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Introduction

We work over an algebraically closed field K of characteristic zero. By
a K*-surface we mean a normal irreducible surface X endowed with an
effective morphical action K* x X — X of the multiplicative group K*. The
geometry of K*-surfaces has been intensely studied by many authors; see
for instance [18-20L41-44]. We consider the automorphism group Aut(X)
of a rational projective K*-surface X. This is an affine algebraic group and
our first aim is to give a detailed explicit description of the unit component
of Aut(X) in terms of basic data of the action.

We will apply the results to the study of almost homogeneous K*-surfaces
in general and, more concretely, develop classifications in the almost homo-
geneous log del Pezzo case.

In order to formulate our main result of Chapter 1, let us recall the basic
geometric features of K*-surfaces. One calls a fixed point elliptic (hyperbolic,
parabolic) if it lies in the closure of infinitely many (precisely two, precisely
one) non-trivial K*-orbit(s). Elliptic and hyperbolic fixed points are isolated,
whereas the parabolic fixed points form a closed smooth curve with at most
two connected components. Every projective normal K*-surface X has a
source and a sink, that means irreducible components F*, F~ C X of the
fixed point set admitting open K*-invariant neighborhoods Ut, U~ C X
such that

limt-z € Ftforallz e U™, limt-x € F- forallz e U™,
t—0 t—00

where these limits are the respective values at the points 0 and oo of the
unique morphism P; — X extending the orbit map ¢ — ¢ - x. The source,
and as well the sink, consists either of a single elliptic fixed point or it is a
smooth irreducible curve of parabolic fixed points; we write T and ™ in the
elliptic case and D' and D~ in the parabolic case. Apart from the source
and the sink, we find at most hyperbolic fixed points. The raw geometric
picture of a rational projective K*-surface X is as follows:
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The general orbit K* - C X has trivial isotropy group K} and its closure
connects the source and the sink in the sense that it contains one fixed point
from F'™ and one from F~. Besides the general orbits, we have the special
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2 INTRODUCTION

non-trivial orbits. Their closures are rational curves D;; C X forming the
arms A; = DaU...UD;y, of X, wherei = 0,...,r, the intersections F*ND;;
and D;,, N F'~ consist each of a fixed point and any two subsequent D;,
D;; 41 intersect in a hyperbolic fixed point. To every such rational curve D;;
we associate an integer, namely the order /;; of the K*-isotropy group of the
general point of D;;.

Every K*-surface X admits a minimal equivariant resolution 7: X — X
of singularities. If there is a parabolic fixed point curve Dt C X, then we
consider the points z; € X lying in DN D;;. If x; is singular, then the fibre
w_l(xi) of the minimal resolution is a connected part E;; U...U Ejq, of an
arm of X, where the curve E;; intersects the proper transform of D*. We
define

1 -1

B ———y

By ——
’ 1qi

if x; is singular and ¢;(D") = 0 else. We call an elliptic fixed point z € X

simple, if 71 (x) is contained in an arm of X. If X admits a simple elliptic

fixed point, then we may assume that this is z=. The fibre 771 (27) =

Ey1U...UL, is a connected part of an arm of X and E, contains a smooth

elliptic fixed point of X. In this situation, we define

Ci(D+) =

-1

E? !
clz™) = d 1
—_E2?
q—1 E12
if 7 is singular and ¢(z”) := 0 else. Finally, a point z € X is called

quasismooth if it is a toric surface singularity; see Definition [6.7] and Corol-
lary for more background. In case of a quasismooth simple elliptic fixed
point 2~ € X, we can always assume the numeration of the arms Ay, ..., A,
to be normalized in the sense that lo,, > ... > Iy, and U, = ljn]. implies
Dfni < DJQ-nj whenever ¢ < j and n;,n; > 2. In this situation, the excep-
tional curves Fi,...,E; C X belong to the arm Ay € X mapping onto
the arm Ay C X; see Proposition We denote by l~0,~10 the order of the
isotropy group of the general point of E, = Doﬁo C Ay. We are ready to
state the first result of this thesis.

THEOREM 0.1. Let X be a non-toric rational projective K*-surface.
Then the unit component of the automorphism group Aut(X) of X is given
as a semidirect product

Aut(X)? = (KP x,KS) xy K, p€Zso, ¢€{0,1}.

If X has neither a non-negative fized point curve nor a quasismooth simple
elliptic fized point, then p = ( = 0 holds. Otherwise, precisely one of the
following holds.
(i) There is a non-negative fized point curve. Then we can assume
that this curve is D¥ C X. In this situation, we have ¢ = 0 and
p = max(0, (DT)?+1— > (D).
i=0
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The group homomorphism ¢ : K* — Aut(KP) fizing the semidirect
product structure is given by t — t 1E,.

(ii) There is exactly one quasismooth simple elliptic fized point. We
can assume that this is x~ and the numeration of the arms is
normalized. Then
p = max <07 Lllnll rgél(r)l(lszZQm + (lini - llm)Dilem) - C(x_)J +1>
holds. Moreover, we have ¢ = 1 if and only if for all i # 1 the
following inequalities are satisfied

The semidirect product structure on Aut(X) is determined by the
following. For ( = 1, the homomorphism ¢: K — Aut(K?) is
given by

(3:})8‘”’“, > i,

s A= (aun), where ay, = {O _
a < p.

Moreover, the group homomorphism 1 : K* — Aut(K’ x, KC) is
given by

diag (ti‘mo, o ,tiOﬁO*(pfl)llnl) , ¢=0,
diag(th"O, o 7tl0n0_(p_1)l1n1 ’ thing ), ¢=1.

Automorphism groups of rational surfaces have also been considered by
several other authors. For instance, Sakamaki [46] studied the case of cubic
surfaces without parameters. More generally, Cheltsov and Prokhorov [10|
and, independently, also Martin and Stadlmayr [37] determined the Goren-
stein log del Pezzo surfaces with infinite automorphism groups. It turns out
that 50 out of the 53 listed surfaces of [104[37] are in fact K*-surfaces and the
descriptions of the automorphism groups obtained there are in accordance
with Theorem [0.1] Note that Theorem [0.1] does not make any assumptions
on the singularities or the canonical divisor and thus goes far beyond the
Gorenstein log del Pezzo case. Of course, one may ask why Theorem [0.]]
excludes the toric surfaces. For the sake of completeness, we treat them in
Proposition [£.9]

Let us take a closer look at the action of the automorphism group. We
discuss the question when a non-toric rational K*-surface X admits an al-
most transitive action, that means a morphical action of an algebraic group
G having an open orbit. In this case, X is an equivariant compactification
of a G-homogeneous space and it is natural to ask when it is even an equi-
variant compactification of an algebraic group. Theorem allows us to
give answers in terms of isotropy group orders and intersection numbers.

THEOREM 0.2. Consider a non-toric rational projective K*-surface X.
Then the following statements are equivalent.

(i) The surface X admits an almost transitive action of a two-
dimensional algebraic group G.

(ii) The surface X is almost homogeneous in the sense that the action
of the automorphism group Aut(X) on X is almost transitive.
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(iii) There is a quasismooth simple elliptic fixed point, say x~ € X,
and, assuming the numeration of the arms to be normalized, one
of the following two series of inequalities is valid:

llnzDanZ + (llnl - l1n1)Dini-D1n1 Z llnlc(l'i), = 1, o,y
lanDfnl Z (l()no - lini)Dini-D0n07 1= 07 27 cee, T

Assume that one of the above statements holds and let G be a two-
dimensional algebraic group acting effectively and almost transitively on X.
(iv) If only one of the series of inequalities of (iii) is valid, then G is

a non-abelian semidirect product K x, K*. Moreover:

(a) If the first series of inequalities holds, then o(t)(s) = t'1"s
and for general x € X, the isotropy group G, is cyclic of
order lon,. Thus, X is an equivariant G-compactification if
and only if lon, = 1.

(b) If the second series of inequalities holds, then p(t)(s) = tlomos
and for general x € X, the isotropy group G, is cyclic of
order lin,. Thus, X is an equivariant G-compactification if
and only if li,, = 1.

(v) If the series of inequalities of (iii) both are valid, then the groups

G from (iv) (a) and (iv) (b) both act, and, moreover, X is an

equivariant compactification of the vector group G = K2.

The case of almost homogeneous Gorenstein del Pezzo surfaces has
been investigated in [15,(16]. Theorem is in accordance with the re-
sults obtained there and it delivers in addition the general isotropy groups.
Note that there exist normal surfaces X which equivariantly compactify
the abelian group K x K*. But any such X is a toric surface according
to [4, Theorem 2]. More explicit statements on the almost homogenoeus
case are given in Section For instance Proposition specifies up to
conjugation all the semidirect products K x,; K* C Aut(X) acting almost
transitively. Moreover, the almost transitive K2-actions on X from Theo-
rem (0.2 (v) are so-called additive actions on X in the sense of [5,17]. In
Proposition we determine up to conjugation by elements from K* all
the additive actions on X.

Using our result on the combinatorics of rational projective K*-surfaces
with non-trivial automorphism group we proceed with a classification result
for almost homogeneous log del Pezzo K*-surfaces, i.e. log del Pezzo surfaces
whose automorphism group acts with an open oprbit.

A del Pezzo surface is a normal projective surface X with ample anti-
canonical divisor —Kx. For a resolution of singularities ¢: ¥ — X consider
the ramification formula

Ky = ¢"'Kx+ > aiE;,
where the F; are the prime components of the exceptional divisor and a; are
called the discrepancies of the resolution. The surface X is called
(i) log terminal, if a; > —1 for all 4.
(ii) e-log terminal, if a; > —1 4 ¢ for all ¢ for a given 0 < e < 1.
(iii) canonical, if a; > 0 for all 1.
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(iv) terminal, if a; > 0 for all 7.
A log terminal del Pezzo surface is called, in short, log del Pezzo. Those
surfaces have been studied intensely beginning in the late 19th century with
the smooth case.

In [6] Alexeev contributed to the study of these surfaces showing that
for each e there are only finitely many families of e-log terminal del Pezzo
surfaces. Subsequently, concrete classification work was mostly based on
using an important invariant of X, its Gorenstein index. This is the smallest
positive integer ¢x such that ¢y Kx is Cartier. Restricting to ¢«(X) < 2, all
log del Pezzo surfaces have been classified in [7] by giving the corresponding
intersection graphs of a certain resolution of singularities. The theory of K3
surfaces played a substantial role in their work. In a completely different
manner, log del Pezzo surfaces with +(X) = 2 were classified in [39]. This
approach was adopted in [22] extending his ideas to cover the case that
1(X) = 3. Additionally, the applied method can be used to perform the
classification for arbitrary Gorenstein index.

The classification process boils down to a completely combinatorial prob-
lem when restricting to surfaces that allow an effective action of a non-trvial
torus. We achieve concrete algorithms that can be implemented to a com-
puter algebra system, Maple for instance, and the results can be analyzed
more thoroughly. If the acting torus has dimension 2, the surface is toric and
can be described by its associated Fano polygon, i.e. a lattice polygon such
that the origin is contained in its relative interior. The following one-to-one
correspondence provides the combinatoric picture:

{Fano polygons} <+— {Fano toric surfaces}

For a survey of classification results for Fano toric surface see [34]. Moreover
the Graded Ring Database (see [9]) lists the polygons of toric log del Pezzo
surfaces with Gorensteinindex up to 17.

For a one-dimensional torus action we arrive at the study of K*-surfaces.
Different approaches have been used to classify parts of this broader class
of surfaces, for example the use of polyhedral divisors. This way, results for
the case of Picard number 1 and ¢(X) < 3 were obtained in [47].

Our approach relies on the anticanonical complex, a combinatorial ob-
ject that generalizes Fano polytopes to a wider class of varieties. It has been
introduced in [8,[31] and has shown to be a very useful tool for classifica-
tions of Fano varieties with torus actions: Results for threefolds with a two
torus action using the anticanonical complex have been obtained in [8),40],
Furthermore there have been works on generalizations of this tool in 1] for
non-complete and non-Q-Gorenstein, [31] for higher complexity and [38] for
non-degenerate toric complete intersections.

~_/

Anticanonical complex.
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In the surface case we introduce the notion of LDP complex, a com-
binatorial object that uniquely describes a log del Pezzo K*-surface. It is
a polyhedral complex of two-dimensional polygons in a higher dimensional
ambient rational vector space and for every K*-surface it coincides with its
anticanonical complex. Adding two arithmetic condition, this object yields
the following correspondence, analagous to the well known correspondece
for toric Fano varieties:

THEOREM 0.3. There is a one-to-one correspondence between LDP com-
plexes and log del Pezzo K*-surfaces.

{LDP complexes} <— {log del Pezzo K*-surfaces}

As in the case of Fano polytopes, the LDP complex fixes the described
K*-surface up to isomorphism and there is a combinatorial description for
e-log canonicity and almost homogeneity. Moreover, we achieve that, under
certain arithmetic conditions, removing vertices of an LDP complex is the
same as contracting divisors of the corresponding log del Pezzo surface.

In Chapter 2, we focus on the classification of almost homogeneous LDP
complexes and present work obtained in cooperation with Daniel Héttig. In
[3] a first classification of almost homogeneous log del Pezzo K*-surfaces has
been given for Picard number one and varieties with at worst one singularity.
Furthermore as mentioned before, classification results for del Pezzo surfaces
with infinite automorphism groups have been recently achieved in [10] and in
[37]. Moreover equivariant compactifications of two-dimensional algebraic
groups have been studied in [15,(16]. The authors restricted to du Val
singularities.

We develope a concrete algorithm to classify almost homogeneos 1/k-
log canonical K*-surfaces after finitely many steps, therefore settling the
question of classifying all log del Pezzo K*-surfaces with at worst 1/k-log
canonical singularities. This algorithm has been implemented in Maple, pro-
viding a classification of all nontoric 1/k-log canonical almost homogeneous
del Pezzo K*-surfaces for any given k € Z>;. In particular, for increasing k
all log terminal almost homogeneous del Pezzo K*-surfaces can be obtained
using this algorithm.

We shortly describe the main ingredients of the actual classification pro-
cess. The algorithmic classification follows three steps:

(i) Find all almost k-hollow polygons.
(ii) Find all combinatorially minimal almost homogeneous, almost k-
hollow LDP complexes.
(iii) Build all almost homogeneous, almost k-hollow LDP complexes.

The key observation is that removing certain vertices shrinks the LDP
complex, hence the LDP complex obtained remains almost k-hollow. There-
fore, it suffices to find all almost k-hollow LDP complexes that do not admit
any further removal of vertices and build complexes starting with these com-
binatorially minimal ones by reversing the removal process.

Observe that this also shows that for K*-surfaces contraction preserves
the property to be log del Pezzo and there are at worst 1/k-log canonical
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singularities, see Theorem Furthermore the first step requires the clas-
sification of almost k-hollow polygons. For the case kK = 3 we achieved the

following result:

THEOREM 0.4. The following statements hold:
(i) There are exactly 47902 toric 1/3-log canonical del Pezzo surfaces.
(ii) There are exactly 91 non-toric 1/3-log canonical combinatorially
minimal almost homogeneous del Pezzo K*-surfaces.
(iii) There are exactly 21968 non-toric 1/3-log canonical almost homo-
geneous del Pezzo K*-surfaces.

In particular, we showed that the unit component of the automorphism
group of a non-toric 1/3-log canonical almost homogeneous del Pezzo K*-
surfaces is of dimension at most 7.
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CHAPTER 1

The unit component of the automorphism group

1. Outline of the chapter

Let us give an outline of this chapter, showing its basic ingredients and
some main ideas. Our working environment is the Coz ring based approach
of [25,129] to rational T-varieties X of complexity one, that means that X
is normal, rational and comes with an effective torus action 7' x X — X
such that the general T-orbit is of codimension one in X. One of the basic
features of this approach is that it provides a natural T-equivariant closed
embedding X C Z into a toric variety Z. In Section [2| we present a brief
general reminder.

We will also make use of the description of the automorphism group
of a toric variety via the Demazure roots of its defining fan; see [11}14]
and Section [3| for a quick summary. First applications are the tools pro-
vided in Section {4] and the explicit description of the automorphism goups
of toric surfaces given there. The understanding of Aut(X) for a complete
rational T-variety X of complexity one is not yet as developed as in the
toric case. However, the main results of [3] show that Aut(X)" is gener-
ated by T and the additive one-parameter groups, also called root groups,
arising from Demazure P-roots; see also Section [3| In Theorem we pro-
vide a presentation of the automorphisms arising from Demazure P-roots as
restrictions of automorphisms of the ambient toric variety Z which are ex-
plicitly given in Cox coordinates. The explicit nature of the result is crucial
for our purposes. The general question to which extent a variety inherits
its automorphisms from a suitable ambient variety is interesting as well.
For Mori dream spaces X, a positive result concerning Aut(X)? is given
in |28, Thm. 4.4]; see also [45] for further results in the case of quasismooth
Fano weighted complete intersections.

From Section [6] on, we focus on rational projective K*-surfaces. We first
recall basics on their geometry and relate defining data to self intersection
numbers, see Sections [6] and [7] In Theorem we figure out geometric
implications of the existence of a quasismooth simple elliptic fixed point: a
non-toric rational projective K*-surface X can have at most one such fixed
point and if there is one, then any parabolic fixed point curve is contractible
or its intersection with any arm of X is a singularity of X. In Section[J] we
introduce horizontal and vertical P-roots, which basically means adapting
the more involved notion of a Demazure P-root to the surface case. To-
gether with K*, the root groups arising from the P-roots generate Aut(X)°.
We link existence of P-roots to the geometry of X. From [3] we infer that
Aut(X) acts with an open orbit if and only if there is a horizontal P-root.

11



12 1. THE UNIT COMPONENT OF THE AUTOMORPHISM GROUP

Proposition shows that the presence of a horizontal P-root forces a qua-
sismooth simple elliptic fixed point. By Proposition [9.17] existence of verti-
cal P-roots exclude quasismooth simple elliptic fixed points. Consequently,
Aut(X) does not act almost transitively if we have vertical P-roots. Each
vertical root is uniquely associated with a parabolic fixed point curve in the
sense that the corresponding root group moves that curve. Proposition [9.18
shows that if there are vertical roots, then they are all associated with the
same fixed point curve.

Starting with Section we study the structure of the unit component
of Aut(X). The first task is to figure out relations among the root groups
arising from the P-roots. A sufficiently detailed study allows us to figure
out minimal generating systems of P-roots. Proposition does this for
the case that Aut(X) acts with an open orbit and Proposition settles
the remaining case. In Section we show in terms of the combinatorics of
defining data that for the minimal resolution of singularities X — X of a
rational projective K*-surface, the groups Aut(X)? and Aut(X)? coincide.
Whereas the latter can as well be deduced from the general existence of a
functorial resolution in characteristic zero, our investigation is more specific
and allows us to relate the root groups of X with those of X in an explicit
manner. In Section 12} we prove Theorem [0.I] The basic idea is to gain
the desired information on Aut(X)? and its action on X via morphisms
X « X — X', where X — X is the minimal resolution and X — X' a
suitable birational contraction to a certain toric surface that allows to keep
track on the relevant root groups. Finally, in Section we study almost
transitive actions on X, specify the acting two-dimensional groups and prove
Theorem [0.21

The last two Sections show useful examples and that our results are in
accordance with recent classification results of [10] and [15,16]. The results
of this chapter are published in [27].

2. T-varieties of low complexity

Here we provide the necessary background on toric varieties and ratio-
nal varieties with torus action of complexity one. Throughout the whole
thesis, the ground field K is algebraically closed and of characteristic zero.
We simply write K for the additive group of the ground field, K* for the
multiplicative one and T for the n-fold direct product (K*)™.

By a torus we mean an algebraic group 1" isomorphic to some T". A
quasitorus is a direct product of a torus and a finite abelian group. By
a T-variety X we mean a normal, irreducible variety X with an effective
action of a torus T given by a morphism T x X — X. The complexity of a
T-variety X is the difference dim(X) — dim(7").

