatially and/or temporally.
Second, we introduce a new simulation-based approach for estimating source distributions, a dif-
ferent type of inference problem (Sec. 3.4). One notable application of this method is learning
informed prior distributions of geoscientific parameters, making downstream inference problems
easier to solve. These advancements highlight SBI's potential to solve many previously intractable
geoscience inference problems. However, challenges remain to be overcome for this promise to be
fulfilled.

First, the fundamental challenge of SBI is to train (potentially large) generative models in the
low-data regime, since we are often restricted by the simulator’s computational cost. One way
to address this challenge is to improve our generative models. There are many examples of ad-
vancements in generative models being successfully applied to SBI, including normalizing flows
[Papamakarios et al., 2019, Greenberg et al., 2019], score- and flow-matching models [Geffner
et al., 2022, Wildberger et al., 2023, Linhart et al., 2024, Gloeckler et al., 2024], and prior-data
fitted networks [Vetter et al., 2025]. However, this is only a partial answer. Solving real-world
problems presents new challenges. Some of these challenges are general, such as high-dimensional
parameter spaces (as in the ice shelf case study, Sec. 3.2), or high simulator degeneracy, which
leads to nontrivial correlations in the posterior distribution [Deistler et al., 2022b]. Conversely,
these challenges may be specific to the inference task. For example, observations may contain miss-
ing or corrupted data [L.ueckmann et al., 2017, Verma et al., 2025]. Additionally, simulators may
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encounter numerical issues for certain parameter configurations [Bernaerts et al., 2025]. When
aiming to solve real-world inference problems, it is important to develop a thorough understand-
ing of the problem domain. Shifting the focus from general methodologies to specific inference
problems can also be advantageous. Focusing on specific inference problems often allows us to
make additional assumptions that can significantly improve the simulation-efficiency of our meth-
ods. In geoscientific inference problems, these assumptions can take many forms. For example, we
employed a smoothness assumption in FNOPE (Sec. 3.3).

Second, a notable obstacle in inference is model misspecification. SBI methods in particular may
produce unpredictable and inaccurate results under model misspecification [Ward et al., 2022, Can-
non et al., 2022, Montel et al., 2024]. This is especially true for likelihood misspecification, where
the implicit likelihood defined by the simulator does not match the actual relationship between the
parameters and observations. One way to address this issue is through Generalized Bayesian Infer-
ence [Bissiri et al., 2013, Knoblauch et al., 2022]. These methods replace the likelihood function
with an alternative loss function quantifying the fit of parameters to the observations. This targets a
different distribution to the Bayesian posterior, which can nevertheless be a meaningful measure of
uncertainty in the parameters. These generalized loss functions may focus on features that are less
sensitive to the model misspecification, and thus be less affected by it. Generalized Bayesian Infer-
ence has also been applied in simulation-based scenarios [Gao et al., 2023, Matsubara et al., 2024,
Kelly et al., 2025], where the generalized loss function is estimated from simulations. Another
approach to alleviating likelihood misspecification involves regularizing the training of embedding
networks to map simulations and observations to similar summary statistics [Huang et al., 2023].
This approach is particularly powerful when a calibration dataset is available from a higher-fidelity
simulator or experimental measurements. In this case, optimal transport in the embedding space
can be used to estimate a mapping between misspecified simulations and real observations. Thus,
SBI models trained on misspecified simulations can be calibrated [Wehenkel et al., 2025, Senouf
et al., 2025]. While these approaches are promising, they require strong assumptions about the in-
ference problem. For example, one must choose an appropriate generalized loss function or have a
high fidelity simulator. This makes these methods difficult to apply in many settings. More research
is therefore needed to enable a general approach to SBI under model misspecification.

Third, a relatively under-explored line of research is improving the performance of SBI methods
using auxiliary information from simulators. The core motivation behind SBI is to perform infer-
ence for simulators where the likelihood function is intractable. However, there may be auxiliary
information that can be extracted from the simulator and that should, in principle, be useful for
solving inference problems with fewer simulations. For example, Brehmer et al. [2020] showed
that, if the entire latent trace z of the simulator is known, together with the conditioned likelihood
p(z|z,0), the training loss for NRE and NLE methods can be augmented to increase their simulation-
efficiency. Zeghal et al. [2022] also used this information to improve the efficiency of NPE. Other
works have explored improving SBI for multi-fidelity simulators, which allow for both high-fidelity,
expensive simulations and lower-cost, less accurate simulations [Prescott and Baker, 2020, Warne
et al., 2022, Krouglova et al., 2025]. Furthermore, an increasing number of computational simula-
tors are written in automatically differentiable frameworks, which provide access to the gradient
of the simulator prediction with respect to the parameters. Likelihood-based algorithms often use
differentiable models to perform inference, for example in variational inference [Rezende and
Mohamed, 2015, Kucukelbir et al., 2017] and particle-based variational inference [Liu and Wang,
2016, Liu et al., 2019]. Simulator gradients can also be incorporated into particle-based samplers
for SBI [Simons et al., 2022, Dellaporta et al., 2022].0Our approach (Sec. 3.4) for source distribution
estimation also benefits from differentiable simulators because they enables it to estimate source
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distributions without first training a surrogate model. Relatively few works, however, have explored
the use of differentiable simulators for neural SBI without making additional assumptions (e.g.
Brehmer et al. [2020]). Accelerating neural SBI with simulator gradients could enable inference
for many tasks that are currently infeasible and should be the subject of future investigations.

Finally, once a posterior is learned, how can we incorporate the learned uncertainty into large-
scale models? For instance, in our Antarctic ice shelf case study (Sec. 3.2), we inferred a posterior
distribution over the mass balance parameters of Ekstrom Ice Shelf. These parameters in turn affect
large scale models of the Antarctic ice sheet. However, it may be computationally infeasible to
evaluate the resulting uncertainty in the model’s predictions by simulating many samples from the
inferred posterior. This is because large-scale models typically use many parameters and have high
computational costs. Additionally, other sources of uncertainty exist, such as errors arising from
finite discretizations, modeling approximations, and observational errors in input data, which are
not always accounted for. Propagating uncertainties in large-scale geoscientific models is generally
challenging. Estimating uncertainties in crucial quantities, such as sea level and global temperature
projections, is typically done through large intercomparison projects that compare predictions from
different modeling frameworks under different scenarios [Asay-Davis et al., 2015, Griffies et al.,
2016, Dunne et al., 2024]. These projects aim to capture the range of possibilities, as opposed to
making principled probabilistic predictions. On the other hand, recent works have developed fully
stochastic simulators. These simulators can be derived from physical principles, typically at the cost
of reduced model complexity or additional physical assumptions [Nicholls et al., 2021, Verjans et al.,
2022, Madsen et al., 2022]. Alternatively, generative models can be trained to emulate stochastic
simulators [Schmidt et al., 2025, Finn et al., 2025], but these models require a lot of data to
train, and scaling them to larger domains is more difficult compared to their physically-derived
counterparts. This may result in a scenario where scientists are presented with a binary choice
between cheaper simulators that allow for uncertainty quantification, and large-scale and high-
fidelity simulators that are deterministic by design. Many modeling frameworks allow scientists
to increase model fidelity by incurring higher computational costs. Similarly, much can be gained
from designing frameworks that allow scientists to flexibly trade computational cost for improved
uncertainty quantification.

In conclusion, in this thesis I show that simulation-based inference is a tool with the potential
to unearth a wealth of scientific insights in geoscientific applications. I demonstrate what can be
achieved with available methods, as well as how these methods can be pushed further to reach this
potential. I believe that future research will continue developing improved methods and solving
real, meaningful inference problems in geoscience. This will make simulation-based inference a
standard tool in the geoscientist’s toolkit.
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Abstract

The ice shelves buttressing the Antarctic ice sheet determine the rate of ice-discharge into
the surrounding oceans. Their geometry and buttressing strength are influenced by the local
surface accumulation and basal melt rates, governed by atmospheric and oceanic conditions.
Contemporary methods quantify one of these rates, but typically not both. Moreover, informa-
tion about these rates is only available for recent time periods, reaching at most a few decades
back since measurements are available. We present a new method to simultaneously infer the sur-
face accumulation and basal melt rates averaged over decadal and centennial timescales. We infer
the spatial dependence of these rates along flow line transects using internal stratigraphy observed
by radars, using a kinematic forward model of internal stratigraphy. We solve the inverse problem
using simulation-based inference (SBI). SBI performs Bayesian inference by training neural net-
works on simulations of the forward model to approximate the posterior distribution, therefore
also quantifying uncertainties over the inferred parameters. We validate our method on a synthetic
example, and apply it to Ekstrom Ice Shelf, Antarctica, for which independent validation data are
available. We obtain posterior distributions of surface accumulation and basal melt averaging over
up to 200 years before 2022.

1. Introduction

The majority of the Antarctic ice sheet is buttressed by floating ice shelves (Bindschadler and
others, 2011) which provide large contact areas for ice-ocean interactions. Approximately
half of the ice shelves’ total mass loss is attributed to ocean-induced melting at the under-
side of ice shelves (Depoorter and others, 2013), and its spatiotemporal variability imprints
ice flow dynamics farther upstream (Reese and others, 2017; Gudmundsson and others, 2019).
Consequently, ice flow and ocean models need to be coupled for future projections; frameworks
(Goldberg and others, 2019; Gladstone and others, 2021), parameterizations (Burgard and oth-
ers, 2022; Goldberg and Holland, 2022) and benchmarks (Asay-Davis and others, 2016) for this
task have been developed. Similarly, the local snow accumulation is influenced by atmospheric
conditions and is crucial in determining ice shelf thickness (Winkelmann and others, 2012). As
a result, ice flow models are also coupled to climate models for future projections (Goelzer and
others, 2016; Pattyn and others, 2017). It is crucial to confront ice flow models with observations
to validate them and investigate their ability to explain observed phenomena. Here, we present
a new method that infers surface accumulation (also known as ‘surface mass balance’ (Lenaerts
and others, 2019)) and basal melt rates (collectively, the mass-balance parameters) from the ice
shelves’ internal stratigraphy, which can be routinely mapped by radio-echo sounding.
Typically, surface accumulation is the more accessible mass-balance parameter (Eisen and
others, 2008); it can be measured in situ using stake farms and can also be derived from multiple
firn cores (Lenaerts and others, 2019). Many of these observations validate atmospheric models
such as RACMO (van Wessem and others, 2018) and MAR (Gallée and Schayes, 1994; Agosta
and others, 2019), which estimate surface accumulation on 35 km grids (Lenaerts and others,
2019) (with few locations being estimated at a higher resolution of 5.5 km). Estimating the basal
melt is more challenging and is typically dependent on knowledge of surface accumulation.
For example, estimates of surface accumulation have been used along with mass conservation
arguments to estimate basal melt (Neckel and others, 2012; Depoorter and others, 2013; Berger
and others, 2017; Adusumilli and others, 2020). These approaches have provided Antarctic-wide
time series of the last few decades of basal melt rates (Adusumilli and others, 2020). The spatial
resolution is currently limited to the kilometer scale, which may miss fine grained processes
occurring within ice shelf channels (Drews, 2015; Marsh and others, 2016) or near basal terraces
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Figure 1. Estimation of mass-balance parameters from a steady-state ice shelf with two methods. The Eulerian Mass Budget method (left) detects the difference of surface

accumulation and basal melt within two flux gates (blue vertical lines) by considering flux divergence ¥ - (vh). Often, the basal melt rates b are inferred assuming that the
surface accumulation (aqps) is known. In the internal reflection horizon (IRH) method, we are given information on the internal stratigraphy of the shelf. This information is

used to separate the known total mass balance into individual estimates of surface accumulation and basal melt (d..g, bayg respectively). These estimates correspond to the
time-averaged value over the age of the IRH to the present. The inset plots show different surface accumulation and basal melt parameterizations which give rise to the same

total mass balance and overall shape of the ice shelf, but different internal stratigraphy.

(Dutrieux and others, 2014). Measurements of basal melt which are
independent of the surface accumulation are also available, but typ-
ically only on short temporal scales, for example, with time-lapse
radar measurements of ice thickness change (Zeising and others,
2022). Using phase-coherent data acquisition, these measurements
can disentangle the observed thickness change into strain thinning
and basal melt (Nicholls and others, 2015). This has provided much
insights, e.g., in terms of relevant tidal (Sun and others, 2019) and
seasonal timescales (Vankova and Nicholls, 2022).

Here, we investigate to what extent the radar-imaged isochronal
ice stratigraphy (Eisen and others, 2004) can provide additional
information for inferring mass-balance parameters. On grounded
ice, radar-imaged internal reflection horizons (IRHs) have been
used in multiple ways, for example, to infer the surface accumula-
tion history (Waddington and others, 2007; MacGregor and others,
2009; Catania and others, 2010; Steen-Larsen and others, 2010;
Wolovick and others, 2021; Theofilopoulos and Born, 2023), veloc-
ity patterns of the ice flow (Eisen, 2008; Holschuh and others,
2017), ice-rise evolution (Drews and others, 2015; Henry and oth-
ers, 2023) or large-scale model calibration (Leysinger Vieli and
others, 2011; Sutter and others, 2021). On ice shelves, surface accu-
mulation rate can also be derived from the radar-measured shallow
stratigraphy (Pratap and others, 2022), but not from intermedi-
ate depths and below where the stratigraphy is also influenced
by basal melt and ice flow. The stratigraphy of ice shelves dif-
fers for various combinations of surface accumulation and basal
melt rates (Visnjevic and others, 2022). This suggests that given an
ice flow model of the internal stratigraphy that accounts for the
surface accumulation and basal melt rates, we can use observed
IRHs to recover the surface accumulation and basal melt rate his-
tories (Fig. 1). Thus, our goal is to solve the inverse problem of
inferring the surface accumulation and basal melt rates that can
explain the observed IRHs under the physical constraints of the
ice flow model.

Inverse problems, also known as inversion, data assimilation or
inference problems in the literature, denote the task of finding the
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model parameters that are compatible both with empirical obser-
vations and prior knowledge. This problem is widespread in the
geosciences, e.g., in hydrogeology (Linde and others, 2015), seis-
mology (Symes, 2009) or in climate science (Tebaldi and Sansé,
2008). Bayesian inference provides a powerful framework for solv-
ing inference problems, but conventional Bayesian approaches are
restricted to models for which the so-called ‘likelihood function’
is tractable. A tractable likelihood function is one that can be
efficiently evaluated (see Appendix C.1 for examples of tractable
and intractable likelihood functions). However, this is not the case
in our setup. We therefore use simulation-based inference (SBI,
Papamakarios and Murray (2016); Lueckmann and others (2017);
Cranmer and others (2020)) to solve the inverse problem presented
in this work. In SBI, we evaluate the forward model under differ-
ent values of the model’s parameters from a prior distribution. We
use the resulting simulated dataset to train a neural network that
performs conditional density estimation. In the neural posterior
estimation (NPE) variant, the network approximates the Bayesian
posterior distribution. A key advantage of NPE is the amortization
of simulation cost. An amortized inference framework is one that,
once trained, can be instantly applied to find the posterior distribu-
tion for any new observation without requiring more simulations
or training. Importantly, SBI does not require the forward model
to be differentiable and can also work with ‘blackbox’ models.
Therefore, our approach can be extended to a variety of preexist-
ing forward models. To the authors’ knowledge, this work is the
first application of SBI in glaciology, but we note that it has already
been applied in other geoscientific disciplines such as geothermics
(Omagbon and others, 2021), hydrogeology (Allgeier and Cirpka,
2023), hydrology (Hull and others, 2022) and molecular ecology
(Overcast and others, 2021).

In this study, we consider steady-state ice shelves and IRHs in
the local meteoric ice (LMI) body of ice shelves (Das and oth-
ers, 2020). This work is a test case for inferring atmospheric and
oceanographic boundary conditions from the ice stratigraphy with
a novel inference technique that provides uncertainty estimates.
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Our approach can be transferred to other ice flow regimes (e.g.
flank flow on grounded ice) where similar scientific questions can
be explored. Our approach can similarly be adapted to ice shelves
exhibiting marine ice formation. Moreover, the isochronal stratig-
raphy of ice shelves and ice sheets (including the neighboring ice
rises) is currently the only archive of surface accumulation and
basal melt over the past hundreds of years. Our approach is capable
of testing this archive. Thus, this study provides one link between
observational initiatives (such as AntArchitecture, Bingham and
others, 2024) for Antarctica-wide internal stratigraphy datasets
and the modeling community.

The paper is structured as follows: In Section 2, we describe
our forward model of the internal stratigraphy of an ice shelf
and introduce our inference approach. In Section 3, we detail the
synthetic ice shelf construction. We also present the results of infer-
ring the mass-balance parameters from this synthetic stratigraphy
and compare the posterior distribution to a known ground truth.
In Section 4, we describe the setting of the Ekstrom Ice Shelf (EIS)
and the dataset of observed IRHs along the central flow line tran-
sect. We then provide the results of our inference framework and
compare them to independent measurements of surface accumula-
tion uniquely available in this location for the periods 1996-2005
and 2014-23. In Section 5, we interpret our results and evaluate
our approach. We finally conclude and discuss future perspective
in Section 6.

2. Methodology
2.1. Forward model

We denote spatially varying parameters as functions, e.g. a(x)
or at times a for brevity, while bold-faced characters denote the
discretized values of this function on a specified grid, e.g. a =

[a(x)), ..., a(x,)]".

2.1.1. Ice flow model

We model ice shelves using the shallow shelf approximation (SSA)
(Morland, 1984). Throughout this study, we consider ice shelves
in steady state. Consequently, the ice surface s, base f, thickness
h = s — f and velocity v are all fixed throughout our simulations.
We assume plug flow for the ice shelf regime, meaning that the hor-
izontal velocity profile does not change in the vertical direction z.
These assumptions results in the mass-balance condition

V- (hv) =, 1)

where hv is the total mass flux, V- is the divergence operator and

# = @ — b is the total mass-balance rate. Here we use the conven-
tion that the surface accumulation rate a is positive for mass gain

of the ice shelf and the basal melt rate b is positive for mass loss.
In this exploratory study, we focus on flow lines. We parameterize
our domain such that x denotes the distance along the flow line,
and v, now denotes the velocity parallel to the flow line. The two-
dimensional (2-D) geometry is only valid for observations located
on flow lines and in the absence of lateral compression and exten-
sion. While the former is approximately true in our case, the latter
is unrealistic for most Antarctic ice shelves. To account for ice flux
into or out of our modeling domain, we, therefore, include the
ice flux component normal to the flow line as an additional, spa-
tially variable term to the total mass-balance rate #1 (Appendix A).
We test the validity of this approach in a 2-D synthetic exam-
ple (Section 3) that includes a spatially variable total mass balance
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and lateral compression. For the real-world scenario, we estimate
the the normal ice flux component from satellite velocities.

We seek to predict the steady-state internal stratigraphy for a
given flow line and possible surface accumulation and basal melt-
ing rate profiles. We define the internal stratigraphy to be a set of
isochronal layer elevations {e;(x), ... e;(x)}, with f(x) < e;(x) <
e,(x) < -+ <er(x) < s(x). One approach to calculate the internal
stratigraphy uses the SSA expression for the vertical component of
the velocity (Greve and Blatter, 2009) to have a fully specified veloc-
ity field. This can then be used to calculate the age field A(x, z)
of the shelf. Contours of constant age (isochrones) then define the
internal stratigraphy. However, these methods suffer from numeri-
cal diffusion and can be computationally expensive (Visnjevic and
others, 2022).

The computational efficiency of the forward model is crucial for
our inference method, as we need to evaluate the forward model
many times. As a result, we opt instead to use an implementation
of the tracer method (Born, 2017; Born and Robinson, 2021). The
model is seeded with vertical segments each with a thickness pro-
file {h;(x), ..., hy(x)}, such that the sum matches the ice geometry
Zszl hy(x) = h(x). The horizontal velocity v, (x) is used to advect
mass within segments and to thin or thicken the segments as a
function of the prescribed strain rates. The accumulation a(x) and

melt b(x) rates are used to add new segments or take away mass
from the two boundary segments at the top and bottom of the shelf
respectively. The (isochronal) layer elevations are then the bound-
aries between our modeled segments. We use the convention that ¢
corresponds to the top of segment /, which can be calculated using
the cumulative thicknesses of the segments below,

I
o) = £x) + 3 () @
r=1

In our simulations, we used a high temporal resolution of one
isochronal layer per year. Despite the high resolution, the layer
tracing method allows for determining the internal stratigra-
phy in a computationally efficient manner. For the domains and
timescales considered in our study, the complete forward model
can be evaluated on the order of 60 s on a single CPU core, enabling
the application of SBI methods (see Appendix E for details).

To uniquely determine the layer thicknesses in such a scheme,
we need to specify the boundary conditions on the layer thick-
nesses A, at the inflow boundary x = 0 (here corresponding to the
grounding line). The true boundary conditions are typically not
known. However, the stratigraphy in a large part of the domain
is still independent of the boundary conditions. This zone cor-
responds to the LMI body of ice shelves (Das and others, 2020).
When inferring from observed stratigraphy data, we use only data
within the LMI body. We detail our model of the LMI body in
Appendix A.

2.1.2. Noise model

The ice flow model predicts isochronal layers with varying depth
over spatial scales of kilometers. Observed IRHs, however, also
show variability on sub-kilometer scales. This systematic model-
data misfit is caused by errors in input datasets (such as surface
velocity, geometry), coarse resolution of the forward model and
omission of higher order processes that are not included in the
forward model, such as the effect of rheology. For inference, it
is important that the predicted isochrones have consistent statis-
tical properties with the observed IRHs. This is achieved by the
definition of an appropriate noise model.



The ice flow model predicts isochronal layer elevations
{e;(x),...,e;(x)} on a fixed grid x € RN where N is the num-
ber of grid points. Guided by empirical observations, the noise
model should have the property that the errors of different between
modeled layers [ at different depths are spatially correlated and
amplified for deeper layers. We, therefore, define a layer-wise noise
model as the product of an x-dependent baseline noise function
and a z-dependent vertical amplification factor. More precisely, the
additive noise 8, € RN of layer ! is defined as

51 = 6®T<el>7 (3)

where € = [¢,...,ey] is a x-dependent noise profile, which is
shared for all layers, T(e;) = [T(e; ), ..., T(e;n)] " isa determinis-
tic function of elevation (increasing with depth), and © denotes an
element-wise product. The vertical scaling T(-) mimics uncertain-
ties in the travel time-to-depth conversion which depend on the
density p(z). Here, this is done using p(z) as in Drews and others
(2016) and an empirical density-permittivity relation (Looyenga,
1965) to calculate the radio-wave speed c(z). This results in the

factor
*dZz
T(z)= | —= 4
o= (@
which we then discretize on the set of layer elevations.
The sub-kilometer variability of the observed IRHs are modeled
with power spectral densities €:

N
e=A, Z \/ expPi cos(2mw, + X,), (5)
n=1

where the log power spectral densities 3, and offsets x,, are ran-
domly sampled from normal and uniform distributions respec-
tively: 3, ~ N(ug, ,05 ) and x,, ~ U([—m,7)). The frequencies
w, are the corresponding Fourier frequenc1es of the simulation grid
xand A, is a global scale factor (set to 4 x 10719). In the synthetic
ice shelf (Section 3), we define the distribution of the log power
densities using ofzjn =0.5and

pig, = —8 (1 — exp 200n) (6)

For EIS, the distribution means pg and variances O'B were cal-
ibrated given the observed IRHs on a separate set of calibration
simulations (full details in Appendix B). We emphasize that this
representation of the noise model is a choice—we define a mathe-
matical model of the mismatch, rather than model a physical effect
directly. Thus, other choices are possible. We choose this represen-
tation of the noise model for its flexibility and interpretability.

By combining the ice flow model with the empirically guided
noise model, we have arrived at a physically motivated forward
model to sample a plausible observed internal stratigraphy of an

ice shelf from the mass-balance rate parameters a and b.

2.2. Inference

Having established the forward model, we arrive at the inverse
problem of finding the surface accumulation and basal melt rates
that best explain the observed internal stratigraphy. We use Bayes
theorem with model parameters 6 and outcomes X:

p(X|0)p(0)
px)

Here, p(6]X) is the posterior distribution of the parameters given
a particular outcome X, p(X|6) is the likelihood function of the

p(01X) = )
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model, p(0) is the prior distribution encoding our existing knowl-
edge on the plausible values of § and p(X) is the model evidence.
The goal of Bayesian inference is to find the posterior p(0|X,),
where X, is observed data which has the same form as X, but is
measured, instead of simulated.

2.2.1. Simulation-based inference

It is generally not possible to analytically solve for the Bayesian
posterior distribution (Eqn (7)), as the evidence term p(X) cannot
be computed. Approximate methods exist to solve Eqn (7) using
knowledge of only the likelihood function and prior distribution.
In this work, we deploy SBI, an approximate Bayesian inference
and likelihood-free approach, using only samples from our forward
model. In SBI, we use artificial neural networks to approximate
conditional probability distributions. While there exist different
variants of SBI which target either the likelihood p(X|6) or the
likelihood ratio (see Cranmer and others (2020) for an overview),
we focus on NPE, which approximates the posterior distribution
directly (Papamakarios and Murray, 2016; Greenberg and others,
2019).

