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Abstract

In this thesis, we study topological phases and phenomena in quantum many-

body atomic systems coupled to a common environment. Atoms coupled to

a common environment display collective behaviour, including induced long-

range dipole-dipole interactions and collective dissipation of excitations into the

environment. Many-body quantum optical systems are promising platforms to

study topological phases due to the high degree of control of the system para-

meters that can be achieved by changing, for example, the interatomic spacings.

Coupling the atomic system to a structured environment, like a dielectric or metal-

lic structure, allows for tailoring the dipole-dipole interactions to reach a given

strength and range of interactions. Interactions can even be made all-to-all by

coupling the atoms to a nanophotonic waveguide. The high control of the inter-

actions enables both the study of existing topological models and the exploration

of new ones with long-range interactions, where little is known about the fate

of topological properties. Furthermore, the controllable interactions enable the

study of topological transport mechanisms such as topological pumping, which

is based on cyclic variation of the Hamiltonian parameters. As a result of the col-

lective behaviour, topological phases can be made subradiant, which allows for

the study of long-lived topological dynamics.

In the first original work resulting from the work in this Thesis, we derive

the induced dipole-dipole interactions between an ensemble of atoms coupled

to a nanophotonic waveguide by means of the electromagnetic Green’s tensor.

We derive, analytically, the all-to-all dipole-dipole interactions stemming from

the guided modes of the waveguide. Moreover, we provide, for the first time, a

numerical method for computing with high precision, the unguided contribution

to the dipole-dipole interactions. This interaction differs significantly from its free

space counterpart, especially when the atoms are close to the waveguide surface.

We illustrate this by comparing the transmission of fiber-guided light from free

space modes and the numerically computed unguided modes, where not only

the resonance peaks are shifted, but an overall deformation of the transmission

spectrum is evident for a large atomic system size.

In the second and third original works, we study the existence of topological
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phases in many-body quantum optical systems in the presence of long-range to

all-to-all interactions. In particular, we study the robust topological transport of

a photon embedded in a one-dimensional chain in three relevant quantum optics

platform, namely Rydberg atoms, atoms in low-lying states in free space and

atoms coupled to a nanophotonic waveguide. We show topological transport

of a photon, which is robust against local disorder in the atomic position. The

transport can be performed subradiantly in the case of atoms in low-lying states

and atoms coupled to a waveguide, or within the lifetime of the Rydberg atoms.

Finally, we present a two-dimensional topological model with Rydberg atoms.

The model displays a myriad of distinct topological phases, including two weak

topological insulating phases, characterized by edge states occupying only one

boundary, and a weakly broken higher order topological insulating phase with

corner-like states. Moreover, a semi-metallic phase is found manifested by a pair

of oppositely topologically charged and tunable Dirac points and associated tilted

and anisotropic cones. For specific parameter choices, the Dirac points collapse

into nodal lines.



Zusammenfassung

In dieser Arbeit untersuchen wir topologische Phasen und Phänomene in ato-

maren Vielteilchensystemen, die an eine gemeinsame Umgebung gekoppelt sind.

Atome, die an eine gemeinsame Umgebung gekoppelt sind, zeigen ein kollek-

tives Verhalten, einschließlich induzierter weitreichender Dipol-Dipol-Wechsel-

wirkungen und kollektiver Dissipation von Anregungen in die Umgebung. Quan-

tenoptische Vielteilchensysteme sind eine vielversprechende Plattform zur Un-

tersuchung topologischer Phasen, da die Systemparameter in hohem Maße kon-

trolliert werden können, indem beispielsweise die Abstände zwischen den Ato-

men verändert werden. Darüber hinaus ermöglicht die Kopplung des atoma-

ren Systems an eine strukturierte Umgebung, z. B. eine dielektrische oder me-

tallische Struktur, die Anpassung der Dipol-Dipol-Wechselwirkungen, um die

gewünschte Stärke und Bandbreite der Wechselwirkungen zu erreichen. Durch

Kopplung an einen nanophotonischen Wellenleiter können sogar Wechselwir-

kungen mit unendlicher Reichweite hergestellt werden. Die hohe Kontrolle über

die Wechselwirkungen ermöglicht es, sowohl bestehende topologische Modelle

zu untersuchen als auch neue Modelle mit weitreichenden Wechselwirkungen zu

erforschen, bei denen wenig über den Verbleib der topologischen Eigenschaften

bekannt ist. Darüber hinaus ermöglichen die kontrollierbaren Wechselwirkungen

die Untersuchung von topologischen Transportmechanismen wie dem topologi-

schen Pumpen, das auf der zyklischen Variation der Hamilton-Parameter beruht.

Aufgrund des kollektiven Verhaltens können topologische Phasen subradiant ge-

macht werden, was die Untersuchung der langlebigen topologischen Dynamik

ermöglicht.

In der ersten wissenschaftlichen Arbeit leiten wir die induzierten Dipol-

Dipol-Wechselwirkungen zwischen einem Ensemble von Atomen, die an einen

nanophotonischen Wellenleiter gekoppelt sind, mit Hilfe des elektromagneti-

schen Greenschen Tensors her. Wir zeigen analytisch, dass sich die Dipol-Dipol-

Wechselwirkungen aus den geführten Moden des Wellenleiters ergeben. Darüber

hinaus stellen wir zum ersten Mal eine numerische Methode zur Verfügung, mit

der der ungelenkte Beitrag zu den Dipol-Dipol-Wechselwirkungen mit hoher Ge-

nauigkeit berechnet werden kann. Diese Wechselwirkung unterscheidet sich er-
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heblich von ihrem Gegenstück im freien Raum, insbesondere dann, wenn sich

die Atome nahe der Oberfläche des Wellenleiters befinden. Wir veranschaulichen

dies durch den Vergleich der Übertragung von fasergeführtem Licht aus Frei-

raummoden und den numerisch berechneten ungelenkten Moden, wobei nicht

nur die Resonanzspitzen verschoben werden, sondern eine allgemeine Deforma-

tion des Übertragungsspektrums für ein großes atomares system zu beobachten

ist.

In der zweiten und dritten wissenschaftlichen Arbeit untersuchen wir die Exi-

stenz von topologischen Phasen in quantenoptischen Vielteilchensystemen mit

langreichweitigen bis hin zu uendlich-reichweitigen Wechselwirkungen. Insbe-

sondere untersuchen wir den robusten topologischen Transport eines in eine ein-

dimensionale Kette eingebetteten Photons in drei relevanten, quantenoptischen

Plattformen, nämlich Rydberg-Atomen, Atomen in tiefliegenden Zuständen im

freien Raum und Atomen, die mit einem nanophotonischen Wellenleiter gekop-

pelt sind. Wir demonstrieren den topologischen Transport eines Photons, der

gegenüber lokaler Unordnung in der atomaren Position resistent ist. Der Trans-

port kann im Fall von Atomen in tiefliegenden Zuständen und Atomen, die an

einen Wellenleiter gekoppelt sind, subradiant oder innerhalb der Lebensdauer

der Rydberg-Atome erfolgen. Schließlich stellen wir ein zweidimensionales topo-

logisches Modell mit Rydberg-Atomen vor. Das Modell zeigt eine Vielzahl unter-

schiedlicher topologischer Phasen, darunter zwei schwache topologische Isolati-

onsphasen, die durch Randzustände an lediglich einer außenkante des systems

gekennzeichnet sind, und eine schwach gebrochene topologische Isolationspha-

se höherer Ordnung mit eckenartigen Zuständen. Darüber hinaus finden wir eine

halbmetallische Phase, die sich durch ein Paar topologisch entgegengesetzt gela-

dener und abstimmbarer Dirac-Punkte und zugehörige geneigte und anisotro-

pe Kegel manifestiert. Bei der Wahl bestimmter Parameter kollabieren die Dirac-

Punkte zu Knotenlinien.
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Chapter 1

Introduction

1.1 Topological protection

Topology is concerned with classes of objects, which can be formed to one an-

other by continuous and smooth deformations like stretching, bending or twist-

ing, but without tearing or gluing. The classic example is that a coffee cup can

be continuously deformed into a donut, however not into a ball since this would

require gluing the hole in the handle. In this sense, a coffee cup and a donut are

topologically equivalent and belong to the same topological class classified by

a topological invariant, which in this example is the number of holes. The same

concept can be equivalently applied to phases in physics. In physics, we say that

a topological phase is a phase which is robust against adiabatic local, but finite

perturbations. These perturbations are the smooth deformations like stretching,

bending or twisting from the previous example with the cup and the donut. To-

pological phases cannot be described by localized many-body wavefunctions. On

the contrary, the information is stored non-locally over the whole system mani-

fested by the robustness against local disorder. A change of the topology of a

system is always signified by a phase transition, i.e. a closing of the gap in the

energy spectrum.

The field of topology has been an important branch of mathematics for the last

100 years initiated by the work of Poincaré in the late 19th century. One of the

first applications of topology in theoretical physics was the analysis of magnetic

monopoles by Dirac in 1931 [1]. He calculated that the flux through a closed loop

surrounding the monopole is quantized in integer steps n, a topological invariant.

However, the field of topology in physics first exploded in the 1980s with the

discovery of the quantum Hall effect.

The quantum Hall effect was discovered by Klitzing in 1980. The experiment

involved measuring the Hall resistance of a silicon-MOSFET at low temperatures
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and with a strong magnetic fields [2]. From classical physics one expects that

the increase of the Hall voltage is continuous as a function of increasing mag-

netic field. Surprisingly, it was discovered that the Hall resistance increased in

quantized steps. This quantization is universal in the sense that it does not, to a

large extent, depend on macroscopic details like the exact value of the magnetic

field. It is rather a property of the topology of the system. The Hall current can

be interpreted as carried out by chiral edge modes flowing unidirectionally on

the boundary. This is a manifestation of the hallmark of topological phases in

physics, namely the bulk boundary correspondence. The signatures of topological

phases can be observed on the boundary. The discovery of the quantum Hall

effect earned Klitzing the Nobel prize in 1985. Later, in 2016, the Nobel prize

was awarded to Haldane, Thouless and Klosterlitz for theoretical discoveries of

topological phase transitions and topological phases of matter emphasizing the

relevance of the field to this day showcased by the intensified experimental and

theoretical research including topological Dirac and Weyl semi-metals [3–6], to-

pological superconductors [7], and higher order topological phases [8–11].

The inherent robustness of topological phases can be harnessed to transport

particles or quantum states with high fidelity. This typically involves adiabatic

parameter cycles yielding transport protected by a topological invariant, called

topological pumping, or adiabatically connecting topological zero energy edge

modes of topological models, called robust quantum state transfer. These trans-

port mechanisms can be coined under the common term, topological transport.

The robustness of topological transport arises from mathematical symmetries,

such as inversion or time-reversal symmetry, and has already been exploited for

the fabrication of more robust devices [12, 13] and the establishment of physical

standards [14]. The first experimental realization of quantized topological pump-

ing was achieved using cold atoms in optical superlattices [15, 16] and has later

been observed in electromechanical [17,18] and open systems [19,20]. The robust

transfer of edge modes has been demonstrated in quasi-crystalline structures us-

ing photonic waveguide arrays [21, 22].

1.2 Many-body quantum optics

The interactions between matter and electromagnetic radiation is of funda-

mental interest. A typical scenario to consider is a set of emitters, such as atoms,

molecules or nanoparticles, coupled to a common environment, where energy

and information can leak out to the surrounding environment. For simplicity, let

us now consider atoms. The distinctive feature of such systems are that if the
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atoms are brought sufficiently close together the action of one atom will affect

the other atoms, i.e. the ensemble displays a collective behaviour. The collective

behaviour can be split into two prominent features. The first is the induced coher-

ent dipole-dipole exchange interactions. An atom initially excited can exchange

a virtual photon with another atom. The second is incoherent dissipation where

atoms lose excitations to the surrounding environment. The rate of dissipation

can either be faster or slower than the spontaneous decay of the single atoms

depending on the specific atomic setup and environment highlighting the col-

lective behaviour called super- and subradiance respectively. Superradiance was

first theoretically postulated by Dicke in the 1950s, with the observation of spon-

taneous decay from a dense atomic gas, that occurred on a much higher rate than

the single atom decay rate [23]. Superradiance has later been verified in exper-

iments involving a range of systems from quantum dots [24, 25] to cavity QED

setups [26, 27] and Bose-Einstein condensates [28, 29]. Subradiance was first ex-

perimentally verified by Pavolini et. al. around 30 years after the seminal work by

Dicke [30]. The collective behaviour of atoms coupled to a common environment

has been harnessed in a variety of theoretical applications including subradiance-

protected excitation transport [31], subradiant photon storage [32], and in the ex-

perimental realization of coherent emission [33].

The rates associated with the dipole-dipole exchange interaction and dissipa-

tion can be modified via the specific choice of the environment and its boundary

conditions, which may be tailored in order to obtain desirable properties. For

example, introducing a dielectric or metallic structure in close proximity to an

atomic gas, modifies the local electromagnetic spectrum and hence the collective

behaviour of the ensemble [34–38]. This effect was noticed by Purcell in 1950 [39]

and has later been verified in various experiments involving atoms or electrons

in cavities, and molecules coupled to dielectric structures [40–43].

Among these structures, so-called nanophotonic waveguides, such as single

mode optical nanofibers [44, 45] or integrated photonic nanostructures [46–49],

particularly stand out since they provide strong and homogenous coupling

between the atoms and long coherence times [50], and also due to the con-

fined or guided field modes carried by these nanostructures, which can lead to

propagation-direction-dependent (chiral) emission [51]. The translationally in-

variant nature of these guided modes gives rise to infinitely ranged coherent

dipole-dipole interactions and incoherent couplings between the atoms. These

all-to-all interactions have recently facilitated, for example, the observation of

super- and subradiance [52–54], the realization of long-lived photon storage and

multiple photon bound states [55–59] and the investigation of new dynamical

phases and phase transitions [60, 61]. The modes propagating in the space out-
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side of the nanostructure are often referred to as radiation or unguided modes.

Unfortunately, since these modes can propagate in any direction in space, their

contribution to the coherent and incoherent interactions between the atoms is

highly non-trivial, containing, for example, frequency integrals that either con-

verge very slowly or not at all. Hence, they are often approximated by the free-

space modes [53, 62], an approximation that, however, inevitably breaks down

when the atoms are close to the nanostructure. A number of works have nicely

provided expressions for these contributions in terms of complex integration con-

tours or calculated them numerically under strong approximations, like low-

frequency cut-offs [55, 63–65]. Up to now, how to compute these contributions

exactly remains an open challenge, but something that will be tackled in this

work.

1.3 Topology in quantum optics

The concept of symmetries and topology is deeply connected. Historically,

the majority of research within topological physics was focused on condensed

matter systems owing to the natural symmetries in crystalline structures. Here,

the topological lattice models like the Su–Schrieffer–Heeger (SSH) model in 1D

and Haldane model in 2D involves short-range hopping of particles on the lat-

tice. In recent years, many-body quantum optical systems have been explored

as a platform for studying topological phases and related topological phenom-

ena. In these systems, the induced dipole-dipole exchange interactions between

emitters can be interpreted as hopping parameters, and the system can either be

mapped to known topological lattice models or applied to investigate new to-

pological phenomena. Here, the excitations act as particles and the emitters as

lattice sites. The benefit of quantum optics as a platform for studying topolo-

gical phases is the high degree of control of the system parameters, which can

be tuned by for example changing the interatomic distances or by coupling emit-

ter lattice systems to structured enviroments to tailor the dipole-dipole exchange

interaction in order to reach desired coupling strengths and range. Topological

phenomena like flat bands and chiral edge currents have been demonstrated in

2D lattices of atoms in free space [66, 67] and in emitter arrays coupled to nan-

ophotonic crystals [68, 69]. Furthermore, topological edge states have been ob-

served in a 1D emitter chain coupled to a nanophotonic waveguide [70, 71] and

in multimode cavities [72]. Since many-body quantum optical systems natur-

ally display long-range interactions breaking from the typical topological models

with nearest neighbour hopping, topological phases with long-range or even all-
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to-all hoppings can be studied where little is known about the fate of topological

properties. Recent works indicate that the effect of such long-ranged character

varies from system to system [73–76].

The collective nature of the interactions and dissipation enables subradiant

long-lived topological phases where the dynamics are not affected by dissipa-

tion. Remarkably however, it is even found that dissipation itself can induce

topological phases where the dissipation provides a targeted cooling into topo-

logical phases starting from arbitrary initial states [77–79]. Dissipatively induced

two-dimensional Chern insulator states have also been demonstrated with topo-

logical transport properties such as persistent currents in the steady state [80].

Rydberg atoms have proven to be a promising platform to study topological

features in quantum optics systems due to their high controllability, long lifetimes

and strong dipolar interactions. The strong dipolar interactions decays with the

distance cubed, enabling an approximate mapping to existing nearest neighbour

topological models such as the SSH model. The edge modes of the SSH model

have been experimentally observed in a Rydberg lattice array by Léséleuc et. al.

with 87Rb atoms individually trapped in an array of optical tweezers and ex-

cited into Rydberg states giving rise to dipole-dipole exchange interactions act-

ing as effective hopping [81]. Symmetry protected topological phases and to-

pological edge states have also been observed in Rydberg glasses [82] and in

Rydberg synthetic dimensions [83]. Recent advances in creating large and con-

trollable two and three-dimensional arrays with individually trapped Rydberg

atoms [84–86] has facilitated the potential study of higher dimensional topolo-

gical physics. Edge states have been theoretically predicted in a 2D honeycomb

lattice with three level Rydberg atoms [87]. However, there are still many open

questions regarding higher order topological phases in quantum optics systems.

The goal of this Thesis is to broaden the understanding of topological phe-

nomena in quantum many-body optical systems and investigate the consequence

of long-range interactions in topological systems. In particular, we will study ro-

bust topological transport mechanisms in quantum optical systems from short-

range couplings achieved in Rydberg systems to all-to-all couplings in atom-

waveguide systems in order to achieve high fidelity transport of a photon em-

bedded in the atomic system. Furthermore, we will investigate the realization

of higher dimensional topological phases in Rydberg arrays and address if ex-

isting phenomena in condensed matter systems like weak topological insulators,

higher order topological insulators and semi-metallic phases can be achieved in

quantum optical systems.



6 CHAPTER 1. INTRODUCTION

1.4 Structure of the Thesis

The Thesis will be structured as follows. In Chapter 2 we will introduce the

necessary tools to understand and study many-body atomic systems coupled to

a common environment through the quantum optical master equation. Further-

more, we introduce the three systems that will constitute the platforms imple-

mented in this work, namely atoms in low-lying states in free space, Rydberg

atoms and atoms coupled to a nanophotonic waveguide. In Chapter 3 we out-

line the basics concepts of topological phases in physics. In particular, we intro-

duce the theory behind topological transport, namely topological pumping and

robust quantum state transfer. In Chapters 4-6 we present the original results

obtained in this work. In Chapter 4 we present how to calculate the modified

dipole-dipole interactions between emitters in the presence of a nanophotonic

waveguide with a focus on the non-trivial calculation of the contribution from ra-

diation modes [88]. In Chapter 5 we demonstrate high fidelity topological pump-

ing in the three systems mentioned above and address the fate of topological

transport with long-range interactions [89]. In Chapter 6 we propose a 2D topo-

logical model with Rydberg atoms with zero Berry curvature. Finally, in Chapter

7 we provide a conclusion and discuss potential further directions of the work.



Chapter 2

The quantum master equation and

quantum electrodynamics

Contrary to closed systems, open quantum systems do not follow a unitary

evolution. For open quantum system it is hence useful to consider the dynamics

in terms of the systems density matrix. The dynamics of the density matrix is gov-

erned by the so called quantum master equation. In this chapter we will introduce

the quantum optical master equation for two-level systems coupled to a com-

mon environment. As there are already various derivations of the quantum op-

tical master equation available [90–92], we will not provide a derivation here, but

rather briefly describe the approximations used and their validity in the systems

considered in this Thesis. Then we will introduce the electromagnetic Green’s

tensor, which is the central object that determines the coefficients in the master

equation. We derive the Green’s tensor in free space before deriving integral

expressions for the Green’s tensor for a cylindrical waveguide by eigenmode de-

composition. Finally, we will briefly discuss the physics of Rydberg atoms.

2.1 The Quantum Optical Master Equation

In this section we will introduce the so called quantum optical master equa-

tion, which governs the dynamics of a many-body two-level system coupled to

some common environment. Here, we will consider a general system made up

of two parts as illustrated in Figure 2.1. First, an atomic system consisting of N

identical two-level emitters with spatial coordinates given by rα with α denoting

the α-th emitter. The two-level emitters have a ground and excited state denoted

by |g→ and |e→ respectively separated by an energy h̄ωa, where ωa = 2εc/ϱa is

the transition frequency and ϱa is the transition wavelength.

The atomic system is coupled to a common environment that consists of an

7
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Figure 2.1: Atomic system coupled to common environment. An atomic system de-
noted by S consisting of two level emitters with excited state |e→ and ground state
|g→ separated by an energy h̄ωa coupled to a large common environment E.

electromagnetic field. The form of the electromagnetic field depends on the spe-

cific medium that constitutes the environment and can in general be described by

the permittivity ε(r, ω). We assume that the atomic system resides in free space,

but the surrounding electric field can be modified by the prensence of some object

with permittivity, which differs from the free space value ε0.

The dynamics of the reduced density matrix ρ̂S, which contains only the in-

ternal degrees of freedom of the emitters, is determined by the master equation

˙̂ρS = i ∑
α ↑=β

Vαβ[σ̂
†
α σ̂β, ρ̂S] + ∑

α,β

Γαβ

(

σ̂βρ̂Sσ̂†
α ↓ 1

2
{σ̂†

α σ̂β, ρ̂S}

)

, (2.1)

where σ̂α = |gα→↔eα| is the spin-1/2 ladder operator for the α-th emitter. The first

part of the master equation describes the coherent dipole-dipole interaction or

exchange interaction between the emitters via the exchange of virtual photons.

The strength of the interaction is given by the magnitude of the coefficient Vαβ.

The second part of the equation describes incoherent photon emission or dissipa-

tion in the system, which in general possesses a collective character. The diagonal

terms of the coefficients Γαβ are the single emitter spontaneous decay rate, while

the off-diagonal elements, for α ↑= β, are responsible for the collective character

of the emission.

The exact form of the coefficients Vαβ and Γαβ depends on the specific envir-

onment. The dependence of the environment can be encoded in the so-called
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electromagnetic Green’s tensor Ḡ

Vαβ =
ω2

a

h̄ε0c2
d↗

αRe{Ḡ(rα, rβ, ωa)}dT
β ,

Γαβ =
2ω2

a

h̄ε0c2
d↗

αIm{Ḡ(rα, rβ, ωa)}dT
β ,

(2.2)

where dα is the transition dipole moment between the ground and excited state

of emitter α [37, 38, 91]. In general, the transition dipole moment is a complex

vector, which takes the phase factors of the two states into account. The direction

of the vector determines how the system interacts with electromagnetic waves of

a specific polarization, while the magnitude describes the strength of the interac-

tion. The collective jump operators and rates can be found by diagonalizing the

matrix Γαβ, such that

Γâk = ∑
αβ

MkαΓαβM↗
βk, (2.3)

are the decay rates and

Ĵk = ∑
α

Mkασ̂α, (2.4)

are the jump operators. In general, the jump operators are superpositions of all

single atom spin operators σ̂α. When the off-diagonal elements of Γαβ are small

compared to the diagonal ones, the decay rates are Γâk ↘ Γαα. However, if the

off-diagonal elements are comparable to the diagonal, the rates can be larger or

smaller than the single atom decay rate, called superradiant or subradiant re-

spectively.

Casting the quantum optical master equation in Lindblad form (2.1) with coef-

ficients given in equation (2.2) relies on utilizing a set of approximations. In the

following, we will outline the different approximations and on which assump-

tions they are based.