We turn to toric varieties, which by definition are the T-varieties of com-
plexity zero. The basic feature of toric varieties is that they are completely
described via lattice fans. We assume the reader to be familiar with the
foundations of this theory as explained for instance in [12}13,23].

We will intensely use the Cox ring and Cox’s quotient construction for
toric varieties [11]. Recall that for any normal variety X with only constant
global invertible functions and finitely generated divisor class group C1(X),
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one associates a Cox sheaf

R = @ Ox (D)7
DeCI(X)
see |2 Chap. 1] for details. The Cox ring R(X) is the Cl(X)-graded algebra
of global sections of the Cox sheaf. If the Cox ring is finitely generated, we
can establish the following picture

Specy R=——=X < X —— Specy R(X)
JH
X

where X is the total coordinate space coming with an action of the charac-
teristic quasitorus H = Spec K[C1(X)] and the characteristic space X which
is an open H-invariant subset of X and has X as a good quotient for the in-
duced H-action. In the case of toric varieties, this picture can be established

in terms of defining lattice fans as follows.

CONSTRUCTION 2.1. Let Z be the toric variety defined by a fan ¥ in
a lattice N such that the primitive generators vi,...,v, (of the rays) of ¥
span the rational vector space Ng = N ®z Q. We have mutually dual exact
sequences
P

0 L 7" N

.
0 K< Z' <5 M 0

where P: Z" — N sends the ¢-th canonical basis vector e; € Z" to the
i-th primitive generator v; € N; we also speak of the generator matrix
P =[v1,...,v,] of . The lower sequence gives rise to an exact sequence

P

1 H T Ty 1

involving the quasitorus H = SpecK[K] and the acting torus Ty =
SpecK[M] of Z. Moreover, the divisor class group and the Cox ring of
Z are given as

ClZ) = K, R(Z) = K[T\,...,T,],

where the Cl(Z)-grading of R(Z) is given by deg(7;) = Q(e;). Finally,
we obtain a fan ¥ in Z" consisting of certain faces of the positive orthant,
namely

3 = {6 = QLy; P(8) C o for some o € L},

The toric variety Z associated with 3 is the characteristic space of Z, sitting
as an open toric subset in the total coordinate space Z := K”. As P is a
map of the fans & and ¥, it defines a toric morphism p: Z — Z, the good
quotient for the action of the quasitorus H = ker(p) C T" on Z.

REMARK 2.2. Construction allows to put hands on the points of a
toric variety: every x € Z can be written as x = p(z), where z € Z is a point
with closed H-orbit in Z. Such a presentation is unique up to multiplication
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by elements of H and we call z = (z1,...,2,) Cox coordinates for the point
T € Z.

We will use the Cox ring based approach to torus actions as developed
for the case of rational T-varieties of complexity one in [25],29], and, more
recently, in widest possible generality in [26]. Let us first have a look at an
example, showing some of the main ideas.

ExaMpPLE 2.3. Consider the surface X in the weighted projective space
P> 71,13 given as the zero set of a weighted homogeneous trinomial equation:

X = V(Th + T4+ ToiToz) C Poriis,

where each of the variables appears in exactly one monomial as indicated
by the double-indexing 7;;. Then X comes with a K*-action, given by

t-[2] = [z01,211,t ‘201, t290].

The ambient space P 71,13 is a toric variety. Its defining fan X lives in 73
and its rays are generated by the columns vy, v11, v21 and v9g of the matrix

-7 2 0 0
P=|-7T011]/].
-4 1 10

This setting reflects the key features of the K*-action on our surface X. For
instance, setting D;; :== X NV (T;), we obtain the arms of X as

Ao = Do, A1 = Dy, Az = Dy U Das.

Moreover, the order /;; of the isotropy group of the general point in D;;
shows up in the upper two rows of the matrix P, as we have

lor = 7, 1 = 2, lor = 1, log = 1.

Finally, X inherits many geometric properties from its ambient space Z :=
P> 7.1,13. Most significantly, the Cox ring of X is the factor algebra

R(X) = R(Z)/{g) = K[To1, Ti1, Tor, Taa]/{Toh + TE + Ton Taz),

where the grading of the Cox rings R(X) and R(Z) by the divisor class
group Cl(X) = Cl(Z) = Z are given by

deg(T01) = 2, deg(Tog) = 7, deg(Tn) = 1, deg(Tgl) = 13.

This picture extends as follows. The arbitrary rational projective K*-
surface X comes embedded into a certain toric variety, is given by specific
trinomial equations as above and the key features of the K*-action as well
as the geometry of X can be extracted from the defining data. Here comes
the construction provided in [25,29]; see also |2, Sec. 3.4].

CONSTRUCTION 2.4. Fix r € Z>1, a sequence ng,...,n, € Z>1, set
n:=mng+ ...+ n,, and fix integers m € Z>p and 0 < s < n+m —r. The
input data are matrices

A = [ag,...,a;] € Mat(2,r+1; K), pP= { 5 3, } € Mat(r+s,n+m;7Z),
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where A has pairwise linearly independent columns and P is built from an
(s x n)-block d, an (s x m)-block d’ and an (r x n)-block L of the form

—lp 4 ... O

L = , li = (lﬂ,...,lmi) S Zgil

—lop 0 ... I
such that the columns v;;, v;, of P are pairwise different primitive vectors
generating Q" as a cone. Consider the polynomial algebra
Denote by J the set of all triples I = (i1,1i2,i3) with 0 < i1 <9 < i3 <r
and define for any I € J a trinomial

Tl s ]

gr = g’il,iz,ig = detl i i2 3

Th . Tili'l...Tli”i_
Qi Qg Qg

% ing

Consider the factor group K := Z"t™/im(P*) and the projection
Q: Z"t™ — K. We define a K-grading on K[T};, Si] by setting
deg(Tij) = wij = Qleyy),  deg(Sk) = wp = Qlex).

Then the trinomials g; just introduced are K-homogeneous, all of the same
degree. In particular, we obtain a K-graded factor algebra

R(A, P) = K[TZ]?SIC] / gr; T €7).

The ring R(A, P) just constructed is a normal complete intersection
ring and its ideal of relations is, for example, generated by g; ;j1+1,i4+2, where
1 =0,...,7 — 2. The varieties X with torus action of complexity one are
constructed as quotients of Spec R(A, P) by the quasitorus H = Spec K[K].
Each of them comes embedded into a toric variety.

CONSTRUCTION 2.5. Situation in Construction 2.4l Consider the com-
mon zero set of the defining relations of R(A, P):
X = Vigr; 1€3) C 7 = K¥tm

Let ¥ be any fan in the lattice N = Z" "¢ having the columns of P as the
primitive generators of its rays. Construction leads to a commutative
diagram

X ¢c Z

ul U

X—7Z

JH |p p|JH

X—7
with a variety X = X (A, P,¥) embedded into the toric variety Z associated
with 3. Dimension, divisor class group and Cox ring of X are given by

dim(X) =s+1, Cl(X) = K, R(X) = R(A,P).

The subtorus T C T" "¢ of the acting torus of Z associated with the sublattice
75 C 7" "% leaves X invariant and the induced T-action on X is of complexity
one.
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REMARK 2.6. In Construction the group H = Spec K[Cl(X)] is the
characteristic quasitorus and X = Spec R(X) is the total coordinate space
of X. Moreover, p: X — X is the characteristic space over X.

REMARK 2.7. As in the toric case, Construction [2.5] yields Cox coordi-
nates for the points of X = X (A, P,Y). Every x € X C Z can be written
as & = p(z), where z € X C Z is a point with closed H-orbit in X and this
presentation is unique up to multiplication by elements of H.

REMARK 2.8. We say that the matrix P from Construction [2.4] is irre-
dundant if we have l;1n; > 2 for i = 0,...,r. In Construction [2.5] we may
assume without loss of generality that P is irredundant. An X (A, P, ¥) with
irredundant P is a toric variety if and only if » = 1 holds.

The results of [2,25[29] tell us in particular the following; see also [26]
for a generalization to higher complexity.

THEOREM 2.9. FEvery normal rational projective variety with a torus
action of complezity one is equivariantly isomorphic to some X (A, P,X).

3. Demazure roots and automorphisms

Here we present the necessary general background and facts on auto-
morphisms of toric varieties and rational varieties with a torus action of
complexity one.

The approach to automorphisms via Demazure roots involves locally
nilpotent derivations. Let us briefly recall some basics from [21]. A deriva-
tion on an integral affine K-algebra R is a K-linear map d: R — R satisfying
the Leibniz rule

6(fg) = o(f)g+ fi(g).
A derivation §: R — R is locally nilpotent if every f € R admits an n €
N with §"(f) = 0. Any locally nilpotent derivation §: R — R defines a
representation

oo

k
Y x Y x s
Np K = Aut(R),  N(s)(f) = exp(s8)(f) i= 3 108
k=0 "
In fact this yields a bijection between the locally nilpotent derivations of R

and the rational representations of K by automorphisms of R. Consequently,
As: K — Aut(Spec R), s +— Spec(\i(s))

is a group homomorphism and, by construction, each of the automorphisms
As(s) of Spec(R) has A\s(s)* = N\j(s) as its comorphism.

As for any complete rational variety, the automorphism group of a toric
variety is an affine algebraic group. Its structure has been studied by De-
mazure |14] and Cox |11]. The following is a key concept.

DEFINITION 3.1. Notation as in A Demazure root at the primitive
generator v; € N of ¥ is an integral linear form u € M satisfying the
conditions

(u,v) = —1, (u,vj) > 0 for all j # 1.
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CONSTRUCTION 3.2. Notation as in[2.1] Let u € M be a Demazure root
at the primitive generator v; € N of 3. The associated locally nilpotent
derivation ¢, on K[T1,...,T,] is defined by its values on the variables:

R

Observe that 62 = 0 holds. Moreover, we have Q(P*(u)) = 0 and thus
0, preserves the K-grading of K[Ti,...,T,]. The corresponding rational
representation of K on K[71,...,T,] is given by

where TP = Tf“’”ﬂ o),

T, + sT, T =4,
iy j#i,
Now, if At K — Aut(Z) leaves Z invariant, for instance, if Z is complete,

then A, descends to a homomorphism \,: K — Aut(Z), the root group
associated with the Demazure root u. In Cox coordinates, we have

Xi(s)(T3) = {

Mi(8)(2) = 2+ szizl We.

THEOREM 3.3. See [11, Cor. 4.7]. Let Z be a complete toric variety
arising from a fan ¥ in a lattice N. Then Aut(Z)° is generated as group by
the acting torus Ty of Z and the images A\, (K), where u runs through the
Demazure roots of 3.

The concept of Demazure roots was extended in [3] to the case of normal
rational varieties X with an effective torus action T'x X — X of complexity
one. Let us recall the basic notions and facts.

DEFINITION 3.4. See [3, Def. 5.2]. Let P be a matrix as in Construc-
tion Consider the columns v;j, v, € N = Z" 5 of P and the dual lattice
M of N.

(i) A wertical Demazure P-root is a tuple (u, ko) with a linear form
u € M and an index 1 < kg < m satisfying

(u,vi5) > 0 for all 4, j,
(u,v) > 0 for all k # ko,
(u,vg,) = —1.

(ii) A horizontal Demazure P-root is a tuple (u, i, 1, C), where u € M
is a linear form, 49 # i1 are indices with 0 < 4g,4; < 7, and
C = (co,...,c) is a sequence with 1 < ¢; < n; such that

lici for all ¢ 75 io, il,

<’LL v; > 07 i#iﬂvih

1Cq . .
roe -1, 1 =11,
(w,vij) >

; i =1g,%1, J# G,
P i:i()u j:Ci,
for all k.

0
0

1
{lij, i # 10,11, J F Cis
0

(u, vy >
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ExAMPLE 3.5. Consider the defining matrix P of the K*-surface dis-
cussed before in Example that means

-7 2 00
P=|-7T011]/].
-4 1 10

As m = 0, there are no vertical Demazure P-roots, but we have a horizontal
Demazure P-root (u,ig,i1,C) given by

w = (-1,0,1), ip =0, i =1 C = (1,1,2).

CONSTRUCTION 3.6. See [3, Constr. 3.4 and 5.7]. Let A and P be as
in Construction Given iy # i1 with 0 < 4p,4; <7 and C = (cg,...,cp)
with 1 < ¢; < n; we define C = C(io,il,C) = (CU:Ck) e zntm by

lija ,L'?éi(]ail) j#ch
Gj = -1, i=4, j=c, G == 0,k=1,....,m.
0 else,

Moreover, to v € M and the lattice vectors ¢ € Z"™™ just introduced we
assign the following monomials

=TI T s = 1T TSt
4,7 4,7

Every Demazure P-root x defines a locally nilpotent derivation J, on
K[T3j, Sk]. If & = (u, ko) is vertical, then one sets

B Sk, k= ko,

5o(Ty) = Oforalli,j,  6.(Sp) =
(T35) or all 7, j (Sk) {0’ k£ ko,

If k = (u, g, 11, C) is horizontal, then there is a unique vector 8 = (A, g, i1)
in the row space of A with 3;, =0, 5;; = 1 and one sets

B.hl s s ﬂ i — e
0n(Tiy) s= Q VPne Whiio 0> I =005 () = 0, k=1,...,m.
0, J # ci

In both cases, the derivation d, repects the K-grading. Moreover, §, leaves
the ideal of defining relations of R(A, P) invariant and thus induces a locally
nilpotent derivation on R(A, P). This gives us

e = As,t K = Aut(X),

where ), is the additive one-parameter group associated with the locally
nilpotent derivation ¢, of R(A, P). If X is invariant under A, for example,
if X is complete, then the root group associated with x is

Aw = As, 0 K — Aut(X).

EXAMPLE 3.7. We continue the discussion started in 2.3l and B.5l Recall
that the K*-surface X comes embedded into a weighted projective space Z
via

X = V(T[, + T4 +TnTy) C Pariiz = Z
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We determine the root group A.: K — Aut(X) arising from the horizontal
Demazure-P root k = (u,ig,i1,C) given by

u = (-1,0,1), g = 0, i1 = 1, C = (1,1,2).
First we have to write down the monomials A% and h¢ and the vector /3 from
Construction These are
hu
he
Next we describe the derivation ¢, : R(A, P) — R(A, P). It is determined
by its values on the variables T;;, which in turn are given as

W = T3T e, K¢ = Ty T, = T35, B = (0,1,-1).

O
0x(To1) = 0, 0e(Th1) = T(%a = T5 Do,
oTh
6x(To1) = 0, 6x(Tao) = Tg’laTn = T3 1.

For computing the exponential map, we have to evaluate the powers of d,
on the variables. For T7; and T, this needs further computation:

2(Ty) = 6:(T5Te) = T50x(To1) = 0,
02 (Tn) = 6u(-TgTn) = —2T56.(Tn) = —2I5 T,
3(Tag) = 6x(=2T8Ty) = —2T50x(T21) = 0.

Using this, we directly obtain the comorphism A.(s)* = exp(sd.). On the
variables T;; it is given by
Tor — To,
Tu = T+ sTHTo,
Ty — Ta,
T22 = T22 — QST(%TH — 82T§1T21.
Consequently, we can represent each automorphism A, (s): X — X, where
s € K, explicitly in Cox coordinates as
[z01, 211, 221, 222] + [201, 211 + Szglzm, 221, 222 — 28231211 - 82281221]-

One of the central ingredients of the first chapter is the following result
on automorphisms of varieties with a torus action of complecity one.

THEOREM 3.8. See [3, Thm. 5.5 and Cor. 5.11]. Let X = X (A, P,X) be a
complete variety arising from Construction . Then Aut(X)° is generated
as a group by the acting torus Tx of X and the root groups associated with
the Demazure-P roots.

Every Demazure P-root in the sense of Definition [3.4] also hosts a De-
mazure root in the sense of Definition [3.1] We spend a few words on the
relations among the associated automorphisms.

REMARK 3.9. Consider a complete variety X = X (A, P,¥) and its am-
bient toric variety Z as in Construction [2.5]
(i) Let kK = (u, ko) be a vertical Demazure P-root. Then u is a De-
mazure root at vg,, each A\, (s) € Aut(Z) leaves X C Z invariant
and the restriction of A\, (s) to X equals A\, (s) € Aut(X).
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(ii) Let k = (u,ip,i1,C) be a horizontal Demazure P-root. Then
u is a Demazure root at vj, . In general, the automorphism
Au(s) € Aut(Z) does not leave X C Z invariant.

ExXAMPLE 3.10. Consider once more the K*-surface X C Z = P37 113
from As seen in [3.5] we have the horizontal Demazure-P root xk =
(u,ig,11,C), where

u = (-1,0,1), ip =0, i =1 C = (1,1,2).
In Example [3.7, we computed the associated root group. In Cox coordinates
the automorphisms A, (s) are given by

[201, 211, 221, 222] = [2017 z11 + slezm, 221, 222 — 28231211 - 822’81221]-
The linear form wu also defines a Demazure root at v1; for Z in the sense of
Definition 3.1} By Construction [3.2] the corresponding automorphisms are

M(8): Z — Z, [201, 211, 221, 222] = [201, 211 + $To To1, 221, 222)]
Observe that these ambient automorphisms do not leave the surface X C Z
invariant. For instance, we have

r = [1,0,—-1,1] € X, A(1)(z) = [1,1,-1,1] ¢ X.
The toric variety Z = P2 71 13 admits two further Demazure roots, each at
the primitive ray generator vos, namely
o = (0,-1,1), o’ = (—=1,-1,2).
The corresponding derivations vanish at all variables T;; except for Tho, and
on 15 the evaluations are given as
5w (To2) = To T, 5y (Th2) = T To.

With the associated automorphisms of Z, we can represent \.(s) on X as a

composition of ambient automorphisms

Mo(5) = Au(s) 0 Aur(=25) 0 Ay (—5%)|x
4. Automorphisms of complete toric surfaces

We consider the toric variety arising from a complete fan and investigate
groups of automorphisms generated by the acting torus and root groups
arising from Demazure roots at one or two generators. The results are given
in Propositions [£.2] and [£.:4 As an independent application we present in
Proposition [£.9] the automorphism groups of the projective toric surfaces.

REMINDER 4.1. Let G, H be groups and ¢: H — Aut(G) a homomor-
phism. The semidirect product is the set G x H together with the group
law

(g,h) (g, h) = (g9(h)(g"), hh').
The notation for the semidirect product is G'x, H and we call ¢ the twisting
homomorphism. Observe that G = G x{ep} is a normal subgroup in Gx, H.

PROPOSITION 4.2. Let ¥ be a complete fan in Z", denote by P =
[U1,...,v;] the generator matriz and let Z be the associated toric variety.
Moreover, fix 0 < ig < r and let ui,...,u, be pairwise distinct Demazure
roots at vj,.



4. AUTOMORPHISMS OF COMPLETE TORIC SURFACES 21

(i) Let 1 <j <k <p. Then 6y;0u, = 6u,0u; = 0 holds. In particular,
for any two sj, s € K, we have
S\Uj (sj)*j‘uk(sk)* - S‘Uk(sk)*j‘uj (Sj)*

(ii) Let U C Aut(Z) be the subgroup gemerated by the root groups
Aups- -5 A, Then we have an isomorphism of algebraic groups

0: K — U, (515--,8p) = Auy(51) -+ Au, (8p)-
(iii) The acting torus T™ C Aut(Z) normalizes U C Aut(Z) and we
have an isomorphism of algebraic groups
U: KP x4y T" — UT", (s,t) — O(s)t,
where the twisting homomorphism ¢ : T" — Aut(KP) sendst € T"
to the diagonal matriz diag(x"'(t),...,x"(t)).

In the proof and also later, we will make use of the following fact; see
for instance [17, Lemma 1].

LEMMA 4.3. Consider a complete fan 3 in Z™, the associated toric va-
riety Z and a Demazure root u of 3. Then, for allt € T™ and s € K, the
root group \, associated with u satisfies t = Ay (s)t = A (X“(1)5).