In NPE, we generate a training dataset { (6, X;) }X_, (Fig. 2) by
sampling parameters from the prior 6, ~ p(6) and sampling from
the forward model X; ~ p(X|6;). To approximate the posterior
distribution, a variational family of distributions g, (0|X) is typi-
cally defined in terms of a neural network with learnable weights
¢. We represent q, as a normalizing flow (Durkan and others,
2019; Kobyzev and others, 2019; Papamakarios and others, 2019a).
Normalizing flows are flexible generative models, which, once
trained, can be used either to sample or evaluate the (log-) proba-
bility density function of the conditional distribution g, (6|X), for
any outcome X in the support of the training dataset. We provide
a brief description of normalizing flows in Appendix C.2 and refer
the reader to Papamakarios and others (2019a) for a review.

In NPE, the neural network is trained by minimizing the
expected negative log-probability

L(0) = Egp0) xp(x100) [~ 108 9 (01| Xi)] (8)

on the training dataset. More intuitively, this loss seeks to maxi-
mize the probability assigned to the training data. It can be trivially
shown that minimizing this loss is equivalent to minimizing the
(forward) Kullback-Leibler (KL) divergence between the varia-
tional distribution and the true posterior distribution (see C.3).

It has been shown that, if there exists a set of weights ¢ such that
44(0|X) is the true posterior distribution, and in the limit of infi-
nite training samples K — 0o, the minimum of the loss in Eqn (8)
is reached when q,,(0|X) = p(0|X) for all X—i.e. when our esti-
mated distribution matches the true posterior (see Proposition 1 of
Papamakarios and Murray 2016 for full statement and proof).

We additionally make use of an embedding network, which
are commonly used in SBI workflows to improve performance.
Embedding networks learn summary statistics Y(X), which are
lower-dimensional representations of the outcomes X. Using the
embedding Y (X) as an input to the normalizing flow instead of
X itself reduces the model complexity. The embedding network is
trained jointly with the normalizing flow. In our setting, X} are spa-
tially varying IRH elevations, and so we choose a 1-dimensional
(1-D) convolutional neural network as our embedding net, result-
ing in 50-dimensional embeddings on which the posterior network
is conditioned (full details in Appendix D). Throughout this work,
we use the sbi package for Python (Tejero-Cantero and others,
2020) to perform inference.



Journal of Glaciology

forward model

simulations

Distance

observation

evaluation

A
posterior

Distance

Figure 2. Simulation-based inference workflow. SBI has two primary phases: training and evaluation. In the training phase, accumulation rates are randomly sampled from
a prior distribution, the corresponding basal melt rates are obtained using total mass balance, and the resulting internal stratigraphy is calculated using the forward model.
These simulations from the prior are used to train a neural network which parameterizes conditional distributions. In the evaluation phase, the trained network is conditioned
on the observed IRH and outputs the Bayesian posterior distribution over the parameters (without any additional calls to the forward model).

2.2.2. Definitions of model parameters, outputs and
observations

We define § = , izil]T, the values of the surface
accumulation rate on a discretized grid X. In our experiment, we
choose the number of inference grid points ] = 50 as a compromise
between computational complexity of the inference problem while
still inferring accumulation rate at a high resolution of ~2.5km.
This is smaller than the discretized grid x we use for our simula-
tions, which has 500 gridpoints in our experiments. In practice, we
take X to be a regularly spaced subset of x, so that a;,¢ can also be
taken as a subset of a. However, X can be any discretization of the
flow line and need not be a subset of x. Furthermore, despite defin-
ing 6 to only represent the surface accumulation, any inference of
the surface accumulation rate automatically extends to inference
of the basal melt rates. This is because for any probability distribu-

éinf = [a

i

tion q(a;,¢), the total mass-balance relationship implies that f)inf ~
q(a,¢ — my¢), where by, ¢, , are the respective discretizations of
b, 1 onto X.

We now turn to describing the observation, X, and forward
model outcomes X;. The observed data are a set of different IRHs,
{e,,(x)}_,, where e,,(x;) is the elevation of the mth IRH in our
dataset at grid position i. The IRH elevations need not and typically
are not observed at the same locations as the simulation gridpoints;
and so we first interpolate the IRH elevations onto the simulation
grid x using linear spline interpolation (as implemented in Scipy
(Virtanen and others, 2020)). Therefore, we assume {e,, (x) }L | is
already defined on x. One reasonable choice is to define the obser-
vation X, as the entire set of all measured IRH elevations. However,
in our work, we choose to separately infer the mass balance from
each IRH in our observed dataset. This choice has two advantages:
first, ordering IRHs by depth also corresponds to their reverse age
order, with the oldest IRHs being the deepest. Thus, inferring the
surface accumulation and basal melt rates for deeper IRHs corre-
sponds to inferring the average rates over longer periods of time.
By comparing the inferred mass-balance parameters obtained with
different IRHs, we can reason whether or not our steady-state
assumption is valid. The second advantage is practical—we seek
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a consistent representation of the observations that can be applied
across ice shelves. Given a different ice shelf, there will be a differ-
ent number of IRHs at different depths. Therefore, the embedding
net for these data will have to have a different architecture for each
ice shelf. In our representation, the embedding net can always be a
1-D convolutional net, as the observations are always 1-D vectors.

Thus, given a dataset of M observed IRHs, we have M inference
problems to solve, where each observation corresponds to one IRH.
It is, therefore, reasonable to take one isochronal layer of the simu-
lated stratigraphy as the output of the forward model. For the mth
inference problem, we define the outcome of the forward model
as the isochronal layer e; that is closest to IRH m (in the mean
square sense). More precisely, for inference problem m and sim-
ulation k, we define the observation of the forward model to be
X{' = er (i), where

I = argmin, [|e(Xiziom) — €n(Xizion)|3- ©)

Here, i(m) is the index of the boundary of the LMI body for IRH
e, (x).Fori < i(m), the IRH e,,(x;) is outside the LMI body and for
i > i(m) within the LMI body (see Appendix B for details). We fur-
ther define X~ j(n) = [Xi(m)s Xi(m)+1, ---» Xn] | as the restriction of the
gridpoints x to within the LMI body of e, (x). We correspondingly
set the observation for IRH m to X;" = e,,(X;>i(m) ). Our choice
to select the simulated isochronal layer that most closely matches
the IRH is due to the true age of the IRH being unknown. This
introduces degeneracy into the forward model—two simulations
with different surface accumulation and basal melt rate parame-
terizations can produce isochronal layers with a similar geometry
but different ages. It is, therefore, important to define the prior
distribution appropriately, which we do in the following section.

2.2.3. Choice of prior distribution
We aim to approximate the posterior distribution

PAIXT") o p(XZ'[a)p(a).
The likelihood p(X["|a) is not tractable but can be sampled from

using the forward model. To specify the prior, we use the long-
term snow accumulation observations of the Neumayer stations

(10)
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Figure 3. Two-dimensional flow tube domain setup for the synthetic example. Map view of the simulated ice shelf’s surface. Flow lines (gray lines) converge to the central
flow line (red). Color indicates ice thickness. The input variables for the internal stratigraphy model are evaluated on the central flow line.

(Wesche and others, 2016; Wesche and Regnery, 2022) over more
than 30years to define an empirically motivated prior for EIS,
which we also use for the synthetic ice shelf. We first assume that
localized surface melt (@ < 0) is possible, but rare. We also observe
that average rate of accumulation is ~0.5ma™!, and that the accu-
mulation rate is almost everywhere under 2 m a—!. Finally, we take
the accumulation rate to vary smoothly in space. We define a prior
distribution that satisfies these criteria, while still allowing for a
broad range of surface accumulation rate profiles. We define the
following generative process for a: first, we draw a sample o =
[ay, ..., ay]" from a Gaussian process with mean function y =0
and a Matérn kernel with a Matérn-v of 2.5 and a length scale of
2500 m (Rasmussen and Williams, 2005). We then independently
sample an offset 1,6 ~ N(0.5,0.252) and scale o, ~ U(0.1,0.3)
parameter. Finally, we seta = o, &¢+ pogl. We inspect the implicit
prior this defines over the basal melt rates in Section 4.3.

Defining the prior in this way is sufficiently expressive to cap-
ture numerous accumulation rate profiles, while also restricting the
samples to conform to empirical knowledge. Additionally, the prior
is shared for all M inference problems we have defined, and one
evaluation of the forward model provides an observation X" for
each of the inference problems. Thus, the same training dataset can
be used for all posterior networks in our SBI approach, significantly
reducing the computational costs.

3. Synthetic test case

Before we apply the presented workflow to EIS, we showcase its
applicability in a synthetic test case in which all parameters are
known.

3.1. Configuration of shelf and flow line

We test our workflow on a 2-D flow tube geometry from which we
extract a flow line to infer the prescribed surface and basal accu-
mulation rates as done later in the case of EIS. The flow tube is
modeled using icepack (Shapero and others, 2021) on a grid
L, = 125km x L, = 10km, with the along-flow direction x and
across-flow direction y. We prescribe a Dirichlet boundary condi-
tion at the inflow and lateral boundaries, with a constant thickness
of hy, and a constant along-flow velocity of v,,. The outflow bound-
ary is set to be a static calving front. We initialize with a zero
centered, longitudinally symmetric across-flow velocity v,, on the
lateral boundaries, resulting in a flow field that has convergence
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(i.e. mass input) on the center flow line. We prescribe a spatially
variable total mass balance r1: In our experiments, we set v,, =
100ma!, vy, = £20ma ' at y=0and y = L,, respectively,

. X x —0.7L,\?
= —0.6 —0.05— . - —= . 11
m 0.6 OOSLx+03exp( ( 0.1L, ) ) (11)

We let the geometry evolve under the SSA approximation until
steady state is reached. From the steady-state ice shelf, we choose a
discretization of the central flow line, x, and extract the relevant
variables along this flow line to define the internal stratigraphy
model (Fig. 3). The numerical values for additional parameters for
the spin-up are given in Appendix D. The variables we need are
the surface s and base f elevations, the along-flow velocities v,, and
the along- and across-flow flux divergences d(v,h) /dx, d(v,h) /dy.
These define the total mass balance, since:

a— b _ d(vxh> + d(V},h) ]

dx dy

We then solve the inverse problem which accounts in this case
for mass gain through lateral compression. We choose a random
sample from the prior distribution as the ground truth, agy, from

(12)

which bgr follows accordingly. The forward model is then sampled
to obtain a set of ground truth layer elevations, e,(x). From these
layer elevations, we choose to perform inference for four layers of
ages 50, 100 and 150, and 300 years (labeled 1-4 in ascending order
of age). These ages roughly correspond to the range of ages of the
IRHs that we expect to observe on ice shelves.

3.2. Inference results

We evaluate the trained neural posterior network on the ground
truth isochronal layer of age 50 years. The inferred posterior mean
for the surface accumulation rate parameter is close to the ground
truth accumulation rate (Fig. 4a,c) with the ground truth lying
within the 95% confidence intervals of the posterior distribution.
Next, we evaluate the forward model on samples from the
posterior (and prior) distribution to get the respective predictive
distributions. The prior predictive distribution (Fig. 4b, green) is
the distribution over the internal layers generated by simulating
the forward model with mass-balance parameters drawn from the
prior distribution. The posterior predictive distribution (Fig. 4b,
blue) is defined similarly by simulating with mass-balance param-
eters from the posterior distribution. The posterior predictive
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Figure 4. Prior and posterior (predictive) for the synthetic dataset. (a and c) Prior and posterior over surface accumulation and basal melt rates respectively for layer 1 of
the synthetic ice shelf, of age 50 years. Solid line is the distribution mean, the shaded region represents the 5th and 95th percentiles. The ground truth (GT) parameters used
to generate the reference isochronoal layer are shown in red. (b) Cross section of the ice shelf. Prior and posterior predictive distributions for the layer closest matching the
ground truth isochronal layer. The vertical dashed line represents the LMI boundary for this isochronal layer. The posterior predictive reconstructs the observed layer with
higher accuracy and lower uncertainty. The posterior predictive distribution of the age of the isochronal layer is 603, years (meaning a median of 60 years, and 16th and 84th
percentiles of 48 and 69 years, respectively). The average root-mean-square error (RMSE) relative to the GT isochronal layer is 3.9 m for the posterior predictive distribution

and 11.5 m for the prior predictive distribution.

matches the ground truth isochronal layer with high fidelity. We
calculate the RMSE of the predictive simulations relative to the
ground truth layer elevations for 1000 simulations using prior and
posterior samples. The average RMSE for the posterior predictive
distribution is 3.9 m, compared to 11.5m for the prior predic-
tive distribution. Uncertainties in the layer elevations are much
smaller than those of the prior predictive distribution. This is in
contrast to the posterior uncertainty over the mass-balance rates,
which is still considerable. This showcases the importance of our
uncertainty-aware approach: there is more than one parameteriza-
tion of accumulation and basal melt rates that can lead to similar
isochronal layers.

The posterior uncertainty is also reflected in the inferred age of
the isochronal layer. We infer an age of 6077, years for this layer
(meaning a median of 60 years, and 16th and 84th percentiles of
48 and 69 years, respectively). This value closely matches the age
of the ground truth isochronal layer, which was not used during
inference. Thus, we have produced an estimate of the age of the
layer without requiring time intensive measurements such as ice
cores. We report the posterior distributions for deeper synthetic
layers in Appendix F.

Finally, while we do not use the isochronal layer elevations
outside the LMI boundary for inference, we can still infer the sur-
face accumulation and basal melt rates at these locations. This is
because the values of surface accumulation rate and basal melt
rate still affect the downstream isochronal layer elevations, and so
the observed elevations in the LMI body still contain information
about the mass-balance rates upstream of the LMI boundary. Thus,
we are still able to infer the mass-balance rates for x < 15km.

4. Ekstrom Ice Shelf

EIS is a medium-sized ice shelf located between the Sorasen and
Halvfarryggen Ice Rises in Dronning Maud Land, East Antarctica
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(Fig. 5¢). EIS makes for an appropriate study site since the
steady-state assumption likely holds (Drews and others, 2013;
Schannwell and others, 2019). Moreover, because of the proximity
of the Neumayer station III, numerous observations are available,
e.g. ice thickness, surface velocities and most importantly surface
accumulation rates, which we will use later for validation.

4.1. Data preprocessing

First, weused Antarctic Mapping Tools (Greeneand oth-
ers, 2017), BedMachine Antarctica (Morlighem and others, 2017)
and ITS LIVE (Gardner and others, 2018; 2022) to obtain
the surface elevation s, thickness h and velocity v for EIS. In
order to define the flow tube domain for EIS, we also used the
itslive flowline tool to find two flow lines which formed
the side-boundaries of the domain. The other two boundaries of
the domain were the grounding line, and a straight line connect-
ing the two flow lines. The straight line was chosen to ensure that
the radar transect where data were measured is wholly contained
within the flow tube domain.

We preprocessed the raw ice shelf geometry and velocity data
prior to evaluating the model. This ensured numerical stability
of the forward model. Using the icepack package for Python
(Shapero and others, 2021), we first smoothed the raw thickness
data by solving a regularized minimization problem. We then
solved for the best-fitting velocity by fitting a fluidity parameter
in an SSA model to the observed velocity and smoothed thick-
ness. The hyperparameters used for preprocessing are given in
Appendix D.

4.2. Radar measurements of internal stratigraphy

Internal stratigraphy data along the central flow line of EIS (Fig. 5a)
were acquired using a ground-based ground-penetrating radar
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on box in B. The IRHs are numbered 1-4 in order of increasing depth. This plot is shown with the radar data used to label the IRHs in Figure I1.

with a center frequency of 50 MHz (pulseEKKO™ from Sensors &
Software) in two consecutive field seasons (2021/22 and 2022/23)
with logistic support from the Neumayer III station (Wesche and
others, 2016; Wesche and Regnery, 2022). Radar processing was
done with ImpDAR (Lilien and others, 2020) and included trace
averaging to equidistant spacing (10 m), bandpass filtering (with
cutoff frequencies of 20 and 75 MHz), and a topographic correction
using the REMA surface elevation (Howat and others, 2019). The
latter provides observations consistent with the modeling setup.
The radar detects the ice—ocean interface and continuous IRHs
down to ~200m depth (Fig. 5b and c). Four IRHs were digi-
tized along the entire 130 km long profile using a semi-automatic
maximum tracking scheme. The vertical offset off IRHs at the
profile junction in the mid-shelf region between both years is
much smaller than the radar system’s wavelength in ice (~3.4m).
Consequently, IRHs were connected without adjustments. For the
travel time-to-depth conversion, we used a depth-density profile
representative for ice shelves of the Dronning Maud Land Coast
(Hubbard and others (2013), eqn (1)).

4.3. Inference results

We inspect the prior over the basal melt rates as a validation of
our modeling choices. The implicit prior is the same as the prior
defined for the surface accumulation, with the mean shifted by the
total mass balance on the flow line, m. The basal melt rate is larger
(up to 4ma~') near the grounding line and gradually stabilizes in
the along-flow direction to values between 0 and 1 ma~! down-
stream. This is in agreement with previous estimates for basal melt
profiles on this particular ice shelf (Neckel and others, 2012).

We infer the surface accumulation and basal melt rates from
IRH 2 in our dataset, which has an average (ice equivalent) depth
of 30 m (Fig. 6). The posterior over the surface accumulation rate
has uncertainty comparable to that of the prior. However, there
is a shift in the overall spatial trend of the accumulation rate;
particularly, there is higher surface accumulation rate at ~20 km
from the grounding line. Accumulation rate also increases steadily
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downstream the flow line. As in the synthetic case, the posterior
predictive distribution reproduces the observed IRH with much
higher fidelity and confidence than the prior predictive distribu-
tion. The average RMSE relative to the observed IRH is 4.6 m for
1000 posterior predictive simulations, compared to 11.8 m for 1000
prior predictive simulations. The posterior predictive produces an
independent estimate of the unknown age of the IRH of 84135 years
(meaning a median of 84 years, and 16th and 84th percentiles of 54
and 136 years, respectively).

Our method can use much deeper IRHs for the inference of
accumulation and basal melt rates. For IRH 4 of the observed
dataset (of average depth 131 m), the proportion of the IRH that is
within the LMI body is smaller. This is due to the unknown bound-
ary condition influencing the IRH elevation at much further points
along the flow line. This discarding of data has visible effects on the
posteriors over the mass-balance parameters (Fig. 7). These rates
are now more similar to the priors for the first 60 km of the tran-
sectand only diverge at points further down the ice shelf, where the
values of accumulation and basal melt rates affect the dynamics of
the IRH. Regardless, the posterior predictive distribution resem-
bles the observed IRH at higher fidelity and precision than the
prior predictive. The average RMSE relative to the observed IRH
is 10.0 m for the posterior predictive distribution and 16.4m for
the prior predictive distribution. The estimated age of this IRH by
our method is 188"} years. The uncertainty of the age estimates
reasonably increases for deeper IRHs.

5. Discussion
5.1. Posterior mass-balance rates are consistent between IRHs

We compare the four posteriors over the surface accumulation
obtained from the Ekstrom IRH dataset (Fig. 8). The posteriors
for the shallower IRHs 1-3 all show a similar qualitative rela-
tionship: a local maximum of the accumulation at a distance of
~20km from the grounding line, followed by a steady increase
in the accumulation downstream. The increase in accumulation
at ~20km is even identified in the posterior for IRH 3, despite
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the LMI boundary being downstream of it, at ~30km from the
grounding line. This is reasonable, as the mass-balance parame-
ters at a given location affect the flow field downstream of this
location, and consequently, the formation of isochronal layers. For
IRH 4, the LMI boundary is much further downstream at ~60 km.
Thus, the local surface accumulation maximum at ~20 km is not
found; however, the overall trend of increasing surface accumula-
tion downstream is still identified. There is a corresponding trend
in the basal melt rate, as the local basal melt rate still exhibits a max-
imum at ~20 km. The reason for this is unknown, but the location
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corresponds both with the seaward limit of the tidal flexure zone
and with the confluence region of ice originating from the eastern
tributary. One or both of these factors could alter the basal melt
rates inferred at this location. As we will show later (Section 5.3),
this local maximum also appears in independent remote-sensing
estimates.

The inferred posteriors also allow us to estimate the age of the
IRHs. By sampling from the posterior distribution, and evaluat-
ing the forward model with the resulting mass-balance parameter
samples, we obtain a distribution of isochronal layers similar to
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the observed IRH, with known ages. Thus, we estimate the ages
of the four IRHs as 42733, 84735, 146733 and 188755 years. This is
an important finding because IRH age is otherwise only accessi-
ble through ice coring. Our results, however, depend on a realistic
prior for the surface accumulation and basal melt rates, as defined
in Section 2.2.3. Given a miscalibrated prior, the estimated ages
would not be reliable (see Fig. H1 for an example). We hypothe-
size that, given an independent measurement of the IRH age, our
approach could further constrain the posterior distributions over
the mass-balance parameters.

The consistent spatial patterns of magnitudes of accumulation
rates inferred from IRHs 1-4 are supportive of EIS being in steady
state over the last hundreds of years but given that steady-state
is one of our model assumptions this interpretation needs to be
considered with care.

5.2. Comparison to shallow and local layer approximations

To validate our approach, we compare the inferred surface accumu-
lation rate of our experiments with estimates from other methods.
First, we computed the shallow layer approximation (SLA) and
local layer approximation (LLA) as described in Waddington and
others (2007). Given the depth and age of IRH m, the SLA and LLA
approximations for the accumulation rate a are defined as

. 1

a:llA = A—(S —e,(x)),

.m s—e,(x)\ h
aga = —In (1*Tm> .
where A, is the age of IRH m. Intuitively, the SLA takes the ice
thickness above layer m and divides it by the layer age, whereas

(13)
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LLA accounts for strain thinning assuming a linear vertical veloc-
ity profile (which is often the case for ice-shelf flow). Since the
age of the observed IRHs is not known, we use the median age
of the posterior predictive distribution results. As expected, we
observe that both SLA and LLA closely match the SBI posterior
mean accumulation rate for the shallow IRHs of median estimated
ages 42 and 84 years (Fig. 8). As the strain rates of the flow are
small, the relatively shallow IRHs (mean ice equivalent depth of
30 m) have not notably deformed, and hence the assumptions of
SLA and LLA are appropriate. However, for the deeper IRHs 3 and
4 of estimated ages 146 and 188 years, we see that both SLA and
LLA estimates diverge from our posterior mean accumulation rate.
This shows that more involved approaches are required when using
deeper IRHs for inference. For deeper IRHs where the SLA and
LLA no longer applied, Steen-Larsen and others (2010) inferred the
surface accumulation rates on grounded ice using a Monte Carlo
approach. By treating the age of the IRH as an additional param-
eter to infer, they were able to identify the age of the IRH with
high confidence. Extensions of our approach could incorporate this
parameterization to reduce the uncertainty of the inferred IRH.

5.3. Comparison with independent estimates of surface
accumulation and basal melting

For the Ekstrom transect comparison data are provided by repeat
readings of accumulation stakes in 500 m spacing along the nearby
Kottas traverse (Fig. 8). Yearly readings are available in the period
1996-2005 and on a yearly to three-yearly interval between 2014
and 2023 (Mengert, 2018). We use this dataset to construct a
direct estimate of time-averaged surface accumulation rate along
the central flow line transect over these periods. For this, we project
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the measurements from the Kottas traverse to the flow line tran-
sect, taking into account an increased uncertainty for increasing
projection distance (see Appendix G for details).

The Kottas traverse accumulation measurements closely match
the posterior means of our approach (Fig. 8) for IRHs 1 and 2.
As the accumulation rate measurements on the Kottas traverse
span the past 26 years, it may not be a good validation for the
deeper IRHs. Regardless, the Kottas accumulation rate measure-
ments lie within the posterior uncertainty for IRHs 3 and 4. These
comparisons further corroborate our approach and highlight the
advantages of uncertainty-aware methods, especially as the mea-
sured accumulation rates also varied considerably year-to-year
(Appendix G).

We also compare our inferred basal melt rates with independent
measurements of basal melt rates. In Fig. 9, we show the basal melt
rates inferred from IRH 1 for the Ekstrém dataset, in comparison to
independent estimates of basal melt rates through satellite altime-
try data (Adusumilli and others, 2020), and through airborne radar
measurements of the ice-shelf thickness (Neckel and others, 2012).
We observe a quantitative match between our posterior basal melt-
ing rate and the estimates from Adusumilli and others (2020). The
ice-shelf wide melt rate estimates show overall comparatively lit-
tle spatial variability. The most notable difference is that our basal
melt rates show more variability in the first 20 km of the profile,
and this could be due to the proximity of the grounding zone where
the SSA approximation does not hold. However, we note that also
the satellite-derived estimates show this oscillation in basal melt
rates albeit with a smaller magnitude. The estimates from Neckel
and others (2012) excluded the grounding zone area but otherwise
show a good match in magnitude but with much less spatial vari-
ability. This is because they decided to apply spatial smoothing the
degree of which could be revisited given the new results derived
here.

The good quantitative match with independently collected data
both for surface accumulation and basal melting increases our
confidence for our inferred surface accumulation and basal melt
rates. However, these results are limited by some of our modeling
assumptions, which we discuss next.
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5.4. Limitations of modeling approach

The fidelity at which the posterior predictive distributions repro-
duce the observed IRHs of EIS (Figs. 6 and 7) supports our
modeling choices for this ice shelf, as the combination of the
forward model and accumulation rate prior distribution are suf-
ficiently expressive to reproduce the IRHs.

However, our inferred surface accumulation and basal melt
rates rely on the modeling assumption that the internal radar data
are collected on a flow-line transect. This assumption is required
to conclude that the ice observed in the internal stratigraphy is
indeed the accumulated ice modeled in our domain, as com-
monly assumed in the literature (Waddington and others, 2007;
Steen-Larsen and others, 2010; Theofilopoulos and Born, 2023).
Similarly, in the context of ice rises, it is often assumed that the
transverse velocity is negligible relative to the vertical velocity of
the ice, so that the surface accumulation rate can be inferred along
the same transect as the IRH data (Callens and others, 2016; Koch
and others, 2024). However, many of the available IRH measure-
ments do not align with flow lines of the ice sheet. In this case, our
assumption would not be valid.