Dipole Approximation

Consider an emitter, which center is located in r = 0 with a surrounding

electric field E(r, t). The dipole-approximation assumes that the variation of the

electric field over the emitter’s spatial extension is negligible such that we can

make an expansion of the electric field in r and keep only the lowest order term,

resulting in a linear coupling (dipolar coupling) between the electric field and the

emitter [93]. This assumption is valid if the wavelength of the electromagnetic

field is much larger than the atomic length scale allowing us to expand the elec-

tric field in powers of r and only keep the lowest order. Increasing the size of the

emitters, the approximation breaks down and inclusion of higher order multipole
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couplings in the electric field expansion is needed. This leads to additional terms

in the coefficients Vαβ and Γαβ, which includes terms of first and second deriv-

atives of the Green’s tensor [94]. In this Thesis, we consider atoms in low lying

states and Rydberg atoms. Rydberg atoms have a large spatial extension due to

the highly excited valence electron. However, the transition wavelength between

two Rydberg states considering for example Rubidium, are typically in the mil-

limeter range [95], much larger than the size of the Rydberg atom such that the

dipole approximation still holds.

Born approximation

The Born approximation assumes that the coupling between the emitters and

the common environment is weak such that it can be treated as a perturbation.

Since the coupling is weak, the system’s influence on the environment is negli-

gible, such that the system and environment are non-correlated during the entire

time evolution. The density matrix for the total system ρ̂ at time t can then be

expressed through a tensor product

ρ̂(t) = ρ̂S(t)≃ ρ̂E

where ρ̂S is the density matrix of the atomic system and ρ̂E is the density matrix

of the environment [90, 92].

Markov approximation

The Markov approximation assumes that the timescales of correlations

between the atomic system and the environment are much shorter than the typ-

ical timescales in which the state of the atomic system changes [96]. This is, as

in the case of the Born approximation, a result of weak coupling between the

atomic system and the environment, which is why the two approximations often

are grouped under the term Born-Markov approximation. If the system is said to

be Markovian, the dynamics will only depend on the current time t and not on

previous times, i.e. there are no memory effects.

Secular approximation

The secular approximation involves averaging out fast oscillating terms [90].

The fast oscillating terms happen on timescales δt < 1/ωa, where ωa is the trans-

ition frequency. These fast oscillating terms are not expected to contribute to the

dynamics as the transition frequencies are much larger than the typical timescales

of the system [97].



2.2. THE ELECTROMAGNETIC GREEN’S TENSOR 11

2.2 The electromagnetic Green’s tensor

The Green’s tensor formalism is a powerful tool for analysing systems de-

scribed by the macroscopic Maxwell equations and is the central object to calcu-

late the coefficients in the quantum optical master equation (2.1). The electromag-

netic Green’s tensor describes how the electric field with frequency ω propagates

from a point-like source located at r to a position r⇐. The Green’s tensor is defined

as the solution to the equation [98]

[k2ε(r, ω)↓⇒⇑⇒⇑]Ḡ(r, r⇐, ω) = ↓1δ(r ↓ r⇐), (2.5)

where k = ω/c and ε(r, ω) is the relative electric permittivity dependent on the

specific media and/or the arrangement of absorbing and dispersing electric bod-

ies, and with boundary conditions

lim
|r↓r⇐|⇓∞

Ḡ(r, r⇐, ω) = 0.

The Green’s tensor satisfies both the Schwarz reflection principle

Ḡ↗(r, r⇐, ω) = Ḡ(r, r⇐,↓ω↗),

and the Onsager reciprocity [99]

ḠT(r, r⇐, ω) = Ḡ(r⇐, r, ω).

In order to find the coefficients of the master equation (2.1) both the real and

imaginary part of the Green’s tensor is needed. To relate the real and imagin-

ary part of the Green’s tensor, the Kramers-Kronig relation can be applied. The

application of the Kramers-Kronig relation to a complex function χ(ω) requires

that the function satisfies two conditions. The function has to converge to a finite

value as |ω| ⇓ ∞ in the upper half plane and the function has to be holomorphic

in the upper half plane, i.e. the function contains no poles in the complex upper

half plane.

The Green’s tensor converges as |ω| ⇓ ∞ in the upper half plane satisfy-

ing the former condition of the Kramers-Kronig relation. However, the Green’s

tensor can have poles on the real line at ω = 0, making it non-holomorphic in

general. However by multiplying the Green’s tensor by ω2, the small and large
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frequency limits may be applied [100]

lim
|ω|⇓0

ω2

c2
Ḡ(r, r⇐, ω) = ↓1δ(r ↓ r⇐),

lim
|ω|⇓∞

ω2

c2
Ḡ(r, r⇐, ω) = M̄,

where the components of M̄ are Mij < ∞, which is exactly the Kramers-Kronig

conditions. Therefore, the Kramers-Kronig relation may always be applied to the

function ω2Ḡ(r, r⇐, ω), but not always to the Green’s tensor itself.

However, the singular part of the Green’s tensor at ω = 0 may be isolated by

decomposing the Green’s tensor into its transverse and longitudinal components

Ḡ(r, r⇐, ω) = Ḡ⇔(r, r⇐, ω) + Ḡ↖(r, r⇐, ω).

The transverse Green’s tensor is in general holomorphic in the complex upper

half-plane including the real line and hence satisfies the conditions for the Kramers-

Kronig relation, while the longitudinal part is singular in ω = 0. The transverse

and longitudinal part of the Green’s tensor may be found by means of the trans-

verse and longitudinal projection operators [101, 102]

Ḡ⇔(k, ω) = Π̄⇔Ḡ(k, ω)Π̄⇔,

Ḡ↖(k, ω) = Π̄↖Ḡ(k, ω)Π̄↖,

where the projection operators are defined as

Π̄⇔
ij = δij ↓

kik j

|k|2
, Π̄

↖
ij =

kik j

|k|2
.

In cases without a uniform dielectic distribution or involving complex geo-

metries, a direct solution of equation (2.5) is non-trivial. In such cases employ-

ing the trick of eigenmode decomposition can be useful. Consider the positive

frequency part of the electric field E(r, ω). From classical electromagnetism the

positive frequency part of the electric field is the solution to the equation

[k2ε(r, ω)↓⇒⇑⇒⇑]E(r, ω) = ↓iωµ0jT(r, ω),

where µ0 is the permeability in free space and jT(r, ω) is the transverse current

density. It is convenient to introduce the vector function g(r, ω) =
√

ε(r, ω)E(r, ω),
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which is the solution to

Hg(r, ω) = ↓iωµ0
jT(r, ω)
√

ε(r, ω)
,

where we have defined the hermitian differential operator Hg(r, ω) = [k2 ↓
1

ε(r,ω)
⇒ ⇑ ⇒⇑]g(r, ω), assuming that the permittivity is a real function. Now

we can define a set of solutions {gn, ϱn} to the eigenvalue problem Hgn = ϱngn.

Since the operator H is hermitian, there exists a set of eigensolutions {g†
n, ϱ↗

n} to

g†
nH = ϱ↗

ng†
n such that the orthogonality and completeness relations

∫

g†
n(r, ω) · gm(r, ω)d3r = δnm,

∑
n

gn(r, ω)g†
n(r

→, ω) = 1̄δ(r ↓ r⇐),
(2.6)

are satisfied [103,104]. We can define a Green’s tensor Ḡg(r, r⇐, ω) for the function

g(r, ω), which satisfies

g(r, ω) = ↓iωµ0

∫

dr⇐Ḡg(r, r⇐, ω)
jT(r

⇐, ω)
√

ε(r⇐, ω)
.

Using the relations in equation (2.6), the Green’s tensor Ḡg(r, r⇐, ω) can be ex-

pressed as

Ḡg(r, r⇐, ω) = ∑
n

gn(r, ω)g†
n(r

→, ω)

ϱn
.

Finally, by considering the relation between the vector function g(r, ω) and the

electric field, the Green’s tensor for the electromagnetic field may be expressed as

Ḡ(r, r⇐, ω) = ∑
n

En(r, ω)E†
n(r

→, ω)

ϱn
, (2.7)

where En(r, ω) are the eigenmodes of the eigenvalue problem

[k2 ↓ 1

ε(r, ω)
⇒⇑⇒⇑]En(r, ω) = ϱnEn(r, ω). (2.8)

This reduces the tensor equation (2.5) to an eigenvalue problem.

2.2.1 Green’s tensor in free space

In free space the relative permittivity is ε(r, ω) = 1 simplifying equation (2.5)

[k2 ↓⇒⇑⇒⇑]Ḡ(0)(r, r⇐, ω) = ↓1δ(r ↓ r⇐). (2.9)
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Taking the divergence on both sides

k2⇒ · Ḡ(0)(r, r⇐, ω) = ↓⇒δ(r ↓ r⇐). (2.10)

Inserting the relation (2.10) in equation (2.9) and using the vector identity ⇒⇑
⇒⇑ A = ⇒(⇒ · A)↓⇒2A, the equation for the Green’s tensor may be written as

[⇒2 + k2]Ḡ(0)(r, r⇐, ω) = ↓
[

1+
1

k2
⇒⇒

]

δ(r ↓ r⇐).

In order to simplify the problem we define the Green’s function g(0) of the oper-

ator [⇒2 + k2], which is the solution to the equation

[⇒2 + k2]g(0)(r, r⇐, ω) = ↓δ(r ↓ r⇐). (2.11)

Note that g(0) is a scalar function. The Green’s function g(0) is related to the full

Green’s tensor of the problem through the equation

Ḡ(0)(r, r⇐, ω) =

[

1+
1

k2
⇒⇒

]

g(0)(r, r⇐, ω). (2.12)

The solution for g(0) can be found by making a Fourier transform of equation

(2.11)
1

(2ε)3

∫

[⇒2 + k2]g(0)(r, r⇐, ω)e↓iκ·ρd3ρ = ↓1, (2.13)

where we have defined the relative coordinate ρ = r ↓ r⇐. Equation (2.13) can be

rewritten in terms of G(0), the Fourier transform of g(0)

↓κ2G(0)(κ, ω) + k2G(0)(κ, ω) = ↓1.

Solving for G(0) we find

G(0) = ↓ 1

k2 ↓ κ2
. (2.14)

To find the real space solution of the Green’s function we take the inverse

Fourier transform of equation (2.14)

g(0)(r, r⇐, ω) =
1

(2ε)3

∫

d3κG(0)(κ, ω)e↓iκ·ρ

= ↓ 1

(2ε)3

∫ 2ε

0
dφ

∫ 1

↓1
d(cos θ)

∫ ∞

0
dκκ2 1

k2 ↓ κ2
e↓iκρ cos θ.
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Carrying out the integration over the angles φ and θ, the expression simplifies

to

g(0)(ρ, ω) = ↓ i

(2ε)2ρ

∫ ∞

↓∞
dκκ

eiκρ

k2 ↓ κ2
.

Using methods of contour integration gives the solution

g(0)(ρ, ω) =
eikρ

4ερ
.

The full Green’s tensor of the system may now be found by using the relation in

equation (2.12)

Ḡ(0)(r, r⇐, ω)=
k

4ε
eikρ

[

(3ρ̂2↓1)
(

1

(kρ)3
↓ i

(kρ)2

)

+(1↓ρ̂2)
1

kρ

]

, (2.15)

where ρ̂ = ρ/ρ and ρ = |ρ|. The tensor ρ̂2 should be interpreted as ρ̂ρ̂T. Using

the projection operators in equation (2.2), the longitudinal and transverse com-

ponents of the free space Green’s tensor may be expressed as

Ḡ0↖(r, r⇐, ω) = (3ρ̂2 ↓ 1)
1

4ερ3k2
, (2.16)

Ḡ0⇔(r, r⇐, ω) =
keikρ

4ε

{

(3ρ̂2 ↓ 1)

[

1

(kρ)3
↓ i

(kρ)2

]

+ (1 ↓ ρ̂2)
1

kρ

}

↓(3ρ̂2 ↓ 1)
1

4ερ3k2
,

(2.17)

where the divergence of the longitudinal Green’s tensor at ω = 0 can clearly be

seen.

The collective coefficients in free space may now be easily calculated from

equation (2.2) taking the real and imaginary part of the Green’s tensor in equation

(2.15) evaluated at the transition frequency ωa = kac

Γαβ =
3γ

2

[

j0(karαβ)↓
j1(karαβ)

karαβ
+ j2(karαβ)(d̂ · r̂αβ)

2

]

,

Vαβ =
3γ

4

[

y0(karαβ)↓
y1(karαβ)

karαβ
+ y2(karαβ)(d̂ · r̂αβ)

2

]

,

(2.18)

where jn and yn are the spherical Bessel functions of the first and second kind re-

spectively and γ = d2k3
a

3εε0h̄ is the single-atom spontaneous decay rate in free space.

The dipole-dipole interaction and decay rate for two different dipole orientations

are shown in Figure 2.2. For dipoles perpendicular to the separation vector (blue

line), the dipole-dipole interactions decay as 1
rαβ

for large rαβ underlining the long-
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Figure 2.2: Dipole-dipole interaction and decay rate in free space. Dipole-dipole in-
teraction (a) and decay rate (b) in free space as a function of the dimensionless
separation karαβ for different dipole orientations.

range character of the interactions. For dipoles parallel to the separation vector

(red dashed line), the leading term of the dipole-dipole interactions decay as 1
r2

αβ

for large rαβ. When the nearest neighbour interatomic distance is comparable to

the transition wavelength ϱa = 2ε
ka

the dissipation displays a collective character

and superradiant and subradiant modes can be found.

2.2.2 Green’s tensor for a cylindrical waveguide

Lets now consider the free space environment is modified by the presence of

a cylindrical fiber waveguide with radius r f and refractive index n1, placed along

r = 0 in a cylindrical coordinate system (r, φ, z) and extended in the z-direction

as depicted in Figure 2.3. The waveguide medium is characterized by a refract-

ive index n1. In this case a direct solution of the Green’s tensor from equation

(2.5) is highly non-trivial, however, a solution can be found using eigenmode de-

composition, expressing the Green’s tensor in terms of sums or integrals over the

electromagnetic field modes.

The waveguide can support a set of modes of the electromagnetic field, which

are bound inside the fiber called guided modes. The rest of the modes of the elec-

tomagnetic field are radiation modes propagating outside of the fiber. However,

these modes are also affected by the presence of the fiber. It is useful to separate

the guided (µ) and radiation (ν) contributions of the electric field

E = E(µ) + E(ν).

For simplicity, we will assume that we are in the single-mode regime where the

waveguide only supports the fundamental HE11-modes [105]. Note that this is
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Figure 2.3: Cylindrical fiber waveguide. A cylindrical waveguide is centered in
r = 0 in a cylindrical coordinate system (r, φ, z) and extended in the z-direction.
The waveguide has a radius r f and is characterized by a refractive index n1. The
waveguide supports a set of guided modes of the electromagnetic field that can
propagate in the forwards or backwards direction ( f = ±1 respectively) and can
be polarized clockwise or counter clockwise (l = ±1 respectively).

the relevant regime we are interested in for experimental setups. The funda-

mental guided modes will be labeled by µ = (βl f ), where β is the longitudinal

propagation constant, f = ±1 denotes the forward and backwards propagation

direction along z and l = ±1 is the polarization index (+ is the counter clockwise

polarization and - is the clockwise polarization), as indicates in Figure 2.3. The

radiation modes will be labeled by ν = (ωβml) where ω is the mode frequency, β

is the longitudinal propagation constant, which may vary continuously from ↓k

to k, where k = ω/c for each value of ω, m = 0,±1,±2, ... is the mode order and

l = ±1 is the polarization.

Guided modes

The guided modes of the electric field at a position r = (r, φ, z) may be ex-

pressed as

E(µ)(r) = e(µ)(r)eilφei f βz,

where β is the guided longitudinal propagation constant and e(µ)(r) is the guided

profile function of the fiber. The guided modes E(µ)(r) are eigenvectors of the

Hermitian operator H = [k2 ↓ 1
ε(r,ω)

⇒⇑⇒⇑] with eigenvalues ϱ(µ) = k⇐2 ↓ (β2 ↓
q2), where k⇐ = ω⇐/c and ω⇐ is the argument frequency of the guided Green’s

tensor. Using the eigenmode decomposition technique given in equation (2.7),

the Green’s tensor for guided modes may be expressed as

Ḡgd(r, r⇐, ω⇐) =
1

2ε ∑
f l

∫ ∞

0
dβ

e(µ)(r)e(µ)†(r⇐)

k⇐2 ↓ (β2 ↓ q2)
eil(φ↓φ⇐)ei f β(z↓z⇐),

where the profile function of a guided mode is

e(µ)(r) = e
(µ)
r (r)r̂ + e

(µ)
φ (r)ε̂ + e

(µ)
z (r)ẑ,
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and is normalized
∫ 2ε

0
dφ

∫ ∞

0
ε(r, ω)|e(µ)|2rdr = 1.

The guided profile function components has the following symmetry relations

e
(βl f )
r = e

(βl↓ f )
r = e

(β↓l f )
r ,

e
(βl f )
φ = e

(βl↓ f )
φ = ↓e

(β↓l f )
φ ,

e
(βl f )
z = ↓e

(βl↓ f )
z = e

(β↓l f )
z .

The guided profile functions has components, for r < r f , given by

e
(µ)
r (r) =iC

q

κ

K1(qr f )

J1(qr f )
[(1 ↓ s)J0(κr)↓ (1 + s)J2(κr)],

e
(µ)
φ (r) =↓ C

lq

κ

K1(qr f )

J1(qr f )
[(1 ↓ s)J0(κr) + (1 + s)J2(κr)],

e
(µ)
z (r) =C

2 f q

κ

K1(qr f )

J1(qr f )
J1(κr),

and for r > r f

e
(µ)
r (r) =iC[(1 ↓ s)K0(qr) + (1 + s)K2(qr)],

e
(µ)
φ (r) =Cl[(1 + s)K2(qr)↓ (1 ↓ s)K0(qr)],

e
(µ)
z (r) =C

2 f q

β
K1(qr).

Here, κ2 = k2n2
1 ↓ β2 and q2 = β2 ↓ k2 characterizes the field inside and outside

the fiber respectively. The longitudinal propagation constant β of the fiber may

be determined by solving the fiber eigenvalue equation

J0(κr f )

κr f J1(κr f )
=

n2
1 + 1

2n2
1

K⇐
1(qr f )

qr f K1(qr f )
+

1

κ2r2
f

↓
[

(

n2
1 ↓ 1

2n2
1

K⇐
1(qr f )

qr f K1(qr f )

)2

+
β2

n2
1k2

(

1

q2r2
f

+
1

κ2r2
f

)2 ]1/2

.

The functions Jm(x) and Km(x) are the Bessel function of first kind and modified

Bessel function of second kind respectively, which have the following form in the
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asymptotic limit (|x| ↙ 1)

Jm(x) ↘
√

2

εx
cos

(

x ↓ mε

2
↓ ε

4

)

,

Km(x) ↘
√

2

εx
e↓x.

The primed Bessel functions are their derivatives J⇐m(x) = d
dx Jm(x), K⇐

m(x) =
d

dx Km(x). Finally, the parameter s is defined as

s =

1
κ2r2

f

+ 1
q2r2

f

J⇐1(κr f )

κr f J1(κr f )
+

K⇐
1(qr f )

qr f K1(qr f )

.

Radiation modes

The radiation modes of the electric field at position r = (r, φ, z) may be ex-

pressed as

E(ν)(r) = e(ν)(r)eimφeiβz.

The electric field modes E(ν)(r) are eigenvectors of the Hermitian operator H =

[k2 ↓ 1
ε(r,ω)

⇒⇑⇒⇑] with eigenvalues ϱ(ν) = k⇐2 ↓ (β2 + q2), where k⇐ = ω⇐/c and

ω⇐ is the argument frequency of the radiation Green’s tensor. The characteristic

momenta of the radiation field inside and outside the fiber are κ2 = k2n2
1 ↓ β2

and q2 = k2 ↓ β2 respectively. Unlike for the guided modes, the variables β and q

for the radiation modes are continuous variables for each value of k and may be

expressed in terms of an angle θ

β = k cos θ, q = k sin θ.

The radiation modes of the electric field can be both transverse and longit-

udinal, and the radiation contribution to the Green’s tensor may be decomposed

as Ḡrd(ω) = Ḡrd⇔(ω) + Ḡrd↖(ω). On the other hand, one can also separate the

Green’s tensor as a sum of the vacuum modes and the ones scattered by the nan-

ofiber as Ḡrd(ω) = Ḡ0(ω) + Ḡsc(ω). The scattered modes are, however, purely

transverse, allowing to replace the longitudinal radiation Green’s tensor with the

well known longitudinal part of the vacuum Green’s tensor and write

Ḡrd(r, r⇐, ω) = Ḡrd⇔(r, r⇐, ω) + Ḡ0↖(r, r⇐, ω).

where Ḡ0↖(r, r⇐, ω) is the well known longitudinal part of the vacuum Green’s

tensor in equation (2.16). Using eigenmode decomposition for the transverse part
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of the radiation Green’s tensor gives

Ḡrd(r, r⇐, ω⇐)=∑
ml

∫ ∞

↓∞
dβ

∫ ∞

0
dq

e(ν)(r)e(ν)†(r⇐)

k⇐2 ↓ (β2 + q2)
eim(φ↓φ⇐)eiβ(z↓z⇐)+Ḡ0↖(r, r⇐, ω⇐), (2.19)

where the transverse profile function of a radiation mode is

e(ν)(r) = e
(ν)
r (r)r̂ + e

(ν)
φ (r)ε̂ + e

(ν)
z (r)ẑ,

and is normalized according to

∫ 2ε

0
dφ

∫ ∞

0
drrε(r, ω)[e(ν) · e(ν

⇐)↗]β=β⇐,m=m⇐ = δll⇐δ(ω ↓ ω⇐).

The transverse modes of the radiation electric field satisfy ⇒ · [ε(r, ω)E(ν)(r)] = 0,

and are characterized by the transverse profile functions e(ν)(r) with components

in cylindrical coordinates, for r < r f , given by

e
(ν)
r (r) =

iβ

κ
AJ⇐m(κr)↓ m

ωµ0

κ2r
BJm(κr),

e
(ν)
φ (r) =↓ m

β

κ2r
AJm(κr)↓ i

κ
ωµ0BJ⇐m(κr),

e
(ν)
z (r) =AJm(κr),

and for r > r f

e
(ν)
r (r) = ∑

j=1,2

iβ

q
CjH

⇐(j)
m (qr)↓ m

ωµ0

q2r
DjH

(j)
m (qr),

e
(ν)
φ (r) = ∑

j=1,2

↓ m
β

q2r
CjH

(j)
m (qr)↓ i

q
ωµ0DjH

⇐(j)
m (qr),

e
(ν)
z (r) = ∑

j=1,2

CjH
(j)
m (qr).

The functions Jm(x) and H
(j)
m (x) are the Bessel function of first kind and Hankel

functions of j-th kind respectively, which takes the following form in the asymp-

totic limit (|x| ↙ 1)

Jm(x) ↘
√

2

εx
cos

(

x ↓ mε

2
↓ ε

4

)

,

H
(1)
m (x) ↘

√

2

εx
ei(x↓mε

2 ↓ε
4 ),

H
(2)
m (x) ↘

√

2

εx
e↓i(x↓mε

2 ↓ε
4 ).
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The coefficients Cj and Dj are related to the coefficients A and B

Cj = (↓1)j
iεq2r f

4
(ALj + iµ0cBVj),

Dj = (↓1)j↓1
iεq2r f

4
(iε0cAVj ↓ BMj),

where ε0 and µ0 is the vacuum permittivity and permeability respectively, and

Vj =
mkβ

r f κ2q2
(1 ↓ n2

1)Jm(κr f )H
(j)↗
m (qr f ),

Mj =
1

κ
J⇐m(κr f )H

(j)↗
m (qr f )↓

1

q
Jm(κr f )H

⇐(j)↗
m (qr f ),

Lj =
n2

1

κ
J⇐m(κr f )H

(j)↗
m (qr f )↓

1

q
Jm(κr f )H

⇐(j)↗
m (qr f ).

By choosing the constant B = ilηA, the normalization of the profile function

leads to the equations

η = ε0c(
|Vj|

2 + |Lj|
2

|Vj|2 + |Mj|2
)1/2,

and

1 =
16ε2k2

q3

(

|Cj|
2 +

µ0

ε0
|Dj|

2

)

.

In Chapter 4, we aim to solve the integrals in the equation for the guided and

radiation Green’s tensor to obtain the dipole-dipole interactions between emitters

coupled to a nanophotonic waveguide.