PROOF OF PROPOSITION [£.2] We prove (i). Due to the definition of
du; and dy, given in Construction we have 0y, (T;) = 6., (T;) = 0 for all
1 # ig. We conclude

whenever i # ig. Moreover, using the Leibniz rule, we compare the evalua-
tions at Tj, and obtain

81y Ou (T,) = 8o H Ti<uk,v¢> =0 = dy H Ti<u]',vi> — Gy du, (Tiy)-
i#ig i#i0
As §; and 0, commute, we can apply the homomorphism property of the
exponential map which yields

S\Uj(sj)*j\uk (sp)* = exP(8;j0u;+5k0u;,) = exXp(Sgdu;, +5;j0u;) = Xuk (sk)*j\uj (sj)".

This proves (i). As a consequence, Ay; and Ay, commute. Thus, the map ©
from (ii) is a homomorphism. Let us see why © is injective. Assume

O(s1,...,55) = Auy(s1)--- /\up(sp) = idy.
The task is to show s = ... = 5, = 0. In Cox coordinates, the automor-
phism ¥ := O(s1,...,s,) of Z is given by
— 5 Zio + slzp*ulzio + ...+ ssz*“f’zio, 1 =10,
: b Z = . .
! Zi 1 # 1p.
Consider the set Zy C Z obtained by removing all V (T}, T;) from Z = K,

where ¢ #£ j. Then ¢ = idz implies that there is a morphism h: Zy— H =
ker(p) with

Wz) = h(z)-z for all z € Zy.
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As H is a quasitorus, h must be constant. Since H acts freely on V (T},)N Zo,
we obtain h(z) = ey for all z € Zj. Consequently,

s120 “1+...+ssz U =0 for all z € T".
Since vy, ..., v, generate Q" as a vector space, the dual map P* is injective.
Thus, as u1,...,u, are pairwise distinct, we can conclude
51 = ... = 5, = 0.

We verify (iii). Using (ii) and Lemma we see that T" normalizes U. In
particular, UT™ C Aut(Z) is a closed subgroup. By the definition of © and
applying again Lemma [£.3] we obtain

O(5)0(¢(t)(s) = O(s)B(" (t)s1,-.., x"*(t)s,) = O(s)t™ O(s")t.

4

We conclude that ¥ is a group homomorphism. Since U is unipotent and
every t € T is semisimple, we have U N T" = {idz}. Thus, ¥ injective.
Using (ii) again, we see that U is surjective. O

PROPOSITION 4.4. Let ¥ be a complete fan with primitive generators
V1,...,0 and Z the associated toric variety. For ig # i1 and € > 0, let
u, uz be Demazure roots at vj,, v;, respectively, such that (u,v;) = 0 and

(Ue, Vi) = €.

(i) For p = 0,...,¢, set uy, := u:. + (¢ — p)u. Then each uy, is a
Demazure root at v;, with (u,,vi,) = p and for every 0 < o < ¢
we have

Nt (S)AU(Q) = Au(‘]) H )\uM (5 (Z) qa—u> .
n=0

(ii) Let U,V C Aut(Z) be the subgroups generated by Ay, ..., Ay, and
by Ay, respectively. Then V normalizes U and

D K6+1><|<pK — U‘/v (SOa"'75€7Q) = AUO(SO).")\UE(SE)AU(Q)

is an isomorphism of algebraic groups, where the twisting homo-
morphism ¢: K — Aut(Ke*t1) is given by the matriz valued map

a=1\ a—p >
_1)4 , = U,

q— Alg) = (aua(q)), where aua(q) = {(u 1) 1%
07 a < M.

(iii) The acting torus T™ C Aut(Z) normalizes UV C Aut(Z) and we
have an isomorphism of algebraic groups

U (K %, K) 3, T — UVT", (5,q,t) — ®(s,q)t,

where the twisting homomorphism ¢: T" — Aut(K*t x,K) sends
t € T" to the diagonal matriz diag(x* (), ..., x" (t), x“(t)).

Proor. We show (i). The fact that each w, is a Demazure root as
claimed is directly verified. Now, write P = [v1,...,v,;]. Then we compute
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in Cox coordinates:

)\u(Q) (Z)P*(ua) = Z + qzzo )eio

= (Z’LO qZi, H Zi<u,’Uz'>> H Zi(ua,vi>
=0

iig

— (Z auzanza u)uvl)quavz
n=

0 1=0 i#i0

_ ot T et (@=mu)
> (7)1

= a ( )q _HZP (UM)
1%
pn=0

Next, using (u,v;,) = 0, we see that the monomial 2" () does not depend
on z;, and thus, for any a € K, obtain

M(@)(z +aei) = z+ae;, +q(z+ ae;,)”
= 24 ¢ 4 qe
= M(@)(2) + ae;,.

Set for short t, := s(z)qa*“. Then, applying the two computations just
performed, we can verify the displayed formula as follows:

Aua ($)Mu(@)(2) = Aulg)(2 )+Szz'1/\u(Q)( )P*(““)ez'l

= )+ Z tuzzl eZl

= )‘u( )( ug tO +Zt,uzz u“ €iy

= M@, (ta) - Mg (t0)(2),

where we used that all the u, are Demazure roots at v;; and hence for every
puw=0,...,a—1 we have

ZZ'IZP*(U”JFI) - )\(t,u)(z)ilA(tu)(z)P*(u”)-
We turn to (ii). First note that V normalizes U, since by the identity

of (i) it normalizes each A, (K), where o = 0,...,e. In particular, UV is a
closed subgroup of Aut(Z). Now, for s € K *! and ¢ € K, set
U(s) = ¥(s,0) U(r) := ¥(0,q).

By the nature of ¥, we then have ¥(s,q) = ¥(s)¥(g). Moreover, showing
that W respects the multiplication of (s, ¢) and (s’,¢’) means to verify

U(q)¥(s") = ¥(p(a)(s)¥(q)
For this, write s’ = sjeg + ... + sLe. with the canonical basis vectors e; €
Ké*+!. Then for each she;, the above equality is a direct consequence of the
definition of ¢ and the identity provided by (i). Thus, ¥ is a homomorphism.
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Proposition tells us that ¥ maps K+ isomorphically onto U and
K isomorphically onto V. In particular, ¥ is surjective. Now consider
an element (s,q) € ker(¥) with s # 0 and ¢ # 0. As in the proof of
Proposition we work in Cox coordinates. The element (s, q) restricted
to the identity on V(T},,T;,) € Z. By our assumptions, v;, and v;, form
part of a lattice basis of Z" and thus H acts freely on V(T;,,T;,); see [2}
Prop. 2.1.4.2]. We conclude s =0 and ¢ = 0.

Finally we note that the verification of Assertion (iii) runs exactly as for
the corresponding statement of Proposition [4.2] O

We enter the surface case. The first step towards our description of
the automorphism groups is combinatorial: we specify the fans admitting
Demazure roots at two or more primitive generators.

PROPOSITION 4.5. Let N and M be mutually dual two-dimensional lat-
tices. Consider distinct primitive vectors v,v',w,w’ € N and u,u’ € M such
that

(u,v) = —1, € :=(u,v) >0, (u, w) >0, (u,w'y >0,

(W) =-1, &:= @ v) >0, (u';w) > 0. (u',w') > 0.

Assume € = 0 or ¢ = 0. Then we have w € cone(—v,—v") and, choosing
suitable Z-linear coordinates on N, we achieve

v = (1,0) v = (0,1), u = (—1,¢), u' = (¢, -1).

Assume &,& > 0, w & cone(v,v’) and w' # w. Then each of u,u’ annihili-
ates w and w'. Choosing suitable Z-linear coordinates on N and b € Z>1,
we have

v=(1,0), u=(-1,1), w=(-1,-1),

v=(b—-1,0), ' =(1,-1), w' = (1,1).

PROOF. By assumption v and v' generate Ng as a vector space and w
is not a multiple of one of v,v". Thus, we can write w = —nv — n'v’ with
1,7 € Q. Evaluating the linear forms u and u’ yields

n—E& = (ww) =0, W —&n = (W w) >0
Assume £’ = 0. Then 1,7’ > 0, hence w € cone(—v, —v"). Moreover, (v,v’)
is a basis of N as it is sent via (u,u’) to a basis of Z2. Clearly, (v, v’) provides
the desired coordinates. Now assume &, & > 0 and w ¢ cone(vy,v2). Then

n =& =& >0 0>y >y >0
We conclude £ = & =1 and n = n/. This implies v’ = —u. Consequently,

each of the linear forms v and «’ annihilates w and w’. With respect to
suitable Z-linear coordinates on N, we have

v = (1,0), v = (a,b), where 0 <a <b.

Then (u,v) = —1 implies u = (—1,z) with € Z. Moreover, (u,v') =1
gives us bx = a + 1. Because of b > a, we must have x = 1. Consequently,
b=a+1>1 holds. We conclude

u=(-1,1), o' =(1,-1), w=(-1,-1), ' =(1,1).
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O

COROLLARY 4.6. Let X be a complete fan in Z? and P = [v1,...,v,] the
generator matrix of . Let Demazure roots my at v1 and mo at ve be given.
(i) Assume that (m1,v2) = 0 or (ma,v1) = 0 holds. Then, with respect

to suitable Z-linear coordinates, we have

v1 = (1,0), vy = (0,1), v; € cone(—v1, —va), i =3,...,T

and, denoting by £(X) the minimum of the slopes of the lines
Qus, ..., Qu,, the Demazure roots of ¥ at vi and vo are given as

U:(—l,O), u§:(§,—1), 0§£§§(E)
Assume in addition that some v; with i > 3 admits a Demazure root
u'. Then, according to the value of £(X) and suitably renumbering,

we have
§(X)=0: v3=(-1,0), o =(1,0), v4=(0,-1), u"=(0,1),

EX)>0: v3=(-1,-&%)), «' =(1,0), wvs=(0,-1)
as the lists of the remaining primitive generators and the remaining
Demazure roots of the fan X, where vy is optional in the second
case.

(ii) Assume that (mi,v2) > 0 and (mg,v1) > 0 hold. Then r =3 or
r =4 and with respect to suitable Z-linear coordinates, we have

V1 = (170)a Vg = (b_ ]-7b)a v3 = (_17 _1)7 Vg = (1a ]-)7

where b > 1. The possible Demazure roots of ¥ are u = (—1,1)
at vi, next v = (1,—1) at va and, ug = (§,1 — &) at v, where
0<g<o.

PrROOF. We show (i). We may assume (mp,vs) = 0. In this setting, the
first part of Proposition shows v; € cone(—vy,—vg) for i = 3,...,r and
provides us with the desired coordinates. Moreover, 0 < & < &(3) holds
because (u¢) evaluates non-negatively on v; for ¢ > 3. Now, let v; with ¢ > 3
admit a Demazure root u’. We may assume ¢ = 3 and then have

V3 = (—(L,—b), a,bEZZ()’ u = (C,d), c,d € ZZO-

So, (u/,v3) = —1 means —ac — bd = —1. Consequently, ac = 0 or bd = 0.
Consider the case bd = 0. Then a = ¢ = 1. According to b = 0 and d = 0,
we arrive at

o = (1,0), w3 = (=1,0), o = (1,0), w3 = (=1,-b).
Observe b = £(X) and that we must add v4 = (0, —1) if b = 0 and may add
it if b > 0. The case ac = 0 delivers nothing new. We turn to (ii). Here,
we may assume v3 ¢ cone(vi,v2). Then the second part of Proposition

brings us to the setting of (ii) and, similarly as above, the statement on the
Demazure roots is obtained via straightforward calculation. O

REMARK 4.7. The toric surfaces behind the fans of Corollary pro-
vided we have at least three primitive allowing a Demazure root are the
following. In (i), we have Py x Py if £(X) = 0 and for {(X) > 0 we obtain
the weighted projective plane Py ;5 for » = 3 and the Hirzebruch surfaces
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Zp, where b € Z>1, for r = 4. The latter two are also the ones showing up
in (ii).

Now we begin to invesigate of the structure of the automorphism group
in the surface case.

PROPOSITION 4.8. Situation as in Corollary [4.6 (ii). Then for r = 3
and r = 4 the following holds. For 0 < & < b, the root subgroups given by u,
u' and ug satisfy

b min(v£) B
Aug (MAu($) A () = Au(8) A () H Au, (r <i> (l; - IZ) Sg_u(S/)V_M) |
v=0 =

n=0

Let U C Aut(X) be the subgroup generated by Ay, - .., Ay A and Ay Then
we have an isomorphism of algebraic groups

Ty: KO %, K2, — U,
(105,70, 8,8") > Au(8) 0 A (8) Ay (T0) - -+ Ay, (1),

Here, the twisting homomorphism s: K> — Aut(K**1) is given by the ma-

triz valued map (s,s’) — B(s,s') = (bji(s,s')), where bji(s,s’) = 0 for
1< j and
min(j—1,i—1) /.
1 b_ . )
pn=0

ProOF. First recall that both v and «’ evaluate to zero on vs. Further-
more, one directly computes

<u€> U1> = §7 uﬁ—({—,u)u = Uy, <u,u7 U2> = b_:ua Uu+(b—ﬂ—l/)ul = Up—p-

Thus, applying Proposition to the pairs roots wu,u¢ and u/ , Ug, We can
verify the first assertion:

¢
Aue(MAu(HAw(8) = Xuls) [] Aun (T (i) 5§_u> A (s")
pn=0
§ b— B
= )\u(S))\u/(S,) H 1_f>\b—l/ (7“ (i) SE_M <b ) M) (Sl)b—u_y>

u=0v=0
b min(v,&) B
s T ()
v=0 pu=0
b min(v,§) B
= )\u(s))‘u’(sl) H )\uu (’I" Z <§> (Z B M) Sﬁ—u(s/)u—ﬂ)
v=0 u=0 1% 1%

For second assertion, we proceed similarly as in the proof of Proposition [4.4]
The property that ¥y is a group homomorphism reduces to the following,
whih is a consequnece of the first assertion.

Uo(r)Ws(s,s) = Wy(pa(s,s’))Wa(r).

By definition, Wy is surjective. To see injectivity, take (s,s’,r) € ker(¥s).
Then, working Cox coordinates, we find an h € H with Uy(s,s',r)(z) = h-z.
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we conclude s = 0, s’ = 0 and r = 0, using the fact that the H-action is
explicitly known in our situation. (]

PROPOSITION 4.9. Let 3 be a complete fan in Z2, denote by (X)) the
number of primitive ray generators admitting a Demazure root and by p(X)
the total number of Demazure roots of 3. Then the unit component of the
automorphism group of the toric surface Z defined by % is given as follows:

Z (%) Aut®(Z) p(2)
— 0 T? 0
- 1 K? x4, T2 p
- 2 (KP 3, K) %y, T2 | p+1
Piap, b>2] 3 | (KM %, K2) iy, T2 | b+ 3
Zy, b>1 3| (K xy K2) %y, T2 | b+ 3
P, 3 PGL3(K) 6
]P)l X ]P)l 4 PGL2 (K) X PGL2 (K) 4

The twisting homomorphisms ¢ and ¢’ are given by upper triangular ma-
trices ¢(s) = A = (aj) and ¢'(s,s') = B = (bj;), where for i > j we
have

. min(j—1,4—1) /.
1—1\ . . 1—1 b—pu 1 1
o= i—7J bz — i—1—p N\j—1 B
Q5 <j_1>8 ’ ] Z ( " )(b—j—i—l)s (8)

pu=0

Furthermore the twisting homomorphism for the toric factors are given by
the following diagonal matrices:

1/)1(151,752) = diag(t;l,...,tfl)
Yoltr,ty) = diag(ty ' taty .. ),
Pa(ti,to) = diag(ta,tr,tity L, ... thty P tity ) 17 o).

PROOF. The cases of P, and Py x P; are well known. So, let Z arise
from a complete fan admitting Demazure roots and denote by U C Z the
subgroup generated generated by all the root groups. If only one primitive
generator of X allows Demagzure roots, then Proposition yields U = K”.
If there are roots at exactly two primitive ray generators, Proposition [.4]
shows that U = K” x, K is as claimed. In the cases Z = Py 1, or Z = Z,
Proposition tells us that U = K? % K? is as in the assertion. Finally,
using Lemma we see that also the twisting homomorphisms 1, 9 and
13 are the right ones. O

5. Representation via toric ambient automorphisms

The main result of this section, Theorem is an important ingredient
for the explicit handling of automorphisms in the subsequent sections; it
represents automorphisms of a variety with torus action of complexity one
as restrictions of explicitly accessible automorphisms of its ambient toric
variety.

CONSTRUCTION 5.1. Situation as in Construction 2.4 Let & =
(u,1ig,%1,C) be a horizontal Demazure P-root. Define linear forms

o ! ! _ . . .
Uy, = vu+e, —e € M, v=1.. b, L # ig, 11,
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where e := 0 and €, ..., e, € M are the first r canonical basis vectors. So,
the values of u,,, on the columns v;; and vy of P are given by

V(u,vij> + lij, 1 =11,
(Upy,vij) = Sv(w,vi5) —lij =1, (Up,v) = v(u,vg), k=1,...,m
V<u)vij> i#ilaLa
LEMMA 5.2. Let 6 and &' be derivations on the polynomial ring
K[T1, ..., .
i) We have 6(a) =0 for every a € K.
(ii) If 6(T;) = 0(0) holds fori=1,...,n, then 6 =0 holds.
(iii) If 0'(T;) = 6(T;) holds for i = 1 ,m, then &' = 4§ holds.
(iv) If §'0(T;) = 0 holds fori=1,...,n, then §'6 = 0 holds.
(v) If 8'0(T;) = 66'(T;) holds for i = 1 ,n, then 0’6 = 88" holds.

PRrROOF. The statements are directly verified by using the defining prop-
erties of derivations and fact that K[T1,...,T),] is generated as a K-algebra
by the variables 171,...,T,. O

LEMMA 5.3. Consider linear forms w,, and u, , as in Construction
and the associated derivations 6y,, and 6y, , on K[Tj;, Sy] as provided by
Construction [3.2.

(i) The linear form w,, € M is a Demazure root at v,., € N in the
sense of Definition|3.1].

(ii) The derivation 6, annihilates all variables T;; and Sy, except T,.,,
where we have

7‘1‘311 —v

6ul/L( LCL) - fUVL 1162

with a monomial fy,, in the variables T;;, Sy but not depending
on any Ty, with i # 1ip.
(iii) We have dy,, ,0u,, = Ou,,0u,, , = 0. In particular, the derivations
Ou,,, and 5%/’&' commute. ’
(iv) For any two s,s' € K, the automorphisms Ay, (s)* and Ay, ,(s')*
of K[T1,...,T,] satisfy ’
/_\uy,%,(s’)* o qu(s)* = exp(s’(iuy,’b, + 504, )-

In particular, A, (s)* and Ay, ,(s))* as well as the associated

automorphisms Ay, (s) and Ay, ,(s') of Z commute.

