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Chapter 1

Introduction

1.1 Summary

Two of the most studied metric invariants of a smooth closed hyperbolic sur-
face X are the Laplace spectrum Specy (X) and the length spectrum Spec; (X).
While the length spectrum is at least known for a few arithmetic surfaces (see
e.g. [83]), the Laplace spectrum can only be worked out using numerical meth-
ods (cf. [94, 29]). For this reason, one instead tries to describe the asymptotics
of the Laplace spectrum, a typical result being Weyl’s law

N(X,2) 1
vol(X) A"

for the counting function N(X,z) = {\ € Speca(X) | A < x} of the Laplace
operator. Now, one might ask what happens if we assume x to be fixed and
instead allow the surface X to vary. Let us consider a sequence of smooth closed
hyperbolic surfaces (X;),jen. This sequence is called Plancherel-convergent, if

. AN’(_X‘]‘7 $)
Jim Sy, = 0. (11)
holds for any x > 0. The measure, which appears on the right-hand side of
(1.1) is the Plancherel measure on the unitary dual of SLy(R). In (1.1) we have
implicitely made an identification between certain representations of SLo(RR)
and subsets of [0, 00), which is described in detail in Section 2.7. In Chapter 3
we will show

Theorem 1.1.1. Any sequence of smooth closed congruence surfaces (X;);en
with vol(X;) — oo is Plancherel-convergent.

We want to stress here that this already has been shown by Fraczyk [43]. We
will give a different proof, which significantly reduces the amount of estimates
needed.



It is natural to ask in what way this form of convergence is reflected in secondary
metric invariants such as the Selberg zeta function. One result in this direction
by Deitmar [31, Thm. 3.2] is

Theorem 1.1.2. Let (X;);en be a sequence of smooth closed hyperbolic surfaces
and let A; be the logarithmic derivative of the Selberg zeta function of X;.

1. If the sequence (X;) en is uniformly discrete and Plancherel convergent,

then AGs)
lim —22
]i>ngo VOl(Xj)

=0
for Re(s) > 1.
2. If for Re(s) > 1 we have

. Aj(s)
1 J
jroo vol(X)
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then (X;);en is Plancherel-convergent.

Here, uniform discreteness asserts that there is a uniform lower bound for the
lengths of closed geodesics on the surfaces (X;);jen. This assumption was needed
in the proof of the above theorem to control the accumulation rate of eigenvalues.
Deitmar asks in [31, §4] whether the condition of uniform discreteness is actually
needed. We will see in Section 4.3 that by a careful analysis of the accumulation
rate of eigenvalues in Plancherel sequences one can establish

Theorem 1.1.3. Let (X;)jen be a Plancherel-convergent sequence of smooth
closed hyperbolic surfaces. Then there exists a constant ca such that

N(Xj,z) < cavol(X;)(1+x). (1.2)

This is sufficient to remove the assumption of uniform discreteness from
Theorem 1.1.2. Next, Deitmar considered in |31, §4] the limit of vol(X;)*A;(s)
for s € C with Re(s) < 1. In this range the functions {A;};enx may have poles
for

s€ P ={-k|keNg}U[0,1]U (3 +iR),

which we will avoid for the moment. The functional equation of A; (see e.g.
[31, Prop. 3.4]) allows one to deal with those s € C \ & such that Re(s) < 0.
It remains to determine what happens for s sitting inside the critical strip

S={seC|0<Re(s) <1}

In Section 4.4 we will employ a formula of McKean to compute the limit of
vol(X;)~1A;(s) for all s in

Up ={s€C|Re(s) >3, Re(s(s—1)) > -1, s¢ 2}



If for s € C . & we let

0, Re(s) > 1,

(s— %)cot(ﬂs), Re(s) < %,

F(s) =

our final result of Chapter 4 is

Theorem 1.1.4. Let (X;)jew be a sequence of smooth closed hyperbolic sur-
faces. The following two statements are equivalent:

1. The sequence (X;)jen is Plancherel convergent.
2. For each s € C~\ & such that either s € Uy, Re(s) < 0 or Re(s) > 1 one

has As)
]i)Igo VOIJ(XJ') = Fls).

The values s € C, for which the behaviour of the logarithmic derivative of
the Selberg zeta function is known, are sketched in Figure 4.1.
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Figure 1.1: The values s € C from Theorem 1.1.4.

Finally, in Chapter 5 we discuss the behaviour of vol(X;)~'A;(s) for s € &
in a few arithmetic scenarios. We will use the Euler-Selberg constant (cf. [46])

. 1
IYX_ll—% AX(S)_S—l

as a replacement for the logarithmic derivative of the Selberg zeta function Ax
at s =1.



Proposition 1.1.5. Let (X;)jew be a sequence of smooth closed congruence

surfaces with vol(X;) — oo. Then for s € (23,1) one has
MG
j—o0 VOl(Xj)
and o,

I
Jgrolo vol(X;)

Here, one utilizes a well-known uniform lower bound for the first eigenvalue
of congruence surfaces (see Theorem 5.3.1). However, this may change, if there
is no such bound:

Proposition 1.1.6. There exist a Plancherel-convergent sequence of arithmetic
surfaces (X;)jen such that

lim —
j—oo vol(X;)

=l>0

for some positive constant l.

This suggests that for s € & the behaviour of vol(X;)~'A;(s) is not deter-
mined by (X;);jen being a Plancherel sequence and that additional information
about the spectral geometry of the surfaces (X;);en is needed.

1.2 Comparison to the Literature

The subject started with DeGeorge and Wallach [100] establishing the limit
multiplicity property (see Section 2.11) for towers in a semisimple Lie group G.
Here, a tower is a sequence of cocompact lattices (I';)jen in G such that each
I'; is a normal subgroup of I'; and

T;000, (T ={1} (1.3)
j=1

holds. The limit multiplicity property is a well-studied subject (see e.g. [33,
26, 40, 80, 34]). Sauvageot [84] showed that the limit multiplicity property of
a sequence of lattices (T';),en follows from establishing Plancherel convergence
of (I'j)jew. In the more recent breakthrough [1] it was shown that a uniformly
discrete sequence (I';) e is Plancherel convergent, if it is Benjamini-Schramm
convergent® (BS-convergent for short). The authors of [1] then established that
any sequence (I'j)jen of non-conjugate lattices in a semisimple Lie group of
rank greater than 1 is BS-convergent. Since uniform discreteness for these lat-
tices is a well-known consequence of the Lehmer conjecture (cf. [61, p. 322|)
this essentially closes the case of higher rank Lie groups. Raimbault [78] and

IThe definition of Benjamini-Schramm convergence can also be found in Section 2.11.



Matz [64] dealt with certain sequences of lattices (I';)jen in semisimple Lie
groups of rank one, for which the degrees of the associated trace fields F(I';)
are uniformly bounded. Fraczyk [43] then established Plancherel convergence
for arbitrary cocompact torsion-free congruence lattices in the groups PSLo(R)
and PSLy(C). Later on, Fraczyk and Raimbault [44] removed the assumption
on torsion elements. The main insight of Fraczyk was to use the Bilu equidistri-
bution principle (cf. [8]) to establish bounds, which are uniform in the degree
of the trace fields. We will also make use of these bounds, but do not need his
bounds on characters of p-adic groups. The case of non-cocompact principal
congruence subgroups of PSLy(R) had already been dealt with by Sarnak [82].
Bergeron and Venkatesh [7] studied the asymptotics of analytic torsion in BS-
convergent sequences and were able to establish convergence in the strongly
acyclic case. Numerical data by Sengiin [88] suggests that the results of Berg-
eron and Venkatesh should be true without assuming strong acyclicity, but, to
the best knowledge of the author, this has not yet been shown (cf. [78]). Fur-
ther interesting references on this topic include [5, 6, 14]. Another direction
of research is the relation between Benjamini-Schramm convergence and quan-
tum ergodicity (cf. [58]). Furthermore, BS-convergence can also be extended
to more general situations (see [30]). In this thesis, we will focus on the rela-
tionship between BS-convergence and zeta functions described by Deitmar in
[31].



Chapter 2

Preliminaries

2.1 The Geometry of the Upper Half-Plane

Let us recall some standard material regarding the geometry of the hyperbolic
plane. Any further information can be found in [3] and [53].
The upper half-plane H is the set

H={z+iyecClzeR, yecRyo}. (2.1)

If we equip H with the so-called hyperbolic metric ds?> = (dz? + dy?)/y?, it
becomes a model for the hyperbolic plane. In this model, the geodesics have
the following elegant description:

Theorem 2.1.1. The geodesics in the hyperbolic plane H consist of straight
lines and semicircles, which meet the boundary of H orthogonally.

Proof. [3, Thm. 7.3.1] O

T
Ballal

Figure 2.1: Geodesics in the upper half-plane

We have an action of the special linear group

SLy(R) = {(‘c‘ Z) € My(R)

ad—bc:l}



Z) € SLy(R) and z € H is given

on the upper half-plane H, which for g = (Z

by
az+b
99(2) = cz+d
Since the center Z(SLa(R)) = {£12} of SLy(R) acts trivially, we get an action
of the projective special linear group PSLa(RR) = SLy(R)/{£12} on H.

Remark 2.1.2. We want to warn the reader that we will not distinguish between
a matriz g € SLa(R) and its projection [g] € PSLa(R). Whenever it is necessary,
we assume that a lift of [g] with non-negative trace has been fixed and simply
represent [g] by the matriz of this lift. When speaking of the matriz [g], we mean
the matriz of the lift of [g]. This is a common abuse of notation and significantly
improves the readibility of any argument involving elements [g] € PSLa(R).

Any of the maps ¢, for g € PSLy(R) is an orientation-preserving isometry
of the upper half-plane. The converse statement is also true:

Theorem 2.1.3. The group of orientation-preserving isometries of the hyper-
bolic plane consists of the Mobius transformations {¢g | g € PSLa(R)}.

Proof. [3, Thm. 7.4.1] O
With the above theorem, one can classify isometries of the upper half-plane

in terms of properties of the corresponding matrices g € PSLo(R). We call an
element g € PSLy(R)

e hyperbolic, if |trg| > 2,
o elliptic, if [trg| < 2,
e parabolic, if | trg| = 2.

Any hyperbolic element v € PSLy(R) fixes exactly two points on the extended
boundary 9o H = R U {oo} of H. The unique geodesic connecting these fixed
points is called the azis of v and denoted A,. Conversely, any geodesic of the
hyperbolic plane appears as the axis of some hyperbolic element v € PSLy(R).
Note that an element v € PSLy(R) is hyperbolic, if and only if it is conjugate
in PSLy(R) to a matrix of the form

Ty 0
0 7:;1 ’

+1 are roots of the characteristic polynomial

with 7, > 1. The eigenvalues 75
po(@) = 2% — tr(7) 2+ 1, (2.2)

and are given by

Y

ot - A V) o4 (2.3)
2

The Weyl discriminant d., of «y is given by

dy=01-7)1—-7"). (2.4)
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2.2 Geometry of Hyperbolic Surfaces

In this section we will use the well-understood geometry of the upper half-plane
to derive results about the geometry of smooth closed hyperbolic surfaces. Our
exposition is based on [3, 53, 17].

A discrete subgroup I' of PSLy(R) is called a Fuchsian group. Any elliptic
element x of a Fuchsian group has finite order. We will call an element of
finite order a torsion element. If a Fuchsian group I' does not contain any
torsion-elements, it is said to be torsion-free. A Fuchsian group is called purely
hyperbolic, if every non-trivial element + € T is hyperbolic. A Fuchsian group I’
is said to be cocompact, if the quotient space I'\H is compact.

Theorem 2.2.1. Let ' be a Fuchsian group.

1. The quotient space T\H is compact if and only if vol(I'\'H) < oo and the
Fuchsian group I' does not contain any parabolic elements.

2. If T is torsion-free, the quotient I'\H carries a uniquely determined com-
plete hyperbolic structure such that the natural projection w: H — T\H is
a local isometry.

3. Any smooth closed hyperbolic surface X is of the form X = T\'H with T
a purely hyperbolic group. For such a group I' we have an isomorphism
' T (X)

4. Let T'1,T's be purely hyperbolic groups. Then I''\H and I's\H are confor-
mally equivalent if and only there exists x € PSLy(R) with Ty = 2Tz~ 1.

Proof. The first statement is proven in [53, Cor. 4.2.7]. For the statement
regarding torsion-free Fuchsian groups we refer to [17, Thm. 1.2.4]. The last
two statements! are given in [52, Thm. 4.19.8] and [52, Thm. 5.9.3|. O

Given a smooth closed hyperbolic surface X, we will always assume to have
fixed some purely hyperbolic Fuchsian group I'" with X = T'\H. We write
g = g(X) for the genus of X. We note that the Gauss-Bonnet theorem implies

vol(X) =4n(g —1). (2.5)
Next we want to study closed geodesics on hyperbolic surfaces.

Theorem 2.2.2. Let X be a smooth closed hyperbolic surface and ¢ : [0,1] — X
be a continuous, closed curve on X. In the homotopy class [c] of ¢ there exists
a unique curve of minimal length. This curve is a closed geodesic.

Proof. [17, Thm. 1.5.3] O

It is clear from the above theorem that hyperbolic elements v € T 2 71 (X)
are closely related to closed geodesics on X. This can be made more precise (cf.
e.g. [45, Prop. 9]):

IThe third statement is not directly the statement given in [52, Thm. 4.19.8], but follows
from it and the remark before [52, Thm. 5.9.3].
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Proposition 2.2.3. Let X be a smooth closed hyperbolic surface with associated
Fuchsian group T'. Then there is a bijection between I'-conjugacy classes of
hyperbolic elements v € T' and closed geodesics ¢(v). Under this correspondence,
the length of c(y) is given by |, = 2logT,, where 7, is the larger of the two
eigenvalues of ~y.

Proof. Let v € T be a hyperbolic element. After possibly conjugating the group
I' we may assume

Then the axis of v is given by A, =iR~. For any z € A, we have
¥.z = 73 z€ A,

so that A, projects down to a closed geodesic ¢(y) on I'\H. A quick integration
shows that the length of this geodesic is given by [, = 2log 7.

For the converse direction, let ¢ be a closed geodesic on I'\H. By [17, Thm.
1.4.4], we can lift it to a geodesic ¢ in H. The stabilizer of the action of I on ¢
contains a hyperbolic element v such that ¢ = ¢(v). O

From now on, we will not distinguish between a hyperbolic transformation
~ and the corresponding geodesic ¢(7y) from Proposition 2.2.3 and write « for
both objects. When speaking of the length of a hyperbolic element v € T', we
mean the quantity [, = 2log 7., where 7, > 1 is the larger eigenvalue of . The
following is a typical feature of closed geodesics on hyperbolic surfaces:

Theorem 2.2.4. Let X be a smooth closed hyperbolic surface and fix some
¢ > 0. Then there exist only finitely many closed geodesics on X of length < c.

Proof. [17, Thm. 1.6.11] O

In particular, there exists a closed geodesic 5 of shortest length [, on X.
The number I, = [,(X) is called the systole (or systolic length) of X. Let us
write o, (X) for the set of lengths of closed geodesics on X. Then the above
theorem shows that the multiplicity m(l) for any length | € o (X) is finite.
Hence, we can define the length spectrum

Specy,(X) = {(l,m(l)) | 1 € o(X)}

of X. The length spectrum of X = I'\’H is also denoted by Spec; (I"). We will
sometimes write m(l, X) or m(l,T') instead of m(l), when dealing with more
than one surface.

Remark 2.2.5. Let I be a cocompact torsion-free Fuchsian group. From Propo-
sition 2.2.3 we see that all hyperbolic elements v € T of fixed length I fall into
finitely many T'-conjugacy classes

[’71]1‘7"'7 [VS]Fv
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where the number s of these classes is equal to m(l). This is a purely algebraic
description of the length spectrum, which will be carried over to Fuchsian groups,
which might be neither cocompact nor torsion-free.

For v € T" a hyperbolic element in a Fuchsian group we let

Iy={zel |z =1}

be the centralizer of «y. The centralizer is cyclic [3, Thm. 8.1.2] and we call
any element vyo € I' with 'y = (yy) a primitive element or a prime geodesic.
Throughout this thesis, we always let vy be the prime geodesic underlying ~.
A hyperbolic element v € T is called simple, if for all z € T either zA,271 = A,
or zA,xz~* N A, = 0 holds. Otherwise, we say that ~ is non-simple. We note
that ~ is simple if and only if the corresponding geodesic has no self-intersections
[60, Lemma 5.3.10]. We will see in the next section that simple geodesics play
an important role for the geometry of hyperbolic surfaces.

2.3 Decompositions of Hyperbolic Surfaces

Next we want to discuss certain decompositions of smooth closed hyperbolic
surfaces. Our main sources for this material are [17, §3] and [17, §4].
Let X be a smooth closed hyperbolic surface and h be the Riemannian metric
on X. For p € X we write

exp, : I X — X

for the exponential map at p € X, which is defined as follows: Every non-zero
tangent vector v € T, X defines a unique geodesic tangential to v, which starts
at p. One follows that geodesic for time ||v||, = h,(v,v)*/? to reach a point,
which is denoted exp,,(v). Finally, one sets exp,(0) = p. The injectivity radius
mp(X) of X at a point p € X is the supremum of all » > 0 such that exp,
is injective on the open ball U, = {v € T, X : ||v||n < r}. Points with small
injectivity radius lie in certain subsets of X, whose geometry do not depend on
the ambient surface X:

Theorem 2.3.1. Let X be a smooth closed hyperbolic surface and ~v;, i =
1,...,mx, be the closed geodesics of length l; = l(v;) < 1. Then the following
hold:

1. mx <3g—3.

2. The tubes
T, ={p € X | dist(p,7:) < w;}

of widths
w; = arcsinh(1/sinh(l;/2))

are pairwise disjoint fori=1,...,mx.

13



3. Each tube T, is isometric to a cylinder [—w;, w;] X S equipped with the
Riemannian metric

ds®> = dr? + 12 cosh® r dt>.

4. The injectivity radius r,(X) for p € X N\ U2 Ty, is bounded from below
by arcsinh(1).
5. If peT,, and d = dist(p, 0T, ), then

sinh (X)) = cosh(l;/2) coshd — sinh d

Proof. All of the statements can be found in [17, §4]. O

A closed geodesic of length [ < 1 is called short. The coordinates for the
tube coming from the third statement will be called Fermi coordinates for the
tube T.,,.

Figure 2.2: A tube T, around a short geodesic .

2

For technical reasons®, we will actually work with the truncated tubes

T, ={pe X | dist(p,7i) <w; — 1}.

We will call
mx
X'=J1,
i=1

the thin part of X, the complement X" = X \ X’ the thick part of X and refer
to X = X'UX" as the thick-thin decomposition of X. While the geometry of the
thin part is described by Theorem 2.3.1, points in the thick part are contained
in geodesic balls of uniform size. In this sense, the thick-thin decomposition
gives a description of the local geometry of hyperbolic surfaces.

2Roughly speaking, one needs a description of the geometry close to the boundary of the
thin part (see Lemma 4.3.3).

14



Remark 2.3.2. It would actually be better to speak of "a" thick-thin decompo-
sition, as the precise meaning of the thick and thin part usually is chosen to suit
the circumstances (cf. [20]).

Next, we want to lose a few words regarding the decomposition of a closed
hyperbolic surface into pairs of pants. We recall that a compact topological
surface is said to have signature (g, n), if it is obtained from a closed topological
surface by removing the interior of n disjoint closed topological disks. A compact
Riemann surface of signature (0, 3) is called a Y -piece or a pair of pants. For
any triple of positive real numbers [y, s, I3 there exists a pair of pants Y, ;, 1,
with boundary geodesics v1, 72,73 of respective lengths I; = I, (see [17, Thm.
3.1.7]).

Theorem 2.3.3. Let X be a smooth compact hyperbolic surface of genus g. Let
Y1, -y Ym be pairwise disjoint simple closed geodesics on X. Then the following

hold:
1. m < 39— 3.

2. There exist simple closed geodesics Ym41, ..., V3g—3, which together with
Y1y ooy Ym decompose X into Y -pieces.

Proof. [17, Thm. 4.1.1] O

2.4 The Spectrum of the Laplace Operator

Let X be a smooth closed manifold equipped with a Riemannian metric h and let
pn, be the associated measure on X. Let L?(X) be the space of square-integrable
functions f on X. On L?(X) we have an inner product given by

(f1, f2)2 = /Xfle dpup.

and an associated norm || f||2 = (f, f)2. Let X(X) be the space of smooth vector
fields on X. The de Rham-differential of a smooth function f € C°°(X) is the
one-form on X given by df(V) = Vf, where V € X(X). The inner product
(+,+)2 allows us to define the adjoint § = d* of the de Rham-differential. The
Laplace operator A acts on smooth functions via

Af=6df,  feC®(X). (2.6)

In local coordinates, the Laplacian can be written as

1 i
“A = %h;;@(«@uww@) (2.7)

Vvd

(see e.g. [91, §22.1]), where deth is the determinant of absolute value of the
metric tensor (h;;) and h*/ = (h™');; is the inverse of the metric tensor. The

15



operator given by the right-hand side of (2.6) extends to a self-adjoint operator
A on the Sobolev space 7 (X), which is the completion of C*°(X) in the norm

A1 = 1I£115 + [ grad f]13,

where grad f is unique vector field on X such that
df (V) = h(V, grad f), for all V € X(X).

Theorem 2.4.1. The operator spectrum o(A) of A consists of a sequence of
etgenvalues
0=X <A <A <--- T Ho0,

where the multiplicity m(\) of each eigenvalue A € o(A) is finite.
Proof. [17, Thm. 7.2.6] O

We call the list of tuples
Speca (X) = {(A,m()) | A € o(A)}

the spectrum of the Laplace operator> on X or the Laplace spectrum of X.
Occasionally, we will write A, (X) in place of i to emphasize the dependence on
X. We will sometimes write m(A, X) for the multiplicity of a Laplace eigenvalue
A, when there is some danger of confusion. We call two smooth closed manifolds
X1 and X5 dsospectral, if Specy(X1) = Speca(X2). The counting function of
the Laplace operator is given by

N(X,z) =Y m()).

A<z

Let us from now on assume that X is a smooth closed hyperbolic surface of
genus g. A Laplace eigenvalue A of A is said to be small, if A < i. There are
plenty of good reasons to distinguish the eigenvalues below i from those above
i. For example, the number of small eigenvalues is bounded by the topology

alone (cf. [76]),
Aag—a(X) >

)

o Ik

while the same is not true for the remainder of the spectrum:

Theorem 2.4.2. Let g > 2 be fized. For any k € N and for arbitrarily small
e > 0 there exists a smooth closed surface X of genus g such that A, (X) < %—I—E.

Proof. [17, Thm. 8.1.2] O

3Note that, in our choice of convention, the spectrum of the Laplace operator is different
from the operator spectrum o(A) of A, as o(A) does not keep track of the multiplicities of
the eigenvalues.
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Finally, we note that the first eigenvalue \;(X) can be controlled by the

Cheeger constant
Ly

min{vol(4), vol(B)}’
where u ranges over the set of all finite unions of piecewise smooth curves on
X, which separate X into two disjoint subsets A and B.

h(X) = inf (2.8)

Theorem 2.4.3 (Buser-Cheeger inequality).
1
ZhQ(X) < A (X) < 2h(X) + 10R*(X) (2.9)

Proof. The left-hand side is the well-known Cheeger inequality [24], while the
right-hand side is due to Buser [16]. O

2.5 Harmonic Analysis on Locally Compact Groups

Next we want to introduce some basic terminology and fundamental facts from
the theory of harmonic analysis on locally compact groups. Our main references
on this subject are [42] and [32].

Let G be a locally compact group, i.e. a topological group, whose topology is
locally compact and Hausdorff. A left (respectively right) Haar measure on G is
a non-zero Radon measure pg on G that satisfies pg(xE) = pa(E) (respectively
pa(Er) = pa(E)) for every Borel set E C G and x € G. Every locally compact
group possesses a Haar measure and such a measure is unique up to multiples.
The group G is said to be unimodular, if any left Haar measure is also a right
Haar measure. We assume from now on that a Haar measure g has been fixed
and write

/G f@)dpa(r) = /G f(@)de

for the corresponding Haar integral. A unitary representation of G is a homo-
morphism from G into the group U(H,) of unitary operators on some non-zero
Hilbert space H, that is continuous in the strong operator topology. If such a
representation 7 admits a proper invariant subspace, it is said to be reducible.
Otherwise, 7 is called irreducible. Two unitary representations my : G — U(Hy,)
and 7wy : G — U(H,) are called (unitarily) equivalent, if and only if there exists
a unitary operator U : H,, — H,, such that m(z) = Ur(2)U~! for each
r € G. The set of equivalence classes of irreducible unitary representations of
G is denoted by G and called the unitary dual of G. We will always assume to
have fixed some representantive 7 in an equivalence class [7] € G and omit the
brackets from now on. We equip G with the so-called® Fell topology. To any
f € LY(G) we associate the measurable field of operators over G

flm) = /G f(@)m(aY)de,

4The definition of the Fell topology can be found in [42, §7.2].
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which is referred to as the Fourier transform of f. There exists a Radon measure
up1 on the unitary dual G, for which under certain technical assumptions® a

Plancherel theorem holds:

Theorem 2.5.1. Suppose G is a second countable unimodular type I group.
The Fourier transform f w f maps L'(G) N L*(G) into [z Hx @ Hzdpp()
and extends to a unitary map from L*(G) onto [z Hx ® Hzrdppi ().

Proof. The proof can be found in [36, §18.8]. O

The measure pp; from Theorem 2.5.1 is called the Plancherel measure of G
and is unique, once the Haar measure on G has been fixed. A representation
7 € G is said to be tempered, if it lies in the support of the Plancherel measure.
Let us write Giemp for the set of tempered representations.

2.6 Representation Theory of SLy(R)

In this section we describe the unitary dual of the group G = SLo(R) and the
corresponding Plancherel measure on G. For any further details we refer the
reader to [55].

We equip SLy(R) with the unique Haar measure p such that u(K) = 1, where
K = S0O(2) is the maximal compact subgroup of SLs(IR). The unitary dual of
SL2(R) is explicitly known:

Theorem 2.6.1. FEach irreducible unitary representation of SLo(R) is, up to
equivalence, contained on the following list:

e the trivial representation my,

o the principal series G+, = {m | v € Rso} and @;rin ={m;, | v € Ryo},

prin
e the complementary series @Comp ={m}|ve (0,1}
o the (limits of) discrete series Gqise = {6 | m € N}

All of these representations are irreducible and no two irreducible representations
from this list are equivalent.