2.3 Rydberg atoms

Rydberg atoms are a class of atoms with valence electrons in a highly excited

state, i.e. with a high principal quantum number n. The higher quantum num-

ber, the farther the electron is from the atom core giving Rydberg atoms extremely

large dipole moments resulting in strong dipole-dipole interactions between Ry-

dberg atoms. Rydberg atoms also display remarkable long life-times. These ex-

aggerated properties makes Rydberg atoms highly useful in experiments and for

simulating long coherent dynamics.

Atoms excited to Rydberg states interact through strong dipole-dipole inter-

actions even at large distances (in the order of micrometers) due to their large

dipole moment d scaling as n4. Since the transition frequency between Rydberg

states is small compared to atoms in low lying states, we can approximate the

dipole-dipole interactions between atoms excited to Rydberg states in free space
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Figure 2.4: Rydberg atoms. a: The dipole-dipole interaction strength between two
Rydberg atoms as a function of the angle θαβ. b: Two Rydberg atoms excited to
Rydberg states |r→ and |e→ interacts via the exchange of a virtual photon with a
rate Vαβ. The main decay channel is to the ground state |g→ given by the decay
rate γg.

by considering only the leading term of Vαβ for a two level system in (2.18), for

karαβ ∝ 1

Vαβ =
d2

4εε0h̄

3 cos2 θαβ ↓ 1

r3
αβ

, (2.20)

where we have defined θαβ as the angle between the dipole dα and the separation

vector rαβ. The angular dependence of the dipole-dipole interaction is shown in

Figure 2.4. The dipole-dipole interaction between Rydberg atoms is many orders

of magnitude larger than for atoms in low lying states at the same distance. The

strong dipole-dipole interactions makes Rydberg atoms an exceptional platform

to study and realize various many-body Hamiltonians [106, 107] and model con-

densed matter systems, for example topologically non-trivial lattices as will be

discussed in Chapter 6.

Doing the same expansion for karαβ ∝ 1 for the dissipation matrix, given for

a two-level system in equation (2.18), one finds that Γαβ = γ. However, Rydberg

atoms are not purely two-level systems and the main decay channel for a Ry-

dberg excitation is limited to the spontaneous decay from the Rydberg state to

the ground state γg as depicted in Figure 2.4. Applying Fermi golden rule one

finds that the decay rate γg scales as n↓3. Hence, Rydberg atoms with high prin-

cipal quantum numbers have long lifetimes.



Chapter 3

Topology in physics

In this chapter we will review the theory of topology in physics, a concept

which has attracted a lot of attention in recent years due to the robust nature of

topological phases. We will start by introducing the notion of symmetries, which

is the key to characterizing topological phases. We proceed by treating adiabatic

evolution and how it leads to one of the central ideas in topology, namely the

Berry phase. Subsequently, we introduce a realization of topological phases in

1D, the SSH model, and present one of the distinctive features of topological

phases, the bulk-boundary correspondence. Finally, we conclude by establish-

ing the theory of robust adiabatic transport in topological systems in the form of

topological pumping and quantum state transfer.

3.1 Characterization of topological phases

In order to determine if a topological phase can be present in a system and if

so, how is it characterized, two questions should be asked. What are the sym-

metries of the system and what is the dimensionality of the system. The concept

of symmetries is deeply rooted in the understanding and characterization of to-

pological phases. Although having symmetries is not an absolute requirement

for topological phases to exist, many topological phases and effects arise spe-

cifically due to particular combination of symmetries of the underlying Hamilto-

nian [108–110]. In the following, we will discuss four symmetries that will play a

crucial role in the classification of topological phases in 1D and 2D systems.

However, before introducing the different symmetries, it is useful to introduce

the concept of bulk Hamiltonians. Lattice systems are central in the study of topo-

logical phases due to their inherent symmetries. Every lattice system has a bulk

and a boundary. If the lattice is large, i.e. approaching the thermodynamic limit

where the number of particles N ⇓ ∞, the bulk comprises most of the system and

23
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will determine the physical and topological properties. Due to the translational

invariance of the bulk a Fourier transform can be made of the system’s Hamilto-

nian to momentum space defined by the momentum k. As a consequence of

Bloch’s theorem, the eigenstates of the momentum space Hamiltonian Ĥ(k) will

be on plane wave form

|ψ(k)→ = |k→ ≃ |uk→,

where |k→ is the plane wave basis and |uk→ is the cell-periodic part of the wave-

function [111, 112]. The states |uk→ are the eigenstates of the so called bulk mo-

mentum space Hamiltonian ĥ(k) defined as

ĥ(k) = ↔k|Ĥ(k)|k→.

The eigenstates |uk→ are associated to energy bands Ek given by the eigenvalue

problem

ĥ(k)|uk→ = Ek|uk→. (3.1)

The bulk momentum space Hamiltonian will be the central object to determine

the symmetries of the system.

Time-reversal symmetry

As the name suggests, time-reversal symmetry implies that the dynamics of

the system remains unchanged if time is reversed, i.e. t ⇓ ↓t. Time-reversal

symmetry can be defined via the time-reversal operator T̂ = ÛK̂, where Û is

a unitary operator, i.e. ÛÛ† = 1 and K̂ is the conjugation operator [113]. The

presence of the conjugation operator makes the time-reversal operator an anti-

unitary operator. The unitary operator Û depends on the specific system con-

sidered. Here, we will restrict ourselves to systems of spinless particles where

the unitary operator takes the simple form Û = 1.

Since we will work with lattice systems, it is useful to see how the time-

reversal operator acts in momentum space. Consider a bulk momentum space

Hamiltonian ĥ(k), which has the eigenvalue equation given in equation 3.1. The

bulk momentum space Hamiltonian possesses time-reversal symmetry if

T̂ ĥ(k)T̂ ↓1 = ĥ(↓k). (3.2)

This means that the eigenvalue equation may be written as

ĥ↗(↓k)|uk→ = Ek|uk→,
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and taking the complex conjugate on both sides gives

ĥ(↓k)|uk→↗ = Ek|uk→↗.

From the above equation we can see that for each state |uk→, there exists a time-

reversal partner |uk→↗ of the Hamiltonian ĥ(↓k) with the same energy Ek. Time-

reversal symmetry hence ensures that the energy bands Ek are symmetric around

k = 0 in the FBZ.

Particle-hole symmetry

Systems with particle-hole symmetry are invariant to the change of all the

particles to its corresponding hole. In practical terms, this corresponds to the

interchange between creation and annihilation operators in the system Hamilto-

nian. Particle-hole symmetry may be expressed through an anti-unitary operator

Ĉ = ÛK̂, where Û is a unitary operator and K̂ is the conjugation operator, which

anticommutes with any particle-hole symmetric Hamiltonian.

In momentum space it can be shown that any particle-hole symmetric Hamilto-

nian satisfies the relation

Ĉ ĥ(k)Ĉ↓1 = ↓ĥ(↓k). (3.3)

For the two band models that will be considered in this Thesis, the unitary in

the particle-hole operator is the Pauli matrix Û = σ̂z, such that Ĉ = σ̂zK̂. The

particle hole operator has the property that if |uk→ is an eigenstate of a particle-

hole symmetric Hamiltonian ĥ(k), then Ĉ |uk→ is also an eigenstate [113,114]. The

energy band associated to this eigenstate is given by the eigenvalue equation

ĥ(k)


Ĉ |uk→


= ↓Ĉ


ĥ(k)|uk→


= ↓EkĈ |uk→.

From this it can be concluded that any particle-hole symmetric ĥ(k) have energy

bands that satisfies Ek = ↓E↓k.

Chiral symmetry

Chiral symmetry is the combination of time-reversal and particle-hole sym-

metry defined by the chiral operator Ŝ = Ĉ · T̂ . In the context of crystalline

structures, chiral symmetry is often referred to as sublattice symmetry. For lattice

systems consisting of two sublattices, a chiral or sublattice symmetry operation

corresponds to transforming all particles on one sublattice to the same particle on

the other sublattice.
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Figure 3.1: Symmetry effect on energies. a: Time-reversal symmetry gives symmet-
ric energy bands Ek around k = 0. b: Particle-hole symmetry results in energy
bands that are symmetric around k = 0 combined with an interchange of bands.
c: Chiral symmetry gives symmetric energy bands Ek = ↓Ek.

In momentum space, a chiral symmetric Hamiltonian satisfies the relation

Ŝ ĥ(k)Ŝ↓1 = ↓ĥ(k). (3.4)

As for the two previous symmetries discussed, chiral symmetry puts a restriction

on the energy spectrum, namely that Ek = ↓Ek. Figure 3.1 summarizes and il-

lustrates the effects of the three symmetries discussed so far on the energy bands.

Inversion symmetry

Inversion symmetry refers to systems that are invariant under inversion of

space, i.e. r ⇓ ↓r, and is the spatial counterpart to time-reversal symmetry stud-

ied above. Inversion symmetry plays an important role in crystalline structures

due to their inherent spatial periodicity. In such systems, inversion symmetry cor-

responds to crystal structures that remain invariant under point reflection around

a designated inversion center.

As the other symmetries discussed previously, inversion symmetry can be ex-

pressed through an operator Î called the inversion operator. The inversion oper-

ator acting on a state in the position basis has the following effect

Î |ψ(r)→ = |ψ(↑r)→,

where r = 0 is the inversion center. In momentum space, inversion symmetry

corresponds to the inversion of momentum k ⇓ ↓k. For the two band models,

which is what we will consider in this Thesis, the inversion operator is represen-

ted by the Pauli matrix Î = σ̂x [115]. Any inversion symmetric momentum space
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Hamiltonian satisfies the relation

Î ĥ(k)Î↓1 = ĥ(↓k). (3.5)

The coexistence of the two inversion symmetries (time and space), results in pair-

wise degenerate energies [116].

Bulk-boundary correspondence

One of the hallmarks of topological phases in physics is the fact that even

though the topology is determined by the bulk of the system, the signatures can

be observed on the edges. This is known as the bulk-boundary correspondence.

A change of the value of a topological invariant requires a gap closing in the

energy spectrum, implying that a degeneracy occurs at the boundary between a

topologically non-trivial system and its surroundings, leading to the appearance

of localized edge states crossing the bulk energy gaps. More precisely, a non-

zero topological invariant of a d-dimensional bulk is expected to be manifested

by (d ↓ 1)-dimensional boundary states. These boundary states have energies

that are gapped, or largely separated from the energies of the typical bulk states

of the system. As a result of the topological protected invariant, the boundary

states show a remarkable robustness against local disorder. In particular they are

protected from strong perturbations at the boundary of the system, which may

break translational symmetry [109].

3.2 Adiabatic evolution, Berry phase and Berry

curvature

The adiabatic theorem states that an initial eigenstate of a Hamiltonian will re-

main an instantaneous eigenstate of the time-dependent Hamiltonian given that

the variation is slow and there is a finite gap in the energy spectrum such that

Ĥ(t)|ψn(t)→ = En(t)|ψn(t)→. (3.6)

Consider now an state expanded in the basis formed by the instantaneous eigen-

states of the Hamiltonian |Ψ(t)→ = ∑n cn(t)|ψn(t)→. The evolution of the state is

given by the time-dependent Schrödinger equation

ih̄
d

dt
|Ψ(t)→ = Ĥ(t)|Ψ(t)→. (3.7)
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Inserting the expansion of |Ψ(t)→ into equation (3.7) gives

ih̄ ∑
n

(

cn(t)
d

dt
|ψn(t)→+

 d

dt
cn(t)



|ψn(t)→
)

= ∑
n

cn(t)En(t)|ψn(t)→.

Multiplying the above equation with ↔ψm(t)| from the left and using the fact that

|ψn(t)→ forms an orthonormal basis results in the following expression

ih̄
d

dt
cm(t) + ih̄ ∑

n

cn(t)↔ψm(t)|
d

dt
|ψn(t)→ = cm(t)Em(t). (3.8)

The part involving ↔ψm(t)|
d
dt |ψn(t)→ may be rewritten by considering the time-

derivative of equation (3.6)

(

d

dt
Ĥ(t)

)

|ψn(t)→+Ĥ(t)
d

dt
|ψn(t)→=

(

d

dt
En(t)

)

|ψn(t)→+En(t)
d

dt
|ψn(t)→.

Again, by multiply both sides with ↔ψm(t)| and considering the case where m ↑= n

we arrive at

↔ψm(t)|
d

dt
|ψn(t)→ = ↓↔ψm(t)|

d
dt Ĥ(t)|ψn(t)→

Em(t)↓ En(t)
.

Inserting this into equation (3.8) gives

d

dt
cm(t)↓ ∑

n ↑=m

↔ψm(t)|
d
dt Ĥ(t)|ψn(t)→

Em(t)↓ En(t)
= ↓↔ψm(t)|

d

dt
|ψm(t)→+ ih̄cm(t)Em(t). (3.9)

Since the evolution of the Hamiltonian is adiabatic, the rate of change in the

Hamiltonian d
dt Ĥ(t) is small. Furthermore since the difference in energies between

the instantaneous eigenstates of Ĥ(t) is finite, the last term on the left hand side

of equation (3.9) can be dropped [117–119]. This is known as the adiabatic approx-

imation. Equation (3.9) now reduced to the simpler form

d

dt
cm(t) = ↓↔ψm(t)|

d

dt
|ψm(t)→+ ih̄cm(t)Em(t).

Integrating the above equation gives the solution for the expansion coefficients

cm(t) = cm(0)eiθm(t)eiγm(t), where we have defined the dynamical and geometric

or Berry phase

θm(t) = ↓1

h̄

∫ t

0
Em(t

⇐)dt⇐,

γm(t) = i
∫ t

0
↔ψm(t

⇐)|
d

dt
|ψm(t

⇐)→dt⇐,
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respectively [120, 121]. As the names suggests, the dynamical phase depends on

the the evolution time t, while the geometric phase depends on the geometry or

topology of the trajectory in parameter space. For the Berry phase to be a phys-

ical, observable quantity it has to be gauge invariant. To check this we try to elim-

inate the Berry phase by introducing the transformation |ψm(t)→ ⇓ |ψ⇐
m(t)→ =

|ψm(t)→eiα(t). Under this transformation the Berry phase becomes

γ⇐
m(t) = i

∫ t

0
↔ψ⇐

m(t
⇐)|

d

dt
|ψ⇐

m(t
⇐)→dt⇐.

Inserting the transformation gives

γ⇐
m(t) = γm(t) + α(0)↓ α(t),

meaning that the Berry phase is gauge invariant if α(0) = α(t), i.e if the trajectory

in parameter space forms a closed loop. The Berry phase is thus only observable

for cyclic evolutions.

Crystalline solids are systems where the effect of Berry phase naturally occurs.

Consider a lattice with a Hamiltonian characterized by a crystal momentum k

residing in the First Brillouin Zone (FBZ). As introduced in the previous section,

the eigenstates of the Hamiltonian are given by Ĥ(k)|ψkm→ = Ekm|ψkm→, where

m now is the band index and |ψkm→ are of the form |ψkm→ = |k→ ≃ |ukm→, where

|ukm→ is the cell-periodic part of the wavefunction of the m-th band. Due to the

torus topology of the FBZ varying k throughout the whole FBZ forms a closed

path and the berry phase of the m-th band may be expressed as

γm = i
∫

FBZ
↔ukm|⇒k|ukm→ · dk. (3.10)

This case of the Berry phase running across the entire FBZ is often called the Zak

phase and plays an important role in the study of topology in crystalline solids. In

presence of inversion symmetry the Berry phase is a quantized quantity equal to 0

or ε attributed to a trivial or topological phase, respectively. The Berry phase also

plays an important role in the study of polarization [122]. Using Stokes theorem,

the Berry phase may be expressed as a surface integral

γm =
∫

S



⇒k ⇑ Am,k



· n̂dS, (3.11)

where we have defined the gauge dependent quantity called the Berry connec-

tion Am,k = i↔ukm|⇒k|ukm→. The integrand in equation (3.11) is called the Berry
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curvature

Ωm
kxky

=
∂

∂kx
Am,ky

↓ ∂

∂ky
Am,kx

(3.12)

and resembles a magnetic field in parameter space with the Berry connection act-

ing as a vector potential. Despite the Berry connection being a gauge dependent

quantity, the Berry curvature is gauge invariant and hence observable [123]. The

Berry curvature is an intrinsic property of the topology of the band structure, in

particular it is non-zero in systems with broken time-reversal or inversion sym-

metry. According to the Chern theorem, the integral of the Berry curvature over

a closed manifold is quantized



S
Ωm

kx,ky
dS = 2εCm,

where Cm is an integer called the Chern number [123,124]. Continuing the analogy

with the Berry curvature acting like a magnetic field, a non-zero Chern number

is analogous with a magnetic monopole with a finite flux through the surface S.

The Berry curvature and the Chern number play an important role in the clas-

sification of topological phases in 2D lattice systems and in topological transport

theory as will be discussed in Chapter 5.

3.3 The SSH model

The standard model for studying topological phases in 1D is the Su-Schrieffer-

Heeger (SSH) model. It was originally implemented to model polyacetylene

polymer chains [125], but generally it describes a 1D staggered lattice or chain

of spinless fermions with nearest neighbour hopping. The hopping rates are al-

ternating for each lattice site as shown in Figure 3.2.

The SSH model considers a 1D lattice consisting of N sites. The lattice is com-

posed of two sublattices A and B, both with N/2 lattice sites each and a unit cell

is formed by pairing one site from A and B. The cells are separated by the lattice

constant a. A particle can hop within its unit cell (from sublattice A to B) with a

rate given by J⇐1. Furthermore, a particle can hop between neighbouring cells, i.e.

from sublattice B to sublattice A of the neigbouring cell, with a rate J1. There are

no interactions between particles, only hopping, so the system is described by a

single-particle Hamiltonian

Ĥ = h̄
N/2

∑
j

J⇐1b̂†
j âj + J1 â†

j+1b̂j + h.c., (3.13)
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Figure 3.2: SSH model. Particles can hop between two sublattices A and B, shown
by blue and red dots, with staggered hopping rates J⇐1 and J1 denoted by solid
and dashed lines respectively. The dashed circles denote unit cells.

where â†
j (âj) and b̂†

j (b̂j) are the creation (annihilation) operators acting on the unit

cell j on sublattice A and B respectively. Assuming that the chain is long, i.e. N is

large, we can focus on the bulk of the system. Due to the translational invariance

of the bulk, we can make a Fourier transform of the creation and annihilation

operators given by

âk =
1′

N/2

N/2

∑
j

eikaj âj,

b̂k =
1′

N/2

N/2

∑
j

eikajb̂j,

where k is the quasi-momentum. Inserting the Fourier transformed operators

in the SSH Hamiltonian (3.13) and making use of the definition of the Dirac delta

function Nδkk⇐ = ∑
N
j=1 e2εij/N(k↓k⇐), the Hamiltonian may be written in irreducible

form in momentum space as

Ĥ = ∑
k∞FBZ

α,β∞A,B

ĉ†
α(k)ĥαβ(k)ĉβ(k),

where ĉA(k) = âk and ĉB(k) = b̂k. The matrix ĥ(k) for the SSH model is given by

ĥ(k) = h̄

(

0 J⇐1 + J1eika

J⇐1 + J1e↓ika 0

)

. (3.14)

The form of ĥ(k) displays time reversal symmetry T̂ ĥ(k)T̂ ↓1 = ĥ(↓k), particle-

hole symmetry Ĉ ĥ(k)Ĉ↓1 = ↓ĥ(↓k) and chiral symmetry Ŝ ĥ(k)Ŝ↓1 = ĥ(↓k).

The momentum space Hamiltonian is also inversion symmetric Î ĥ(k)Î↓1 = ĥ(↓k),

with an inversion center in the middle of the two central sites in the chain. Note

that here, inversion symmetry is the point reflection around the inversion center

combined with the exchange of the sublattices. The combination of symmetries of

the SSH chain implies that the model can be allocated to the BDI symmetry class,

which has a Z-type topological invariant in one dimension [108, 109]. The topo-
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Figure 3.3: Winding number of the SSH model. a: The winding number is ν = 1 if
the curve traced by d(k) encircles the origin and b: ν = 0 if the origin is outside
the circle.

logical invariant for the SSH model can be understood by studying the bulk mo-

mentum space Hamiltonian (3.14). Any hermitian 2x2 matrix may be expressed

in terms of Pauli matrices (ϱ = (σ̂x, σ̂y, σ̂z)) and the identity matrix (σ̂0). The bulk

momentum space Hamiltonian can hence be expressed as ĥ(k) = h̄d(k) · ϱ̂, where

we have defined the vector

d(k) =


J⇐1 + J1 cos (ka), J1 sin (ka), 0


.

The vector can be written as d(k) = |d(k)|eiφk , where the phase factor φk =

arctan (dy/dx). The phase factor gives the internal structure of the eigenstates of

the bulk Hamiltonian with momentum k

|uk±→ =
1′
2

(

±e↓iφk

1

)

,

while the magnitude gives the energy of the bands Ek± = ±|d(k)|. Using the

definition of the Berry phase for 1D lattice systems given in equation (3.10), the

Berry phase of the SSH model is given by

γ± = ±
1

2

∫

FBZ
dk

∂φk

∂k
.

Solving the integral we find that the Berry phase of the SSH model can take the

following values

γ± =







∈ε if |J1| > |J⇐1|

0 if |J1| < |J⇐1|
.

When the Berry phase is 0, i.e. when |J1| < |J⇐1|, the SSH model is in its trivial

phase. However, when the Berry phase is equal to ±ε, i.e. when |J1| > |J⇐1|, the
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Figure 3.4: Edge states of the SSH model. a: The SSH lattice. b: The energies of a the
SSH Hamiltonian with N = 20 particles as a function of |J⇐1|/|J1|. c: An eigenstate
ψ for |J⇐1| > |J1| where the most of the support is in the bulk. d: An eigenstate ψ
for |J⇐1| > |J1| with most of the support on the edge.

SSH model is in its topological phase and describes a 1D topological insulator.

A more intuitive way of characterizing the topological trivial and non-trivial

phases of the SSH model is to study the path traced out by the vector d(k) para-

meterized by the momentum k in the FBZ. The topology of the system can be

determined by simply inspecting whether the closed path encircles the origin.

More precisely we can define a topological invariant, the winding number, which

for the SSH model is given by ν = |γ±|/ε, that counts how many times the path

traced out by d(k) encircles the origin [111] as exemplified in Figure 3.3. There

are two ways to change the winding number of the system. Either ”pull” the

path through the origin by changing the hopping parameters J⇐1 and J1, or ”lift”

the path up from the plane spanned by dx and dy, by adding a component to dz,

which breaks the chiral symmetry, demonstrating the robustness of the topolo-

gical phase. Changing the winding number by doing the former requires that

you move through the critical point where the path touches the origin, i.e. when

|J⇐1| = |J1|, the transition point between the trivial and non-trivial phase, where

the winding number is undefined.

At the transition point the energy bands E±
k = ±|d(k)| touch in the borders

of the FBZ and the SSH model describes a conductor. For the topological trivial

and non-trivial phase the energy bands are gapped throughout the FBZ. How-

ever, the topological non-trivial phase is characterized by a pair of eigenenergies
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at zero energy separated from the band energies, the energies of the edge states

of the SSH model. The two edge states are odd and even superpositions localized

on the left and right boundary of the chain with exponentially decreasing occu-

pancy when moving towards the bulk of the chain. The edge states only have

a non-zero component on on sublattice A/B on the left/right side of the chain.

Figure 3.4 shows the evolution of the eigenenergies of the SSH Hamiltonian for

N = 20 particles when the ratio |J⇐1|/|J1| is increased. When |J⇐1| < |J1| edge

states occur with low energies separated from the rest, while for |J⇐1| > |J1|, the

eigenstates no longer have a dominant support on the edges. In the limiting case

of the topological phase of the SSH chain where J⇐1 = 0, the edge states are not

symmetric around the center of the chain but is exponentially localized on either

the left or the right side of the chain.

3.4 Topological pumping

Topological pumping relates a systems transport behaviour to its underlying

topological properties. Topological pumping can be seen as the quantum analog

of the Archimedes screw, where a slow and cyclic motion of the handle pumps

water upwards, while for the quantum version pumping of particles is achieved

by a slow (adiabatic) and cyclic variation of the Hamiltonian parameters. The

concept of topological pumping was introduced by Thouless in the 80’s [126].