Because our observations are on a flow line transect only, it
is difficult to judge to what extent unidentified three-dimensional
(3-D) effects overprint our analysis. Previous approaches (Pattyn
and others, 2012) have had similar limitations because ice-flow
divergence and/or convergence could not be predicted by their 2-
D forward model. They concluded that their inferred basal melt
rates which best matched the radar stratigraphy would be a lower
boundary because ice flow on the ice shelf was convergent. In our
case, we do correct for the observed convergence from observed
surface velocities along the flow tube. The normal component
of ice-flow is always < 20ma ! and often < 1ma!. This is
small compared to the along-flow velocities and also compared to
the total surface mass balance accumulated along the flow tube.
Together with the empirical validation with independently col-
lected surface accumulation and basal melt rates, this increases our
confidence that our modeling approach yields trustworthy results.
Yet, a more rigorous quantification of 3-D effects, for example, in a
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synthetic study using a 3-D forward model can provide further val-
idation. Others have made progress in this direction, for example,
Wolovick and others (2021) consider a 3-D steady-state ice sheet
and jointly infer the temporally averaged accumulation rate and
geothermal heat flow. This is done by using more radar attributes in
addition to stratigraphy such as existence or absence of subglacial
water and/or basal freeze-on.

Common to most previous studies is the steady-state assump-
tion which is imposed because the inclusion of transient ice thick-
ness changes increases the model parameter space to a degree
which cannot easily be solved in the inverse problem, particularly
with quantified uncertainties over the inferred parameters. Ways
forward in this regard could be deterministic gradient descent
schemes with explicitly calculating sensitivity matrices as sug-
gested by Theofilopoulos (2022); Theofilopoulos and Born (2023)
and this will be an important step forward to better exploit the
growing IRH archive for ice-sheet modeling.

5.5. SBI as a tool for geoscientific inversion problems

The inverse problem tackled in this work typifies geoscientific
inverse problems, as the forward model is defined in terms of a
partial differential equation, and the parameters are high dimen-
sional and vary in space. Hence, it is valuable to compare the SBI
approach in this case to the wide variety of methods and algorithms
that have been developed to solve geoscientific inverse problems. In
the remainder of the section, we discuss NPE as used in our work.
However, there exist other variants of SBI with relative advantages
and disadvantages, depending on the problem setting (Cranmer
and others, 2020; Lueckmann and others, 2021). In particular,
we provide a brief discussion of the neural likelihood estimation
(NLE) variant in Appendix C.4.

The SBI approach as presented here has two key features. First,
we estimate the Bayesian posterior distribution, providing quan-
titative uncertainty estimates. Modeling uncertainty is important
as it can highly influence and propagate to future modeling pre-
dictions. Additionally, locations of high uncertainty show areas
requiring further study, helping to guide future work. This is in
contrast to deterministic inversion methods, which do not estimate
uncertainty, or likelihood-based inference methods which are not
possible when the likelihood defined by the simulator is not known.
Thus, approximate Bayesian methods and SBI in particular can be
applied to a larger class of inference problems. Second, a unique
advantage of single round SBI methods (Cranmer and others, 2020)
such as NPE (as used in our study) is amortization. Our method as
presented here is not yet fully amortized, instead amortizing the
vast majority of the computational cost, as preprocessing relies on
the observed value of X. In order to train the density estimator
9, (a|X{"), we first calculate X" for each simulation dependent on
the value of X}". Our method still amortizes the cost of simulating
the forward model many times, which is by far the largest com-
putational cost in the approach. In the Ekstrom example, we have
evaluated the forward model a total of 190 000 times, accounting
for ~99% of the total computation cost (Appendix E). This amor-
tization is specific to the geometry and velocity of the EIS; different
geometries and velocities change the dependence of the inter-
nal layers on the mass-balance parameters, which would require
simulating from a new model.

On the other hand, SBI faces some limitations as an inference
tool. Primarily, SBI methods are known to require a large number
of simulations to be trained (Lueckmann and others, 2021). This
problem suffers from the curse of dimensionality—the number
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of simulations required scales exponentially with the number of
parameters we are trying to infer (in this work, we limited the
number of parameters to 50). This is particularly challenging for
geoscientific problems, where typically the parameters of interest
vary spatially (and temporally), and thus the number of parame-
ters can grow very large. The SBI approach needs to be adapted
to more efficiently represent high-dimensional, spatially varying
parameters 6 at high resolutions. Some potential approaches are
polynomial or spectral representations. Future work should also
explore variants of SBI that are better suited to high-dimensional
or even continuous parameters (Ramesh and others, 2022; Geftner
and others, 2023). Finally, SBI works under the assumption that the
forward model is well-specified, meaning that given samples from
the prior, it can generate simulations closely resembling the obser-
vation. The posteriors obtained by SBI can be strongly biased when
this is not the case (Cannon and others, 2022). Work to address
this concern has been done, e.g. by incorporating the model mis-
match into the forward model (Ward and others, 2022), as done
in our work using the calibrated noise model. However, designing
and calibrating such noise models for each inference task are chal-
lenging, and a standard approach for addressing model mismatch
does not yet exist.

6. Conclusions

We presented a novel approach for inferring the spatially varying
surface accumulation and basal melt rates along ice-shelf flow lines
from radar measurements of their internal stratigraphy. We vali-
dated the method on a synthetic ice shelf example and inferred the
surface accumulation and basal melt rates along a flow line in EIS,
Antarctica. We separately inferred the mass-balance parameters
from four different IRHs. The inferred distributions were further
validated by independent stake array measurements of surface
accumulation rates uniquely available in Ekstrom Ice Shelf. Using
our approach, we were able to estimate the otherwise unknown
age of the IRHs as 42733, 84732, 146737 and 188735 years. The pre-
sented approach can be transferred to other Antarctic ice shelves
and also to other flow regimes such as grounded ice. A strength of
our approach is the principled uncertainty estimates in the inferred
surface accumulation and basal melt rates. These uncertainty esti-
mates can be integrated in future projections of the Antarctic ice
sheet (Verjans and others, 2022; Ultee and others, 2024). We identi-
fied avenues for future work as more can be learned by relaxing the
steady-state assumption on the ice shelf. The forward model and
inference framework should be adapted to account for potential
transient signals in the mass-balance parameters.

This work was an example use case of SBI for a geoscien-
tific inverse problem. We showcased the strengths of SBI as a
likelihood-free approach to approximate the Bayesian posterior,
amortizing the cost of simulating the forward model many times.
SBI can become more applicable to such inverse problems involv-
ing spatially (and temporally) varying parameters if it can be
extended to deal with the challenge of high-dimensional parameter
inference.

Finally, our approach highlights the value of internal stratigra-
phy measurements. Initiatives to map the Antarctic-wide internal
stratigraphy (e.g. Bingham and others, 2024) can provide invalu-
able data toward uncovering the history of the Antarctic ice sheet.
Sophisticated inference methods could be combined with such a
dataset to provide a new, independent, Antarctica-wide parame-
terization of accumulation and basal melt rate histories.
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Appendix A. Forward model details

The layer tracing scheme described in Section 2.1 is equivalent to solving a set
of advection equations for a set of layers. Here, we explicitly write down the
advection equations solved and the boundary conditions defined. We correct
for 2-D effects in the advection equations by adding a term for the normal flow
into the flow line. We then account for the inflow boundary condition at the
grounding line x = 0.

A 1-D advection equation for a layer on a flow line reads

on o

- = V- Al
Ot * Ox (AD
In practice, real flow lines have some incoming or outgoing (normal) flux, g,
where y denotes the horizontal direction perpendicular to x. We account for
this normal ice flux and instead solve

Oq,(x

% = vx% +r(x) —qg; ) (A2)
where r;(x) = hy(x)/h(x) is the ratio of thickness of layer [ to the total thickness
of the shelf. This equation holds due to the plug flow assumption, in which the
flux divergence dq,/0y is independent of the depth z. The quantity dg, /0y
is constant for all layers and independent of the layer thickness. This normal
flux component accounts for lateral compression or extension of the flowtube
centered on the flow line, and in our case we estimate it from satellite inferred
velocities. For EIS, the normal flow component is small compared to the total
mass balance along the flow lines, but for other cases this correction might be
much more significant.

In order to define the inflow boundary condition, we would need to know
the relative thickness of the incoming layers (or alternatively, the vertical
age distribution at x). This is typically not available in radar measurements
of the stratigraphy. It is, therefore, important to use only the IRH eleva-
tion information within the LMI body of the flow line. This is the region of
our domain which is independent of the boundary condition we chose at
xo (Fig. Al). This region can be found by tracking the trajectory traced by
a particle initially at (x = x5,z = s(xp)). The LMI body is the region
of the domain above this path. As a consequence of this consideration, we
need to discard more of the IRH elevation data for the deeper IRHs in the
dataset.

For a complete definition of the simulator, we still need to define some
boundary condition at x. Since the true boundary condition is not known, we
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Figure Al. Local meteoric ice (LMI) body. The layer elevations in the LMI body (shaded region) are independent of the inflow boundary conditions. Outside the LMI body, the
layer elevations are dependent on this boundary condition, and so using IRH observations within this region would require assuming the internal stratigraphy of the incoming

ice.

choose an inflow boundary condition which improves the numerical stability
of the layer tracing model,

oh; g, 9qy(x)

o oxl, ri(x) By (A3)

This boundary condition makes the implicit assumption that near the inflow
boundary, the layer thickness profile is a scalar multiple of the total thickness,

Ohy(x)

*) it Oh(x)

= hi(x)—5 =

(A4)

We define a similar boundary condition at x = L,; however, this boundary
condition does not have a similar effect on the applicability of the IRH data.

Appendix B. Calibrating the simulator

We calibrate hyperparameters of the noise model using a set of 1000 simulations
for the same ice shelf geometry, velocity and mass-balance parameters prior.
This set of calibration simulations is not used again to train NPE (Section 2.2.1)
to avoid overfitting. We use the same set of calibration simulations to cali-
brate the per-layer LMI boundary mask (Section 2.2.2). Algorithm 1 defines
our calibration procedure for the parameters of the noise distribution for
EIS.

In Section 2.2.3, we used the LMI boundary i(m) for each IRH m in order
to define the domain X;5;(,) on which we compare the observed IRH data
to the simulated isochronal layers. The physical interpretation of the LMI
boundary is found in Appendix A, and here we specify the exact definition
of i(m).

For each simulation k in the calibration set, we define the trajectory of a
particle starting at the surface of the inflow boundary (x = 0,z = s(0)) by
PE(t) = (x%(¢),25(¢)). In practice, since we are on a flow line, v, > 0 every-
where, and thus x* increases monotonically with t. Therefore, the trajectory
traces out a unique curve zF(x) in the domain.

Using this path, we define the LMI boundary i(m, k) for simulation k and
IRH m to be the first point in the x domain such that the path is below the IRH
elevation,

i(m, k) = min{i : 2%(x;) < e (%)} (B1)
1

In the case that the path stays above the IRH for the entire domain, we define

i(m, k) = L,, meaning that the IRH is entirely outside the LMI body.

This definition gives a different LMI body for each simulation. In order to
perform inference, we require one a fixed LMI body boundary to use across all
simulations. We define i(m) ‘pessimistically’ as the 75th percentile of the calcu-
lated i(m, k) boundaries in the calibration set. Therefore, some of the simulated
layer elevations we use will be dependent on the unknown boundary conditions
but a small amount that should not affect the inferred results.
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Appendix C. Additional information on simulation-based
inference

C.1. Tractable and intractable likelihood functions

Here, we provide intuition about the difference of forward models which have
intractable and tractable likelihood functions. Forward models which have
tractable likelihood functions are ones where the density p(X|6) can be explic-
itly evaluated for a given (X, 0) pair, where X refers to the observed data and 6
are the parameters of the model. As an example, a common setting in glaciol-
ogy is a deterministic forward model with additive observational noise. Such
forward models are of the form

X=f(0)+e, (C1

where f(6) is a deterministic function, and € follows some distribution, € ~
Pe(e)- In such models, the likelihood p(X|6) can be evaluated as

P(X]0) = pe(X —£(0)).

A more general setting considers nondeterministic forward models, where

latent variables z are sampled, and then affect further computations in the

forward model. As a motivational example, consider a stochastic differen-

tial equation solved with an Euler-Maruyama scheme, that is, an iterative
update

(C2)

X1 =X, + f(X,, 0, Odt + g(X,, 0, )z, Vdt, (C3)

where f is now a deterministic function dependent on the state X; and param-
eters 6 and ¢, g is a deterministic function, and z, ~ N0, I) is random noise.
Suppose the outcome from this model is the state at the end of the simulation,
X = Xr. In order to compute the likelihood of this model, we need to integrate
over all the noise samples z = [zy, ..., z7_1],

p(X|0) = /p(X,z\G)dz.

In general, approximating this integral is significantly more expensive than gen-
erating a sample from p(X|0) by simulating, and so we call this likelihood
intractable

For our forward model, the intractability of the likelihood follows from
the fact that we select the closest layer to the IRH after sampling the noise.
Therefore, the noise model cannot be efficiently calculated as in Eqn (C2). Note
that, even in the case of tractable likelihood functions, it might be beneficial to
use ‘likelihood-free’ inference methods, for example in the case that the forward
model is computationally expensive to compute.

(CH

C.2. Normalizing flows

While NPE can be performed with any valid parameterization of the variational
distribution g4(6]X), in this work, we make the common choice to use a nor-
malizing flow model. In the following, we adapt the notation of Papamakarios
and others (2019a).
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Inputs: (Noiseless) simulated layer elevations el(k> (x) for I =1,.
grid x, IRH interpolated on the same simulation grid, e, (x)

WLok=1..

, Kca1 and simulation

Outputs: Mean and standard deviation ug,, 0, defining noise model

for k — 1 to K.y do
[* « argmin ||el(k)(x) —en(x)|};
l
él(,],f (x) < egk) (x) — lowpass_ filter(el(,’:) (%)) ;
én(x) «— en((x) — Llowpass_filter(e,,(x)) ;

(k),...,ﬁ,(l «— log(~y (k)) ...,log(’y,(Lk))
for n <« 1 to N do
1ig, — cal :
ﬁwm 12,;&( D s,

return g, ,08,, ..., 43y, 08y

# best fitting layer to IRH

# detrend best layer
# detrend IRH

7£k)7 ,%(Lk) «— PSD <[em(x) —én(x)] — [ )(x) —él(,]f( )D ; # power spectral demnsity of difference

# empirical mean of coefficients

# empirical standard deviation of coefficients

The goal of normalizing flows is to learn a map from a distribution u ~
pu(u) to a distribution of the same dimensionality x ~ p,(x). Here, p,(x) is the
target distribution, and p,(u) is a simple distribution that can easily be evalu-
ated and sampled from (e.g. a multivariate Gaussian). If we can express x as a
differentiable, invertible transformation of u, i.e. x = T(u), then we can also
evaluate the probability

Pa(x) = pu(u)|det/p ()|,

where u = T~!(x) and Jy is the Jacobian matrix of the transformation 7.

Normalizing flows are then defined by a sequence of transformations
Ty, ..., Tx which transform zy, = uto zg = Tg o - o Ty(u) = x. Each of
the transformations is learnable. The composition of differentiable, invertible
transformations is also invertible and differentiable, with the determinant of
the Jacobian satisfying

det]Tonl(u) = det]Tz(Tl(u)) . det]Tl(u).

(C5)

(Ce)

One common way to parameterize the individual transformations T; is
through coupling transforms, where the input z is split into two parts, z =
[21.4> Zd41:p), where D is the dimensionality of z € RP. The first part,
21,4, remains unchanged. The second part is transformed elementwise, z; =
7(z;; h;), where T is some monotonic function of z; conditioned on h; =
F(zy.4), for some learnable function F of the first d components of z. The vector
is permuted between each layer, so that not the same components are mapped
through the identity with each transformation. An advantage of this parameter-
ization is that the Jacobian matrix can be calculated as the product of its diagonal
components, making the evaluation of the log-probabilities significantly faster.
In this work, we use neural spline flows (NSFs, Durkan and others 2019). In
NSFs, T are monotonic spline functions, which are analytically invertible, yet
highly flexible.

C.3. Connection between NPE loss and Kullback-Leibler
divergence

We note that the expected forward KL divergence between the true posterior
p(0]X) and the variational distribution g4(6|X) can be decomposed as

p(0%)
Ly Dia (O O] = By [or 2]
—Epx)p(e1x) [10g 94 (01X)] + Eyx)p(apx) [log p(01X)],

where the first term on the right hand side is the negative of the loss in Eqn
(8), and the second term is independent of the variational parameters ¢ and
is thus a constant with respect to the variational parameters ¢ which we opti-
mize. Therefore, minimizing the NPE loss (Eqn (8)) is equivalent to minimizing
the expected forward KL divergence between the variational and true posterior
distributions.
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C.4. Neural Likelihood Estimation

In our work, we use NPE to directly approximate the posterior distribu-
tion. However, other variants of SBI exist. In particular, a prominent method
of SBI is NLE (Wood, 2010; Papamakarios and others, 2019b). In NLE,
the goal is to approximate the likelihood function p(X|6) from a dataset
of simulations {6, X;}X . This likelihood can then be used to perform
Bayesian inference using the existing set of Bayesian inference methods, such as
Markov chain Monte Carlo (MCMC), or variational inference (Blei and others,
2017).

Similarly to NPE, we define a variational distribution (e.g. a normaliz-
ing flow), g4(X|6), which can be trained by minimizing the negative log-
probabilities of the model outcomes X given model parameters 0

L(h) = Egpp(9) Xpp(xion) [~ 108 G (Xk|0k)]- (C8)

Notice that the conditioning of 6y, X} is reversed relative to Eqn (8).

The likelihood model learned in NLE can also be thought of as an emulator
of the forward model, as it allows us to draw samples X ~ p(X|6). This makes
NLE methods advantageous also for problems where the likelihood is tractable,
as the learned emulators can typically be evaluated faster than the original for-
ward model. Related ideas have been explored for glaciological problems. For
example, Tarasov and others (2012) use Bayesian neural networks as a surro-
gate model for particular parameter-output pairs in a glacial systems model,
which they then use to perform inference with MCMC. Similarly, Brinkerhoff
and others (2021) use a deterministic residual neural network as a surrogate
model to predict a low-dimensional representation of outcomes from a sub-
glacial hydrology model. They then derive an approximation of the uncertainty
in this model to arrive at a nondeterministic likelihood which can then be used
for inference.

Appendix D. Further implementation details

For completeness, we give the values of the important hyperparameters
involved in the workflow. We provide the details of the spatial and temporal
resolutions of our various simulations, along with the regularization strengths
of the smoothing of the EIS data (Tables D1, D2 and D3).

During inference, we applied NPE as implemented in the sbi package
(Tejero-Cantero and others, 2020) to obtain the results for both the synthetic
(Section 3) and Ekstrom (Section 4) ice shelves. We used the NSF (Durkan
and others, 2019) as implemented in Lueckmann and others (2021), and with
the same architecture of five flow transformations, two residual blocks of 50
hidden units each, ReLU nonlinearity and 10 bins. We also embedded the
500-dimensional observation of layer elevations to a 50-dimensional summary
statistic used as the condition for the NSE. The embedding network consisted
of two convolutional layers with kernel size 5, each followed by ReLU activa-
tions and max pooling with kernel size 2. The number of output channels for
the two convolutional layers were 6 and 12, respectively. The output channels
of the second convolutional layer were then concatenated and fed through two
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Table D1. Hyperparameters for synthetic ice shelf spin-up modeling

Parameter Value

(310m, 250 m)

1000 years

1.0years

Dirichlet inflow and side boundaries

Mesh resolution (x, y)
Spin-up duration
Spin-up time step
Boundary conditions

Table D2. Hyperparameters for the preprocessing of the data for Ekstrom Ice
Shelf

Parameter Value
Mesh resolution 300 m
Thickness smoothness reg. penalty 1000
Log fluidity reg. penalty 1000

Boundary conditions Dirichlet inflow and side boundaries

Table D3. Layer tracer forward model simulation configuration

Parameter Value
Simulation time 1000 years
Time step 0.5years

fully connected linear layers, each followed by ReLU activations. The number
of hidden units was set to 50. Training was done as in Lueckmann and others
(2021), with the exception that the batch size was set to 1000 (default is 50). For
each NPE run, we train five networks initialized with different random seeds
and report in our results the run with the best validation loss.

Following the work of Lueckmann and others (2021), we split the simulation
dataset into training and validation datasets with a 90-10 split. We optimize the
loss in Eqn (8) using an Adam Optimizer (Kingma and Ba, 2015) with a batch
size of 50, a learning rate of 0.0005, with the maximum gradient norm clipped
to 5.0. For each training epoch, we calculate the validation loss on the entire
validation dataset. If the validation loss has not surpassed its best value for 20
training epochs, we assume convergence and stop training.

Appendix E. Computational costs

We provide a breakdown of the approximate computational costs of the dif-
ferent stages in our workflow for both synthetic and Ekstrom Ice Shelves in
Tables E1 and E2, respectively. These are dependent the hardware used and vary
stochastically as a result of random number generators. This section is intended
to provide intuition into the relative scales of the different stages of the workflow,
rather than exact measurements. We had access to 16-core Intel Xeon Gold 2.9
GHz CPU nodes and Nvidia RTX 2080ti GPU nodes. While the large number
evaluations of the forward layer tracing model were by far the most computa-
tionally intensive section of the workflow in both cases, these simulations were
trivially performed in parallel across CPU cores, thus reducing the wall-clock
time of the workflow.

This analysis highlights the advantages of our amortized approached to
inference. For EIS, the total computational time of the noiseless simulations
accounted for ~ 99.8% of the total computational time of the workflow. The
simulations need not be repeated when we infer from other IRHs, greatly ben-
efiting the computational efficiency of inference as the number of IRHs in
the dataset increases. This advantage is slightly reduced when considering the
parallelization we have used (Table E2), as the training of the probability density

Table E1. Synthetic ice shelf approximate computational cost breakdown.
Some tasks are embarrassingly parallelizable—parallel resources and times are
shown in square brackets. All times reported in minutes

Task Node [parallel] Time [parallel]
Spin-up of ice shelf CPU 120

1000 calibration simulations CPU [100 cores] 1000 [10]

189 000 noiseless simulations CPU [100 cores] 2 % 10° [2000]
Noise and layer selection CPU [100 cores] 400 [20]
Training NPE for 1 IRH GPU 30

Note: Only the last two tasks need to be repeated for each IRH measurement.
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Table E2. Ekstrom Ice Shelf approximate computational cost breakdown.
Some tasks are embarrassingly parallelizable—parallel resources and times are
shown in square brackets. All times reported in minutes

Task Node [parallel] Time [parallel]
Generating mesh CPU <1

Data preprocessing CPU 10

1000 calibration simulations CPU [100 cores] 1000 [10]

189 000 noiseless simulations CPU [100 cores] 2 x 10° [2000]
Noise and layer selection CPU [100 cores] 400 [20]

Training NPE for 1 IRH GPU 30

Note: Only the last two tasks need to be repeated for each IRH measurement.

estimator is not easily parallelizable across GPU nodes. Accounting for this still
results in ~ 97.6% of the computational cost being amortized.

Appendix F. Additional results

We show the posterior and posterior predictive distributions when inferring
from isochronal layer 3 in the synthetic ice shelf dataset, of age 150 years
(Fig. F1). This isochronal layer has average depth of 120 m, comparable to the
deepest IRH in the Ekstrom dataset. While the uncertainty is much higher
than for the shallow layer, the posterior over the surface accumulation still
shows a higher mean than the prior in the downstream section of the ice shelf.
Additionally, the posterior predictive reconstructs the ground truth isochronal
layer better than the prior predictive. The mean RMSE of the posterior predic-
tive layers relative to the ground truth is 13.6 m, compared to 19.8 m for the
prior. Therefore, we are still able to reconstruct additional information about
the mass balance parameters, even from much deeper layers.

We also explore the dependence of the inferred posterior over surface accu-
mulation rate on the depth of the layer used for inference in the synthetic case
(Fig. F2), similar to the analysis done in Section 5.2 for EIS. For the synthetic ice
shelf, the surface accumulation and basal melt rates were held constant for the
entire simulation time, and hence the increased uncertainty with depth seen in
Fig. F2 highlights that information about the mass balance parameters is grad-
ually lost with time as a result of the action of the simulator. Indeed, for the
deepest ground truth isochronal layer of average depth 183 m, the posterior
distribution is almost identical to the prior distribution.

Finally, we report the RMSE in the predicted isochronal layer elevations,
relative to the true IRH (for EIS) or the ground truth isochronal layer (for the
synthetic ice shelf). This is done across simulations from 1000 simulations for
each of the prior and posterior distributions, for each IRH. The RMSE is con-
sistently lower for the posterior predictive distribution for all depths, for both
the synthetic ice shelf (Table F1) and EIS (Table F2).

Appendix G. Kottas traverse data

Here we describe the mapping of the surface accumulation measurements on
Kottas traverse to the flow line transect. For each measurement year, and each
location %; on the Kottas traverse, we find the nearest point x; on the flow line
transect. We assume the accumulation rate at this point to be normally dis-

tributed, with mean 4; (the Kottas traverse measurement at X;), and variance
0'2\ % — x| \%/lé. We set the length scale [, = 2.5km and the accumulation
rate variance 02 = 0.25> m?* m 2. These values are chosen in accordance to the
definition of the surface accumulation rate prior distribution (Section 2.2.3).