Proor. For (i), we need that u,, evaluates to —1 on v,., and is non-
negative on all other columns of P. By Definition [3.:4] the latter is clear for
all v, and v;; with (¢,7) # (41, ¢, ) or @ # ¢. For the open cases, we compute

<u”’“vilci1> - V<u7vi16i1> +live, = live;, — Vs
> (v—-0l,;, j#c
<uV7L7 vbj> = V(“; ULj> — lL] { ( ) Ly 7é L5

= —1, j=c,.
We turn to (ii). We infer directly from Construction 3.2 that d,,,, anni-
hilates all variables T;;, Sy except T,., and satisfies

lije, —
_ uu L7U’Lj <’U4V,L,’Uk> _ 1164~V
5ul, . LCL = T, H T H Sk = fu,u,LTz‘lcil )
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where by the compution proving (i) the monomial f, ,, depends neither on
Tiyc;, nor on T, ., and the T, with i # ig,41,¢ have by Definition [3.4] the
exponent

<uV7L7UiCi> = I/<u7v’ici> = 0.
We show (iii). From (ii) we infer that d,,, ,d4,, as well as 0,0y, , an-
nihilate all variables T;; and Si; use Lemma (ii) and (iii). Thus,
Lemma (v) gives

5“1/ L/(suw = 5uu,L6uV/ Joo 0.
To obtain (iv), first note that due to (iii), the linear endomorphisms sd,,,,
and s’ Oy, , of K[T1,...,T,] commute. Thus, the assertion follows from

the definition A;(s)* := exp(sd) and the homomorphism property of the
exponential series. O

THEOREM 5.4. Let X = X (A, P,X) be as in Construction with ¥
complete and k = (u,ig,i1,C) a horizontal Demazure P-root. For s € K set

. 11¢; v _ . . _ .
a(s,v,i) .—B( 1) , v=0,..,m cFdgdi, V=100l

where B is the unique vector in the row space of A with B;, =0 and B;; = 1.
Consider the linear forms u,,, from Construction[5.1] and the automorphisms
lie;
21
ou(s) = H H Au,, (a(s,v,0)) € Aut(Z).
L;éi(),’il v=1

Then the automorphism A (s) of X can be presented as the restriction of an
automorphism of Z as follows:

Ae(s) = Auls) o puls)|x.
More explicitly, the comorphism satisfies M (s)*(Sk) = Sk and Mg (s)*(T};) =
T;j, whenever i = iy or j # ¢; and in the remaining cases

/_\H(s)*(Tilcil) = Tl1czl + s0u( 11611)

lzl CZ1

Me(8) (The,) = Toe, + Z 5,V,1)0u,, (Tic,)

PROOF. By definition, the comorphism of A.(s) equals exp(sd.). In a
first step, we compute the powers d; occuring in the exponential series. We
will make repeated use of the fact

-lil lie, —v
6uV7L (TLCL) = Tchhyuﬁ = fu,l/,LT; L )

16y
L

where A¥“ is as in Construction and fy,,, is a monomial in the
variables T;; and Sj but not depending on any Tj., with ¢ # ip; see
Lemma (ii). Now, recall from Construction that, apart from the
Tic;, all variables T;; and S}, are annihilated by d,,. Moreover, we have

ot}

zcl

5m(ﬂoci0) - ﬁio = 07 n( 11011 /811 hC H

Z#Zom

Zlcilhu = 5U(Ti10i1 )-
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Since 4, (Timl) does not depend on any T, with i # ig, we conclude
§2(T; ici ) = 0. Finally, for ¢ # g, i1, Constructionand the above formula
for v =1 give us

liq

= BLlhcz'lTchhu ji}b = BLlhcz'l(sul,L(TLcL)-

L

oTY
T,

5n( LCL) 5Lh§ H
1#£i0,L

To evaluate higher powers of d,, we use the representation d,,, (T,,) =

fv Zli il - given above. Applying the Leibniz rule yields

5%(5UV,L(TLCL)) = (liml _V)‘Suuﬂ,L(TwL)-

Putting things together, we arrive at

Lo !
61/( LCL) = Bbéd (TL,CL)'

(lirei, =)™

In the next step, we compute the values of Ae(8)* = exp(sd,) on the gener-
ators Tj; and S. From above, we infer \.(s)*(T;;) = T;j, whenever i = ig
or j # ¢;. Moreover, we have

)‘*( ) nczl) = Tncn + 86u(Tiy e )-
Finally, for ¢ # ip, i1, plugging the above representations of the 6%(7,.,) into
the exponentional series gives the remaining statements on comorphisms:
lil"zl

Zl‘zl
)‘*( )(Toe,) = TLcL+Z B (ZIC”) 5uw( we,) = Tie,+ Z 8,V,L) uu,L(TLcL)-

We turn to A\.(s) = Au(s) o pu(s)|x. We verify the corresponding iden-
tity on A\, and A\, o ¢, by comparing the comorphisms. First recall from
Construction [3.2] that we have

N(s) = id + 50y,

where 9§, annihilates all variables T;; and Sy except Tj,.,,. Next note that
u(s) doesn’t depend on the order of composition due to Lemma (v).
Moreover, Lemma (iv) allows to compute

lilcil l’lczl

oul(s)” = H H Au,, (as,v,0))* = id+ Z Z 5,V,1)0u,, -

1#£i0,41 V=1 L1#ig,01 V=1

Now, we explicitly evaluate @, (s)* o A\,(s)* on the generators T;; and Sy of
the polynomial ring K[T;;, Si]. Obviously, we have

Pu(s) 0 Au(8)*(Sk) = @uls)"(Sk) = Sk, k=1,...,m,
Pu(s)* 0 Au(s)*( Ti;) = pu(s)*(Tij) = Tij, i=rigorj#c.

Using 6u(Ti;c;, ) = h* Tjyc,,, where the latter monomial doesn’t depend on
any Tj., with ¢ # iy, we compute

Pu(s)" oy (8)"( 21011) = @u(s)*(Tiwz'l)""‘»EU(S)*(huTiml) T3, ¢, +6u( 11011)
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Finally, for any ¢ # g, i1, we obtain

Thus, comparing with the previously obtained values of A.(s)* on the gen-
erators, we arrive at the identity A.(s)* = @y (s)* 0 Ay(s)* of comorphisms,
which in turn induces the desired equation A.(s) = Ay(s) o pu(s) on Z and
hence X. U

6. Rational projective K*-surfaces

We will use the approach provided by Constructions|2.4]and produc-
ing all rational projective varieties with torus action of complexity one as
X = X (A, P,¥). Recall that the defining (r + s) x (n + m) block matrix P
is of the form

L 0
P = d d = [U()la--'vUOnoa"'avrla---avrnravlv"',vm]a

where the columns v;; and vy, are pairwise distinct primitive integral vectors
generating Q"¢ as a vector space. In the case of a K*-surface X, several
aspects simplify. First, we have s = 1. Thus, the lower part [d,d’] of P is
just one row and m < 2 holds. Observe

’U()j:(—l(]j,...,—loj,doj), Uz‘j:(0,...,O,lij,()...,(),dij), ’iZl,...,T,
where [;; sits at the i-th place for ¢ = 1,...,r and we always have
ged(lij,dij) = 1. Moreover, we arrange P to be slope ordered, that means
that for each 0 < ¢ < r, we order the block vj1, ..., vip, of columns in such
a way that
Mi1 > ... > Ming, where m;; = T
]

Finally, in the surface case the defining fan 3 of the ambient toric variety Z
is basically unique and needs no extra specification. More precisely, the rays
of ¥ are the cones over the columns of P and we always have the maximal
cones

Tij = cone(vij,vin) SEDIN 1=0,...,r, 7=1,...,n; — 1.
Writing v+ = v; = (0,...,0,1) and v~ := vy = (0,...,0,—1) for the

columns of P that arise for m = 1,2, the collection of maximal cones of X
is complemented depending on the value of m as follows
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m=2: (pp) ©F = cone(v*,uq) v
T, = cone(vml ,U7) 3

m=1: (p-e) 7,7 = cone(vt, v;) ; i
oo = cone(vom, ey Urn,)

(e-p) ot = cone(vol, ..., V1) ,

7, = cone(Vi,,v") <

m=0: (ee) ot := cone(vpr,...,vm1) %
o~ = cone(Vongs---Vrn,)

In particular, the K*-surfaces delivered by Construction [2.5] only depend on
the matrices A and P, which allows us to denote them as X = X (A, P). The
K*-action on X is given on the torus T"*! C Z by t -2 = (21,..., zr, t2,11).

REMARK 6.1. Let X = X (A, P) be a K*-surface as above. Then the fan
3} of the ambient toric variety Z of X reflects the geometry of the K*-action
on X, as outlined in the introduction, in the following way.

(i) If P has a column v* or v~, then the toric prime divisor on Z
corresponding to o = cone(v't), or o~ = cone(v™), cuts out a
parabolic fixed point curve forming source or sink:

Dt = BtnX)u{z{}u...u{z},

D™ = (B nX)U{z,}U...U{z, }.
Here B™,B~ C Z denote the toric orbits corresponding to
0,00 € ¥ and xf € B;‘ NX, z; € B; NX are the unique
points in the intersections with the toric orbits Bj, B, C Z cor-
responding to Ti+, T, € X.

(ii) If we have a cone ot resp. 0, in X, then the associated toric fixed
point ™, resp. 7, of Z is an elliptic fixed point of the K*-action
on X forming the source, resp. the sink.

(iii) The toric prime divisor of Z corresponding to the ray g;; =
cone(vj;) of ¥ cuts out the closure D;; C X of an orbit K*.2;; C X.
If P is irredundant, then the arms of X are precisely

Ai = D U...UDi,,, 1 = 0,...,7.

The order of the isotropy group ]K;ij equals /;;. The hyperbolic
fixed point forming D;; N D;j41 is the point cut out from X by the
toric orbit of Z corresponding to the cone 7;; € 3.

DEFINITION 6.2. For any rational projective K*-surface X = X (A, P),
we define the numbers

T o=

= lo1-+ I, m = mo1+...+my1,

= = lopg - lrn,., m- = Mopy + ...+ Mpp,..
REMARK 6.3. Let X = X (A, P). We have [Tm™ € Z and if there is an
elliptic fixed point 7 € X, then

det(oc™) = det(vor,...,v1) = ITm™ > 0.
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Similarly, [”m~ € Z holds and if there is an elliptic fixed point = € X,
then we obtain

det(o™) = det(vongs.--sUrm,) = I"m~ < 0.

Rational projective K*-surfaces turn out to be always Q-factorial. That
means in particular that intersection numbers are well defined. Let us re-
call [2, Cor. 5.4.4.2].

REMARK 6.4. For X = X (A, P), the self intersection numbers of the
orbit closures D;; C X and possible parabolic fixed point curves D, D~ C
X are given by

%(# - #)7 (e'e)a
O B )
Di21 _ . (p p) for 1,
l?{m*’ (e'p)7
l?l_rrlL— ’ (p'e)a
p (s~ momon) 9= Land (e) or (ep),
—1 . — _ _
l?j(mir(mijﬂ)’ : j =1and (p-p) or (p-e),
2 _ —\Mij—1—"Mij41 . )
Dij - l?j(mij—lfjmij)(mjrmijﬂ)’ 1<j<ni for n;
-1 . - .
7 (mij1—mi;) j =mni and (p-p) or (e-p),
l%(_# mijfinij,l)7 j = ni and (e_e) or (p_e)7
ij
(D+)2 — _m+,
(D7)? = m~.

Recall that an irreducible curve D on a normal projective surface X is
called contractible if there is a morphism 7: X — X’ onto a normal surface
X' mapping D to a point 2’ € X" and inducing an isomorphism from X \ D
onto X'\ {z'}.

REMARK 6.5. Consider X = X(A, P). Then, provided that they are

present, the vectors v and v~ satisfy the identities

~1 -1 ot —1 —1 _ -
logvor + ...+l 3vs1 = mToT, lOnovonO—l—...—}-lmrvmr = —m v .

Combining this with Remark we rediscover that D™ and D~ are con-
tractible if and only if they are of negative self intersection.

More generally, contractibility of invariant curves on rational normal
projective K*-surfaces is characterized as follows.

REMARK 6.6. Consider X = X (A, P). Given a column v of P, let
D C X be the corresponding curve and P’ the matix obtained from P by
removing v. Then the following statements are equivalent.

(i) The curve D C X is contractible.
(ii) The matrices A and P’ define a K*-surface X' = X (A, P’).
(iii) We have D? < 0 for the self intersection number.

> 1,
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If one of these statements holds, then D is contracted by the K*-equivariant
morphism X — X’ induced by the map of fans ¥ — ¥’ and there is a unique
cone o’ € ¥ containing v in its relative interior.

We turn to singularities of K*-surfaces X = X (A, P). Note that due to
normality of the surfaces, every singularity is a fixed point.

DEFINITION 6.7. Let X be a rational projective K*-surface and p: X —
X its characteristic space. A point z € X is quasismooth if © = p(z) holds
for a smooth point z € X.

We characterize quasismoothness and smoothness of parabolic, hy-
perpbolic and elliptic fixed points in terms of the defining matrix P of
X = X(A,P). All the statements are direct consequences of the general
(quasi-)smoothness criterion [26), Cor. 7.16].

PROPOSITION 6.8. Consider X = X (A, P). Then we have the following
statements on (quasi-)smoothness of possible parabolic fized points.

(i) All points of Bt C D% are smooth and all points x; € DT are
quasismooth. Moreover, xj € D™ is smooth if and only if l;; = 1
holds.

(ii) All points of B~ C D™ are smooth and all points x; € D~ are
quasismooth. Moreover, x; € D™ is smooth if and only if lin, = 1
holds.

PROPOSITION 6.9. Consider X = X (A, P). Then every hyperbolic fixed
point of X is quasismooth. Moreover, the hyperbolic fixed point correspond-
ing to T;; € X is smooth if and only if l;;41d;; — lijd;j41 = 1 holds.

PROPOSITION 6.10. Assume that the K*-surface X = X (A, P) has an
elliptic fixed point x € X.
(i) If x = x, then x is quasismooth if and only if there are 0 <
Lo, b1 < r with l;1 = 1 for every i # 1o, t1.
(ii) If x = a*, then x is smooth if and only if there are 0 < 19,11 <
with l;1 = 1 for every i # 19,11 and

det(a+) = TmT = lipidi1 +l1dg1 = 1.

(iii) If = x—, then x is quasismooth if and only if there are 0 <
Lo, L1 < r with ly,, =1 for every i # 1o,t1.

(iv) If x = x~, then x is smooth if and only if there are 0 < 19,01 <7
with iy, = 1 for every i # v, 11 and

det(07) = I"m™ = lLon,ydin, + lom, duignyy = —1.

DEFINITION 6.11. Given an elliptic fixed point x € X = X (A, P), we
call the numbers 0 < ¢g,¢1 < r from Proposition [6.10] leading indices for .

As a consequence of Proposition [6.10] we obtain the following charac-
terization of quasismoothness of K*-surface X. We say that a singularity
x € X is a toric surface singularity if there is a K*-invariant open neigh-
bourhood x € U C X such that U is a toric surface. Recall from [12] that
toric surface singularities are quotients of K? by finite cyclic groups.
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COROLLARY 6.12. A rational projective K*-surface is quasismooth if and
only if it has at most toric surface singularities.

PROOF. We may assume that our K*-surface is given as X = X (4, P).
By normality, any singular point of X is a K*-fixed point. The parabolic and
hyperbolic fixed point are toric surfaces singularities due to |2, Prop. 3.4.4.6].

Thus, we are left with discussing quasismooth elliptic fixed points. It
suffices to consider x= € X. Let 0 < 19,11 < 7 be leading indices for z~.
The cone 0~ € X defines affine open subsets

Z- C Z, X = XnZ C X
Recall that =~ is the toric fixed point of Z7. Then X~ is the affine K*-
surface given by the data A and P~ = [vgpn,,- - -, Urn,| in the sense of |30}

Constr. 1.6 and Cor. 1.9]. Consider the defining relations
l l

il"il i2ni2 li3ni3
gil,ig,ig = det 114, 12Ty 13Mig
Agq Ay (79

of the Cox ring R(X ™) of X~. By Proposition the point z~ is quasi-
smooth if and only if l;,, = 1 for all ¢ # ¢, ¢1. The latter is equivalent to
the fact that R(X ™) is a polynomial ring. This in turn holds if and only if
X~ is an affine toric surface. O

REMARK 6.13. Consider X = X (A, P). The canonical resolution of
singularities X’ — X from |2, Constr. 5.4.3.2] is obtained by the following
two step procedure.

(i) Enlarge P to a matrix P’ by adding e,1 and —e,1, if not already
present. Then the surface X' := X (A, P') is quasismooth and
there is a canonical morphism X’ — X.

(ii) Let P” be the slope ordered matrix having the primitive generators
of the regular subdivision of ¥(P’) as its columns. Then X" :=
X (A, P") is smooth and there is a canonical morphism X" — X.

Contracting all (—1)-curves inside the smooth locus that lie over singularities

of X gives X" — X — X, where X = X (A, P) is the minimial resolution
of X.

7. Self intersection numbers and continued fractions

This section presents some variations on [43, Thm. 2.5] (iii) and (iv) on
continued fractions over the numbers —D3,...,—D32  given by an arm of a
smooth K*-surface with two parabolic fixed point curves. Proposition [7.5
shows how to express the entries [;; and d;; of P for smooth X (A, P) of
types (p-p), (p-e) and (e-e) via continued fractions over partial arms. For
convenience, we present the full proofs.

DEFINITION 7.1. Consider the defining matrix P of a smooth rational
projective K*-surface X (A, P). By our assumptions, P is irredundant and
slope ordered.

(i) We call P adapted to the source if it satisfies
(a) —ljp<dp <Ofori=1,...,r,
(0) lot,lin = lo1 > ... > I
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(ii) We call P adapted to the sink if it satisfies
(a) 0< dmi < lini for i = 1,...,7,
(b) lot,lin > lo1 > ... = Uy,
DEFINITION 7.2. Consider a smooth rational projective K*-surface X =
X (A, P) and the entries [;; and d;; of the defining matrix P.

(i) Assume that X has a parabolic fixed point curve D and let P be
adapted to the source. Set

fori=0,....,7: lip:=0, di:=1, DZ:=(D")?
fori=0: li(—l) = —l11, di(—l) = dn,
for ¢ = 1, e, T li(—l) = —l01, di(—l) = dOl-

(ii) Assume that X has an elliptic fixed point 2~ and let P be adapted
to the sink. Set

fOI‘ 7= O . lOno-H = _l1n17 d0n0+1 = d1n1,
fori=1: l1n1+1 = _lonou d1n1+1 = dOnoa
for ¢ = 2, cee, Tl l'ierl = _l0n0l1n17 dini+1 = —1.

LEMMA 7.3. Consider a smooth rational projective K*-surface X =
X (A, P) and the curves Dj; in the arms of X.

(i) Assume that X has a parabolic fized point curve DT and let P be
adapted to the source. Then, forallt =0,...,7andj =0,...,n;—
1, we have
—1;;D}; = lij1 +lijia, —d;;D}; = dij1+ diji1.

(ii) Assume that X has an elliptic fized point curve x~ and let P be
adapted to the sink. Then, for allt =0,...,r and j = 2,...,ny,
we have

—1;;D}; = lij1 +lijia, —di;D}; = dij1+ diji1.

PROOF. The statements follow directly from the computation of self
intersection numbers of X = X (A, P) in terms of the entries of P given in

Remark 0
REMINDER 7.4. Given any finite sequence ay, ..., ai of rational numbers,

consider the process

1 1
CFi(a1) = a1, CFa(ai,a2) =ai——, CF3(a1,a2,a3)=a1— T

a9 ag—a

Provided there is no division by zero, these numbers are called continued
fractions. The formal definition runs inductively:

1
Ckal(ag, e ,ak) )
ProrosiTiON 7.5. Consider a smooth rational projective K*-surface
X = X(A, P) and the curves D;j in the arms of X.

(i) Assume that X has a parabolic fived point curve DT and P is
adapted to the source. Fix 0 < i < r and 1 < j < n; and for
k=1,...,5—1 set

fijk = CFk(—DEj_k,...,—DEj_l).