Initially, the concept was formulated for solid-state systems involving electron

or charge transport, but over time it has been adapted to various systems, with

‘charge’ denoting a generic particle or excitation.

Consider a lattice of particles described by a Hamiltonian consisting of a set

of parameters, which are variable in time. Topological pumping requires that the

parameters are varied in such a way that the parameter curve encircles a topo-

logical degeneracy point in the Hamiltonian (i.e. where the energy gap closes

and the winding number is undefined) and in this way making controlled trans-

itions between two topologically distinct phases, which are characterized by to-

pological invariants. After one completed cycle, the initial state is displaced or

”pumped”. A smooth pumping cycle can be related to a 2D Chern insulator

where the time parameter acts as a second wavenumber as it is periodic and can

be mapped on a torus. In Chern insulator phases a non-zero Chern number indic-

ates the presence of edge states, analogously to the winding number of the SSH

model as introduced in the previous section.

Depending on the choice of initial state, the displacement after a completed

cycle can either be a non-quantized or a quantized number of lattice sites, where



3.4. TOPOLOGICAL PUMPING 35

Figure 3.5: Rice-Mele model. A chain consisting of two sublattices A and B with
blue and red lattice sites respectively, separated by an energy 2∆. One site of each
sublattice forms a unit cell. Particles can hop within its unit cell with a rate J⇐1 and
from one unit cell to the neighbouring with a rate J1. The intrasublattice distance
is denoted by a.

the quantization is protected by a topological invariant, the Chern number. When

an energy band is fully or uniformly occupied, i.e. all k-states have the same

mean occupation, the displacement is given by an integer number (the Chern

number) of lattice sites [15, 16]. For inhomogeneous occupation of the bands,

the displacement per cycle is non-quantized and can be adjusted [127, 128]. Due

to the dependence of the exact geometry of the path, non-quantized topological

pumping is often referred to as geometrical pumping in the literature. In this

Thesis, topological pumping will be used as a generic term for both phenomena.

The standard model to study topological pumping is the Rice-Mele model.

The Rice-Mele model is an extension to the SSH model, with an additional sub-

lattice energy offset ∆. The Rice-Mele Hamiltonian reads

H = h̄
N/2

∑
j=1

[J⇐1b̂†
j âj + J1 â†

j+1b̂j + h.c.] + h̄∆
N/2

∑
j=1

[â†
j âj ↓ b̂†

j b̂j]. (3.15)

The Rice-Mele model itself is a non-topological model, except in the limiting case

when ∆ = 0, due to the broken chiral and particle-hole symmetry induced by ∆.

However, the Rice-Mele model still hosts edge states in the topological regime of

the SSH model, i.e. when |J⇐1| < |J1|, for non-zero values of ∆ [129]. Due to the

sublattice energy shift, the edge states are not at zero energy, but at energy corres-

ponding to the value of ±h̄∆. The sublattice energy shift breaks the degeneracy of

the edge states with the two edge states being exponentially localized at only one

edge of the chain. Despite the trivial topological nature of the Rice-Mele model,

the edge states are robust against disorder in the hopping parameters as long as

∆ is small compared to the values of J1 such that there is a large gap between the

edge states and the bulk states in the energy spectrum.

The introduction of the sublattice energy shifts in the Rice-Mele model al-

lows for making smooth transitions between the topological and trivial phases of

the SSH model, without going through the topological degeneracy point where
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Figure 3.6: Topological pumping in the Rice-Mele model a: Adiabatically varying the
parameters δJ = J⇐1 ↓ J1 and ∆ in time in a closed cycle around the topological
singularity point [orange dot at (∆, δJ) = (0, 0)], one can achieve topologically
protected displacement of the fermions by an amount ∆x = a per cycle, as shown
in panel b.

|J⇐1| = |J1|, by making the parameters time-dependent. Quantized topological

pumping can be intuitively understood by considering the picture in Figure 3.6a.

Initially (at t = 0), ∆ > 0, a particle is located on the red sublattice. Now, slowly

decreasing the value of ∆ to zero while increasing J1 > J⇐1 the particle will split on

the red sublattice and the blue sublattice to the right. Decreasing ∆ further to neg-

ative values, the particle will fully localize on the more energetically favourable

blue sublattice. Then, increasing ∆ again to zero while simultaneously increasing

J⇐1 > J1, the particle will again split on the blue sublattice and the red sublattice on

the right. Returning to the initial parameter configuration with ∆ > 0, forming

a closed path around the origin in parameter space, the particle will fully local-

ize on the red sublattice. However after this procedure, the initial particle has

been displaced by ∆x/a = 1 equal to the Chern number, Cn, of the lower band as

shown in Figure 3.6b.

In general, for a uniformly filled band, the displacement after a completed

cycle can be calculated from

∆x =
a

2ε

∫ T

0
dt

∫

FBZ
Ωn

tkdk = aCn, (3.16)

with FBZ denoting the First Brillouin Zone and Ωn
tk is the Berry curvature of the

n-th band introduced in Section 3.2. To compute the Berry curvature, the bulk

properties of the Rice-Mele model are needed. Similarly as for the SSH model,

the bulk momentum space Hamiltonian is found by making a Fourier transform

of the creation and annihilation operators and reads

ĥ(k) = h̄

(

∆ J⇐1 + J1eika

J⇐1 + J1e↓ika ↓∆

)

, (3.17)
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Figure 3.7: Robustness of topological pumping a: A path in parameter space giving a
displacement after a pumping cycle equal to the Chern number Cn = 1.b: Adding
disorder in the system, deforming the path, the displacement after a pumping
cycle remains quantized as long as the path still encircles the topological degen-
eracy point marked by the orange dot.

and the eigenstates are given by

|uk↓→ =
1

N





J⇐1 + J1eika

↓


|J⇐1 + J1eika|2 + ∆2 ↓ ∆



 ,

|uk+→ =
1

N







|J⇐1 + J1eika|2 + ∆2 + ∆

J⇐1 + J1e↓ika



 ,

where N is a normalization factor and +/↓ denotes the upper/lower band. The

upper and lower energy bands are given by Ek± = ±


|J⇐1 + J1eika|2 + ∆2. The

form of the bulk momentum space Hamiltonian in equation (3.17) possesses time-

reversal symmetry (3.2). The three other relevant symmetries, particle-hole, chiral

and inversion symmetry are all broken due to the diagonal term when ∆ ↑= 0,

meaning that the Rice-Mele model in 1D does not have a topological invariant.

The breaking of inversion symmetry results in a non-zero Berry curvature, giv-

ing rise to a non-zero displacement after a pumping cycle as seen from equation

(3.16). In fact, the inversion symmetry for ∆ = 0 is responsible for the quantiza-

tion of the Chern number such that it is restricted to integer values [123]. When

the path in parameter space encircles the topological degeneracy point, the Chern

number takes non-zero integer values, while if the degeneracy point is outside the

closed path the Chern number is zero.

The observation, in simulations or experiments, of a quantized displacement

after a completed pumping cycle requires that the variation of the parameters is

kept adiabatic such that the evolution of the instantaneous state follows the evol-
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ution of the Hamiltonian. Previous studies have shown that, despite the topolo-

gical nature of the pumping, the phenomenon is not robust against non-adiabatic

effects [130]. The adiabaticity criterion can be formulated as T ↙ 1/∆Ek, where

∆Ek = min(Ek+ ↓ Ek↓) is the minimal gap during the cycle.

Since the quantization of the Chern number only requires that the path in

parameter space encircles the topological degeneracy point, the displacement

after a pumping cycle is robust against any local disorder that deforms the path,

but keeps the degeneracy point within its bounds as shown in Figure 3.7 illustrat-

ing the robustness of topological pumping.

3.5 Robust quantum state transfer

As we have seen in the previous section, topological pumping is a robust

state transport mechanism relying on adiabatic evolution. However, the trans-

port is limited, i.e. for quantized topological pumping the displacement after one

adiabatic cycle is equal to one lattice constant. Transport of an initial state over

long distances can be made possible by adiabatically connecting eigenstates of

the Hamiltonian by varying system parameters. This is known as quantum state

transfer.

Quantum state transfer can be split into two kinds: For systems where the

parameters of the Hamiltonian is initially engineered in a desired way and then

let freely evolve (time-independent state transfer) and for systems where the

Hamiltonian parameters are varied in a controlled fashion throughout the adia-

batic evolution (time-dependent state transfer). Quantum state transfer has been

extensively studied in spin chains for both time-independent [131–133] and time-

dependent protocols [133, 134].

The two factors that determines the efficiency of the quantum state transfer is

the transfer time and robustness against decoherence or disorder. Quantum state

transfer protocols rely on adiabatic evolution, i.e. long transfer times, leading

to higher order of decoherence, lowering the transfer efficiency. However, as

a trade-off, quantum state transfer can be made robust against decoherence by

applying adiabatic evolution in topological non-trivial systems. A prime example

is using the Rice-Mele model [135–138]. For ∆ = 0 the Rice-Mele Hamiltonian

reduces to the SSH Hamiltonian, which for J⇐1 = 0 display two zero energy edge

states, one on the left and one on the right side of the chain. By adiabatically

varying the parameters ∆, J⇐1 and J1 smooth transitions between the left and right

edge states can be achieved.

Quantum state transfer in the Rice-Mele model can be understood in the fol-
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Figure 3.8: Robust quantum state transfer in the Rice-Mele model. a: Initially the
state is localized on the left edge. b: After a time t = T/4, the state has moved
into the bulk, but is occupying only sublattice A. c: In the middle of the cycle
(t = T/2), the state is fully in the bulk spread evenly on sublattice A and B. d: At
time t = 3T/4 the state is moving towards the right side of the chain occupying
only sublattice B. e: In the end of the cycle (t = T), the state localizes on the right
edge of the chain. f: The Hamiltonian parameters, ∆(t) and δJ(t) = J1(t)↓ J⇐1(t)
are varied during the cycle such that the parameter curve encircles the origin.

lowing way. Initially the parameters ∆ = 0 and J⇐1 is chosen such that the left

edge state is an eigenstate of the Hamiltonian. Choosing this as an initial state

and evolving the Hamiltonian parameters until ∆ = ∆max and J⇐1 = J1, the initial

state has moved into the bulk of sublattice A as seen in Figure 3.8a. Evolving

further such that J⇐1 > J1 and ∆ = 0, the state is symmetric around the center of

the chain occupying both sublattices equally. Making ∆ = ↓∆max and J⇐1 = J1,

the state has moved towards the right edge, now only occupying the energetic-

ally favourable sublattice B. Finally, returning to the initial parameter values, the

state fully localized on the right zero energy edge of the chain, completing the

quantum state transfer from one zero energy edge to the other.

For quantum state transfer between the two edges of the Rice-Mele chain to be

achieved three conditions needs to be met. First, initially the parameters J⇐1 = 0

and ∆ = 0 such that the completely localized edge states are eigenstates of the

Hamiltonian. Second, ∆ has to change sign in the middle of the cycle. Last, in the

middle of the cycle, the hopping parameters have to be non-zero such that there

is a gap in the energy spectrum. The last condition ensures that the adiabatic

condition is met without exaggerated transfer times, increasing the efficiency of

the quantum state transfer.
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Figure 3.9: Robust quantum state transfer in the SSH model. a: A SSH chain with
odd number of lattice sites display a left edge state for J⇐1 < J1. Evolving the
parameters for a time t = T/2 where J⇐1 = J1, the initial edge state has moved
into the bulk. Evolving further to t = T where J⇐1 > J1, the state will localize
again, but now on the right edge mode. b: The energy spectrum for odd number
of sites during the cycle always display a gap between the initial edge state and
the continuum states. c: For J⇐1 = 0 an even number SSH chain display left and
right edge states. Evolving until t = T/2 where J⇐1 = J1 the initial right edge
state moves into the bulk. Evolving further to t = T where the initial parameter
configuration is reached, the state will localize on the right edge.d: The energy
spectrum for even number of sites during the cycle always display a gap between
the initial edge state and the continuum states.

Quantum state transfer between two zero mode edge states can also be per-

formed in the SSH chain [139–142], i.e without introducing the additional sublat-

tice energy shift. Similarly as to the protocol in the Rice-Mele model discussed

above, quantum state transfer in the SSH model with an even number of sites

requires a vanishing J⇐1 initially and finally in the evolution in order to have edge

eigenstates localized on a single boundary. Quantum state transfer in the SSH

model puts an additional restriction on the hopping rates, namely that J1 > J⇐1
throughout the evolution except for t = T/2 where J1 = J⇐1, such that a transition

from the left to the right edge occurs. This restriction makes robust quantum state

transfer challenging to achieve in physical systems, since precise controllability

of the hopping parameters is needed.

Quantum state transfer in a SSH chain with an odd number of sites eases

these restrictions. The breaking of translational symmetry resulting from the odd

number of sites leads to a left edge state for J⇐1 < J1, but also a right edge state for
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J⇐1 > J1. Quantum state transfer between the two edges of the odd site SSH chain

can occur by a adiabatic evolution of the hopping rates from J⇐1 < J1 to J⇐1 > J1.

Here, vanishing J⇐1 (J1) in the beginning (end) of the evolution is not needed and

the only necessary condition is that the two hopping rates cross at t = T/2.

A schematic for quantum state transfer in the SSH model with both odd and

even sites is shown in Figure 3.9a and 3.9c. Figure 3.9b and 3.9d show the energy

spectrum during the time evolution. For a finite number of lattice sites N, there

is always a gap ∆E between the evolved edge states and the continuum states

ensuring that the adiabaticity criterion can be met.
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Chapter 4

Modified dipole-dipole interactions

in waveguide QED

4.1 Introduction

Emitters coupled to nanophotonic waveguides have received significant in-

terest due to the strong and homogeneous coupling between the emitters and

long coherence times. As a result of the confined or guided field modes carried

by these nanostructures the coherent dipole-dipole interactions between emit-

ters are, in theory, infinite range (all-to-all). In this work, we provide a detailed

recipe on how to calculate the dipole-dipole interactions and dissipation of emit-

ters coupled to a nanophotonic waveguide through the electromagnetic Green’s

tensor. We start by reproducing the guided mode contribution to the dipole-

dipole interaction and dissipation by analytically computing the Green’s tensor

using the technique of eigenmode decomposition. Then we, for the first time,

introducing a numerical method for computing the unguided (radiation) mode

contribution overcoming convergence issues that typically make the accurate nu-

merical determination extremely challenging.

Finally, we show that due to the presence of the nanofiber, the radiation field

in its vicinity can be significantly altered, giving rise to contributions to the dipole-

dipole interactions that significantly differ from the free-field counterparts. Ow-

ing to the collective character of both coherent and incoherent interactions, when

measuring experimentally observable properties such as the transmission signal

of fiber-guided light, these differences are even more evident as the number of

emitters is increased.

43
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Figure 4.1: Dipole-dipole interactions between emitters next to a nanofiber. a: N emit-
ters in vacuum are placed in the vicinity of a nanofiber with radius r f . Each emit-
ter is a two-level system with an excited (|e→) and a ground (|g→) state separated
by an energy h̄ωa. b: Due to their coupling to the electromagnetic field modes,
the emitters interact through the exchange of virtual photons. c: These interac-
tions have contributions stemming from the guided (Vgd) and the radiation (Vrd)
modes.

4.2 System and master equation

We consider an ensemble of N identical emitters placed near the surface of a

nanophotonic waveguide (see Fig. 4.1a). Each emitter is modelled as a two-level

system with ground and excited states |g→ and |e→, respectively, separated by an

energy h̄ωa. Under the approximations discussed in Section 2.1, the dynamics of

the reduced density matrix ρ̂, which contains the internal degrees of freedom of

the emitters, is determined by the master equation

˙̂ρ = i ∑
α ↑=β

Vαβ[ ˆ̂σ
†
α

ˆ̂σβ, ρ̂] + ∑
α,β

Γαβ

(

ˆ̂σβρ̂ ˆ̂σ†
α ↓ 1

2
{ ˆ̂σ†

α
ˆ̂σβ, ρ̂}

)

, (4.1)

where σ̂α = |gα→↔eα| is the spin-1/2 ladder operator for the α-th emitter. The first

term in the master equation describes dipole-dipole or exchange interactions with

magnitude Vαβ, which are mediated by the exchange of virtual photons between

the emitters (see Fig. 4.1b). The second term of (2.1) describes incoherent photon

emission or dissipation in the system, which in general displays a collective char-

acter. Separating the contributions from the guided modes of the waveguide and

the radiation modes leads to the decomposition of the dipole-dipole and collect-

ive dissipation matrices: Vαβ = V
gd
αβ + Vrd

αβ and Γαβ = Γ
gd
αβ + Γrd

αβ, see Fig. 4.1c.

Our aim is to obtain the coefficient matrices Vαβ and Γαβ, which in turn fully

determine all properties in the system. These can be determined via the electro-

magnetic Green’s tensor Ḡ(rα, rβ, ω) of the environment evaluated at the emitter
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positions rα and rβ as [37, 38, 91]

Vαβ =
ω2

a

h̄ε0c2
d↗

αRe{Ḡ(rα, rβ, ωa)}dT
β ,

Γαβ =
2ω2

a

h̄ε0c2
d↗

αIm{Ḡ(rα, rβ, ωa)}dT
β ,

where P denotes the principal value and dα is the transition dipole moment for

the α-th emitter. In Section 2.2.2 we derived an integral expression, using ei-

genmode decomposition, for the guided and radiation mode contribution to the

Green’s tensor for a nanophotonic waveguide. In the following, we will aim to

propose a comprehensive guide for solving these integrals, for the case of guided

modes analytically, and for the radiation modes numerically, with high accuracy.

4.3 Green’s tensor for a cylindrical nanofiber

As discussed in Section 2.2, the Green’s tensor can be expressed in terms of

the eigenmodes of the positive frequency part of the electric field as

Ḡ(r, r⇐, ω) = ∑
n

En(r, ω)E†
n(r

⇐, ω)

ϱn
.

Here, En(r, ω) are the eigenvectors of the hermitian operator H = [k2 ↓ 1
ε(r,ω)

⇒⇑
⇒⇑] with eigenvalues ϱn. This representation allows us to easily split the contri-

bution to the Green’s tensor coming from the eigenmodes guided by the wave-

guide and the unguided (radiative) ones as Ḡ(r, r⇐, ω) = Ḡgd(r, r⇐, ω)+ Ḡrd(r, r⇐, ω)

[103, 104, 143]. Let us analyze these contributions separately for the case of a

cylindrical dielectric nanofiber of radius r f characterized by a refractive index

n1 placed in an infinite vacuum of refractive index n2 = 1. To do so, we will

use a cylindrical coordinate system (r, φ, z), centered in the fiber core with the

z-direction being along the fiber (see Fig. 4.1a).

4.3.1 Guided modes

Using eigenmode composition as detailed in Section 2.2.2, the guided contri-

bution to the Green’s tensor is given by

Ḡgd(r, r⇐, ω⇐) =
1

2ε ∑
f l

∫ ∞

0
dβ

e(µ)(r)e(µ)†(r⇐)

k⇐2 ↓ (β2 ↓ q2)
eil(φ↓φ⇐)ei f β(z↓z⇐),
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Figure 4.2: Guided contribution to the coefficients. The real and imaginary part of
the guided contribution to the dissipation and dipole-dipole interactions between
two emitters as a function of the separation a for different dipole orientations.

where (µ) ∋ (β, l, f ) are the labels of the guided modes. Here, l = ±1 is the

polarization of the mode, f = ±1 is the propagation direction for the guided

modes in the fiber and e(µ)(r) are the guided profile functions (note, that we

assume that the nanofiber supports only the fundamental HE11 guided mode). In

addition, β is the longitudinal propagation constant in the fiber, which for each

value of ω is determined via the fiber eigenvalue equation given in Section 2.2.2,

q is a variable associated to the field outside the nanofiber and k⇐ = ω⇐/c. The

expression for the Green’s tensor may be written in terms of the mode frequency

ω by using the relation q2 = β2 ↓ k2, such that

Ḡgd(r, r⇐, ω⇐) =
c2

2ε ∑
f l

∫ ∞

0
dω

e(µ)(r)e(µ)†(r⇐)

ω⇐2 ↓ ω2
β⇐(ω)eil(φ↓φ⇐)ei f β(ω)(z↓z⇐),

where β⇐(ω) = dβ
dω .

The guided contribution to the Green’s tensor is purely transverse, i.e. it is

holomorphic in the upper half complex plane including the real axis. We can

therefore apply the Sokhotski–Plemelj theorem to find its imaginary part

Im{Ḡgd(r, r⇐, ω)} =
c2

4ω ∑
f l

e(µ)(r)e(µ)†(r⇐)β⇐(ω)eil(φ↓φ⇐)ei f β(ω)(z↓z⇐),

which gives a guided contribution to the collective decay matrix that reads

Γ
gd
αβ =

ωaβ⇐
a

2h̄ε0
∑
f l

d↗
α · e(βal f )(rα)dβ · e(βal f )↗(rβ)e

ilφαβ ei f βazαβ ,

with βa = β(ωa), zαβ = zα ↓ zβ and φαβ = φα ↓ φβ.
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Since the the guided mode contribution to the Green’s tensor is purely trans-

verse the usual Kramers-Kronig relations hold and we can express the real part

as

Re{Ḡgd(ω)} =
1

ε
P
∫ ∞

↓∞
dω⇐ Im{Ḡgd(ω⇐)}

ω⇐ ↓ ω
.

The principal value integral in this equation can be calculated analytically choos-

ing an appropriate contour [53, 62], and one finds that

V
gd
αβ = i

ωaβ⇐
a

4h̄ε0
∑
f l

d↗
α · e(βal f )(rα)dβ · e(βal f )↗(rβ)sgn( f zαβ)e

ilφαβ ei f βazαβ ,

is the guided contribution to the dipole-dipole interaction, shown in Figure 4.2 for

three different dipole orientations. The dipole-dipole interactions and collective

decay rates are periodic with the distance a and are infinitely ranged. Their peak

strength depends on the dipole orientation. For circularly polarized dipoles (right

in Figure 4.2), the coefficients take imaginary values due to the complex dipole

vector.

4.3.2 Radiation modes

The radiation modes of the electric field can be both transverse and longitud-

inal. However, as detailed in Section 2.2.2, only the transverse modes are affected

by the presence of the waveguide. Using the expression for the transverse radi-

ation modes of the electric field given in Section 2.2.2, the radiative contribution

to the Green’s tensor is given by

Ḡrd(r, r⇐, ω⇐) = ∑
ml

∫ ∞

↓∞
dβ

∫ ∞

0
dq

e(ν)(r)e(ν)†(r⇐)

k⇐2 ↓ (β2 + q2)
eim(φ↓φ⇐)eiβ(z↓z⇐) + Ḡ0↖(r, r⇐, ω⇐),

where (ν) ∋ (β, q, m, l) are the labels of the radiation modes, with l = ±1 and

m = 0,±1,±2, ... labelling the polarization and order of the mode. In contrast to

the guided mode case, β = k cos θ is here a continuous variable for each value of

the frequency ω and the variable q = k sin θ is characteristic of the field outside

the nanofiber. Finally, e(ν)(r) is the radiation profile function of the transverse

electric field. The Green’s tensor may be rewritten in terms of the mode frequency

ω and the angle θ as

Ḡrd(r, r⇐, ω⇐)=∑
ml

∫ ∞

0
dωω

∫ ε

0
dθ

e(ν)(r)e(ν)†(r⇐)

ω⇐2 ↓ ω2
eim(φ↓φ⇐)ei ω

c cos θ(z↓z⇐)+Ḡ0↖(r, r⇐, ω⇐).
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0 0.5 1

Figure 4.3: Modified radiation field near a nanofiber. Diagonal component of
the imaginary part of the Green’s tensor Im{Gii(r, r⇐, ωa)} with i = x, y, z (bot-
tom, middle and upper row, respectively, all in arbitrary units) around a dipole
placed at r⇐ = 0 as a function of the coordinate r in the zx-plane (left and middle
column) and in the yx-plane (right column). The cross in the middle of the di-
pole should be interpreted as the dipole pointing into the plane. The left column
shows Im{G0

ii} in vacuum (free field), while the middle and right columns dis-

play Im{Grd
ii } at a distance of 100 nm from the surface of a silica nanofiber with

r f = 250 nm. The frequency ωa = 2εc/ϱa corresponds to the D2 transition in Cs,
with ϱa = 852 nm. The refractive index of the silica nanofiber is modeled using a
Sellmeier equation [144].