Proof. [55, Thm. 16.3] O

In Figure 2.3 we have sketched the unitary dual of SLo(RR) with respect to
the Fell topology (cf. [42, Fig. 7.3]). Note that the dotted lines describe non-
Hausdorff points, meaning for example that the trivial representation 71 cannot
be separated from 52i in this topology and these three points are limit points of
the complementary series representation 7rj for v — %

5The rather technical definition of a group of type I is given on page 206 of [42]. For our
purposes, it is enough to know that SLa(RR) is of type I [42, Thm. 7.8].
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Figure 2.3: The unitary dual of SLy(R)

+

prin
plementary series Geomp from [55, p. VIL1]. For this we recall the Jwasawa
decomposition G = ANK of G, where K = SO(2) as above and

N{((l) “"f) a:E]R}, A{(% y?l)‘yERw},

(cf. [32, §11.1]). For an element a, = diag(y,y ') of A we write loga, = logy.
Furthermore, let M = {+15} and B = M AN be a so-called Borel subgroup of
G. We note that M has two irreducible representations

Let us include an explicit construction of the principal series G and com-

pt(£ly) =1,  p(&1y) = +1.

For v € C we get a (possibly non-unitary) representation p* of B by

it man) = p* (m)e? 5",

We will use this representation of B to induce a representation of G. Consider
the space

Vl,ﬂE ={F e C(G)|Vx € G: F(zman) = e~ (¥1/2) loga/’i(m)F(I)}

equipped with the norm

IFIE = [ 1P P,
K
G acts on this space via

™ (9)F(x) = F(g~'x).

Completing VF with respect to ||-|| yields a Hilbert space HX and 7:f continues
to a (possibly non-unitary) representation on H;*. The representations 7 with
v € R are unitary and, with the exception of 7, = 8] @ &7, irreducible. The
representations 75 with v € (0, %) are irreducible and unitary with respect to a
suitable inner product on HF.

—

Next we want to describe the Plancherel measure on SLy(R):
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Theorem 2.6.2. The Plancherel measure on the unitary dual of SLa(R) is
given on the principal series GE. and (limits of ) discrete series Gdlsc by

prin
dup\(7}) = vtanh(v)dy, dup(r;,,) = vcoth(nv)dy, pp({6Z}) =m — 1,

while the complementary series écomp and the trivial representation w, are not
contained in the support of up.

Proof. [42, p.248] O

The above theorem shows that the set of tempered representations of SLy(RR)
is given by R
Giemp = G, UG: U{oE |m>2}.

prin prm

Remark 2.6.3. Note that we have changed the normalization chosen in [42,
p.248] to fit the normalization of [32, Thm. 11.3.1].

2.7 The Selberg Trace Formula

After introducing the length spectrum Spec; (X) and the Laplace spectrum
Speca (X) of a smooth closed hyperbolic surface X we now want to discuss
the Selberg trace formula, which is a tool to compare these spectra. Our main
source on this topic is [32].

Let G be a locally compact group. A subgroup I' C G is called cocompact, if the
quotient T'\G is compact. A discrete subgroup I' C G such that I'\G carries a
G-invariant Radon measure p with p(I'\G) < oo is called a lattice.

Theorem 2.7.1. Let ' be a cocompact lattice. Then the representation
R:L*(T\G) = L*(\G),  Ryo(x) = é(zy)

decomposes into a direct sum of irreducible representations,

L*(T\G) = @ Nr(x (2.10)

re@

where each representation m € G appears with finite multiplicity Nr(7) € Ng in
(2.10).

Proof. [32, Thm. 9.2.2] O

We write Gr for the set of representations, which appear with non-zero
multiplicity in the decomposition (2.10). For v € G we let
Gy={zeCG|ay! =1}

be the centralizer of v € G.
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Theorem 2.7.2 (Trace Formula). Let I' C G be a cocompact lattice and let
f € CX(G). For every m € Gr the operator w(f) is of trace class and

> Ne(m)ter(f) = vol(T\G) O, (f), (2.11)
‘ITE@]" ["/]

where the sum on the right-hand side runs over all conjugacy classes [y] in the
group I and O.(f) denotes the orbital integral

0.~ [ e

Proof. See [32, Thm. 9.3.2] and the notes at the end of Chapter 9 in [32]. O

Let us now restrict to the case G = SL2(R). Using the Iwasawa decom-
position from Section 2.6 we may identify the quotient G/K with the upper

half-plane H via
(1 =\ (y O .
NgQy = (O 1) (0 y1> (—)1’+Zy€7'l.

Under this identification the left action of G on G/K agrees with the action
of G on H described in Section 2.1. Hence, we can write any smooth closed
hyperbolic surface X = T\'H as a double quotient X = T'\G/K.

Remark 2.7.3. By our choice of the normalization of the Haar measure, we
have vol(T'\'H) = vol(T\G) for T' C G a cocompact lattice.

We can use (2.10) to give a decomposition of the L2-space
L*(X) = € Nr(m)HE, (2.12)
el

where
HE ={ve H, | n(k)v=v Vk € K}

is the subspace of K-invariant vectors. A representation m € G such that
HE #£ {0} is called a representation with a K-invariant vector. The set of
representations with a K-invariant vector is denoted Gi. These are given by

G\K = {71'1} Uécomp UéJr

prin-*

(see |55, Chap. II|). Using our description for the representations 7,5 from
Section 2.6 we quickly see that any K-invariant vector F, € H, is of the form

Fy(ﬂ/ﬂk) = Foef(’/‘i’l/Q) loga
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with Fy = F(13) € C some constant. Since the Laplace operator A on the
upper half-plane is given by A = y*(92 +0;), these K-invariant vectors are also

eigenfunctions of the Laplacian®,

1
AF, = ( — 1/2) F,.
4

Thus, (2.12) gives the following representation-theoretic interpretation of the
Laplace-spectrum:

e The trivial representation 7 corresponds to the eigenvalue A\g = 0 of
multiplicity 1,

e a complementary series representation 7 € écomp corresponds to a small
eigenvalue \ = i -2 < i and the corresponding multplicities agree, i.e.
m(A) = Np(m)),

+

. . . . + -~
e a principal series representation w;, € Gprin corresponds to a Laplace

eigenvalue A = § + 12 > ; and we have m(\) = Nr(7;}).

Finally, we note that the map defined by sending any representation 7 € G K to
the corresponding Laplace eigenvalue defines a homeomorphism Gx = [0, c0).
If we let
K
iuk)

L*T\H)=Ce é Nr(rf,, ) (H,
k=0

we get the following more explicit version of the Selberg trace formula:

Theorem 2.7.4. Let ¢ > 0 and let h be a holomorphic function on the strip
{|im(z)| < § +}. Suppose that h is even, i.e. h(z) = h(—z) and that h(z) =
O(|2|7%7¢) as |z| — o0o. Then one has

= vol(T'\G l ~
S ) = % /}R Ph(r) tanh(mr)dr + 37 20 RL,). (2.13)
k=0 [v]#1

Proof. [32, Thm. 11.4.1] O

1 2
If we apply (2.13) to hy(v) = e 4" we can express the heat kernel
0(t) = trexp(—tA) in terms of the length spectrum,

l eft/47l,2y/4t
0(t) = E l o + o (t) vol(X) (2.14)
V2 _e=/2  \JArt ’
€ ¢ Ami

where @ (t) = (47) "t upi(e~) is the fundamental solution of the heat equation
at the origin. A careful analysis of (2.14) yields the following:

6More precisely, the Laplace operator agrees with the Casimir element Q¢ restricted to K-
invariant vectors and the Casimir element acts on the K-invariant subspace of an irreducible
representation by y2(92 + 85)

22



Theorem 2.7.5 (Huber). Two smooth closed hyperbolic surfaces have the same
length spectrum if and only if they have the same Laplace spectrum.

Proof. [17, Thm. 9.2.9] O

In Section 3.5 we will see that Huber’s theorem can be used to construct
examples of isospectral Riemann surfaces, which are not isometric.

2.8 The Selberg Zeta Function

We will now describe some elementary properties of the Selberg zeta function.
We refer the reader to [32, §11] for further details.

Recall from Section 2.2 that the number of geodesics of bounded length is finite.
Hence, one may study the counting function for the length spectrum

me(@) = (] €T | 1, <o},

For the study of the asymptotics of the counting function 7 Selberg [87] intro-
duced the Selberg zeta function (r given by

rs) =[] -et0h), (2.15)

vy k>0
where the first product runs over the prime geodesics of T'\'H.

Theorem 2.8.1. The product representation (2.15) for (r(s) converges for
Re(s) > 1 and extends to an entire function with the following zeroes:

e [or each k € IN a zero at s = —k of multiplicity 2(g — 1)(2k + 1), where g
is the genus of T\'H,

e For every eigenvalue A\, = i—i— u,? of the Laplacian A a zero at s = %:I:iuk
of multiplicity Np(witk).
Proof. |32, Thm. 11.6.1] O
The holomorphic continuation of (r is achieved by using the Selberg trace
formula to express the logarithmic derivative of the Selberg zeta function

(h(s Lo (s
Ar(s) = r(s) :Zewz _”efme (5=1/2)ly " Re(s) > 1, (2.16)

(7]

in terms of the Laplace spectrum of I'\*. Now, applying the standard machinery

from analytic number theory to {r allows one to derive 7 (z) ~ % (see e.g. [4,
§5.4.2)).
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Figure 2.4: The zeroes of the Selberg zeta function (r.

We note that the non-trivial zeroes of (1 are contained in the critical strip
S={seC|0<Re(s) <1}

and either lie in the interval [0,1] or on the critical line % + ¢R. Thus, the
Riemann hypothesis holds for the Selberg zeta function if and only if T'\H does
not have non-trivial small eigenvalues, which is expected in certain arithmetic
scenarios (cf. Section 5.3).

2.9 Number-Theoretic Preliminaries

We need some standard terminology and results from algebraic number theory.
The presented material can be found in most standard textbooks on algebraic
number theory such as [71].

Let F' be a number field, i.e. a field extension of @ of finite degree n = [F' : Q].
Let o1, ...,0,, be the real embeddings and o, 11, ..., 0y, +2r, the complex embed-
dings of F' respectively, where the numbering is chosen so that o, 7% = 0y 4ro+k
for k = 1,...,7. These embeddings will be referred to as the infinite places of
F and we write (), for the set of infinite places. Any prime ideal p of F' comes
with a valuation v, and an absolute value |z|, = p~*»(*) which gives an em-
bedding o, of F' into a p-adic field F,. We will refer to the prime ideals as
the finite places of F'. We denote the set of finite places of F' by Qy and write
Q = Qf Uy for the set of places of F'. A proper embedding of F' is a ring
homomorphism ¢ : FF — R™ x €™ such that the coordinate projections give all
real embeddings and the complex embeddings up to complex conjugation. An
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order o in F' is a subring of F' containing 1 such that it is a finitely generated
Z-module of rank n. We write 0> for the units in the order o. For ¢ a proper
embedding of F' the number

d(0) = vol(R™ x C"2/u(0))

is called the absolute discriminant of the order o. Note that d(s) does not
depend on the chosen proper embedding. For an order o, we let I(0) be the
set of all finitely generated o-submodules in F'. Then, according to the Jordan-
Zassenhaus theorem the set of isomorphism classes [I(0)] of I(0) is finite. We
let h(o) be the cardinality of [I(0)] and call it the class number of o. There
exists a unique maximal order in F', denoted o, which is called the ring of
integers of F. We write hp = h(op) and dp = d(op) for the class number and
the discriminant of op respectively. We write op for the completion of o in
F, and denote the uniformizer of o, by m,. For an order o we call the set

fo={x €0 |xoF Co}

the conductor of o. It is an ideal in op and o. The group of units 05 in op is
described by

Theorem 2.9.1 (Dirichlet’s unit theorem). The group of units oy is the direct
product of the finite cyclic group of roots of unity in F' and a free abelian group
of rank rp =r1 +1r9 — 1, i.e.

0p 27 X (Z)wrZ),
where wr is the number of roots of unity in F.
Proof. [71, Thm. 1.7.4] O

Let £1,...,&7, be a set of units, which generate the free part of ox. For
j=1,..,rp+1let u; =1, if 0; is a real embedding and u; = 2 otherwise.
Then the rp X (rp + 1)-matrix R given by

R;j = ujlog|oj(;)]

has the property that the sum of any row is zero. Hence, the determinant of any
submatrix of R obtained by deleting one column is independent of that column.
This determinant is called the regulator Rp of F. The absolute norm N(a) of
an ideal a in op is defined to be the cardinality of the finite quotient ring op/a.
The series

aCofp

where the sum runs over all ideals in op, converges absolutely for Re(s) > 1
and extends to a meromorphic function on C with a single a pole at s = 1 (see
[71, Cor. 5.10]). This function (p is called the Dedekind zeta function of the
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number field F. It has a zero of order rr at s = 0 and the leading term of the
Taylor expansion at this point is given by

tim $20) _ el

s—0 §TF wg

(2.17)

Let L/F be a finite Galois extension of F' with Galois group
Gal(L/F) ={¢ € Aut(L) |Vz € F : ¢(x) = x}
and let

Nyp@) = J[ o@, Tge@= Y o)

c€Gal(L/F) oc€Gal(L/F)

be the relative norm and relative trace of an element x € L respectively. The
relative norm of an ideal is the ideal

Nijr(a) = (Np/r(2) |z € 0) C F.

Note that we have Ny, q(a) = (N(a)) in the above notation. We write 0,,p for
the relative discriminant of the extension L/F and note that for a quadratic
extension L/F we have the identity

dr = NF/Q(OL/F)d%“'

We say that a prime ideal P of L lies above a prime ideal p of F'if p =P Nopg.
The subset of prime ideals of L lying above some fixed prime ideal p of op is
denoted by Qy,. The Galois group Gal(L/F') acts on Qs ,. For a prime ideal
P of L we let

Gal(L/F)p = {g € Gal(L/F) | ¢B = B}

be the decomposition group of 9B. The action of the decomposition group on the
residue class field Ly = oz, /B yields a group homomorphism

¢y : Gal(L/F)p — Gal(Ly /Fy),

where Iy, = op/p. The kernel of this homomorphism Iy is called the inertia
subgroup in B. The homomorphism ¢y is surjective, so that we get an iso-
morphism Gal(L/F)y /Iy = Gal(Ly/F,). Since Ly is a finite field, the Galois
group Gal(Ly/TF,) is a finite cyclic group generated by the Frobenius homomor-
phism

Froby : Ly — Ly, o — 29,
where ¢ = N(p). If p : Gal(L/F) — GL(V) is a finite-dimensional complex
representation, we get an action of Gal(L/F')yg /Iy on

Vs ={veV:gv=0Vge Ip}.
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and the characteristic polynomial det(1—zp(Froby)|, 1 ) for z € C only depends
on p. The infinite product

L(s,L/F,p) =[] det(1 = N(p)~*p(Froby)| )",
p

where the product runs over all finite places of F, converges absolutely for
Re(s) > 1 and extends to a meromorphic function £(s, L/F,p) on C (see [T1,
Thm. VII.12.6]). The function L(s,L/F,p) is called the Artin L-function as-
sociated to the representation p. If the Galois extension L/F is clear from the
context we will simply write L(s,p) for the Artin L-function. It is a famous
conjecture of Artin (see e.g. [68]) that for any non-trivial irreducible represen-
tation p the Artin L-function is an entire function. Class field theory yields an
answer in the abelian case:

Theorem 2.9.2. Let L/F be a Galois extension such that Gal(L/F) is an
abelian group. If p : Gal(L/F) — GL(V) is a non-trivial irreducible repre-
sentation on a finite-dimensional complex vector space V, the Artin L-function
L(s,p) is entire.

Proof. This follows from |71, Thm.VII.10.6], as explained on page 527 in Neukirch’s
book [71]. O

Finally, we note that Artin L-functions appear in the factorization of Dedekind
zeta functions:

Theorem 2.9.3. For L/F a Galois extension one has
Cu(s) = Crls) [T £(s. )™,
p#1

where the product runs over the equivalence classes of all non-trivial irreducible
representations p of Gal(L/F).

Proof. [71, Cor.VIIL.10.5] O

2.10 Arithmetic Fuchsian Groups

In this section we will describe the construction of arithmetic Fuchsian groups
and some parts of the surrounding theory. For further details we refer the reader
to standard textbooks such as [53, 60].

Let F' be a field of characteristic # 2. A quaternion algebra A over F' is a
4-dimensional central simple algebra over F. Each quaternion algebra is iso-

morphic to an algebra A = (aljﬂb) over F spanned by a basis {1, 1, j, k} fulfilling
the relations
i“=a, j°=0b, k=1ij = —j1,
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where a,b € F*. On a quaternion algebra A there exists an involution given by
T =29+ 1t + x2j + X3k — T =19 — T17 — T2J — x3k.

In terms of this involution one may define the reduced trace trd(z) = x + T and
the reduced norm nrd(xz) = z - Z of an element x € A. If each element in A has
an inverse, A is called a quaternion division algebra. From now on, we let F' be
a number field. For any homomorphism ¢ of F' into another field K define

o). won ()

The quaternion algebra A is said to be ramified at a place v of F, if 4A%» ® F,
is a division algebra over F,. Otherwise, A is said to be unramified at v. Let
Ram(A) be the set of places, at which A ramifies. Let Ramy(.A) be the subset
of finite places of Ram(A) and Ramq,(A) be the subset of infinite places in
Ram(A). The discriminant of A is the ideal

0y = H p.

pERamy(A)

of F'. One can classify quaternion algebras over F' according to their ramification
behaviour:

Theorem 2.10.1. Let Ay and As be two quaternion algebras over F'. Then A;
is isomorphic to Az as an F-algebra if and only if Ram(A;) = Ram(Ay).

Proof. [60, Thm. 7.3.6] O

A quaternion algebra A is said to be indefinite, if there is at least one infinite
place, at which A is unramified. We now further assume that F' is a totally real
field, i.e. 7o = 0 and any quaternion algebra A will always be assumed to
be unramified at exactly one infinite place. Let o1,...,0, be the n distinct
embeddings of F into R. Over R, any quaternion algebra is either isomorphic
to M3(R) or the Hamilton quaternions H and

o A% @ R = My(R) for exactly one j,
e A @R =2MHforalll <i<mn, i#j.

We assume without loss of generality that o1 is the unique infinite place, at which
A is unramified. We will in the following always identify F' with o1(F) C R and
A with A7t C M3(R), whenever this is necessary.

An order O in A is a subring of A containing 1, which is a Z-submodule of rank
4n. For p a prime ideal of F' we let O, = O ® op,, be the localization of the
order O at p. Consider the group of units of reduced norm 1 of an order O,

O'={z € O|nrd(z) = 1}.
Then O! is a subgroup of SLy(R) and the image I'(A, O) = P,, O! under the
projection map Py, : SLa(R) — SLo(R)/{£12} is a Fuchsian group (see e.g.
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[63, Thm. 5.2.7]). If I' C PSLy(R) is a Fuchsian group, which is a subgroup
of finite index in T'(A, O) for some order O in A, it is called a Fuchsian group
derived from the quaternion algebra A. If a Fuchsian group I' C PSLy(R) is
commensurable” with some I'(A, O), it is called an arithmetic Fuchsian group.
If T is an arithmetic Fuchsian group, we will call the the quotient space I'\'H an
arithmetic surface.

Theorem 2.10.2. A subgroup I' C PSLa(R) is an arithmetic Fuchsian group
if and only if T = (42 | v € T') is derived from a quaternion algebra.

Proof. [53, Thm. 5.3.11] O

We note that the wide commensurability® class of an arithmetic Fuchsian
group can be classified by the invariant trace field F(T') = Q(trT'®) and the
invariant quaternion algebra

k
Al = {Zai%‘ |ai € F(T), vi € F(z)}
=1

as follows:

Theorem 2.10.3. Let I'1,T's be arithmetic Fuchsian groups. Then 'y and Iy
are commensurable in the wide sense, if and only if F(I'1) = F(I'2) and there
exists an F(I'1)-algebra isomorphism ¢ : A(T'1) — A(T).

Proof. [60, Thm. 8.4.6] O
Arithmetic Fuchsian groups form an important source of cocompact lattices:

Theorem 2.10.4. Suppose a Fuchsian group T is commensurable to some
I['(A, O) with O an order in a quaternion dwision algebra A. Then the cor-
responding arithmetic surface T\'H is compact.

Proof. [53, Thm. 5.4.1] O

Arithmetic surfaces are rare among smooth closed hyperbolic surfaces, in
the sense that the moduli space of hyperbolic surfaces of genus g only contains
finitely many points, which correspond to arithmetic surfaces:

Theorem 2.10.5. Let T > 0 be given. There are only finitely many conjugacy
classes of arithmetic Fuchsian groups I' such that vol(I'\'H) < T.

Proof. [60, Thm. 11.3.1] O

This is a consequence of the following explicit formula for the covolumes of
maximal orders:

"Recall that two subgroups I'1 and I's of a given group G are called commensurable, if
T’y NT'5 is of finite index in both I'; and I's.

8Two subgroups I'1 and I's of a given group G are called commensurable in the wide sense,
if I'; and a conjugate of I'y are commensurable.
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Lemma 2.10.6. Let O be a mazimal order in a quaternion algebra A and
I'=T(A,O). Then

Ay Cr(2) [, (N (0) — 1)

vol(T'\ SL2(R)) = (4n2)n—1

Proof. [60, §11.1] O

Fix a maximal order O. A principal congruence subgroup (of O') is a sub-
group of O! of the form

O'a) ={z €O |2 —1€ a0},

where a is an ideal of F. A congruence subgroup T is a subgroup of O', which
contains some principal congruence subgroup O!(a). We will also call the re-
sulting Fuchsian group P,,I' C PSLy(R) a congruence subgroup. The quotient
space T\'H will be called a congruence surface.

2.11 Benjamini-Schramm Convergence and Plancherel
Convergence

In this section we introduce the notions of Benjamini-Schramm convergence
and Plancherel convergence. For simplicity, we will restrict our discussion to
cocompact torsion-free lattices in SLy(R). For the more general setting we refer
the reader to [1, 30].

As before, we let G = SLa(R) and T' be a cocompact lattice in G. Recall from
Theorem 2.7.1 that the representation R on L?(I'\G) given by R,¢(x) = ¢(zy)
decomposes into a direct sum of irreducible representations

LA(T\G) = @ Nr(m)Hx,
7\'6@

where the multiplicities Np(7) are finite. The spectral measure ur associated
with I' is then defined by

pur = Z Nr(7)0x,

weé
where §, is the Dirac measure for 7 € G.

Definition 2.11.1. Let (I';)jew be a sequence of cocompact lattices in SLa(R).
We say that (I';) jew has the limit multiplicity property, if

1. for any Jordan-measurable set A C étemp one has

Hr; (A)

A A
00 vol(T';\G) Hea(A),
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2. for any bounded subset A C G~ @temp one has

i A
j—oo vol(IT;\G)

It is usually easier to establish the following closely related notion:

Definition 2.11.2. A sequence (I';)jen of cocompact lattices in G is called
Plancherel convergent (or a Plancherel sequence), if for every f € CX(G) we

have 1 R R
Wﬂrj(f) — pp1(f)

as j — oo. We will call a sequence (X;);en of smooth hyperbolic surfaces
X, =T';\'H Plancherel-convergent (or a Plancherel-sequence), if the associated
sequence of lattices (I';) e is Plancherel-convergent.

Theorem 2.11.3. Let (I';) en be a sequence of cocompact lattices in PSLa(R).
If (T'j)jen ts a Plancherel sequence, it has the limit multiplicity property.

Proof. This is a well-known consequence of Sauvageot’s density principle [84].
O

There exists an even weaker notion of convergence, which implies Plancherel
convergence in many scenarios (cf. [1]).

Definition 2.11.4. We say that a sequence (X;);jen of smooth closed hyper-
bolic surfaces is Benjamini-Schramm convergent (or BS-convergent), if for every

R > 0 one has
iy Yollp € X :mp(Xy) S BY)
j—o0 vol(X;)

Alternatively, we will say that the associated sequence of cocompact torsion-free
lattices (I';);jen defined by X; = I';\H is Benjamini-Schramm convergent.

We call a sequence of lattices (I';) jew in G uniformly discrete, if there exists
a unit neighborhood U in G such that z7'T'jaNU = {1} forallz € G and j € N.
From the characterization of closed geodesics given in Proposition 2.2.3 one may
quickly check that a sequence of cocompact torsion-free lattices is uniformly
discrete if and only if the systoles {l;(X;) | 7 € IN} of the associated surfaces
X, = I';\'H are uniformly bounded away from zero. We collect the following
important result, which links the notions of convergence just introduced:

Theorem 2.11.5. Let (I';)en be a sequence of cocompact torsion-free lattices
in G.

1. If (I';)jen is Plancherel convergent, it is BS-convergent.

2. If (T'j)jen is BS-convergent and uniformly discrete, it is Plancherel con-
vergent.
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Proof. [30, Thm. 2.6] O

To investigate examples of Plancherel-convergent and BS-convergent sequences,
we note the following explicit criterion for Plancherel convergence:

Proposition 2.11.6. A sequence of smooth closed hyperbolic surfaces (X;) en
is Plancherel-convergent if and only if for each ¢ > 0 one has

1 l
lim ———— )20 = 2.1
550 vol(X;) l;cm( 7)sinh(zV 72y =0 (2.18)

where the sum runs over the lengths in Specy (X;).

Proof. We start by showing that (2.18) implies that (X;),en is a Plancherel-
sequence. Let f € C¢°(G) with support sitting in some compact set K. Let us

abbreviate B; = | vol(X;) ™ ur, (f) — ppi(f)]. Applying the trace formula from
Section 2.7 to B; gives

B; =vol(X;)™" | ) z%/ f(z™ yz)dz| . (2.19)
[

YI#1 G \G

Since the orbital integral is conjugation-invariant, we may assume

el /? 0
"=\ o0 eh2):

Let G = ANK be the Iwasawa decomposition from Section 2.6. Since Ky is
compact and the matrix trace tr : SLy(R) — R is continuous, there exists some

constant ¢ = ¢(f) > 0 such that
(e 0
f (x ! ( : ew) x) de, (2.20)

where the sum on the right-hand side runs over the lengths in the length spec-
trum of X;. A quick computation shows G, = A and we get

By < vol(X))™ 32 mli,)L, [

ly<e G:\G

27
/G e = /R / [k " vy )y

- 1//%]” (e ko ) | dydd
2sinh(l,/2) Jr Jo 0 0 e h/? '

The integrand on the right-hand side can only be non-zero if

ol /2 y
(0 L j2) € KKK = K},
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Since multiplication in G is continuous, the set K} is compact. Hence, there
exists a constant My solely depending on f such that

. M;
fla ) |de < —— . 2.21
/GW\G| ( ) sinh(l,/2) ( )
Plugging (2.21) into (2.20) yields
My l
B; < —r 2.22
7= S0l(X;) lzgcm(l”)sinh(lv/Q) (222)

and thus (2.18) implies lim;_,, B; = 0.