The yearly variations of the estimated surface accumulation as measured
using the stake line along the Kottas traverse (Fig. G1) reasonably agree with
the posterior inferred using IRH 2. These show that there is a high year-to-
year variability in the surface accumulation (Mengert 2018, Fig. 13) even in
this steady-state region in East Antarctica. However, the mean of these yearly
measurements matches the inferred posterior mean closely.

Appendix H. Synthetic results with miscalibrated prior

An additional outcome of our approach is the estimation of the age of isochronal
layers. However, the validity of this estimate depends on the prior distribution
containing the true mass-balance parameters. When the true mass-balance
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Figure F1. Prior and posterior (predictive) for the synthetic dataset. (a and c) Prior and posterior over surface accumulation and basal melt rates respectively for layer 3 of
the synthetic ice shelf, of age 150 years. Solid line is the distribution mean, the shaded region represents the 5th and 95th percentiles. The ground truth (GT) parameters used
to generate the reference isochronoal layer are also shown. (b) Cross section of the ice shelf. Prior and posterior predictive distributions for the layer closest matching the
ground truth isochronal layer. The vertical dashed line represents the LMI boundary for this isochronal layer. The posterior predictive reconstructs the observed layer with
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higher accuracy and lower uncertainty. The posterior predictive distribution of the age of the isochronal layer is 224733 years.
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Figure F2. Synthetic shelf: dependence of posterior surface accumulation rate on depth of layer used for inference.

parameters have low probability under the prior distribution, the resulting
estimate for the age of the isochronal layer can be wrong. We test this on the syn-
thetic ice shelf by choosing a ground truth surface accumulation a,;; that has
low probability under the prior distribution. We calculate the isochronal layer
of age 100 years under this ground truth and obtain the posterior distribution
as before, using the same set of simulations as in the main text. The posterior
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does not capture that the mean surface accumulation rate should be higher than
what is defined in the prior (Fig. Hla). However, this is not a failure of the infer-
ence method, as we can see that the posterior predictive still reconstructs the
ground truth isochronal layer at higher fidelity than the prior (Fig. H1b). The
predicted age of the isochronal layer 1647 }5" years, which greatly overestimates
the true age of 100 years.
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Table F1. Synthetic ice shelf—prior and posterior predictive distribution root-mean-square error (RMSE) relative to ground truth IRH, estimated from 1000 samples.
The mean and standard deviations (SDs) in the RMSE are reported. All values are in meters

Prior Posterior
IRH number RMSE mean RMSE SD RMSE mean RMSE SD
1 115 3.9 3.9 0.5
2 16.0 7.6 7.3 1.2
3 19.8 8.4 13.6 35
4 22.1 79 19.8 6.8

Table F2. Ekstrom Ice Shelf—prior and posterior predictive distribution root-mean-square error (RMSE) relative to ground truth IRH, estimated from 1000 samples.
The mean and standard deviations (SDs) in the RMSE are reported. All values are in meters

Prior Posterior
IRH number RMSE mean RMSE SD RMSE mean RMSE SD
1 6.8 2.1 3.0 0.9
2 11.8 3.4 4.6 1.3
3 17.0 6.6 6.8 1.4
4 16.4 7.6 10.0 2.1
2.0
1
1
1
1.5 1 H
p— 1
T !
E 107 i | o
5 X kit |
T 0.5 - \
>
E 1
=3 V)]
8 0.0 H
© 1
8 |
g -0.5 A :
2 E —— Kottas Mean
=1.0 1 ! Kottas Yearly Data
i —— Posterior
-1.5 4
) T T T 1 T T
0 20 40 60 80 100 120

Distance from GL [km]

Figure G1. Yearly variations of the Kottas surface accumulation stakes measurement dataset. Years shown are 1995-2005 and 2017-19. These are compared with the posterior
distribution inferred using IRH 1 of the Ekstrom IRH dataset.
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Figure H1. Prior and posterior (predictive) for the synthetic ice shelf with the low-probability ground truth. (a and c) Prior and posterior over surface accumulation and basal
melt rates respectively for an isochronal layer of age 100years. Solid line is the distribution mean, the shaded region represents the 5th and 95th percentiles. The ground
truth (GT) parameters used to generate the reference isochronal layer are also shown. (b) Cross section of the ice shelf. Prior and posterior predictive distributions for the
layer closest matching the ground truth isochronal layer. The vertical dashed line represents the LMI boundary for this isochronal layer. The posterior predictive reconstructs

the observed layer with higher accuracy and lower uncertainty. The posterior predictive distribution of the age of the isochronal layer is 164" years.

Appendix I. Radar data

100 1

Elevation [m.a.s.l.]

Distance from GL [km]

Figure I11. Radargram along transect. Zoom in on section of vertical cross-section view of the radar transect (Figure 5c). Color gradient indicates radargram data from radar
survey of transect. The four labeled IRHs picked from this radargram are labeled in order of depth.
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Abstract

Simulation-based inference (SBI) is an established approach for performing
Bayesian inference on scientific simulators. SBI so far works best on low-
dimensional parametric models. However, it is difficult to infer function-valued
parameters, which frequently occur in disciplines that model spatiotemporal pro-
cesses such as the climate and earth sciences. Here, we introduce an approach for
efficient posterior estimation, using a Fourier Neural Operator (FNO) architecture
with a flow matching objective. We show that our approach, FNOPE, can perform
inference of function-valued parameters at a fraction of the simulation budget
of state of the art methods. In addition, FNOPE supports posterior evaluation
at arbitrary discretizations of the domain, as well as simultaneous estimation of
vector-valued parameters. We demonstrate the effectiveness of our approach on
several benchmark tasks and a challenging spatial inference task from glaciology.
FNOPE extends the applicability of SBI methods to new scientific domains by
enabling the inference of function-valued parameters.

1 Introduction

Probabilistic inference of mechanistic parameters in numerical models is a ubiquitous task across
many scientific and engineering disciplines. Among methods for Bayesian inference, simulation-
based inference (SBI, [1-6]) has emerged as a powerful approach for performing inference without
requiring explicit formulation or evaluation of the likelihood. Instead, SBI only requires a simulator
model which can sample from the likelihood. By training a generative model on pairs of parameters
and simulation outputs, SBI can directly estimate probability distributions such as the posterior
distribution.

However, existing SBI methods are designed to infer a limited number of vector-valued parameters,
which strongly limits their use for inferring spatially and/or temporarily varying, function-valued
parameters. In these cases, parameters are commonly inferred on fixed discretizations of the domain.
Despite some recent advances leveraging generative models to infer higher-dimensional posterior

*{firstname.secondname}@uni-tuebingen.de
Code available at https://github.com/mackelab/fnope

39th Conference on Neural Information Processing Systems (NeurIPS 2025).
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Figure 1: Overview. FNOPE approximates the posterior over function-valued parameters of a
mechanistic model conditioned on function-valued observations. We use a FNO architecture with
a flow matching objective to efficiently represent the function-valued parameters, enabling us to
estimate extremely high dimensional posterior distributions at arbitrary discretizations of the domain.

distributions [7-11], the high-dimensional inference problems that arise from such approaches remain
a challenge.

Furthermore, current models need to be retrained for new discretizations of the parameters or the
observations. This is particularly challenging in fields like the geosciences, where observations cannot
always be made at the same locations. An alternative to using fixed discretizations is to represent
the functions using a fixed set of basis functions, where the inference problem becomes inferring the
basis function coefficients, as used, e.g., in [12]. However, these approaches require a good selection
of basis functions and suffer from a trade-off between choosing sufficiently expressive basis sets,
while maintaining a tractable number of parameters to infer.

To overcome these limitations, we require methods that are capable of modeling and inferring function-
valued data. Here, we propose to make use of the Fourier Neural Operator (FNO, [13]) architecture,
which operates on function-valued data, for performing SBI on function-valued parameters. Neural
operators [14—16] combine operations on global features of function-valued data with local (typically
pointwise) operations, thus capturing both global and local structures. In particular, FNOs use Fourier
features to model the global structure. For smoothly varying data, the spectral power is concentrated
in the lower frequency components of the spectral decomposition. This allows for a compact
representation of the global structure of the data, and hence for the inference of function-valued data
on high resolution discretizations.

We present FNOPE (Fig. 1), an inference method for function-valued parameters: It trains FNOs
for Posterior Estimation using a flow-matching objective [9, 17]. FNOPE is capable of solving
inference problems for spatially and temporally varying parameters, and can generalize to posterior
evaluations on non-uniform, previously unseen discretizations of the parameter and observation
domains. Furthermore, FNOPE can estimate additional, vector-valued parameters of the simulator.
We demonstrate these features on a collection of benchmark tasks, as well as a challenging real-world
task from glaciology. We compare the performance of FNOPE to SBI approaches that use fixed-
discretization or basis-function representation of the parameters, and show that FNOPE outperforms
these methods, especially for low simulation budgets. Thus, FNOPE enables efficient inference for
high dimensional inference problems that were previously challenging or even intractable.

2 Preliminaries

2.1 Simulation-based inference

SBI is designed to solve stochastic inverse problems: Given a simulator parametrized by ¢, a known
prior distribution p(f) and an observation z € R¥=, the goal is to infer the posterior p(f | z) for



(typically) vector-valued parameters § € R™¢. The simulator implicitly defines the model likelihood
p(z | 0) by allowing us to sample x ~ p(x | §). We can construct a training dataset by sampling
from the joint p(6)p(z | 6) to construct a dataset of simulations S = {(6;, z;)}X , for a number of
simulations K. Standard approaches in neural posterior estimation (NPE) approximate the posterior
q®(0 | =) with a normalizing flow, which is trained by minimizing the negative log-likelihood
—E(9,2)~s log q¢(9 | ) [1, 3]. In contrast to this, flow-matching posterior estimation (FMPE) [9]
learns a conditional velocity field vf . (0¢) to iteratively denoise samples from a base distribution

(typically a Gaussian distribution) to the posterior distribution p(# | x) . The velocity vﬁ ., 18 trained
via the flow matching objective

LempE = EtNM[o,l],(e,x)NS,thpt(zt\0)||Ut¢,x — ug (2 | 9)H2> (1)

where p;(z; | 6) are the sample-conditional flow paths for z;, and u.(z; | ) are the true velocity
fields. The sample-conditional paths are chosen so that p; and u, are analytically tractable.

2.2 Fourier Neural Operators

We use FNOs [13] to efficiently learn the posterior distribution of function-valued parameters. FNOs
are a class of neural operators using the Fourier basis as an intermediate representation of functional
data to learn mappings between function spaces. We assume to have a bounded domain D C R¢,
on which we define function spaces A(D;R%) and B(D;R%). The goal of neural operators is to
approximate some given operator G : A — B by a learnable operator G? : A — B. In practice, the
function-valued data is represented as discretizations of sample functions a; € A,b; € B on the
domain D. A single-layer FNO, G? : A — B, is defined by

b(z) = o(W?a(z) + (K%a)(z)) Vz € D, (2)
where Wy is a learnable linear operator, o is a (pointwise) non-linearity, and
(K%a)(x) = F~1(R?(Fa))(x)Vz € D.

Here, F and F ! refer to the Fourier and inverse Fourier transformation, and R? refers to some
operator acting on the Fourier modes of a. Typically, R? is a linear transformation, and therefore
corresponds to a convolution in real space with X?. But typically R? only acts on the lower Fourier
modes, discarding higher ones, and therefore gives rise to a compact representation of high-resolution
data. However, as Eq. 2 includes the linear operator W%a(z), FNOs are still able to capture local
structures.

3 Method

To extend the standard SBI setting to inferring function-valued parameters, we develop FNOPE by
extending FMPE with FNOs as backbone (Figs. 1,2). FNOPE takes the function-valued parameters 6
and observations x as input, and estimates the FMPE flow-field v? for function-valued parameters
using a combination of several FNO blocks.

We assume that  as well as x are evaluated on discretizations specified by positions [¢ and [*, which
means we choose it from some set of (I,1%) € Dy x D,. Here, the parameter positions (¥ are
independent of the observation positions [* and can additionally vary between samples 7. To adapt
the parameter prior to function-valued parameters, we define a prior draw as an evaluation of an
underlying measure 1 (e.g., a Gaussian Process) at specific locations [: 6 ~ p;e. The simulator then
returns observations x at locations [* following the likelihood p;= (z | #,1%). Many such simulations
create a dataset S = {(1¢,0;,1%,x;)}X, for a number of simulations K. The explicit usage of the
positions /% and [ allows for flexible conditioning of the posterior.

3.1 Function-valued FMPE objective

To learn the velocity field v?, we adapt the FMPE objective function [9] for the function-valued
setting. Given a discretized observation (,, %), and a desired parameter discretization 1?, we want
to sample 0 ~ po (0 | x,,1%). This is done by first sampling from a base distribution £&; ~ p;e (£) and



then learning the velocity field vﬁ (t, &, x0,12) for &. In the following, we omit the arguments of Uﬂ
for clarity. The learned velocity field allows us to iteratively denoise £; into a sample &, from the
target posterior distribution. Note that the noise distribution is discretized on the same positions [¢ as

the parameter §. Similarly to Eq. 1, the velocity field vﬁ, is optimized via the loss function
I (3)
Here, p, ;o (&; | 6;) describes a known noising process such that §; | 6 is (approximately) drawn from
the base distribution p;e (§). Furthermore, u;(&; | 6) is the true vector field of the path defined by
Peo (& | 0¢). We use the rectified flows formulation [18], such that u;(&; | 0;) = (§ — 0).

L£1= Eyih[0,11,09 0,15 )~ 5. ~myo (€010) |05 — ue(Ex | 6)

The noise distribution, & ~ ppe(€), is com-
monly defined to be independent Gaussian white
noise, & ~ N(0,I). Such distributions give
rise to samples with a uniform power spectrum
of £&. As FNOs typically operate on the lower  g\o piock
frequency modes of their inputs, independent
Gaussian white noise would not be a suitable
base distribution choice for our application. In-
stead, we sample noise from a Gaussian Pro-
cess & ~ GP(0,k(-,-)) [19, 20], where k(- -) is
the square exponential kernel with lengthscale
l. Using Bochner’s theorem (Appendix S3.1)
[21, 22], the spectral density of samples is

P(f) = (2%12)d9/2 exp (—27r2l2f2) ,

where dy is the domain dimension of 6 (and
therefore of £). We choose [ to be dependent
on the highest Fourier mode M used by the
FNO. This ensures that the majority of the
signal power in the noise samples £; is con-

~

frequency-limited

spectral decomposition

frequency-limited
spectral decomposition

transformation to

original domain

pointwise linear transformation

freq.-lim.
spec. decomp]—[ MLP

served by the FNO block. We use the heuristic
l= W, which in expectation assures that

> 99% of the spectral density of samples & is
in the lower M frequency modes (derivation in
Appendix S3.2). The covariance kernel k of the
Gaussian Process is scaled to have unit marginal
variance and defines the FMPE noise sampling

(v ]

Figure 2: FNOPE architecture. FNOPE is based
on several FNO blocks (gray): A FNO block re-
ceives the discretization-dependent spectral fea-
tures of the function-valued parameters and obser-
vations as an input and processes them in a linear
layer before transforming it back to the original do-

during training via

o (& 19) = N((1 - 1)0, £°k(1°,1%)).

main via the approximate inverse transformation.
A pointwise linear operation on the input is added,
along with embeddings of the flow time, point po-
sitions, and vector-valued parameters. We expand
this setup to several parallel channels and stack
layers. The vector-valued velocities are separately

3.2 Adapting to non-uniform,
unseen discretizations of the domain

To operate on non-uniform discretizations, we ~€stimated via a MLP.

adopt the work of Lingsch et al. [23] and use a

FNO with a type II non-uniform fast Fourier transform (NUDFT, [24]). The NUDFT allows us to
approximate the first M spectral modes of data or parameters discretized on any /N points in the
domain. We additionally add the positions (¥ and [* to the input of the FNO blocks through multilayer
perceptrons (MLPs, omitted in Fig. 2 for clarity) [25, 26].

In addition to non-uniform discretizations, FNOPE is also able to deal with distinct data and pa-
rameter discretizations at training and evaluation time. If we can query the simulator for arbitrary
discretizations 1?1, we can generate the training data with mixed discretizations. However, this
is not the case for all simulators. To mitigate errors when evaluating the posterior at non-uniform
discretizations unseen during training, we perform data augmentation during training. First, we
independently mask parts of the parameters and observations by randomly removing entries of #; and
x; and the corresponding positions /¢ and [¥. Second, we add small, independent Gaussian noise to
the remaining positions (Appendix S3.3).



In addition to this flexible implementation, we provide and evaluate FNOPE (fix), a variant of
FNOPE which uses the fast Fourier transform (FFT) in the FNO blocks and can be used for applica-
tions which exclusively consider parameters and observations discretized on uniform grids. The FFT
computes spectral components in O (N log V) in the number of points in the discretization N, com-
pared to O(N - MP) for the NUDFT, where D is the domain dimension. Therefore, FNOPE scales
favorably with the parameter dimensionality /N (the number of points in the discretization), but
FNOPE (fix) scales favorably with the domain dimensionality D (details in Appendix S3.4).

3.3 Inferring additional parameters

As most real world simulators have additional vector-valued parameters 7, we extend the FNOPE ar-
chitecture to also infer their posterior distribution. Vector-valued parameters are drawn from a
known prior distribution p(n) and the model likelihood becomes p;= (z; | 0;, 12, n). The resulting
inference problem is to estimate the posterior distribution p;e (6,7 | x,, ). Hence, we now condition

the velocity field vﬁ, additionally on the vector-valued parameters 1 by embedding them into the
channel-dimension and subsequently adding them to the input of the FNO blocks (Fig. 2).

To estimate the velocity field of the vector-valued parameters v¢ (Fig. 2), we use a multilayer
perceptron (MLP) to process the spectral features of the output of the final FNO block together with

the vector-valued parameters and the spectral features of the observation. This approach results in a

network which targets the combined velocity v¢ = [vﬂ , v%’] The combined network can be trained

by an extension of the loss in Eq. 3,

where the noise p(z; | n) of the vector-valued parameters is given by a normal distribution
N (2 (1 —t)n, ¢21), and uy = [ug(& | 0),ui(2¢ | 1)]- The vector field u(2; | n) for the vector-
valued parameters is analogously defined as u:(z; | ) = (z; — n). In practice, we separately normal-

ize the loss for vl‘z; and vf]’ by the number of parameters (Appendix S3.5).

4 Experiments

We apply FNOPE to four simulators: a Gaussian linear toy example, the SIRD model from epi-
demiology, the Darcy flow inverse problem and a real world application from glaciology (details in
Appendix S5).

For the linear Gaussian simulator, we can analytically compute the posterior distribution, allowing us
to compare the estimated posterior distributions to this ground truth using the Sliced-Wasserstein
Distance (SWD) [27]. However, as is common in SBI applications, we do not have access to the
ground truth posterior for the other simulators. Instead, we use a combination of two metrics to
measure the quality of our posteriors: First, we report the predictive mean square error (Pred. MSE)
between ground truth observations and predictive simulations from posteriors conditioned on those
observations. We complement this metric with simulation-based calibration (SBC) [28] on the
posterior marginal distributions. We quantify posterior calibration using the Error of Diagonal (EoD),
measuring the average distance of the calibration curve of the estimated posterior from a perfectly
calibrated posterior. Good performance on both of these metrics is not a sufficient condition to
indicate a correctly estimated posterior, but healthy posteriors typically achieve good performance on
these metrics. All evaluation metrics are averaged over three runs and we report mean =+ standard
error. We provide more details on all evaluation metrics in Appendix S2. We provide an overview of
training and sampling times, as well as network sizes and computational resources used for all tasks,
in Appendix S1.

4.1 Baseline methods

We compare FNOPE to three baseline methods: NPE (with normalizing flows) [3] and FMPE [9] on
the coefficients of the spectral basis functions of the parameters (NPE/FMPE (spectral) respectively,
details in Appendix S4). We also compare to FMPE with a fixed parameter discretization (FMPE
(raw)).

For all baseline methods, we use the sbi toolbox [29]. For the SIRD simulator we compare to
Simformer [30], a transformer-based amortized inference approach that is also capable of flexible



discretization of function-valued parameters. The other baselines cannot be applied in their basic
version to this task because they do not support non-uniform discretizations of both parameters and
observations.

4.2 Linear Gaussian

We first show the ability of FNOPE to approximate the
true posterior of a linear Gaussian, as commonly done
in SBI benchmarks [31]. To illustrate FNOPE’s ability
to infer a large number of parameters, we increase the 1
dimensionality to 1000. We also replace the independent
Gaussian prior in this task with a Gaussian process to
model smoothly-varying function-valued parameters.

SWD

FNOPE clearly outperforms all benchmark methods on T T T T
this problem (Fig. 3). With a training dataset of 10? sim- 10> 10°  10* 10
ulations the SWD is close to zero for both FNOPE and # simulations
FNOPE (fix). In contrast, both NPE and FMPE based

on spectral features need as many as 10 simulations to ~ =#= FNOPE == NPE (spectral)
achieve similar performance. Furthermore, this exam-  ~® FNOPE(fix)  =@= FMPE (spectral)
ple shows that the data augmentation applied in training ~= FMPE (raw)
FNOPE, results in a small difference between FNOPE and Figure 3: Linear Gaussian simulator.
FNOPE (fix), which is an effect of the introduced posi- Sliced-Wasserstein distance (SWD) to
tional noise. FNOPE learns a posterior under a slightly ~ground truth posterior.

broader likelihood than what is defined by the model and

for very constrained posteriors the posterior quality is slightly poorer. However, we will see that for
more challenging tasks, this is an acceptable trade off, as we gain flexibility on evaluation points.

We perform ablation experiments (Appendix S7.1), and observe that the performance of FNOPE is
dependent on using sufficiently many Fourier modes in the FNO blocks (Fig. S1a,b). However, other
hyperparameters show less influence on the performance (Fig. S1c-e).

4.3 SIRD: Inference on unseen, non-uniform discretizations

Next, we consider the Susceptible-Infected-Recovered-Deceased (SIRD) model [32] to demonstrate
the ability of FNOPE to solve inference problems on non-uniform discretizations of the parameters
and observations that were not seen in the training data. In addition, we also show its ability to
simultaneously infer vector-valued parameters. The model has three parameters: recovery rate, death
rate, and contact rate [33, 34]. We use the same setup as in Gloeckler et al. [30], where we assume
that the contact rate varies over time, but recovery and death rates are constant in time. We sample
training simulations on a dense uniform grid for both parameters and observations. For evaluation we
sample 100 observations, each discretized on a different set of 40 randomly sampled time points in
[0, 50], using contact rates defined on a distinct set of 40 randomly sampled times.

FNOPE, as well as Simformer, can reliably infer the posterior distribution (Fig. 4a) and the observa-
tions lie close to the mean of the posterior predictive (Fig. 4b). Both methods are comparable in terms
of MSE of posterior predictive samples to the observations, as well as producing well-calibrated pos-
teriors (Fig. 4c). When we use only 20 timepoints to condition on, the performance of FNOPE slightly
decreases (Fig. S2). This highlights the necessity of the FNO block to have enough observation
points to perform a reliable (approx.) Fourier transformation. We also observe that FNOPE performs
robustly across the base distribution lengthscale (Fig. S3). This experiment shows that FNOPE is on
par with the state of the art on this low dimensional problem: It successfully infers function-valued
parameters together with vector-valued parameters and can be conditioned on arbitrary discretizations
of the observations. However, FNOPE can also be applied to very high dimensional problems, as
shown in the following experiment.

4.4 Darcy flow: Scalable inference in high dimensions

The Darcy flow is defined by a second order elliptic PDE and has been used to model many processes
including the deformation of linearly elastic materials, or the electric potential in conductive materials.
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In the geosciences, the Darcy equation is used to describe the distribution of groundwater as a function
of the spatially variable hydraulic permeability, which can be inferred from point observations in
wells [35]. The Darcy flow is a common benchmark model for FNO applications, especially in the
context of training PDE emulator models [13, 36, 37].

We consider the steady-state of the two dimensional Darcy flow equation on a unit square:
=V (a(z)Vu(z)) =1 x € (0,1)*
u(z) =0 z € 0(0,1)%

where a(x) > 0 is the permeability we want to infer and u(x) is the hydraulic potential. We adapt
the implementation from [38], which provides a GPU-optimized solver. We use a log-normal prior
distribution for the permeability, similar to Lim et al. [37]: b = log(a) ~ N (0, (—A+71)~2), where
A is the Laplacian operator and 7 = 9. We sample the prior on a 129 x 129 grid which results in
~ 16k parameters. For FNOPE, we use the first 32 Fourier modes in both spatial dimensions and for
spectral NPE/FMPE we used the first 16 modes, resulting in 2 - 162 = 512 parameter dimensions.
For all methods, we infer the log-permeability and evaluate in the original space (as in [37]).

Samples from the posterior inferred with FNOPE closely resemble the ground truth (Fig. 5a and
Fig. S6). Both FNOPE and FNOPE (fix) correctly capture the fine-structure of the posterior samples
and reproduce parameters at much higher fidelity than all baseline methods. While the spectral
methods learn oversmoothed posteriors that do not capture local structures, the posterior samples
from FMPE (raw) are much noisier and only capture the rough global structure. The posterior
means show a similar trend (Fig. S7), and the standard deviations of the baseline methods are higher
compared to FNOPE (Fig. S8).