CFi(a1) == a1,  CFylar,...,a;) == a1
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Then the entries l;; and d;; of the matriz P can be expressed in
terms of the above continued fractions fi;, as

j—2
i1 - ((D+)2f0jj—1 - 1) I1 foi i=0,
k=1
lij = H fijk, dij = i
k=1
= [ fisn i #0.
k=1

(ii) Assume that X has an elliptic fized point x~ and P is adapted to
the sink. Fix 0 <i<rand1<j<n;andfork=1,...,57—1 set

hijr = CFk(—Dzzni—jJrkw--a—DiQni)-

Then the entries lin,—j and din,—; of the matriz P can be expressed
in terms of the above continued fractions as

J J—1
lni—j = H hijk lmi — H hijk lini—i—l?
k=1 k=1

J i=l
dn,—j = | T Pijn | dins = | TT Pisi | dings1-
k=1 k=1

ProOOF. For both assertions, the proof relies on partially solving tridig-
onal systems of linear equations of the following form:

ap —1 0 T by
—1 ag —1 i) 0
0 -1 a, T bn

In [35, Thm. 15], the solutions are explicitly computed via continued frac-
tions in the entries. In particular, with fr := CFg(ag,...,a1), it gives

us
n n—1
by = (H fk:) Ty — <H fk:) by,.
k=1 k=1

We verify (i). Due to smoothness, Proposition (i) yields l;; = 1. Now,
the relations among the [;; provided by Lemma (i) can be written as
follows

-D; ., -1 0 lij—1 Lij
-1 -D}, -1 lij—o 0
-1 -D2 -1 lia 0
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Thus, the above formula for b; gives the desired presentation of /;;. With
the d;;j, we proceed analogously. In order to verify (ii), look at

~Dj, i1 2—1 0 lini—j+1 lini—j
-1 _Dmi—j+2 -1 lini—j+2 0
—1 —D?ni_l -1 lin;—1 0

0 -1 -D3,. lin, lin,+1

encoding the relations among the /;; from Lemma (ii) and apply the
above presentation of b;. Again the d;; are settled analogously. O

COROLLARY 7.6. Consider a smooth rational projective K*-surface X =

X (A, P).
(i) Assume that there is a fized point curve DY C X and that P is
adapted to the source. Fiz any choice of indices 1 < j; < n;, where

1=20,...,r. Then we have
T T
(D+)2 = = Zmiji - ZCF]"L_].(_D?I’ RER) —D%ji— )_1-
i=0 i=0

(ii) Assume that there is a fized point x= € X and that P is
adapted to the sink. Fix 0 < j < ng — 1 and set o= :=

cone(Vong—j, Vings - - - » Urn,. ). Then we have:
lono—j  _ CF;(—D? -D} )7
— - g e e e . ni-.
det(a—) J ;) ) mi;—j+ 1

PROOF. We prove (i). Proposition[7.5] (i) allows us to express the slopes
m;j, in the following way:
_ +\2 -1 _ —1 o
mojo = —(D7)" = fojejo-1: Mij; = —fijgi-1 =L
By the definition of the f;;i, this directly leads to the desired representation
of the self intersection number:

T T
2 —1 —1
(D*)* = —mqj, — fojojo—1 = _Zmiji - Z ijiji—1°
i=0 i=0
We turn to (i). Since X is smooth, Proposition (iv) tells us det(o™) =
—1. Thus, setting hg := hgj1 - - - ho;j, we have
-1 = det(o7)

= lOnOdlnl + llnl dOno

= (h(?ldonrj + hajljdlnl)lhu + din, (hall()?w*j - hajljll?n)

= hal(dom—jllnl + din, lUno—j)

= hy'det(a7),

as is seen by a direct computation. Using the representation of ly,, provided
by Proposition (ii), we obtain

lOn —j _1 .
WO&_)—ZOW) = —ho lOno—j_lonO — hOj]llnl



8. QUASISMOOTH SIMPLE ELLIPTIC FIXED POINTS 39

8. Quasismooth simple elliptic fixed points

The aim of this section is to establish Theorem which specifies ob-
structions to the existence of quasismooth simple elliptic fixed points. This
is a first step towards the proof of Theorem but also has some general
applications to the geometry of rational projective K*-surfaces, see Corol-
laries [8.6] to Let us recall our definition of a simple elliptic fixed point.

DEFINITION 8.1. We say that an elliptic fixed point  of a rational
projective K*-surface X is simple if for the minimal resolution m: X — X
of singularities, the fiber 7=!(z) is contained in an arm of X.

Note that a simple elliptic fixed point has in particular no parabolic
fixed point curve in its fiber of the minimal resolution of singularities. We
discuss two examples of simple elliptic fixed points, making use of the res-
olution of singularities provided by Remark and the formulae for the
self intersection numbers given in Remark

EXAMPLE 8.2. The following matrices P and P define the minimal res-
olutions X — X of non-toric K*-surfaces X, each of them with a simple
elliptic fixed point z~ € X.

(i) Here =~ is ‘quasismooth but singular and the fiber over 2™ equals
the curve D04 C X in the 0-th arm:

-1 -2 -3 1 1 000
P = -1 -2 -3 0 11 o]
0 -1 -2 1 101
-1 -2 -3 -1 1100 0
P = -1 -2 =3 -1 0 0 1 1 0].
0 -1 -2 -1 1010 1

The curve Dy, is isomorphic to a projective line and has self in-
tersection number equal to —2. In other words, = € X is an
As-singularity.

(ii) Here 2~ is not quasismooth and the fiber over ™ equals the curve
Dog C X in the 0-th arm:

-1 -2 -3 -4 -5 -6 -7 1 23000
P = |-1 -2 -3 -4 -5 -6 —-70001 2 0],
| 0 -1 -2 -3 -4 -5 —6 1 1 1 1 1 1
(-1 -2 -3 -4 -5 -6 -7 -1 123000
P = |-1-2 -3 -4-5 -6 -7-1000120
0 -1 -2 -3 -4 -5 6 -1111111

} |

The curve Dyg is of intersection number —1 and has a cusp sin-
gularity. The singularity £~ € X is isomorphic to the Brieskorn-
Pham singularity

0 e VIT+ T3 +T2) C K3,

where we gain this presentation by looking at X N Z,- for the
(smooth) affine toric chart Z,- C Z; compare also [36], No. 2.5 on
p. 72].
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DEFINITION 8.3. We say that a parabolic fixed point curve D C X isof a
rational projective K*-surface is gentle if there is an arm A; = D;;U. . .UD;y,
such that the (unique) point z € D N A; is a smooth point of X.

THEOREM 8.4. Let X be a non-toric rational projective K*-surface X
with a quasismooth simple elliptic fized point x € X.
(i) There is no gentle non-negative parabolic fized point curve in X.
(ii) There is no other quasismooth simple elliptic fized point in X.

REMARK 8.5. The assumption that X is non-toric is essential in The-
orem A cheap smooth toric counterexample is given by the projective
plane Py: Consider the two K*-actions given by

t-[z] = [20,21,t22], t-[z] = [20,t21,t220].
For the first one, [0, 0, 1] is an elliptic fixed point and V' (T%) a parabolic fixed

point curve of self intersection one. The second one has [1,0,0] and [0, 0, 1]
as elliptic fixed points.

COROLLARY 8.6. FEwvery rational projective K*-surface with two quasi-
smooth simple elliptic fized points is a toric surface.

COROLLARY 8.7. Every quasismooth non-toric rational projective K*-
surface with a simple elliptic fized point has a fized point curve.

The latter says that, when considering quasismooth non-toric rational
projective K*-surfaces X, we always may assume that there is a curve DT C
X. For smooth X = X (A, P), this allows us to complement [43, Thm. 2.5]
by showing that the defining matrix P is basically determined by the self
intersection numbers of invariant curves. More precisely, we obtain the
following.

COROLLARY 8.8. Let X = X (A, P) be smooth, non-toric with P adapted
to DY C X. Then all entries l;; and d;j of P can be expressed via self
intersection numbers according to Corollary[7.5

DEFINITION 8.9. Let X = X (A, P) have a simple elliptic fixed point
r € X. We call 0 <i <r an exceptional index of z if 7~1(z) is contained in
the 4-th arm of X = X (A, P), where 7: X — X is the minimal resolution
of singularities.

Note that for any singular simple elliptic fixed point the exceptional in-
dex is unique. The following characterization of simple quasismooth elliptic
fixed points is an important ingredient for the proof of Theorem [8.4}

PROPOSITION 8.10. Let x € X = X(A, P) be a quasismooth elliptic fixed
point with leading indices vg, t1.
(i) Assume x = xt. Then x is simple with exceptional index 1o if and
only if there exists a vector u € Z" X Z<o such that

<U, UL11> - _la <U,U7;1> = 07 { 7é Lo, L1, <U,U7;j> > 07 [ 7é L.

We have l;1 = 1 whenever i # g, t1. Moreover, if u € Z" X Zi«q is
a vector as above, then the following holds:

0 < mt < —upym*™ <

lLll
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(ii) Assume x = x~. Then x is simple with exceptional index vy if and
only if there exists a vector u € Z" X Z<o such that

<’U,, UL1TLL1> - _17 <U,Umi> - 07 1 7é Lo, L1, (’LL, UZ]) Z 07 ? 7& L1.

We have lip, = 1 whenever i # vg,t1. Moreover, if u € Z" X Zg
is a vector as above, then the following holds:

1
0>m > Uuppim > — .
oo,
LEMMA 8.11. Consider a sequence of vectors vy, ...,vy € Q% such that
there are c1,...,cr—1 € Z>9 with
Vj+1 = CjU5 — Vj—1, jZl,...,k—l.

Then, for k > 2, the difference vy — vi—1 lies in T := cone(vy, vy — vg) and
the vector vy lies in the shifted cone T+ vy.

Proor. Clearly, v1 € 7 + v and v; — vg € 7. We proceed inductively.
For j > 1, assume v; € 7 +v1 and v; —v;j_1 € 7. Write v; = v} + v1 with
v; € 7. Then, using ¢; > 2 we see

Vjtl = CjUj; —Vj—1 = (Cj — 1)1}9 + (Cj — 2)1)1 + (Uj — Ujfl) +v1 € T+ 1.
O

LEMMA 8.12. Consider H := {(z,y) € Q% x—y > 1}. Given vy = (a,b)
and vy = (¢,d) in H with a < 0 and ¢ > 0, there is no u € Z X Z~q satisfying

(i) (u,v0) = wia+ugb > 0, (ii)) (u,v1) = wic+usd = —1.

PROOF. Since b < a < 0 and ug > 0 hold, we infer u; < —2 from (i).
Then (ii) tells us d > 0. Now, plugging u; = —(u2d + 1)/c into (i) leads to
a contradiction:

a b+1 b+1

1
< < < < 1 — 1.
w2 = bc—ad — bc—ad — bec T +bc <

O

LEMMA 8.13. Consider four vectors &1, & and ny, 2 in Z2 satisfying the
following conditions:

det(€2a§1) = det(ﬁlﬂh) = det(nlﬂm) = 1? det(fZﬂ?Q) > 1

Then & = am — 12 and & = by — cne, where a,b,c >0 and c=ab—1. In
particular,

a=1 = det(&,n2) =1, a>2 = c—b>1.

PROOF. In suitable linear coordinates, we have n; = (0,—1) and 72 =
(1,0) and moreover &1,& € Z2,. In this situation, the assertion can be
directly verified. O

PROOF OF PROPOSITION [R.10l First observe that multiplying the last
row of P by —1 interchanges source and sink and thus it suffices to prove
Assertion (ii). For this we may assume that P is adapted to the sink. Con-
sider the minimal resolution 7: X — X, where X = X (A, ]5), as provided
by Remark [6.13] Then, for every i = 0,...,r, the columns v;1,. .., v, of
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P occur among the columns @1, ..., U, of P. Moreover, Proposition
yields
l}m = lin, = 1, sz = dip;, = 0 fori=2,...,7.
First suppose that £~ € X is simple. We may assume that the excep-
tional index of 2™ is 0 that means that the divisors inside 7~ () are located
in the O-th arm of X. Then L1z, = lin, and dip, = dip, hold. Define

w€ Z' ! by uy = don, and u; := 0 for i =1,...,r and uy41 := los,. Then
Proposition [6.10] yields

<U’U1n1> = JOnollm + Zoﬁ0d1n1 = Zoﬁodlﬁ1 + [1ﬁldoﬁ0 = —1.
According to the definition of u, we have (u,vi,,) = 0 for ¢ = 2,...,r.
Moreover, for j = 0,..., g, we use slope orderedness of P to see

(u,Bo;) = —doreloj + longdo; = lomgloj | == — =—>] > 0.

lo;  lomg

This means in particular (u,vo;) > 0 for j = 1,...,n9. Moreover, since P

is slope ordered and adapted to the sink, we have d;; > 0 for all ¢ > 1 and
thus

<u,vij> = Z()ﬁodij Z O, iZQ,...,T, jzl,...,ni.

Let us care about the estimate for the slope sum m™. Evaluating u at the
vectors vgy, and vy, gives us

—u1lony + Ury1don, > 0, urling + Urp1dip, = —1.

Solving the second condition for u; and plugging the result into the first
one, gives us the estimate
ur—i—l(lOnodlnl +l1n1d0n0) > _l()no-

The expression lon,din, + lin, don, equals lop,lin,m™ and is negative due to
Proposition [6.10f. We conclude

1
llnlm_

I < Upr+1 <

This directly yields the desired lower bound for u,+1m~. The upper bound
0 > m~ is guaranteed by Remark

Now suppose that there is a vector u € Z" X Z~¢ as in the proposition.
Suitably arranging P and adapting u, we achieve 1 = 0 and ¢; = 1. Note
that for each i = 2,...,r, we have u; = 0 due to d;,, = 0. We assume that
x~ is not simple and show that this leads to a contradiction. For this, it
suffices to verify

(_l0n07d0n0)7 (llnudlnl) € H = {(a:,y) € Q2§ rT—y > 1}7

because then Lemma [8.12] implies that u cannot evaluate non-negatively on
Vone and to —1 on vi,,. Since P is slope ordered, (l1p,,d1n,) lies in H. In
order to see that also (—lon,, don,) belongs to H, we use the assumption that
x~ is not simple and thus we are in one of the following two cases.
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Case 1: The fiber 7-1(z) C X contains a parabolic fixed point curve D-.

Consider the sequence of divisors D™, Doj,; - - -, Dong— connecting D™ with
the proper transform Dy, —j, of Dop, € X. This give us a sequence of pairs
(07 _]-)7 (_17 CZO’fl())J ey (_[Oﬁo—ka CZO?LQ—k) = (_l0n07 d()no)a

where ZOfLO = 1 due to Proposition Since X — X is the minimal res-
olution, we have (D7)? < —2 and (2)j < —2 whenever j > 7ig — k. Thus,
Remark shows czoﬁo < —2. According to Lemma the above sequence
of pairs satisfies the assumptions of Lemma Applying the latter yields
(*lono, dOno) € H.

Case 2: The fiber 7=1(x) C X contains an elliptic fixed point ™ and curves
from the arms 0 and 1 of X. The curves in 7—!(x) are Diz,,. .., Din. &,

where 7 = 0,1 and Dim—ki—l is the proper transform of Dy,, C X. Consider
the associated sequences of pairs

(ZOﬁoa JOﬁO)? ) (_ZOfL()—k’oa JOﬁ()—k;o) = (_l[)noa dOno)a

(Zlﬁl 3 Jlfu)a ey (Zlﬁl—kl 5 Jlﬁl—kl) — (l1n1 ) dlnl)-
By slope orderedness of P, all members of the second sequence lie in H.
Now, write &1, & for the first two pairs of the first sequence and 7y, 7o for
the first two pairs of the second one. Then Lemma provides us with
integers a,b,c > 1, where ¢ = ab — 1 such that

§1 = any — 2, S = by — cno.

Here a > 2 holds as otherwise Proposition shows that D()ﬁo and bml
contract smoothly which contradicts to minimality of the resolution. Thus,
€1,& € H. Again by minimality of the resolution, all Dy; C 7~ !(z) are
of self intersection at most —2. Using Lemmas and we arrive at
(llmadlnl) € H. O

LEMMA 8.14. Consider the defining matrix P of a rational projective
K*-surface X (A, P).
(i) If my; = 0 holds for 0 < i <1 and 1 < j < n;, then d;j =0 and

lij =1.

(ii) If P is adapted to the sink, then 0 < mip, < Mip, + li_ni <1 for
1=1,...,7.

(iii) If P is irredundant and adapted to the sink, then m;; > 0 for
1=1,...,r.

Proor. We verify (i). If m;; = 0 holds, then we must have d;; = 0
and thus primitivity of the column v;; yields l;; = 1. We turn to (ii). As
P is adapted to the sink, we have 0 < d;,, < l;, whenever ¢ > 1 and the
desired estimate follows. We prove (iii). By slope orderedness of P and (ii),
we have m;; > my,, > 0. We exclude m;; = 0. Otherwise, m,, = 0 holds.
Thus, dii = din, = 0 and (i) yields ljj = l;5, = 1 and n; = 1. This is a
contradiction to irredundance of P. U

PROOF OF THEOREM [8.4l We may assume X = X (A, P) and that the
quasismooth simple elliptic fixed point is x~ € X. Moreover, we may assume
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that P is irredundant, adapted to the sink and that the two leading indices
from Proposition [8.10] are 0 and 1. Then we have

mo1 Z Mong mi1 Z Min, Z 07 m;1 > Min, = 07 2‘:27"'7747

by slope orderedness, Proposition and Lemma In particular, m~
equals Moy, + my,. Using the estimate on m™ from Proposition and

Lemma (i), we see

1
0 2 _m1n1 > mono Z _m1n1 -

— > 1.
llnl

We prove (i). Let DT C X be a non-negative parabolic fixed point curve.
We have to show that DT is not gentle. According to Proposition this
means to verify l;; > 2 for ¢ = 0,...,r. Remark [6.4] yields

0> mT = mo1 + Mmi1 +MmMo1 + ...+ My,
where miq,...,my1 > 0 and r > 2, hence 0 > mg;. Moreover, mg; >
mop, > —1 yields 0 < m;; < 1 for ¢« = 1,...,r. This implies {;; > 2 for
i=1,...,7. Weshow lp; > 2. Otherwise, lp; = 1 and thus mg; = —1. Then
mop, = —1. Consequently ng =1 and lo; = —dp1 = 1 by primitivity of vp;.

This is a contradiction to irredundance of P.

We prove (ii). Suppose that there is also a quasismooth simple elliptic

fixed point 7 € X. Let 0 < 19,11 < r be the leading indices as in Propo-

sition (i). Then l;; = 1 holds whenever i # 1p,¢1. This allows us to
assume ug, 1 < 3. The estimates from Proposition yield

" 1 1

Tom” = m01—mono+m11—m1n1+m21+m31+z din <

< — < 2.
i=4 llnl ll,ll

m

Case 1g < 1 and t; < 1. Then we have 1 < do; = m9;. From the above
estimate, we infer

1 + 1 _1 = llnl + lLll - llnllLll )

0 < mt—m -1
llnl lLll llnllLll

IN

This leaves us with the following possibilities: first l1,,, = [,;,1 = 2, second
lin, = 1 and third [,;; = 1. We go through these cases.

Let l1,, = 1,;1 = 2. Then my; = mop, and my; = Mmiy, as well as do; =1
hold. Thus, ng = ny = 1. Moreover, l;1 = 2 implies di; = 1. Proposi-
tion [8.10] tells us

1 _ 1 +
-2 m01—}—§ = _llmm < 1, 2 m01+§—|—1 < lLllm < L

Thus mg1 > —1 and mg; < —1. As vgp is primitive, we arrive at lp; =
—dp1 = 1, which is a contradiction to the irredundance of P.

Let l1,, = 1. As P is adapted to the sink, di,, = 0 holds. Irredundance
yields nq > 2 and dy; > 0. As noted before, mo; > mon, > —1. If 11 =1,
then

0 < dip+lhi(mer +1) =li(mor +mip +1) < Iym™ < 1
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due to Proposition This implies dy; = 1 and mg1 = mop, = —1. Thus,
ng = 1 and —dg1 = lp1 = 1 holds; a contradiction. If :1 = 0, then we have

0 < dor +lo1 < lot(mor +mp +1) < lggm™ < 1.

We conclude —dp; = lp1 = 1, using primitivity of vg1. Then mg; > mop, >
—1 implies ng; = 1. A contradiction to irredundance of P.

Letl,;; = 1. This case transforms into the preceding one by switching source

and sink via multiplying the last row of P by —1 and adapting to the new
sink.

Case 1y < 1 and t; > 2. Then we may assume ¢ = 2. If 1y = 0, then we have
l11 = 1. Thus, n; > 2 and di; > 0. Proposition and Lemma (ii)
show

21
lo1

1

S i<
lin, Il

= m11 +mo1 < m1n1+m+—m_ < mip, + <

di1 +

Now, d11 = 2 yields ma; = 0 = may,, which is impossible by irredundance
of P. Thus, di; = 1. The above inequality gives d2; = 1 and dy,, = l1,, — 1.
Hence,

1 1
mop < mt—myp—mg < ——1-—— = —1.
l21 l21
So, mo1 > mop, > —1 yields mgp, = mo1 = —1. Thus, ng =1 and lp; = 1;
a contradiction. If 1o = 1, then lp; = 1. Hence mg1 € Z and ng > 2. Now
¥ 1 din dan

-1 < mop, < mor < m" —mor —mip < — — — — ——
lor i o
and dg; > 0 imply di; = 0. Then 0 = mqy1 > mip, > 0 yields n; = 1 and

l11 = 1. A contradiction to irredundance of P.