Let us now prove the converse direction. Let (X;);en be a Plancherel-convergent
sequence of smooth closed hyperbolic surfaces and let ¢ > 0 be given. We will
prove in Theorem 4.1.2 that for s € C with Re(s) > 1 one has

1 I
1' Yo —(S—l/2)l«/ =0. 2.9
500 vol(X;) [721;1 2sinh(l,/2)" 0 (223)

If we take s = 3/2 in (2.23), we already get (2.18) by observing

Ly _ _ l
— e >e ¢ m(ly) ——2——.
[%1 sinh(l,/2) lgc ?) sinh(l+/2)

This concludes the proof. O

This allows for the following interesting reformulation of BS-convergence in
the uniformly discrete case:

Corollary 2.11.7. Let (T';) en be a uniformly discrete sequence of torsion-free
cocompact lattices in SLo(R). Then (T';) en ts BS-convergent if and only if for
any ¢ > 0 one has
lim _mry(e)
j—o0 vol(I';\H)
where Tr; is the counting function of the length spectrum of X; = I';\H.

:07

Proof. Let (I';) jew be uniformly discrete and let ¢ > 0 be given. Then we can
find constants C7,Cs > 0 such that

l
<0<
= sinh(l,/2) = G2

holds for any length I, < ¢ in Spec (X;). This already given the claim in view
of Proposition 2.11.6. O

Let us discuss a few examples (and non-examples) of Plancherel convergent
and BS-convergent sequences to gain intuition and demonstrate structural fea-
tures of the theory.
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Example 2.11.8. We start with the construction of a sequence of smooth closed

hyperbolic surfaces (X;);jen, which is not BS-convergent. For e < 1 consider

the Y-piece Y, with all three boundary geodesics of length equal to €. If we glue

27 —2 copies of Y, along their respective boundary geodesics we get a surface X;

of volume vol(X;) = 4m(j—1). According to Theorem 2.3.1 this sequence cannot

contain any further short geodesics, so that (X)) e is uniformly discrete. Since
mr,(e)  3j—3 3

vol(X;)  4Am(j—1) 4n
this sequence cannot be BS-convergent by Corollary 2.11.7.

Example 2.11.9. Next we construct a Plancherel sequence. Let A be a quater-
nion algebra over @ unramified at the infinite place such that Ram(A) # 0.
Hence, we have A # M3(Q). Fix a maximal order O in A and let (pg)ren be
a sequence of pairwise non-identical primes. For j € IN we let I; be the ideal
given by the product I; = (p1)....(p;). We claim that the sequence defined by
I'; = O'(I;) is Plancherel-convergent. To see this let us fix some ¢ > 0. The
traces of elements of O are contained in Z, so that there exist only finitely many
traces below 2 cosh(c/2), say

tryr =1, ..., tryg = t4. (2.24)

for v1,...,74 € O'. Now, if an element v, of trace t; with s € {1,...,q} is
contained in O'(I;) we get from the congruence condition s € 1 + I;O that

ts _ 2 =xpy - .p] (225)

for some = € Z. This can only happen for finitely many j € {1,..,750}. Con-
sequently, any X; = I';\H with j large enough can neither contain a torsion-
element nor a geodesic of length | < ¢ and Corollary 2.11.7 implies that (X;) jen
is Plancherel-convergent.

Example 2.11.10. More generally, we will see in Chapter 3 that any sequence
of cocompact torsion-free congruence subgroups (I';)jew with vol(I';\G) — oo
is Plancherel-convergent.
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Chapter 3

Spectra of Arithmetic
Surfaces and Plancherel
Convergence

3.1 Summary

We have seen at the end of the last chapter that a certain sequence of principal
congruence subgroups in a fixed maximal order is Plancherel convergent. It is
natural to ask, whether this also holds for arbitrary sequences of (non-conjugate)
congruence subgroups. For this reason we need a more in-depth understanding
of the length spectra of arithmetic surfaces. We begin this chapter by collecting
information about the length spectra of arithmetic surfaces from the literature
and recast them in a language suitable for our purpose. Based on this informa-
tion we then go on to prove

Theorem 3.1.1. Let (T';) e be a sequence of torsion-free congruence subgroups
of PSLa(R) with vol(I';\G) — oco. Then (I';)jew ts Plancherel convergent.

The proof of Theorem 3.1.1 will be given in Section 3.7. We note that
the analogue of Theorem 3.1.1 for arbitrary sequences of arithmetic surfaces is
known to be wrong (cf. [1, p.716]).

3.2 Hyperbolic Transformations and Salem Num-
bers

The goal of this section is to describe the lengths, which appear in the length
spectrum of an arithmetic surface. The material covered here can for example
be found in [60, §12] and [45].

Recall from Section 2.2 that the lengths of closed geodesics on the Riemann
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surface X = I'\'H are of the form 2log 7, where

S _ try £/ (try)?2 —4
2

~

(3.1)

are the eigenvalues of the hyperbolic transformation v € I'. From now on, we
assume that I' = T'(A, Q) is always a Fuchsian group derived from a quater-
nion algebra A, unless mentioned otherwise. We let FF = F(T') be the in-
variant trace field with real embeddings o1, ...,0,, which are chosen so that

Ramy(A) = {o2,...,0n}.

Proposition 3.2.1. Lety = 01(x) € I be a hyperbolic element. Then o;(trd(x))
lies in the interval (—2,2) for j =2,...,n.

Proof. For each j € {2,...,n} we have an isomorphism A% @ R = H. Let us fix
such an isomorphism for j = 2,...,n and write

oj(x) = o + z19 + x2j + x3k € H.
Since nrd(o;(x)) = 1, we have
1233%—&—95%—&—35%—&—30%

and thus
|oj(trd(2))] = [trd(o;(2))] = 2[zo| < 2.
O

Because of (3.1) the above proposition shows that all conjugates of 7, with
the exception of 7.° ! lie on the unit circle. This observation connects lengths of
closed geodesics to the following class of algebraic integers:

Definition 3.2.2. A Salem number is a real algebraic integer 7 > 1 such that
all conjugates of T except 77! lie on the unit circle.

Remark 3.2.3. One usually requires that Salem numbers have at least one
conjugate on the unit circle. This restriction is relevant for some problems such
as the distribution of powers of T modulo 1 (cf. [92, §3.4]), but does not play a
role in our case.

Example 3.2.4. The root 7, = 1.17628... of the Lehmer polynomial
prr) =20 42 — 2" —ab —2® 2t — 234241

is the smallest known Salem number.
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Figure 3.1: The Salem number 7, = 1.17628... and its conjugates

On the other hand, there are plenty of examples of arithmetic surfaces,
which contain a particular Salem number 7 (see e.g. [60, Lemma 12.3.2]). As
an immediate consequence of this discussion, we get

Theorem 3.2.5. Let I be a torsion-free Fuchsian group derived from a quater-
nion algebra. Let I, be the length of a closed geodesic v on the corresponding
arithmetic surface T\H. Then 1, = exp(l,/2) is a Salem number. Conversely,
any Salem number T is of the form T = exp(l,/2) for I, the length of a closed
geodesic on an arithmetic surface X .

It is an interesting observation by Stark [93] (and Chinburg [25]) that Salem
numbers can be expressed in terms of special values of L-functions:

Theorem 3.2.6. Let F' be a totally real number field of degree n > 1. Let L
be a relative quadratic extension of F' having exactly two real places. Let u = 2,
if L is generated by the square root of a unit in F and v = 1 otherwise. Let
X be the non-trivial character of Gal(L/F) and L(s,x) be the associated Artin
L-function. Then L(s,x) vanishes to first order at s =0 and

hp2n2 log 7
L0 =
(0,x) T

where 75 is a unit of L, which together with oy generates a subgroup of index
2u in o7 .

Proof. |93, pp.63-88|. O
The algebraic integer 75 from Theorem 3.2.6 will be referred to as Stark unit.

Corollary 3.2.7. The Stark unit 75 is a Salem number. Conversely, any Salem
number 7 in L is of the form T = 7'sk/2 for some k € IN.

Proof. [25]. O
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3.3 Systoles of Arithmetic Surfaces

For Salem numbers we have the following well-known

Conjecture 3.3.1 (Salem). There exists some & > 0 such that each Salem
number is larger than 14 9.

This question has been extensively numerically investigated® by Boyd [11,
10], Mossinghoff [67] and others (see e.g. [41]), even though Lehmer had already
found some of the smallest known Salem numbers [59]. Some of their findings
are illustrated in Figure 3.2:

‘ I 11
IR

TL

I
Il

;

Figure 3.2: All Salem numbers 7 < 1.3 of degree < 44.

Because of Theorem 3.2.5 and the following remark, the above conjecture is
equivalent to

Conjecture 3.3.2 (Minimization problem). There exists a uniform positive
constant Cy such that any length of a closed geodesic on an arbitrary arithmetic
surface is bounded from below by Cy.

There exist partial results towards Salem’s conjecture, which are sufficient

for our purposes?:

Theorem 3.3.3. There exists an absolute constant cp such that for any systole
ls of an arithmetic surface T\H with invariant trace field F(T') of degree n we
have

1
T < cplog(n)3.

Proof. [37, Theorem 1]. O

3.4 Bilu Equidistribution

When proving Plancherel convergence for congruence surfaces, we will be faced
with estimating quantities such as

N(d,) = H(ok(r + 7712 —4),
k=1

IWe note that some of these investigations actually aimed at Lehmer’s conjecture, which
is more general than the above conjecture.

2Note that we are using a weaker version of what Dobrowolski has shown, as this suffices
for our purposes.
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where
dy = (t4+771)% -4

is the discriminant of 7. Therefore, it is necessary to understand how the conju-
gates of a Salem number 7 distribute on the unit circle $*. Fraczyk [43] realized
that Bilu’s equidistribution principle [8] can be utilized for this task. Restricted
to the case of Salem numbers it states that a sequence of Salem numbers num-
bers (7;)jen with [Q(7;) : Q] = 2n; — oo and log 7;/n; — 0 equidistributes on
the circle, in the sense that for any f € C.(C) one has

1
_27T0

im LS e " (eas.

T2 20 Hom(@(r;).C)

Figure 3.3 visualizes this phenomenon for a certain sequence of Salem numbers
(75)jen, which converges to the plastic number 6y ~ 1.32471. The definition of
this sequence and relevant sources are given in Appendix A.

Figure 3.3: Non-real conjugates of 719, o9 and 749 respectively

Fraczyk made use of the estimates leading up to Bilu’s equidistribution prin-
ciple to derive bounds on the norm of the Weyl discriminant and the number
of ideals of small norm. Since our proof will also use these estimates, we note
that they form an independent and comparatively short part of his work.

Theorem 3.4.1. Let ¢ > 0 be some constant and let T be a Salem number of
degree 2n with 7 < ¢. Then for each s € C with Re(s) > 1 and 6 > 0 there exist
constants c¢; and cs5 s so that

1. N(d,) < cs(1+0),
2. N(oy ) <ecs(1+6)",
3. |Cr(s)| < cs,s(140)".

Proof. This is a direct consequence of Lemma 30 and Lemma 31 in [43]. O
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3.5 Embedding Numbers of Orders

Until the end of this section, we let I' = T'(A, O) always be the group of norm 1
units of some order O sitting in a quaternion division algebra .4 over a totally
real field F, such that A is unramified at exactly one infinite place of F. We
first note that each v € I' gives an embedding of the relative quadratic extension
L = F(r,) into A via

oy:L—= A, a+bry—a+by, a,berF (3.2)
One may readily verify that o' (0 (L) N O) defines an order in L.

Definition 3.5.1. An optimal embedding of an order o in L into O is an em-
bedding o : L — A such that o~ 1(¢(L) N O) = o holds.

The set of optimal embeddings of o into O is denoted by X(0,0). Any
x € O* acts on X(0,0) by conjugation. For any subgroup H C O* we let
Y(0,0)/H be the quotient under the action of H and write

m(o, O; H) = [X(0,0)/H|

for the cardinality of this set. Let us also denote 0, = 0p + 7,0F. One can
express the multiplicity of the length of v in terms of the embedding numbers
m(o,0; O1):
Lemma 3.5.2. The multiplicity m(l,) of a length L, in the length spectrum of
I is given by

m(ly) = Z m(o,0; O,

0,CoCor
where the sum runs over all orders o with 0, C 0 C or,, which can be embedded
into A.

Proof. Any v € T' defines an embedding ., of L into A through (3.2). Then

0 = 05 (0 (L)NO) defines an order in L, which contains o.. Since any geodesic

in X = I'\'H is described by a I'-conjugacy class ['] of some element ' in T,

we have
mly) < Y. m(o,0;0).
0yCoCor

Now, let o be an order with 0o, C 0 and ¢ : L — A be an optimal embedding of
0. Let o/ € ONo(L) be the unique element with 7' = o(7,), i.e. ¢ = o in the
above notation. One has

V2 —tr(Y + 1= o(r} — tr(y)7y +1) =0,

which shows that v and +' have the same eigenvalues. Thus, 7' lies in O' and
the respective lengths [, and [,/ are equal. Hence

m(l,) > Y m(o,0;0"),

0,CoCor

which concludes the proof. O
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Let us restrict our attention to maximal orders. We first observe that the
embedding numbers may vanish in a few cases:

Theorem 3.5.3. Let L be a quadratic extension of F' such that L embeds into
A. Let o be an order in L containing op. Then every mazimal order in A
contains a conjugate of o, unless both of the following conditions hold:

1. The extension L/F and the quaternion algebra A are unramified at all
finite places and ramified at exactly the same set of real places.

2. Any prime ideal of F, which divides the relative discriminant d(o) of o, is
split in L/F.

Proof. 60, Thm. 12.4.2] O

Definition 3.5.4. An order o satisfying the conditions of the above theorem is
said to be selective. Otherwise, it is called non-selective.

Remark 3.5.5. The first condition in Theorem 8.5.8 can only be met for our
quaternion algebra A, if n = [F : Q] is odd, since Ram(.A) has even cardinality.
If n is odd, there are, up to isomorphism, only n possibilities for our quaternion
algebra A over F, for which selectivity could occur. Furthermore, there are only
finitely many unramified quadratic extensions of F. In this sense, we regard
selectivity as an exceptional phenomenon. Still, selectivity does occur for certain
quaternion algebras (cf. Exercise 6 in [60, §12.5]).

Remark 3.5.6. Sometimes it may also happen that no embedding of a certain
order 0 is optimal. This depends on the ramification set of the quaternion algebra
A and is discussed in more detail in Appendiz B.

With these considerations in mind we now express the embedding number
m(o,0; O) in terms of arithmetic data:

Theorem 3.5.7. Let O be a mazimal order. Then there exists a number
s(0,0) € {0,1,2} such that

, O)h(0)21H (D)
m(o,0;0") = SO OOl (33
hrp[Np/p(0%) : (0f)?]
where Q;(L) is the subset of finite places in Ram(A), which stay inert in the
extension L.

This result is essentially known in the literature and a derivation based on
[98] can be found in Appendix B. For the moment we only notice that s(o, O)
does not depend on the maximal order O, whenever o is non-selective. A well-
known application of (3.3), due to Vignéras [97], is the construction of pairs of
isospectral Riemann surfaces, which are not isometric (see also [60, §12.4]).
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3.6 Quadratic Orders

By Lemma 3.5.2 only orders o in a quadratic extension L = F(el/?) with
0, C 0 C oy, could yield a contribution to the multiplicity of some length [ = [,
in the length spectrum. In this section we will describe a way to parametrize
these orders by studying the following more general class of orders:

Definition 3.6.1. A quadratic op-order o is an order in a relative quadratic
extension L/F such that o is a module over op.

In our exposition, we closely follow [69], although we need to be more explicit
in some places. Most of the results can also be found in the more recent article
[13]. Let us recall some terminology and standard facts from the theory of
modules over Dedekind domains. The presented material can for example be
found in [70, §1.3]. In the following R is always a Dedekind domain and F its
field of fractions. Any arrow between R-modules will be implicitely assumed to
be a morphism of R-modules.

Definition 3.6.2. An R-module M is called projective if every diagram of the
form

M

|

A——B——0

with exact row and arbitrary R-modules A and B can be extended to a com-

mutative diagram
M

A—— B ——0
Proposition 3.6.3. Any non-zero fractional ideal I of R is projective.
Proof. [70, Prop. 1.36] O

Theorem 3.6.4. Let M be a finitely generated R-module and let Z be the
submodule of M consisting of all torsion-elements of M, i.e. of elements x € M,
which for some non-zero r € R satisfy re = 0. Then M can be written as a

direct sum
M=R'ala_Z,

where k is a non-negative integer and I is some ideal of R.
Proof. [70, Theorem 1.32] O

Theorem 3.6.5. Let My, My be finitely generated, torsion-free R-modules with

Mi=L&. oI, Mo=J,®...0 J;,
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where the I; J; are non-zero fractional ideals of R. Then My and My are
isomorphic if and only if s =t and there exists some a € F' such that

I I,=alJy - J;
holds.
Proof. [70, Thm. 1.39] O

We now specialize to the case of R being the ring of integers op of some
number field F and M some quadratic og-order 0. We have the following short
exact sequence

s

0 o —— o0 o/op —— 0 (3.4)

where ¢ is the inclusion map and 7 is the projection map. Since o/oF is a
finitely-generated torsion-free o p-module, Theorem 3.6.4 yields an isomorphism
o/op ok @b

for some fractional ideal b of o and some k € IN. Comparing the ranks of both
modules over Z yields k = 0 and thus o/0r 2 b. Theorem 3.6.5 shows that the
ideal class of b is uniquely determined by o. Let us choose b such that op C b.
With this choice we have 1 € b. Let us fix an isomorphism ¢ : b — 0/0pr and
let 7 : 0 — o/or be the projection map. By Proposition 3.6.3 any non-zero
fractional ideal is a projective o p-module so that the inspection of the diagram

o/op

w/’ J{Id
W

0o —— 0/op —— 0

yields an op-morphism ¢ : 0/0p — 0 with mot) = Id. Hence, the exact sequence
(3.4) splits and the map

hIUFEBO/UF%O, ($1,$2)|—>L($1)+w($2)
constitutes an isomorphism. We therefore get isomorphisms

OF@bMUFEBO/OFL>U, (3.5)

which yields
0 =o0r ®Y(o(b)).
For x € op with zb C op we have
2 (¢(b)) = Y(d(zb)) = zby(4(1))

so that
0o=o0r ® bl (3.6)

with 8 = ¢(¢(1)). Applying this procedure to the ring of integers oy, of a relative
quadratic extension L/F we find the decomposition o, = op @ b0 for some
fractional ideal by, of of.
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Definition 3.6.6. The element [b;] of the ideal class group is called the Steinitz
class of the extension L/F. We denote it by st(L/F').

The Steinitz classes of relative quadratic extensions are known:

Lemma 3.6.7. Let L = F(y/a) be a relative quadratic extension of F. Then
0 pa~t = b for some fractional ideal b of F with [b] = st(L/F).

Proof. [27, Thm. 2.2]. O

For the relative quadratic extension L = F(1/d,), we always choose by, such
that
bl =0y pd; " (3.7)

With the Steinitz class fixed, we can parametrize quadratic op-orders in terms
of integral ideals of op:

Proposition 3.6.8. Let 0 be a quadratic op-order sitting in a quadratic exten-
sion L/F. Then there exists an integral ideal ¢, of F such that

0=0F Dcobrh. (38)

Conversely, for any integral ideal ¢ the set o, = op @ cbr0 defines a quadratic
op-order.

Proof. The set [ := {x € by | 20 € o} defines a fractional ideal of F' contained
in bz, and one may quickly check that o = o @ 0. By [70, Prop. 1.13], we have
that [ C by implies the existence of a fractional ideal ¢, such that [ = ¢,b.
From ¢, = [bzl we get ¢, C 0F and hence that ¢, is integral. O

The algebraic number 6 is a zero of a quadratic polynomial
po(z) = 2% + a12 + ag (3.9)

with a1,a02 € F. Let dyg = a% — 4as be the discriminant of 8. We note the
following formula for the discriminant of an order (cf. [69, Lemma 1.6]) :

Lemma 3.6.9. Let 0 = op @ b0 be a quadratic order with b some fractional
ideal of F' and 0 an algebraic integer. Then the discriminant of o is given by

d(o) = d%N(b?dy).

3.7 Plancherel Convergence for Congruence Sur-
faces

Proof of Theorem 8.1.1. For I'; a congruence subgroup we let X; = I';\H be
the associated hyperbolic surface and abbreviate V; = vol(Xj;). The strategy of
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the proof is to confirm the condition of Proposition 2.11.6, i.e. we show that for
each € > 0 there exists j. so that

1 l’YU

T, <e

for each j > j., where the sum runs over the lengths in Spec; (X;). The proof
of (3.10) will take up the rest of this section.

Let us consider an arbitrary congruence subgroup I' of covolume V' = vol(T'\'H)
with invariant trace field I’ of degree n and invariant quaternion algebra A. Let
O be a maximal order so that I' C P,, 0. In view of

vol(I'\H) = [I" : P,,O']vol(P,, O'\H) (3.11)

and
m(l,,T) < [T : P,,0Ym(l,, P,, 0", (3.12)
we first concentrate on the case of maximal orders. From 111% x/sinh(z) = 1
r—

one may derive
1

sinh(l,/2)
for some sufficiently large constant ¢y and I, = I5(X) the systole of X = T'\H.
Applying Theorem 3.3.3 to (3.13) yields

1
sinh(l~/2)

< comax{1,i;'} (3.13)

< epcplog(n)?. (3.14)

Next we want to estimate

S oml, Dy =Y | > m(o,0;0M)L, | . (3.15)

Iy <c ly<c \04CoCop

According to Theorem 3.5.7 we have

9194 (L)]
m(o,0; 0% < 4L. (3.16)
hr
Consider the well-known formula for the class number
ho) = —i Porlle) (3.17)

[0F 1 0%] @olfo)

where ¢,, (fo) is the number of units in oz, /f, and ¢, (f,) is the number of units
in o/f, (see [71, Thm. 12.12]). Applying the crude estimate

Yo, (o) < lor/fol = N(fo) (3.18)

to (3.17) shows
h(0) < hpN(f,). (3.19)
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Plugging (3.19) into (3.16) yields

h 21N (f,)

m(o,0; O) < 4
hr

(3.20)

We note the following

Lemma 3.7.1. Let o be a quadratic order in L with o, C 0. Then one has
Npq(fo) < Nejgldy).

Proof. Since 0., C o0, one has by definition f, C f, and hence

Niq(fo) < Nijq(fo,)- (3.21)
It is known? (cf. [89, Cor. II1.6.1]) that
(dy) = Npyr(fo, )0L/F (3.22)

holds. Using Ng/q © Np/p = N q one may conclude from (3.21) and (3.22)
that

Nio(fo) < Npjg(Fo,) = Nrjq(dy)Nrjq(@rr) ™" < Npjgld,).

By applying the above lemma to (3.20) we get

4hL2‘Qi(L)|N(dFy).

m(o0,0;0") <
hr

(3.23)

Now, regarding [, we note that Theorem 3.2.6 guarantees the existence of
ko € IN with

h
Ly, = k2> "u=2L/(0, x), (3.24)
hr
where u € {1,2}. We get
ko < l£ < epclog(n)? (3.25)

from another application of Theorem 3.3.3. The inequalities (3.23),(3.24) and
(3.25) together yield

m(o, O; OM1,, < 127" log(n)*N(d.)2I% B L/ (0, y), (3.26)

where ¢; = 64cpe. Applying the bounds from Theorem 3.4.1 to (3.26) leads to

1 3(1 n
m(0, O; OML,, < czwwm@)'y(ax), (3.27)

3Here, one also needs a well-known relation between the relative discriminant 97,/ and
the so-called different of an extension L/F, see e.g. [89, Prop. IIL.3.6].
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where co = ¢1¢s and § > 0 is sufficiently small. Hence, we have

3 n
Z m(o,O;Ol)l%§02M2|Qi(m‘£’(0,x) Z 1

0,CoCor 2 0,CoCor
(3.28)
In view of (3.28) we note the following
Lemma 3.7.2. For é > 0 sufficiently small one has
> 1] <es(140),
0yCoCor

where c3 = c52¢5.
Proof. We first claim that

N(ds) = N(d,) (3.29)

holds. This readily follows from Lemma 3.6.9 and our choice of the fractional
ideal by, made in (3.7), since

BENOL/r) = do, = dEN (3 dg) = dEN (01 pd; dy),

where we used that L = F(\/a) According to Lemma 3.6.8 we may write any
order with 0, C 0 C o, in the form o = op + ¢,b.0 with ¢, an integral ideal of
F. Since 0, C o we have by definition of the discriminant that d(o) < d(o,).
Again applying Lemma 3.6.9 shows

EN(2b2dy) = d(o) < d(0,) = dEN(d,), (3.30)
which in combination with (3.29) yields
N(eo)? < N(b7%) = N(@r/r) ' N(d,) < N(d,). (3.31)

We therefore get

Z Ll = Z 1= Z N(co) 2N(co)* < Cr(2)N(dy),

0,CoCor coCor coCor

where the sums in the middle run over all integral ideals ¢, coming from a
quadratic order 0, C 0 C oy, as in Lemma 3.6.8. This gives the desired claim in
view of the bounds from Theorem 3.4.1. U

Applying the above lemma to (3.28) shows

3 3n
Z m(o,(’);(’)l)l% < C4W

0,CoCor

2UDNL0, ). (3.32)
with ¢4 = cocs. Let us now deal with |£/(0, x)|:
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Lemma 3.7.3. For any § > 0 sufficiently small there exists a constant cj so
that
£/, 0] < (1 +8)™mdip 2,

Proof. The completion A(s, x) of L(s,x) is given by

Als,x) = (77"2dpN@r/r)) T (5)T (554" L0500,
(see e.g. [56, p. 299]), where I'(s) is the Gamma function. We therefore have
AO,x) =T (3" (lim T (3) £5:)) (3.33)

Inserting I'(3) = /7 and lim,_,o sT'(s) = 1 into (3.33) shows

_ . L(s,x)
— (n—1)/2 )
A0, x) =27 (11_1;(1) — ) (3.34)
Since L) a(s) WR
. 5,X . s5TTECL(s LRr /
Py, SR Jan s (p(s)  heRre L£'(0,x), ( )

where for the last equality we used Theorem 2.9.3 and the Taylor expansion of
¢r and (p at s =0 from (2.17), we have

A0, x) = 27D/22/(0, ). (3.36)

Let 09 > 0 be a real number with 0 < Jy < 1. Next, we want to apply the
Phragmen-Lindelof principle (cf. Appendix C) to A(s, x) on the vertical strip

U:{Z:$+iy663750<$<1+50}

to derive a bound for A(0,x). We therefore have to estimate A(s,x) on the
extended boundary 0.,U = 0U U {o0} of U. Since |I'(c + it)| < T'(o) for o > 0
and t € R, we have

A(1+8o+it, )| < m=(1+00)/2q(H00/2 N ) (A480)/20 (LEso) (1 4 22)" 7 ¢ (146y).
Using the bounds from Theorem 3.4.1 yields
IA(L+ 8o +it)| < 2 DA (1 + do) 2 m ™/ 2dG T2 0(1 + o)L,
Now, the functional equation for the completed A(s, x) is given by
W(X)A(87 X) = A(]- - SaY)

(see [56, Corollary XIV.8.2]) with some constant W () € C such that [W(x)| =
1. Hence, we get

|A(=bo-+it, x)| = [A(1+00+it, x)| < 2 T(AE00)(1480) 27~/ 2d0 002 p(14 8 )n =1,
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Finally, we have
limsup [A(s, x)| = 0,

§—00

as any automorphic L-functions is of finite order (cf. [50, Lemma 5.2]). Hence,
the Phragmen-Lindel6f principle yields

[A (s 0] < 3,5 (1+ Go)> "/ 2diy 2T (1 4 )
for all s € U. In view of (3.36) this gives

_ VG T

1£(0,)] I LM S YURE S L
Since T'(1) = 1, choosing dy sufficiently small gives the claimed bound for
1£7(0, x)| with
cs = 7ﬁc§“r(1250).
2T (1 + %)
O
Plugging the bound from Lemma 3.7.3 into (3.32) gives
1 3(1 4 5)6n
Y mo,0;0M), < c5—°g(")2( O gimlg( 02 (3 a7)
0,CoCor ( ﬂ—)
where ¢5 = cacy. We clearly have |Q2;(L)| < | Ram(.A)| and therefore
1 B(1+6)5
S om0, 0;0Y,, < csmﬂmfﬂ(*‘)‘d%*‘”/? (3.38)

(2m)"

0,CoCor

Note that the right-hand side of (3.38) does only depend on the invariant trace
field F' and the invariant quaternion algebra A.
Returning to (3.15), we note that we still have to estimate the counting function

Nr(c)= > 1, (3.39)

Iy<c

where the lengths in Spec; (T") are counted without multiplicities.