The MSEs between posterior predictive samples and ground truth observations of FNOPE and
FNOPE (fix) are consistently better compared to the spectral baseline methods, especially at lower
simulation budgets, and are in the same range as FMPE (raw) (Fig. 5b). While all methods are
reasonably well-calibrated (Fig. 5c), the visual appearance is vastly different. We additionally
measure the posterior quality in terms of posterior log-probability (normalized by the number of
pixels) of the associated ground truth parameter # [31]. FNOPE has a much higher log probability
(Fig. 5d) compared to FMPE (raw). FNOPE (fix) also achieves strong performance for a sufficient
number of simulations. As the spectral methods do not model the parameters directly, we cannot
calculate the log-probabilities they assign to the ground truth parameters. Overall, FNOPE is the only
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Figure 5: Darcy flow. (a) Ground truth parameter and posterior samples for a simulation budget of
10* training samples (more posterior samples in Fig. S6). (b) MSE of posterior predictives to the
ground truth observation (FNOPE, FNOPE (fix) and FMPE (raw) visually overlap). (¢) Simulation-
based calibration Error of Diagonal (EoD) for 50 dimensions. (d) Posterior log-probability of ground
truth samples normalized by the number of dimensions (higher is better).

method that consistently performs well on all presented metrics. In additional ablation experiments
(Fig. S4), we show that FNOPE attains strong performance across different hyperparameter choices,
and that our lengthscale heuristic (Sec. 3.1) is an appropriate choice for this task.

4.5 Mass balance rates of Antarctic ice shelves: Real world application

Finally, we turn to a real-world task from glaciology: Inference of snow accumulation and basal
melt rates of Antarctic ice shelves from radar internal reflection horizons (IRHs) [39—41]. Snow
continuously accumulates on top of the ice shelf. Over time, it is transported to larger depths where
the former surfaces are further deformed by ice flow and form internal layers of constant age, which
are measured by radar (Fig. 6a,b). The inference of accumulation and melt rates is a challenging
SBI task, where the model is misspecified, as it cannot accout for all real-world effects. We use an
isochronal advection scheme forward model as described in [39]. In this work, the authors consider
simulations on a grid of 500 points along a one-dimensional spatial domain and directly infer 50
parameters on a fixed downsampling of this domain using NPE. We refer to this approach as NPE
(raw) and compare it to FNOPE and the baseline methods.

First, we evaluate all methods on a test set of simulations (Fig. 6¢). As with the previous tasks, the
performance of FNOPE at 10° simulations is comparable to the performance of the other methods at
10° simulations in terms of predictive MSE, and is only marginally worse at 10? simulations. All
methods show a reasonable calibration in terms of SBC EoD at all simulation budgets (Fig. 6d).
We then test the performance of all methods on real data (as in [39]). Posterior predictive samples
from FNOPE match the observation very well (Fig.6b), and while FNOPE still performs better at
low simulation budgets than the other methods, the relative improvement compared to the baselines
is smaller than the one observed on synthetic data (Fig. 6e). We note that this modeling problem
was explicitly set up by Moss et al. [39] so that NPE (raw) can infer the posterior using a feasible
number of simulations. FNOPE achieves the same performance with two orders of magnitude fewer
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Figure 6: Mass balance rates of ice shelves. (a) Measurement transect of the radar data in Ekstrom
Ice Shelf, Antarctica (adapted from [39], published under Creative Commons CC BY license). (b)
Posterior predictive results obtained with FNOPE (trained on 10° simulations), compared to radar-
based observation on one layer in the ice shelf. (c¢)-(e) Performance measures on test simulations and
the real observation, where NPE (raw) refers to the method used in [39].

simulations. Additionally, FNOPE is able to infer the full parameter dimensionality (500) instead of
downsampling to 50 dimensions (Fig. S5).

5 Discussion

We present FNOPE, a simulation-based inference method using Fourier Neural Operators to efficiently
infer function-valued parameters. On a variety of task, we showed that FNOPE can infer posteriors for
function-valued data at very small simulation budgets compared to baseline methods, especially for
high-dimensional problems. In addition, by building upon existing work for FNOs on non-uniform
discretizations of the domain, FNOPE can generate samples from posteriors and observations defined
on any discretizations of the domain, even if these discretizations were never seen during training.

Related work Scaling SBI methods to high-dimensional parameter spaces has been the focus of
many works which make use of state of the art generative modeling techniques such as generative
adversarial networks [7], diffusion models [8, 10, 11] and flow matching [9]. In particular, recent
works [30, 42] use a transformer architecture to tokenize function-valued parameters, allowing for
complete flexibility in estimating conditional distributions. However, as these methods explicitly
model each point for discretized function-valued parameters, they are limited in terms of scalability.
Our FNO-based approach allows us to compactly represent the parameters, significantly lowering
the computational costs as the number of parameters grows. Finally, for applications where only the
one-dimensional marginal distributions of the Bayesian posterior are needed, it is possible to scale
SBI methods to higher dimensions, as the correlation between the parameters does not need to be
captured [43]. However, in most scientific applications the correlation structure is an essential object
of interest and marginal distributions are only of limited use.

Estimating function-valued parameters using FNOs [44—46] and other neural operators [47—49] has
been explored in previous work. A majority of these approaches consider deterministic inversion, or
estimating a single value for the parameters as opposed to targeting the Bayesian posterior. While



probabilistic generative models such as invertible Fourier Neural Operators (iFNOs, Long et al. [50])
estimate a conditional distribution, they do not explicitly target the Bayesian posterior. We compare
the performance of iFNO on the Darcy task, and while it has comparable performance in terms of
predictive MSE, the uncertainty estimates are not well-calibrated and the conditional distribution
collapses to a tiny parameter region (Appendix S8).

The closest neighbours to our work are Lingsch et al. [51], who use a FNO architecture with an
FMPE objective to learn vector-valued parameters and, additionally, learn an emulator producing
function-valued observations. The crucial difference to our approach is that their simulators are
deterministic and the inferred parameters are not function-valued. Recently, Lim et al. [37] developed
an approach for score-based modeling in function spaces using FNOs. This enables high-dimensional
posterior inference, but their approach is limited to uniform grids and does not allow for flexible
conditioning.

Another related approach is diffusion posterior sampling [52-54], which seeks to learn a high-
dimensional prior distribution from samples using score-based models. The learned priors can then
be used to generate samples from the posterior using analytically tractable model likelihoods [55, 56].
Other works extended such approaches for intractable likelihoods [57, 58]. Similarly to diffusion
posterior sampling, we only require prior samples. However, instead of learning the prior distribution,
we learn the posterior distribution directly.

Limitations The FNO-backbone used by FNOPE inherently makes assumptions about the structure
of the parameters. These assumptions enable computationally efficient inference, but result in
some limitations. First, the FNO assumes limited high-frequency information in the parameter and
observation domains. Therefore, they are ill-suited to infer parameters with high power in higher
frequencies—for example, parameters with discontinuities. This could potentially be addressed by
neural operators using other transforms, such as wavelet transforms [59]. Furthermore, to (accurately)
compute the FFT or NUDFT of the observations, we require sufficiently many points in their
discretization. Therefore, unlike other flexible methods [30, 42], our approach cannot perform
inference using extremely sparse observations. Still, the SIRD experiment shows that even for
20 points we get reasonable estimations (Fig. S2). Finally, the computational complexity of our
approaches still scales exponentially with the domain dimension, which could be challenging in
high-dimensional domains.

Conclusion We presented FNOPE, a simulation-based inference approach for inferring function-
valued data. FNOPE can be applied to non-uniform, unseen discretizations of the domain, can scale
to large parameter dimensions, and can be trained using comparatively small simulations budgets. As
we show in various experiments, FNOPE can therefore tackle spatiotemporal inference problems that
were previously challenging or even intractable for simulation-based inference.
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Supplementary Material

S1 Software and Computational Resources

For all baseline SBI methods, we use the sbi toolbox [29], for the Simformer baseline we use the
publicly available code from Gloeckler et al. [30] . We use an optimized solver to solve the Darcy
Flow PDE [38].

We use various compute resources for the different experiments. For each experiment, we run the
training and evaluation for each method, for each simulation budget, and for each of the three random
seeds separately. The summary of network sizes and compute times for all tasks are provided in
Tab. S1,S2,S3.

For the Linear Gaussian and SIRD experiments, we perform our experiments on Nvidia RTX 2080ti
GPU nodes. Both simulators have negligible wall-clock costs on these GPU nodes. The Darcy
flow experiment required GPUs with higher VRAM to accommodate the large (= 16k dimensional)
parameters and observations. We performed these experiments on Nvidia A100 GPUs. For the
Antarctic Ice experiment, we perform training and evaluation on CPU, namely Intel Xeon Gold 16
cores, 2.9GHz. We perform this experiment on CPU as the main computation cost is in running the
simulations for the predictive MSE check, and the implementation of the model is not accelerated by
use of GPUs. The simulation costs are described in Moss et al. [39].

Table S1: Network sizes and training times for Gaussian Linear (GL) and Darcy Flow (Darcy)
tasks. We report the mean over 3 runs with a training budget of 10k simulations. Baselines estimating
the "raw" (untransformed) parameters are denoted (R) and those estimating Fourier coefficients are
denoted (S). Linear Gaussian task was run on a 2080ti GPU, Darcy flow on an A100 GPU.

Task Metric FNOPE FNOPE (fix) NPE(S) FMPE (S) FMPE (R)
GL # params. 110K 109K 567K 86.3K 299K
GL train (Tot.) [m] 3.12 1.98 6.77 2.46 5.14
GL train (/epoch) [s] 0.99 0.87 2.17 0.24 0.31
GL sample (/sample) [ms] 2.16 1.06 0.05 0.24 0.20
Darcy # params. 11.6M 11.6M 3.54M 898K 9.18M
Darcy train (Tot.) [m] 72.2 41.8 20.5 10.9 12.2
Darcy train (/epoch) [s] 20.3 26.2 2.82 0.66 0.73
Darcy sample (/sample) [ms] 280 35.2 0.21 1.95 2.70

Table S2: Network sizes and training times for SIRD. We report the mean over 3 runs with a
training budget of 10k simulations. Both methods were trained and evaluated on a 2080ti GPU.

Task  Metric FNOPE Simformer
SIRD  # params. 117K 286K
SIRD train (Tot.) [m] 6.95 47.17
SIRD train (/epoch) [s] 1.19 943
SIRD  sample (/sample) [ms] 0.22 0.22

Table S3: Network sizes and training times for Antarctic Ice (Ice) task. We report the mean over
3 runs with a training budget of 10k simulations. Baselines estimating the "raw" (untransformed)
parameters are denoted (R) and those estimating Fourier coefficients are denoted (S). All methods
were trained and evaluated on CPU.

Task  Metric FNOPE NPE (S) FMPE (S) NPE(R) FMPE (R)
Ice # params. 25.3K 236K 92.3K 361K 96.2K
Ice train (Tot.) [m] 474 19.7 31.6 6.80 33.5
Ice train (/epoch) [s] 9.82 4.21 1.92 5.64 2.02
Ice sample (/sample) [ms] 22.8 1.50 16.6 1.53 23.9
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S2 Evaluation details

We here describe more details about our evaluation procedures. We evaluate on a heldout test

set {(67, 1 5amgs s, lf)}j‘“‘l, where Jiey is the number of test simulations. Given an approximate

posterior dlstrlbutlon qle (9 n | x,1%) and a test observation (7,1 ), we draw Ko posterior samples

(OrjsMiej) ~ qlg (0,m | 2¢,17). In the case where no vector-valued parameters 7 are present, they can
be omitted. Similarly, for methods which do not explicitly use the positions (%, I” (e.g. FNOPE (fix)),
the positions can be omitted, as we do not apply these methods to tasks where we consider arbitrary
discretizations.

We report the average and standard error over all Ji. test simulations.

S2.1 Sliced Wasserstein Distance

Following Bonneel et al. [27], we define the (empirical) sliced Wasserstein(-2) distance (SWD)
between N samples from two probability distributions p and q as

1/2
SWD(pa Q) = EUNU(SD*I) ( Z ||$(k) y(k)|2> ) “4)

where xp, ~ p(z),yr ~ q(y) are samples from the two distributions, u are uniformly randomly

sampled vectors on the unit sphere SP-1 and am(f) , y&k) are the 1-dimensional i-th order statistics of

the projections u " xy,u 'y, respectively. We calculate the SWD with 50 random projections u and
K = 1000 posterior samples.

S2.2 Simulation-based Calibration Error of Diagonal

Simulation-based calibration (SBC) [28] is a standard measure of the calibration of approximate
posterior distributions (in terms of over- or underconfidence). We obtain ranks r;; for each sample
(0;’, J) in the test set using SBC with the 1-dimensional marginal distributions used as the reducing
functions. That is, for each of the dimensions ¢ of 6, the rank 7;; is an integer in (1, K| post T 1). This
results in J. ranks. The cumulative distribution function of ranks is therefore

CDF,( Z]I 7ij/ Kpost < @]

test

The SBC Error of Diagonal (SBC EoD) is then the mean absolute distance between this cumulative
distribution and the cumulative distribution function of a uniform distribution,

SBC EoD (@ / |CDF; () — a|da.

In contrast to the SBC area under the curve (SBC AUC), the EoD will detect poor calibrations
for posteriors that are overconfident at low confidence levels «, and underconfident at high « (or
vice-versa).Finally, we report the average SBC EoD across the dimensions of 6,

1
SBC EoD = — SBC EoD(4).
Ny

For SIRD, since the posterior dimensionalities are low, we compute an average SBC EoD over all
one-dimensional marginals of the posterior. For the Darcy Flow and Antarctic Ice tasks, we select a
subset of 50 marginal distribution for computing the SBC EoD, regularly spread across the domain.

S2.3 Predictive MSE

To calculate the MSE for posterior predictive samples, we run for each posterior sample (65, 7k ).
and each true observation :c;’ the simulator z; ~ Dz (x| Ok, 1, k5 ). We then compute the average
mean square error of the simulation zy; to the correspondmg observations x7,

Jrests posl
1 1

MSE = ——— T — 29|25,
TenFo Z rm" i
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where |I7] is the number of points in the discretization /7 and therefore the dimensionality of z%.
We use this metric since the simulators considered in this work correspond to (unknown) unimodal
likelihood functions—a correctly estimated posterior will produce simulations clustered around the
true observation. We opt for this metric to quantify predictive performance due its clear interpretability.
However, for multimodal likelihood functions, this metric can be replaced with a scoring rule.

S2.4 Posterior Log Probability

For the Darcy Flow task, we additionally report the posterior log-probability of the true parameters
[31], normalized by the number of pixels:

1

log-probability per pixel = T
J

log ql‘? 07 [ 22,17).

For the spectral methods NPE/FMPE (spectral), we cannot directly compute the posterior-log-
probabilities, as we can only compute the posterior-log-probabilities of the first M modes of the
spectral decomposition of the ground truth parameters 7. However, by discarding the information
of the higher modes, we remove the information which these baseline methods cannot capture, thus
biasing the resulting log-probabilities in favor of these baselines.

S3 FNOPE details

S3.1 Bochner’s Theorem

We state Bochner’s theorem following Williams and Rasmussen [22]. A complex-valued function &
on R? is the covariance function of a weakly stationary mean continuous complex-valued random
process on R? if and only if it can be represented as

k() = / exp”™ T dp(s) (5)
RD

for some positive finite measure p. Crucially, in the less general but relevant case that p admits a
density P(f), the integral is a Fourier transform between the kernel k(7) and the spectral density
P(f). We apply this result to relate the lengthscale of the square exponential kernel to the spectral
density of its Fourier decomposition in Sec. 3.1.

S3.2 Kernel lengthscale heuristic

The spectral density of samples from a Gaussian Process with a square exponential kernel of
lengthscale [ is stated in Sec. 3.1 as

P(f) = (2n1%)%/2 exp(—21212 f2).
This is also a Gaussian density, and trivially we see that the full spectral power is
P = P(fdf =1
R%o

We consider discretizations normalized to [0, 1] in each dimension, and so the power contained in the
first M spectral modes, Py, corresponds to the above integral within the domain || f||o < M/2, i.e.
where all the components of f are within [—M /2, M /2]. Therefore Py simplifies to the product of
the Gaussian integrals

M2 do
Py = </ (2m1%)1/2 exp(—277212fz‘)dfi>

—M/2
)de

- (u[2))"
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where erf is the Gauss error function, and in the last line we substituted our heuristic [ = W
This value saturates the error function and produces values very close to 1. For example, for the
Darcy Flow example (dg = 2), we set M = 32. The resulting spectral power in the first 32 modes is
P35 /=~ 0.9997. While individual samples from the Gaussian process can result in discrete Fourier
transforms where this spectral property is not fulfilled, it is clear that the majority of the spectral

power will be contained in the first M modes for all samples.

S3.3 Flexible discretization

We provide further detail of the data augmentation scheme introduced in Sec. 3.2. First, we describe
why this is necessary despite the use of the non-uniform fast fourier transform (NUDFT). The NUDFT
is applied as a matrix multiplication., © = V'(1?)0, where © is a vector containing the first M spectral
components of 4, and V is the discretization-dependent transformation matrix. The inverse NUDFT is
similarly implemented as a matrix multiplication § = V' T (1)©, where VT is the conjugate transpose
of V. This approach enables the computational efficiency of the NUDFT, as the exact inverse matrix
does not need to be computed at runtime. However, V' is only an approximate inverse of V, with
the approximation error increasing for increasing non-uniformity of the discretization.

Consider the common case where the simulation dataset S (Sec. 3) provides parameters 6; and
observations x; always discretized on the same, uniform simulation domain. Without data aug-
mentation, we always apply the NUDFT and its inverse without approximation error. However, if
we wish to condition a posterior on z° measured at some non-uniform discretization [*, then the
NUDFT and its inverse will produce some error, which was unseen during training. This could lead
to unpredictable, out of distribution errors at evaluation time. By explicitly passing the positions
19 and [* to the network, as well as augmenting them to ensure the network is not always applied
on uniform discretizations during training, we give FNOPE capacity to learn to counteract these
approximation errors.

Masking We define a uniform distribution over the binary mask vectors with a fixed num-
ber of nonzero entries, Ngs. Suppose we are given a simulation (6,1, z,1%), where 6,1° con-
sist of Ny points, and z,[” consist of N, points. We construct two random binary masks,
M? € {0,1}Ve, M® € {0,1}"=, each with exactly Ny nonzero entries. We then remove the cor-
responding elements of , 1 where My is zero, and similarly remove the corresponding elements
of x,1” where M, is zero. For a minibatch of simulations, we independently sample the masks
Mf, MY for each simulation. If N4y > Ny or Ngs > N, we leave the corresponding value and
position vector unchanged. The value of Ny used in our work is reported for each experiment in
Appendix S6.

Positional noise We additionally add small, independent gaussian noise ¢; ~ N(0,02) to each
point in /% and I” in the unmasked positions. This reduces generalization error for simulation datasets
where the discretization of § and x is fixed. The value of o2 can be set according to the spacing of
the discretization. In our experiments, we always normalize the simulation domain to [0, 1] in all
dimensions, and set ¢ = 1073.

S3.4 Fixed discretization

For applications with uniform grids, we provide FNOPE (fix). Here, we use the FFT instead of
the NUDFT in the FNO blocks to transform the data from physical to spectral space and back. In
addition, we do not mask any parameters during training and do not add any positional noise. We
expect this method to have improved performance on uniform grids as we do not introduce additional
noise through the data augmentation process described above.

Another potential advantage of FNOPE (fix) is its computational efficiency. Consider the case
of a parameter discretized uniformly in a D-dimensional domain, with L points per dimension,
leading to a total of L” points. The computational cost of computing the spectral decomposition
of the parameters using the FFT is O(LP log LP) = O(DLPlog L). Assuming the maximum
number of modes in each dimension modeled by the FNO is M, this leads to M total modes to
compute. Therefore, the computational cost of the frequency-limited NUDFT is O(M P L?). For
one-dimensional domains, the NUDFT may well be faster to compute than the FFT. However, for
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higher dimensions, the NUDFT scales exponentially with both M and L. This discrepancy increases
with both the dimensionality of the domain, and the number of modes M modeled by the FNO
blocks.

S3.5 Additional Parameters

The niive extension of the FMPE objective as stated in Sec. 3.3 is to minimize the L? loss ||v? —uy||?,

where v? = [vﬁ ,0f] and u; = [ug(&]6), ue(z|n)]. However, the scale of the loss for the continuous

parameters, Hvlq; — u¢(&]0)]|? varies with the number of points in the discretization 1?, which we
denote Ny. To ensure that the loss is balanced for the function- and vector-valued parameters, we
in practice add their L? losses, normalized by their respective vector dimensionalities. That is, we
minimize
E | llof — w01 + - llof = waleel)?
19 n ’

Ny N,
where [V, is the fixed dimensionality of 7. The expectation is over the same random variables as for
the statement of the loss L5 in Sec. 3.3.

S4 Baseline Methods

S4.1 Spectral preprocessing

For spectral NPE/FMPE we first apply a Fourier transformation to the parameters, take the first
M Fourier modes and expand these M complex values to a real vector of dimension 2M — 1
representing the real and imaginary parts (the imaginary part of the first component is always 0, hence
it is discarded). For two dimensional data, the same preprocessing results in 212 — 1 parameters.
After inferring the posterior of the parameters in Fourier space and sampling from it, we apply the
inverse Fourier transform to get samples in the spatial domain.

For the one dimensional problems (Linear Gaussian and Ice Shelf) we first pad the data by replicating
the first/last value and perform a real FFT with torch.fft.rfft. We then use the first M fourier
components and expand these complex numbers to a real tensor of dimension 2/, which we use as
input to NPE/FMPE. For the Linear Gaussian and Ice Shelf we use M = 50, 10, respectively. We then
revert this process for samples from the posterior with torch.fft.irfft with the corresponding
settings.

For the two dimensional Darcy flow, we use the two dimensional FFT implemented in pytorch on
the padded data (in mode replicate). We then center the frequencies before cropping to the first M
Fourier components in both dimensions, and expanding it to a real tensor of dimension 2M/2. For
posterior samples we again revert this process with the corresponding settings.

S4.2 NPE (spectral)

For NPE (spectral) we infer the posterior over the coefficients of the first M Fourier modes following
the spectral preprocessing described above. We use NPE [3] with normalizing flows. We do not apply
spectral preprocessing to the observations but pass raw observations through an embedding net as it
is common practice in NPE.

S4.3 NPE (raw)

For the mass balance experiment (Sec. 4.5), we also compare to the approach of Moss et al. [39],
which we refer to as NPE (raw). This approach infers the mass balance parameters on a fixed
discretization of 50 gridpoints. The authors use a Neural Spline Flow with 5 transformations, two
residual blocks of 50 hidden units each, ReLU nonlinearities and 10 bins. The embedding net used
to embed the 441-dimensional observation is a CNN with two convolutional layers of kernel size 5,
with ReLU activations and max pooling of kernel size 2. The convolutional layers are followed by
two linear layers with 50 hidden units and output dimension 50. The same settings are used in the
500-dimensional experiment (Appendix S7.4). Training is performed with a batch size of 200 and an
Adam optimizer with learning rate of 0.0005.
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S4.4 FMPE (spectral)

As with NPE (spectral), in this approach we apply spectral preprocessing to the parameters, and
infer the coefficients of the top M Fourier modes, but process the observations directly using an
embedding net. We use MLPs to estimate the flows, as in Wildberger et al. [9], as implemented in the
sbi toolbox [29]. This implementation also uses the rectified flow [18] objective for FMPE, and we
use independent Gaussian noise as the noise distribution. The flow networks are conditioned on time
by concatenating the time to the inputs.

S4.5 FMPE (raw)

In this approach, we infer the parameters directly on a fixed discretization of the domain. We again use
embedding nets to encode the observations, and MLPs to learn the flows. As with FMPE (spectral),
we use a rectified flow objective, and independent Gaussian noise as the noise distribution, as in the
sbi toolbox. The flow networks are conditioned on time by concatenating the time to the inputs.

S4.6 Simformer

For the SIRD experiment, we apply Simformer with the same settings as in Gloeckler et al. [30]. That
is, we use a transformer model with a token dimension of 50, 8 layers, and 4 heads. The widening
factor is 3, and the training was performed with a batch size of 1000 and an Adam optimizer. We
train Simformer to learn all conditionals, and so uniformly draw between the posterior, joint, and
likelihood masks, as well as two random masks drawn from Bernoulli distributions with p = 0.3
and p = 0.7 respectively. For both SIRD experiments, where we evaluate on 20 and 40 time points
respective, we use the same Simformer model which is trained using 20 randomly sampled time
points.

S5 Simulators

S5.1 Linear Gaussian model

The Gaussian Simulator is inspired by Lueckmann et al. [31], but instead of a 10 dimensional
Gaussian distribution with independent dimensions we expanded the problem to 1000 dimensions
and use a Gaussian Process prior (see below). Draws from the simulator are still drawn independently
per dimension as z ~ N'(6,02I), where 0 = 0.1 (as in [31]).

Prior The prior is defined as a Gaussian process GP on [0, 1] with an equidistant discretization
with 1000 timepoints. A draw from the prior is therefore defined as § ~ GP(0, k(-, -)), where k is the

squared exponential kernel, k(t,t") = exp(— (tglt; & ). We set the lengthscale | = 0.05 and variance

to 1. Only in the ablation experiments (Fig. S1a,b) we changed the lenghtscale [ to 0.005.

Evaluation parameters The results for Fig. 3 is based on 100 observations and 1000 posterior
samples for each observation.