Case 19 > 2 and t; < 1. We may assume 19 = 2. If ¢; = 1, then lg; = 1.
Hence mg1 € Z and ng > 2. We derive my,, = mi1 = di1 = 0 and thus
l11 = 1 from

+ 1 din dan

—1 < mony < mor < M —mip —moy < o — o — =
i1l
A contradiction to irredundance of P. The case t; = 0 transforms to the

case 19 = 1 and 1o = 1 settled before by switching sink and source.

Case 1g > 2 and 11 > 2. We may assume 19 = 2 and 11 = 3. Then
lor =111 =1 and ng,n; > 2 hold. In particular, dp1 = mo1 > mop, > —1.
Moreover, dq1, do1 and d3q are all strictly positive. This contradicts to the

estimate J J )
d(n—i-du-l-ﬂ-l-ﬂ < m"
lor 31

O

EXAMPLE 8.15. We present K*-surfaces X = X (A, P) with a smooth
elliptic fixed point 2~ and a positive parabolic fixed point curve D*. Con-
sider

_l()l l11 0O 0 O
P=|—-lpgt 0 I 1 0].
do1  di1 1 01
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Now choose the entries /;; and d;; in such a way that P is adapted to the
sink and we have

lordit + lirdor = —1, lor > loilin

Then 2~ is smooth and DT has self intersection number lo; — lg1l1;. For
example we can take

-2 3 0 0 0
P = -2 0 7 10
-1 1101

Then z~ is smooth and we have m* = —1/42. Consequently, D" has self
intersection number —m™ = 1/42. Observe that D% is not gentle.

9. Horizontal and vertical P-roots

In section, we introduce horizontal and vertical P-roots as adapted ver-
sions of the general Demazure P-roots to the special case of rational pro-
jective K*-surfaces X = X (A, P). This allows a less technical treatment.
The main results of this section are Propositions and showing
geometric constraints to the existence of P-roots and Propositions
which identify the P-roots in terms of the defining matrix P.

DEFINITION 9.1. Consider a rational projective K*-surface X = X (A, P)
and assume that P is irredundant.

(i) Let 2+ € X be an elliptic fixed point and 0 < 49,437 < 7. A
horizontal P-root at (z7,i0,41) is a vector u € Z" x Zq such that

(u,v;1) = =1, (u,v1) =0, @ # i, i1, Iy =1, # ig, i1,
<U, U’i01> 2 07 <U7Ui12> Z 07 Mgy > 17 <U,U’L'2> Z Z’L'Qa { 7& Z'072.1-

(ii) Let z= € X be an elliptic fixed point and 0 < ip,i; < r. A
horizontal P-root at (x~,1ip,11) is a vector u € Z" X Z~¢ such that

<U7Ui1n¢1> = —1, (u,vmi> = 0, /) 75 ig,il, lmi = 1, /) 7é io,il,

(U Vigniy ) > 0, (U Vign; —1) 2 0, my > 1, (U, Ving—1) 2 lin,—1, @ # 40, 41
We say that an elliptic fixed point z € X admits a horizontal P-root if there
is a vector u as in (i) if # = T, respectively a vector u as in (ii) if x = 2.

REMARK 9.2. Given u = (u1,...,ur41) € Q"T!, set ug := —uy —...—u,.
For i = 0,...,r, the linear form u evaluates at the colums v;; of a defining
matrix P as

(u,vi5) = wilij + ur1ds;.
This allows a unified treatment of the cases i = 0 and ¢ # 0 and will be used
frequently in the sequel.

The subsequent Propositions [9.3] and [9.4] together with Remark [9.5] give
the precise relations between the horizontal P-roots just defined and the
horizontal Demazure P-roots recalled in Definition [3.4

PROPOSITION 9.3. Let X = X (A, P) be non-toric, P irredundant and
(u,ig,i1,C) a horizontal Demazure P-root. Then precisely one of the fol-
lowing statements holds:
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(i) We have u,4+1 < 0, there is an elliptic fized point x+ € X, the
vector u is a horizontal P-root at (z7,i0,41) and ¢; = 1 holds for
(ii) We have u,41 > 0, there is an elliptic fized point = € X, the
vector u is a horizontal P-root at (x~,ig,11) and ¢; = n; holds for

Proor. We show wu,+1 # 0. Otherwise, as X is non-toric, we find
0 <4 < r different from iy, ;. Then (u,v;.,) = 0 implies u; = 0. Since P is
irredundant and l;.; = 1 holds, there is a 1 < j < n; different from ¢; and
we have (u,v;;) > l;; > 0. This is impossible due to u; = u,41 = 0.

Next we claim u,4+1m;e; < urp1m;; holds for every 0 < ¢ < r with @ # i
and every 1 < j < n;. Indeed, we infer

—Ur+1Mjc; i 7é i1,

U; = _% U Mie,, 0= i1, uzlwi + ur+1dzci < U'lej + UrJrldl]

l’LC2

from the conditions on (u,v;;) for i # iy stated in Definition Eliminat-
ing u; in the above inequalities then directly yields the claim.

We show that for u,; < 0, we arrive at (i). First, P has no column
v™ by Definition and u,11 < 0. Thus, there is an elliptic fixed point
xt € X. We have m;., > myj for @ # ig. Hence, slope orderedness of P
forces ¢; = 1 for all ¢ # ig. Clearly, u fulfills the conditions of a horizontal
P-root at (x™,4g,41). Similarly, we see that u,.1 > 0 leads to (ii). O

PROPOSITION 9.4. Consider X = X(A, P) and assume that P is irre-
dundant. Define (r + 1)-tuples C* := (1,...,1) and C~ := (ng,...,n;).
(i) Let zt € X be an elliptic fized point and u a horizontal P-root at
(x%,40,11). Then (u,ig,i1,C") is a Demazure P-root.
(ii) Let z= € X be an elliptic fivred point and u a horizontal P-root at
(x~,i0,41). Then (u,ig,i1,C~) is a Demazure P-root.

PRrOOF. We exemplarily prove (i). Recall that here we have u,41 < 0.
Using the inequalities from Definition (i) and slope orderedness of P, we
obtain

Ui .
- Z mMig1 Z Miyg, J = ]-a"'unioly
Up41
Ugy .
- Z mi.2 2 milja 3227"'7ni115
Upr41
U; 1 1 L, .
- > Mg — > Mmi; — —, P F 00,01, J= 2,0,
Upr+1 Up+1 Upr+1
Together with the two equations of Definition (i), this directly leads to
the conditions of a Demazure P-root for (u, ig,i1,CT). O

REMARK 9.5. Let X = X (A, P) be non-toric and P irredundant. By
Propositions and the horizontal Demazure P-roots map surjectively
to the horizontal P-roots. Here x and x’ have the same image if and only
if kK = (u,0,71,C) and &' = (u, i, i1,C"), where C' and C’ differ at most in
the ig-th entry. In this case, the locally nilpotent derivations §, and d,./ on
R(X) = R(A, P) coincide.
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ProposITION 9.6. Consider a rational projective K*-surface X =
X (A, P), assume P to be irredundant and let 0 < ig,i; <.

(i) Let X have an elliptic fived point x*. If there is a horizontal P-
root u at (z",ig,41), then o is simple, quasismooth with leading
indices ig, 11 and

1

0 < mt < —uppm™ < )
i1

Additionally, the presence of a horizontal P-root u at (x™,ig,i1)
forces D% >0 for alli =0, ...,r with i # ig.

(ii) Let X have an elliptic fized point x~. If there is a horizontal P-
root at (x~,40,11), then =~ is simple, quasismooth with leading
indices ig, 11 and

1

0 >m" > upm > —

- li1ni1
Additionally, the presence of a horizontal P-root u at (x~,1ig,1%1)
forces Dfni >0 foralli=0,...,7 with i # ig.
Moreover, there exists at most one elliptic fixed point in X admitting a
horizontal P-root.

PROOF. The estimates can be treated at once, writing z = 2™, 2.
Proposition tells us that x is quasismooth with leading indices g, %1.
Moreover, according to Proposition the horizontal P-root u satisfies the
assumptions of Proposition[8.10} Thus, x is simple and we obtain the desired
estimates. For the self intersection numbers, we exemplarily look at x~. For
n; = 1, the claim directly follows from Remark For n; > 1, assume
D?ni < 0. Then we infer from Remark that v;y,; is a positive combina-
tion over v;,,—1 and the vy, with k£ # ¢. This contradicts to the definition

of a horizontal P-root u at (x~,ig,41). The supplement is a consequence of
Theorem [8.4 O

Our next step is to identify the horizontal P-roots as certain integers
contained in intervals A(¢, k) € Qsp, which in turn are extracted in the
following way from the defining matrix P.

CONSTRUCTION 9.7. Consider the defining matrix P of X (A, P). For
0 < i,k < r, define rational numbers

1 07 n; = 17
N = ) 51 - 1 n; > 9.

Leny Lin, (Min; —1—Min, )’ =

Then all & and 7 are non-negative. Moreover, for 0 < i,k < r with ¢ # k,
consider the sets

Cime] = {t€Q; & <t<m} S Qo
Note that [§;, nx] may be empty. Finally, for any two 0 < ¢,k < r, we have
the intersections
A(,k) = () [& ] S Qo
1#£L
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REMARK 9.8. Using Remark [6.4] we can express the length of the inter-
vals [¢;, mg] from Construction via intersection numbers:
Moreover, for any two 0 < ¢,k < r, the (possibly empty) set A(c, k) is
explicitly given as
1

lini (minifl - mmz) ’

A(L’ ,4;) — {max <07 where i # 1, n; > 2) . — 1 } .

llﬁnnmi

DEFINITION 9.9. Consider the defining matrix P of X (A, P) and let
0 <ig,i1 <7. Setey:=0€Z ™ ande, :=¢; € Z T fori=1,....,r+1.
Given v € Q, define

. 1
ulio,i7) = A€y~ ey €)=y Y min(el — ) € Q'

(ALY i#io,r+1

LEMMA 9.10. Let u := u(ig,i1,7) be as in Definition . Then the

evaluation of u at a column v;; of the matriz P is given by

1
(u, Ui0j> = ligj (’Vmioj + Lo T Z mmz) ’

114y i#io

1
(wvig) = lig { YMiyj = 7—— = VMimy, |

ilnil
(u,vi5) = Lij (ymizg — ymin,) , @ # o, 1.

PROOF. Set ey := —e; — ... — e, € Z"1. Then the evaluations of
eh=0€Z ! and e} = e; € Z', where i = 0,...,7 + 1, at eg, e1,. .., €r11
are

0, i=0,

1, 1<i<r k=0,
1, 1<i<r k=i
0, 1<i<nr k#i,

(ef,ex) = (€ry1r€k) = Orgik

Here, as usual, we define §;;, := 1if ¢ = k and ;. := 0if i # k. Consequently,
for all 0 < i,k <r with i #ip and 0 <4,k <r + 1 we obtain

<€,'—€, ek,’> _ {6176) k#lﬁa

Lo —1, k=ip.

This enables us to verify the assertion by explicitly evaluating v = u(ig, i1,7)
at the vectors v;; = l;je; + dijery1. O

PROPOSITION 9.11. Assume that X = X (A, P) has an elliptic fized point
x~ € X and let 0 < ig,i1 < r. Then we have mutually inverse bijections:

horizontal P-roots integers v € A(ip,i1) such
.. — -
w at (x~,ig,141) that ydi n,, = —1modli,p,
u —> Up41

u(io, i1,7) < 7
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PROOF. Given a horizontal P-root u at (x~,1p,%1), we use Lemma
to see u = wu(ig,i1,7y) for v := wu,41 by comparing the values of u and
u(ip,i1,7y) at the vectors vy, for i # ig. Now consider 0 < ip,7; < r and any
vector u € Z" X Z~qg. Then we have

<uvvion¢0> >0 < urp1 < 05y
Moreover, if n;, > 1, then
(U Vign;, —1) 20 & Uy > &y
Finally, if ¢ # dg, 41, then
(U, Vin;—1) > ling—1 & Urp1 > &

So, the inequalities of Definition (ii) are satisfied if and only if u,41 €
A(ig,i1) holds. Thus, if u is a horizontal P-root w at (x~,ig,41), then

Ur41 € A(ig,11) and Up41diyn;, = —1modl;p, holds due to

_1 - <uavi1nl‘1> — ui1li1nil +ur+1di1ni1-
Conversely, given any v € A(ig,i1) with Ydiyn;, = —1modl;n, , we directly
verify that the vector u(ig,i1,7) is a horizontal P-root at (x~,1ig,41) having
v as its last coordinate. O

PROPOSITION 9.12. Let X = X(A,P) have an elliptic fized point
x= € X and let u be a horizontal P-root at (z~,i9,i1). Then z= € X
is quasismooth simple with leading indices ig, 1.
(1) If ligni, < liyn;, holds, then x~ is smooth, we have (u,viyn, ) =0
and w is the only horizontal P-root at (x~,1¢,141).
(ii) If the point x~ € X is singular, then ligni, > liin,, holds and ig is
the exceptional index of v~ € X.

PROOF. Proposition tells us that = € X is quasismooth simple
with leading indices ig,7;. Moreover, the second assertion is an immediate
consequence of the first one and Proposition [8.10 Thus, we only have to
prove the first assertion.

Suppose that there are two distinct horizontal P-roots at (z7,1g,1).
Then, by Proposition they are given as u(ig, 41,7) and u(ig, ¢1,7") with
positive integers v,~" € A(ig, 1) differing by a non-zero integral mutiple of
limil- We conclude

1

Ny, = — > liyng, 2 lign,, -
lilnilm ! 0

This implies ["m™ = limillionio m~ > —1 which contradicts to Remark

Thus, there exists only one horizontal P-root u = u(ig,i1,7) at (z~,1p,71).
We show (u, vign, ) = 0. Otherwise Lemma yields

_ 1
<u,vi0ni0> = lionio (’ym + ) Z 1.

li1ni1

This implies

yms > -

10Mig lil”il
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Again we arrive at a contradiction to Remark , telling us m~ < 0. Thus
(u; Vign,,) = 0 holds. According to Lemma this forces

1 lionio
'7 = —7[ — = —7l_ — -
ilnilm m

In particular, as + is an integer, [”m™ divides l;yn, . Moreover, making use

of ’ydimi1 = —1mod lilni17 we obtain an integer
1 m- — My n, dign, Lion,
a = +7mi1'ﬂi1 = 11_” L= _10”3 + iono_ Z din, | -
lilnil li1m1m I=m I=m iioiy

Thus, [”m™ also divides dioni . Since lionio and diomo are coprime, we arrive
at [”m~ = —1. Proposition yields that 2~ is smooth. O

COROLLARY 9.13. Consider X = X (A, P) with a smooth elliptic fized
point x= € X and fix 0 < 19,91 < r such that l;,, = 1 for all © # 19,71. Let
€ € Z be maximal with

1

ing (mlm —1 — Mn, )

liOniO — dimil > ;i whenever © # ig and n; > 2.
For every integer pn with 0 < p < e, set uy, = u(io,il,liomo — ,“limil)
according to Definition[9.9. Then the following holds.
(i) For every 0 < p < € the linear form w, is a horizontal P-root at
(x7,10,11) and we have (uy,vi,) = p.
(ii) There exist horizontal P-roots at (x~,ig,11) if and only if ¢ >
0 holds. Moreover, ug,...,u. are the only horizontal P-roots at
(QZ'_, i0, Zl) :
(iii) Ifw is a horizontal P-root at (x~,ig,41) then, for any two 0 < p <
a < e, we have u, = uq — (00 — p)u.

Proor. We check that v := lionio — ptliyn,, 1s as in Proposition By
the definition of €, we have v > &; for all ¢ # ig. Moreover, lionio lilnilm_ =
—1 by smoothness of = € X and Proposition (iv). Thus,

1
Y= l’io’nz‘o - ,LLlhnil S liOniO S 7W = Niy-
Consequently, v € A(ig,71). Finally, also lionio diyn;, = —1 mod l;;p, holds
due to Proposition (iv). So, Proposition shows that w, is a hor-
izontal P-root at (z~,1ig,41) and, in addition yields (ii). Lemma gives
us

" 1
<uﬂ7 Uioni0> = lionio ((lionio - :ulilml) Z Min; + )
1=0

lilnil

-1 1
liOniO <(li0m0 - :ulilnil >l + )

10M4i limil lilnil
= ILL_
Concerning (iii), there is only something to show for € > 1. Then lignsy =
lilnil holds and Proposition shows that wu is only horizontal P-root at
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(x7,1,10). Assertions (i) and (ii) just verified yield u = u(i1, io, lin; ). Now
the desired identity is directly checked via Definition

Uy — U = u(io, i17 lionio — Mlilnil) - ’LL(?:(), il, lionio - alilnil)
= (a— /’L)lilnile;-‘rl — (o= P‘)lilnil Z min, (€; = e;0)
iio,r+1
= (a—p) lilni1€;”+l + lisng, Z Min, (€; — ;)
i#r+1
= (a—p)u.

DEFINITION 9.14. Consider a rational projective K*-surface X =
X (A, P) where P is irredundant.

(i) Assume that there is a parabolic fixed point curve DT C X. A
vertical P-root at DV is a vector u € Z" x Zq such that

(u,vt) = —1, (u,v0) > 0, i=0,...,7

(ii) Assume that there is a parabolic fixed point curve D~ C X. A
vertical P-root at D~ is a vector u € Z" X Z~¢ such that

(u,v7) = —1, (U, Vin,) > 0, 1=0,...,r

PROPOSITION 9.15. Consider a rational projective K*-surface X (A, P),
assume P to be irredundant and let u € Z™ 1.

(i) If there is a curve Dt C X, then the following statements are

equivalent:
(a) w is is a vertical P-root at DV,
(b) upy1 = —1 and u; > my for alli=0,...,r,
(€) upy1 = —1 and u; > myj for alli=0,...,r, j=1,...,n;.
If one of the statements (a), (b) or (c) holds, then we have
(D)2 >0.
(ii) If there is a curve D~ C X, then the following statements are
equivalent:
(a) u is is a vertical P-root at D™,
(b) up41 =1 and u; < myy, foralli=0,...,r,
(c) urp1 =1 and u; < mgj for alli=0,...7, j=1,...,n,.
If one of the statements (a), (b) or (c) holds, then we have
(D7)2 > 0.

In particular, (u,k) — wu defines a one-to-one correspondence between the
vertical Demazure P-roots and the vertical P-roots.

PROOF. In each of the items, the equivalence of (a) and (b) is clear by
Remark[9.2)and the equivalence of (b) and (c) holds due to slope orderedness.
The assertions on the self intersection numbers are clear by the definition of
vertical P-roots and Remarks [6.4] and [6.5 O

COROLLARY 9.16. Let X (A, P) be a K*-surface, assume P to be irre-
dundant, let uw € Z™ and fix 0 < iy < r.
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(i) Assume that there is a curve DT C X. Then u is a vertical P-root

at DT if and only if
u; > my for alli # g, + 1, Z up < —myy1.
ii0,r+1

(ii) Assume that there is a curve D~ C X. Then u is a vertical P-root
at D™ if and only if
U > —Myy, for all i # ig,r + 1, Z g < Mign,, -

i#i0,r+1

PROPOSITION 9.17. Let X = X (A, P) be non-toric and P irredundant.
If there is a quasismooth simple elliptic fixed point x € X, then there are no
vertical P-roots.

ProoOF. We may assume z = x~ having leading indices 0, 1, exceptional
index 0 and that P is adapted to the sink. Suppose that DT C X admits a
vertical P-root u € Z"t!. Then Proposition yields

u; > my for 1 <i <, —Ug=u + ... +u < —mopi.