Lemma 3.7.4. For 0 > 0 sufficiently small, there exists a constant c§ so that
Nr(c) < ¢ log(n)®2" (1 + 6)*"(r(2).

Proof. To any length [ = [, in the length spectrum of I' we may associate? the
principal ideal J; = (d;) generated by d; = (e!/? + ¢71/2)2 — 4. We want to use

4Note that we still silently identify the number field F' with its image in R under the
embedding o7 .
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the resulting map J : Spec; (I') — I(oF) to estimate N, (c). Let us first show
that
|J1(T)| < 4eep log(n)?2™. (3.40)

Assume that Jy = J; for two different lengths [,1’ € Spec; (I'). Then there
exists a unit v’ € 0; with d; = v'dy. By Dirichlet’s unit theorem, we can choose
a set of representatives vy, ..., vgn+1 for 03 /(05)?, so that we may write any unit
v € 0y in the form v = vjw? with w € 05. Assume that we have two different
lengths I’, 1" such that

Uj (w’)2dl/ = dl = Uj(wll)zdl//. (341)

for some j € {1,...,2""} and w’,w” € 0. Then the extensions L' = F(\/d;)
and L = F(\/d;») agree. In particular, 7 = ¢!"/2 defines a Salem number in

L'. By Corollary 3.2.7, we have 7, = 75/2 for some k € IN and 75 the Stark
unit in L'. By using Theorem 3.3.3, we have

k k
c> B log s > 50151 log(n)~®

so that
k < 2ceplog(n)?.

This establishes (3.40), since there are at most k possibilities for the equality
(3.41) to occur. But then

Nr(c) < 4deeplog(n)®2" Z 1
Ji:l<ce

< deeplog(n)®2" Y N(L)?N(J) ™2
Jl:lgc

< 4chc§ log(n)32™(1 + 6)*"¢r(2),

where the sums run over the principal ideals (d;) with [ < ¢. Note that we again
utilized the bounds from Theorem 3.4.1. This yields the claimed inequality with

¢ = 4cepc.

Using Lemma 3.7.4 together with (3.38) shows

6 8n
Z m(ly)ly, < CGM2IRam(A)Id;}+6)/2CF(2). (3.42)

7
Iy<c

with ¢g = ¢5¢j. But then (3.14) shows

by 1og(n)? (1 +0)*™ | Ram(a)| ;(1+6)/2
< Im .
ZE< m(lw)sinh(l,y/Z) <er o 2 dp Cr(2) (3.43)
~<c
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with ¢; = cgepeg. Using the expression for the volume of the maximal order
from Lemma 2.10.6, we arrive at

1 l log(n)®(1 + )8 (4m)™
= > mlly) =2 < — (3.44)
Vv = sinh(l,/2) HP\OA (N(!;)—l) d; 2

with cg = c7/(47%). We note that N(p) — 1 = 1 is only possible, if p | 2. Hence,
if we let 9% be the product over all prime ideals in Ram(.A), which do not divide
2, we get

LS )b s A TEm

m(ly)— cs 5
—1\ 1-32
V i< sinh(l,/2) pr; (N(p) 1) d.;

2

Let us now fix some § > 0 with § <
for the discriminant,

500 Using Odlyzko’s bound [75, eq. (2.5)]

dr > 60.8"

for n large enough, we see that

R G AR i Gy A
gL 1/1000 =\ (60.8)5/6-1/1000 d1/6 = J/e
F F

This guarantees the existence of a constant cg such that

log(n)?(1 + 555)5™(8m)" < 1
1-1/1000 > 0176
d d
F F

(3.46)

for any totally real number field F. Plugging this into (3.45), we finally end up
with

1
3.47)
VZ h 9y = 10 4/ Np)—1)’ (
) = T, ()

where ¢19 = cgcg. Now, let (T';) jew be a sequence of torsion-free non-conjugate
congruence subgroups and let € > 0 be given. Let F; = F(I';) and A; = A(T;)
be the respective invariant trace fields and invariant quaternion algebras. It is a
well-known result that there exist only finitely many number fields of bounded
discriminant, so that

1 l“/o
V lz;cm(lv)m > ¢ (348)

is only possible for finitely many invariant trace fields Fi, ..., Fs. According to
the classification of quaternion algebras (see e.g. [60, Thm. 7.3.6]), inequality
(3.47) also shows that there only finitely many invariant quaternion algebras
Aj, ..., Ay over these fields Fy, ..., Fs, for which we possibly could have (3.48).
In these invariant quaternion algebras, there are, up to conjugacy, only finitely
many maximal orders O, ...,O, (cf. [60, §6.7]). Hence, all congruence sub-
groups, for which (3.48) could hold, lie in finitely many arithmetic Fuchsian
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groups Py, 01, ..., Py, OL. Let (I'j,)xen be the subsequence of (I';);e consisting
of those congruence subgroups contained in P, , Of, ..., P,,OL. This sequence
is uniformly discrete and known to be Benjamini-Schramm convergent (see [1,
Thm. 1.12]). In particular, (I'j, )ken is Plancherel convergent by Theorem
2.11.5 and we can find kg such that

1 L,
v 2 e Ta) oy 7y < (3.49)

Ik I,<c

for all £ > k. This shows

1 l
— m(l,, ;) —2— <¢ (3.50)
V; lgc 77 sinh(l, /2)

for j > jk,, which concludes the proof. O
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Chapter 4

Plancherel Convergence and
Zeta Functions

4.1 Summary

In the previous sections we have discussed basic properties of Plancherel-convergent
sequences and have many examples. Now, a natural question is how this form
of convergence is reflected by secondary metric invariants such as the Selberg
zeta function. Omne first result in this direction stems from Deitmar (see [31,
Thm. 3.2]):

Theorem 4.1.1. Let (I';)jen be a sequence of torsion-free cocompact lattices
in SLa(R) and A; be the logarithmic derivative of the Selberg zeta function for
X, =T;\H.

1. If the sequence (I';) e is uniformly discrete and Plancherel, then

lim A (5)

fe s Y

for Re(s) > 1.
2. If for Re(s) > 1 one has

L A(s)
]1520 vol(T;\G) 0

then the sequence (T';);ew is Plancherel.

In [31, §4] it is asked whether the condition of uniform discreteness is actually
necessary in the first part of the statement. This condition was needed to
avoid the possible accumulation of eigenvalues in fixed intervals caused by short
geodesics (cf. [17, §8.4]). We will see in Section 4.3 that a careful analysis of the
accumulation rate of eigenvalues in Plancherel sequences allows one to remove
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the assumption of uniform discreteness from Theorem 4.1.1.

Next, Deitmar [31, §4] also considered the limits vol(I';\G)~*A,(s) for s € C
with Re(s) < 1. The functional equation [31, Prop. 3.4] for the logarithmic
derivative of the Selberg zeta function allows one to deal with s € C \ & such
that Re(s) < 0 (cf. Section 4.4). It remains to determine what happens for s
sitting inside the critical strip

S={seC|0<Re(s) <1}.

In Section 4.4 we will use a formula of McKean for the logarithmic derivative
of the Selberg zeta function to compute the limit of vol(I';\G)™*A;(s) for all s
sitting in

U ={seC |Re(s) >1/2, Re(s(s—1)) > —i, s ¢ P}

For s € C~\ & we let

Fs) 0, Re(s) > 3,
o= (s — 1) cot(ms), Re(s) <

1
5
Then the final result is

Theorem 4.1.2. Let (I';);en be a sequence of torsion-free cocompact lattices
in G = SLa(R). The following two statements are equivalent:

1. The sequence (I';)jen is Plancherel.

2. For each s € C~\ & such that either s € Uy, Re(s) < 0 or Re(s) > 1 one
has As)
i(s)
Jm o ~ )

The values s € C, for which the behaviour of the logarithmic derivative of
the Selberg zeta function is known, are sketched in Figure 4.1.
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Figure 4.1: The values s € C from Theorem 4.1.2

Ad = \o

4.2 Tools from Spectral Geometry

In this section we extend our discussion of the Laplace operator to manifolds
with boundary and collect some standard tools from spectral geometry, which
can be used to estimate the counting function of the Laplace operator. Further
details can be found in [22, §1.5].
Let X be a smooth compact manifold (possibly with boundary) equipped with
a Riemannian metric h and let A be the corresponding Laplace operator. One
can study solutions ¢ € C?(X) of the eigenvalue equation

by introducing the Sobolev space 5 (X). On the Sobolev space (X ) one may
use the Dirichlet integral

D[f,h] = (grad f,grad h)

to give the following weak formulation of (4.1)

D[d);f] = _/\((bv.f)a

valid for certain boundary conditions on X and f sitting in certain closed sub-
spaces of 7 (X):

%)

¢ € C*(X),

e Closed eigenvalue problem: In this case we assume that X has no
boundary. For fixed ¢ € C?*(X) the functional F,, = D[¢,-], initially



defined on C*°(X), can be extended to the whole space 7 (X) by using
standard arguments from functional analysis. If in this case (4.2) is valid
for some A € C and all f € S (X), we call X a (closed) eigenvalue.

e Neumann eigenvalue problem: Here, one considers (4.2) under the
assumption that ¢ € C?(X) and v¢ = 0 on X, where v is the outward
unit normal vector field on the boundary of X. Then Fj can again be
extended to J#(X) and the solutions A of (4.2) will be called Neumann
etgenvalues.

e Dirichlet eigenvalue problem In this case one considers ¢ € C?(X)
satisfying ¢ = 0 on 0X. Then Fj, can be extended to the completion of
C*(X) in 2 (X) and solutions A of (4.2) will be referred to as Dirichlet
eigenvalues.

Given each of the above eigenvalue problems we define the space of admissible
functions $H(X) to be #(X) in the case of closed and Neumann eigenvalues and
to be the completion of C°(X) in £ (X) in the case of Dirichlet eigenvalues.
It is well-known (see e.g. [22, Thm. 1.3.1]) that for each of the above eigenvalue
problems the solutions A of (4.2) form an increasing sequence

0< A< <. <A~ o0ask — oo,

where each eigenvalue appears with finite multiplicity. The function, which
counts the eigenvalues in the interval [0, z] will be denoted N (X, z) in the case
of closed eigenvalues and Ny (X, z) or Np(X,z) for Neumann eigenvalues and
Dirichlet eigenvalues respectively. The characterization (4.2) allows for a varia-
tional formulation of the eigenvalue problem:

Theorem 4.2.1 (Max-Min principle). Let vy, ...,v5_1 € L*(X) and for non-
zero f € H(X) let

D 9
R = ||[J{||£]

be the so-called Rayleigh-Ritz quotient. Then for any of the above eigenvalue
problems one has

inf R(f) < A, (4.3)

where the infimum varies over non-zero functions f orthogonal to the span of
V1, .o Vg1 0 L2(M). Ifvy,...,v5_1 form an orthonormal basis of eigenfunctions
for the eigenvalues A1, ..., \g—1, we have equality in (4.3).

Proof. [22, §1.5] O

From the Max-Min principle one immediately gets various monotonicity
properties of eigenvalues (cf. [51, §3]):

e Domain monotonicity: Let (2y,..., {2, be pairwise disjoint regular® do-
mains in X with X =0y U... UQ,,, whose boundaries, when intersecting

LA subset of © of a smooth manifold is called a regular domain, if € is connected, has
compact closure and non-empty smooth boundary.
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0X, do so transversally?. Given an eigenvalue problem on X with re-
spective eigenvalues (A;)renw, consider for each ¢ = 1, ..., m the eigenvalue
problem on €, obtained by requiring either Dirichlet or Neumann bound-
ary conditions for all ¢ = 1,...,m and leaving original data on 9§2; N 90X
unchanged. Arrange all the eigenvalues of 4, ...,€,, in an increasing se-
quence, where each eigenvalue is repeated according to its multiplicity.
We will denote this sequence by (wy)rew in the case of Dirichlet boundary
conditions and (kg)ren for Neumann boundary conditions.

Lemma 4.2.2. With the notation as above, one has

ki < Ak < wg, for all k € IN.
Proof. 22, §1.5] O

e Boundary condition monotonicity: Let P be an operator in diver-
gence form on an interval [a, b],

P=0,(f(r)0y)—=V(r), a<r<b

with f € C*([a, b]) such that f(r) > 0. Then one can compare eigenvalues
for Dirichlet and Neumann boundary conditions as follows:

Lemma 4.2.3. Let (wi)renw and (ki )kew be the solutions of
Pu(r) 4+ Au(r) =0

with respect to Dirichlet and Neumann boundary conditions respectively.
Then for all k € IN one has

K < Wi < Kgga-
Proof. This is a direct consequence of Corollary 1 in [101, §3]. O

e Potential monotonicity: Let V : [a,b] — R be a continuous function®.
We collect the following result for the operator 92 — V(r) acting on func-
tions on some interval [a, b]:

Lemma 4.2.4. Let P, = —0? + Vi(r) and Py, = —02 + Va(r) be two
operators over a compact interval [a,b] with V1,Va € C(la,b]) so that
Vi(r) > Va(r) for all v € [a,b]. Then the eigenvalues of Py are larger
than the corresponding eigenvalues of Py with respect to either Dirichlet
or Neumann boundary conditions.

Proof. [51, Lemma 3.3] O

2Two regular domains Q and Q' intersect transversally in a point p if the tangent space
TpX is generated by the vectors in T, and Tp<?'.

3In this context, V is usually called a potential in formal analogy with the Hamilton
operator from quantum mechanics.
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4.3 Bounds for the Accumulation Rate

For X a smooth closed hyperbolic surface there are, roughly speaking, two
geometric quantities, which control the number of Laplace eigenvalues lying in
a fixed interval [0,z]: These are the lengths of short geodesics in X and the
volume of X. In [31] Deitmar imposed the condition of uniform discreteness to
avoid the accumulation of Laplace eigenvalues caused by short geodesics. More
precisely, he used uniform discreteness to derive the bound

NT;\H,z) < Cvol(T';\H)z (4.4)

with C' > 0 some absolute constant. We will show that the bound (4.4) auto-
matically holds for any Plancherel sequence (I';);jen. Since the bound (4.4) is
the only reason, why uniform discreteness was needed in the proof of [31, Thm.
3.2], one can remove this condition.

Theorem 4.3.1. For each Plancherel sequence (I';) e of torsion-free cocom-
pact lattices in PSLa(R) there exists a positive constant c4 such that

N{Tj\H,z) < cavol(T;\H)(1+ ). (4.5)

The proof of this theorem will take up the rest of this section. We note that
our approach of proving Theorem 4.3.1 is heavily inspired by the works [23, 51]
on degenerating sequences of hyperbolic surfaces and three-manifolds and we
will use many of their ideas.

Let X = T'\'H be a smooth closed hyperbolic surface with mx closed geodesics
of length < 1. Recall the thick-thin decomposition X = X' U X" from Section
2.3, where

mx
x'=r, x'=x\X.
i=1
s X N

X/

Figure 4.2: The thick-thin decomposition of a surface with a single short
geodesic.
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Then domain monotonicity for Neumann boundary conditions implies
N(X,z) < Ny(X',2) + Ny(X", 2). (4.6)

We will estimate the counting functions on the right-hand side of (4.6) sepa-
rately. We start with the thin part X’. Note that the next proof is particularly
close to the proof of [51, Thm. 1.4].

Lemma 4.3.2. There exists a constant c1o > 0, which does not depend on X,
such that for each x > i one has

mx
NN(X/’J?) < 19 <Zwl> (1 + .f),
i=1
where w; is the width of the tube T,,.

Proof. By domain monotonicity for Neumann boundary conditions one has
mx
Ny(X',2) <Y Ny(T),,2).
i=1
To prove the lemma it therefore suffices to show that for a closed geodesic v in
X of length [ <1 there exists some constant ¢1o > 0 such that
NN(T'ZMSC) S 612w1(1+$)7 (47)

where w; is the width of the tube T,,. According to Theorem 2.3.1 we can
represent the truncated tube 77, by Fermi coordinates

{nt)eR* [1—w; <r<w—1, 0<t<1}/(r,0) ~ (r,1),
in which the metric takes the form
ds® = dr? 4 1? cosh® r dt?.
In these coordinates the Laplace operator reads?

1 2

—A =9? +tanhr 9, + ———— 02. 4.8
" o 2cosh®r * (48)

To estimate the Neumann spectrum of A on the truncated tube Tfy, we want to
make use of its rotational symmetry. Thus, consider the A-invariant decompo-

sition
LX(T) = @ LA(T),
nez

4We note that in equation (2.2) on page 272 of [51] there is a misprint. There should be a
"+" in front of tanh ro,.
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where L%(Té) consists of smooth, square-integrable functions v : 7) — C of
the form v(r,t) = u(r)e*™™. Let A, be the restriction of A to L} (T7). This
operator is given by

472n?
12 cosh?r’
Let k,, be an eigenvalue of A,, for Neumann boundary conditions and ¢,, be the
corresponding eigenfunction, i.e.

A, = —0? —tanhr 0, + (4.9)

1 472n?
r l h r®Pn) — n n®Pn — 4.1
lcoshra(cos r Ordn) l2COSh2T¢ + Kkpp =0 (4.10)
and
Orn(1 —wi,t) = Ordpp(w; — 1,t) = 0. (4.11)

If we multiply (4.10) by lcoshr ¢, (r,t) and integrate the resulting expression
over [1 —w;, w; — 1], we get by using (4.11) that

wlfl U)lfl
lin/ lcoshr @2 (r,t)dr —/ lcoshr (8¢ (r,t))dr
1—w; 1—w;

wlfl 1
= 47'('2’)?,2 / ml coshr (;5% (T, t)dr
1711)1

Since the function
fr: [Fw,w] = R, fi(r) = (Icoshr)~?
assumes its minima for r € {—w;, w;} and

. 1
111_{1(1) filwy) = T

there exists an absolute constant ¢;; > 0 such that
(Icoshr)™2 > ¢11, for all 1 € (0,1],7 € [1 — w;,w; — 1].
Plugging this into the above equality yields
wlfl wlfl
Fn / lcoshr @2 (r,t)dr — / lcoshr (8,6, (r,t))2dr
1—w; 1—w;

w;—1
> 4772712011/ lcoshr ¢2(r,t)dr,
1

—w;

which shows
Kn > AT%0%¢q;. (4.12)

[ x
In| < Ir%ey, (4.13)
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have to be accounted for to estimate Ny(7,,r). Assume n to be fixed. We
will abuse notation and also write A,, for the differential operator given by the
right-hand side of (4.9) acting on smooth functions u : [1 — w;,w; — 1] — C.
We are left with estimating the number of solutions of the (one-dimensional)

problem
A u = Au, (4.14)
w'(l—w) =u'(w —1)=0. '

For this, we will consider the conjugate operator

ﬁn = cosh'/?r A, cosh™ /2
1 1 47m%n?
= 9%+ < — Ztanh?7r + )
" 2 4 12 cosh? r
1 1 4m2n?
= -0+ ( + > -
4 4cosh®r  [2cosh?r

Unfortunately, this conjugation does not respect Neumann boundary conditions.
However, it does preserve Dirichlet boundary conditions. For this reason, we
switch to Dirichlet boundary conditions by applying boundary condition mono-
tonicity and now consider the Dirichlet problem

’U,N— (%+4coih2r+ l24ct)25ﬁzr)u+>\u:0’ (4 15)
w(l —w;) =u(w —1) =0.

Potential monotonicity shows that the counting function of (4.15) is bounded
by the counting function of the problem

" 1
1 \u =
{u U+ Au =0, (4.16)

w(l —w;) =u(w; —1) =0.

Problem (4.16) can be exactly solved and its solutions are given by

km(r —1 1 k 2
u(r) = asin (W>’ /\k4+(2wlﬂ—2> , forkeZ, a €C.

Since

4(w; — 1) 1
<z <t ifr—=
A [ Ae s 2} < = z= 1

we get in view of (4.13) and the earlier mentioned boundary condition mono-

tonicity that
X 4(wl — 1) 1
Nn(T., z) < 24/ \VJr—-4+2]).
N( V7x) - 471'2011 ( ™ . 4 *

Nn(T,, ) < crowi(1 + )

This shows
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with

O

We continue with the thick part. The proof of the following lemma is an
adaptation of [23, Lemma 3.6]:

Lemma 4.3.3. There exists an absolute constant c1g such that for any x > 1/4
one has
Ny (X", z) < c16 vol(X)(1 + ). (4.17)

Proof. Let us fix® § = £ and set X; = X \ ;" T),,. By the fourth statement
of Theorem 2.3.1 each point p € X satisfies r,(X) > ¢. Take a maximal set P
of points p € X; of pairwise distances greater than or equal to §. Since balls of

radius 6/2 with center at p € P are disjoint, we have
|P| < vol(Bsa(p)) ™" vol(X), (4.18)

where p € P is arbitrary®. Consider the covering U of X" consisting of -balls
Bs(p) centered at p € P and annuli Q; = T, N T, , i = 1,...,mx. We claim
that there exists an absolute constant c;3 > 0 such that for every pg € X" the
number mg of sets U € U containing p is at most c¢13: By the second statement
of Theorem 2.3.1 the tubes T%,, i = 1,...,mx are disjoint, so that pg can sit
in at most one tube at the same time. If py is contained in some d-ball Bjs(p1)
with p; € P, we already have dist(pg, p1) = § by the choice of P and therefore
Bs(p1) C Bas(po). Again, the balls of radius §/2 with center at p € P are
disjoint, so that
vol(Bas(po))
mys ————<
vol(Bs2(p1))

One may check from the fifth statement of Theorem 2.3.1 that

+1. (4.19)

Tpo (X) > arcsinh(cosh(1/2) cosh(1) — sinh(1)) > 0.53 > g

and hence vol(Bj,2(po)) = vol(Bs/2(p1)). Plugging this into (4.19) yields

vol(Bas(po))
< ——— +1L 4.20
Vol B/2(p0)) 20
A standard volume comparison estimate (see e.g. [47, eq. (2.2.2)]) then shows
1(B:
Vo ( 25(p0)) S 16625(52 (421)
vol(Bj2(po))

5We use the notation § = % for conceptual clarity and to aid future generalizations of the
above argument to any semisimple Lie group G of non-compact type, where the value of §
depends on the Margulis constant of G.

6We are using here that vol(Bs(p)) does not depend on p, since r,(X) > 6.
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and hence mg < ¢13 with
c13 = 14 16e2°52. (4.22)
We now prove the desired inequality (4.17). Let (ki)rew be the sequence ob-
tained by arranging all Neumann eigenvalues of all sets U € U in increasing order
into a single sequence and let (k},)xen be the sequence of Neumann eigenvalues
of X”. Let us show that
K} > Kk /c13. (4.23)
For this consider the Hilbert spaces J#(X") and H = @y, H'(U) and the
restriction map F' : f — (f|u)uey. Then the eigenvalues (£}, )xen have a Max-
Min characterization in terms of the Rayleigh-Ritz quotient

ra 2
- e

Similarly, the (k)ren are critical values of

_ ZUGU fU | <‘§1f3b@1(fU)|2 _

Ri(f) =
ZUGM : fU |ful?
One verifies easily

(1/ers)Ra(F(f)) < R(S),

which shows (4.23) in view of the Max-Min principle. From (4.23) we get
mx

Ny(X",z) < |P|Nn(Bs(po), c1sz) + Y Ny (Qi, c137), (4.24)

i=1

where py € P is arbitrary. Arguing exactly as in Lemma 4.3.2, one may derive
for any « > 1/4 the bound

NN(Q“.’E) S 014(1 + .’17), 1= 17 ey MM x, (425)

for some absolute constant ¢14 > 0. Furthermore, [47, Thm. 1.2.6] shows for
any x > 0 that
Ny (Bs(po), x) < c15(1 + ) (4.26)

with ¢;5 > 0 some absolute constant. Plugging inequalities (4.18), (4.25) and
(4.26) into (4.24) gives

C15
vol(B;s/2(po))
By the first statement of Theorem 2.3.1 we have

mx <3g—3<4m(g—1) = vol(X) (4.27)

NN(X”,QT) < VOI(X)(I—FCBJ?)—|—C14mx(1—|—8131‘).

and therefore
]VN(AXN7 1‘) < Cig VOl(X)(l + 33)

with
C13C15

74’6 Ci14.
vol(Bs/a(po)) M

C16 =
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Finally, we also need a lower bound for the counting function:

Lemma 4.3.4. For x > 1/2 one has

N(X,z) > % (i(wl—1)> \/x—%—2mx. (4.28)

i=1

Proof. By domain monotonicity for Dirichlet boundary conditions one has
mx
N(X,z) > Np(X",z) + >  Np(T},,x). (4.29)
i=1

Let the notation be as in the proof of Lemma 4.3.2. Tt suffices to consider the

operator
~ 1 1
Ay =02 — <4 + > . (4.30)

4 cosh?r

Since cosh 27 < 1, an application of potential monotonicity to the Dirichlet
problem for the operator (4.30) shows that Np(77,z) is bounded from below
by the counting function of the problem

n 1 —
{u su+Au=0, (4.31)

u(l —wy) =u(w, — 1) =0.