S5.2  SIRD model

Similar to Gloeckler et al. [30] we extend the SIRD (Susceptible, Infected, Recovered, Deceased)
model to have a time-dependent contact rate. Compared to the classical SIR framework the model
additionally incorporates a deceased (D) population. Similar models were explored by Chen et al.
[33], Schmidt et al. [34]. This addition is important for modeling diseases with significant mortality
rates. The SIRD model, including a time-dependent contact rate 3(t), is defined by the following set
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of differential equations:

ds

— = —0(t)ST
= —B(1)SI,
dl
azﬁ(t)SI—WI—NL
dR

Ny o

dt ,77

dD

— = ul.

a "

Here, S, I, R and D are the susceptible, infected, recovered, and deceased population, 5(t) is the
time dependent contact rate, and v and p are the recovery and mortality rates among the infected
population. We simulate on a dense uniform grid of 100 time points for parameters and observations.
The simulations are additionally contaminated by an observation noise model, which is described by
a log-normal distribution with mean S(¢) and standard deviation o = 0.05.

Prior We impose the same prior as in Gloeckler et al. [30]: the global variables + and y are drawn
from a uniform distribution, 7, ;1 ~ Unif(0, 0.5). For the time-dependent contact rate we define a
Gaussian process prior which is further transformed by a sigmoid function to ensure that 5(¢) € [0, 1]
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for all t. For the Gaussian process we use a RBF kernel k defined as k(t,t") = exp(— %)
Evaluation parameters MSE as well as SBC EoD is based on 100 observations with 1000 posterior
samples each (Fig. 4c and Fig. S2c). To calculate the posterior predictive, we sample the initial
condition 7(0) from the Simformer prediction for both methods, as opposed to the prior defined
above, to match the setting of Gloeckler et al. [30].

S5.3 Darcy Flow

Details for the Darcy model are already given in the main text. We additionally scale the log-
permebility a by the scale factor of 1000 before taking the exponential - this results in permeabilities
which produce sufficiently variable solutions using the Darcy flow simulator, and the permeabilities
on the same scale as reported in Lim et al. [37]. The simulation output is additionally corrupted by an
independent Gaussian observational noise per pixel ¢; ~ N (0,0?). We set o; = E[u?/30], where
the expectation is per simulation batch, resulting in a signal to noise ratio (SNR) of 30.

Evaluation Parameters All metrics are calculated over a test set of 10 observations (Fig. 5 b-d).
For MSE and SBC EoD, 100 posterior samples were used for each observation and for each method.
Finally, for SBC EoD, we use a subset of 50 pixels of the full 129 x 129 as the marginals used for
the reducing functions. The same pixels were used across all methods and all observations.

S5.4 Mass balance rates of Antarctic Ice Shelves

We use the same simulator as described in Moss et al. [39]. This model takes in spatially varying
surface accumulation rates a([), which are related to the basal melt rates b(1) through the total balance
condition (1) = a(l) — b(l). m(l) is known and fixed across all simulations.

The layer prediction model consists of a set of isochronal layer with prescribed thicknesses
{h1(l), ha(l),...,hi(l)} such that Zle hi(l) = h(l), where h(l) is the known and fixed to-
tal ice shelf thickness. At each time step, the thickness of the layers are simultaneously updated

through an advection equation, on

aTk = —V - (hgu),
where u(1) is the known velocity profile of the ice shelf which is fixed across simulations. Additional
layers are added at the top of the ice shelf and removed from the bottom according to (1), b(1)
accordingly. The noise model approximates the observation noise of the radar measurement given an
assumed density profile of the ice shelf. At the final timestep 7', the layer that most closely matches
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the ground truth observation z° according to the L2-norm is selected as the simulator output. Full
details are described in Moss et al. [39].

Prior The prior is defined over the accumulation rate parameter a(/), and is motivated by physical
observations at Ekstrom ice shelf. Prior samples are drawn using

CL(Z) = Osc( + Uoff, (6)

where 1o ~ N(0.5,0.25%), o ~ U([0.1,0.3]), and ¢ is drawn from a Gaussian Process with a
unit-variance, zero-mean Matérn-v kernel of lengthscale 2500 and v = 2.5.

Evaluation Parameters For SBC EoD, as well as the predictive MSE on synthetic test simulations,
we use 100 test observations and sample 10 posterior samples for each observations and for each
method. The real test data consists of one field observation (shown in Fig. 6a-b), and the posterior
predictive was estimated using 1000 posterior samples.

S6 Experimental details

S6.1 Linear Gaussian

For all the baseline methods, we train the networks using an Adam optimizer with a learning rate
of 0.0001, and a batch size of 200. For NPE/FMPE (spectral), we use 50 modes, leading to 100
parameters to learn, and a pad width of 20 for the spectral preprocessing (Appendix S4.1). For NPE
(spectral) the density estimator is a Neural Spline Flow (NSF) with 2 residual blocks with 50 hidden
dimensions each, 5 transforms, with RELU activations. For FMPE (spectral), we use an MLP with 5
linear layers with 64 hidden dimensions to estimate the flow, with ELU activations. In both cases, we
embed the 1000 dimensional observation into a 40-dimensional vector using an MLP with 2 layers
and 50 hidden units and RELU activations. For FMPE (raw), we use an MLP with 5 layers and 64
hidden features, with ELU activations.

For FNOPE and FNOPE (fix) we use 50 Fourier modes for the FNO blocks. We use 5 FNO blocks
with 16 channels, while the context is embedded into 8 channels. We train for a maximum of 500
epochs with an early patience of 50. We used a training batch size of 512 and a learning rate of 0.001.
For FNOPE, we use 4 channels each for the positional and time embeddings and the target gridsize
Nygs = 256 (for FNOPE (fix), no positional embedding is included). All nonlinearities are GELUs.

S6.2 SIRD

For FNOPE we use 32 Fourier modes for the FNO blocks. We use 5 FNO blocks with 16 channels,
while the context is embedded into 8 channels. We train for a maximum of 1000 epochs with
an early patience of 50. We use a training batch size of 200 and a learning rate of 0.001. The
discretization positions and flow times are embedded into 4 channel dimensions each, and the target
gridsize Ngs = 40. This experiment additionally included vector-valued parameters in R%. These are
embedded into a 16-dimensional vector using a 1-layer MLP with a hidden dimension of 64. The flow
for the vector-valued parameters is estimated using an 1-layer MLP with a hidden dimension of 64.
The spectral decomposition of the output of the FNO blocks, as well as the spectral decomposition
of the observation, are embedded into a 32-dimensional vector and concatenated to the input of the
MLP. All nonlinearities were GELUs.

The training hyperparameters for simformer are described in S4.6.

S6.3 Darcy Flow

For all the baseline methods, we train the network using an Adam optimizer with a learning rate
of 0.0001, and a batch size of 200. For NPE/FMPE (spectral), we use 16 modes, leading to
2 x 162 = 512 parameters to learn, and a pad width of 20 in each dimension for the spectral
preprocessing (Appendix S4.1). For NPE (spectral) the density estimator is a NSF with 2 residual
blocks with 50 hidden dimensions each, 5 transforms, with RELU activations. For FMPE (spectral),
we use an MLP with 8 layers with 256 hidden dimensions to estimate the flow, with ELU activations.
For FMPE (raw), we use an MLP with 8 layers and 256 hidden features, with ELU activations. All
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baseline methods embed the observation with a CNN embedding net into a 100-dimensional vector
using 4 convolutional layers with kernel size 5 followed by max pooling of kernel size 2, followed by
a 4-layer MLP with 100 hidden units, with RELU nonlinearities throughout.

For FNOPE and FNOPE (fix) we use 32 Fourier modes for the FNO blocks. The network is made
of 5 FNO blocks with 32 channels, while the context is embedded into 32 channels. We train for
a maximum of 300 epochs with an early patience of 50. We use a training batch size of 200 and a
learning rate of 0.0005. For FNOPE, we set the target gridsize Ng; = 2048. The architecture includes
8 channels for positional embedding, and 8 channels for time embedding. All nonlinearities are
GELU:s.

S6.4 Mass balance rates of Antarctic Ice Shelves

For all the baseline methods, we train the network using an Adam optimizer with a learning rate
of 0.0001, and a batch size of 200. For NPE/FMPE (spectral), we use 10 modes, leading to 20
parameters to learn, and a pad width of 20 for the spectral preprocessing (Appendix S4.1). For NPE
(spectral) the density estimator is a NSF with 2 residual blocks with 50 hidden dimensions each, 5
transforms, with RELU activations. For FMPE (spectral), we use an MLP with 5 linear layers with 64
hidden dimensions to estimate the flow, with ELU activations. For FMPE (raw), we use an MLP with
5 layers and 64 hidden features, with ELU activations. For all baseline methods, we used the same
embedding as Moss et al. [39], which was a CNN embedding the 441-dimensional observation into a
50-dimensional vector using 2 convolutional layers with kernel size 5 followed by max pooling of
kernel size 2, followed by a 2-layer MLP with 50 hidden units, with RELU nonlinearities throughout.
The configuration of NPE (raw) is described in Appendix S4.3.

For FNOPE we use 10 Fourier modes for the FNO blocks. The network is made of 5 FNO blocks
with 16 channels, while the context is embedded into 8 channels. We train for a maximum of 1000
epochs with an early patience of 50. We use a training batch size of 200 and a learning rate of 0.001.
We do not include the data augmentation procedure for this experiment, as the discretizations of both
observations and parameters was fixed to the setting of [39]. We still include positional embedding
due to the parameter and observations being discretized differently to one another: the architecture
included 4 channels for positional embedding, and 4 channels for time embedding. All nonlinearities
are GELUs.

For the experiments on 500 gridpoints (Fig. S5) we use the same hyperparameters.

S7 Ablation experiments

S7.1 Linear Gaussian

To investigate the influence of different hyperparameters on the performance of FNOPE, we ran
several ablation experiments. First, we studied the performance of FNOPE in the deliberately
insufficient setting where the prior distribution over the parameter contains higher-frequency modes
than what is modeled by the FNO blocks. To this end, we changed the lengthscale of the prior
distribution for the Linear Gaussian task (Sec. 4.2) by a factor of 10 to 0.005, resulting in higher
frequency components for the parameter #. We then trained FNOPE with a varying number of spectral
modes in the FNO blocks. With a lower number of modes, the performance of FNOPE degrades,
and the posterior samples clearly miss the high frequency components present in the ground truth
observations (Fig. Sla,b). Second, we varied the number of unmasked points in the FNOPE training
procedure (Sec. 3.1). While the SWD decreases with the number of unmasked points, it saturates at
512 unmasked points, which is approximately half of the observed data (Fig. S1c). We then consider
changing the lengthscale heuristic used to define the base distribution for FNOPE (Sec. 3.1), by
defining | = Ly/M for the number of modes M and some lengthscale scaling factor Ly. In the
extreme case Ly = 0, this corresponds to the base distribution sampling uncorrelated white noise
(WN). The lengthscale heuristic used in our work corresponds approximately to Lo = 4/7 ~ 1.27.
In contrast to the other hyperparameter ablation experiments, varying the lengthscale scaling factor
does not seem to impact the performance of FNOPE considerably for this task. FNOPE performs well
over a wide range of lengthscale scaling factors (Fig. S1d). Finally, we consider a version of FNOPE
which keeps the masking scheme as described in Sec. 3.1, but without adding positional noise to
the remaining positions, which effectively only sees positions on the simulation grid during training
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(FNOPE (no jitter)). On this task, we evaluate on an equispaced grid, and we see that FNOPE (no
jitter) performs similarly to FNOPE (Fig. Sle). Therefore, the performance of FNOPE does not
degrade from the inclusion of positional noise in this task.
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Figure S1: Linear Gaussian ablation experiments. (a) Performance for 10 training samples
in terms of SWD for the Linear Gaussian experiments with varying number of Fourier modes in
the FNO block. Note that we changed the lengthscale of the simulator prior by a factor of 10 to
0.005 (Appendix S5. (b) Power analysis of FNOPE (fix) samples and ground truth x for different
number of used modes in the FNO block. (¢) Performance in terms of SWD for different numbers of
masked points in FNOPE. (d) Influence of the lengthscale of the noise process on the SWD. “WN”
corresponds to white noise (an uncorrelated Gaussian distribution). (e) Same as Fig. 3 with a version
of FNOPE in which we omit the adding of positional noise (FNOPE (no jitter)).

S7.2 SIRD

First, we compare the performance of FNOPE to Simformer on the SIRD task when using observations
at 20 (instead of 40) randomly sampled times (Fig. S2). The performance of FNOPE slightly degrades,
while Simformer still performs robustly. Second, we adapt the lengthscale heuristic used to define the
base distribution for FNOPE (Sec. 3.1), by defining I = L/M for the number of modes M and some
lengthscale scaling factor Lg. The lengthscale heuristic used in our work corresponds approximately
to Lo = 4/m ~ 1.27. We observe that FNOPE performs robustly for a wide range of lengthscale
scaling factors.

S7.3 Darcy Flow

In the Darcy task, we ablate the number of modes used in the FNO block for FNOPE. We see
that while the MSE of posterior predictive simulation and posterior calibration as measured by
the SBC EoD of marginal distributions is not strongly affected by the number of modes used, the
posterior log-probability per pixel increases with the increased model capacity (Fig. S4a). This is
expected, as more modes allow FNOPE to estimate a more constrained posterior distribution, leading
to higher posterior densities. Second, we adapt the lengthscale heuristic used to define the base
distribution for FNOPE (Sec. 3.1), by defining [ = Ly/M for the number of modes M and some
lengthscale scaling factor Lg. The lengthscale heuristic used in our work corresponds approximately
to Ly = 4/m ~ 1.27. We see that increasing the lengthscale scaling factor improves the calibration
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Figure S2: SIRD model on 20 conditioning points. (a) Posterior conditioned on 20 time points.
left: Posterior (mean = std.) of the time-varying parameter and ground truth parameters (dashed).
right: Two dimensional posterior of vector-valued parameters and ground truth parameters (dot). (b)
Posterior predictive (mean =+ std.) of infected, recovered and deceased populations with observations
marked. (¢) upper: MSE of posterior predictive samples to observations. lower: Simulation-based
calibration error of diagonal (SBC EoD). ‘Lower bound’ refers to the SBC EoD for uniformly sampled
posterior ranks (details in Appendix S2). See Fig. 4 for the results with 40 conditioning points.
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Figure S3: SIRD ablation experiments. Influence of the lengthscale of FNOPE’s base distribution
(Sec. 3.1) on posterior quality in terms of MSE of posterior predictive simulations and Simulation-
based calibration error of diagonal (SBC EoD).

of the posterior learned with FNOPE. We observe that FNOPE achieves its best performance in terms
of posterior log-probability when the base distribution lengthscale scaling factor is set to a value
around our lengthscale heuristic (Fig. S4b).

S7.4 Mass balance rates of Antarctic Ice Shelves

We repeat the Antarctic ice mass balance experiment (Sec. 4.5), without downsampling the parameter
space from simulation to inference, i.e. inferring the full 500-dimensional posterior distribution
over the mass balance parameters. Overall, we observed that FNOPE maintains its performance
on this higher-dimensional problem (Fig. S5). For low simulation budgets, the performance of
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Figure S4: Darcy ablation experiments (a) Influence of number of used modes in the FNO block on
different performance measures. The original experiments used 32 modes. Measures are the same as
in Fig. 5b-d. (b) Influence of the noise length scale on different performance measures. The original
experiments used a lengthscale of =~ 1.27. Measures are the same as in Fig. 5b-d.

FNOPE exceeds the other methods in terms of predictive MSE for both synthetic and real observations.
As expected, spectral baseline methods significantly outperform the other baselines, especially at low
simulation budgets.
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Figure S5: Mass balance rates of ice shelves. Inference of mass balance rates where the parameter
discretization uses 500 gridpoints (observation discretization remains unchanged). Performance
measures on test simulations and the real observation, where NPE (raw) refers to the method used in
Moss et al. [39]. Results for FMPE (raw) omitted as this baseline was not able to always produce
samples within the prior bounds across all test observations. See Fig. 6 for the results based on 50
grid points.
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S8 Additional Results

S8.1 Additional Darcy results
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Figure S6: Posterior samples Darcy flow experiment. Additional posterior samples for the Darcy
flow experiment for six distinct observations simulated from ground truth parameter 6;.
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Figure S7: Posterior means for Darcy flow experiment. Posterior means (based on 100 samples)
for the Darcy flow experiment for six distinct observations simulated from ground truth parameter 6.
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Figure S8: Posterior standard deviation for Darcy flow experiment. Posterior standard deviations
(based on 100 samples) for the Darcy flow experiment for six distinct observations simulated from
ground truth parameter 6.
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S8.2 Comparison to invertible Fourier Neural Operator

As an additional comparison, we apply the work of Long et al. [50] and train an invertible Fourier
Neural Operator (iFNO) to solve the Darcy Flow inverse problem, using the same training data and
simulation budgets. We train the iFNO with the same settings as described in Long et al. [50] for
the D-CURV experiment, summarized below. We observe that while iFNO achieves a comparable
performance to FNOPE in terms of its predictive MSE, the posterior distribution is not calibrated
as measured by the SBC EoD (Fig. S9a,b) and essentially collapsed to a point estimate. The SBC
EoD value measured for iFNO (around 0.25) is consistent with this point estimate, because the
one-dimensional marginal of a point mass distribution either always overestimates or underestimates
the ground truth value. Hence, recalling the definition of SBC EoD (Sec. S2.2), the ground truth
will have rank r;; = 1 or r;; = K5 + 1. Supposing that over different observations x?, the point
mass distribution is equally likely to underestimate or overestimate the ground truth, the cumulative
distribution of the ranks will be given by CDF;(«) = 0.5 for all significance levels o € (0, 1). Given
the definition of the SBC EoD, a point mass distribution results in a SBC EoD value of

1
/ |CDF;(a) — a|dae = 0.25 (7
0

for each dimension 7. This overconfidence is also reflected in the standard deviations of the estimated
distributions (Fig. S9c), which show that iFNO essentially estimates a point mass for this task.

iFNO hyperparameters We trained iFNO with 4 FNO blocks and 16 Fourier modes. The number
of training epochs for the invertible Fourier blocks was set to 100, for the S-VAE 1000, and for joint
training 100. The architecture of the 5-VAE was the same as in Long et al. [50] with rank 32, as well
as the value 3 = 10~%. We used a minibatch size of 10 for joint training and 20 for the VAE and
iFNO pretraining.
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Figure S9: Darcy Flow, comparison of FNOPE to iFNO [50]. (a) MSE of posterior predictives to
the ground truth observation (zoomed in relative to Fig. 5). (b) Simulation-based calibration Error of
Diagonal (SBC EoD) for different training budgets. (¢) Ground truth ¢, Posterior means, pixelwise
error of means relative to ground truth, and posterior standard deviations. The color bars of the means
match Fig. S7, and for errors and standard deviations they match Fig. S8.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We state the contributions of our work: We introduce FNOPE, a simulation-
based inference method for inferring function-valued parameters. We demonstrate on
synthetic and real world tasks its ability to generalize to new and non-uniform discretizations
of the parameter and observation domains, as well as its scalability to large numbers of
parameters.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We explicitly mark a discussion on the limitations of our approach, including
limitations of the low-frequency assumption of Fourier Neural Operators, and limitations in
higher-dimensional parameter domains than those considered in our experiments.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

» The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Our work includes a lengthscale selection heuristic for the FNOPE noise
distribution, for which we provide a derivation for in Appendix S3.2, and appropriately refer
the reader to this derivation in the main text.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

e All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

» All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all experimental details in appropriately labelled subsections of the
appendix, including simulator configurations, model hyperparameters for each experiment,
and details on the evaluation metrics. In addition, we provide our code to reproduce all
experiments in the supplementary materials.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide our code and document how to run the experiments included in
our paper. These include the simulators, as well as the random seeds used to generate the
training data from the simulators.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We report all experimental details, including data splits, model hyperparame-
ters, and optimizers in Appendix S6. We provide the random seeds used to run our training
and evaluation scripts to allow full reproducibility of our experimental results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
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Justification: We report the standard errors in our results over 3 independent runs for each
experiment. The size of the test set is provided for each experiment in the appendix and in
the configuration files provided with the code.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
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* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
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of Normality of errors is not verified.
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error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide the specifications of our compute nodes as well as further informa-
tion in Appendix S1.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
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9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We confirm that this work conforms to the NeurIPS Code of Ethics in all
respects.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

e If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
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11.

12.

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our work presents a methodological development in performing simulation-
based inference, with the goal of enabling scalable and flexible inference in various scientific
domains. We do not target applications with direct societal impact, and do not foresee
potential for misuse.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our work uses only synthetic or publicly available data. Our work is method-
ological and empirical, and therefore we do not see a risk of misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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Answer: [Yes]

Justification: We credit all external asserts in our work, including datasets. We reproduce a
figure component from existing published work which is correctly attributed and licensed,
with some details omitted for the review stage to preserve anonymity.
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* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We provide the code for our method with appropriate documentation. No other
assets are produced in this work.

Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This work does not include crowdsourcing or research with human experts.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

36



16.

Question: Does the paper describe potential risks incurred by study participants, whether
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approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: LLMs were not used in the development, implementation, or evaluation of the
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Abstract

Scientific modeling applications often require estimating a distribution of param-
eters consistent with a dataset of observations—an inference task also known as
source distribution estimation. This problem can be ill-posed, however, since
many different source distributions might produce the same distribution of data-
consistent simulations. To make a principled choice among many equally valid
sources, we propose an approach which targets the maximum entropy distribu-
tion, i.e., prioritizes retaining as much uncertainty as possible. Our method is
purely sample-based—Ieveraging the Sliced-Wasserstein distance to measure the
discrepancy between the dataset and simulations—and thus suitable for simulators
with intractable likelihoods. We benchmark our method on several tasks, and
show that it can recover source distributions with substantially higher entropy than
recent source estimation methods, without sacrificing the fidelity of the simulations.
Finally, to demonstrate the utility of our approach, we infer source distributions
for parameters of the Hodgkin-Huxley model from experimental datasets with
hundreds of single-neuron measurements. In summary, we propose a principled
method for inferring source distributions of scientific simulator parameters while
retaining as much uncertainty as possible.

1 Introduction

In many scientific and engineering disciplines, mathematical and computational simulators are used
to gain mechanistic insights. A common challenge is to identify parameter settings of such simulators
that make their outputs compatible with a set of empirical observations. For example, by finding a
distribution of parameters that, when passed through the simulator, produces a distribution of outputs
that matches that of the empirical dataset of observations.

Suppose we have a stochastic simulator with input parameters § and output x, which allows us to
generate samples from the forward model p(z|@) (which is usually intractable). We have acquired
adataset D = {1, ..., z, } of observations with empirical distribution p,(z), and want to identify

*{firstname.secondname}@uni-tuebingen.de
Code available at https://github.com/mackelab/sourcerer
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a distribution ¢(#) over parameters that, once passed through the simulator, yields a “pushforward”
distribution of simulations ¢ (z) = [ p(z|0)q(6)d6 that is indistinguishable from the empirical
distribution. This setting is known by different names in different disciplines, for example as unfolding
in high energy physics [10], stochastic inverse problems in various disciplines [7], population
of models in electrophysiology [30] and population inference in gravitational wave astronomy
[55]. Adopting the terminology of Vandegar et al. [58], we refer to this task as source distribution
estimation.

A common approach to source distribution estimation is empirical Bayes [51, 15]. Empirical Bayes
uses hierarchical models in which each observation is modeled as arising from different parameters
p(x;|6;). The hyper-parameters of the prior (and thus the source ¢,) are found by optimizing the
marginal likelihood p(D) = [, [ p(x:]0)gs(0)d6 over ¢. Empirical Bayes has been successfully
applied to a range of applications [31, 32, 55]. However, empirical Bayes is typically not applicable
to models with intractable likelihoods, which is usually the case for scientific simulators. Using
surrogate models for such likelihoods, empirical Bayes has been extended to increasingly more
complicated parameterizations ¢ of the source distribution, including neural networks [59, 58].

A more general issue, however, is that the source
distribution problem can often be ill-posed with-
out the introduction of a hyper-prior or other f
regularization principles, as also noted in Van-
degar et al. [58]: Distinct source distributions
q(0) can give rise to the same data distribu-  _

simulator

P(0) ¥

dataset

= MaxEnt source
source 1

(x)

tion ¢*(x) when pushed through the simula- % source 2 o

tor p(x|f) (Fig. 1, illustrative example in Ap-

pendix A.7). "'_\

We here propose to use the maximum entropy g cont it ;

principle, i.e., choosing the “maximum igno-
rance” distribution within a class of distribu-

tions to resolve the ill-posedness of the source
distribution problem [19, 24]. The maximum
entropy principle formalizes the notion that a
good choice for distributions should “assume
less”. It has been applied to specific source dis-
tribution estimation problems in scientific disci-
plines such as cosmology [23] and high-energy

Figure 1: Maximum entropy source distribu-
tion estimation. Given an observed dataset D =
{z1,...,2,} from some data distribution p,(z),
the source distribution estimation problem is to
find the parameter distribution ¢(#) that reproduces
Po(x) when passed through the simulator p(z|0),
ie. ¢7(x) = [p(x|0)q(0)d0 = po(x) for all z.

physics [10]. This problem can be ill-posed, as there might be
more than one distinct source distribution. We
resolve this by targeting the maximum entropy dis-

Our contributions We introduce Sourcerer,a =727 JoneT
tribution, which is unique.

general method for source distribution estima-
tion, providing two key innovations: First, we
target the maximum entropy source distribution to obtain a well-posed problem, thereby increasing
the entropy of the estimated source distributions at no cost to their fidelity. Second, we use general
distance metrics between distributions, in particular the Sliced-Wasserstein distance, instead of maxi-
mizing the marginal likelihood as in empirical Bayes. This allows evaluation of the objective using
only samples from differentiable simulators, removing the requirement to have tractable likelihoods.
We validate our method on multiple tasks, including tasks with high-dimensional observation space,
which are challenging for likelihood-based methods. Finally, we apply our method to estimate the
source distribution over the mechanistic parameters of the Hodgkin-Huxley model from a large
(~ 1000 samples) dataset of electrophysiological recordings.