For¢=2,...,r, we have l;;,, = 1 and thus m;,, = 0, as P is adapted to the
sink. Irredundance of P implies m;; > 0 and hence u; > 1 for i =2,...,7.
Using Proposition (ii) for the inequality, we obtain

mip+(r—1) < wt...+u < —mor S —Mopy S My +
Inq

We claim r < 1. For lj,, > 2 this follows from mi; > myp,. If I, = 1,
then my,, = 0, hence m1; > 0 by irredundance and the claim follows. Now,
r < 1 means that X is toric, which contradicts to our assumptions. O

PROPOSITION 9.18. Let X = X (A, P) with P irredundant and assume
that X has fized point curves DT and D~. If DV admits a vertical P-root,
then there is no vertical P-root at D~ .

PRrROOF. We may assume that P is adapted to the source. Let ut € Z*!
be a vertical root at DT. Proposition yields

u;eri1>71f0r1§i§r, uar:fuff...fu;"zmm.

We conclude u;" >0fori=1,...,r and hence mg; < 0. Now suppose that
there is a vertical P-root v~ at D~. Then

u; > —Mip;, > —my > 0 for 1 <4 <, 0 < —ug < mop, < me1 <0.
Consequently mg; = mop, = 0, which in turn implies ng = 1 and lp; = 1.
This contradicts to the assumption that P is irredundant. O

10. Generating root groups

In this section, we provide suitable generators for the unipotent part of
the automorphism group of a non-toric rational projective K*-surface.

DEFINITION 10.1. Consider X = X(A,P). We denote by U(X) C
Aut(X) the subgroup generated by all root groups of X.
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Note that U(X) € Aut(X)" holds. We have two cases. The first one
is that U(X) is generated by the root groups stemming from horizontal
P-roots. In this situation, we prove the following.

PROPOSITION 10.2. Let X = X (A, P) be non-toric with horizontal P-
roots. Then there are a quasismooth simple elliptic fized point x € X and
0 < ip,i1 < 7 such that U(X) is generated by the root groups arising from
horizontal P-roots at (x,i9,11) or (x,i1,10).

According to Proposition the remaining case is that U(X) is gen-
erated by the root groups given by the vertical roots. Here we obtain the
following.

PROPOSITION 10.3. Let X = X (A, P) be non-toric with vertical P-roots
at DT and let 0 < ig,iy < r. Then U(X) is generated by the root groups
arising from vertical P-roots u at D" with 0 < (u,vi1) < ljg forall0 <i<r
different from ig,i1.

We begin with discussing the horizontal case. First, we summarize the
necessary background. By Proposition all horizontal P-roots at ™ are
of the form w(ig,%1,7). According to Proposition each such wu(ig,i1,7)
defines a Demazure P-root in the sense of Definition 3.4}

T(i07i177) = (u’i(]aibc_)? u = u(i05i177)7 Cc™ = (n07"'an7’)‘

Construction associates with 7(ig, i1,7) a locally nilpotent derivation on
R(A, P) which in turn gives rise to a root group

)\7—( ) K — Aut(X).

20,21,

Our statement involves the unique vectors § = (A, g, 1) in the row space of
the defining matrix A having ¢g-th coordinate zero and i;-th coordinate one
as introduced in Construction[3.6] Moreover, the following will be frequently
used.

DEFINITION 10.4. For the defining matrix P of X (A, P), we denote by
I(P) C{0,...,r} the set of all indices i with l;,, = 1.

PROPOSITION 10.5. Let X = X (A, P) be non-toric with an elliptic fixed
point x~ € X. Then we obtain the following relations among the root sub-
groups associated with horizontal P-roots at x~.

(i) Let i1,01 € I(P) and 0 < iy < r. If there are horizontal P-roots
u(ig,i1,7) and u(ip,t1,7), then, for every s € K, we have

)\T(io,il,’y)(s) = )‘T(i(),u,’y)(/B(Av i07L1)7j_118)'
(ii) Let ig,to € I(P) and 0 < iy < r. If there are horizontal P-roots
u(io, i1,1), u(wo,i1,1) and u(ir, to,v), v = 1,... liyn, , then, for
every s € K, we have

l

ilnil
i ll g v
)‘T(io,il,l)(S) = )\T(Lo,il,l)(s) H /\T(ihbo,l/) (ﬁ(A, 10711)L0< ' 1>S )
v=1

v
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LEMMA 10.6. Consider the defining matrix A of X = X(A, P). Then
the vectors 3 € K"t introduced in Construction satisfy
B(A) i0, Zl) = B(A> i0, Zl)z_llﬁ(A7 i0, Ll)a
B(A,ir,w0) = B(Aio,i1),," (B(A,io,i1) — B(A,t0,i1)) -

PROOF. The identities follow from the fact that 5(A, ig, 1) is the unique
vector in the row space of A having ip-th coordinate zero and ¢1-th coordinate
one. (]

LEMMA 10.7. Consider the defining matriz P of X (A, P) and the linear
forms u(ig,i1,7) from Definition . Define

s, . ! ! r+1 _ -
u(io, i1,Y)v, = vu+e, —e, €L, v=1,...lin,, tF 0,1,

L

as we did in Construction in the case of Demazure P-roots. Then, for
any two indices i1,11 € I(P), we have

u(io,%1,7)1,, = ulio,t1,7).

Moreover, if I"m™ = —1 and there is an i1 with « € I(P) for all v # i1,
then, for any two ig,t1 € I(P), we have

u(io, i1, 1), = u(it,t1,v).

PROOF. For the first identity, observe that we have v = 1. Now, using
the definition of u(io, i1,7) and liyn, = l;yn,, = 1, we compute

. . / / / / / / /
u(io, i1, 7)1, = Yery1 — (eil - eig) - Z VM, (€5 — eio) te, —e,
110
o / / / ) / /
= YCry1 — (€L1 - eio) - Z Y Min,; (ei - eio)
i#io
= u(io, t1,7)-
We prove the second identity. Due to the assumptions, we have [; ;1 =
1
—m~. Consequently, we obtain
- . / — / / / /
u(z()v 1, 1)V7L1 = V| tm (ei1 - eio) - Z Min, (ei - eio) +éi — ey
i#io
_ / / / ) I
= Ve — (% - eil) - Z Vi, (€] %)
i#in
= u(i1,t1,v).
(]

LEMMA 10.8. Consider the defining matrix P of X(A,P), let 1 <
10,11,t1 < 1 with i1,01 € I(P) and set C~ := (ng,...,n,). Then the mono-
mials K* and hS from C’onstructz’on satisfy

hu(io,ilﬁ) h“(i07L17’7)

hC(i():iva_) o hC(i07Llrc_) ’
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PROOF. By Lemma the linear form w(ig, i1,7) equals u(ig, t1,7)1,, -
From Construction [£.1] we infer how the latter evaluates and conclude

. _ l, . —_
hu(zofllav) z—lelL1 HL;éiO,il,Ll TLZL H’L;élo Tlnllﬂll hC(ZOazl)C )

hu(ion1,y) Tli1 Hﬁéimihu TLZL Hisﬁio T'ilT'llil helioan, €

i1 m; 1

PROOF OF PROPOSITION [I0.5l We prove (i). It suffices to verify the
corresponding relation for the locally nilpotent derivations associated with

7 (40, 11,7y) and 7 (g, t1,7); see Construction Lemmas and yield
B(A’ @0, Ll)il(sT(io,ih’Y) = 6T(i07L17’Y)'

We turn to (ii). First consider the map ¢y, q,,1)(s) as given in Theorem
For the a(s,v, ) defined there, we write

. Liin,
0[7;0,7;171, = aioﬂ'lyb(V’ S) = /B(A7ZO;7/1)L<“Z“>SV)

which allows to specify in the case of varying ig and ;. Now, using
Lemma and ¢, € I(P), we obtain

lilnil
Pulio,in,1)(8) = H H Au(io,in, 1) (i1 )
1#i9,41 v=1
lil"il
= H H )‘u(iLL,V)(aio,il,b)a
v=1 i i
lil”il
Sou(Lozilvl)(S)_l = H H Au(il,b,l/)(_aLo,il,L)’

v=1 170,01

where for the last equation, we used @u(l,Lo,il)(S)_l

we observe

= Spu(l,Lo,il) (_S) Next

. L Liins
Qg i1,ip = 0, Qoyit,e = Xugiige = B(Av 11, LO)LB(A’ 20, Zl)Lo ( Zl:”>5ya
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where the second identity follows from Lemma [10.6] With the aid of these
considerations, we compute

Y o= @u(Lo,il,l)(8)_1<Pu(z‘0,i1,1)(3)
l

1My

= H )\u(il,toﬂl) (O‘io,h ,L0 )Au(il 110,V) (_O‘Loﬂ'l ;20 )
v=1

H )‘u(il,L,V) (aio,il,L - aLo,i1,L)
1#10,L0,11

lilnil

= H )‘U(il,bo,l/) (aioﬂ'l,Lo)

v=1

H >\u(i1,L7V)(O‘i0,i1,L - O‘L(),il,b)
170,11

lil n;

1 .. l; n; ,
f— H )\u(i17LO7V) <B(A7 ZO) Zl)LO ( IV 1)8 )
v=1
[] . o L\
)\u(il’LO’V)lrb (/8(A7 1’17 LO)L/B(A7 7/07 Z]_)LQ < 1]/ 1)8 )

L1#L0,01
l

ilnil
y y lZ g v
= H )\U(ihLo,y) (5(14,20’7/1)%( 1]/ 1)8 )
v=1

1 lZ g v
H Au(in o)., (a <B(A7Z17LO)L< ly 1>$ , 1, L))
1#10,01

lil"il
= H )\T(il,b()ﬂl) <B(A’ZO?ZI)LO< 11/ 1)8 > '
v=1

Note that we used Theorem for the last equality. Thus, the right hand
side of our equation is given as A(,, ;, 1)(s) 0. Using Theoremwe obtain

Ao, )(8) = Au(uoin,1) (8)Puioir,1) ()
= )\u(Lo,i1,1)(S)SOU(Lo,il,l)(S)w
= )\T(Lo,’il,l)(s)w'
O
DEFINITION 10.9. Provided that the defining matrix P of X = X (A, P)
is adapted to the sink in the sense of Definition (ii), we say that P
is normalized if lop, > ... > lyp, and for all ¢ < j with l,, = ljn; and
n;,nj > 2, we have
Min;—1 — Min; < Mjn;—1 — Myjn; -
REMARK 10.10. The above definition of normalized coincides with the

one given in the introduction as Remark [6.4] ensures

2 2
Mip;—1 = Min; < Mijn;—1 = Mjn; < D < Di, .
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LEMMA 10.11. Let the defining matriz P of X = X (A, P) be adapted
to the sink and normalized. Consider the intervals [&;,nx] and A(L, k) from
Construction [9.7.

(i) Ifi,c € I(P) satisfy i < v, then we have
[57,777]6] c [6“”/6]7 A(L, k) c A(/L7k)

(ii) For any two k,x € I(P) and every i =0,...,r, we have
[glank] = [givnlﬁ]v A(l,k’) = A(Z,K)

(iii) Assume l”"m~ = —1. Let i with v € I(P) for all v # i and k > 2.
Then

le Ak,i) = A@Wk)NZ = [1,lip,] NZ.
PROOF. Irredundance of P implies n; > 2 for all i € I(P). Consider

tyi,k € I(P) with ¢ < ¢. Then Construction and the fact that P is
normalized yield

1 1 1
& = < = &, m = — —.
Myn,—1 — Myn, Min;—1 — Myn, lknkm
This gives the first assertion. The second one is obvious. For the third one,
observe li,, = ... = lyy, = 1. Thus [T = lyy, and lop,,m~ = —1. We
conclude
1 lOng lOnoa k>1,
”7/{ — — _= =
lin, m len,, 1, Kk = 0.

Now, let 1 € A(k,i). Then, by the definition of A(k,i), we have & < 1 for
all ¢ # k. Moreover, there is a k € {0,1} N I(P) with xk # i. We claim

AN(2 k) NZ = A(, "i) NZ = ﬂ[&ﬂ?n] NZ = [1777/&} Nz = [Llim‘] NZ.
L#£1

The first equality is due to (ii). The second one holds by definition. For the

third one, use k > 2 to see &, < &, < 1. For the last equality, use l;;,, =1

for K =0 and

k=1,i=0 = Lin, = lony, k=122 = lip, =1=lon.
O

Proor orF PropPoSITION [10.2l Proposition tells us that there is a
unique elliptic fixed point € X admitting horizontal P-roots. We may
assume that x = = holds and that P is adapted to the sink and normalized.
We claim that then ip = 0 and i; = 1 are as wanted. So, given any horizontal
P-root u(tg, t1,7y) at (x,to, 1), the task is to show that the associated root
group maps into the subgroup generated by all the root subgroups arising
from horizontal P-roots at (z,0,1) and (z,1,0).

Let 19,11 # 0. Then we have lo,, = ... = 5, = 1. Proposition (i)
says that z~ is smooth and (u,v,yn,,) = 0 holds. Thus, Proposition
yields m~ = —1 and Lemma shows v = 1. By Lemma [10.11] (ii) we

have 1 € A(tg,t1) = A(e,0). Hence, there is a horizontal P-root (o, 0,1).
Proposition [10.5] (i) implies

)\T(Lo,l,l,].) (K) = AT(LQ,O,].) (K)
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Let 1o = 0 and 11 # 1. Then we have l1,, = l,;n,, = 1. Moreover, using

Lemma [10.11] (i), we see v € A(0,¢1) = A(0,1). Thus, Proposition (i)

applies and we obtain

)‘T(O,Ll,'y)(K) = )‘T(O,l,’y)(K)'

Let 11 = 0 and tp # 1. Then we have l1,, = 1. Proposition (i) says that
x~ is smooth and that (u,v,yp,,) = 0 holds. According to Lemma the
latter means

_ _ 1 ¥ 1
0 = ym + = ym~ + = — + .
lLlnLl lOno lOno lOno
where the last equality is due to Proposition showing lg,,m~ =
I”m~ = —1. We conclude v = 1. Proposition gives 1 € A(u,0).

Now, Lemma [10.11] (i) shows that 1 € A(z,0) = A(1,0), hence there is a
horizontal P-root u(1,0,1). Furthermore, Lemma [10.11] (iii) shows

A0, 1)NZ = [1,lon,| NZ.

Consequently, there is a a horizontal P-root u(0, 1, v) for every 1 < v < lyy,,.
Now Proposition tells us

lOno

Moo (K) € Arr0)E) [T Aro,1,0) (K).
v=1
O

We enter the vertical case. According to Proposition[9.15] every vertical
P-root u corresponds to a vertical Demazure P-root k = (u,7) and via the
associated locally nilpotent derivation of R(A, P) we obtain the root group

Ae = A K = Aut(X).

LEMMA 10.12. Let A € Mat(2,r + 1;K) and gi, i,,:, be as in Construc-
tz’on and B(i1, 12, A), B(ia, i1, A) as in Construction . Then there is a
bi1,i2,i3 € K* with

li . . li . . li
Diy igisGinsinis = Lyy> — Blinsiz, A)i it — Blia,in, A)is T2

ProoF. Consider A" = [aj,, aiy, aiy] € Mat(2,3,K). As a direct compu-

tation shows, we have

10 B(A, s, i)
B-A = 282,81 )is
01 ﬂ(A)ZlulQ)ig

with a unique matrix B € GL(2,K). Setting b;, , i, := det(B)™!, we infer
the assertion from

T-il T. i Tli2

i1 72 12

Giyjiojis = bi1,i2,i3 det 1 0 B(A, i2, Z.1)1'3
0 1 B(Aa i17i2)i3
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LEMMA 10.13. Consider an X = X (A, P) with a curve D¥ C X. Fiz
weZrt and 0 <. <r. For any 0 < ig < r with ig # ¢ set

o / / ! /
Upyig = u—l_eio_ew €y ‘= 07 €;

;i = €, 1=0,...,"

Now assume that u is a vertical P-root at D" with (u,v,1) > l,1 and let

0 <ig,i1 < r with ig # 1. Then u,;, and w,;, are vertical P-roots at Dt
and we have

Au(s) = )\uw'o (B(A, i1, iO)LS))\ub,il (B(A,io,i1).8).

ProOOF. First let us see how u, ;, evaluates on the vectors v;;, vt and
v~, if present. We have
(u, i), i # 1, o,
(Uijigs Vij) = (u,vi5) — Ly, L=, (Wsigs Ui> = FL
(u, vigg) + ligj, i = do,
In particular, we see that u, 4, is a vertical P-root at DT: using Remark

and slope-orderedness of P, we infer (u,;,,v,;) > 0 for any j = 1,...,n,
from

(wyv1) >l = w>14+my = u, >14+my; = (u,v,) > ;.

Moreover, we observe that the locally nilpotent derivation d, provided by
Construction [3.6] gives us a polynomial

fo= SuS)T = STE[TE € KTy, Sl
,J

Next we claim that the locally nilpotent derivation ¢, on R(A, P) coincides
with 5(14,2'1,1'0%5%1-0 + B(A, o, il)LéuL,il- Indeed, we compute

.. l; .. l;
6“(51) - fbi07i1aLgi07i17L = 5“(51) - f (TLZL - B(Aa 11, ZO)LTZL'OO - /B(A> 20, Zl)bﬂll)

o li . li
5(147 11, ZO)LfT’iOO + 5(147 20, Zl)LfT’ill
= B(A,i1,90).0u,,,(51) + B(A,i0,41).0u, , (S1),
using Lemma [10.12] Computing the associated root groups according
to Proposition (i) gives the assertion. O

PROOF OF PROPOSITION [10.3l According to  Propositions
and the group U(X) is generated by the rout groups arising from
vertical P-roots at DT. Given a vertical P-root u with (u,v,1) > [,1, take
any two distinct 0 < 4,41 < r differing from ¢. Then Lemma tells us

Au(K) S Ay, (K) Ay, 5, (K.

Recall that the evaluations of the linear forms wu,;, and u,;, at the vectors
v;; are given by

<U7Uij>7 i#['viov <U7Uij>7 i#baib
<uL,i07Uij> = <u7/ULj> - le7 1= L, <uL,i17Uij> = <U7UL]'> - lev 1= L,
(U, vigj) + ligj, 1= 1o, (u,vi1j> +liyj, @ =11.

Thus, the automorphism \,(s) can be expressed as a composition of auto-
morphisms stemming from vertical P-roots evaluating strictly smaller at v,y
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and equal to u at all other v;; with 4 # ig,41. Suitably iterating this process,
we arrive at the assertion. U

DEFINITION 10.14. Consider the defining matrix P of X (A, P) and let
0 <ig,71 < r. Define an interval

[(ig,i1) = {milly —Mig1 — Y [mu” cQ

i#10,i1
Moreover, denote e := 0 € Z'* and €} :=¢; € Z' fori =1,...,r + 1.
Given a € Q, define
.. 1
u(io,ir, @) = —epyq +ale, —e)+ Y [mal(e;—¢,) € QT
1#10,11,r+1

PROPOSITION 10.15. Assume that X = X (A, P) has a parabolic fixed
point curve DY C X. Then we have mutually inverse bijections

vertical P-roots u at DT such that Plio.iy) N Z
0< (U,'Uil> < lil fOT’ all i 7é io, 11 20,71
u — (1

u(ip, i1, ) <~  «

PROOF. First we consider any vertical P-root u at DT. Let ug = —uq —
...—u, as in Remark and set &; := u; — m;1. Using Proposition [9.15| we
obtain

min < (u,vi1) = wilip —din = €l

Now let v stem from the left hand side set above. Then we must have
0 <¢e; <1 and hence u; = [m;1] for all i # ig,4;. Corollary yields

M1 < Uy < —Migl — Z U = —Myy1 — Z [mir].
i#io,i1 i#io,i1
One directly checks that any « € I'(ig,41) N Z delivers an u(ig,i1cr) in the
left hand side set and the assignments are inverse to each other. U

11. Root groups and resolution of singularities

In this section, we show how to lift the root groups arising from the
horizontal or vertical P-roots of X = X (A, P) with respect to the minimal
resolution of singularities 7: X — X. The following theorem gathers the
essential results; observe that items (iii) and (iv) are as well direct conse-
quences of the general existence of a functorial resolution in characteristic
zero, whereas (i) and (ii), used later, are more specific.