Problem (4.31) can exactly be solved and the solutions are given by

kr(r —1 1 k 2
uk(r)asin(;(l;_z)>, Ak2+<2wlﬂ—2> , for k€7, a€C.

Hence, for > 1/2 we have

4 1
Np(T,,x) > ;(wl —1/x— 3 -2,

which in view of (4.29) gives the desired inequality (4.28). O

Proof of Theorem 4.3.1. Let m; be the number of closed geodesics of length
smaller than or equal to 1 in X; = I';\'H. From (4.6) and the upper bounds for
the counting function given in Lemma 4.3.2 and Lemma 4.3.3, we get

N(Xj,z) < [012 <ZJ: w1> + c16 vol(X;) | (14 z) (4.32)

Now, fix some z¢ > 1/2 and let 1; be the characteristic function of the interval
I = [—x9,%0]. By [82, Lemma 1] there exists an even function h on R, whose
Fourier transform is of compact support and such that 1; < h. Fix some ¢ > 0.
Since (I';) e is Plancherel-convergent, we have for j large enough that

lur, (h) — vol(X;)ppi(h)| < € vol(Xj). (4.33)
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Combining Lemma 4.3.4 and (4.33) shows

4 S (w; — 1) x0—1—2mj < N(Xj,20)
™ 2
i=1
< HT; (h‘)
< (uri(h) + &) vol(T;\H).

As before, we have m; < vol(Xj) (cf. (4.27)), so that we may derive from the
above inequality that

Zwi S C17 VOI(X]‘) (434)
i=1

holds with

cir= |1+ L(MPl(h) +e+2)

4y /xo — %
After plugging (4.34) into (4.32), we end up with
N(Xj,z) < cavol(X;)(1+x),
where
CcA = C12C17 + C16-

This concludes the proof.

As a corollary to Theorem 4.3.1 we obtain

Theorem 4.3.5. Let (I';)en be a sequence of torsion-free cocompact lattices
in SLe(R) and A; be the logarithmic derivative of the Selberg zeta function of
X; =T;\H. The sequence (I'j)jen is Plancherel convergent if and only if

: Ai(s)
J T YE

for all s € C with Re(s) > 1.

4.4 Convergence inside the Critical Strip

Let (I';) e be a Plancherel-convergent sequence of torsion-free cocompact lat-
tices in SLa(R). Theorem 4.1.1 deals with the behaviour of vol(I';\G) ™A, (s)
in the half-plane {s € C | Re(s) > 1}. The restriction to this particular domain
was necessary in the proof to ensure the convergence of the Euler product rep-
resenting the Selberg zeta functions (r;(s), j € IN. It is natural to ask what
happens for other values of s. One may use the functional equation of (r; to
deal with s € C \ & such that Re(s) < 0:
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Proposition 4.4.1. Let T" be a torsion-free cocompact lattice. For s € C~ &
one has

Ar(s) +Ar(l —s) = (s = ;) vol(I'\G) cot(ms).

Proof. [31, Prop. 3.4] O

Corollary 4.4.2. Let (I';)jen be a Plancherel-convergent sequence of torsion-
free cocompact lattices. Then for s € C~ & with Re(s) < 0 we have

N R

Proof. This directly follows from Theorem 4.1.1 and Proposition 4.4.1. O
It remains to work out the case of s € C lying in the critical strip
S={seC|0<Re(s) <1}

If s € &, we may have that s is a pole of A; for some j € IN, in which case
vol(I';\G) ~'A;(s) would not even be defined. We therefore restrict our attention
to those s sitting outside &2. Central to our treatment of these values will be
McKean’s formula [65, p.239] for the logarithmic derivative of the Selberg zeta
function:

Proposition 4.4.3 (McKean’s formula). Let X = T\H be a smooth closed hy-
perbolic surface, (Ag)rew the Laplace eigenvalues of X and Ar be the logarithmic
derivative of the Selberg zeta function. Let s be a complex number sitting in

Up={s € C|Re(s) >1, Re(s(s—1))>0}.

Then one has

o0

Ar(s) = (25 —1) / e~E(0(t) — olt) Vol (X)) dt, (4.35)
0

where O(t) = > p e~ is the trace of the heat kernel, @o(t) = (4m) " upi(e™™)

is the fundamental solution of the heat equation at the origin and & = s(s — 1).

Proof. Fix some s € Uy and let £ = s(s — 1). Let us first check that the
integral on the right-hand side of (4.35) is absolutely convergent. Since both
0(t) and ¢o(t) are monotonically decreasing positive functions, the integrand is
O(e tRe@) for t — oco. For t — 0 one has the known small-time asymptotics
(see e.g. [66])

vol(X) 1

Ant + O(l)a QDO(t) ~ Tﬂ + 0(1), (436)

which shows that 6(t) — ¢o(t) vol(X) stays bounded as t — 0. Thus, we have

o(t) ~

/OOO le 71 (6(t) — @o(t) vol(X))|dt < oo. (4.37)
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Let us evaluate this integral. Recall from (2.14) that

2
o—t/A-12 /4t

lWo
Z 2 —el2 \Jint = 0(t) — po(t) vol(X) (4.38)

]

holds. We also need the well-known Laplace transform [74, p.41]

e Re(:) > 0, Re(@) 2 0
e *? t=———, or Re(z) > 0, Re(a) >0,
/ == 5 (=) (@)

where for \/z = exp(3log(z)) one takes the logarithm with branch cut at the
non-positive real numbers. Multiplying (4.38) with e~* and integrating over
[0, 00) yields

0o I oo e lh /4t
e~ (0(t) — o(t) vol(X))dt e / e-tlert/n e
/0 %: N Nor

— 1 ZV —1ly(s—1/2)
N 2s — 1 Z 617/2 —Oe*l'y/Qe !
(]

1

= g, 1Mr()

where we used the expression (2.16) for the logarithmic derivative of the Selberg
zeta function, which is valid for Re(s) > 1. Note that interchanging the integral
and the infinite sum in the first step is allowed, since (4.37) permits us to use
Fubini’s theorem. This concludes the proof. O

McKean’s formula expresses Ar as a Laplace transform in the variable £&. The
poles in the range —i < £ <0 correspond to the small eigenvalues 0 < A\p < i
of T'\'H. Wolpert [102, p.285] realized that after subtracting the contributions
coming from small eigenvalues,

Ar(s)
2s —1

Y i [ 0wy, @39)

OSAk<i (S — 1) + )\k 0

where 6*(t) = Azt e~t % the remaining integral on the right-hand side of
(4.39) stays finite on the larger domain Re(§) > —1/4. Tt is essentially this
observation, which allows us to extend Theorem 4.1.1 into the critical strip S:

Theorem 4.4.4. Let (I';)jen be a Plancherel sequence. For s sitting in

Uy ={s€C |Re(s)>1/2, Re(s(s—1)) > —=, s¢ Z}.

1
47
one has As)
lim —22,__ =,
]i):n;.lo VOl(Fj\H)
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Proof. For j € IN let X; = T';\'H be the smooth closed hyperbolic surface
associated to the lattice I'; and (A x)ren be the Laplace eigenvalues of X;. For
s € Uy we have by McKean’s formula

+ (25s—-1) /100 e ¢ (vfl*(( )j) - gpo(t)) dt

(2s —1) /OO —t¢ —tAjk
i | dt
vl S € 2 e

0<Nj k<%,

= Il,j(S) +127j(5) +13,j(3)a

where 07(t) =3, > e e PNk, Let us first check that the equality

Aj(s)
vol(X;)

= L15(5) + I (5) + o 5(s) (4.40)

can be extended to U;. Starting with I3 ; we observe that

e_(g“!‘kj,k)

2s —1
I3:(8) = ——— _ 4.41
ol X S e
<A R<3

which shows that I3 ; extends to a holomorphic function on U;. Regarding
I, j(s) we claim that the integral defining I> ;(s) converges absolutely for s € U;.
To see this we write Ty, = A\ 1 — i and let kg be the smallest natural number so
that T}, > 0. Then we have

0% (t) L
1 = X\ e thik
vol(X;) VO](X)kZ]; m(X;, Ajp)e
0
e—t/4 00 T e
B VOl z; E+ / )e
< o—t/4 io: T Z X, T+ 1/4)
- < miAj, E+
vol(X;) 2= Tt T
et/h X tTN - )
< _
= vol(X;) Z ¢ +5/4)
s (Z (T + 9/4)) e—t/4,
T=0

Since

po(t) = (4m) " (/Oo 6_”2rtanh(7rr)dr> et/4,

— 00
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and b(t) = [ e~t*rtanh?(7r)dr is monotonically decreasing on [1,00), we
get fort > 1

05 (t)
VOl(Xj)

_ mw\ — (1.42)

where
cs=ca| Y e (T +9/4) +@<oo
18 Z Ar .

This shows that the integral representing I ;(s) converges absolutely for s €
U and by a standard result on parameter-valued integrals (see e.g. [38, Satz
IV.5.6]) we have that the resulting function I ; : Uy — C is continuous. Next
we will prove that I5 ; is holomorphic on U; by using Morera’s theorem. Hence,
consider a closed piecewise smooth curve 7 in U; and let

03 (t)
f](t) = VOI(XJ) - QDO(t)

Then

S~

L,(s)ds — / /100(25—1)e‘t$(3_1)fj(t)dtds
n

/100 ( Jes- 1)6‘“(5_1)ds> b=

and the holomorphy of I5 ; : Uy — C follows. In the above computation the ap-
plication of Fubini’s theorem in the second step is justified due to the integrand
being absolutely integrable. In the last step we used Cauchy’s integral theo-
rem for the analytic function f(s) = (25 — 1)e~***=1) on the simply-connected
domain Uy. For I; ;(s) one notes that the small-time asymptotics (4.36) gives

2L~ 0] < )

for ¢(X;) > 0 some constant depending on X; and then proceeds as before to
show that I; ; defines a holomorphic function on U;. Hence, we have shown that
I j(s) + I2,;(s) + Is ;(s) is a holomorphic function on Uy, which by McKean’s
formula agrees with vol(X j)*lAj on a subset containing an accumulation point.
By the identity theorem for holomorphic function this implies (4.40) for s € U;.
Now, we will estimate each of the three contributions in (4.40) separately. Let
us start with I5 ;(s). We have

1 2 — 1 N(X;, 1)
13,5 (s)| = > < 2GS (4.43)
vol(X;) o<kt s(s=1)+ Ak vol(X;)
where os 1
Cs = sup s—‘ < 00.
yelo,]18(s = 1) +y
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Since the small eigenvalues {A\; 1 | Ajx < I} correspond to either the comple-

mentary series representations Geomp Or the trivial representation 7, we get

Hr; ({Wl} U écomp U {WJ})
VOl(Xj)

Neither the trivial representation nor the complementary series representations
are contained in the support of the Plancherel measure, so that Theorem 2.11.3
shows that I3 ;(s) converges to zero for j — co. Let us turn to I; ;(s). We have
for any zy > 0 that

|13)j(5)| S CS (444)

sl = fesn [ (2 - o))

1

_ 0;(t)
< 2¢ — 1 tRe(&) J _
< s /0 € vol(X) wolt) ) dt

1

_ 0;(t)

< 2¢ — 1 X0 t(Re(f)+xU) J _
< |2s e /Oe 7v01(Xj) wo(t) | dt

< |2s—1|e$°/ooe_t(Re(5)+w°) 0:t) (t) ) dt
B 0 vol(Xj;) 7o

where we have used that 8;(t) — vol(X)po(t) is positive for ¢ > 0, which follows
from (4.38). By choosing ¢ so that Re(§) + zo > 2 holds, we get from another
application of McKean’s formula that

|25 — 1je™\ A;(2)
15(s)] < ( 5 ) vol(X;)

and the right-hand side of (4.45) converges to 0 for j — oo by Theorem 4.3.5.
It remains to check that I ;(s) vanishes in the limit j — co. Consider the
functions

(4.45)

0%
¢;(t) = et (volj(()?j) — cpo(t)> , t €[1,00).

We want to apply Lebesgue’s theorem to derive

lim / h ¢;(t)dt = 0. (4.46)

j—o0

From (4.42) we see that ¢(t) = c1ge~* with § = Re(£)+1/4 > 0 is an integrable
majorant for the ¢;, j € IN. We are left with showing that ¢,(t) — 0 as j — oo.
Let € > 0 be some positive real number and

e A=,
he(A) = {0 else !

Since the trivial representation and the complementary series do not lie in the
support of the Plancherel measure, we have

(bj (t) = e_tf (fg‘lj(g}(t;; — MP](ht)) .
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Let J C [0,00) be a relatively open, bounded interval and 1; the characteristic
function of J. By Sauvageot’s density principle [84] one has

pr; (1)
VOl(Xj)

— upl(lJ) S g, (447)

for j large enough, which clearly extends to any linear combination of such
characteristic functions. Standard measure theory [38, Satz II1.4.13] allows us
to find a sequence of linear combinations (g;);en of such functions with

0<g; /hy, asi — 0

outside a set of Plancherel measure zero, and therefore by the Theorem of mono-
tone convergence

lup1(gi) — ppi(he)| < € (4.48)

for i large enough. The proof of [38, Satz II1.4.13] shows that for the function
h: we even have that

Q;(T) = sup |h(A) —gi(N) (4.49)
AE[T,T+1)

tends to zero as ¢ — co. Furthermore,

0<pr,(he—g) = D (k) = gi(\in)
k=0

oo

< ) @(T) (N(X;, T +1) = N(X;,T))
T=0

< cavol(X)) i ®;(T)(2T + 3),
T=0

where we made use of Theorem 4.3.1. Since ®;(T) < 2e~7, we can apply
dominated convergence to the last sum to derive

e, () — pir, (90)] < £ vol(X;) (4.50)

for ¢ large enough. Combining the estimates (4.47), (4.48) and (4.50) we end
up with

pr; (he) 1
J _ h < - (b)) — (4
vol(X;) per(he)] < vol(X,) |ur; (he) — pr, (9)]
/J’Fj(gi) . ( )
VO].(Xj) UPi\gi
+ pei(g:) — pei(he)] < 3e,
for i and j sufficiently large. This implies lim ¢;(¢t) =0 for ¢t > 1. O
J—00
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Chapter 5

Spectral Geometry of
Congruence Surfaces and
Zeta Functions

5.1 Summary

When describing the behaviour of zeta functions of a Plancherel sequence (X) jen,
we have, until now, always excluded the set

P ={-k|keN}tu[0,1]U(} +iR)

from our considerations, as any point in this set could be a pole of the logarith-
mic derivative of the Selberg zeta function. The goal of this chapter is to close
this gap by discussing the expected behaviour of the zeta functions for s € &2.
Let us start with considering the critical line %—H’R. The poles of A; will become
dense in % + iR for j — oo, in the sense that any fixed open subset of & + iR
contains a pole of A; for j sufficiently large. If we are given a point s € 5 + iR,
which is not a pole of any of the A;, the literature unfortunately does not offer
a way to bound the rate with which the poles are approaching the point s. The
author expects the behaviour of vol(I';\G)™*A;(s) to be chaotic, even though
he is unable to offer any precise results in this direction.

Regarding the set {—k | k£ € IN} we note that according to Theorem 2.8.1 any
s = —k with £ € IN is a pole of A; for each j € N, so that one either completely
ignores these points or removes the poles, in which case the asymptotics follow
from Theorem 4.1.2 and the functional equation of the Selberg zeta function.
This leaves us with the interval [0,1]. Any pole in [0,1] comes from a small
eigenvalue \ < % and these can be controlled in terms of the spectral geometry
of the surface in question (cf. [86]). In some arithmetic scenarios, there conjec-
turally are no non-zero small eigenvalues and using partial results towards this
conjecture, we can show the following
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Proposition 5.1.1. Let (X;)jew be a sequence of smooth closed congruence
surfaces with vol(X;) — co. Then for s € (22,1) one has

64>
A;(s)
j—o0 VOl(Xj)

=0.

Furthermore, for the Euler-Selberg constants one has

VX,

li = 0.
JLHolo VOI(X]')

The above proposition fails for arbitrary Plancherel sequences:

Proposition 5.1.2. There exist a Plancherel-convergent sequence of smooth
closed arithmetic surfaces (X;);jen such that
lim — %,

j—o0 vol(X;)
for some positive constant ly > 0.

This suggests that, while one still may get convergence of the (possibly
renormalized) zeta functions, the limit is not uniquely fixed by the property of
being a Plancherel sequence. The construction of the arithmetic surfaces from
Proposition 5.1.2 will be the main content of the following sections. On our way
we will demonstrate a technique to construct congruence surfaces containing
prescribed Y-pieces. The proofs of the above propositions can be found in
Section 5.3.

5.2 Arithmetic and Geometry of Two-Generator
Subgroups

The goal of this section is to study a few arithmetic and geometric aspects of
two-generator subgroups of PSLa(RR). The first part of this discussion is based
on works of Maskit (cf. [62, 63]).

Let us first consider the relationship between certain two-generator subgroups
and Y-pieces. Let Yy be a Y-piece. Since the signature of Yy is (0,3), the
associated Fuchsian group I" with T\H 2 Y} is of the form

['=(a,B,7|apy=1) (5.1)

(cf. [72]), where «, 8 and « correspond to loops in Yy, which are freely homotopic
to the boundary geodesics of Yy. Clearly, our presentation of T' in (5.1) is
redundant and we can write I' = (a, 8) for two hyperbolic transformations a, 8 €
PSLy(R). The axes A, and Ag are disjoint and an elementary computation (see
[54, Lemma 1]) shows that!

tratrftraf < 0. (5.2)

INote that the sign of the left-hand side of (5.2) does not depend on the choice of lifts for
a, B.
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Now, we consider the converse direction and start with a two-generator subgroup
I' = (a, ) of PSLy(R) and try to find the right obstructions on « and /5 so that
'\ H is a surface of signature (0,3) with boundary geodesics given by «, 8 and
(aB)71. Let Yy be a Y-piece, whose boundary geodesics are given by a,b and
¢ with respective lengths [,,l, and [.. If we cut Yy open along the common
orthogonals of the boundary geodesics, we get a geodesic hexagon, which can
be isometrically embedded into the upper half-plane:

Figure 5.1: A geodesic hexagon in the upper half-plane.

In view of Figure 5.1, it is natural (cf. [63, §3]) to make the following

Definition 5.2.1. A triple (o, 8,7) € PSLa(R) of transformations are called
geometric generators for a pants group if the following hold:

1. The transformations o, 8 and y are hyperbolic and the three axes A, Ag
and A, are disjoint.

2. The three axes A,, Ag and A, bound a common region D.

3. When traversing any of these axes from the repelling fixed point to the
attracting point, the region D always lies on the right.

4. The group I = {(a, §,7) has a single defining relation, namely af8vy = 1.
We call T = (a, 8) a pants group.

Theorem 5.2.2. Let o, § € PSLa(R) be two hyperbolic transformations. If the
aves Ay, Ag are disjoint and (5.2) holds, the transformations «, 3 and (af)™!
are geometric generators of a pants group.

Proof. [62, Thm. 4.1] O

Let us explicitly write down matrices fulfilling the conditions of the above
definition. Let us fix z,y, u € Rso. If we make the choice (cf. [63, §4])

_(e® 0 1 sinh(p — ) sinh y
“= (0 ez> ’ p= sinh p ( —sinhy  sinh(p+vy) )/’ (5:3)
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the attracting and repelling fixed point of « are given by 0 and oo respectively,
while for 8 the attracting and repelling fixed point are given by e # and e*
respectively. We have

_ 1 e Tsinh(u + y) —e®sinhy
— 1 _
v=(af)" = sinh p < e Tsinhy e sinh(p—vy) )’ (5-4)

It is an elementary exercise to show that one can choose the three parameters
x,y and p in such a way that

tra = 2cosh(l,/2), tr 8 = 2cosh(lp/2), try = —2cosh(l./2)

holds. By applying Theorem 5.2.2 to «, 8 we see that I' = («, 8) is a pants
group.

Remark 5.2.3. For the interested reader we note that the quantity p is related
to the distance d between A, and Ag via coth p = coshd.

In summary, we have a bijection between conjugacy classes of pants groups

and isometry classes of Y-pieces, where a pants group I' = (a, 8) is mapped to
the quotient surface Y = I'\'H of signature (0, 3).
Now, assume we are given a pants group I' = («, 8) contained in a cocompact
torsion-free Fuchsian group I'V. The next proposition gives a criterion to decide,
when the geodesics a, 3 and v = (a8)~! appear as the boundary geodesics of
some Y-piece Yy in the hyperbolic surface X = I'V\H:

Proposition 5.2.4. Let X = T"\'H be a smooth closed hyperbolic surface. Let
a, B €T be geometric generators of a pants group T' = {(«, §). Assume that the
geodesics o and 3 are simple and disjoint. Then the geodesic v = (aB)~! is
simple and disjoint to both o and 3. Furthermore, the three geodesics o, 8 and
~ form the boundary geodesics of a pair of pants Yy in X.

Proof. Let us choose a point zg € X and fix an isomorphism IV 2 71 (X, z9). A
small free homotopy, which is sketched in Figure 5.2, deforms v = (a3)~! into
a curve p, which is simple and disjoint to «, 5.

7

(af)™

Figure 5.2: A small homotopy, which deforms v = (a3)~! into a curve disjoint
to a, 5.

Since v is the unique geodesic in the free homotopy class of u, we get from
[17, Thm. 1.6.6] that v is simple and from [17, Thm. 1.6.7] that + is disjoint to
a and . Now, the Theorem of Baer-Zieschang [17, Thm. A.3] guarantees the
existence of a homeomorphism ¢ : X — X such that ¢(a) = «, ¢(8) = S and
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¢(u) = . Since cutting the surface along «, § and p disconnects the surface X
into a surface Y of signature (0, 3) and some remainder X” = X \'Y, the same
must be true for their respective images under ¢. Therefore, ¢(Y") has signature
(0,3). O

Remark 5.2.5. The author expects that Proposition 5.2.4 is known to experts,
but has not yet seen it in the literature.

Let us turn to the arithmetic side. Let as before I' = (a, 8) be a two-
generator subgroup of PSLa(RR). We call I' an arithmetic two-generator sub-
group, if there exists a Fuchsian group I', derived from a quaternion algebra
such that I' C T',. If T is in addition a pants group, we call it an arithmetic
pants group. We have the following neat criterion for the arithmeticity of two-
generator subgroups:

Lemma 5.2.6. Let ' be a two-generator subgroup of PSLo(R) with invariant
trace field F = F(T') and invariant quaternion algebra A = A(T"). Then T" is
arithmetic if the following two conditions are fulfilled:

1. F is a totally real number field and the traces tr o, tr 5 and tr o lie in the
ring of integers op of F.

2. The invariant quaternion algebra A is unramified at exactly one infinite
place of F.

Proof. Let w(a, 8) be a word in the letters «a, 8. Then it is a well-known fact
(cf. [95]) that there exists a polynomial P, with integral coefficients such that

trw(a, B) = Py, (tra, tr 8, tr of).
Therefore, the first condition implies tr w(a, 8) € oF and
{try:v€T} Cop (5.5)

follows. Using (5.5) one may quickly check that

0= {Z a;v; | a; € op,vy; € F} (5.6)

defines an order in A, where the sums appearing on the right-hand side of (5.6)
are assumed to be finite. Since A is unramified at exactly one infinite place
o1 of F, we have that P, O! is a Fuchsian group derived from a quaternion
algebra. By construction we have I' C P,, Ol O

Our next goal is to find congruence subgroups, which contain certain pre-
scribed arithmetic two-generator subgroups. For this we recall that for each
natural number p one has the well-known homomorphism

®, : PSLy(Z) — PSLy(Z/pZ)
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given by reducing the matrix entries modulo p, which can be used to classify
congruence subgroups? of PSLy(Z). There exist maps with analogous properties
for maximal orders in (most) quaternion algebras:

Proposition 5.2.7. Let O be a mazximal order in a quaternion algebra A over
a field F. Let o1 be an infinite place of F with o1 ¢ Ram(A). Let p be a
prime of F' of norm N(p) = q so that p ¢ Ram(A). Then there exists a group
epimorphism ¢, : O — SLo(F,) such that

trpp(z) = trd(z) mod p (5.7)
for each x € O'. Furthermore, the ensuing diagram

Ol — 5 SLy(F,)

J !

can be completed to a commutative diagram by a unique group epimorphism
®, : Py, O — PSLy(F,) such that ker ®, = P,, (O(p)) is a principal congru-
ence subgroup.

Proof. Let pr, : O — O/pO be the projection map and let us write [x]; for the
equivalence class of x € O in O/pO. Let m, be a uniformizer in F},. For y € O,
we let [y]o be the equivalence class of y in O, /7, O,. We claim that

fo 1 O/pO — Oy /7y Oy, [z]1 = [2]2

defines a vector space isomorphism?®. Let us first check that f, is well-defined.
Let 2’ € O with 2’ = z + ry, where r € p and y € O. We may write r = mpu
for u € opp. Then we have ry = my(uy) € m,O, and [z]o = [z'], follows. Thus,
the map f, is well-defined. The proof of linearity is straightforward and left to
the reader. Next, let x,2’ € O with [z]s = [2/]2. This implies the existence of
y € Op with z = 2/ + 7,y and hence

z—1' =my € ON(mO0,) = p0O.

This implies [z]; = [2];. Regarding the surjectivity of f, we consider an arbi-
trary element y = ry’ € O, with r € op, and y' € O. We can represent r as a
power series 7 = } rng with r; € op. For z = roy’ € O we get [z]o = [y]o.
Now, one can utilize linearity of f, to prove that f, is surjective.

Since A is unramified at p, we have AP ® F,, = My(F,). Let us fix this iso-
morphism. Then O, is a maximal order in M (F}) (see [60, Lemma 6.2.8]),
which by [60, Thm. 6.5.3] implies the existence of g € M,(F},) such that

2To classify all congruence subgroups of PSL2(Z) one clearly needs to consider the homo-
morphisms ® with N a natural number. For simplicity we restrict ourselves to the case of
primes.

3We silently identify the finite fields oz /p and 0p ,/mp0p .
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90pg~ ' = Ms(op,). Writing [z]5 for the equivalence class of x € Ma(op,)
in Ms(op,p)/mpMa(0F,), we have the well-defined bijection

Gp 1 Op /1y Op — Ma(0p,p)/meMa(0ry), [x]2 — [gacg_l]g.