2 Methods

We formulate the source distribution estimation problem in terms of the maximum entropy principle.
The (differential) entropy H (p) of a distribution p(0) is defined as

H(p) = /p(9) log p(6)d6. ¢))



2.1 Data-consistency and regularized objective

For a given distribution ¢(#) and a simulator with (possibly intractable) likelihood p(z|@), the
pushforward of q is given by ¢# (z) = [ p(z|0)q(6)d6. The distribution () is a source distribution
if its pushfoward matches the observed data distribution p,(z), that is, q* = p, almost everywhere.
Equivalently, given a distance metric D(-, -) between probability distributions P(X) over the data
space X, a source distribution g is one which satisfies D(¢*,p,) = 0. In general, for a given
distribution of observations p,(z) and likelihood p(z|@), the source distribution problem is ill-posed
as there are possibly many different source distributions. The maximum entropy principle can be
employed to resolve this ill-posedness:

Proposition 2.1. Let Q = {q|q” = p,} be the set of source distributions for a given likelihood p(z|0)
and data distribution p,. Suppose that Q) is non-empty and compact. Then ¢* = argmax e H (q)
exists and is unique.

This proposition follows from the fact that the set of source distributions is convex and that the
(differential) entropy H(q) is a strictly concave functional. See Appendix A.7 for a proof and
additional assumptions.

Proposition 2.1 suggests to solve the constrained
optimization problem

Maximize entropy H(q), regularize mismatch SWD

max  H(qs) st D(q}.po) =0, (2)

where g4 is some parametric family of distribu-

tions. source model pushforward data distribution
a(e) distribution qf(x) P,(X)

Practically, however, a solution might not exist,
for example due to simulator misspecification. Figure 2: Overview of Sourcerer. Given a source
Furthermore, even if a solution exists, it is diffi- distribution ¢(¢), we sample 6 ~ ¢ and simulate
cult to obtain since we only have a fixed number using p(z|@) to obtain samples from the pushfor-
of samples from p, and can thus only estimate ward distribution ¢# (z) = [ p(x|0)q(0)d0. We
D(qzﬁ, Po). We therefore propose a regularized maximize the entropy of the source distribution
approximation of Eq. (2) and solve q(6) while regularizing with a Sliced-Wasserstein
distance (SWD) term between the pushforward of
max  AH(gp) — (1—A) log(D(qf,po)) (3) ¢” and the data distribution p, () (Eq. (3)). © and
¢ X in top right corner of boxes denote parameter
instead, where \ is a parameter determining the ~SPace and data/observation space, respectively.
strength of the data-consistency term and the
logarithm is added for numerical stability. This regularized objective is related to the Lagrangian
relaxation of Eq. (2), where now log D(q*,p,) < log e for some ¢ > 0 and the dual variable is
(I=X)/A

For A — 1, the loss in Eq. (3) is dominated by the entropy term, and for A — 0 by the data-
consistency term. We apply ideas from constrained optimization and reinforcement learning [49, 4, 1]
and use a dynamical schedule during training. We initialize training with A\;—; = 1, and decay this
value linearly to a final value \;—p = A > 0 over the course of training. This dynamical schedule
encourages the variational source model to first explore high-entropy distributions, and later increase
consistency with the data between high-entropy distributions. Pseudocode and details of the schedule
in Appendix A.3.

2.2 Reference distribution

For many tasks, there is an additional constraint in terms of a reference distribution p(é). For example,
in the Bayesian inference framework, it is common to have a prior distribution p(#), encoding existing
knowledge about the parameters 6 from previous studies. In such cases, a distribution with higher
entropy than p(#), even if it is a source distribution, is not always desirable. We therefore adapt our
objective function in Eq. (3) to minimize the Kullback-Leibler (KL) divergence between the source
q(0) and the reference p(6):

min - ADg(qllp) + (1 =) log(D(q%,po)).- 4)



The KL divergence term can be rewritten as Dy (q||p) = —H(q) + H(q,p), where H(q,p) =
— [log(p(6))q(#)dh is the cross-entropy between ¢ and p. Thus, provided we can evaluate the
density p(f), we can obtain a sample-based estimate of the loss in Eq. (4). In our work, we consider
p(0) to be the uniform distribution over some bounded domain Bg (and hence the maximum entropy
distribution on this domain). This “box prior” is often used as the naive estimate from literature
observations in inference studies. More specifically, in this case, H(q,p) = —1/|Be|, where | Bg |
is the volume of Bg. Therefore, it is independent of ¢, and hence minimizing the KL divergence is
equivalent to maximizing H (¢q) on Be. In the case where p(#) is non-uniform (e.g., Gaussian) the
cross-entropy term regularizes the loss by penalizing large ¢(#) when p(6) is small.

2.3 Sliced-Wasserstein as a distance metric

We are free to choose any distance metric D(-, -) for the loss function Eq. (4). In this work, we use
the fast, sample-based, and differentiable Sliced-Wasserstein distance (SWD) [6, 27, 42] of order
two. The SWD is defined as the expected value of the one-dimensional Wasserstein distance between
the projections of the distribution onto uniformly random directions u on the unit sphere S%~! in R¢,
More precisely, the SWD is defined as

SWD,, (pu Q) = ]EuNI/{(Sd—l) [Wm (pua Qu)] ) )

where p,, is the one-dimensional distribution with samples u'z for z ~ p(zx), and W, is the one-
dimensional Wasserstein distance of order m. In the empirical setting, where we are given n samples
each from p,, and g, respectively, the one-dimensional Wasserstein distance is computed from the
order statistics as

n 1/m
=1
(4

where :Up) denotes the ¢-th order statistic of the samples from p, (and similarly for mt(;)), and
|| - ||m denotes the L™ distance on R [47]. The time complexity of computing the sample-based
one-dimensional Wasserstein distance is thus the time complexity of computing the order statistics,
which is O(nlogn) in the number of datapoints n [6]. This is significantly faster than computing the
multi-dimensional Wasserstein distance (O(n?), 29), or the commonly used Sinkhorn algorithm for
approximating the Wasserstein distance (O(n?) 47). While the SWD is not the same as the multi-
dimensional Wasserstein distance, it is still a valid metric on the space of probability distributions. In
particular, the SWD converges quickly with rate O(+/n) to its true value [41, 42].

2.4 Differentiable simulators and surrogates

Our method only requires that sampling from the simulator p(z|@) is a differentiable operation. In
practice, however, many simulators do not satisfy this property. For such simulators, we first train a
surrogate model. In particular, our method can make use of surrogates that model the likelihood only
implicitly. Such surrogate models can be easier to train and evaluate in practice. This is a distinct
requirement from likelihood-based approaches such as Vandegar et al. [58], which require that the
likelihood p(x|@) can be evaluated explicitly and is differentiable. This means that our sample-based
approach can be readily applied to a larger set of simulators than likelihood-based approaches.

2.5 Source model and entropy estimation

In this work we use neural samplers as proposed in Vandegar et al. [58] to parameterize a source model
ge. These samplers employ unconstrained neural network architectures (in our case a multi-layer
perceptron) to transform a random sample from z € A/(0, ) into a sample from ¢4. While neural
samplers do not have a tractable likelihood, they are faster to evaluate than models with tractable
likelihoods. Furthermore, by using unconstrained network architectures, neural samplers are flexible
and additional constraints (e.g., symmetry, monotonicity) are easy to introduce.

To use likelihood-free source parameterizations, we require a purely sample-based estimator for the
entropy H (g,). This can be done using the Kozachenko-Leonenko entropy estimator [28, 3], which
is based on a nearest-neighbor density estimate. We use the Kozachenko-Leonenko estimator in this
work for its simplicity, but note that sample-based entropy estimation is an active area of research,
and other choices are possible [48]. Details about the Kozachenko-Leonenko estimator can be found
in Appendix A.6.
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Figure 3: Results for the source estimation benchmark. (a) Original and estimated source and
corresponding pushforward for the differentiable IK simulator (A = 0.35). The estimated source
has higher entropy than the original source that was used to generate the data. The observations
(simulated with parameters from the original source) and simulations (simulated with parameters
from the estimated source) match. (b) Performance of our approach for all four benchmark tasks (TM,
IK, SLCP, GM) using both the original (differentiable) simulators, and learned surrogates. Source
estimation is performed without (NA) and with entropy regularization for different choices of A. For
all cases, mean C2ST accuracy between observations and simulations (lower is better) as well as
the mean entropy of estimated sources (higher is better) over five runs are shown together with the
standard deviation. The gray line at A = 0.35 (A = 0.062 for GM) indicates our choice of final A for
the numerical benchmark results (Table 1).

3 Experiments

To evaluate the data-consistency and entropy of source distributions estimated by Sourcerer, we
benchmark our method against Neural Empirical Bayes (NEB) [58], a state-of-the-art approach to
source distribution estimation. The benchmark comparison is performed on four source distribution
estimation tasks including three presented in Vandegar et al. [58]. We then demonstrate the advantage
of Sourcerer in the case of differentiable simulators with a high-dimensional data domain, where
likelihood-based empirical Bayes approaches would require training a likelihood surrogate. Finally,
we use Sourcerer to estimate the source distribution for a Hodkgin-Huxley simulator of single-neuron
voltage dynamics from a large dataset of experimental electrophysiological recordings. For all
tasks except the Hodgkin-Huxley task (where the observed dataset is experimentally measured), we
generate two datasets of observations of equal size from the same reference source distribution. The
first is used to train the source model, and the second is used to evaluate the quality of the learned
source.

3.1 Source Estimation Benchmark

Benchmark tasks The source estimation benchmark contains four simulators: two moons (TM),
inverse kinematics (IK), simple likelihood complex posterior (SLCP), and Gaussian Mixture (GM)
(details about simulators and source distributions are in Appendix A.2). Notably, all four simulators
are differentiable. Therefore, we can evaluate our method directly on the simulator as well as trained
surrogates. For all four simulators, source estimation is performed on a synthetic dataset of 10000
observations that were generated by sampling from a pre-defined original source distribution and
evaluating the resulting pushforward distribution using the corresponding simulator. The quality of
the estimated source distributions is measured using a classifier two sample test (C2ST) [33] between
the observations and simulations from the source. We also report the entropy of the estimated sources.
Given two sources with the same C2ST accuracy, the higher entropy source is preferable. We compare



Table 1: Numerical benchmark results for Sourcerer. We show the mean and standard deviation
over five runs for differentiable simulators and surrogates of Sourcerer on the benchmark tasks, and
compare to NEB. All approaches achieve C2ST accuracies close to 50%. For the Sliced-Wasserstein-
based approach, the entropies of the estimated sources are substantially higher (bold) with the entropy
regularization (A = 0.35 for TM, IK, SLCP, A = 0.062 for GM, gray line in Fig. 3).

Sourcerer Sourcerer Sourcerer Sourcerer
Method Sim. (withreg.)  Sim. (w/oreg.)  Sur. (withreg.)  Sur. (w/oreg.) NEB
™ C2ST acc. 0.51 (0.004) 0.5 (0.008) 0.51 (0.003) 0.51 (0.006) 0.53 (0.005)
Entropy 1.26 (0.022) 1.0 (0.198) 1.21 (0.054) 1.02 (0.162) 1.13 (0.093)
K C2ST acc. 0.51 (0.002) 0.51 (0.005) 0.51 (0.005) 0.51 (0.01) 0.6 (0.014)
Entropy 3.75 (0.066) 1.59 (0.246) 3.78 (0.022) 1.7 (0.165) 0.82 (0.712)
SLCP C2ST acc. 0.53 (0.005) 0.53 (0.006) 0.55 (0.003) 0.59 (0.017) 0.53 (0.006)
Entropy 9.81 (0.039) 7.23 (0.052) 9.74 (0.039) 6.76 (0.302) 7.56 (0.097)
GM C2ST acc. 0.51 (0.005) 0.5 (0.006) 0.54 (0.006) 0.55 (0.005) 0.52 (0.004)
Entropy -1.12 (0.083) -1.25 (0.106) -0.36 (0.095) -2.19 (0.212) -1.5 (0.052)

to the NEB estimator with the same parameterization of the source model and 1024 Monte Carlo
samples to estimate the marginal likelihood (details in Appendix A.3).

Benchmark performance We first check whether minimizing the Sliced-Wasserstein distance
without any entropy regularization finds good source distributions. This corresponds to the case A = 0
in Eq. (3) without any decay. In this way, we compare the data-consistency objective in Eq. (4) to the
NEB objective of maximizing the marginal likelihood. We find that for the differentiable simulators,
the Sliced-Wasserstein-based approach is able to find good source distributions with C2ST accuracies
close to 50% for all benchmark tasks (Fig. 3, labeled NA). This also applies when we use surrogate
models to generate the pushforward distributions. In particular, the quality of the estimated source
distributions matches those found by NEB (Table 1).

We then apply entropy regularization as defined in Eq. (3) for all benchmark tasks. The entropy of the
estimated sources is drastically increased without any cost in the quality of the simulations (Fig. 3b).
While C2ST accuracy remains close to 50% across all benchmark tasks, the entropy of estimated
sources is substantially higher than that of sources estimated with NEB, or when minimizing only
the data-consistency term (Table 1). We also explore the dependence of the results on the final
regularization strength A (Fig. 3b). We observe a sharp trade-off: above a critical value of A, the
SWD term becomes too weak, and the fidelity of the simulations rapidly declines. However, below
this critical value of )\, the results are robust relative to \: the estimated sources produce simulations
that match the observations, and have comparable entropy.

Additionally, for both IK and SLCP simulators, the entropy of the sources estimated by our method is
higher than the entropy of the original source distribution (Fig. 3a and Fig. A7) despite the simulations
and observations being indistinguishable from each other (C2ST accuracy: 50%). This does not
contradict our approach: The original source distribution just happens not to be the maximum entropy
source for these simulators.

We also investigate the robustness of our approach to the choice of the differentiable, sample-
based distance by repeating all experiments for these benchmark tasks using the Maximum Mean
Discrepancy (MMD, 22) and find comparable results (Fig. A4). Finally, we demonstrate (Fig. A5) the
robustness of our approach for small dataset sizes by repeating the Two Moons task with (N = 100)
observations (as opposed to 10000), and for high-dimensional parameter spaces by repeating the
Gaussian Mixture task with D = 25 dimensions (as opposed to 2).

3.2 High-dimensional observations: Lotka-Volterra and SIR

Since our method is sample-based and does not require likelihoods, it is possible to estimate sources
by back-propagating through the differentiable simulators directly. This is advantageous especially for
simulators with high-dimensional outputs, as we no longer require to first train a surrogate likelihood
model, which can be challenging when faced with high-dimensional data such as time series. Here, we
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Figure 4: Source estimation on differentiable simulators. For both the deterministic SIR model (a)
and probabilistic Lotka-Volterra model (b), the Sliced-Wasserstein distance (lower is better) between
observations and simulations as well as entropy of estimated sources (higher is better) for different
choices of A and without the entropy regularization (NA) are shown. Mean and standard deviation
are computed over five runs.

highlight this capability of our method by estimating source distributions for two high-dimensional,
differentiable simulators: The Lotka-Volterra model and the SIR (Susceptible, Infectious, Recovered)
model. The Lotka-Volterra model is used to model the density of two populations, predators and prey.
The SIR model is commonly used in epidemiology to model the spread of disease in a population
(details about both models and source distributions in Appendix A.2). Compared to the benchmark
tasks in Sec. 3.1, the dimensionality of the data space is much larger: Both the Lotka-Volterra and
the SIR model are simulated for 50 time points resulting in a 100 and 50 dimensional time series,
respectively.

Furthermore, to show that unlike NEB (which maximizes the marginal likelihood), our sample-based
approach is applicable to deterministic simulators, we use a deterministic version of the SIR model
with no observation noise. Similarly to the benchmark tasks, we define a source, and simulate 10000
observations using samples from this source to define a synthetic dataset on which to perform source
distribution estimation. Here, we directly evaluate the quality of the estimated source distributions
using the Sliced-Wasserstein distance. We compare this distance to the minimum expected distance,
which is the distance between simulations of different sets of samples from the same original source.
For a comparison with NEB, we train surrogate models with a reduced dimensionality and again
compute C2ST accuracies and entropies of the estimated sources (see Appendix A.5 and Fig. A3 for
details on surrogate training and pushforward plots).

Source estimation for the deterministic SIR model Our method is able to estimate a good source
distribution for the deterministic SIR model: The Sliced-Wasserstein distance between simulations
and observations is close to the minimum expected distance (Fig. 4a). In contrast to the benchmark
tasks, estimating sources with entropy regularization does not lead to an increase in entropy for the
SIR model, and the quality of the estimated source remains constant for various choices of A\. A
possible explanation for this is that there is no degeneracy in the parameter space of the deterministic
simulator, and there exists only one source distribution.

Source estimation for the probabilistic Lotka-Volterra model For the probabilistic Lotka-
Volterra model, our method is also capable of estimating source distributions. As for the SIR model,
the Sliced-Wasserstein distance between simulations and observations is close to the minimum
expected distance (Fig. 4b). However, unlike the SIR model, estimating the source with entropy
regularization yields a large increase in entropy compared to when not using the regularization. For
the Lotka-Volterra model, our method yields a substantially higher entropy at no additional cost in
terms of source quality.

When using the surrogate models with reduced dimensionality to estimate the source distributions, we
find that Sourcerer achieves better C2ST accuracies than NEB. Furthermore, for the Lotka-Volterra
model, the entropy regularization again leads to a substantial increase in the entropy of the estimated
sources (Table 2). In summary, the experiments on the SIR and Lotka-Volterra models show that our
approach is able to scale to higher dimensional problems and can use gradients of complex simulators
to estimate source distributions directly from a set of observations.



Table 2: Numerical results for the SIR and Lotka-Volterra model We show the mean and
standard deviation over five runs for differentiable simulators and surrogates of Sourcerer on the
high-dimensional SIR and Lotka-Volterra (LV) models, and compare to NEB. For the comparison
with NEB, we train the required surrogate models with reduced dimensionality (25 dimensions instead
of 50 or 100). Sourcerer achieves C2ST accuracies close to 50%. For NEB, the C2ST accuracies
are worse. For the LV model, the entropies of the estimated sources are higher with the entropy
regularization (A = 0.015 for SIR, A = 0.125 for LV).

Sourcerer Sourcerer Sourcerer Sourcerer
Method Sim. (withreg.)  Sim. (w/oreg.)  Sur. (withreg.)  Sur. (w/oreg.) NEB
SIR C2ST acc. 0.56 (0.013) 0.56 (0.015) 0.55 (0.005) 0.55 (0.005) 0.76 (0.024)
Entropy -2.3(0.079) -2.37 (0.169) -2.29 (0.076) -2.5(0.05) -0.63 (0.174)
LV C2ST acc. 0.57 (0.009) 0.52 (0.001) 0.56 (0.005) 0.54 (0.009) 0.62 (0.011)
Entropy 0.29 (0.017) -1.34 (0.087) 0.34 (0.05) -1.01 (0.13) -1.28 (0.073)

3.3 Estimating source distributions for a single-compartment Hodgkin-Huxley model

Single-compartment Hodgkin-Huxley simulator and summary statistics The single-
compartment Hodgkin-Huxley model consists of a system of coupled ordinary differential equations
simulating different ion channels in a neuron. We use the simulator described in Bernaerts et al. [2]
with 13 parameters. In data space, we use five commonly used summary statistics of the observed
and simulated spike trains. These are the (log of the) number of spikes, the mean of the resting
potential, and the mean, variance and skewness of the voltage during external current stimulation.
As the internal noise in the simulator has little effect on the summary statistics, we train a simple
multi-layer perceptron as surrogate on 10° simulations. The parameters used to generate these
training simulations were sampled from a uniform distribution that was used as the prior in Bernaerts
et al. [2] (details on simulator, choice of surrogate and the surrogate training in Appendix A.9).

Using this surrogate, we estimate source distributions from a real-world dataset of electrophysiological
recordings. The dataset [52] consists of 1033 electrophysiological recordings from the mouse motor
cortex. In general, parameter inference for Hodgkin-Huxley models can be challenging as models
are often misspecified [56, 2]. Thus, estimating the source distribution for this task is useful for
downstream inference tasks, as the prior knowledge gained can significantly constrain the parameters
of interest.

Source estimation for the Hodgkin-Huxley model On visual inspection, simulations from the
estimated source look similar to the original recordings (all observations spike at least once, spikes
have similar magnitudes) and show none of the unrealistic properties (e.g., spiking before the stimulus
is applied) that can be observed in some of the box uniform prior simulations (Fig. 5a). This match is
also confirmed by the distribution of summary statistics, which match closely between simulations
and observations (Fig. 5b). Furthermore, our method achieves good C2ST accuracy of ~ 61% for
different choices of A (Fig. 5d), as well as a small Sliced-Wasserstein distance of ~ 0.08 in the
standardized space of summary statistics (Fig. 5e). While the source estimated without entropy
regularization also achieves good fidelity, its entropy is significantly lower than any of the source
distributions estimated with entropy regularization (Fig. 5d/e, example source distribution in Fig. 5c,
full source in Fig. A11).

Overall, these results demonstrate the importance of estimating source distributions using the entropy
regularization, especially on real-world datasets: Estimating the source distribution without any
entropy regularization can introduce severe bias, since the estimated source may ignore entire regions
of the parameter space. In this example, the parameter space of the single-compartment Hodgkin-
Huxley model is known to be highly degenerate, and a given observation can be generated by multiple
parameter configurations [ 14, 39].
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Figure 5: Source estimation for the single-compartment Hodgkin-Huxley model. (a) Example
voltage traces of the real observations of the motor cortex dataset, simulations from the estimated
source (A = 0.25), and samples from the uniform distribution used to train the surrogate. (b) 1D
and 2D marginals for three of the five summary statistics used to perform source estimation. (c)
1D and 2D marginal distributions of the estimated source for three of the 13 simulator parameters.
(d) and (e) C2ST accuracy and Sliced-Wasserstein distance (lower is better) as well as entropy of
estimated sources (higher is better) for different choices of A including A = 0.25 (gray line) and
without entropy regularization (NA). Mean and standard deviation over five runs are shown.

4 Related Work

Neural Empirical Bayes High-dimensional source distributions have been estimated through
variational approximations to the empirical Bayes problem. Louppe et al. [34] train a generative
adversarial network (GAN) [20] gy, to approximate the source. The use of a discriminator to compute
an implicit distance makes this approach purely sample-based as well. In order to find the optimal *
of the true data-generating process, they augment the adversarial loss with a small entropy penalty on
the source q,. This penalty encourages low entropy, point mass distributions, which is the opposite
of our approach. Vandegar et al. [58] take an empirical Bayes approach, and use normalizing flows
for both the variational approximation of the source and as a surrogate for the likelihood p(x|€). This
allows for direct regression on the marginal likelihood, as all likelihoods can be computed directly.
Finally, the empirical Bayes problem is also known as “unfolding” in the particle physics literature
[10], “population inference” in gravitational wave astronomy [55], and “population of models” in
electrophysiology [30]. Approaches have been developed to identify the source distribution, including
classical approaches that seek to increase the entropy of the learned sources [50].

Simulation-Based Inference The use of variational surrogates of the likelihood of a simulator with
intractable likelihood is known as Neural Likelihood Estimation in the simulation-based inference
(SBI) literature [60, 45, 36, 11]. In neural posterior estimation [44, 35, 21], an amortized posterior
density estimate is learned, which can be applied to evaluate the posterior of a single observation
x; € D, if a prior distribution p(#) is already known. An intuitive but incorrect approach to source
distribution estimation would be to take the average posterior distribution over the observations D,

1 n
Gn(0) =~ > _p(0lz:). (7)
i=1

The average posterior does not always (and typically does not) converge to a source distribution in the
infinite data limit, as shown for simple examples in Appendix A.8. Intuitively, the average posterior
becomes a worse approximation of a source distribution for simulators that have broader likelihoods.
Instead, SBI can be seen as a downstream task of source distribution estimation; once a prior has
been learned from the dataset of observations with source estimation, the posterior can be estimated
for each new observation individually.



Generalized Bayesian Inference Another field related to source estimation is Generalized Bayesian
Inference (GBI) [5, 40, 26]. GBI performs distance-based inference, as opposed to targeting the
exact Bayesian posterior. Similarly to our work, the distance function used in GBI can be arbitrarily
chosen for different tasks. However, GBI is used for single-parameter inference tasks, as opposed to
the source distribution estimation task considered in this work. Similarly, Bayesian non-parametric
methods [43, 38, 12] learn a posterior directly on the data space which can then be used to sample
from a posterior distribution over the parameter space.