Note that we have chosen specifically the eigenmode decomposition adopted

in [103], which differs from, for example, the one adopted in [62] in the accompa-

nying normalization factors. However, let us point out that the two formulations

are equivalent and hence give the same results.

Similarly as for the guided modes, we use the Sokhotski–Plemelj theorem to

find the imaginary part of the radiation Green’s tensor using the fact that the

transverse component is holomorphic in the upper half complex plane and well-
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behaved on the real frequency axis. The imaginary part becomes then

Im{Ḡrd(r, r⇐, ω)} =
ε

2 ∑
ml

∫ ε

0
dθe(ν)(r)e(ν)†(r⇐)eim(φ↓φ⇐)ei ω

c cos θ(z↓z⇐),

such that the corresponding contribution to the dissipation matrix reads

Γrd
αβ =

εω2
a

h̄ε0c2 ∑
ml

∫ ε

0
dθd↗

α · e(βaqaml)(rα)dβ · e(βaqaml)↗(rβ)e
imφαβ eiβazαβ ,

where now βa =
ωa
c cos θ and qa =

ωa
c sin θ are both functions of the angle θ.

We use the imaginary part of the Green’s tensor evaluated at ω = ωa to il-

lustrate in Fig. 4.3 how much the presence of the nanofiber disturbs the field

around a point dipole compared to the situation where the dipole is in free space.

In particular, we can clearly observe that the field is most dramatically modified

when the dipole moment is perpendicular to the axis of the nanofiber (y and x

directions, second and third row in Fig. 4.3).

The real part of the radiation Green’s tensor can be found by applying the

Kramers-Kronig relation to the transverse part of the radiation Green’s tensor,

Re{Ḡrd(ω)}=
1

ε
P

∫ ∞

↓∞
dω⇐ Im{Ḡrd(ω⇐)}

ω⇐ ↓ ω
+ Ḡ0↖(ω),

such that the radiation contribution to the dipole-dipole interaction is given by

Vrd
αβ=

ω2
a

εh̄ε0c2
P
∫ ∞

↓∞
dω

d↗
αIm{Ḡrd(rα, rβ, ω)}dT

β

ω ↓ ωa
+

ω2
a

h̄ε0c2
d↗

αḠ0↖(rα, rβ, ωa)d
T
β . (4.2)

Due to the complicated frequency dependence of the imaginary part of the ra-

diation Green’s tensor, an analytical treatment of the principal value integral in

equation (4.2) is nontrivial and requires the introduction of branch cuts and the

application of contour integration techniques [55]. Due to these complications, in

the literature typically this contribution is approximated by its free-field counter-

part, which is known analytically [53, 62] and derived in Section 2.2.1. However,

as illustrated by Fig. 4.3, the field might actually be strongly modified by the

presence of the nanofiber, and these modifications, even when small, may lead to

large differences in observables when treating systems with many emitters. For

these reasons, in the following, we describe how to efficiently calculate numeric-

ally the value of Vrd
αβ.
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4.3.3 Numerical evaluation of the radiative dipole-dipole inter-

actions

The first challenge one encounters to evaluate numerically the integral in (4.2)

is the singularity in the integrand, happening at ω = ωa. This singularity can be

avoided by using a fast Fourier transform, as introduced in Refs. [145, 146], and

using the Schwarz reflection principle, such that Vrd
αβ may be written as

Vrd
αβ =

2ω2
a

εh̄ε0c2

[

∫ ∞

0
dωd↗

αIm{Ḡrd(rα, rβ, ω)}dT
β

∫ ∞

0
dτ cos (ωaτ) sin (ωτ)

+
ε

2
d↗

αḠ0↖(rα, rβ, ωa)d
T
β

]

.

(4.3)

However, the main obstacle for the calculation of Vrd
αβ lies in the imaginary part of

the Green’s tensor, in particular in its behavior at large values of ω. To illustrate

this, let us consider again the Green’s tensor in vacuum (2.15). In the limit of large

ω compared to the separation rαβ = |rα ↓ rβ|, i.e. when krαβ ↙ 1, the imaginary

part of this tensor yields

Im{Ḡ0(rα, rβ, ω)} ↘ 1

4εrαβ

[

(1 ↓ 3r̂2
αβ)

cos krαβ

krαβ
+ (1 ↓ r̂2

αβ) sin krαβ

]

.

Here we can see that the integrand in the frequency integral in (4.3) for large

ω ↙ ωa is an oscillating function with period proportional to ωaϱa/rαβ, where

ϱa = 2εc
ωa

is the transition wavelength. The amplitude of the oscillations either

decays very slowly, as 1/ω (e.g. in vacuum when the dipoles are aligned with

the displacement vector, i.e. |d̂α · r̂αβ| = 1, see Fig. 4.4a), or is constant. In the

former case, reaching convergence of the integral over frequency requires then

an extremely high cut-off frequency ωc ↙ ωaϱa/rαβ, which grows the closer the

emitters are to each other. Moreover, in general, even a large value for ωc does

not necessarily ensure convergence (see e.g. Fig. 4.4b for emitters in the free-field

with |d̂α · r̂αβ| = 0, where the amplitude of the oscillations remains constant for

large ω).

In addition to this issue, note that for the numerical calculation of the ima-

ginary part of the Green’s tensor in the presence of the cylindrical nanofiber, in

principle an infinite sum of modes m should be considered. In practice, the sum

is truncated at some finite value mc. However, for a fixed distance of the emitters

with respect to the nanofiber surface, the amount of modes necessary to ensure

convergence grows dramatically with increasing ω. This means that the compu-

tational cost of increasing the cut-off frequency is enormous. In order to circum-
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Figure 4.4: Numerical integration. Imaginary part of the Green’s tensor in vacuum
(in arbitrary units) as a function of ω/ωa for two dipoles at a distance a from one
another pointing parallel (a) and perpendicular (b) to the displacement vector
between them for a/ϱa = 1 and a/ϱa = 1/2 (black and blue solid lines, re-
spectively). The insets show the relative error in % when calculating the vacuum
dipole-dipole interaction V0

αβ as a function of a/ϱa by using a direct numerical

integration with a single cut-off frequency ωc/ωa = 10ϱa/a (black dashed) and
using the averaging method with a range of cut-offs ωc/ωa ∞ [2ϱa/a, 10ϱa/a].
The sharp peaks occur at the zeros of V0

αβ.

vent this problem, we make use of the periodic nature of the integrand in the

limit of large ω. This allows us to approximate the result of the frequency integ-

ral as the average of the outcomes for a range of cut-off frequencies comprising a

few oscillations. This results in a much faster convergence of the integral when

the integrand decays as 1/ω, as the maximum cut-off frequency necessary for

convergence is relatively low. Most importantly, when the amplitude of the oscil-

lations remains constant, this allows to obtain convergence, which would remain

otherwise elusive.

In order to illustrate the power of this approach, we have applied it to calcu-

late numerically the dipole-dipole interactions in vacuum. We show in the insets

of Fig. 4.4 the relative error of the numerical calculation compared to the exact

one (known analytically in this case), using a ”single cut-off” direct integration

of (4.2) and an ”averaging” method for the frequency integration in expression

(4.3). It is evident that the second approach gives dramatically better results, par-

ticularly when the dipoles are perpendicular to their displacement vector. This

encourages us to apply this numerical method to the nanofiber case, where the

main features of the Green’s tensor as a function of the frequency are similar to

the vacuum ones. Note that the sharp peaks in the errors occur due to the van-
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Figure 4.5: Modified dipole-dipole interactions. The radiation contribution to the
dipole-dipole interaction Vrd (in units of the single particle decay rate γ) for a
distance of xa = 50 nm (red dotted) and xa = 100 nm (blue dashed) from the
fiber surface as a function a/ϱa. The black solid line is the analytic solution in
the case of vacuum. Each panel displays the results for a different orientation of
the dipoles with respect to the surface of the nanofiber: parallel, binormal and
normal for the upper, middle and lower panel, respectively. The parameters are
identical to those used in Fig. 4.3.

ishing dipole-dipole interaction at these particular values of the separation a.

4.3.4 Modified dipole-dipole interaction between two atoms near

a nanofiber

We apply here the numerical method presented above to the simple case of

two identical two-level atoms placed at a fixed distance from the fiber surface xa,

fixed azimuthal angle φ = 0 and fixed separation a. Figure 4.5 shows the radi-

ation contribution to the dipole-dipole interaction Vrd for distances xa = 50nm

and xa = 100nm from the fiber surface compared to the vacuum counterpart V0

as a function of a/ϱa for three different dipole orientations. The dipole-dipole

interaction in all cases is normalized by the single-atom spontaneous decay rate

in vacuum, γ = |d|2ω3
a/(3c3εε0h̄).

As expected from the results for the imaginary part of the Green’s tensor (Fig.

4.3), the most important modifications of the dipole-dipole interactions are found

when the atomic dipole moment orientation is perpendicular to both the axis

and the surface of the nanofiber (bottom panel). Here, the differences between

the calculated radiation components and their vacuum counterparts are not only

large (e.g., 70% difference at a/ϱa = 1), but also persist at large distances between

the atoms i.e. at a △ ϱa.

Finally, to further illustrate the power of our approach, let us consider a pair

of dipoles separated by a = ϱ parallel to the displacement vector (Figs. 4.4a and

4.5a). Using our numerical method, here we calculate the vacuum interaction

to a precision of 0.004% error using an upper cut-off frequency of ωc = 10ωa.



4.4. TRANSMISSION OF FIBER-GUIDED LIGHT 53

To get the same precision using a standard numerical integration method, a cut-

off frequency of ωc = 40ωa would be needed. For ω = 10ωa we have to include

around mc = 90 modes, while for ω = 40ωa around 260 modes are needed (need-

ing about six times longer to calculate the imaginary part of the Green’s tensor at

that frequency point alone).

4.4 Effect of the collective interaction on the trans-

mission of fiber-guided light

The effect of the modifications that we find in the dipole-dipole interaction

between a pair atoms becomes greatly amplified when considering observables

in a large ensemble of many emitters. The key to understand this amplification

is that the emitters couple collectively to its environment. This in turn means that

each of the N2 terms Vαβ and Γαβ of the dipole-dipole and dissipation matrices

play a role in the (collective) coherent and incoherent dynamics of the system.

Hence, small variations of the coefficients Vαβ and Γαβ in the master equation

(2.1) have a large effect on observables such as the photon emission rate or the

spectrum of the light that is absorbed and emitted from the ensemble.

We illustrate this now by investigating the transmission signal of fiber-guided

light when a periodic chain of N atoms is placed in the vicinity of the fiber surface

(see Fig. 4.6). Here, in the cylindrical coordinate system, the coordinates of atom

α are given by rα = (xa, 0, (α ↓ 1)a). The system is driven by a weak probing field

of frequency ωp detuned from the atomic resonance frequency by the detuning

∆ = ωp ↓ ωa and with Rabi frequency Ω and the driving term is given by

ĤDrive = ↓h̄ ∑
α



∆σ̂†
α σ̂α + Ωeiβzα σ̂†

α



.

The light field enters the nanofiber from its left, is guided through the nanofiber,

interacts with the atomic chain, and its transmitted signal is measured at a posi-

tion z to the right of the chain in the fiber as [37, 55]

T =
↔ψ|Êgd†

R (z)Ê
gd
R (z)|ψ→

Ω2
. (4.4)

Here Ê
gd
R is the right propagating component of the guided probe field, given by

a sum of the input and scattering components as

Ê
gd
R (z) = Ωeiβz + i

γgd

2

N

∑
α=1

Θ(z ↓ zα)e
iβ(z↓zα)σ̂α,
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Figure 4.6: Modified transmission signal. Transmission signal T in the stationary
state of fiber-guided light driving the atoms with Rabi frequency Ω = 0.1γ and
detuning ∆ for a chain of N atoms with lattice constant a = 0.1ϱa placed at a
distance xa from the surface of the nanofiber. The black solid line represents the
transmission T0 using the vacuum instead of the full radiation dipole-dipole in-
teractions.

where γgd = Γ
gd
αα is the single-atom decay rate of each atom into the guided

modes.

In the single excitation sector, the atomic wave function may be written as

|ψ(t)→ = cG(t)|G→ + ∑
N
α=1 cα

e (t)|eα→, where |G→ = |g1→ ≃ |g2→ . . . |gN→ and |eα→ =

|g1→ · · ·≃ |eα→ ≃ . . . |gN→ [31,147]. In the low saturation regime (weak probe laser),

cG(t) ↘ 1, and inserting the ansatz into the master equation (2.1), the time evolu-

tion of the probability amplitude coefficients cα
e (t) can be found to be determined

by

ċe(t) = i

(

∆ + i
Γ

2
↓ 1

h̄
Ĥeff

)

ce(t) + iη,

where the components of η are ηα = Ωeiβzα and Γ = Γαα is the total single-atom

decay rate (sum of the decay rates into guided and radiation modes). Finally, the

effective Hamiltonian Ĥeff given by

Ĥeff
αβ = ↓h̄

(

Vαβ + i
Γαβ

2

)

,
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has been introduced for α ↑= β.

In Figure 4.6, we show the guided light transmission signal (4.4) as a func-

tion of ∆ in the stationary state [where ċe(t) = 0] when a periodic chain of

N = 5, 10 and 20 atoms with nearest neighbor separation a/ϱa = 0.1 is placed

at xa = 50, 100 and 200 nm from the surface of the nanofiber. We compare in

all cases the transmission with the result obtained under the approximation that

the radiation component of the dipole-dipole interaction is given by the free-field

V0
αβ. One can easily observe here that indeed large deviations arise in the trans-

mission spectrum. These differences become more evident the closer the atoms

are to the nanofiber (where each element Vrd
αβ differs more from V0

αβ, see Fig. 4.5)

and the larger the number N of atoms in the chain (where more elements Vrd
αβ

participate in the collective dynamics). In all cases one can observe, not only

measurable shifts of the (subradiant) narrow and (superradiant) broad resonance

peaks, but an overall deformation of the spectrum as N increases. Note, that in

current experiments typically several hundreds of atoms can be trapped near the

nanofiber [148], making the spectra differ even more substantially.

4.5 Conclusions and outlook

We have provided a detailed recipe for the analytical and numerical calcula-

tion of the interaction of an ensemble of emitters in the presence of a cylindrical

nanofiber. In particular, we have shown that the dipole-dipole interactions me-

diated by the radiation modes outside the nanofiber differ significantly (up to a

70% in some of the cases considered) from the ones obtained in vacuum, specially

when the emitters’ transition dipole moments are oriented normal or binormal to

the fiber surface. These differences affect substantially the collective properties

of the system, such as the transmission signal of fiber-guided light, where large

shifts in the resonances are observed as the number of emitters is increased. Note,

however, that we have calculated the transmission in the single-excitation limit

(linear optics regime). Beyond this limit, we expect that, while features related

to superradiance will not dramatically affected by modifications in the dipole-

dipole interactions [149], these will become crucial when studying the excitation

and description of many-body long-lived (subradiant) states, e.g. for the realisa-

tion of quantum memories [150, 151].



56 CHAPTER 4. DIPOLE-DIPOLE INTERACTIONS IN WAVEGUIDE QED



Chapter 5

Topological photon pumping

5.1 Introduction

Topological pumping is a way of obtaining controlled and robust transport

of particles in quantum systems through a slow modulation of the Hamiltonian

parameters. So far, topological pumping has only been demonstrated in systems

with short-range couplings, typically only nearest neighbour. In this work, we

investigate and obtain the conditions necessary to realize topological pumping in

systems with long-range couplings.

We start by deriving the equation for the displacement after a completed

pumping cycle for an initial state, which is an superposition of Bloch waves

with an arbitrary weight for each quasi-momenta. We find that this displacement

can be either smaller, larger or equal to the Chern number of the relevant band.

We discuss the dispersion of the initial state in the pumping cycle and present

the criterion for dispersionless topological pumping based on the so-called time-

integrated Berry curvature.

In the following section, we introduce the idea of topological pumping of

a photon embedded in a quantum optical system consisting of a 1D chain of

two-level emitters coupled to a common environment giving rise to long-range

dipole-dipole interactions. We show that, in the single excitation regime, the

Hamiltonian governing the dynamics of the system can be mapped onto an ex-

tended version of the Rice-Mele model with, in general, all-to-all couplings. We

introduce three experimentally relevant quantum optical platforms to study to-

pological pumping with different degrees of ”long-rangeness” in the interactions.

These are: Rydberg atom chains with short-range interactions, atoms in free space

with long-range interactions and atoms coupled to a nanophotonic waveguide

with all-to-all interactions. We show that topological pumping can be performed

in each of the three systems with high fidelity, i.e. with low dispersion, over mul-

57
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tiple pumping cycles.

Finally, we discuss and compare the robustness against dissipation and dis-

order for the three systems. We show that the pumping cycle can be performed

well within the lifetime of the Rydberg atoms. Furthermore we show that the

state of the atoms in free space and the atoms coupled to a waveguide can be

made subradiant during the whole pumping cycle. All the systems show re-

markable robustness against local disorder in the emitter positions resulting in

high fidelity pumping in each system.

5.2 Topological pumping in one dimension with ar-

bitrary initial state

In Section 3.4 we discussed the foundational theory of topological pumping

in a one dimensional system, where after an adiabatic cycle of the Hamiltonian

parameters yielded a displacement the initial state of a integer number of lattice

sites. However, the quantized displacement is only guaranteed if the initial state

is a uniform distribution in k-space translating to a single unit cell occupancy in

real space. As we will see in the next section, for quantum optical systems, a

uniform distribution in k-space will lead to dispersion of the initial state during

the pumping cycle resulting in low fidelity pumping. To circumvent this issue,

we will consider non-uniform distribution of the initial state in momentum space,

which requires a slight modification to the equation for the displacement after one

completed cycle given in equation (3.16).

We consider a one-dimensional system governed by a generic Hamiltonian Ĥ

that hosts topological phases. The parameters of the Hamiltonian can be varied

in time, and we consider a cyclic variation such that at the end of the cycle with

period T the Hamiltonian is again the initial one, i.e., Ĥ(t = T) = Ĥ(t = 0).

Furthermore, we consider an adiabatic evolution, such that after each cycle the

initial state |Ψ0→ = ∑m fm|um(t = 0)→, which is a superposition of the Hamilto-

nian’s eigenstates |um(t = 0)→ with amplitude fm, reaches a final state that reads

|ΨT→ = ∑m fmeiγm |um(t = 0)→. As discussed in Section 3.2, the initial state will

pick up a Berry phase after a completed cycle given by

γm = i
∫ T

0
dt↔um(t)|∂tum(t)→, (5.1)

where |um(t)→ are the instantaneous eigenstates of the Hamiltonian. This geo-

metric phase can cause a displacement of the average position of the state in real

space after the cycle given by ∆x = ↔x̂→T ↓ ↔x̂→0, where ↔x̂→t ∋ ↔Ψt|x̂|Ψt→, which
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constitutes the so-called charge pumping.

In this work we consider one-dimensional lattice systems with spatial period

a. The eigenstates of the Hamiltonian are Bloch waves of the form |ψkn(x, t)→ ∝

eikx|x→ ≃ |ukn(t)→, parametrized by their band index n and the crystal quasi-

momentum k. Here, |x→ is the position eigenstate (x̂|x→ = x|x→), and |ukn(t)→
the cell-periodic part of the wave function. We consider the state of the system

throughout the dynamics to be a superposition of Bloch waves, i.e.

|Ψt(x)→ = 1′
N

ε/a

∑
k=↓ε/a

f (k)|ψkn(x)→,

where N is the number of unit cells, f (k) is the quasi-momentum distribution

normalized such that
∫

FBZ
| f (k)|2dk =

2ε

a
,

and

|ψkn(x)→ = 1′
N

eikx|x→ ≃ |ukn(t)→.

In the limit of an infinite system, i.e., N ⇓ ∞, k becomes a continuous variable.

Thus, we can substitute the sum over k, ∑
ε/a
k=↓ε/a, by the corresponding integral,

Na
2ε



FBZ dk, such that the state reads

|Ψt(x)→ = a

2ε

∫

FBZ
dk f (k)eikx|x→ ≃ |ukn(t)→.

The expectation value of the position as a function of time is given by

↔x̂→t =
∞

∑
x=↓∞

↔Ψt(x)|x̂|Ψt(x)→

=
( a

2ε

)2

∑
x

∫

FBZ

∫

FBZ
dkdk⇐ f (k) f ↗(k⇐)⇑ ↔unk⇐(t)|xeix(k↓k⇐)|ukn(t)→.

Using partial integration we get

↔x̂→t = i
( a

2ε

)2

∑
x

∫

FBZ
dk⇐ f ↗(k⇐)↔unk⇐(t)|e

↓ik⇐x

⇑
∫

FBZ
dkeikx{[∂k f (k)] |ukn(t)→+ f (k)∂k|ukn(t)→}.

Using the Fourier decomposition of the Dirac delta function ∑
∞
x=↓∞ ei(k↓k⇐)x =

2ε
a δ(k ↓ k⇐), we obtain

↔x̂→t =
ia

2ε

∫

FBZ
dk

[

f ↗(k)∂k f (k) + | f (k)|2↔ukn(t)|∂kukn(t)→
]

.
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After one full cycle of time T, the center of mass of the wave packet is displaced

by

∆x = ↔x̂→T ↓ ↔x̂→0 =
a

2ε

∫

FBZ
dk| f (k)|2 [Akn(T)↓ Akn(0)] ,

where we have introduced the Berry connection Akn(t) = i↔ukn(t)|∂kukn(t)→.
Considering that, after a full adiabatic cycle, the time-evolved eigenstates only

pick up a phase, i.e. |ukn(T)→ = eiγ(k)|ukn(0)→, where

γ(k) = i
∫ T

0
dt↔ukn(t)|∂tukn(t)→, (5.2)

as introduced in (5.1), is the geometric Berry phase for eigenstates in momentum

space. Using this, one can easily find that

∆x = ↓ a

2ε

∫

FBZ
| f (k)|2∂kγ(k)dk.

Making use of the relation between Berry phase and Berry curvature Ωkt

Wn
k ∋

∫ T

0
dt Ωn

tk = ↓∂kγ(k), (5.3)

we arrive at the final expression for the displacement

∆x =
a

2ε

∫

FBZ
| f (k)|2Wn

k dk, (5.4)

where we have defined time-integrated Berry curvature Wn
k . In the limit of a

uniformly filled band, i.e. | f (k)|2 = 1, the above expression for the displace-

ment reduces to the standard one given in (3.16). The displacement for a general

f (k) can either be smaller or larger than the Chern number of the relevant band

depending on the specific shape of the Berry curvature as a function of the quasi-

momentum k and time t.

Note that, in general, also a dynamical phase may be present, which is propor-

tional to the usual group velocity. This in turn may lead to a further displacement

of the average position, given by the convolution of the group velocity with the

quasi-momentum distribution, integrated over the FBZ. In this work, however,

we are interested in the anomalous displacement arising from the topological prop-

erties and an adiabatic change of the system. We keep this effect dominant by

restricting ourselves to symmetric wave packets placed in the center of the FBZ

of a time-reversal symmetric Hamiltonian, which leads to a zero contribution to

the displacement of the dynamical phase.
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5.2.1 Topological pumping and dispersion

While equation (5.4) tells us about the displacement of the center of mass of a

given initial state, it does not contain any other information about its evolution in

real space. However, in this work we are not only interested in realizing topolo-

gical charge pumping of the center of mass, but we aim to realize this in a disper-

sionless way, i.e. keeping the value of the fidelity F (T) = |↔Ψ0(x + ∆x)|ΨT(x)→|2
as close to one as possible. Hence, here we analyze this dispersion for different

combinations of initial states and Berry curvatures.

Let us start by analysing the dispersion of the initial wave packet in real space

|Ψ0(x)→ ∝ ∑k f (k)|ψkn(x, 0)→. After a full period, the state becomes |ΨT(x)→ ∝

∑k f (k)eiγ(k)|ψkn(x, 0)→, where the Berry phase γ(k) is defined in equation (5.2).