Since My (F,) is isomorphic to Ma(og,,)/mpyMa(0F,), we can compose the three
maps pry, fy and g, to get a map from O to Mo (F,). It is straightforward to
check that any of these three maps preserves reduced traces and reduced norms
modulo p. Since these maps also preserve the unit element and products, we
get a group homorphism ¢, : O! — SLy(IF,) such that (5.7) holds. The surjec-
tivity of ¢, is a well-known consequence of strong approximation for quaternion
algebras (cf. [98, Lemma 28.5.14]). Note that it is possible to apply strong
approximation here, because o1 ¢ Ram(A) holds.
Let Py : SLy(F,) — PSLo(IF,) be the map given by dividing out £1s. We
want to show the existence of a group epimorphism @, : P,, O' — PSLy(F,)
such that

¢, 0 P, = Py og,. (5.8)

For any = € P,, O we fix a lift 7 € O! and define

‘bp(x) = Pi(‘ﬂp(%))-

This map does not depend on the chosen lift, since ¢, preserves £1,. For
another element y € P, O! with lift 7 € O! we see that 7y is a lift of the
product zy. Hence, the map ®, is a group homomorphism. Assume that there
exists another group homomorphism @}, : P,, O' — PSLy(IF,) such that (5.8)
holds. Then for any = € P,, O we have

O () = (P, (7)) = Pi(pp(T)) = Bp(Py, (7)) = Pp()

and <I>;J = &, follows. The surjectivity of ®, follows from the fact that any
element 7 € O' appears as a lift of some z € P,, O' and the surjectivity of ¢,.
Finally, the identity ker ®, = P,, (O*(p)) follows from O*(p) = prgl([]lg]l). O

Remark 5.2.8. Proposition 5.2.7 should be regarded as well-known, even though
the author has not yet seen it in the above form in the literature.

In the following we will sometimes abbreviate ®,(x) = 7, when the prime
ideal p is clear from the context. The map ®, gives a bijection between con-
gruence subgroups containing P,, (O'(p)) and subgroups of PSLy(F,). The
subgroups of PSLy(IF,) are completely classified:

Theorem 5.2.9. Let p be a rational prime and ¢ = p/ with f € N. Any
subgroup of PSLy(IF,) is contained on the following list:

o Cyclic groups: C, = (x| 2% = 1) for k > 1,
o Elementary abelian p-groups: E, = (Z./pZ)" forl €N,

e Dihedral groups: D,, = (r,s | r™ = s? = (rs)2 = 1) form > 2,
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o Classical matriz groups: PSLy(Fpn) and PGLy(Fpn) for n € IN,
e Permutation groups: A4, S4 and As,

e Semidirect products of cyclic groups with elementary abelian p-groups.
Proof. [49, Thm. 8.27] O

Remark 5.2.10. One can even describe the possible parameters k,l,m and n
in the above theorem in terms of q. For our purposes it is more than enough to
only list the possible types of groups.

Let us now describe the generic image of an arithmetic pants group under
the reduction map ®,,:

Proposition 5.2.11. LetT' = (o, 3) be an arithmetic pants group. For all but
finitely many prime ideals the group ®,(I") is a classical matriz group.

Proof. The above proposition essentially follows from observing that I'g is a
purely hyperbolic group and that x € P,, (O!(p)) implies trd(x) = +2 mod p,
or in other words, p either divides trd(z) — 2 or trd(z) +2. Let us go through all
possible cases. If ®,(Ig) is a cyclic group, the commutator [, 3] has trace +2
modulo p, which can only be the case for finitely many prime ideals. If ®,(I')
is an elementary abelian p-group, we can, after possibly conjugating, assume
that ®,(I'g) is contained in Py (N), where

{00 %)

and Py : SLy(F,) — PSLy(IF,) is the usual projection. This implies that
trd(a) = £2 mod p, which is only possible for finitely many prime ideals. Next
we assume that ®,(T) is a dihedral group D,, for some m > 2. We note that
D,,, can be written in the form

T € IFq} C SLy(IFy)

2 m—1 2 m—1
D, ={1,r,r", .. r , 8,18, 78, T s )

where the last m elements all have order 2. There are only finitely many prime
ideals, for which the order of «, 8 could be 2, so that @ = %' and g = rk2
for some k1,ko € IN in all but finitely many cases. But then the trace of the
commutator [a, 8] reduces to +2 modulo p, which is only possible in finitely
many cases. Regarding the permutation groups A4, S, and As, we note that
there are only finitely many prime ideals, for which the order of @ is smaller
than or equal to |A5| = 60. Finally, let us assume that ®,(I'g) is given by a
semidirect product of a cyclic group with a elementary abelian p-group. After
possibly conjugating, we can assume that ®,(I'g) is contained in P (B), where

{6 )

This again implies that the trace of [a, 8] reduces to £2 modulo p and we are
done. O

zelfy, yE]FqX}.
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In the next section we will see an example of an arithmetic two-generator
subgroup I'g such that ®,(Ty) is a dihedral group.

5.3 Arithmetic Surfaces and Zeta Functions

In this section we first prove Proposition 5.1.1 and then construct the Plancherel
sequence needed for Proposition 5.1.2. We begin with the following well-known
lower bound for the first non-zero eigenvalue of a congruence surface:

Theorem 5.3.1. Let X, be a congruence surface. Then one has

x> 2 (Y 2023 (5.9)
1 c) — 4 64 = U. “es .

Proof. This lower bound follows from bounds towards the generalized Ramanu-
jan conjecture [9], see e.g. [96] for the case F' = Q. O

The lower bound from Theorem 5.3.1 guarantees large pole-free regions of
the logarithmic derivative of the Selberg zeta function:

Proof of Proposition 5.1.1. Let (X;)jen be a sequence of congruence surfaces
with vol(X;) — oo and let A; be the logarithmic derivative of the Selberg zeta
function of X;. Using the notation and results from the proof of Theorem 4.4.4,
we have

A;(s)

vol(X;)

= ILJ'(S) + IQ,j(S) + I3,j(5)'

for any s € (3,1), which is not a pole of A;. By Theorem 4.4.4 any sequence
of smooth closed congruence surfaces (X;);jen with vol(X,;) — oo is Plancherel-
convergent, so that we can repeat the proof of Theorem 4.4.4 to show that I ;(s)
and I ;(s) converge to zero for s € (3,1). Now, fix a point s € (29,1) and let
€ > 0 such that s = % + €. Since

e~ (E+X5%)

E+Ajk

I js) = Visi(;) 2 ’

0<N;,,<3
with £ = s(s — 1) we can use the bound from Theorem 5.3.1 to derive

1 N(X; i)

Ix . < :
115,5(s)] < 37725_;'_52 vol(Xj)

(5.10)

The right-hand side of (5.10) converges to zero by the limit multiplicity
property of (X;) en and
A;(s)

=0
vl vol(X;)

for s € (22,1) follows. The claim regarding the Euler-Selberg constants can be
proved analogously. O
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While congruence surfaces conjecturally do not have any non-trivial small

eigenvalues, this is not true for arithmetic surfaces. For the proof of Proposition
5.1.2 we will construct a Plancherel-convergent sequence of arithmetic surfaces
(X;) en, which have a single non-zero eigenvalue converging to Ao = 0. This sin-
gle eigenvalue will yield a non-trivial contribution to the limit of vol(X j)*lfyxj.
The construction of this sequence will take up the rest of this section.
Let 7 = €!"/2 be a Salem number of degree 2n with n > 2 so that 7 < 1.2.
We additionally assume that 7 has been chosen such that it is the smallest
Salem number in its degree. Let L = Q(7) be the associated number field. Let
F = Q(w) be the totally real subfield of L generated by w = 7+ 771, Let
01, ...,0, be the real embeddings of F', chosen in such a way that o1(w) > 2.
Let x,y € or be non-zero algebraic integers and m € IN. A prime ideal P is
called a primitive divisor of z™ — y™, if P | 2™ — y™ and P 1 2* — y* holds
for k < m. For primitive divisors, we have the following result by Schinzel and
Postnikova [77, Thm. 1]:

Theorem 5.3.2. Let x,y be relatively prime algebraic integers in a number field
L such that £ is not a root of unity. Then there exists a constant mg = mo(x,y)
such that ™ — y™ has a primitive divisor for m > my.

Hence, we can find mg = mo(7,1) € IN such that 7™ — 1 has a primitive
divisor for m > mg. Let py be a rational prime with m = 4py > mgy and Py be
a primitive divisor of 740 — 1,

Py | 740 — 1, Po t 78 — 1 for k < 4py. (5.11)

Let po = Po N op be the prime ideal of F lying below PBy. After possibly
replacing po by a larger prime, we can assume that pg is a non-dyadic* prime
ideal so that

Po 14, potw?® —4. (5.12)

We now want to make a few assumptions on pg to be able to deal with torsion
elements later on. First of all, there are only finitely many cyclotomic extensions
Ki,...,K of F with [K, : F] = 2. Furthermore, in each cyclotomic extension
K there are only finitely many elements x;, , ..., x;, of finite order. Let us write
my, for the order of z;, and t;, = Trp /p(x;,) for the respective traces. After
possibly replacing pg we can assume that

Po f M, pott;, —4, j=1,..,8 k=1,..,t. (5.13)
Next, we recall the strong approximation theorem for number fields:

Theorem 5.3.3. Let Sy be a finite set of places of F' and q € Qp . Sy. Assume
that x, is given for p € Sy. Then for each € > 0 there exists v € F' such that

o |z — x|, <e for each p € Sp,

o |zp]p <1 for each p € O\ (SyUq).

4A prime ideal p is called dyadic, if it lies over (2) and called non-dyadic otherwise.
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Proof. |73, §33G] O
According to Theorem 5.3.3 we can find € € op so that
o1(0) >2, i(0*+wr—4)<0, j=2,.,n,  ve(@)=1.  (5.14)
Let us choose matrices aq, 8 as in Section 5.2 with
trag = w, trf=0°-2, troagf = —w. (5.15)

and let By be the unique in element in the stabilizer G of 8 with 8 = 2. With
this choice we have

trag = w, tr 8y = 0, tr agBy = 0. (5.16)
Let Ty = (g, Bo) be the subgroup generated by «yg, Bo.

Lemma 5.3.4. The group Ty = {ag, Bo) is an arithmetic two-generator sub-
group. For the corresponding invariant quaternion algebra A = A(T'y) we have
02, ...,0n € Ram(A) and o1,p0 ¢ Ram(A).

Proof. According to [60, Thm. 3.6.1] we can express the Hilbert symbol of A

by
02 — 4,02 +w? -4
Ao (Pt s o)

Since a real quaternion algebra B = (“ﬂ’{b> ramifies if and only if a,b < 0, we get

from (5.14) that o1 ¢ Ram(A) and o9, ...,0, € Ram(A). Hence, Lemma 5.2.6
implies that I'y is an arithmetic two-generator subgroup. Regarding the finite

place po we observe that a quaternion algebra D = ‘;,—f) ramifies at pg if and

©)

only if for a = aow;"(a) and b= boﬂ';p one has

vy () vp (a)
(_1)Up(a)vp(b)(q0_1)/2 <ao> ! (b()) ’ — —17
p p

(see [98, Eq. 12.4.10]), where go is the cardinality of the residue class field

k= op/po and

<a0> )+, ifag € kX2,

po) | -1, ifag € kX ~ kX2
is the Legendre symbol. By (5.12) and (5.14), we have vy, (0> —4) =0 and
Vpo (02 + w? — 4) = 0, which shows py ¢ Ram(A). O
Next, we work out the image of I'g under the group homomorphism ®,,:

Lemma 5.3.5. The group ®,,(Tg) is isomorphic to the dihedral group

Doy = (1,5 | r2Po = 52 = (rs)? = 1)
and a group isomorphism v : Doy, — @y (T'g) is given by sending r — &g and

S’—)ﬂo.
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Proof. First, we check that ord(fy) = 2. By the choice made in (5.16) we have
trBp =0 mod po. (5.17)

Combining (5.17) with the Cayley-Hamilton theorem gives %2 = 1. Since (5.17)
also implies that By cannot have order 1, we get ord(5y) = 2. In the same way
one may derive ord(Boap) = 2. Next, we show ord(ag) = 2po. Recall from
(5.11) that

Fo | (7270 = (2 1),

Since P is a primitive divisor, we get Py | (7270 + 1). Furthermore, we also
have PBo | 772P° + 1, as we can write

(7_—2170 + 1) — 7 2po (7_2170 =+ 1)
and 77270 is a unit. This implies
Trp p(r2° +1) = (1% + 1) + (177 +1) € Po N F = po

and hence
tra®° = 42 mod po. (5.18)

Therefore, ap?F° lies in some elementary abelian po-group Ep, C PSLa(IFy,).
By (5.12) the group H = (@pg) is not an elementary abelian pg-group, so that
the Partition Lemma [49, Thm. 8.5] yields

@ € HNE,, = {1}.

Thus, the order of &g is either 1,2,py or 2py. The possibilities ord(@g) = 1
and ord(@g) = 2 can be excluded using (5.12). If ord(@g) = po, one either gets
TPo — 1 € Pg or 770 + 1 € Py. In both cases we get a contradiction to (5.11)
and ord(@g) = 2pp follows. Now, it is guaranteed that the assignment

r = Qg, SHE

can be extended to a surjective group homomorphism v : Dap, — @, (). We
will prove the injectivity of ¢ by showing

[Py (To)| = 4po = |Dap, |- (5.19)
We claim that two elements %510701“ and %EQCTO’” with 1,62 € {0,1} and

ki,ky € {0,1,...,2pg — 1} can only be equal if & = &2 and k; = k2 holds.
Assume that this is not case, i.e.

1= B ™) o ™ =g "By et (5.20)

with either ki # ko or €1 # e3. If &1 — e = 0 mod 2, equation (5.20) reads
aghi k2 = 1. If ky # ko, we get a contradiction to ord(ap) = 2pg, since
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|k1 — k2| < 2po. In the case e; —e2 = 1 mod 2 we may apply the relation
Bodig = @~ By, which follows from ord(Byap) = 2 and ord(By) = 2, to derive

aghith: = 3. (5.21)
This again yields a contradiction, since
BowoBo | =ag ! # a5 = ag theag wy (Mathe), (5.22)

This shows |®,,(Lg)| > 4po. The surjectivity of ¢ implies |®,,(I'g)| < 4py and
(5.19) follows. This concludes the proof. O

From now on, we fix the isomorphism ¢ and write Doy, = ®,(Ig). Let us
consider the normal subgroup N = (r?) of Ds,,. Writing I'. = <I>p_01 (N) and
I, = @;01(D2p0), we clearly have I'. <T';. The quotient group I':\I'; is the
Klein four group and can be presented as

Vi = {1, [ao]; [Bol, [0 Bol }-

We have an action of V, = T';\I'; on the quotient space X, =T .\H via

[1]-(Tez) =Te(v-2)
Let us denote
a=af, S=pafy,  n=0"at=(Bag")? = p=ama’
Let us also write 79 = Booy ! We make the following observations:
e The involution [ag] preserves the geodesics a, d and interchanges 7, p.
e The involution [rg] preserves the geodesics 7, p and interchanges «, §.

Our next goal is to utilize the symmetry group Vj to study the geometry of our
surface:

Figure 5.3: The geometric configuration of the four geodesics «, d,n and p.

Lemma 5.3.6. The quotient space X, = I':\H is a smooth closed congruence
surface. The four geodesics corresponding to «, B3,m and p are simple and pair-
wise disjoint. Let Y, be the Y -piece with boundary geodesics o, d,m and Y, be
the Y -piece with boundary geodesics a,d, p. Then we have Y NY,) = 0.
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Proof. The group I'. is a congruence subgroup, since by Proposition 5.2.7 it
contains P,, (O(pg)). From F # Q it follows that X, is closed (cf. [53, Thm.
5.4.1] and [53, Thm. 5.2.6]). Regarding the smoothness of X, we need to prove
that I'. is torsion-free. Assume to the contrary that there exists a torsion-
element z; € T'. of order m; > 1. By the second assumption made in (5.13) the
element T; € N has order m;. But any non-trivial element in N has order po,
so that we get a contradiction to the first assumption made in (5.13). Thus, ',
is torsion-free.

Next, we show that the geodesic « is simple. Since its length [, = 4logT is
smaller than 1, we get from [17, Thm. 4.2.1] that « is the power of some simple
geodesic o, i.e. a = (a/)*° for some ko € Z. If we let 7/ = elo'/2 and L' = F[r'],
then 7 = (7/)% and L C L’ follows. Since [L : Q] = 2n = [L' : Q], we have
L = I/ and the minimality assumption on 7 implies |ko| = 1. In particular, the
geodesic « is simple. The same argument proves that § is simple.

Let us check that « and § are disjoint. Assume to the contrary that ¢ intersects
a. As the width ws of the tube Ts around ¢ is greater than 1 and [, < 1,
the geodesic « is completely contained in Ts. This tube contains exactly two
simple closed geodesics, namely § and 6~ '. Then Proposition 2.2.3 guarantees
the existence of an element xzg € I', with § = Jjoom:gl. From § = ﬁoaﬁo_l we get

25 B0 € Go N P,, O ={af | k € Z}.
If we let xalﬂo = o/go and Tg = ap2* for some ko, ki € Z, we get
B = By, (a0af?) = @t

in contradiction to Lemma 5.3.5. Hence, the geodesics o and § are disjoint. From
the choice of the matrices representing o and ¢ one can check that I' = («, §) is
a pants group. Therefore, we can employ Proposition 5.2.4 to conclude that n
and p are simple geodesics and that they are disjoint to a and 6.

It remains to show that n and p are disjoint. First, we claim that n and p
intersect in at most finitely many points. Assume that this is not the case.
Then 1 and p agree as point sets and applying Proposition 2.2.3 guarantees the
existence of xg € I', with p = monxal. From p = aonagl we get

:L'alao e G,NTy.

We claim that
G,NTy={nk | kez). (5.23)

Otherwise, there would be an element 7}, € I'y with 19 = (17)* for some k € Z
with |k| > 1. In consequence, [n}] would be an element in T':\T'; of order
greater than 2, which is a contradiction to I'.\I'; being the Klein four group.
From (5.23) we get

1

x5 o = e (5.24)

for some kg € Z. Let Tg = ap2** for some k; € Z. We can apply the map Dy,

to (5.24) to derive o
ap' Tk = (Byag 1)e. (5.25)
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If in (5.24) the number kg is even, say ko = 2kq for ks € IN, we get
Qo = 58077]“ € Fca

which is a contradiction. If kg is odd, we see that the element on the left-hand
side of (5.24) has order pg, while the one on the right-hand of (5.24) side either
has order 1 or 2. This is a contradiction. Thus, 1 and p differ as point sets and
can only intersect in finitely many points.

Now, assume that n and p intersect in the points z1, ..., 2,,. We note that these
points come in pairs (z, [ag5p].2), since the symmetry [ng] preserves 1, p and acts
non-trivially on 7. Let us first assume that we have at least 4 (non-identical)
points of intersection z1, ..., 24, ..., where the ordering is chosen according to the
order in which 7 passes through p. Let r be the common orthogonal in Y,
between o and §. We let 712 be the subarc of 77 in Y, between z; and 2 and 734
be the subarc of 77 in Y, between z3 and z4. We will lead this to a contradiction
by sketching a few homotopies. For the construction of these it is important to
note that we know the local geometry around points on the boundary of Y,, as
one of the half-tubes T}, ;, is not contained in Y, (see Figure 5.4).

(o3

Figure 5.4: The Y-piece Y.

Now, both of the subarcs 712 and 734 pass through r, as otherwise we can
find a loop i’ in the free homotopy class of i such that n’ does not intersect p
in either z1, 25 or z3,z4 (cf. Figure 5.5). This is a contradiction, since by [17,
Thm. 1.6.7] this would imply that 7 and p intersect in at most ng — 2 points.
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Figure 5.5: A homotopy of 7, which decreases the intersection number of 7 and
p-

Now, there exists a free homotopy (sketched in Figure 5.6), which moves 734
on top of 71a.

Figure 5.6: A homotopy of 7, which moves 734 on top of 7;2.

Again, we can employ [17, Thm. 1.6.7] to derive that n and p intersect in
at most ng — 2 points, which is a contradiction. Hence, there exists at most
one pair of intersection points (21, 22). Cutting Y, along 1,2 disconnects it into
two connected components Yp+ and Y,". We claim that at least one of these
components is contained in Y;,. To see this we note that removing a, and n
disconnects X, into two connected components, one of which is Y;,. The Y-piece
Y, contains one of the half-tubes T}, . Since Y;r touches one of the half-tubes
around 7, while Y~ touches the other half of the tube, one of the components
Yp'“ and Y~ is contained in Y;. Without loss of generality we assume that
Yt CY,. Now, we claim that Y, is the image of ¥,* under the involution [r].
To see this we first note that Y), is fixed by the involution [ro], i.e.

0).Y, = Y, (5.26)
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This follows from observing that [no] maps the triple of geodesics (a4, p) to
the triple (0, o, p) and hence leaves the decomposition of X, into Y, and X, ~\
Y, invariant. The geodesic arc [ng].n12 runs from z; and z; and by (5.26) is
contained in Y,. If it were different from 7,2, the geodesic n would be non-
simple. Hence, we get

[10]-m2 = M. (5.27)

Now, by (5.26) and (5.27) the component yp+ is mapped to a connected compo-
nent of Y, \ 7. Hence, either Yp+ is mapped to itself or to Y;‘. We can exclude
the former case by noting that under [ng] the geodesic « is mapped to §. This
implies

[no].Yp+ =Y, . (5.28)
Arguing as before we see that [no] also maps Y, to itself. This implies Y, CY,
and Y, C Y, follows. Since Y, does not contain a simple geodesic in its interior,
we see by comparing lengths that n and p need to be equal as point sets. We
have already seen that this is not a case and we arrive at a contradiction
It remains to show that Y,, and Y, only intersect in the boundary. By [17, Thm.
4.1.1] we can find simple closed geodesics 7s, ..., V34—3 such that the geodesics
0, 0,1, P, Y5, -, V3g—3 are pairwise disjoint and removing them disconnects X,
into 2g — 2 pairs of pants Y1,..., Y242, so that Y7 NYY = (). After removing
the first three geodesics a,d and 1 we get from Proposition 5.2.4 that one of
the connected components of X, \ («UdUn) is given by Y. Since Y;, does not
contain any further simple geodesics, which could possibly disconnect it, it has
to appear in the list Y7,...,Y5,_2. Without loss of generality we may assume
Y; =Y. Repeating the same argument with p in place of 7 shows that Y, =Y},
for some k =1,...,2g — 2. Since Y, and Y, have different boundary geodesics,
we have k # 1 and Y, N Y = () follows. O

Let us write Z = Y,UY,. Let & be the unique simple geodesic running around
the hole of Z, which intersects a in one point. Let us abbreviate g = g(X.)
and fix some point zp € X.. We choose a canonical dissection of X, (cf. [17,
§6.7] and the references given there) consisting of loops as, b1, ..., a4, b, with
base point zg such that the unique geodesic in the free homotopy class of a; is
& and the unique geodesic in the free homotopy class of by is «. Then I'. can be
written in terms of generators and relations as (cf. [48, p.51])

FC = <a1,b1,...,ag,bg | [al,bl]...[ag,bg] = ].>, (529)

where we have fixed an isomorphism between I'. and 71 (X, z0). Forj =1,...,2g
we write e; for the vector in R?29 with 1 in the jth place and zeroes elsewhere.
Then we have the well-known group homomorphism

og :T. — Hi(X.) =7, (5.30)

into the first homology group of X, defined by ¢ (a;) = e2j—1 and i (b;) = ea;.
Welet 'y = <pI}1(2Z x 72971y and X, = I',\H be the corresponding arithmetic
surface. We claim that X, gets disconnected by removing § and £5¢~1. This
follows from the following
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Lemma 5.3.7. Let X be the surface of signature (g—1,2) obtained by cutting
X. along § and p* : X — X, be the projection map. Let X be an isometric
copy of Xt with projection map p~ : X; — X.. Let the boundary curve of
X_, which under the aforementioned isometry is mapped to 6, be denoted by
d~. Then X, is isometric to a surface obtained by gluing X} and X along

their boundary curves in such a way that 6~ is identified with €66~ ".

Proof. Let p : X, — X. be the covering map of degree 2 given by mapping
Iyz + Tez and let X! = T2 \H be the surface obtained by gluing X and
X_ along their boundaries without twisting such that 6~ is identified with
€661, Then we have a covering map p’ : X! — X, of degree 2 given by
mapping any point z € XZF to p*(z). Fix points zp € X, and 2’ € X/
with p(Z) = p’(20) = 20. Furthermore, fix isomorphisms I';, 2 (X, Z0) and
I 2~ (X!, 2"). Let ps : Ty — e and pl, : T/, — I be the push-forwards of the
covering maps p and p’ respectively. By a standard result of algebraic topology
(see [48, Prop. 1.32]) we have that p/ (I",) is a subgroup of T'; of index 2. We
claim that p/, (I,) C I',. For this we observe that the loops a1, b?, as, ba, ..., ay, by
all lie in the image of p’,, while a quick proof by contradiction shows that by
is not contained in p’ (I'")). Hence, we have pg(p,(I')) = 2Z x Z?*9~! and
pL (") C T, follows. Since both groups T', and p(T,) are of index 2 in T, we
get T'y = p/(T). In an analogous manner, one may derive p,(T';) = T',. Hence,
we arrive at p,(I'y) = p/, (I'},). By the Galois theory of coverings this guarantees
the existence of a homeomorphism f : X, — X/ such that p = p’ o f (see
[48, Prop. 1.37]). We claim that f is a local isometry. Consider an arbitrary
point Z in X, and let z = p(Z) be the corresponding point in X.. Since p’ is
a local isometry there exists a ball B,.(z) of radius » > 0 around z such that
(p')71: B,(2) — X/ exists and is a local isometry. Hence, we have f = (p’) top
on B,(Z) and f is a local isometry. But any homeomorphism of Riemannian
manifolds, which is a local isometry, is a (global) isometry. Hence, X, and X/
are isometric. O

This arithmetic surface has the interesting feature that it has a single Laplace
eigenvalue close to zero, while the remaining non-zero eigenvalues stay uniformly
away from \g = 0O:

Lemma 5.3.8. The first eigenvalue A\1(X,) of the arithmetic surface X, can
be bounded from above and below by

crols co0 17
A9l (X)) < 20T 5.31
vol(X,) = 1(Xa) = vol(X,) (5:31)

where c19 and cog are absolute positive constants. Furthermore, there exists an
absolute positive constant co1 such that

Me(Xa) > co1 (5.32)

whenever k > 2.
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Proof. For the proof of the upper bound in (5.31) we recall the Buser-Cheeger
inequality
M (Xa) < 2h(X,) + 10R*(X,). (5.33)

From Lemma 5.3.7 we see that X, gets disconnected by removing & and &5,
where each of the resulting connected components has two-dimensional volume
given by vol(X.) = § vol(X,). This implies

81,
vol(X,)'

h(Xa) < (5.34)

Combining (5.33) and (5.34) gives the right-hand side of (5.31) with
Con = 656.