5 Summary and Discussion

In this work, we introduced Sourcerer as a method to estimate source distributions of simulator
parameters given datasets of observations. This is a common problem setting across a range of
scientific and engineering disciplines. Our method has several advantages: first, we employ a
maximum entropy approach, improving reproducibility of the learned source, as the maximum
entropy source distribution is unique while the traditional source distribution estimation problem
can be ill-posed. Second, our method allows for sample-based optimization. In contrast to previous
likelihood-based approaches, this scales more readily to higher dimensional problems, and can be
applied to simulators without a tractable likelihood. We demonstrated the performance of our approach
across a diverse suite of tasks, including deterministic and probabilistic simulators, differentiable
simulators and surrogate models, low- and high-dimensional observation spaces, and a contemporary
scientific task of estimating a source distribution for the single-compartment Hodgkin-Huxley model
from a dataset of electrophysiological recordings. Throughout our experiments, we have consistently
found that our approach yields higher entropy sources without reducing the fidelity of simulations
from the learned source.

Limitations In this work, we used the Sliced-Wasserstein distance (and MMD) for the data-
consistency term between simulations and observations. In practice, different distance metrics can
lead to different estimated sources, depending on its sensitivity to different features. While our
method is compatible with any sample-based differentiable distance metric between two distributions,
there is still an onus on the practitioner to carefully select a reasonable distance metric for the data at
hand. For example, in some cases, it might be appropriate to use a combination of several distance
metrics for different modalities of the data. Similarly, there is a dependence on the final regularization
strength \. Principled methods for defining the regularization strength are desirable, though as we
demonstrate, our results are robust to a large range of \.

In addition, the method requires a differentiable simulator, which in practice may require the training
of a surrogate model, for example, when dealing with a (partially) discrete simulator. While this
is a common requirement for simulation-based methods, this could present a challenge for some
applications. Finally, in our work, we enforce the maximum entropy principle on the entire (parameter)
source distribution. In practice, for example when constructing prior distributions for Bayesian
inference, there are other choices, such as the Jeffrey’s prior [9].
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A Appendix

A.1 Software and data

We use PyTorch [46] for the source distribution estimation and hydra [61] to track all configurations.
Code to reproduce results is available at https://github.com/mackelab/sourcerer.

A.2 Simulators and sources

Here we provide a definition of the four benchmark tasks Two Moons (TM), Inverse Kinematics
(IK), Simple Likelihood Complex Posterior (SLCP) and Gaussian Mixture (GM), as well as the two
high-dimensional simulators, the SIR and Lotka-Volterra model. We also describe the original source
distribution used to generate the synthetic observations, and the bounds of the reference uniform
distribution on the parameters.

A.2.1 Two moons simulator

Dimensionality
Bounded domain
Original source

Simulator

References

x € R? 6 € R?
[_575]2
6~ U(-1,1]%)

= rcos(a) + 0.25] n [—|01 + 92|/\@]
rsin(a) (=01 +62)/V2]’

where a ~ U(—7/2,7/2), r ~ N(0.1,0.01%).

Vandegar et al. [58], Lueckmann et al. [37]

A.2.2 Inverse Kinematics simulator

Dimensionality
Bounded domain
Original source
Simulator

References

reR? 0cR?

[_7['777]4

0 ~ N(0,Diag(3, 1, 3. 7))

r1 =601+ Sin(eg 6) + 15 Sin(92 + 03 + E) + I3 Sin(@g + 03+ 04 + 6),
xg9 =1y cos(fy + €) + la cos(b2 + 03 + €) + I3 cos(0 + 03 + 04 + €),
where I; =I5 = 0.5, 13 = 1.0 and € ~ N(0,0.000172).

Vandegar et al. [58]

A.2.3 SLCP simulator

Dimensionality
Bounded domain
Original source
Simulator

References

r€R8 HeR®

[_5a 5]5

0 ~U([-3,3])

z|0 = (x1,...,24), 2 NN(’;”e, Sh),
where mg = [z; ,Sp = psslls2 p851%82] , 81 = 9%, S9 = 02, p = tanh 65.
Vandegar et al. [58], Lueckmann et al. [37]

A.2.4 Gaussian mixture simulator

Dimensionality
Bounded domain
Original source
Simulator
References

z € R?, 0 € R?

[_575]2

0 ~ U([0.5,1]?)

x]0 ~ 0.5N (2|6, I) + 0.5N (x]0,0.01 - I).
Sisson et al. [53]
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A.2.5 SIR model

Dimensionality x € R 9 ecR?
Bounded domain [0.001, 3]2
Original source 3 ~ LogNormal(log(0.4),0.5) v ~ LogNormal(log(0.125),0.2)

Simulator x|0 = (z1,...,T50), where x; = I; /N equally spaced and [ is
: ds SI dI SI dR
simulated from <2 = —857, 7 = 85 — I, 5 =1
with initial values S = N — 1,1 =1, R =0and N = 10°.
References Lueckmann et al. [37]

A.2.6 Lotka-Volterra model

Dimensionality x € RV 9 cR*
Bounded domain [0.1, 3]*
Original source 0’ ~ A\(0,0.5%)%, pushed through § = f(0') = exp(a(¢’)),
where o is the sigmoid function.
Simulator ol = (x5, ... 2, 2) .. 2)y),
where 25X ~ N(X,0.052), 2} ~ N (Y,0.05%) equally spaced,
and X, Y are simulated from 4 = o X — BXY, 4 = —7Y + 6XY
with initial values X =Y = 1.

References Glockler et al. [17]

A.3 Pseudocode and details on source estimation for benchmark tasks

Pseudocode for Sourcerer is provided in Algorithm 1.

For both the benchmark tasks and high dimensional simulators, sources were estimated from 10000
synthetic observations that were generated by simulating samples from an original previously defined
source.

For the benchmark tasks, we used T' = 500 linear decay steps from A;—g to A;—7 = X and optimized
the source model using the Adam optimizer with a learning rate of 10~* and weight decay of 10~°.
The two high dimensional simulators were optimized with a higher learning rate of 10~ and T' = 50
linear decay steps. In both cases, early stopping was performed when the overall loss in Eq. (4) did
not improve over a set number of training iterations.

As a baseline, we compare to Neural Empirical Bayes (NEB) as described in Vandegar et al. [58].
Specifically, we use the biased estimator with 1024 samples per observation (£124), which are used
to compute the Monte Carlo integral. Unlike our Sliced-Wasserstein-based approach, NEB does
not operate on the whole dataset of observations directly but attempts to maximize the marginal
likelihood per observation and thus uses part of the observations as a validation set. To ensure a
fair comparison, we increased the number of observations to 11112 for all NEB experiments, which
results in a training dataset of 10000 observations when using 10% as a validation set. For training,
we again used the Adam optimizer (learning rate 10—, weight decay 10~°, training batch size 128).

A.4 Source model

Throughout all our experiments, we use neural samplers as the source models [58]. The sampler
architecture is a three-layer multi-layer perceptron with dimension of 100, ReLU activations and batch
normalization as our source model. Samples are generated by drawing a sample s ~ A/ (0, ) from
the standard multivariate Gaussian and then (non-linearly) transforming s with the neural network.

A.5 Surrogates for the benchmark tasks

We follow Vandegar et al. [58] and train RealNVP flows [13] as surrogates for the four benchmark
tasks. For all benchmark tasks, the RealNVP surrogates have a flow length of 8 layers with a hidden
dimension of 50.

Surrogates for the benchmark tasks were trained using the Adam optimizer [25] on 15000 samples
and simulator evaluations from the uniform distribution over the bounded domain (learning rate 10~%,
weight decay 5 - 1075, training batch size 256). In addition, 20% of the data was used for validation.
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Algorithm 1: Sourcerer

Inputs: Source model g4 constrained on the bounded domain Bg, observed dataset
D ={x1,...,xn} ~ po(x), differentiable model p(z|f) to draw samples from (simulator or
surrogate), number of samples m to estimate entropy, regularization schedule \;—1, ..., Ai—7.
Outputs: Trained source model g4(#).

t < 0;

while not converged do
01,...,0, ~qs(0); # sample parameters for pushforward
xl ~ p(x|6;) ; # sample pushforward

Treon 0, ~qe(0); # sample parameters for entropy estimation

A Ny if t < Telse N\ ; # schedule lambda
L+ H{O,...,0,,} + (1 —XND({x1,...xn}, {z), ..., 20} s # compute loss
¢+ ¢ —Adam(V,L) ; # update source model
t+t+1

return g,

To train surrogate models for the SIR and Lotka-Volterra model, we first reduce the simulator
dimension in observation space to 25 in both cases. Additionally, we add a small amount of
independent Gaussian noise (N(X,0.012)) to the output of the SIR simulator to avoid training
the normalizing flow surrogate with simulations from a deterministic likelihood. We then use 10°
simulations to train and validate (20% validation set) both surrogate models, again using the Adam
optimizer (learning rate 5 - 10~%, weight decay 5 - 107, training batch size 256).

A.6 Kozachenko-Leonenko entropy estimator

Our use of neural samplers requires us to use a sample-based estimate of (differential) entropy, since
no tractable likelihood is available (see Sec. 2.5).

We use the Kozachenko-Leonenko estimator [28, 3] for a set of samples {6;}?_; from a distribution
p(0) € P(O), given by

H(qy) ~ % [Z log(di)] — g(k) + g(n) + log(Va), ®)

where d; is the distance of #; from its k-th nearest neighbor in {6; };;, d is the dimensionality of ©,
m is the number of non-zero values of d;, g is the digamma function, and V; is the volume of the unit
ball using the same distance measure as used to compute the distances d;.

The Kozachenko-Leonenko estimator is differentiable and can be used for gradient-based optimization.
The all-pairs nearest neighbor problem can be efficiently solved in O(nlogn) [57]. In practice,
we find all nearest neighbors by computing all pairwise distances on a fixed number of samples.
Throughout all experiments, 512 source distribution samples were used to estimate the entropy during
training.

A.7 Uniqueness of maximum entropy source distribution

Here, we prove the uniqueness of the maximum entropy source distribution (Proposition 2.1). First,
however, we demonstrate for a simple example that the source distribution without the maximum
entropy condition is not unique.

Example of non-uniqueness Consider the (deterministic) simulator x = f(6) = |6|. Further
assume that our observed distribution is the uniform distribution p(z) = U(z; a, b), where 0 < a < b.
Due the symmetry of f, the source distribution p(é) for the observed distribution p(z) is not
unique. Any convex combination of form au;(#) + (1 — o)ug, where u;(6) = U(0; —b, —a) and
u2(0) = U(B;a,b) and o € [0, 1] provides a source distribution. The maximum entropy source
distribution is unique and is attained if both distributions are weighted equally with o = 0.5.
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Proof of Proposition 2.1 First, let us state Proposition 2.1 in full:

Let © C R and X C R be the parameter and observation spaces, respectively. Suppose that ©
is compact. Let P(©) C LY(©) and P(X) C L' (X) be the set of probability measures on © and X
respectively. Let Q = {q|q" = p, almost everywhere } C P(©) be the set of source distributions
for a given likelihood p(x|0) and data distribution p, € P(X). Suppose that Q) is non-empty and
compact (in the L' norm topology). Then ¢* = arg max,cqo H (q) exists and is unique.

First, by the compactness assumption on O, the (differential) entropy of all ¢ € P(©) is bounded
above (by the entropy of the uniform distribution on ©), and so in particular it is finite. By the
compactness assumption on (), the entropy achieves its supremum of (), that is, there exists a ¢* such
that H(q*) = argmax,q H(q). To show that ¢* is unique (up to L'-null sets), it is sufficient to
show two results: (1) that the set () is a convex set, and (2) that entropy is strictly concave. In this
case, if we have two distinct suprema ¢ and ¢3, then any convex combination of ¢, ¢5 is a valid
source distribution with higher entropy, causing a contradiction. For the remainder of this proof, we
let ¢; and ¢ be two distinct source distributions. Their convex combination ¢ = aq; + (1 — a)go,
a € [0, 1] is a valid probability distribution supported on both of the supports of ¢; and gs.

(1) Sources distributions are closed under convex combination: q is also a source distribution, since

g* (z) = / p(160) - (0g1 (8) + (1 — 2)gs(6))do

_ a/p(xﬁ)ql(ﬁ)de H(1—a) /p(x\@)qz(ﬁ)de ©)
= apo(z) + (1 — a)po(x) = po(x).

(2) Entropy is (strictly) concave: the entropy of ¢ satisfies

H(@) =~ [ (@n(0) + (1 - )e2(0)) - log(aas(9) + (1 — @)aa(0)) s

> / g1 (6) 101 (8)) + (1 — a)g2(6) log(q>(6))]d6 (10)

=aH(q1) + (1 —a)H(q),

where we used the fact that the function f(z) = x log x is convex on [0, c0), and hence — f is concave.
Furthermore, f(z) is strictly convex on [0, 00), so for any § € ©, the equality of the integrands

aq(f) + (1 — a)ga(0)) log(aq(0) + (1 — a)ga()) = aq(6)log(qi(0) + (1 — )g2(6) log(qz(gel))

holds if and only if & € {0, 1} or ¢1(6) = ¢2(0). Since ¢; and go are assumed distinct, that is, it holds
q1(0) # g2(0) on a positive measure set, the integral equality in Eq. (10) only holds if o € {0,1},
and thus entropy is strictly concave, which concludes our proof.

g

Regularized regression as an approximation to constrained optimization In practice, we ap-
proximate the optimization problem in Eq. (2) with the regularized regression objective in Eq. (3).
As aresult, we cannot use the result of Proposition 2.1 to guarantee the uniqueness of our solution.
However, the dynamic schedule approach to A we use in our work (see Appendix A.3) is similar to
the penalty method of approximating solutions to constrained optimization tasks [16, 8]. Future work
could use this connection to apply theoretical knowledge of constrained optimization in the source
distribution estimation setting.

A.8 Examples related to the average posterior distribution

In general, the average posterior distribution is not a source distribution. The average posterior distribu-
tion is defined in Eq. (7). The infinite data limit is given by G, () = G(0) = [ p(0|x)p,(x)dz.
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Here, we provide two examples, one based on coin flips, and one based on a Gaussian bimodal
likelihood to illustrate this point.

Coin-flip example Consider the classical coin flip example, where the probability of heads (H)
follows a Bernoulli distribution with parameter 6. The source distribution estimation problem for this
setting would consist of the outcomes of flipping n distinct coins, with potentially different values 6;.

Proposition A.1. Suppose we have a Beta prior distribution on the Bernoulli parameter 6 ~
Beta(a, B) with parameters o = 3 = 1, and that the empirical measurements consist of 70% heads,

ie.:
B 0.7 r=H
Pol®) =103 w=T

Then the average posterior G(0) = [ p(0|z)p,(z)dx is not a source distribution for p,(x).

Proof: Since the Beta distribution is the conjugate prior for the Bernoulli likelihood, the single-
observation posteriors are known to be p(6|z = H) = Beta(2,1) and p(f|z = T) = Beta(1,2).
Hence, the average posterior is

G(0) = 0.3 - Beta(1,2) + 0.7 - Beta(2,1). (12)

However, the ratio of heads observed when pushing this distribution through the Bernoulli simulator
is

1
G#(z =H) = / 0[0.3 - Beta(6;1,2) + 0.7 - Beta(6;2,1)]d6
0

1 1-6 0
= 6010.3——— T———- | db
/o [03B<1,2>+°7B<2,1>}

1 (13)
= 2/ [0.30(1 — 6) + 0.76%]d9
0

1

~ 0.567 # 0.7,
0

where we have used the fact that the Beta function takes the values B(1,2) = B(2,1) = 1/2.
Therefore, the pushforward of the average posterior distribution does not recover the correct ratio of
heads, and so it is not a source distribution.

2
= 0.36% + §0.493

Gaussian bimodal example As another illustrative example to show the differences between
average posterior and estimated source, we consider a one-dimensional, bimodal Gaussian likelihood
given by |0 ~ 0.5\ (x]0 — 1,0.3%) + 0.5N (2|0 + 1,0.3%) and the source N(6|0,0.25%). We use
the sbi package [54] and perform neural posterior estimation with the uniform prior 6 ~ U ([—5, 5])
to obtain the average posterior and compare it to the source estimated with our approach.

While the estimated source matches the original source closely, the average posterior is visibly
different and substantially broader (Fig. A1). As expected, this difference persists when sampling
from the average posterior and estimated source to simulate from the likelihood. The pushforward
distributions in data space of the original and estimated source match, while the one of the average
posterior is again substantially different (Fig. Al).

Additional average posteriors (in comparison to original and estimated source distributions) for the
Two Moons and Gaussian mixture are shown in Fig. A6.

A.9 Details on source estimation for the single-compartment Hodgkin-Huxley model

We use the simulators as described in Bernaerts et al. [2] for our source estimation. This work
provides a uniform prior over a specified box domain, which we use as the reference distribution for
source estimation. Since the simulator parameters live on different orders of magnitude, we transform
the original m-dimensional box domain to the [—1, 1]™ cube. Note that this transformation does not
affect the maximum entropy source distribution. This is because this scaling results in a constant
term added to the (differential) entropy. More specifically, for a random variable X (associated with
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Bimodal likelihood example
Parameter space Data space

Il Original source d
[ Estimated source
[ Average posterior

Figure A1l: Failure of the average posterior as a source distribution for the bimodal likelihood example.
Each of the individual posteriors is bimodal, resulting in an average posterior with 3 modes (left), the
secondary modes produce observations which are not observed in the data distribution when pushed
through the likelihood (right), and should not be part of the source distribution.

its probability density p(x)), the (differential) entropy of X scaled by a (diagonal) scaling matrix D
and shifted by a vector c is given by

H(DX +¢) = H(X) + log(det D). (14)

The surrogate is trained on 10° parameter-simulation pairs produced by sampling parameters from the
uniform distribution and simulating with the sampled parameters. We do not use the simulated traces
directly, but instead compute 5 commonly used summary statistics [2, 18]. These are the number of
spikes k transformed by a log(k + 3) transformation (ensuring it is defined in the case of k = 0),
the mean of the resting potential, and the first three moments (mean, variance, and skewness) of the
voltage during the stimulation.

As our surrogate, we choose a deterministic multi-layer perceptron, because we found that the internal
noise has almost no noticeable effect on the summary statistics, so that the likelihood p(z|6) is
essentially a point function. We are able to make this choice because the sample based nature of
our source distribution estimation approach is less sensitive to sharp likelihood functions, whereas
likelihood-based approaches could struggle with such problems.

The multi-layer perceptron (MLP) surrogate has 3 layers with a hidden dimension of 256. ReLU
activations and batch normalization were used. Training of the MLP was done with Adam (learning
rate 5 - 10~4, weight decay 1077, training batch size 4096). Again, 20% of the data were used for
validation.

A.10 Computational Resources

All numerical experiments reported in this work were performed on GPU using an NVIDIA A100
GPU. A single source estimation run for a benchmark task using the Sourcerer approach (for one
value of \) took approx. 30 seconds. In comparison, learning the source using NEB for the same task
took approx. 2 minutes (see Table A1). A source estimation run for Sourcerer on the high-dimensional
tasks took approx. 10 min. When the observations are high-dimensional, training a surrogate (if
required) makes up the majority of the computational cost. For the Hodgkin-Huxley task, training a
surrogate took approx. 20 minutes, after which estimating the source distribution with Sourcerer took
approx. 30 seconds.
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Table Al: Wall-clock runtime comparison between Sourcerer and NEB. Time in seconds mea-
sured on an Nvidia A100 GPU. Average and standard deviation are shown over 5 runs. For all
three settings (Sourcerer with and without entropy regularization, NEB), surrogate models for the
benchmark simulators were used. Sourcerer converges noticeably faster than the NEB baseline.

Method  Sur. (w/oreg.)  Sur. (with reg.) NEB
™ 29.4 (8.5) 63.9 (10.1) 145.2 (13.9)
IK 28.5(6.9) 66.7 (10.0) 116.8 (22.6)

SLCP 71.7 (12.8) 53.1(12.2) 91.6 (9.9)
GM 26.6 (5.4) 46.2 (9.2) 98.5 (15.5)

A.11 Supplementary figures
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Figure A2: Extended results for source distribution estimation on the benchmark tasks (Fig. 3) for
different choices of A. In addition to the C2ST accuracy and entropy, here the Sliced-Wasserstein
distance (SWD) between the observations and the pushforward distribution of the estimated source is
shown. Mean and standard deviation were computed over five runs.
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SIR model Lotka-Volterra model
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Figure A3: Extended results for source distribution estimation on the differentiable SIR and Lotka-
Volterra models (Fig. 4). In addition to the Sliced-Wasserstein distance (SWD), the C2ST accuracy
between the observations and the pushforward distribution of the the estimated source is shown.
Despite the high-dimensional data space of the simulators (50 and 100 dimensions), the estimated
sources achieve a good C2ST accuracy (below 60%) for various choices of A. Mean and standard
deviation were computed over five runs. Additionally, percentile values of all samples computed
per time point between simulations (simulated with parameters from the estimated source) and
observations (simulated with parameters from the original source) closely match.
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Figure A4: Sourcerer with Maximum Mean Discrepancy (MMD) as the differentiable, sample-based
distance. We use MMD with an RBF kernel and the median distance heuristic for selecting the
kernel length scale. Source estimation is performed without (NA) and with entropy regularization for
different choices of A. For these tasks, MMD produces similar results to the previously used SWD
(Fig. 3b). These results show that Sourcerer is compatible with other sample-based, differentiable
distances other than the SWD. For all cases, mean C2ST accuracy between observations and simula-
tions (lower is better) as well as the mean entropy of estimated sources (higher is better) over five

runs are shown together with the standard deviation.
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Two Moons with 100 observations i s 25-dimensional Gaussian Mixture
. & F 1.

o

s 8
T T 05 -30 T T 0.5

T L v T -1
NA 0.015 A 0.125 1.0 NA 0.015 A 0.125 1.0

o Entropy w
C2ST

Figure A5: Experiments with less observations and higher-dimensional sources. Source estimation
without (NA) and with entropy regularization for different choices of A. For the Two Moons task,
the number of observations was reduced from 10000 to 100. For the Gaussian Mixture task, the
dimensionality was increased from 2 to 25. These results show that Sourcerer is robust to small
datasets of observations, and can estimate high-dimensional source distributions. For all cases, mean
C2ST accuracy between observations and simulations (lower is better) as well as the mean entropy of
estimated sources (higher is better) over five runs are shown together with the standard deviation.

Two moons

Parameter space Data space
Il Original source
I Estimated source
I Average posterior
1
O—
-1
T T T T T : I T T
-1 0 1 -1 0 -2 0 2
6, X4 %
Gaussian Mixture
5_
5
0_
04
54 T T T -5 T T T
-5 0 5 -5 0 5 -5 0 5 -5 0 5
6, 8, X, X,

Figure A6: Original and estimated sources distributions as well as average posterior distribution for
Two Moons and Gaussian Mixture simulator with uniform prior 6 ~ U ([—5, 5]?). For simulators for
which the likelihood is unimodal and narrow, such as the Two Moons simulator, the average posterior
can be a good approximation of a source distribution. However, for simulators where the likelihood
is broader, such as the Gaussian Mixture simulator, the average posterior is too broad, and does not
reproduce the data distribution p, well, when compared to estimates of source distributions.
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SLCP

Il Original source
I Estimated source

Figure A7: Original and estimated source distributions for the benchmark SLCP simulator. The
estimated source has higher entropy than the original source.
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Lotka-Volterra model SIR model

Il Original source
I Estimated source

Figure A8: Original and estimated source distributions for the SIR and Lotka-Volterra model. For the
Lotka-Volterra model, the estimated source has higher entropy than the original source.
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Hodgkin-Huxley model

Il Source with entropy regularization
[ Source without entropy regularization
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Figure A11: Estimated sources using for Hodgkin-Huxley task with the entropy regularization
(A = 0.25) and without the entropy regularization. Without, many viable parameter settings are
missed, which would have significant downstream effects if the learned source distribution is used as
a prior distribution for inference tasks.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We demonstrate in Table 1 our claim that we achieve source distributions
with higher entropy than a state-of-the-art comparison, and show results in Fig. 4 and
Fig. 5 that our method recovers source distributions on high dimensional tasks and the
electrophysiological data, respectively.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We clearly mark the limitations discussion in Sec. 5.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

 If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: Proposition 2.1 is stated with a full set of assumptions and a complete proof in
Appendix A.7.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

» All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide pseudocode of our method in Algorithm 1. We provide full
details of the architecture of the source model and surrogates in Appendices A.4 and A.5,
respectively.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We use public data from existing work which we reference for the elec-
trophysiological dataset. The code necessary to reproduce our results is available at
https://github.com/mackelab/sourcerer.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide full details on training the source model in Appendix A.3, A.4,
A.5, A.6and A.9.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The numerical results in Table 1 are reported with estimated standard devia-
tions, and the figures include error bars showing the standard deviation over an independent
set of runs with different random seeds.

Guidelines:

* The answer NA means that the paper does not include experiments.
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8.

10.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We specify the computational resources used in our numerical experiments in
Appendix A.10. We provide a breakdown of the approximate computation time for each of
the experiments performed in this work.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We confirm that this work conform with all aspects of the NeurIPS Code of
Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

32



11.

12.

Justification: Our work is fundamental in that we develop a new approach to solving the
source distribution estimation problem. We do not develop new classes of models, nor do
we apply our approach to problems with societal implications. We do not foresee any direct
or indirect misuse of this work.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This work does not involve models that have a high risk of misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

» Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

» Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We use a dataset of electrophysiological recordings from Scala et al. [52],
which we cite in the main text.

Guidelines:

* The answer NA means that the paper does not use existing assets.

33



13.

14.

15.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The public repository contains the code to reproduce our results, along with
necessary documentation. It is licensed under the MIT license.

Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This work does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: This work does not involve crowdsourcing nor research with human subjects.
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Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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