Importantly, note that if this phase is linear in k, i.e. γ(k) ↘ k∆x, for all k where

f (k) ↑= 0, then |ΨT(x)→ ↘ |Ψ0(x + ∆x)→, so that the wave function remains un-

changed except for a shift of its center. Otherwise, the wave packet disperses and

the fidelity quickly drops below one. Since the time-integrated Berry curvature

Wn
k is directly given by the gradient of the Berry phase (see (5.3)), the dispersion

of the wave packet is minimal when the integrated Berry curvature is constant,

or ‘flat’ in quasi-momentum space.

For the standard case of topological pumping the initial state is such that

| f (k)|2 constant for all k (Fig. 5.1a) [152, 153], the charge displacement is quant-

ized in the form of ∆x = aCn. However, in general, Wn
k is not flat, which leads to a

quick dispersion of an initially localized wave packet in real space (see Fig. 5.1b).

Conversely, as discussed above, if Wn
k is constant throughout the full FBZ (see

Fig. 5.1c), quantized and dispersionless pumping will be achieved independently

of the specific shape of the wave packet in k space (see Fig. 5.1d). This is, however,

hard to achieve in practice in a real physical system, and even harder for a long-

ranged Hamiltonian, which develops sharp structures in the Berry curvature.

In this work, we resort to an intermediate approach, typically called geometric

pumping [127]. For each system, we identify a path that leads to a time-integrated

Berry curvature Wn
k that is constant on a finite region of the FBZ. We consider then

a localized quasi-momentum distribution f (k) such that f (k) ↑= 0 only in the

region where Wn
k is constant (see Fig. 5.1e) [128]. This condition is much easier

to fulfill than a fully flat Wn
k [153], and allows an approximately dispersionless

transport of the wave packet in real space. Instead of obtaining a displacement

∆x that is quantized, its value will depend on the specific geometrical properties

of the underlying Hamiltonian (e.g., short versus long-ranged) as well as on the

choice of the pumping cycle, since this determines the shape and value of Wn
k (see

Fig. 5.1f). By choosing different protocols one can then achieve dispersionless



62 CHAPTER 5. TOPOLOGICAL PHOTON PUMPING

-

Figure 5.1: Topological pumping and dispersion. Left column: Time-integrated Berry
curvature Wn

k and quasi-momentum distribution density | f (k)|2. Right column:

Spatial probability density of the state, |Ψt(x)|2 ∋ ↔Ψt(x)|Ψt(x)→, at times t = 0
and t = 5T, obtained from the numerical simulation of the Schrödinger equation
under a time-dependent Rice-Mele Hamiltonian, with the quasi-momentum dis-
tribution density and time-integrated Berry curvature shown in the correspond-
ing left panel. The vertical points and solid lines indicate the center of mass of
the wave packet at t = 0 and 5T, respectively. a and b: In standard topological
pumping, where the band is uniformly filled, the non-flat shape of Wn

k across the
FBZ leads to dispersion of the wave packet in real space. Dispersionless topo-
logical pumping can be achieved either by making Wn

k constant (c and d), or by

constraining | f (k)|2 to a domain in momentum space where Wn
k is approximately

constant (e and f).

transport of the wave packet where ∆x is larger or smaller than the one achieved

in topological pumping.

5.3 Long-range hopping in quantum optics: the ex-

tended Rice-Mele model

In this work we focus on the realization of topological pumping using quantum

optics platforms and, in this section, we present the general equation that de-

scribes the dynamics of these systems. We then introduce a mapping onto a

generalized version of the Rice-Mele model with long-range hopping paramet-

ers, which we refer to as the extended Rice-Mele model, and discuss its topological

properties.

All three quantum optics platforms we discuss here share the following de-

scription (see Fig. 5.2a): An ensemble of N two-level emitters in the Lamb-Dicke

regime with ground state |g→ and excited state |e→ separated by an energy h̄ωa, are
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Figure 5.2: Topological photon pumping on a quantum optical system. a: All systems
we consider can be generally described as a one-dimensional chain of emitters
coupled to a common (Markovian) environment. The chain is formed by N/2
unit cells with two sublattices, A and B (blue and red, respectively). b: The emit-
ters are considered to be identical two-level systems with ground (|g→) and ex-
cited (|e→) states separated by an energy h̄ωa. c: By varying time-dependently the
parameters of the system (here generically called ∆ and δJ) in a periodic manner
around a topological degeneracy point (red dot), a single photon is transported
(topologically pumped) across the lattice minimizing its dispersion.

coupled to a common environment. Within the approximation outlined in Sec-

tion 2.1, the quantum master equation that describes the evolution of the emitter’s

internal degrees of freedom is

˙̂ρ = ↓ i

h̄



Ĥ, ρ̂


+D(ρ̂), (5.5)

where ρ̂ is the density operator. The first term of this master equation represents

the coherent evolution of the system under the Hamiltonian Ĥ = Ĥdd + Ĥ∆,

which reads

Ĥ = h̄
N

∑
i ↑=j=1

Vijσ̂
†
i σ̂j + h̄∆

N

∑
j=1

(↓1)jσ̂†
j σ̂j, (5.6)

with the spin-1/2 ladder operators σ̂i = |gi→ ↔ei| and σ̂i = |ei→ ↔gi|. This Hamilto-

nian drives an exchange (dipole-dipole) interaction between the emitters. The

strength and range of the exchange, encoded in the matrix elements Vij, will be

determined by the Green’s tensor, which depends on the specific system at hand

as outlined in Section 2.2. The second term, Ĥ∆, is an on-site potential, which
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leads to an offset 2h̄∆ between even and odd sites (see Fig. 5.2b). The dissipation

in the system (second term of the master equation) also depends on the system

at hand, and its action on the dynamics will be considered separately for each

system in Sec. 5.5.1.

We assume that the emitters are placed on a bipartite one-dimensional lattice

(see Fig. 5.2a). A Jordan-Wigner transformation of the form

σ̂j = eiε ∑
j↓1
l=1 f̂ †

l f̂l f̂ j, (5.7)

σ̂†
i = e↓iε ∑

i↓1
l=1 f̂ †

l f̂l f̂ †
i , (5.8)

allows us to express the spin operators in terms of the spinless fermionic creation

and annihilation operators f̂ †
l and f̂l, respectively. Applying this transformation

to Hamiltonian (5.6), and imposing the constraint of staying in the single excita-

tion (fermion) sector, it becomes

Ĥ = h̄
N

∑
i ↑=j=1

Vij f̂ †
i f̂ j + h̄∆

N

∑
j=1

(↓1)j f̂ †
j f̂ j. (5.9)

In the next step, we make the bipartite lattice explicit by denoting âq = f̂2q↓1 and

b̂q = f̂2q where q = 1 . . . N/2 labels the unit cells. Accordingly, we categorize

Vij into three different hopping parameters: from sublattice A to B, from B to A,

and within the same sublattice, which we denote J⇐2p↓1, J2p↓1 and J2p, respect-

ively, where p denotes again the unit cell (see Fig. 5.4a). The extended Rice-Mele

Hamiltonian is then given by

Ĥ = h̄

{ N/2

∑
q=1

N/2↓q

∑
p=1

[

J⇐2p↓1 â†
q b̂q+p↓1 + J2p↓1b̂†

q âq+p + J2p(â†
q âp+q + b̂†

q b̂p+q)

]

+ J⇐N↓1 â†
1 b̂N/2+h.c.

}

+h̄∆
N/2

∑
q=1

(â†
q âq↓b̂†

q b̂q).

(5.10)

Note that, when restricting hopping to solely nearest neighbors, this Hamiltonian

reduces to the standard Rice-Mele mode discussed in Section 3.4.

5.3.1 Topological properties of the extended Rice-Mele model

Let us here analyze the bulk properties of the extended Rice-Mele model.

Considering periodic boundary conditions, Hamiltonian (5.10) may be written
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in terms of its irreducible matrix form in momentum space h(k) as

Ĥ = ∑
k∞FBZ

α,β∞A,B

ĉ†
α(k)hαβ(k)ĉβ(k), (5.11)

where

ĉα(k) =
1

√

▽N/4̸

▽N/4̸
∑
p=1

e↓ikpa ĉα(p), (5.12)

with ĉA(p) ∋ âp and ĉB(p) ∋ b̂p and

h(k) =

(

n0(k) + h̄∆ n(k)

n↗(k) n0(k)↓ h̄∆

)

. (5.13)

Here, we have defined the functions

n0(k) = 2h̄
▽N/4̸
∑
p=1

J2p cos(kpa),

n(k) = h̄
▽N/4̸
∑
p=1

(

J2p↓1eikpa+ J⇐2p↓1e↓ik(p↓1)a
)

(5.14)

that contain the intra-sublattice and inter-sublattice hopping parameters respect-

ively. Diagonalizing h(k) we obtain the dispersion relation E±(k) = n0(k) ±
√

|n(k)|2 + ∆2 for the upper (+) and lower (↓) band, respectively. The two ei-

genvectors of h(k) corresponding to the two bands can be expressed as

|uk↓→ =
1

N

(

n(k)

↓
√

|n(k)|2 + ∆2 ↓ ∆

)

,

|uk+→ =
1

N

(

√

|n(k)|2 + ∆2 + ∆

n(k)↗

)

.

(5.15)

Similarly to the standard Rice-Mele model, the extended Rice-Mele Hamilto-

nian with ∆ ↑= 0 does not host topological phases. However, for vanishing

energy offset ∆ = 0, the Hamiltonian reduces to the extended SSH Hamilto-

nian [71,74]. This Hamiltonian can be allocated to the BDI symmetry class, which

possesses a Z-type topological invariant in one dimension, like the standard SSH

model [154], when the sublattice symmetry is conserved, i.e. when n0(k) = 0,

which can be accomplished by setting J2p = 0 for all p. Note, however, that

even though we impose here, where possible, sublattice symmetry, the model

described by (5.10) is inversion symmetric and hence J2p = 0 is not a necessary

condition for the pumping to take place.
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Figure 5.3: Gap closing and winding number. a: Energy bands E± at the edge of the
FBZ as a function of the extended hopping parameters. b The winding number ν
of the extended SSH model as a function of the extended hopping parameters.

To calculate the topological degeneracy points in the extended Rice-Mele model

we look for the points in the FBZ where the energy gap closes and the argument

of the complex function n(k) is discontinuous. The imaginary part of n(k) is equal

to zero when k = ±ε/a and k = 0. At those points, also the real part of n(k) is

zero when
▽N/4̸
∑
p=1

(↓1)p+1(J⇐2p↓1 ↓ J2p↓1) = 0 (5.16)

for k = ±ε/a and
▽N/4̸
∑
p=1

(J⇐2p↓1 + J2p↓1) = 0 (5.17)

for k = 0, making the argument of n(k) undefined and the energy gap zero.

Note, that there are further specific fine-tuned combinations of the parameters

J2p↓1 and J⇐2p↓1 that lead to topological degeneracy points at other points of the

FBZ. However, in the pumping cycles and physical systems that we propose in

this work the gap only closes at k = ±ε/a. Thus, we introduce the extended

hopping parameters

J̄⇐ =
▽N/4̸
∑
p=1

(↓1)p+1 J⇐2p↓1,

J̄ =
▽N/4̸
∑
p=1

(↓1)p+1 J2p↓1,

(5.18)

and realize cyclic variations in the extended Rice-Mele Hamiltonian parameters

such that the curve ξ(t) = (∆, δ J̄ = J̄⇐ ↓ J̄) encircles the origin. Figure 5.3a shows

how the gap closes in the edge of the FBZ (k = ±ε/a) when J̄⇐ = J̄. The closing
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of the gap corresponds to a change in the winding number of the extended SSH

model as seen in Figure 5.3b.

5.4 Topological photon pumping in quantum optical

systems

Figure 5.4: Realizations of the extended Rice-Mele model. a: In the extended Rice-
Mele model, we consider in general, non-zero hopping parameters between all
sites. Here, an example for a system with N = 8 sites. b: In the Rydberg system,
the two sublattices are separated by a perpendicular distance h and a horizontal
offset b(t), which can be changed in time to realize the photon pumping. Here,
the nearest neighbor hoppings dominate and we exploit the dependence of the
couplings on dipole moment orientation (right panel) to make the intra-sublattice
hoppings (J2p) negligible. c: Similarly, on a dense chain of atoms excited to low-
lying electronic states, J2 is put to zero by fixing a value of a that depends on the
angle θd of the dipoles, while the rest of the hoppings (determined by Vij) are non-
zero in general. d: In a lattice of atoms coupled to a waveguide (here a cylindrical
nanofiber), the atoms of sublattice A are fixed forming a helix around the fiber,
while the atoms of sublattice B change their relative angle to sublattice A, φ⇐

1(t),
time-dependently to realize the pumping. Sublattice symmetry is preserved by
choosing a = ε/β, where β is the wave vector of the light propagating inside the
fiber.

Having set up the stage for the realization of dispersionless topological pump-

ing in the extended Rice-Mele model (see Fig. 5.4a), we now examine three

quantum optics platforms of current experimental relevance. These platforms

enable the pumping of photons stored in the excited state of two-level emitters

and encompass: a Rydberg lattice, a dense lattice gas of atoms in low-lying elec-

tronic states, and atoms coupled to a nanophotonic waveguide as sketched in

Fig. 5.4b - d. These three platforms all present long-range interactions, but the
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different shape and strength of the couplings lead to differences in their effective

range. E.g. in a Rydberg lattice system the nearest neighbor hopping parameters

dominate the dynamics, while in the waveguide system all atoms are coupled

to all other atoms with similar strength, such that excitation hopping stretches

across all distances.

In all cases, we numerically simulate the dynamics of the Schrödinger equa-

tion with a time-dependent Hamiltonian of the form (5.10) for a system with open

boundary conditions. Note that the cycle period T needs to be sufficiently long

to ensure adiabaticity. This is fulfilled when T ↙ h̄/∆E, where ∆E is the min-

imum energy gap between neighboring bands during the cycle. Conversely, our

transport protocols aim to minimize dispersion, requiring that the cycle is fast

enough to prevent non-linearities in the Berry phase γ(k) from introducing wave

packet dispersion Throughout this work, we have found cycle periods that ap-

proximately optimize these two conditions (we fix T = 300/∆E), although this

still leads to a small degree of dispersion.

5.4.1 Short-range hopping: Rydberg atoms

The first system we consider is an ensemble of Rydberg atoms trapped in two

lattices with lattice constant a and offset by a distance b with respect to each other

as shown in Fig. 5.4b [81, 155]. Atoms excited to a Rydberg state are known for

possessing exaggerated properties, such as long lifetimes and, most importantly,

extremely large transition dipole moments between neighboring Rydberg states,

which can lead to strong long-range dipole-dipole interactions [156,157]. The dy-

namics of the system is determined by the Hamiltonian (5.6), where both ground

and excited states of the two-level system are Rydberg states. The dipole-dipole

interaction is here given generally by the expression

Vij =
d2

4εε0h̄

3 cos2 θij ↓ 1

r3
ij

, (5.19)

where rij = rij r̂ij is the distance between the atoms, d = dd̂ is the transition

dipole moment, and cos θij = r̂ij · d̂. To avoid breaking sublattice symmetry, we

set the intra-sublattice parameters J2p to zero by aligning the dipoles such that

they form an angle θm = arccos(1/
′

3) with the unit separation vector between

atoms of the same sublattice (see Fig. 5.4b) [81]. Moreover, the dipole-dipole

interactions (excitation hopping parameters) between neighboring atoms (lattice
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sites) dominate the dynamics, such that J̄⇐ ↘ J⇐1 and J̄ ↘ J1 with

J⇐1 =
d2

4εε0h̄

3 cos2 θ⇐1 ↓ 1

r⇐31
, (5.20)

J1 =
d2

4εε0h̄

3 cos2 θ1 ↓ 1

r3
1

. (5.21)

Here, r⇐1 =
′

b2 + h2, r1 =
√

(a ↓ b)2 + h2, cos θ⇐1 = (b cos θm ↓ h sin θm) /r⇐1
and cos θ1 = [(a ↓ b) cos θm + h sin θm] /r1. Adding an on-site potential offset

between the even and odd sites, the Hamiltonian is very close to the standard

Rice-Mele model (3.15). Note, however, that this is only an approximation, and

the actual long-ranged character of the interactions in the Rydberg system is fully

taken into account in the following, in our numerical calculations.

Photon pumping on a Rydberg chain

While the qualitative results do not depend on the specific choice of paramet-

ers, as an illustrative example we consider a similar regime to the one realized in

Ref. [81], i.e., rubidium atoms in the 60S (ground) and 60P (excited) states. The

atoms form a chain such that the unit cells are separated by a = 12 µm and the

distance between the two sublattices is h = 7.4 µm (chosen here to optimize the

flatness of the time-integrated Berry curvature W↓
k ). The winding number of the

Rydberg chain can then be changed from ν = 0 to 1 and vice-versa by varying b,

which in turn changes the values of J̄ and J̄⇐. Specifically, as shown in Fig. 5.5a, in

our case when b ↭ 0.16a the system is in a topologically trivial (dimerized) phase,

while for b ↫ 0.16a the system possesses topologically non-trivial properties such

as the existence of edge states [81].

For the photon pumping to take place, we vary time dependently the relative

position of the two lattices b(t) (effectively sliding sublattice B keeping it parallel

to sublattice A) and the energy offset ∆(t) as shown in Fig. 5.5b and c, respect-

ively. Initially, the two sublattices are arranged such that δ J̄(t = 0) < 0 and ∆(t =

0) = ∆max > 0 and the photon is localized completely on sublattice B. Adia-

batically varying ∆ until it reaches the value ∆(t = T/2) = ↓∆max going past

∆(t = T/4) = 0, where the Hamiltonian has winding number ν = 1, will localize

the photon on sublattice A. To surround the topological singularity we decrease

b(t)/a and |∆| until we reach the point (∆(t = 3T/4) = 0, δ J̄(t = 3T/4) > 0),

where the Hamiltonian has winding number ν = 0, before closing the loop.

We simulate the dynamics starting from a wave packet on the lower band,

with a Gaussian quasi-momentum distribution | f (k)|2 of width wk. Here, we are

able to find an optimized path in parameter space that leads to a particularly flat
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Figure 5.5: Photon pumping on a Rydberg chain. a: Dependence of the extended
hopping parameters J̄⇐ and J̄ with the ratio b/a (all parameters are normalized
to the maximal value J̄max ∋ |max{ J̄(t)}| during the cycle). The gray shaded
area represents δ J̄ < 0, where the winding number of the extended SSH model
is ν = 1 (TP: topological phase). b: Variation of the intracell distance b(t)
during the pumping cycle. Importantly, twice during the cycle the extended
hopping parameters coincide, such that δ J̄ = 0. c: We vary the energy offset
as ∆(t) = ∆max sin(2εt/T + ε/2) such that the path in parameter space en-
circles the topological degeneracy point ensuring the displacement of the center
of mass after a completed cycle. d: The left column shows the time-integrated
Berry curvature of the lower band W↓

k and quasi-momentum distribution dens-

ity | f (k)|2 (in arbitrary units). The right column shows the spatial probability
density of the wave packet in real space (on the B sublattice), initially (dashed
line) and after its numerical evolution for ten pumping cycles (solid line). The
width of the Gaussian wave packet in momentum space, wk, is doubled from the
upper (wka = 2ε/100) to the lower row (wka = 2ε/50), leaving the displace-
ment of the photon’s center of mass ∆x = 10 · 0.966a unchanged, but leading to
an increase of the dispersion, such that the fidelity per cycle F (T) = 0.999 and
after ten cycles F (10T) = 0.988 decreases to 0.997 and 0.964, respectively. Here,
T = 168/ J̄max.

time-integrated Berry curvature across all the FBZ. As one can also see in Fig-

ure 5.5d, the cyclic pumping indeed leaves the shape of the photon mostly un-
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changed except for its average position, which is displaced by an amount ∆x.

This displacement is in agreement with the one based on the time-integrated

Berry curvature and the quasi-momentum distribution predicted by Equation

(5.4). Notably, here we are able to achieve a fidelity per cycle well above 99.9%,

which goes down as we increase the width of the wave packet in k-space and

dispersion plays a more prominent role.

5.4.2 Long-range hopping: Atoms in free space

We now move to study a chain of atoms in low-lying electronic states coupled

to the radiation field, such as the D-lines in alkaline atoms. Note that the main

difference between this system and the Rydberg one lies on the scales: we con-

sider here an optical dipole transition instead of a microwave one (hundreds of

nm versus a few cm in wavelength). The atoms form again two chains (sublat-

tices), but in this case they are placed on a single line as shown in Fig. 5.4c. The

nearest neighbor distances are now smaller, but on the same order of magnitude

as the transition wavelength ϱ0 [158, 159]. As a consequence, as sketched in Fig.

5.4c, the dipole-dipole interaction is given generally by the expression

Vij =
3γ

4

[

y0(karij)↓
y1(karij)

karij
+ y2(karij)(d̂ · r̂ij)

2

]

, (5.22)

where yn are spherical Bessel functions of the second kind, γ =
d2k3

0
3εε0h̄ is the single

atom spontaneous decay rate, and k0 = ωa/c = 2ε/ϱ0 is the wave number

of the transition, respectively [160]. This interaction can no longer be realistic-

ally approximated to be nearest neighbor only, as it was the case in the Rydberg

system. Thus, the corresponding extended Rice-Mele model (5.10) contains all

hopping parameters J⇐2p↓1, J2p↓1 and J2p. While the sublattice symmetry is in

general broken in this system, we minimize this effect by choosing the distance

a between neighboring atoms of the same sublattice at a value a(θd), where θd is

the angle between the atomic dipoles and the chain, i.e. cos θd = r̂ij · d̂, such that

J2 = 0 (see Fig. 5.4c for the θd = ε/2 case). Given that the hopping parameters

slowly decrease with the distance between atoms, the values of the subsequent

symmetry-breaking hopping parameters J4, J6, are almost negligible, and the sub-

lattice symmetry is only slightly broken.

Photon pumping on a two-level atom chain

Again for illustration, here we choose a lattice constant a = 0.7ϱ0 and the

dipole moments oriented perpendicularly to the chain with θd = ε/2, which
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Figure 5.6: Photon pumping on a two-level atom chain. a: Dependence of the ex-
tended hopping parameters J̄⇐ and J̄ with the ratio b/a (normalized to J̄max ∋
|max{ J̄(t)}| during the cycle). The gray shaded area represents δ J̄ < 0, where the
winding number of the extended SSH model is ν = 1 (TP: topological phase). b:
Variation of the intracell distance b(t) during the pumping cycle. c: We vary the
energy offset as ∆(t) = ∆max sin(2εt/T + ε/2) such that the path in parameter
space encircles the topological degeneracy point ensuring the displacement of
the center of mass after a completed cycle. d: The left column shows the time-
integrated Berry curvature of the lower band W↓

k and quasi-momentum distri-

bution density | f (k)|2 (in arbitrary units). The right column shows the spatial
probability density of the wave packet in real space (on the B sublattice), ini-
tially (dashed line) and after its numerical evolution for ten pumping cycles (solid
line). The width of the Gaussian wave packet in momentum space wk (the same
as in Fig. 5.5) is doubled from the upper to the lower row, leaving the displace-
ment of the photon’s center of mass ∆x = 10 · 0.803a unchanged, but leading to
an increase of the dispersion, such that the fidelity per cycle F (T) = 0.999 and
after ten cycles F (10T) = 0.986 decreases to 0.986 and 0.890, respectively. Here,
T = 190/ J̄max.

leads to a negligible intra sub-lattice hopping J2 = 0. As was shown in [71], the

winding number of the extended SSH model, which is reproduced by the system

when the on-site potential ∆ = 0, again changes with the ratio b/a (see Fig. 5.6a).

Hence, the photon pumping is realized again by sliding the atoms trapped in the
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sublattice B with respect to sublattice A, i.e., making b(t) time-dependent (see

Fig. 5.6b).

The pumping cycle shown in Fig. 5.6c is very similar to the one used for

the Rydberg chain, designed to encircle the topological degeneracy point and

to maximize the region in k space where W↓
k can be considered constant. As

shown in Fig. 5.6d, the long-ranged character of the couplings introduces two

discontinuities in W↓
k at the so-called light lines [32, 55], which are located at

kda = ±2ε
(

1 ↓ a
ϱ0

)

. This sets a hard constraint for the width of | f (k)|2 that

allows for a dispersionless topological pumping, namely wk ∝ 2kd. As shown

Fig. 5.6d, however, dispersionless pumping can be still realized, with a fidelity

per cycle as high as 99.9%.