For the left hand-side of (5.31) we recall from [35, Thm. 1.3] the strengthened
Cheeger inequality for 2-covers

1
M (X,) > Z\/Al(XC) h(Xa). (5.35)
Since 7 is the smallest Salem number of degree 2n, the length of any geodesic

in X, is bounded from below by [.. This implies

2,
vol(X,)

h(X,) > (5.36)

Plugging (5.36) into (5.35) gives the left-hand side of (5.31) with

11 (7
=3\ 1 \61)
Regarding the lower bound (5.32) we apply domain monotonicity (cf. Section
4.2) to X, = X U X to derive

No(Xa) > ki (X7), (5.37)

where k1(X[) is the first Neumann eigenvalue of X . The Cheeger inequality
(cf. Section 2.4) also holds for the first Neumann eigenvalue (see [18, Thm.

r1(XT) > ph (X)) (5.38)

W=

with l

inf — () ,

« min{vol(4,), vol(B,)}

where u ranges over the set of all finite unions of piecewise smooth curves on
X T, which separate X into two disjoint subsets A, and B,. We claim that

hn(XF) =

hn(X) > 0.01, (5.39)
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which implies
Ao (Xq) > €1
with
c21 = 0.000025.

Assume to the contrary that
hn(X15) <0.01. (5.40)

Then we can find a finite union of piecewise smooth curves u = uyU...Uu,, which
decomposes X into two disjoint subsets A, and B, with vol(A,) < vol(By)
such that

Ly,
< 0.02. .
ol <002 (5.41)

For the sake of simplicity we will only deal with the case that u is a single curve,
but the careful reader may check that the full argument extends to finite unions
of curves. Applying the Buser-Cheeger inequality to the closed surface X, we

may derive
h(X.) > 0.08. (5.42)

Now, if we cut the closed surface X, along u and §, it gets disconnected into
two disjoint subsets, which are isometric to A, and B,. Thus, using (5.42) we
get

L 21,
> 0. 4
vol(Ay) T vol(4y) = 008 (543)

Combining (5.41) and (5.43) gives
1 0.03
> .
vol(4,) = Ir

If u is a loop, we have [,, > [ by Theorem 3.2.5 and the minimality of 7. If we
plug this into (5.44), we arrive at

(5.44)

by
vol(A,) = 0%
which is a contradiction to (5.41). If w is not a closed curve, it touches the
boundary of X at both endpoints. If u is contained in a single half-tube around
one of the boundary geodesics, we can use the argument from the second case
in [86, p.281] to derive
hy(X[) > 0.5.

If it leaves the half-tubes around the boundary, we have by Theorem 2.3.1 that

l, > 1 and hence
1 ly

<
vol(A,) ~ vol(Ay)
Combining (5.45) with (5.43) and noting that 2I, < 1, we get

< 0.02. (5.45)

Ly
> 0.
vol(Ay) — 0.06,

which is a contradiction to (5.41). O
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We can finally turn our attention to Proposition 5.1.2:

Proof of Proposition 5.1.2. Let (p;);en be a sequence of prime ideals in F' with
N(p;) = oo as j — oo, which fulfill the assumptions made for po. Replacing po
by any of these prime ideals gives a sequence of congruence subgroups I'c ; and
arithmetic Fuchsian groups I', ; C I'c; such that the estimates from Lemma
5.3.8 hold for any of the arithmetic surfaces X; = 'y ;\H. We claim that
(X;)jen is Plancherel convergent. We first observe that by Theorem 3.1.1 we
have that (I'c ;) jen is a Plancherel sequence. Now, the bound

|AFa,_7‘ (S)| < 2AFC,_;’ (Re(s))a

valid for Re(s) > 1, together with Theorem 1.1.2 implies Plancherel convergence
of (Xj)jen.
Using the notation of the proof of Theorem 4.4.4 we write

7)\j,k

| 1
X )+ () —— Y S

(5.46)
VOl(Xj) VOl(Xj) 0<>\jk<i

Ajik

We note that, as before, the first two summands on the right-hand side of (5.46)
converge to zero for j — oo, so that we are left with estimating

e~ ik e~ i1 1 —Ajk

1 e
VOl(Xj) Z )\j,k - )\j71 VOl(Xj) * VOl(Xj) Z )\j,k

O<>\j7k<i )\j11<>\jvk<i

(5.47)

The second term on the right-hand side of (5.47) converges to zero by the same
argument as in the proof of Proposition 5.1.1. From Lemma 5.3.8 we get the
existence of positive constants Cy and C; such that

A
Co < ——— < (. 5.48
VOl(Xj) ( )

Thus, after possibly replacing (X;);jew by a subsequence, we can assume that

-1
)‘171

00 vol(X;)

=l (5.49)
for some constant [y with Cy < [y < Cy. Hence, we end up with

. VX,
! >0,
e vol(X;) 07

92



Chapter 6

Discussion and Further
Projects

6.1 Plancherel Convergence of Non-compact Con-
gruence Subgroups

In Chapter 3 we showed that any sequence of cocompact torsion-free congruence
subgroups (I';)jen in G = PSL2(R) with vol(I';\G) — oo is Plancherel conver-
gent. Here the author only excluded torsion elements for simplicity. Raimbault
and Fraczyk showed in [44] that there is no need to exclude congruence sub-
groups with torsion. The author expects that the methods from Chapter 3
should also be sufficient to deal with torsion elements. We now want to con-
sider congruence subgroups of PSLs(RR), which are not cocompact. For T' a
cofinite lattice in PSLo(R) we have a decomposition of the form (see [57])

L2 (F\G) = L?lisc (F\G) ® ch (F\G)

where L2, (I'\G) is the maximal subspace of L?(T'\G) on which the right regular

representation R decomposes discretely. Again, we let
L?ilsc(r\G) = @ NF(,]T)HW»
Treé
and consider the spectral measure
Hr = Z NF(’]T)(gﬂ-.
Treé

This allows one to extend the definition of Plancherel convergence to cofinite
lattices. Now, any non-cocompact congruence subgroup I' of SLo(RR) is con-
tained in (a conjugate of) SLs(Z). In particular, any non-cocompact principal
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congruence subgroup is of the form

T(N) = {(Z Z) € SLa(Z) (i Z) = (é ?) mod N}

for some N € IN and congruence subgroups are in bijective correspondence with
subgroups of the groups SLo(Z/NZ), N € IN. The only new ingredient in
the trace formula for these groups is the appearance of poles of the determi-
nant ¢r(s) = det Cp(s) of the scattering matrix Cr. For principal congruence
subgroups Sarnak [82] was able to link the poles of ¢p(y) to zeroes of certain
L-functions and then estimate the number of these zeroes by standard methods
from number theory. One possible starting point for the non-principal con-
gruence subgroups is the work of Reznikov [79], where the determinant of the
scattering matrix is expressed as a ratio of automorphic L-functions.

6.2 Plancherel Convergence and Zeta Functions

In the preceding chapters we analyzed, in what way Plancherel convergence of
a sequence (I';) e of lattices in PSLa(RR) is reflected by their respective zeta
functions. There still remain a few open questions (cf. [31, §4]):

e Convergence inside the critical strip: Let (I';);en be a sequence of
cocompact torsion-free lattices in G = PSLy(R). In Section 4.4, we did
show that vol(T';\G)~!A;(s) converges for s sitting inside a certain subset
Uy of the critical strip. At the same time the examples constructed in
Section 5.3 suggest that there should be no uniform behaviour for s € 4.
These problems are caused by the poles the logarithmic derivative of the
zeta functions and we expect they can be avoided by staying sufficiently
far away from the poles. Recalling the notation from Theorem 4.1.2 we
therefore make the following

Conjecture 6.2.1. Let (I'j)jew be a sequence of torsion-free cocompact
lattices in G = PSLa(R). The following two statements are equivalent:

1. The sequence (I';)jew is Plancherel convergent.
2. For each s € C~ & one has
o Ai(s)
P Y R

e General rank one groups: In our discussion we exclusively considered
lattices sitting in G = PSLa(R). Now, let G be a semisimple Lie group
of rank one with Iwasawa decomposition G = ANK. Let M be the
centralizer of A in K. For ¢ € M and I' C G a cocompact torsion-free
lattice one can define a (twisted) Selberg zeta function (r(s,o) (cf. [15]).
It is natural to try to extend Theorem 4.1.2 to these zeta functions. By
generalizing the arguments of [31] one can prove!

Here we have normalized the zeta functions in such a way that the axis of absolute
convergence lies at Re(s) = 1.
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Theorem 6.2.2. Let (I';)jen be a sequence of torsion-free cocompact
lattices in a semisimple Lie group G = ANK of rank one and M =
Zi(A). Let Aj(s,0) be the logarithmic derivative of the Selberg zeta func-
tion Cr;(s,a). Then the following holds:

1. If the sequence (I';)jen is uniformly discrete and Plancherel, then
A;(s,0)
lim —2 77—
jro0 vol(T,\G)
holds for any o € M and any s € C with Re(s) > 1.
2. If
lim Ayls,0)
j—o0 vol(I';\G)
holds for any o € M and any s € C with Re(s) > 1, the sequence
(T;)jen is Plancherel-convergent.

=0

The proof is completely analogous to the proof of [31, Thm. 3.2]. Again,
one might try to remove the condition of uniform discreteness from Theo-
rem 6.2.2 using the methods from Section 4.3. While the author believes
that these methods should also work for semisimple Lie groups of rank
one, there are the following two problems, which need to be adressed:

1. In Section 4.3 we applied methods from spectral geometry to the
thick-thin decomposition of a hyperbolic surface to estimate the count-
ing function of the Laplace operator. For these methods to work it is
necessary that the boundary of the thin part is smooth. This can fail
for any rank one group G, which is not a cover of either PSLy(R) or
PSL4(C) (cf. [20]). A possible way of approaching this problem is to
apply quasi-isometries as in [20] to the thin part to get a sufficiently
well-behaved boundary, while changing the Laplace spectrum only
by a controlled amount.

2. In the case of a hyperbolic surface X, we controlled the thin part
X' = UMT,, by using the explicit formulae for the Riemannian
metric

ds? = dr® 4 12 cosh? rdt? (6.1)

on the tubes Tfy and the asymptotic formula

s (2) "

for the widths of the tubes T,. While the analogue of (6.1) for
semisimple Lie groups of rank one is either known (see e.g. [18, eq.
(4.17)] for the group G = SO(n,1)) or can be quickly worked out,
the analogue of (6.2) seems to require some effort. We only note
here that for G = PSLy(C) one can find useful bounds in [39, p.50],
which allow one to prove the analogue of Theorem 4.3.1 for the group
PSLy(C).
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6.3 Benjamini-Schramm Convergence and Limit
Multiplicities

We have seen in Section 2.11 that any Plancherel convergent sequence (I';) jen
has the limit multiplicity property. Now, if the sequence (I';) ;e is only Benjamini-
Schramm convergent, do we still get the limit multiplicity property for certain
subsets M C G, i.e. do we have

15 (A) 4

= 6.3

for any Jordan-measurable subset A C M? For the sake of simplicity we will

restrict the following discussion to the group SLa(R). Recall the classification
of unitary representations of SLa(R) from Theorem 2.6.1:

e Discrete series representations: The multiplicities for (limits of) dis-
crete series representations are explicitly known (cf. e.g. [99, p.174]),

Nr(65) =vol(T\G) ppi({0F}), n>3, (6.4)
and
Np(865) = vol(T\G) pp1({65}) +1, Nr({6f}) =o. (6.5)

From (6.4) and (6.5) it is clear that we have the limit multiplicity property
for Ggisc as long as vol(I';\G) — oo.

e Principal series representations: The author expects that the limit
multiplicity property for principal series representations is what distin-
guishes Plancherel convergent sequences from those sequences, which are
only BS-convergent. Unfortunately, the author is not aware of a BS-
convergent sequence in PSLa(R), which is not Plancherel-convergent. How-
ever, in Appendix D we construct a sequence of smooth closed hyperbolic
surfaces, which might be a candidate.

e Complementary series representations: In contrast to principal se-
ries representations, the number of complementary series representations
in the decomposition L?(T'\G) can be bounded in terms of the topology
of the surface I'\'H alone (cf. [17, Thm. 8.1.1]), i.e. we have an absolute
constant cp such that

~

ur(Geomp) < cg vol(T\G). (6.6)

Now, there are sequences of smooth closed hyperbolic surfaces for which
the number of complementary series representations grows linear in the
volume (cf. [19, §8.4]), but these are not Benjamini-Schramm convergent
(see Example 2.11.8). The intuition behind these examples is that for each
small eigenvalue of a surface X there should exist a subdomain of X with
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small isoperimetric quotient (cf. [17, §8.1]). Benjamini-Schramm conver-
gence may be sufficient to show that the number of these subdomains can
only grow sublinear in the volume. As a starting point one may consider
[86], where the relationship between small eigenvalues and the geometry
of the surface is discussed in more detail.
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Appendix

A Limit Points of Salem Numbers

Let T be the set of Salem numbers. In this section we briefly discuss the set of
limit points 7™ of 7 and review what is known about it. Our main reference
is [12].

Let us introduce the following class of algebraic integers:

Definition A.1. A Pisot-Vijayaraghavan number is a real algebraic integer
6 > 1 such that all conjugates of 6 lie in the unit disk {z | |z| < 1}.

We denote the set of Pisot-Vijayaraghavan numbers by S. An example of
a Pisot-Vijayaraghavan number is the plastic number 6y = 1.32471..., which is
the unique real root of the polynomial py(z) = 23 — x — 1. For a polynomial
p(x) = ag+ ...+ anz™ we let p*(x) = a, +.... +apz™ be its reciprocal polynomial.
One can show that S € 7() by the following construction (see [81, §7]): Start
with a Pisot-Vijayaraghavan number 6 and let Py be the minimal polynomial.
Then for large enough n € IN, the polynomial

R, (z) = 2" Py(z) + Py (x) (A1)

splits into a product of cyclotomic polynomials and a Salem polynomial?. This
defines a sequence (7, )nen of Salem numbers, which converges to 8 for n — oo.
In Section 3.4.1 we used the sequence of Salem numbers defined by taking the
minimal polynomial Py(z) = 2® — 2 — 1 of the plastic number®. For example,
we produced 7y by factorizing

Rip(z) = 223 —2 — 1) + (23 + 22 — 1). (A.2)

into
Rio(z) = (z — D(z? + 2+ 1) (2" —2® —2® —2® + 1), (A.3)
where the last factor on the right-hand side of (A.3) gives a Salem polynomial.
For the interested reader we note that Boyd speculates in [12] that one might

have 7(1) = S. But, to the best knowledge of the author, this has not yet been
shown.

2We call a polynomial a Salem polynomial, if it is the minimal polynomial of a Salem
number.

3Note that for small n € IN the polynomial from (A.1) does not produce Salem numbers.
Still, to avoid any confusion we do not change the indexing of the sequence.
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B Length Multiplicity

Throughout this section F' is a totally real field, A is a quaternion algebra over
F unramified at exactly one infinite place of F and O is a maximal order in
A. Furthermore, we let 0 be some order in a relative quadratic extension L/F,
such that L embeds into A. For p € Q welet O, = O®op, and o, =0 ®@ 05
the localizations of O and o at p. The central goal of this section is to prove

Theorem B.1. The embedding numbers m(o, O; O') can be expressed as

Ll S(O,O)h(o)21+|9i(L)\
m(o,0;0") = hF[NL/F(UX) . (0;?)2]’ (B.1)

where Q;(L) is the subset of finite places in Ram(A), which stay inert in the
extension L.

Further definitions and facts can be found in [98] (see in particular Sections
§17, §30 and §31). We first remark that we can reduce the computation of
m(o,0; O!) to the computation of m(o, O; OX):

Lemma B.2. IfT is a group with O' C T C O*, then
m(o,0;T) = m(a,0; 0O*)[nrd(O*) : nrd(T") nrd(eo™)].
Proof. [98, Lemma 30.3.14] O

The embedding numbers m(o, O; O*) will be determined using local-global
methods. We collect the following definitions from [98]:
An ideal I C A is an op-module such that F'7 = A. An ideal I comes with two
orders

Or(I)={aecA:al CI}, Or(I)={a€c A:IaCI}.
An ideal I is said to be invertible, if there exists an ideal J C A such that
1J=0,(I)=0gr(J), JI =05(J)=0g(I).

T is called two-sided, if Op(I) = Or(I). The set of all two-sided ideals I sitting
in O is denoted by Id1(O). If I is of the form I = aO for some a € A*, then I
is called a principal two-sided ideal and the set of principal two-sided ideals in
O is denoted by PIdl(O). We say that two ideals I, J C A are in the same right
class and write I ~pg J, if there exists a € A* such that al = J. The right
class of an ideal I is written as [I]g. The right class set of O is given by

Clsg O = {[I]g : I C A invertible and Og(I) = O}.

One may define the left class set Cls;, O analogously. Since the standard involu-
tion on A induces a bijection between the right and left class set, we will simply
write Cls O instead of Clsg O. This set is always finite [98, Thm. 17.7.1] and
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its cardinality h(O) is called the class number of O. Next, consider two orders
O’ and O” in A. We say that @' and O” are of the same type, if there exists
a € A% such that O’ = a~'Oa. According to the Skolem-Noether theorem two
orders O and O” are of the same type if and only if they are isomorphic as
rings. We say that O is connected to O, if there exists an invertible ideal T
with Op(I) = O" and Ogr(I) = O”. Since invertible ideals are locally principal
[98, Thm. 16.6.1], two orders will be connected if and only if they are locally
of the same type (i.e. locally isomorphic as rings). The genus of O is the set
Gen O of orders in A locally isomorphic to O. The type set Typ O of O is the
set of op-isomorphism classes of orders in the genus of O. Now, consider the
localizations o, and O, at a finite place p of F'. Let us denote

1, if o, is integrally closed
Sl(ovp) = {O elSQp

and

s1(0) = H 51(0,p).

peRam(A)

We define the local embedding number m(o,,, Op; Oy) as the number of optimal
embeddings of o, into O, modulo the action of O,. These local embedding
numbers are explicitly known for maximal orders O:

Proposition B.3. One has

(L .
m(op, 0y 05) = { 1P (1= (%)) ¥ eRam(a),
1, else.
Proof. [98, Prop. 30.5.3] -

The above proposition shows in particular that the product

m(o, @;@X) = H m(oy, Op; O)) = 51(0)21% (Bl (B.2)
peQ;

is finite. The relevant result linking global embedding numbers to their local
counterpart is given by

Theorem B.4. We have

> m(o,0L(I); OL(I)*) = h(0)m(s, 0; 0%). (B.3)
[I]eCls O
Proof. 198, Thm. 30.4.7] O

The above theorem allows the evaluation of m(o, O; O*) by the next result:

Theorem B.5. Assume that m(0, (5; @X) # 0. Then the following holds:
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1. If o does not embed optimally into O, we have X(0,0’) # 0 for precisely
half of the types [O'] € Typ O.

2. One has
m(o,0; O") = m(o0,0; O%)

for O' € Gen O, whenever both sides are non-zero.

Proof. [98, Thm. 31.1.7]* O
We note that the vanishing of m(3,0;0*) already implies by (B.3) that
m(o, O; 0*) = 0. Hence, from now on we will only consider the case m(g, O; 0*) # 0,

which is equivalent to s1(0) = 1.
Corollary B.6. Suppose that m(o,0'; O’*) £ 0 for all O' € Gen O. Then

h(o)
h(O)

m(o,0; 0*) = m(ﬁ,@;@x).

Proof. 1f I is an ideal in A with [I]g € Cls O, we have by definition O (I) € Gen O.
One may then apply the second statement of Theorem B.5 to Theorem B.4 and
use (B.2). O

If 0 does embed optimally into O , but m(o, O’; O’*) vanishes for some other
order O € Gen O, we still have that 0 does embed into precisely half of the types
[O] € Typ O. If we want to apply (B.3) in this case, we need to understand the
fibers of the surjective map

$:ClsO — Typ O, [I] — OL(I).
Proposition B.7. The map I — [I] induces a bijection
PIAI(O)\IA(O) — {[I] € Cls O | OL(I) 2 O}
Proof. [98, Prop. 18.5.10] O

Hence the number of elements in a single fiber of the map ¢ is equal to the
cardinality | PId1(O)\ Id1(O)|. This number luckily does not depend on O:

Proposition B.8. Let O and O’ be locally isomorphic orders in A. Then
| PIA1(O)\ Id1(O)| = | PIdI(O")\ 1d1(O")]
holds.
Proof. [98, Prop. 28.9.7] O

Let us define a number s2(0,O) by

4For the careful reader we note that the assumption m(a, 6; (5><) # 0 is not contained in
the statement of Theorem 31.1.7 itself, but has been made in Paragraph 31.1.4.
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e 55(0,0) =0, if 0 does not embed optimally into O,
e 55(0,0) =1,if m(0,0;0™) #£0 for all 0" € Gen O,
o 52(0,0) =2, else.

and let s(0,0) = s1(0)s2(0, O).

Corollary B.9. One has

m(o,0;0*) = s(o, O)}]Z(((l;))QQi(L)I'

Proof. The case s(0,0) = 0 is trivial and the case s(0,O) = 1 has already been
dealed with in Corollary B.6. Let us now assume that o embeds optimally into
O, but there exists [0”] € Gen O such that o does not embed optimally into
O". We first note that

Y m(e,0u(1;0L()) = > [ H(O)|m(e,050™).  (BA)

[I]eCls O O'eTypO

If we let (Typ O). be the subset of Typ O counsisting of those [O’] such that o
embeds into @', we can apply the second statement of Theorem B.5 to (B.4) to
deduce

Y e HO)m(e,0;0™) =m(0,0;0%) Y [p7HO)]. (B.5)

O’'eTyp O O’e(Typ O).

Combining Proposition B.7 and Proposition B.8 yields |¢=1(O")| = |¢~(0O)|
for O € Typ O and therefore we can apply Theorem B.5 to (B.5) to derive

T
mo,0:0%) Y 1670 = m(e,0:0%)¢~ () 2L
O’€(Typ O)«
Since h(O) = |¢p~1(O)|| Typ O|, we get
1
> mle,0u(1):OL(D)*) = 5m(0, 0:0*)h(O),
[IleCls O
which concludes the proof in view of Theorem B.4. O

Proof of Theorem B.1. In view of Corollary B.9 and Lemma B.2 we have

91 (D)| [nrd(O*) : nrd(0*))

. Ol —
m(0,0;0") = s(0,O)h(0) hO) (B.6)
By an application of the third group isomorphism theorem we get
[nrd(0*) : (05)?] = [nrd(O*) : nrd(o™)][nrd(0™) : (07)?]. (B.7)
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Next, combining [98, Cor. 31.1.11], [98, Lemma 39.4.7] and [98, Lemma 28.5.17]

shows
[nrd(O*) : (0?)2} = Q%f). (B.8)

Plugging equations (B.7) and (B.8) into (B.6) finally gives
s(0,0)h(0)2! 12 (L)l

m(o,0; OY) = he[Npp(0%) : (05)?]

where we used that the reduced norm on A agrees with the relative norm Ny, /p,
when restricted to L. O

C The Phragmen-Lindelof Principle

The Phragmen-Lindel6f principle is a substitute for the maximum modulus the-
orem for analytic functions f : U — C on an unbounded domain U. There exist
different versions of it. We will use it in the form stated in [28]. Any further
details and proofs can be found in [28].

The extended complex plane Co, is the one-point compactification of C, i.e. it
is the topological space Co, = C U {oco}, whose topology consists of open sets
U C C together with all sets V = (C~ K)U{oc}, where K is a compact subset
of C. For a subset U C C we let 0,U be the boundary of U in C,, and call
it the extended boundary of U. We have that 0,,U = 9U if U is bounded and
OsoU = 0U U {00} if U is unbounded.

Definition C.1. Let U be an open subset of C and U be its closure in the
standard topology of C. If f : U — R and = € U or x = oo, then the limit
superior of f(s) as s approaches z, denoted by limsup f(s) is defined by

S—T

limsup f(s) = lir(r)1+ sup{f(s): s € U N B(z,1)},

sS—T

where B(z,r) is the ball of radius r centered around z with respect to the
standard metric of C.

Theorem C.2. Let U C C be a simply connected region and let f be an analytic
function on U. Suppose there is an analytic function ¢ : U — C, which never
vanishes and is bounded on U. If M is a constant and 0,.U = X UY such that

1. for every x in X, limsup |f(s)| < M;

S—x

2. for everyy in'Y and n > 0, limsup |f(s)||e(s)|" < M;
s—Y

then |f(s)| < M for all s € U.
Proof. |28, Thm. 4.1] O
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D A Degenerating Plancherel sequence

Before starting the construction of a Plancherel-convergent sequence, which is
not uniformly discrete, we need to extent our discussion of Y-pieces from Section
2.3 to possibly non-compact surfaces. The material can be found for example
in [17, §4.4].

One can paste together two degenerate hexagons, which are hexagons with either
one, two or three points at infinity to get a degenerate Y -piece (or degenerate
pair of pants). We will refer to the points at infinity as punctures. We will extend
the notation Y7, ;, 1, to degenerate Y-pieces by writing I; = 0 for any boundary
component, which is a puncture. A degenerate Y-piece contains around each
puncture a neighborhood C, which is isometric to (—oo, log 2] x $! equipped with
the Riemannian metric

ds® = dr® + e?"dt?.

Such a neighborhood is called a cusp and depicted in Figure 1.

=

Figure 1: A cusp around a puncture.

A Y-piece has signature (0, p; ¢) if it has p boundary geodesics and ¢ cusps.
A cofinite hyperbolic surface of genus g is said to have signature (g,p;q), if it
has p boundary geodesics and q cusps.