5.4.3 All-to-all hopping: Waveguide system

Finally, we discuss a chain of emitters coupled to a waveguide. This setup

can be realized, for instance, with cold atoms trapped in the vicinity of a tapered

optical fiber [161–163]. In this system, the coherent interactions between atoms

are mediated by the fundamental guided modes of the waveguide. Note, that

we limit the discussion in this work, to cases where the coupling efficiency of the

emitters to the guided modes is almost 100%, as it can be achieved, for example,

with artificial atoms in semiconductors (quantum dots) [164, 165]. In general,

however, one needs to consider the coupling through the radiation or unguided

modes. In the case of atoms placed around a cylindrical nanofiber (see Fig. 5.4d),

the interactions between atoms separated by an angle φij = φj ↓ φi and a distance

zij = zj ↓ zi, as derived in Chapter 5, are given by

Vij = i
ωaβ⇐

4h̄ε0
∑
f l

d↗
i · e(βl f )(ri)dj · e(βl f )↗(rj)sgn( f zij)e

ilφij ei f βzij , (5.23)

where e(βl f )(r) = (er,↓leφ, f ez) is the profile function of the fundamental guided

mode with propagation constant β, polarization l and propagation direction f at

a distance r from the waveguide core, di = (dr
i , d

φ
i , dz

i ) is the transition dipole mo-

ment of atom i and β⇐ = d
dω β. For simplicity, we consider the dipole moments of

all emitters to point in the radial direction, and all of the atoms at the same radial

distance from the waveguide core. In this case, the dipole-dipole interaction is

given by the simple expression

Vij =
γ

2
cos(φij) sin(βzij), (5.24)
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where γ = 2|d|2ωaβ⇐

h̄ε0
|er|2 is the rate of a photon to be emitted into the waveguide

for a single atom. Moreover, we consider in particular the situation where the

atomic cells are positioned as a helix around the waveguide as shown in Fig. 5.4d

[166]. The hopping parameters in this case are given by

J2p=
γ

2
sin(βap) cos(pφ1),

J2p↓1=
γ

2
sin [β(pa ↓ b)] cos



pφ1 ↓ φ⇐
1



,

J⇐2p↓1=
γ

2
sin[β((p↓1)a+b)]cos



(p↓1)φ1+φ⇐
1



(5.25)

where φ1 and φ⇐
1 are the angle between atoms in neighboring cells of the same

sublattice, and between atoms of different sublattices within the same cell, re-

spectively. In order to ensure that the chiral symmetry is not broken, we fix the

value of a to a = ε/β. We also fix the values of b = a/2 = ε/(2β) and φ1 = ε/2,

such that J2p = 0 and the remaining hopping parameters read

J2p↓1 = ↓γ

2
(↓1)p cos

(

φ⇐
1 ↓

pε

2

)

,

J⇐2p↓1 = ↓γ

2
(↓1)p sin

(

φ⇐
1 +

pε

2

)

,
(5.26)

having lost all dependence on the distance between the atoms in the longitud-

inal direction, thus being exclusively dependent on the angular offset between

sublattices φ⇐
1.

Photon pumping on a waveguide system

As shown in Fig. 5.7a, the transition from a topological to a non-topological

phase occurs in this system when the angle φ⇐
1 = ε/4, since at this point J2p↓1 =

J⇐2p↓1 for all values of p. A pumping scheme can then be established by adia-

batically rotating sublattice B by an angle φ⇐
1(t), which after a time T returns

to the initial configuration (Figs. 5.7b and c). As it was discussed for atoms in

free space (sec Sec. 5.4.2), due to the long-ranged character of the couplings the

time-integrated Berry curvature W↓
k shows a discontinuity at the light lines at

kda = ±ε/2 (see Fig. 5.7d). This again constrains the width of the Gaussian

wave packet in momentum space, which must satisfy wk ∝ ε/a in order to

achieve dispersionless pumping. Here, the role of the flatness of W↓
k is made

particularly clear: since the light lines are closer to k = 0 than in the case of low-

lying two-level systems, the curvature of W↓
k within the region of the Gaussian

wave packet is larger, which in turn reduces the fidelity of the pumping process.

Finally, we note that in the waveguide case the pumping occurs in the opposite
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Figure 5.7: Photon pumping on a waveguide system. a: Dependence of the extended
hopping parameters J̄⇐ and J̄ with the angle φ⇐

1 (all parameters are normalized to
the maximal value J̄max ∋ |max{ J̄(t)}| during the cycle). The gray shaded area
represents δ J̄ < 0, where the winding number of the extended SSH model is ν = 1
(TP: topological phase). b: Variation of the angle φ⇐

1(t) during the pumping cycle.
Importantly, twice during the cycle the extended hopping parameters coincide,
such that δ J̄ = 0. c: We vary the energy offset as ∆(t) = ∆max sin(2εt/T +
ε/2) such that the path in parameter space encircles the topological degeneracy
point ensuring the displacement of the center of mass after a completed cycle.
d: The left column shows the time-integrated Berry curvature of the lower band
W↓

k and quasi-momentum distribution density | f (k)|2 (in arbitrary units). The
right column shows the spatial probability density of the wave packet in real
space (on the B sublattice), initially (dashed line) and after its numerical evolution
for ten pumping cycles (solid line). The width of the Gaussian wave packet in
momentum space wk (the same as in Figs. 5.5 and 5.6) is doubled from the upper
to the lower row, leaving the displacement of the photon’s center of mass ∆x =
10 · 0.919a unchanged, but leading to an increase of the dispersion, such that the
fidelity per cycle F (T) = 0.998 and after ten cycles F (10T) = 0.962 decreases to
0.987 and 0.540, respectively. Here, T = 150/ J̄max.

direction compared with the two previous cases studied. This is due to the sign

of W↓
k , which is negative around k = 0, while the Chern number of the band,

i.e., the integral of W↓
k over the full FBZ, is the same as in all systems, namely

C↓ = +1. Note, that in principle the direction of pumping is arbitrary and de-
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pends on the orientation of the path around the singularity, i.e. the excitation

moves in opposite direction by reversing the path shown in Fig. 5.5-5.7c.

5.5 Robustness against dissipation and disorder

Up until now, we have shown that the topological pumping of a photon in

a system with long-range couplings is possible. However, these quantum op-

tical systems also suffer from dissipation, e.g. radiative decay of the photon into

the environment, as introduced in equation (5.5). Moreover, experimental sys-

tems have a degree of disorder due to, for example, imperfect trapping of the

atoms, which leads to disorder in the hopping parameters. In this section, we

will analyze the effect of these two potentially detrimental sources on the topolo-

gical photon pumping protocols.

5.5.1 Dissipation

Dissipation has a different character for the three platforms we have studied

here. In all three, however, one can encode it in a general form as the action of

the dissipator

D(ρ̂) =
N

∑
k=1

Γk

[

Ĵkρ̂ Ĵ†
k ↓

1

2



Ĵ†
k Ĵk, ρ̂



]

, (5.27)

where Ĵk is a so called jump operator and Γk is the rate at which this jump occurs.

Here, the jumps are emissions of a photon into the environment.

For the chain of Rydberg atoms, the main emission channel is the independent

decay with the same rate , i.e. Γk = Γ, from the Rydberg states into the atomic

ground state [167]. As an illustration, the comparison between the lifetime of

the 60P rubidium Rydberg state, τR ↘ 500 µs, and an optimal pumping period

of T ↘ 22 µs means that the pumping process is likely to survive dissipation

at least for a few cycles. However, to overcome this constraint one can think

of, for example, leveraging the remarkable lifetimes afforded by circular Rydberg

states [168], which exhibit exceptional decoupling from optical dipole transitions.

In the second case we considered, i.e., atoms in low-lying energy states, the

nearest neighbor distances are comparable to ϱ0 and the dissipation acquires a

collective character. Here, the dissipator reads

D(ρ̂) =
N

∑
i,j=1

Γij

[

σ̂iρ̂σ̂†
j ↓

1

2



σ̂†
i σ̂j, ρ̂



]

, (5.28)
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0

0

Figure 5.8: Collective dissipation. a: Survival probability for the photon as a func-
tion of time during the pumping cycle for a chain with a/ϱ0 = 0.4 (red solid line)
and a/ϱ0 = 0.7 (blue dash-dotted line). b: For a/ϱ0 = 0.4, | f (k)|2 is nonzero only
in a region of the FBZ where Γk = 0, leading to a survival probability Psur(t) = 1
for the full cycle. c: The same wave packet for a/ϱ0 = 0.7 has a large decay
rate, apparent from the quick decay of the survival probability. Note, that in both
cases we choose an angle θd such that, as discussed previously, J2 = 0 and the
sublattice symmetry is approximately conserved.

where the Γij is, in general, not diagonal and reads

Γij =
3γ

2

[

j0(karij)↓
j1(karij)

karij
+ j2(karij)(d̂ · r̂ij)

2

]

, (5.29)

where jn are spherical Bessel functions of the first kind. As in the case of the

dipole-dipole interactions (5.22), Γij depends strongly on the ratio between the

interatomic distance and the transition wavelength, the precise external geometry

of the system and the orientation of the transition dipole moments [160]. The

(collective) jump operators and rates can be found by diagonalizing this matrix,

such that Γk = ∑ij MkiΓijM
↗
jk and Ĵk = ∑j Mkjσ̂j. Here one can see that the jump

operators are then in general, superpositions of all single atom spin operators

σ̂j = |g→j↔e|, with rates that can be larger (superradiant) or smaller (subradiant)

than the single atom decay rate. In the regime we consider here, a small number

of superradiant states with Nγ > Γk are present. The region of the FBZ where

these superradiant states appear, however, depends strongly on the specific value

of the ratio between nearest neighbor distance and ϱ0. In particular, due to the

large sublattice energy shifts ∆ that are present for most of the pumping cycle,
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the two sublattices are effectively decoupled dynamically, which means that the

reduced distance that determines the dissipation properties is a/ϱ0. As can be

observed in Figs. 5.8b and c, the superradiant rates can be found at the center

and the border of the FBZ for a/ϱ0 < 1/2 and a/ϱ0 > 1/2, respectively. This

in turn means that, as shown in Fig. 5.8b, choosing a value a/ϱ0 < 1/2, one

can create a wave packet centered at k = ±ε/a with support exclusively in the

subradiant region, which in turn leads to a survival probability of the photon

Psur equal to one for all experimentally relevant times. For comparison, the same

wave packet created on a chain where a/ϱ0 > 1/2 will decay fast (in the example

we show in Fig. 5.8a with a/ϱ0 = 0.7, Γeff = 1.6183γ).

Finally, in the case of an ensemble of atoms coupled to a waveguide, the dis-

sipation is described by the same dissipator (5.28), where now the dissipation

coefficient matrix, as derived in Chapter 5, is given by

Γij =
ωaβ⇐

2h̄ε0
∑
f l

d↗
i · e(βl f )(ri)dj · e(βl f )↗(rj)e

ilφij ei f βzij . (5.30)

In the parameter regime we have considered in the previous section, this expres-

sion reduces to

Γij = γ cos(φij) cos(βzij). (5.31)

The diagonalization of this matrix shows that only two collective decay channels

possess non-zero decay rates. Since the Gaussian wave packet that constitutes

our initial state has no overlap with these two superradiant states, dissipation in

this case has virtually no effect on the topological pumping process. Note, that

again we have assumed that the dissipation only occurs into the guided modes

on the waveguide, neglecting the effect of unguided modes.

5.5.2 Disorder

Finally, we analyze the robustness against disorder of the topological pump-

ing realized on the three quantum optical platforms considered. In particular, we

consider the unavoidable disorder on the positions of the atoms by adding ran-

dom Gaussian noise to each atom position with standard deviation σ(r) around

the equilibrium position r. The corresponding standard deviation of the distribu-

tion of distances between any two emitters in the chain rij = |rj ↓ ri| is then given

by

σ(rij) =
′

2
rij · σ(r)

rij
.
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Such a Gaussian disorder in the distance rij translates into a disorder in the hop-

ping parameters J(rij, t) as

σ


J(rij, t)


=
∂J(rij, t)

∂rij
σ(rij).

Due to the form of the extended hopping parameters J̄⇐ and J̄, the disorder propag-

ates when considering the full path in parameter space. Using the theory of error

propagation we derive the disorder in the extended hopping parameter differ-

ence δ J̄, which is given by

σ[δ J̄] =







σ[J] · σ[J] +
1

2

2▽N/4̸
∑
p ↑=q

Kpq(t),

where we have introduced the extended hopping vector J with odd components

J2p↓1 = (↓1)(p+1) J⇐2p↓1 and even components J2p = (↓1)p J2p↓1 and the covari-

ance matrix K = σ[JT]σ[J].

Considering that the disorder varies along the path, we introduce the time-

integrated function

δJ ∋
∫ T

0
dt δ J̄(t), (5.32)

and its standard deviation

σ(δJ ) ∋
∫ T

0
dt σ [δ J̄(t)] , (5.33)

as a common measure of disorder for the three systems. Hence, in order to

get a fair comparison, we choose the same value of the time-integrated disorder

σ(δJ )/δJ for all systems. Note, however, that as a result of propagation of dis-

order the Rydberg system with short-range couplings requires a larger disorder

in the position compared to the two other systems to reach a equivalent disorder

in the path.

To measure the effect of disorder, we calculate the fidelity

Fσ(T) =

(

Tr

√



ρ0
Tρσ

T



ρ0
T

)2

,

where ρσ
T is the disordered state averaged over a number of realizations of ran-

dom Gaussian disorder in the emitter positions and ρ0
T = |Ψ0

T→↔Ψ0
T| is the non-

disordered state after one cycle. Figure 5.9 shows this fidelity for the three differ-

ent systems as a function of the time-integrated disorder σ(δJ )/δJ up to 10%.
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Figure 5.9: Robustness against disorder. Fidelity after one pumping cycle Fσ(T)
between the disordered and non-disordered states as a function of the time-
integrated disorder in the extended hopping parameters σ(δJ )/δJ . The insets
show the disordered paths in parameter space for the three systems with a time-
integrated disorder of 10%. The unperturbed path in parameter space is shown
by the red line, while the blue shaded area shows the propagated disorder given
a Gaussian disorder in each emitter position in the chain.

We can observe that the pumping is indeed very robust in all three cases, with the

atoms in low-lying states being the most affected, likely due to the slight breaking

of the sublattice symmetry present in this case, i.e. the presence of J2p ↑= 0 terms,

which effectively double the amount of couplings affected by the disorder.

5.6 Conclusions and outlook

This study establishes for the first time a framework for topological photon

pumping in quantum optical systems with long-range couplings. This frame-

work allows for the controlled and robust transport of photonic excitations over

a one-dimensional emitter chain. Notably, the atoms are only displaced over

short distances within a single unit cell, while the excitation is transported with

high fidelity over many lattice sites. We discuss its realization in different ex-

perimental platforms, such as Rydberg atoms, in a dense atomic lattice gas, and

atoms coupled to waveguides. For each system we establish a counter-intuitive

protocol that displaces only half of the atoms, but allows to transport the photonic

excitation with a fidelity reaching 99.9%. Our results underscore that this scheme

not only shifts the center-of-mass of the excitation, but also maintains the shape

of the wave packet (dispersionless) and we show that it is robust against both

local disorder and dissipation.
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While in our work we found a parameter trajectory that is suitable for realiz-

ing pumping, we did not use any optimization procedure to obtain an optimal

path. Depending on the context, such strategies could be employed to optimize

the displacement ∆x per cycle, or the speed of the pumping, while maintain-

ing adiabaticity, e.g. faster when gap is large and slower when gap is narrow.

Moreover, the parameters of the system could be optimized to realize flatter time-

integrated Berry curvatures, which in turn minimize the dispersion.

While our results are obtained in 1D systems, these concepts can be general-

ized to higher dimensional systems [169]. Finally, such charge pump could be

extended to intriguing spin pumping schemes that include different light polar-

izations corresponding to coupling to different transitions. This could mimic a

Fu-Kane pump [170], which in condensed matter systems allow for a spin trans-

port without charge transport.
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Chapter 6

Topological phases in a 2D Rydberg

lattice

6.1 Introduction

Recently, the extension of the well known SSH model to a 2D lattice has been

extensively studied [9, 171–174]. Due to the many variants of the model, includ-

ing different types of couplings giving rise to specific symmetries, the 2D SSH

model allows for the study of both rich gapless topological physics, including

the observation of Dirac cones [175], semi-metallic phases [176–178], and gapped

topological phases with robust edge and/or corner states [179–182]. Due to the

coexistance of time-reversal and inversion symmetries in some of variants of the

2D SSH model, the Berry curvature vanishes throughout the 2D FBZ, resulting

in a zero Chern number. Surprisingly, contrary to Chern insulators, non-trivial

topological phases can be found attributed to another topological invariant, the

2D Zak phase, which arises from a non-zero Berry connection [183–185].

In this work we aim to realize a specific version of the 2D SSH model consist-

ing of Rydberg atoms with exchange dipole-dipole interactions. First we analyze

the bulk properties of the model and identify a phase diagram with two tunable

parameters. We find a semi-metallic phase characterized by a pair of oppositely

topologically charged and tunable Dirac points and associated tilted anisotropic

cones, which for specific parameters collapse into nodal lines. Furthermore, we

identify and characterize three distinct gapped topological phases with non-zero

2D Zak phase. Two are weak topological insulating phases with one non-zero

component of the 2D Zak phase manifested by edge states on the corresponding

borders. The final gapped topological phase is a weakly broken higher order to-

pological insulating phase. Here, we find corner-like states for specific parameter

choices.

83
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6.2 The 2D SSH model with Rydberg atoms: Bulk

properties

Figure 6.1: The 2D SSH model with Rydberg atoms. a: The 2D SSH model consisting
of two sublattices A and B denoted by blue and red dots. b: The sublattices have
an internal spacing given by ax and ay in the x and y-direction respectively. Sub-
lattice B is offset with respect to sublattice A by bx and by in the x and y-direction
respectively. Each lattice site contains a Rydberg atom with dipole orientation in-
dicated by the black arrows. The dipoles are tilted with an angle θm with respect
to the x-axis. Hopping can occur between each site on one sublattice to the four
nearest neighbors of the other sublattice with hopping parameters J⇐x, Jx, J⇐y and
Jy. Hopping can also occur within the same sublattice to the nearest neighbour
with hopping parameter in the x-direction J2x and in the y-direction J2y. c: The
first Brillouin zone of the 2D SSH model and the high symmetry points Γ,X,Y and
M.

We consider a 2D lattice consisting of two offset rectangular sublattices. The

lattice can be regarded as M vertically stacked SSH chains with N sites in each

chain. Each SSH chain is a bipartite lattice consisting of two-site unit cells hosting

one site of sublattice A and one site of sublattice B depicted in Figure 6.1a by red

and blue dots respectively. Both sublattices have a lattice constant ax and ay in the

x and y-direction respectively. Furthermore, sublattice B is offset with respect to

sublattice A by a distance bx and by in the x and y-direction respectively. The 2D

lattice can equivalently be considered as N/2 vertical SSH chains with 2M sites

stacked from left to right.

Each site is populated by a Rydberg atom, which we will model as identical

two-level systems where both the ground and excited state are Rydberg states
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Figure 6.2: Geometry of the Rydberg lattice. The distances and angles between the
Rydberg atoms in the lattice.

denoted by |r→ and |e→ respectively. Each Rydberg atom has a dipole transition

moment aligned along the angle θm with respect to the x-axis illustrated by the ar-

rows in Figure 6.1b. Within each SSH chain, a Rydberg excitation can hop within

its cell with a rate J⇐x and between neighbouring cells with a rate Jx. Moreover,

hopping can occur between neighbouring chains with rates J⇐y and Jy. Finally, we

will consider a weak intrasublattice hopping in the x and y-direction given by the

rates J2x and J2y respectively. The Hamiltonian of the system is given by

Ĥ = h̄

{ N/2

∑
n=1

M/2

∑
m=1

J⇐x â†
nmb̂nm +

N/2↓1

∑
n=1

M/2

∑
m=1

Jx b̂†
nm ân+1m

+
N/2

∑
n=1

M/2↓1

∑
m=1

J⇐y â†
nmb̂nm+1 +

N/2↓1

∑
n=1

M/2↓1

∑
m=1

Jyb̂†
nm+1 ân+1m

+
N/2↓1

∑
n=1

M/2

∑
m=1

J2x(â†
nm ân+1m + b̂†

nmb̂n+1m)

+
N/2

∑
n=1

M/2↓1

∑
m=1

J2y(â†
nm ânm+1 + b̂†

nmb̂nm+1) + h.c.

}

,

(6.1)

where â
(†)
nm is the annihilation (creation) operator for sublattice A at cell (n, m)

and b̂
(†)
nm is the annihilation (creation) operator for sublattice B at cell (n, m). The

hopping parameters are given by the Rydberg dipole-dipole interactions

J⇐x =
d2

4εε0h̄

3 cos2 θ⇐x ↓ 1

r⇐3x
, Jx =

d2

4εε0h̄

3 cos2 θx ↓ 1

r3
x

,

J⇐y =
d2

4εε0h̄

3 cos2 θ⇐y ↓ 1

r⇐3y
, Jy =

d2

4εε0h̄

3 cos2 θy ↓ 1

r3
y

,

J2x =
d2

4εε0h̄

3 cos2 θm ↓ 1

a3
x

J2y =
d2

4εε0h̄

3 cos2 θ⇐2y ↓ 1

a3
y

.

(6.2)
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Figure 6.3: Bulk spectra. The bulk energy gap closes at the high symmetry points
(X, Γ, Y and M) in the FBZ for different values of the hopping parameters given

above and for θm = arccos (1/
′

3) and ax = ay = a. The bulk energy is normal-

ized by the factor h̄J = d2

4εε0a3 .

Here r⇐x =


b2
x + b2

y, rx =


(ax ↓ bx)2 + b2
y, r⇐y =



b2
x + (ay ↓ by)2 and ry =



(ax ↓ bx)2 + (ay ↓ by)2. The angles are given by

cos θ⇐x = (bx cos θm ↓ by sin θm)/r⇐x,

cos θx = ((ax ↓ bx) cos θm + by sin θm)/rx,

cos θ⇐y = (bx cos θm + (ay ↓ by) sin θm)/r⇐y,

cos θy = ((ax ↓ bx) cos θm ↓ (ax ↓ by) sin θm)/ry,

cos θ2y = cos (ε/2 ↓ θm).

(6.3)

The different distances and angles between the Rydberg atoms in the lattice are

shown in Figure 6.2.

Considering periodic boundary conditions, the Hamiltonian (6.1) may be writ-

ten in terms of its irreducible matrix form in momentum space ĥ(k) as

Ĥ = ∑
k∞2D FBZ
α,β∞A,B

ĉ†
α(k)ĥαβ(k)ĉβ(k), (6.4)
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where ĉα(k) = âk for α = A and ĉα(k) = b̂k for α = B, where âk (â†
k) and b̂k (b̂†

k )

are the Fourier transformed annihilation (creation) operators on sublattice A and

B, respectively. The bulk momentum space Hamiltonian is given by

ĥ(k) =

(

n0(k) n(k)

n↗(k) n0(k)

)

. (6.5)

The functions that define the topological properties are

n(k) = h̄(J⇐x + J⇐yeikyay + Jxe↓ikxax + Jye↓i(kxax↓kyay)), (6.6)

and

n0(k) = h̄(2J2x cos (kxax) + 2J2y cos (kyay)). (6.7)

The two energy bands of the bulk momentum space Hamiltonian are given by

E±
k = n0(k)± |n(k)|.

The form of the bulk momentum space Hamiltonian (6.5) exhibits time-reversal

symmetry T̂ ĥ(k)T̂ ↓1 = ĥ(↓k) and inversion symmetry Î ĥ(k)Î↓1 = ĥ(↓k)

however the chiral and particle-hole symmetry are broken due to the diagonal

n0(k)-term. Due to the coexistence of both time-reversal and inversion symmetry,

the Berry curvature is zero throughout the 2D FBZ, resulting in a zero Chern

number typically associated with a trivial topological phase. However, topolo-

gical phases in the 2D SSH model can be characterized by another Z2 topological

invariant, the 2D Zak phase [186]

Zn =
∫ ∫

dkxdky↔ukn|i∂k|ukn→, (6.8)

where |ukn→ is the eigenstate of ĥ(k) associated with the n-th band. In this work

we restrict ourselves to the lower band and drop the band index. The 2D Zak

phase is a vector with a components Zx and Zy in the x and y-direction respect-

ively. A non-zero component of the 2D Zak phase is manifested by the existence

of edge states.

In the following, we choose ax = ay = a and θm = arccos (1/
′

3) such that

J2x = 0. The 2D FBZ takes the form of a square with four high symmetry points,

Γ = (0, 0), X = (ε/a, 0), M = (ε/a, ε/a) and Y = (0, ε/a). The bulk energy

spectrum, normalized by the factor h̄J = d2

4εε0a3 , through the high symmetry

points in the FBZ is shown in Figure 6.3. Four different values of the hopping

parameters indicated in the Figure results in a closing of the gap, marking a phase

transition. By evaluating the 2D Zak phase and the energy spectrum we identify

a phase diagram for the 2D SSH model with Rydberg atoms in Figure 6.4.
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Figure 6.4: Phase diagram of the 2D SSH model with Rydberg atoms. Phases are de-
termined by the sublattice offsets bx and by. NT is the non-topological region,
while SM is a semi-metallic phase and NLSM is a nodal-line semi-metallic phase.
Tx and Ty are topological regions with a topological invariant in the x and y-
direction respectively, while Txy is a topological region with with a topological

invariant in both directions. Here the value θm = arccos (1/
′

3) is chosen.

A non-topological (NT) phase occurs where the 2D Zak phase is zero, how-

ever three gapped topological phases emerge when the Zak phase is non-zero, Tx

with Zx = ε and Zy = 0, Ty with Zx = 0 and Zy = ↓ε and Txy with Zx = ε and

Zy = ↓ε. In addition to the gapped topological phases we find a gapless semi-

metallic (SM) phase manifested by a pair of topologically charged Dirac points

associated with an anisotropic Dirac cone tilted as a result of broken chiral sym-

metry. For bx = by = a/2, the Dirac points collapse into hyperbolic lines, which

we will call the nodal-line semi-metallic (NLSM) phase. In the following, we will

analyze these phases in detail.

6.3 Semi-metallic phase: Tunable Dirac points, tilted

Dirac cones and nodal lines

Specific values of bx and by in the 2D SSH model gives rise to a semi-metallic

phase characterized by the emergence of a pair of Dirac points, which are singular

touching points in the band structure as seen in Figure 6.5. Each Dirac point carry
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Figure 6.5: Tilted Dirac cones a: The semi-metallic phase (here bx = by = 0.6a)
characterized by a pair of Dirac points with opposite topological charge QD =
±1. l indicates the integration loop. b: The Dirac cones are both anisotropic and
tilted.

a topological charge given by

Q±
D =

1

2εi



l
dk · n(k)↓1∂kn(k), (6.9)

where l is a path encircling a singular Dirac point. The two Dirac points always

have quantized opposite charges (or chirality) of ±1.

Dirac points show a remarkable robustness since they can only be annihilated

as they merge in either the edge or the center of the FBZ, requiring large perturb-

ations. Dirac points are generally characterized by an isotropic, linear dispersion

relation in the vicinity of the touching point. Here however, we find a disper-

sion relation where the linearity is not isotropic in all directions. Anisotropic

Dirac cones have already been reported in graphene with external modulations

including periodic potentials or uniaxial strain and intrinsically in hydrogenated

graphene [187–189]. Interestingly, the Dirac cones are not only anisotropic, but

also tilted [190–193] due to the slight breaking of sublattice symmetry stemming

from the J2y coupling (see Figure 6.5). The anisotropic and tilted nature do not

change the topological features of the Dirac cones, i.e. the quantization of the

topological charge is not broken, but are known to impact quantum transport

properties of the system [194]. The anisotropy, tilt and the exact position of the

cones in the FBZ can all be tuned in our system by changing the sublattice offsets

bx and by within the semi-metallic region of the phase diagram.

Typically a merging of Dirac points marks a transition into a topological trivial

phase. Here however, the merging signifies either a transition into a topological

non-trivial phase or a trivial phase depending on the exact values of the sublattice
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Figure 6.6: Dirac points position. The possible position of the Dirac points in the
2D FBZ marked by the red area. The black stars indicate the merging positions of
the Dirac points in the FBZ.

offsets as seen in the phase diagram. At the exact merging point the Dirac cones

have a linear dispersion relation in one direction and a parabolic dispersion rela-

tion in the orthogonal direction, similar to what has been previously studied in

honeycomb lattices [195, 196] and in a variant of the 2D SSH model [176]. The

uniqueness of our model lies in the exact tunability of the position of the Dirac

points and the features of the associated Dirac cone by simply changing the sub-

lattice offsets bx and by (see Figure 6.6). The position of the Dirac points is not

fully tunable over the entire 2D FBZ, but can take the positions indicated by the

red area. Merging events of the Dirac cones occurs in all the high symmetry

points in the 2D FBZ indicated by the black stars.

A unique instance of the semi-metallic phase occurs when bx = by = a/2.

Here, the Dirac cones points collapse, as a consequence of mirror symmetry, into

nodal lines, i.e. extended gapless lines in the 2D FBZ, as seen in Figure 6.7 a.

These lines come in the shape of hyperbolas and meet in the borders of the FBZ

(see Figure 6.7 b). The nodal lines have a non-zero dispersion relation due to the

breaking of sublattice symmetry.
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Figure 6.7: Nodal lines a: In the limit of the semi-metallic phase where bx = by =
0.5a the Dirac cones collapse into nodal lines, i.e. gapless lines in the FBZ. b: The
nodal lines takes the shape of hyperbolas in the FBZ.

6.4 Topological gapped phases: Characterization of

edge states

In addition to the gapless topological semi-metallic and nodal line semi-

metallic phases, our model also possesses three gapped topological phases each

associated by a non-zero 2D Zak phase giving rise to edge states. Due to the slight

breaking of chiral symmetry, the edge states are not necessarily at zero energy,

but at some finite energy still well separated from the bulk energies. Note that,

due to inversion symmetry, the edge states will be doubly degenerate. Two of

the gapped topological phases Tx and Ty are weak topological insulating (WTI)

phases, called weak as they can be considered as weakly interacting topologic-

ally non-trivial chains. The Tx and Ty WTI phases correspond to a single non-

zero component of the 2D Zak phase in the x and y-direction respectively. WTI

phases are manifested by the existence of edge states occupying only one direc-

tional boundary. Contrary to what the name suggests WTIs actually display a

remarkable robustness against disorder [197].

6.4.1 Semi-infinite system

To investigate the existence of edge states in a 2D system, it is useful to start by

considering a semi-infinite system, i.e. keep one of the two dimensions small and

the other infinite. For illustration purposes, we consider here a system of M = 16

atoms in the y-direction and an infinite number of atoms in the x-direction. Doing
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Figure 6.8: Semi-infinite system in the x-direction. a: The lattice is infinite in the
x-direction and finite in the y-direction with M = 16 atoms. The black lines in-
dicates the boundary. b: The energies Em(kx) of the partial Fourier transformed
Hamiltonian H(kx) in the three topological gapped regions Tx, Ty and Txy. c:

Magnitude of the corresponding eigenstates |ψm|2 where blue/red bars corres-
pond to sites on sublattice A/B. The sublattice offsets are bx = 0.8a and by = 0.2a
in the Tx phase, bx = 0.2a and by = 0.8a in the Ty phase and bx = 0.8a and
by = 0.8a in the Txy phase.

so allows us to take a partial Fourier transform in the x-direction of the operators

in the Hamiltonian given in equation (6.1)

ânm =
1′

N/2
∑
kx

eikxxn âkxm,

b̂nm =
1′

N/2
∑
kx

eikxxn b̂kxm.

(6.10)

The partial Fourier transformed Hamiltonian may be written in a simplified form

Ĥ = ∑kx
Ĥ(kx), where

Ĥ(kx) = h̄

{ M

∑
m=1

(J⇐x + Jxe↓ikxax)â†
kxmb̂kxm + (J⇐y + Jyeikxax)b̂†

kxm+1 âkxm

+ J2y(â†
kxm âkxm + b̂†

kxmb̂kxm) + h.c.

}

,

(6.11)
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Figure 6.9: Semi-infinite system in the y-direction. a: The lattice is infinite in the
y-direction and finite in the x-direction with N = 16 atoms. The black lines in-
dicates the boundary. b: The energies En(ky) of the partial Fourier transformed
Hamiltonian H(kt) in the three topological gapped regions Tx, Ty and Txy. c: Mag-

nitude of the corresponding eigenstates |ψn|2 where blue/red bars correspond to
sites on sublattice A/B. The sublattice offsets are bx = 0.8a and by = 0.2a in the
Tx phase, bx = 0.2a and by = 0.8a in the Ty phase and bx = 0.8a and by = 0.8a in
the Txy phase.

where J2y now acts as an on-site constant energy and kx acts as a parameter. Edge

states can now be identified by diagonalizing the above Hamiltonian and inspect-

ing the edge occupancy of the eigenstates. Figure 6.8 shows the eigenenergies Em

as a function of kx in the three different gapped topological regions. The Ty and

Txy regions show edge states ψm at the energy h̄J2y = h̄J well separated from the

bulk energies, exponentially localized to both edges, while in the Tx region only

bulk states appear since the chains in the x-direction are infinite.

The same partial Fourier transform can be performed when considering an

infinite number of atoms in the y-direction and a finite number in the x-direction

(here N = 16 for illustration purposes). Using a partial Fourier transform in the
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y-direction

ânm =
1′

M/2
∑
ky

eikyym ânky
,

b̂nm =
1′

M/2
∑
ky

eikyym b̂nky
,

(6.12)

the partial Fourier transformed Hamiltonian Ĥ = ∑ky
Ĥ(ky) can be expressed as

Ĥ(ky) = h̄

{ N

∑
n=1

(J⇐x + J⇐yeikyay)â†
nky

b̂nky
+ (Jx + Jye↓ikyay)b̂†

nky
ân+1ky

+ J2yeikyay(â†
nky

ânky
+ b̂†

nky
b̂nky

) + h.c.

}

.

(6.13)

Equivalently to the previous case we can calculate the eigenstates of this Hamilto-

nian in the three topological gapped regions of the phase diagram (see Figure 6.9).

As expected, edge states appear in the Tx and Txy regions while the eigenstates

in the Ty region are bulk states. Since the edge states occupy the boundaries in

the x-direction, the intra-sublattice interactions along this edge J2y induces a non-

zero dispersion relation for the edge state energies as seen in Figure 6.9, i.e. the

edge state energy En(ky) is not flat as a function of the momentum ky.

6.4.2 Finite system

Now we will consider a finite system with M = N = 24. The eigenstates of

the full Hamiltonian given in equation (6.1) is on the form |ψ→ = ∑n,m cn,m|en,m→
where cn,m are constants and |en,m→ = |r1,1→ ≃ |r1,2→ ≃ ... ≃ |e→n,m ≃ |rn,m+1→ ≃ ... ≃
|rN,M→ is a Rydberg atom on site (n, m) excited to the upper state with all other

Rydberg atoms in the lower state. Figure 6.10 shows the lattice (indicated by

black dots) for different values of the sublattice offsets within the three gapped

topological regimes given in the figure text. Figure 6.10a-d shows two selected

edge states in the Tx and Ty phase where the blue/red dots indicate lattice sites

where the wavefunction |ψ→ is non-zero on sublattice A/B with the size of the dot

corresponding to the magnitude of the wavefunction. In the Tx phase edge states

appear on either side of the x-boundaries of the system, while in the Ty phase

the edge states appear on the boundary in the y-direction and correspond to WTI

edge states.

The last topological gapped phase, Txy, is characterized by both components

of the 2D Zak phase being non-zero. In contrast to the WTI phases, here, edge

states can occupy both the boundaries in the x and y-direction as seen in Figure
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Figure 6.10: Edge states in topologically gapped phases. The black dots indicate the
lattice sites and the blue/red dots indicate lattice sites where the wavefunction is
non-zero on sublattice A/B with the size of the dot corresponding to the mag-
nitude of the wavefunction. In the Tx phase, here bx = 0.8a and by = 0.2a,
edge states occur on the boundary in x-direction (a and b). In the Ty phase, here
bx = 0.2a and by = 0.8a, edge states occur on the boundary in y-direction (c and
d). In the Txy region, here bx = 0.8a and by = 0.8a, the edge states can be on either
the y-boundary (e) or the x-boundary (f).

6.10e-f.

In the literature, topological phases associated with a two-component topo-

logical invariant are typically called higher order topological insulators (HOTI).

While the WTI phase was associated with having edge states or occupation local-

ized on the boundary, HOTI phases have occupation localized on the boundary of

the boundaries, which in two dimensions are the corners. In HOTI phases corner

states are protected by the coexistence of time-reversal, particle-hole and chiral

symmetries [198, 199]. Due to the breaking of chiral and particle hole symmetry

induced by the J2y term, corner states are not present in the 2D Rydberg lattice

for θm = arccos (1/
′

3) and the Txy phase resembles a WTI phase.

However, tilting the dipole angle θm such that chiral symmetry is equally, but

weakly broken in both the x and y-direction, i.e. J2y = J2x = J /2, reveals corner-

like states in the Txy region (see Figure 6.11a). The corner states are not expo-

nentially localized, which is the case for chiral HOTI phases, but display a poly-

nomial localization. Although not realizable in our model, Figure 6.11b shows a
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Figure 6.11: Corner-like states in the Txy phase. a: For the dipole angle θm = ε/4,
corner-like states appear. b: Setting J2y = J2x = 0 reveals perfect corner states.

perfect corner state by setting J2y = J2x = 0 by hand. The top left and bottom

right corners are shared edges of a horizontal and vertical SSH chain. Due to the

opposite phase of the wavefunction at these shared edges, corner states are not

excited here.

The three gapped topological phases are all connected through an extended

semi-metallic phase, meaning there are no transitions between the three phases

without an intermediate transition to a semi-metallic phase.

6.4.3 Edge excitation dynamics

Figure 6.12: Edge excitation dynamics in the Tx and Ty phase. In the Tx phase, bx =
0.8a and by = 0.2a is chosen while in the Ty phase, bx = 0.2a and by = 0.8a is
chosen.

Here, we study the excitation dynamics for N = M = 20 when initially ex-

citing a single Rydberg atom to the upper state |e→ on the edge and evolve the
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state using the full Hamiltonian (6.1). As expected, an excitation created in on an

edge in the WTI phases, Tx and Ty, evolves like a wavepacket on the respective

boundaries and localizes and bounces back when reaching the corners as seen in

Figure 6.12. After hitting the corner the state interferes with itself and leading to

non-perfect localization when returning to the initial corner.

Figure 6.13: Edge excitation dynamics in the Txy phase. An initial excitation is pre-
pared in the top left corner. Here, bx = by = 0.75a is chosen.

In the Txy phase (here with θm = ε/4), an initial corner excitation evolves bid-

irectional and bounces as they meet in the opposite corner as seen in Figure 6.13.

Here we do not achieve chiral excitation edge currents as realized in previous

studies [66, 200].

6.4.4 Robustness against defects

Figure 6.14: Robustness in the Txy phase. An initial excitation is prepared in the top
left corner in a lattice with 5% defects. Here, bx = by = 0.75a is chosen.

Topological phases display a remarkable robustness against local perturba-

tions. Here, we quantify the robustness of the Txy phase against defects in the

lattice. To do so we randomly remove cells from the lattice and study the edge

excitation dynamics in the presence of these lattice defects. When the lattice de-

fects are located in the bulk of the lattice, their presence does not alter the edge

dynamics. However, when a defect is present on the boundary the propagation of

the excitation is interrupted. However, the excitation does not leak into the bulk,

but stays on the edge where the defect acts as a hard wall and reflects the incom-

ing wavepacket as seen in Figure 6.14 showing the robustness of the topological

phases. Similar results can be obtained in the WTI phases.
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6.5 Conclusion and outlook

Both gapped and gapless topological phases display robust properties that

are not only interesting theoretically, but can also be harvested for applications in

quantum technologies. In this study we have presented an experimentally realiz-

able platform using Rydberg atoms in offset square sublattices, that display both

gapped and gapless topological phases connected by the sublattice offset para-

meters. Directional edge states, where the edge states only appear on the bound-

aries in the x or y-direction, are found in the gapped weak topological insulating

phases protected by a quantized component of the 2D Zak phase. In one para-

meter regime we find a higher order topological insulating phase, manifested by

edge states present on all boundaries. Tweaking the Hamiltonian parameters re-

veals corner-like states, not with exponential localization, but with polynomial

due to the inherent broken chiral symmetry of the system. The gapless semi-

metallic phase is characterized by a pair of topologically charged, anisotropic

Dirac cones. The breaking of chiral symmetry is manifested by an induced tilt

of the cones. Anisotropic and tilted Dirac cones are known modulate the sys-

tems quantum transport properties. In the highest symmetry point of the phase

diagram we find a nodal-line semi-metallic phase protected by mirror symmetry.

A natural outlook of this work is a potential experimental observation of edge

states in the gapped topological phases. The setup outlined in this work is a 2D

extension of a previous experimental setup [81]. Considering, like in the refer-

ence, 87Rb atoms individually trapped in an array of optical tweezers, the Ry-

dberg atoms can be modeled as two-level systems with a two-level ground state

being the |60S1/2→ state and excited state being the |60P1/2→ state. With the lattice

parameter a = 12 µm in the Txy phase with bx = by = 0.8a, the nearest neighbour

couplings are given by Jx/h̄ = 1.94MHz, J⇐x/h̄ = ↓0.42MHz, Jy/h̄ = 27.20MHz

and J⇐y/h̄ = 0.89MHz.
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Conclusion and outlook

In this Thesis we studied the topological properties of many-body quantum

optical systems consisting of emitters interacting through dipole-dipole exchange

interactions from short-range to all-to-all couplings in one and two dimensional

arrays realized with Rydberg atoms, atoms in low-lying electronic states and

emitters coupled to a nanophotonic waveguide. We demonstrated how to ana-

lytically calculate the guided part of the dipole-dipole interactions for emitters

coupled to a nanophotonic waveguide and provided a numerical recipe for the

calculation of the radiation part of the interactions. We showed that the radi-

ation part differed significantly from its free space counterpart especially when

the emitters are close to the waveguide surface, or when the number of emitters

is increased. Through the dipole-dipole exchange interactions we demonstrated

that the concept of topological pumping can be extended to systems with long-

range and even all-to-all interactions. We showed high fidelity topological pump-

ing of a photon embedded in the three quantum optical systems above using ex-

perimentally relevant parameters. The pumping process displayed a remarkable

robustness against disorder in the emitter positions as a result of topological pro-

tection. Finally, we presented a 2D lattice model with Rydberg atoms displaying

multiple topological phases with zero Berry curvature, resulting in a zero Chern

number, but protected by the quantized 2D Zak phase. In some parameter re-

gimes a semi-metallic phase appears manifested by the existence of topologically

charged, tilted and anisotropic Dirac cones. Both the position and properties of

the Dirac cones are tunable with the system parameters. For specific values of the

system parameters, the Dirac points collapse into nodal lines due to mirror sym-

metry. We also find topological insulator phases characterized by edge states. The

edge states were found to be directional, connected to weak topological insulator

phases in condensed matter physics, or corner like states for specific parameter

choices resembling a higher order topological insulator. However, perfectly loc-

99
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alized corner states are only possible when the chiral symmetry is not broken.

A natural extension to the work presented in this Thesis is to consider ro-

bust quantum state transfer in the three systems discussed in Chapter 5 to study

the possibility of edge mode transfer in systems with long-range interactions,

allowing for transport over longer distances compared to topological pumping.

This could be done in even or odd length SSH chains or in the Rice-Mele model

[135–142] as discussed in Section 3.5 and analyses can be performed in order to

find which protocol gives the highest transfer efficiency, which will both depend

on the transfer time and the transfer fidelity. The Rice-Mele model and odd-site

SSH model would be the easiest to implement for edge state transfer in the three

systems as the restrictions in the parameter values are not as strict as for the even-

site SSH model. The Rydberg chain with dipole-dipole exchange interactions can

be mapped directly to existing protocols in nearest neighbour SSH chains or Rice-

Mele model. Here however, the transfer time is crucial as the transfer is limited

by the lifetime of the Rydberg excitation. For atom chains in low-lying states and

atoms coupled to a waveguide, the chains can be made subradiant as outlined in

Chapter 5, which overcomes the issue of losing excitations.

Quantum state transfer has also been realized in two and three dimensional

systems, mainly in spin-models [131,201,202]. However, the possibility of robust

quantum state transfer of edge states in higher dimensional topological models

is still an open question. The 2D SSH model with Rydberg atoms presented in

Chapter 6 could potentially be a platform to achieve this. In the 2D SSH model we

found different topological phases, by tuning the position of the Rydberg atoms,

that supported directional edge states, i.e. the supported edge eigenstates only

occupied single boundaries. Adiabatically connecting two of these topological

phases by changing the sublattice offsets would allow for a transfer of an initial

state on one boundary supported in one topological phase to another boundary

state supported in the other topological phase. The main problem here are the

degeneracy or nearly degenerate edge eigenstates on the opposite boundaries in

the same topological phase. However, the opposite boundaries are formed by

sites only on opposite sublattices. Introducing a sublattice energy shift, as for

example is the case in the Rice-Mele model, this degeneracy will be lifted. Fur-

thermore, robust quantum state transfer requires adiabatic evolution of the para-

meters, meaning that the lifetime of the Rydberg excitation may be a limitation.

Finally, despite the zero Chern number, topological pumping in two-

dimensions could be studied in the 2D SSH Rydberg model. Deep in the Tx and Ty

phase, the lattice can be considered as weakly coupled, independent SSH chains.

This would allow us, similarly as to what is considered in a previous work [169],

to assign Berry curvatures in two directions with one of the momenta as one para-
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meter and introduce time as the other parameter. This would allow for controlled

and robust transport of excitations in the bulk of the lattice.
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[58] S. Mahmoodian, G. Calajó, D. E. Chang, K. Hammerer, and A. S. Sørensen,

“Dynamics of many-body photon bound states in chiral waveguide qed,”

Phys. Rev. X, vol. 10, p. 031011, 2020.

[59] Y. L. Wang, Y. Yang, J. Lu, and L. Zhou, “Photon transport and interference

of bound states in a one-dimensional waveguide,” Opt. Express, vol. 30,

no. 9, pp. 14048–14060, 2022.

[60] D. D. Sedov, V. K. Kozin, and I. V. Iorsh, “Chiral waveguide optomechanics:

First order quantum phase transitions with 3 symmetry breaking,” Phys.

Rev. Lett., vol. 125, p. 263606, 2020.

[61] G. Buonaiuto, F. Carollo, B. Olmos, and I. Lesanovsky, “Dynamical phases

and quantum correlations in an emitter-waveguide system with feedback,”

Phys. Rev. Lett., vol. 127, p. 133601, 2021.

[62] F. Le Kien and A. Rauschenbeutel, “Nanofiber-mediated chiral radiative

coupling between two atoms,” Phys. Rev. A, vol. 95, p. 023838, 2017.

[63] D. F. Kornovan, A. S. Sheremet, and M. I. Petrov, “Collective polaritonic

modes in an array of two-level quantum emitters coupled to an optical nan-

ofiber,” Phys. Rev. B, vol. 94, p. 245416, 2016.

[64] E. Stourm, M. Lepers, J. Robert, S. Nic Chormaic, K. Mølmer, and E. Brion,

“Spontaneous emission and energy shifts of a rydberg rubidium atom close

to an optical nanofiber,” Phys. Rev. A, vol. 101, p. 052508, 2020.

[65] A. S. Sheremet, M. I. Petrov, I. V. Iorsh, A. V. Poshakinskiy, and A. N. Pod-

dubny, “Waveguide quantum electrodynamics: Collective radiance and

photon-photon correlations,” Rev. Mod. Phys., vol. 95, p. 015002, 2023.
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