Theorem D.1. Let X be a (possibly) non-compact smooth hyperbolic surface
of signature (g,0;q). Let v1,...,ym be pairwise disjoint simple closed geodesics
on X. Then the following hold

1. m<39g—3+gq,

2. There exist simple closed geodesics V1, ...,7V3g—3+q, Which together with
Y1, .-y Ym decompose X into Y -pieces.

3. The tubes T,,, i =1,...,39g — 3+ q and the cusps C',...,C? are all pairwise
disjoint.

Proof. |17, Thm. 4.4.6] O

Now, if we take a smooth hyperbolic surface X and pinch a simple closed
geodesic v on X, i.e. we let [, — 0, then we intuitively expect that the tube T,
around v converges in a suitable sense to (two copies of) a cusp C. To give this
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a precise meaning we need some additional terminology (cf. [21]). Let Y7, 1,4,
be a Y-piece and let ry € (0,00). The horocycles

hy, ={p € C|dist(p,dC) =ro}

for a cusp C in Y7, 1,1, and the curves

I3
7" ={pe X |dist(p,7) = ro}

for v a boundary geodesic of Y, ;,1, and 0 < 7o < w, are called equidistant
curves. Now, select in each half-tube or cusp an equidistant curve j; of length
Ai. Then the closure of the connected component of Yi, j, 1, ~ (81 U B2 U B3)

not containing any of the boundary geodesics of Y, ;, 1, or punctures is called
A1,A2,A3
15l2,l3

ls

a restricted Y -piece and denoted Y . Let us also write Y;{ ; instead of

Yllllil;bc. A homeomorphism ¢ : Y — Y of possibly restricted Y-pieces is called
boundary-coherent, if for corresponding boundary curves «; of Y and o} of Y’
in standard parametrization one has

Plos(t)) = aj(t),  Vte[0,1].
For each boundary length [, > 0 we let

Py ={p € Yi, 1,0, | dist(p, ) <log(#)} (D.1)

if 0 <l; <2and P; =0 for [; > 2. In the degenerate case, we let P; be the set
of points that lie outside of the horocycle of length 1. Then

}/217127l3 = }/ll,lmls ~ (Pl UPU P3)

is called a reduced Y -piece. Finally, let us recall that a piecewise smooth®
mapping ¥ : M — N of Riemannian manifolds M and N is called a quasi-
isometry, if there exists d > 0 such that for any tangent vector v of M we
have

1
g1Vl < DY)y < dlfvlla (D.2)

The infimum over all the d such that (D.2) holds is called the length distortion
F and denoted dy.

Theorem D.2. Let 0 <I,ly and 0 < e < % Set e* = %5. Then there exists a
boundary-coherent homeomorphism

qb : 1/11,1275 — lef,lg
such that

1. ¢(M1712,€) = 2171270

5By a piecewise smooth mapping we mean a homeomorphism, which is smooth on the
complement of a finite number of curves.
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2. The restriction of ¢ to )721’12,5 is boundary-coherent and has length distor-
tion dy <1+ 352.

Proof. |21, Thm. 5.1] O

Remark D.3. Theorem D.2 can be extended in an obvious manner to Y -pieces
with more than one degenerating boundary geodesic.

Now, we can finally construct a Plancherel-convergent sequence of smooth
hyperbolic surfaces (X;);en, which is not uniformly discrete. For this we adapt
an example from [19]. Let us recall a few facts about the principal congruence
subgroups

T(N) = {(CC‘ Z) € SLQ(Z)‘ (i Z) = ((1) ?) mod N}.

We denote by X(N) = T'(N)\H the congruence surface of level N. Let us write
gn for the genus of X(N) and by for the number of boundary components of
X(N).

Theorem D.4. The principal congruence subgroup T'(N) is torsion-free for
N > 3. All boundary components of X(N) are punctures and we have

_ dN(N_6) o dy
gN_1+W’ bN_QN’ (D3)
where dy is given by dy = 12 and dy = N3 HpIN(l —1/p?) for N > 3.
Proof. [90] O

Note that the number of cusps of X(N) always is even for N > 3. The
systole I y of X(N) is given by (cf. [85, Lemma 2])

2cosh(l, n/2) = (N? —2). (D.4)

Now, decompose X (V) into pairs of pants. The boundary components of the
pants are either geodesics or punctures. We keep the boundary geodesics and
replace each puncture by a geodesic of length ¢. Let us reassemble these pieces
using the old identifications. Since the number of cusps of X (V) is even, we can
identify the remaining geodesics in pairs. This yields a smooth closed hyperbolic
surface X;(NN). By counting the number of Y-pieces involved one can show
g(Xi(N)) > gn. We also note that the surface X;(N) contains by /2 disjoint
simple closed geodesics 7;, @ = 1,...,by/2 of length ¢. Now, let (N;);en be a
sequence of natural numbers N; > 3 with N; — oo as j — oo and (¢;)jen be
a sequence of positive real numbers converging towards zero. Let us write b; =
by,;/2 and g; = gn,. Let (Xj)jew be a sequence of smooth closed hyperbolic
surfaces defined by X; = X; (N;).

Lemma D.5. The sequence (X;);jen is Plancherel convergent if and only if t]-_l
grows subexponentially in N;.
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Proof. Let us fix some ¢ > 0. We will first describe all closed geodesics in X
of length smaller than or equal to ¢ for j sufficiently large. Let v be a simple
closed geodesic in some X, which is not freely homotopic to some power of one
of the geodesics 1, ...,7p,. If 7 intersects any of the geodesics v;, i = 1,...,b;
we get from [17, Cor. 4.1.2] that

1
inh(l,/2) > —————.
sinh(L,/2) 2 sinh(t, /2)
Hence, v can be dismissed for j large enough. If 4 does not intersect any of the
vi, © =1,...,b;, we have by [17, Thm. 4.1.1] that v lies outside of the tubes T’,,
with ¢ = 1,...,b;. There exists a boundary-coherent quasi-isometry

b;

bj
o: X~ P> XN~ (P
i=1 i=1

given by the identity on any Y-piece, where no boundary geodesic has been
replaced in the above process and the map from Theorem D.2 in the remaining
cases. Its length distortion is bounded by dy < 1+ gt?. Therefore, ¢(v) defines
an element [¢(v)] in I'(V;) and

(o()) < (1+585) 1) (D.5)

We claim that [¢(v)] € I'(N;) is covered by a hyperbolic transformation, i.e.
there exist a closed geodesic in the free homotopy class of ¢(). Assume other-
wise that [¢(7)] is covered by a parabolic transformation. Then by [2, p.72| the
curve ¢(7y) can be homotoped into the power of a simple loop around a puncture
of X(Nj). Now, applying ¢! gives a homotopy of v into the tube around some
geodesic v;, for ig € {1,...,b;}. Hence, v is homotopic to some power of 7;,,
which is a contradiction to our assumption on . Consequently, there exists a
hyperbolic transformation 7, € I'(N;), which covers [¢(y)] and Theorem 2.2.2
implies

2arcosh(N? —2)/2) < I(n,) < Uo() < (1+32)(7). (D6
Since t; is bounded from above, inequality (D.6) shows that for N; large enough
there are no simple closed geodesics of length < c apart from 71, ..., v, . Next, let
7 be a non-simple closed geodesic different from a power of one of the vy, ..., v,
According to [17, Thm. 4.2.4] any non-simple primitive geodesic of smallest
length is a figure-eight geodesic® § embedded into a Y-piece. Any Y-piece con-
tains at least one boundary geodesic not belonging to 71, ..., 7, since otherwise
X(N;) would not be connected. Then the length formula for § (see [17, eq.
(4.2.3)]) yields

1(7) > 1(6) > 2(1 + 2¢3) "  arcosh((N? — 2)/2).

This proves that for j large enough any geodesic in X; of length < c is a power
of some of the geodesics v1, ..., V-

S A figure-eight geodesic is a closed geodesic with exactly one self-intersection.
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Finally, we want to apply the criterion for Plancherel-convergence from Propo-
sition 2.11.6. We compute
t .

l“m _ J
2 mb) ) ~ Y D sinh(kt;/2)” (D7)

I,<c keN:kt;<c

Since lim,_,o2/sinh(x) = 1 there exists for sufficiently small ¢ > 0 positive
constants Cy and C7 such that

T
< <
0= sinh(z) — 1
for x € (0,¢]. Applying this to (D.7) gives
l 1 bt
l)y—20 < 9p. - 99 D.
D m ) sinn(,j2) = 26 > i) Sinh(e/2) (D.8)
Iy <c kEN:kt;<e

Using the asymptotic expansion of the harmonic series
n
1 1
Zf =logn+~vg+0 () ,
k n
k=1
where g is the Euler-Mascheroni constant, gives

l’Y
7 < 1 . D9
lz<cm(l’)’) Slnh(lv/Q) — CQb]l 0og t]' ( )

for C some sufficiently large constant. Plugging in the values for b; and g; from
(D.3) yields

1 l"/o 302| log f,j|
[ — < . D.10
vol(X;) lgcm(l”)smh(z,ym = 7(N; — 6) (D-10)

In particular, the right-hand side of (D.10) goes to zero, if t;l grows subexponen-
tially in N, in which case Proposition 2.11.6 implies the Plancherel convergence
of (X;)jen. In an analogous manner, one can derive the lower bound

1 Yo |1Og tj|

IR E > .
vol( X ; m(lw)sinh /2 037r N:—6
J ¥ J

Iy<c

(D.11)

for C3 some positive constant and j sufficiently large. Hence, we can employ
Proposition 2.11.6 to show that (X;);en is not Plancherel-convergent, if t;l
grows at least exponentially in IV;.

E Notations and Conventions

In this section we collect, for the sake of completeness, a few conventions and
notations, which are used throughout this thesis.
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Isomorphisms: If we speak of an isomorphism between two objects A
and B, we always mean an isomorphism in the respective category. For
example, if A, B are groups, an isomorphism f : A — B is a group iso-
morphism, or if A, B are smooth manifolds any isomorphism f: A — B
is a diffeomorphism.

Generators of a subgroup: If G is a group and g¢,...,9, € G are
elements of G, we denote the subgroup H generated by g1, ..., gn by

H=1{g1,....9n)-

Vinogradov notation: When writing down any bounds, we usually write
out the constants, whenever possible. While this introduces some amount
of bookkeeping, the author thinks that it makes it easier to follow the
computations. Hence, the author has decided against using Vinogradov
notation.

Subsets with unit removed: If S is a subset of group G and 1 is the
unit in G, we write S* = S~ {1}.

Cardinality: If S is a finite set, we write |S| for the cardinality of S.

Big O-Notation: In a few places, we use the so-called Big O-Notation
to write down asymptotics.

Properties of manifolds: We always assume that any manifold appear-
ing in this thesis is connected and orientable without explicitly mentioning
it.

Finite fields: Let p be a rational prime and n € IN an integer. For ¢ = p"
a power of p we write I, for the finite field of cardinality g.

Order of an element: Let © € G be an element of a group G. If n € IN
is the smallest natural number such that ™ = 1, we let ord(z) = n be the
order of x.

Interior points: If X is a topological space and A C X a subset of X,
we write A° for the set of interior points of A.

Curves as point sets: For a curve c¢: [0,1] — X in a topological space
X we also write ¢ for the point set

{c(®) |t € [0, 1]}

109



Bibliography

1]

2]
13
4]
[5]
6]

17l

18]
19]
[10]
[11]
[12]

[13]

Miklos Abert et al. “On the growth of L2-invariants for sequences of
lattices in Lie groups”. In: Annals of Mathematics 185.3 (2017), pp. 711—
790.

William Abikoff. Real analytic theory of Teichmiiller space. Springer,
1980.

Alan F Beardon. The geometry of discrete groups. Vol. 91. Springer Sci-
ence & Business Media, 2012.

Nicolas Bergeron. The spectrum of hyperbolic surfaces. Springer, 2016.

Nicolas Bergeron. “Torsion homology growth in arithmetic groups”. In:
European Congress of Mathematics. Eur. Math. Soc. Ziirich. 2018, pp. 263—
287.

Nicolas Bergeron, Mehmet Haluk Sengiin, and Akshay Venkatesh. “Tor-
sion homology growth and cycle complexity of arithmetic manifolds”. In:
Duke Math. J. 165 (2016).

Nicolas Bergeron and Akshay Venkatesh. “The asymptotic growth of
torsion homology for arithmetic groups”. In: Journal of the Institute of
Mathematics of Jussieu 12.2 (2013), pp. 391-447.

Yuri Bilu. “Limit distribution of small points on algebraic tori”. In: Duke
Math. J. 89 (1997), pp. 465—476.

Valentin Blomer and Farrell Brumley. “On the Ramanujan conjecture
over number fields”. In: Annals of mathematics (2011), pp. 581-605.

David W Boyd. “Pisot and Salem numbers in intervals of the real line”.
In: Mathematics of Computation 32.144 (1978), pp. 1244-1260.

David W Boyd. “Small Salem numbers”. In: Duke Math. J. 44 (1977),
pp- 315-328.

David W Boyd. “Speculations concerning the range of Mahler’s measure”.
In: Canadian Mathematical Bulletin 24.4 (1980), pp. 453-469.

Hatice Boylan and Nils-Peter Skoruppa. A classical approach to relative
quadratic extensions. 2022. arXiv: 2208.03515 [math.NT].

110



[14] Jeffrey F Brock and Nathan M Dunfield. “Injectivity radii of hyper-
bolic integer homology 3—spheres”. In: Geometry & Topology 19.1 (2015),
pp. 497-523.

[15] Ulrich Bunke and Martin Olbrich. Selberg zeta and theta functions: a
differential operator approach. Akademie Verlag, 1995.

[16] Peter Buser. “A note on the isoperimetric constant”. In: Annales scien-
tifiques de I’Ecole normale supérieure. Vol. 15. 2. 1982, pp. 213-230.

[17] Peter Buser. Geometry and spectra of compact Riemann surfaces. Springer

Science & Business Media, 2010.

[18] Peter Buser. “On Cheeger’s inequality A\; > h%/4”. In: AMS Proc. Sym-
posia Pure Maths. Vol. 36. 1980, pp. 29-78.

[19] Peter Buser, Marc Burger, and Jozef Dodziuk. “Riemann surfaces of
large genus and large \1”. In: Geometry and Analysis on Manifolds: Pro-
ceedings of the 21st International Taniguchi Symposium. Springer. 2006,
pp. H4-63.

[20] Peter Buser, Bruno Colbois, and Jozef Dodziuk. “Tubes and eigenvalues
for negatively curved manifolds”. In: The Journal of Geometric Analysis
3.1 (1993), pp. 1-26.

[21] Peter Buser et al. “Quasiconformal embeddings of Y-pieces”. In: Compu-
tational Methods and Function Theory 14 (2014), pp. 431-452.

[22] Isaac Chavel. Figenvalues in Riemannian geometry. Academic press, 1984.

[23] Isaac Chavel and Jozef Dodziuk. “The spectrum of degenerating hy-
perbolic 3-manifolds”. In: Journal of Differential Geometry 39.1 (1994),
pp. 123-137.

[24] Jeff Cheeger. “A lower bound for the smallest eigenvalue of the Lapla-
cian”. In: Problems in Analysis: A Symposium in Honor of Salomon
Bochner (PMS-31). Princeton University Press. 2015, pp. 195-200.

[25] T Chinburg. “Salem numbers and L-functions”. In: Journal of Number
Theory 18.2 (1984), pp. 213-214.

[26] Laurent Clozel. “On limit multiplicites of discrete series representations
in spaces of automorphic forms”. In: Invent. Math. 83 (1986).

[27] Alessandro Cobbe. “Steinitz classes of some abelian and nonabelian ex-
tensions of even degree”. In: Journal de théorie des nombres de Bordeaux
22.3 (2010), pp. 607-628.

[28] John B Conway. Functions of one complex variable I. Vol. 11. Springer
Science & Business Media, 1978.

[29] Joseph Cook. Properties of Eigenvalues on Riemann Surfaces with Large
Symmetry Groups. 2021. arXiv: 2108.11825 [math.SP].

[30] Anton Deitmar. “Benjamini—Schramm and spectral convergence”. In: L’Enseignement
Mathématique 64.3 (2019), pp. 371-394.

111



31]
32]

[33]

[34]

[35]

[36]

37]

[38]
39]

[40]

[41]
42]

[43]

[44]

[45]

[46]

Anton Deitmar. “Benjamini—Schramm convergence and zeta functions”.
In: Research in the Mathematical Sciences 7.3 (2020), pp. 1-13.

Anton Deitmar and Siegfried Echterhoff. Principles of harmonic analysis.
Springer, 2014.

Anton Deitmar and Werner Hoffmann. “On limit multiplicities for spaces
of automorphic forms”. In: Canadian Journal of Mathematics 51.5 (1999),
pp- 952-976.

Patrick Delorme. “Formules limites et formules asymptotiques pour les
multiplicites dans L?(G/T')". In: Duke Math. J. 53.3 (1986), pp. 691-731.

Bertrand Deroin and Emmanuel Breuillard. “Salem number and the spec-
trum of hyperbolic surfaces”. In: International Mathematics Research No-
tices (2020).

Jacques Dixmier. “C*-Algebras”. In: North-Holland Math. Library 15
(1977).

Edward Dobrowolski. “On a question of Lehmer and the number of ir-
reducible factors of a polynomial”. In: Acta Arithmetica 34.4 (1979),
pp- 391-401.

Jirgen Elstrodt. Maf-und Integrationstheorie. Vol. 7. Springer, 1996.

Simone Farinelli. “Spectra of Dirac operators on a family of degenerating
hyperbolic three manifolds”. PhD thesis. ETH Zurich, 1998.

Tobias Finis, Erez Lapid, and Werner Miiller. “Limit multiplicities for
principal congruence subgroups of GL,”. In: Journal of the Institute of
Mathematics of Jussieu 14.3 (2015), pp. 589-638.

V Flammang, M Grandcolas, and G Rhin. “Small Salem numbers”. In:
Number theory in progress 1 (1999), pp. 165-168.

Gerald B Folland. A course in abstract harmonic analysis. Vol. 29. CRC
press, 2016.

Mikotaj Fraczyk. “Strong limit multiplicity for arithmetic hyperbolic
surfaces and 3-manifolds”. In: Inventiones mathematicae 224.3 (2021),
pp- 917-985.

Mikotaj Fraczyk and Jean Raimbault. “Betti numbers of Shimura curves
and arithmetic three-orbifolds”. In: Algebra & Number Theory 13.10 (2020),
pp. 2359-2382.

Eknath Ghate and Eriko Hironaka. “The arithmetic and geometry of
Salem numbers”. In: Bulletin of the American Mathematical Society 38.3
(2001), pp. 293-314.

Yasufumi Hashimoto et al. “Euler’s constants for the Selberg and the
Dedekind zeta functions”. In: Bulletin of the Belgian Mathematical Society-
Simon Stevin 11.4 (2004), pp. 493-516.

112



[47]

(48]
[49]
[50]

[51]
[52]

[53]
[54]

[55]
[56]
[57]

[58]

[59]
[60]
[61]
(62]
(63]
[64]

[65]

Asma Hassannezhad, Gerasim Kokarev, and losif Polterovich. “Eigen-
value inequalities on Riemannian manifolds with a lower Ricci curvature
bound”. In: Journal of Spectral Theory 6.4 (2016), pp. 807-835.

Allen Hatcher. Algebraic topology. Cambridge University Press, 2005.
Bertram Huppert. Endliche Gruppen 1. Vol. 134. Springer-Verlag, 2013.

Henryk Iwaniec and Emmanuel Kowalski. Analytic number theory. Vol. 53.
American Mathematical Soc., 2021.

Lizhen Ji. “Spectral degeneration of hyperbolic Riemann surfaces”. In:
Journal of Differential Geometry 38.2 (1993), pp. 263-313.

Gareth A. Jones and David Singerman. Complez functions: an algebraic
and geometric viewpoint. Cambridge University press, 1987.

Svetlana Katok. Fuchsian groups. University of Chicago press, 1992.

Linda Keen. “On Fricke moduli”. In: Ann. of Math. Stud. 66 (1971),
pp- 205-224.

Anthony W. Knapp. Representation theory of semisimple groups: an
overview based on examples. Princeton university press, 2001.

Serge Lang. Algebraic number theory. Vol. 110. Springer Science & Busi-
ness Media, 2013.

Robert P Langlands. On the functional equations satisfied by FEisenstein
series. Vol. 544. Springer, 2006.

Etienne Le Masson and Tuomas Sahlsten. “Quantum ergodicity and
Benjamini-Schramm convergence of hyperbolic surfaces”. In: Duke Math.
J. 166 (2017).

Derrick H Lehmer. “Factorization of certain cyclotomic functions”. In:
Annals of mathematics (1933), pp. 461-479.

Colin Maclachlan and Alan W Reid. The arithmetic of hyperbolic 3-
manifolds. Vol. 219. Springer Science & Business Media, 2013.

Gregori A Margulis. Discrete subgroups of semisimple Lie groups. Vol. 17.
Springer Science & Business Media, 1991.

Bernard Maskit. “Matrices for Fenchel-Nielsen coordinates”. In: Ann.
Acad. Sci. Fenn. Math. 26.2 (2001), pp. 267-304.

Bernard Maskit. “Matrices for Fenchel-Nielsen parameters in genus 2”.
In: Contemporary Mathematics 240 (1999), pp. 259-268.

Jasmin Matz. “Limit multiplicities for SLy(or) in SLo(R™ @ €C™)”. In:
Groups, Geometry, and Dynamics 13.3 (2019), pp. 841-881.

Henry P McKean. “Selberg’s trace formula as applied to a compact Rie-

mann surface”. In: Communications on Pure and Applied Mathematics
25.3 (1972), pp. 225-246.

113



[66] Henry P McKean Jr and Isadore M Singer. “Curvature and the eigenval-
ues of the Laplacian”. In: Journal of Differential Geometry 1.1-2 (1967),
pp- 43-69.

[67] Michael Mossinghoff. “Polynomials with small Mahler measure”. In: Math-
ematics of Computation 67.224 (1998), pp. 1697-1705.

[68] M Ram Murty. “Selberg’s conjectures and Artin L-functions”. In: Bull.
Amer. Math. Soc.(NS) 31 (1994).

[69] Jin Nakagawa. “Orders of quadratic extensions of number fields”. In: Acta
Arithmetica 67.3 (1994), pp. 229-239.

[70] Wladyslaw Narkiewicz. Elementary and analytic theory of algebraic num-
bers. Springer Science & Business Media, 2013.

[71] Jiirgen Neukirch. Algebraic number theory. Vol. 322. Springer Science &
Business Media, 2013.

[72] Morris Newman. “A note on Fuchsian groups”. In: [lllinois Journal of
Mathematics 29.4 (1985), pp. 682-686.

[73] Onorato Timothy O’Meara. Introduction to quadratic forms. Vol. 117.
Springer, 2013.

[74] Fritz Oberhettinger and Larry Badii. Tables of Laplace transforms. Springer
Science & Business Media, 2012.

[75] Andrew M Odlyzko. “Bounds for discriminants and related estimates for
class numbers, regulators and zeros of zeta functions: a survey of re-
cent results”. In: Journal de théorie des nombres de Bordeaux 2.1 (1990),
pp. 119-141.

[76] Jean-Pierre Otal and Eulalio Rosas. “Pour toute surface hyperbolique de
genre g, Aog_o > 1/4”. In: Duke Math. J. 150 (2009), pp. 101-115.

[77] Ludmila Petrovna Postnikova and Andrzej Schinzel. “Primitive divisors
of the expression a” — b” in algebraic number fields”. In: Mathematics of
the USSR-Sbornik 4.2 (1968).

[78] Jean Raimbault. “On the convergence of arithmetic orbifolds”. In: An-
nales de l’Institut Fourier. Vol. 67. 6. 2017, pp. 2547-2596.

[79] Andrei Reznikov. “Eisenstein matrix and existence of cusp forms in rank
one symmetric spaces”. In: Geometric & Functional Analysis GAFA 3
(1993), pp. 79-105.

[80] Jiirgen Rohlfs and Birgit Speh. “On limit multiplicities of representa-
tions with cohomology in the cuspidal spectrum”. In: Duke Math. J. 55.1
(1987), pp. 199-211.

[81] Raphael Salem. “Power series with integral coefficients”. In: Duke Math.
J. 12 (1945), pp. 153-172.

[82] Peter Sarnak. “A note on the spectrum of cusp forms for congruence
subgroups”. In: preprint (1982).

114



[83] Peter Sarnak. “Class numbers of indefinite binary quadratic forms”. In:
Journal of Number Theory 15.2 (1982), pp. 229-247.

[84] Frangois Sauvageot. “Principe de densité pour les groupes réductifs”. In:
Compositio Mathematica 108.2 (1997), pp. 151-184.

[85] Paul Schmutz. “Congruence subgroups and maximal Riemann surfaces”.
In: The Journal of Geometric Analysis 4 (1994), pp. 207—218.

[86] Richard Schoen, Scott Wolpert, and Shing-Tung Yau. “Geometric bounds
on the low eigenvalues of a compact surface”. In: Geometry of the Laplace
operator 36 (1980), pp. 279-285.

[87] Atle Selberg. “Harmonic analysis and discontinuous groups in weakly
symmetric spaces with applications to Dirichlet series”. In: J. Indian
Math. Soc. 20 (1956), pp. 47-87.

[88] Mehmet Haluk Sengiin. “On the integral cohomology of Bianchi groups”.
In: Ezperimental Mathematics 20.4 (2011), pp. 487-505.

[89] Jean-Pierre Serre. Local fields. Vol. 67. Springer Science & Business Me-
dia, 2013.

[90] Goro Shimura. Introduction to the arithmetic theory of automorphic func-
tions. Vol. 1. Princeton university press, 1971.

[91] Mikhail Aleksandrovich Shubin. Pseudodifferential operators and spectral
theory. Vol. 57. Springer, 1987.

[92] Chris Smyth. “Seventy years of Salem numbers”. In: Bull. Lond. Math.
Soc 47.3 (2015), pp. 379-395.

[93] Harold M Stark. “L-functions at s= 1. II. Artin L-functions with rational
characters”. In: Advances in Mathematics 17.1 (1975), pp. 60-92.

[94] Alexander Strohmaier and Ville Uski. “An algorithm for the computation
of eigenvalues, spectral zeta functions and zeta-determinants on hyper-
bolic surfaces”. In: Communications in Mathematical Physics 317 (2013),
pp. 827-869.

[95] Charles R Traina. “Trace polynomial for two-generator subgroups of
SL(2,C)”. In: Proceedings of the American Mathematical Society 79.3
(1980), pp. 369-372.

[96] Marie-France Vignéras. “Quelques remarques sur la conjecture A\ > 1/4”.
In: Seminar on number theory, Paris. Vol. 82. 1981, pp. 321-343.

[97] Marie-France Vignéras. “Variétés riemanniennes isospectrales et non isométriques”.
In: Annals of Mathematics 112.1 (1980), pp. 21-32.

[98] John Voight. Quaternion algebras. Springer Nature, 2021.

[99] Nolan R Wallach. “On the Selberg trace formula in the case of compact
quotient”. In: BAMS 82.2 (1976), pp. 171-195.

[100] Nolan R. Wallach and David L. DeGeorge. “Limit formulas for multiplic-
ities in L2(G/T')”. In: Ann. of Math 107 (1978), pp. 133-150.

115



[101] Hans F Weinberger. Variational methods for eigenvalue approximation.
SIAM, 1974.

[102] Scott A Wolpert. “Asymptotics of the spectrum and the Selberg zeta
function on the space of Riemann surfaces”. In: Communications in math-
ematical physics 112.2 (1987), pp. 283-315.

116