THEOREM 11.1. Consider X = X(A,P) and its minimal resolution

m: X — X, where X = X (A, P).
(i) There is a natural bijection A X between the root groups of
X and those of X, made concrete in terms of defining data in

Propositions and [11.7
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(ii) For every root group A: K — Aut(X) and every s € K we have a
commutative diagram

(iii) The isomorphism m: 71 (Xyeg) — Xreg gives Tise to a canonical
isomorphism of groups Aut(X)° = Aut(X)°.

(iv) Every action G x X — X of a connected algebraic group G lifts to
an action G x X — X.

The proof of Theorem [I1.1] essentially relies on the preceding results
showing that we either have only horizontal roots at a common simple qua-
sismooth elliptic fixed point or there are only vertical roots at a common
parabolic fixed point curve. This allows us to relate the resolution of singu-
larities closely to resolving toric surface singularities. We begin the preparing
discussion with a brief reminder on Hilbert bases of two-dimensional cones
and then enter the horizontal case.

REMARK 11.2. Consider two primitive vectors vg and v; in Z%. Assume
det (v, v1) to be positive. Set v)), := vy and let v} € Z? be the unique vector
with

v} € cone(v), v1), det(vy,v]) = 1, 0 < det (v, v1) < det(v), v1).

Iterating gives us a finite sequence vy = vg, v}, . .., vy, Vg1 = V2, the Hilbert
basis H(o) of o = cone(vg,v1) in Z2. We have

/ / _ / / _ !
det(vj, viyq) = 1, Vi1 T Vi1 = G

with unique integers c1,. .., ¢y € Z>2. Subdividing o along the Hilbert basis
gives us the fan of the minimal resolution of the affine toric surface Z,.

CONSTRUCTION 11.3. Assume that X = X (A, P) has a quasismooth
elliptic fixed point £~ € X with leading indices ig,4;. Consider

Vo = (_liono7di0no)7 v = (lilnilvdilnil)7 g = COne(’l)O,'l)l).

As earlier, let eg = —e; — ... — e,, where e¢; € Z™t! are the canonical basis
vectors. Then, with every o' = (I',d') € H (o), we associate ¥ € Z" ! by

_lleionio + dler-i-lv I < 05
v o= l/eimil +deqyq, ' >0,
—€r41, I'=0.

Inserting the columns @, where vg,v; # v € H(o), at suitable places of P
produces a slope ordered defining matrix P’.

PROPOSITION 11.4. Let A, P and P' be as in [11.5. Consider X' :=
X (A, P') and the natural morphismn’': X' — X. Then ' is an isomorphism
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over X \ {7}, each 2’ € X' over x= € X is smooth and the minimal
resolution X — X factors as

X
PROOF. We may assume that P’ is adapted to the sink. Remark
ensures det(vg, v1) > 0. Let v, ..., vy, be the members of H (o), constucted

as in Remark Write v} = (I}, d;). There are unique integers 1 < k™ <
kt < g with

Il<0fori=0,...,k, I>0fori=Fk",...,q+1,

where k™ = k™ +1 if all [} differ from zero and otherwise we have k™ = k™~ +2
and I}, = 0 for k& = k= + 1. The curve of X’ corresponding to a column %;
of P lies in A;, if I <0, in A;, if I} > 0 and equals D~ if i = k°.

We verify smoothness of the points 2/ € X' lying over z~ € X. First
consider the case that 2’ € X’ is a parabolic or a hyperbolic fixed point.
According to Remark we have

det(vj,vj,) = 1.

This gives us precisely the smoothness conditions from Propositions (ii)
and @[ If 2/ € X' is an elliptic fixed point, then we can apply Proposi-
tion [6.10] to obtain smoothness of z’ in terms of P':

m~ = Nioﬁio Ji1ﬁi1+l~i1ﬁi1 Czioﬁio = —l-dj Hyrdjp- = — det(vp—, vpr) = — 1.

We show minimality of X’ — X. The conditions vj_; + v} ; = ¢v;
from Remark [I1.2) translate to the equations Lemma [7.3] for the exceptional
curves E; of X' — X corresponding to v). We conclude E? < —2. O

PROPOSITION 11.5. Consider the minimal resolution m: X — X of K*-
surfaces defined by (A, P) and (A, P). Assume that there is a quasismooth
simple elliptic fived point = € X and let = € 7~ Y(z~) be the correspond-
ing elliptic fized point. Given 0 < ig,iy < r and v € Z™1, the following
statements are equivalent.

(i) The linear form u € Z"*! is a horizontal P-root at (x~,ig,41).
(ii) The linear form u € Z™ is a horizontal P-root at (&~ ,ig,i1).

PROOF. As 2= € X is a simple elliptic fixed point with exceptional
index ig, we have ¥z, = vip, for all ¢ # i9. The fiber of 7: X — X over
x~ € X is of the form

7T_1(£L'_> = Dioﬁio—q—l U...u Dioﬁio

By Proposition the corresponding columns ﬁioﬁio —g—Ts- - ,77i07~h.0 of P
are obtained by running Construction [I1.3] with the initial data

vo = (—lignsy» dions, )» v1 = (liyn;, > diyny, )-
In the notation of Remark the vector vjyp,, stems from the penultimate
Hilbert basis member v;, € H(o) of ¢ = cone(vp, v1) which is determined by
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the conditions

det(v),v1) = 1, 0 det(vo,v;) < det(vo,v1).

<
In terms of P, we have Vg = (—Zioﬁio,dioﬁio). Together with the definitions
of vyp and vy this gives us

—_

~ ~ 1
lighsydiyn;, = —1modlin, , _Li_lilnil < ligigy < T
zoniom zoniom

where the estimate is obtained by resolving the first characterizing condition
of v’q for diyn;, and plugging the result into the second one. Next look at

vo = (lings din, ), v1 = (lin;—1, din;—1)
in case n; > 1. Then, according to Remark the Hilbert basis member
v} € H(o) of o = cone(vg,v1) is characterized by the conditions

det(vg,v}) = 1, 0 < det(vy,v1) < det(vg,v1).

Similarly as before, we have v} = (l7,-1,d5,—1) and making the above con-
ditions explicit, we arrive at

1 1
lim (mnz‘*l - m”z) lmi(mm,l - mni)
Now consider a horizontal P-root u € Z'+! at (ig,i1,2~). Proposition
yields u = u(ip,i1,7) with a non-negative integer v satisfying vydin,, =
—1mod limil and

1 1

— & < v < g = -
Lin; (M, —1 — Min;) §OS S T Ligniy M~

< ~m—l <

l~~i—1dini = —1mod lmi, 'i_lznZ

for all ¢ = 0,...,r with ¢ # ig and n; > 1. We compare vy with Zioﬁio and
iﬁi_l. First, using the modular identities, we observe

(ZiO'FLiO - V)dilml € lilnilz7 (v — Zilﬁilfl)dilml € lilmlz'
As lilnil and dilnil are coprime, z;‘oﬁio —v as well as v — iilﬁil_l are multiples
of lilnil' Thus, the previous estimates and l;,, = 1 for ¢ # 79,41 give us

ni—1 < v < l’ioﬁioa i:O,...,T, Z'7é/i07 n1,>1

Now we can directly check the defining conditions of a horizontal P-root
at (Z,10,11) for u = u(ip,i1,7): Lemma together with Propositions
and yields

N ligi; =
<u7 vioﬁi()) 1. E) 2 0,
17,
- y—liyag, —1
<uavi1ﬁi *1> = T - > 0,
1 l’l”il_l
(u,vip;—1) = Y > -1,
where ¢ # ig, i1 with n; > 1 in the last case. This, verifies “(i)=(ii)”. The
reverse implication is a direct consequence of Proposition O

~ REMARK 11.6. From the proof of Proposition [11.5) we infer that v =
lioﬁio is the maximal integer such that w(ig,1,) is a horizontal P-root z~.
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PROPOSITION 11.7. Consider the minimal resolution 7: X — X of K*-
surfaces defined by (A, P) and (A, P). Assume that there is a parabolic fired
point curve DY C X and let DY C X be the proper transform. Given
w € Z'Y, the following statements are equivalent.

(i) The linear form u € Z' is a vertical P-root at DT.
(ii) The linear form u € Z™ is a vertical P-root at D*.

PrOOF. The implication “(ii)=-(i)” is clear due to Proposition We
care about “(i)=(ii)”. By Remark the columns 1, ..., 7, = vi1 of P,
where i = 0,...,r, arise from subdividing cone(v;1,v") along the Hilbert
basis. Consider

Vo = (0,—1), v = (ll,—dil),

where i = 0,...,7. In the setting of Remark we have v} = (Ij1, —d;1).
Moreover, the conditions on the determinants lead to

1 = det(vg,vi) = Zﬂ, l“czilfd“ = det(v’l,vl) < det(vo,vl) = lﬂ.

Using also slope orderedness of P, we see My < Jil < mj + 1. Now, let
u € Z'! be a vertical P-root at Dt. Proposition ensures u; > Mm;1.
This implies u; > d;;. Using Proposition again, we obtain that u is a
vertical P-root at D7. O

_ REMARK 11.8. From the proof of Proposition [11.7] we infer that m;; <
din < mj1 + 1 holds for ¢ = 0,...,r. In particular, if P is adpated to the
source, then also P is adapted to the source.

PROPOSITION 11.9. Consider X = X (A, 1~5) and X = X (A, P), where
each column of P also occurs as a column of P.

(i) There is a proper birational morphism : XX contracting pre-
cisely the curves Dij and DE, where Vi and % is not a column
of P.

(ii) If there is an elliptic fized point T~ € X and u is a horizontal
P-root at (¥~ ,ig,i1). Then x~ = 7(Z~) € X is an elliptic fized
point forming the sink and u is a horizontal P-root at (x~,1,11).

(iii) If we have a parabolic source DY C X and u is a vertical P-root
at DF, then Dt = n(D%) C X is a curve forming the source and
u is a vertical P-root at DV.

Moreover, the root groups \: K — Aut(X) and A\: K — Aut(X) arising
from a common root u fit for every s € K into the commutative diagram

A(s)

P

3
-

Als)

PROOF. For (i) observe that each cone of the fan ¥ of the ambient toric
variety Z of X is contained in a cone of the fan ¥ of the ambient toric
variety Z of X. The corresponding toric morphism Z — Z restricts to the
morphism 7: X — X. Assertion (ii) is clear by Proposition and (iii)
follows from Proposition [9.15
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We prove the supplement. Consider the Cox rings R(A,P) of X and
R(A, P) of X. Recall that these are given as factor algebras

R(A7P) = K[Tijﬂsi]/<91§ VS j)? R(A,P) = K[Tij?gi]/<§1; IS §>7

where R(A, P) is graded by K = CI(X) and R(A, P) by K = CI(X) see
Construction [2.4] for the details. Define a homomorphism of the graded
polynomial algebras

U: K[Ty;, 5% — K[Ti, %)

by sending T}; and S* to the variables of K[T};, S*] corresponding to m(D;;)
and 7m(D¥) in case these divisors are not exceptional and to 1 € K[T};, %]
otherwise. Then ¥ descends to a homomorphism

Y: R(A,P) — R(A,P).

Now note that any Demazure root 8, on the fan ¥ having P as generator
matrix is as well a Demazure root on the fan 3 having P as generator matrix.
Moreover, we have a commutative diagram

K[Ty, §%] —“> K[T};, 5]

K[Tijv Si] Tu> K[Tiﬁ Si]

Next, given a horizontal or vertical P-root and its corresponding P-root, we
look at the associated Demazure P-root x and Demazure P-root &. Pre-
senting A\, (s)* and \z(s)* as in Theorem 5.4/ and using commutativity of the
previous diagram we see that the following diagram commutes as well:

Cover 7 1(Xeg) by affine open subsets of the form X[D} 7> Where Dis a
Weil divisor of X having f € R(A, P) as a section and X (.7 18 obtained by

removing the support of D + div(f) from X. Set D = m,D and f = ¥(f).
Then we have commutative diagrams

R(A,P); —"—~ R(A, P);

T T

5 ~ o
(X p).5,Ox) == R(A, P)(jy == R(A, P)(y) ==T'(X|p) s, Ox)
where the lower row represents the degree zero part of the upper one. The
homomorphisms ¢ and 7* in the lower row are directly seen to be inverse
to each other; see [2| Prop. 1.5.2.4]. Passing to the spectra and gluing gives
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us a commutative diagram

P (Kieg) — = 51 (1 (Xreg))

pl |7

© _
Xreg ﬂ.o T 1(Xreg)

where p and 5 denote the quotients of characteristic spaces of X and X
by the respective characteristic quasitori; use again [2, Prop. 1.5.2.4]. By
construction, the morphisms ¢ arising from v and g arising from )y satisfy

o Ai(s) = Xa(s) oy, oo Ae(s) = Ax(8) o po.
[

PrOOF OF THEOREM 1.1l Propositions [I1.5/and provide us with
a bijection between the P-roots and the P-roots. Applyying Proposi-
tion we obtain proves the second assertion of the Theorem. Asser-
tions (iii) and (iv) are then direct consequences. O

12. Structure of the automorphism group

Here we prove Theorem [0.1} In a first step, we express the number of
necessary P-roots to generate the unipotent part of the automorphism group
of a K*-surface X = X (A, P) in terms of intersection numbers of invariant
curves of X. We make use of the numbers defined in the introduction:

ci(DT) = CFqi(—Efl,...,—Efqi)_l, c(z™) = CFq(—Eg,...,—El—l)—l,

where the F;; C X are the exceptional curves lying over Dt C X in and the

E; C X over z~ € X with respect to the minimal resolution of singularities
X - X.

DEFINITION 12.1. Let X = X (A, P) be non-toric with a fixed point
curve DT C X. Given 0 < ig,i; < 7, we call a vertical P-root u at DT
essential with respect to ig, i1, if 0 < (u,v;1) < l;1 for all i # ig,4;.

PROPOSITION 12.2. Consider a non-toric K*-surface X = X (A, P).

(i) Assume that there is a curve DY C X and let 0 < ig,i; < r. Then
the number of vertical P-roots at DV essential to ig,i1 is given by

s

max (0, (D7) +1-) ¢(D")).

1=0
(ii) Assume that there is a quasismooth simple x= € X and that P is
normalized. Then the number of horizontal P-roots at (x~,0,1) is

given by

max (0, {z;nll Igéi(r)l(lmi D2, + (Lin, = liny) Din, Diny) — c(:U_)J + 1).

(iii) Assume that there is a quasismooth simple x= € X and that P is
normalized. Then there is a horizontal P-root at (z—,1,0) if and

only if
lins D2, > (long — lin,)Din,Dong, ~ for all i # 1.
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Moreover, if these conditions hold, then x— € X is smooth and
there exists precisely one horizontal P-root at (x~,1,0).

PROOF. Let X = X (A, P) be the minimal resolution. We verify (i). By
Proposition the numbers p of vertical P-roots and p of vertical P-roots
essential to 4p,4; coincide. By Proposition [I0.15 the number p equals the

number of integers in the interval

I'(ig,41) = [77%‘117 i1 — Y (ﬁmﬂ.

i#£40,11
Since X is smooth, the slopes o, ..., are all integral numbers; see
Proposition Thus, we see that p = p equals the maximum of zero and
the number

—Tig1 — M1 — Y ma+1 = —mt+1 = (DF)?+1,
i#£40,11
where the last equality holds by Remark We have ]_N)ij = F; for
Jj =1,...,q;. Moreover, D;j,+1 = D;1 and mjg4+1 = m;1. Thus, apply-

ing Corollary[7.6] (i) with j; = ¢; + 1, we see that p = f equals the maximum

of zero and
.

(DF)?+1 = (D)= a(Dh) +1.
i=0
We verify (ii). According to Proposition the number p of horizontal
P-roots at (7,0, 1) equals the number of integers v satisfying

Y o€ A(O, 1) = ﬂ[fiﬂh], Ydin, = —1 mod lip,,
i#0
see Construction [9.7] for the notation. By Remark [IT.6, the maximal inte-
ger v satisfying these conditions is loz,. Thus, we can replace [&i,m] with
[€i, loie]- So, the number of integers v in [&;, los, ] With vd1p, = —1 mod l1p,
is the maximum of zero and the round down (i) € Z of
lon, — & L oo m=&) = (m - ) 1
llnl l1n1

= 15, (lin D%, + (im, = iy ) Din, Dy = e(27) ) + 1.

Here, the second equality needs explanation. First, we express 17 — &; in
terms of intersections numbers according to Remark 9.8, Moreover, the
definition of 71, Remark quasismoothness of = and Proposition
yield

_ 1
l1n1 m—

Proposition (ii) says that 0 is the exceptional index of x; € X and thus

E; = Dopy—qg+j holds for j =1,...,q. Using Corollary (ii), we obtain
lono 7 —

—— —lon, = .

det(c—) O™ @)

Since A(0, 1) is the intersection over the intervals [¢,n1], where i # ig, we

see that the number of all the wanted v we have to take the minimum of
the above round downs ¥(i) as an upper bound.

m , I"m~ =det(c™), U7 =longlin, -

m— iOﬁo =
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We care about (iii). By Proposition there exists a horizontal P-
root at (z7,1,0) if and only if A(1,0) is non-empty. The latter precisely
means 19 — & > 0 for all ¢ # 1. This in turn is equivalent to

lins D2, > (long — lin;) Din,Dono, ~ for all i # 1,

see Remark [9.8f Now, if there is a horizontal P-root at (z7,1,0), then
Proposition (i) yields that there is no further one and that 2= € X is
smooth. O

The final puzzle piece for the proof of Theorem 0:1] is the following
controled contraction X — X’ of the minimal resolution X of X onto a
toric surface that allows to keep track of the relevant roots.

PROPOSITION 12.3. Consider a minimal resolution X — X, where X =
X(A, P) is non-toric and X = X(A, P).
(i) Let x= € X be a quasismooth simple elliptic fixed point and let P
be adapted to the sink. Then there is a K*-equivariant morphism
7: X — X' onto the toric smooth projective K*-surface X' defined
the matrix
po_ =lor ... —loa, L1 ... hLa O
dor ... dopy din ... dip, 1

The horizontal P-roots at (27,0,1) map injectively to the horizon-
tal P'-roots at (w(z7),0,1) via

Z' 5 u(0,1,7) — u(0,1,7) € Z2

Similarly, the horizontal P-roots at (27,1,0) map injectively to
the horizontal P'-roots at (w(27),1,0) via

7' 5 u(1,0,7) — u(1,0,7) € Z2.

(ii) Assume that we have a curve DT C X admitting vertical P-
roots and let P be adapted to the source. Then we obtain a
K*-equivariant morphism m: X — X' onto the smooth toric K*-
surface X' defined by the matrix

p - —Z01 _ZOﬁO Zn Zlﬁl 0 O
do1 ... dOno dii ... d]_ﬁl 1 -1

The image 7r(D+) C X' is a curve forming the source and the
vertical P-roots at DT essential with respect to 0,1 map injectively
to the vertical P'-roots at (D) essential with respect to 0,1 given
by
Z' 5 u(0,1,0) — u(0,1,0) € Z2.
Moreover, the root groups A: K — Aut(X) and N: K — Aut(X') arising
from a common root u fit for every s € K into the commutative diagram

~ As) =
X—X

| l

N (s)
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Finally, each Demazure P'-root is also a Demazure root on the complete fan
Y with generator matriz P’ and the respective root groups in the sense of
Constructions and[3.9 coincide.

PROOF. First we convince ourselves that in setting (i) we have l;z, = 1
as well as Jm = 0 for all 7 > 2 and, moreover, that there is a curve Dt C X.
Note that = € X has exceptional 1ndex O or 1 by Prop051t10nsand-
Thus, for any ¢ > 2, Proposition |6.10| yields lm = lijn, = 1 and the fact that
P is adapted to the sink ensures dm = d;jn, = 0. The existence of Dt Cc X
is guaranteed by Corollary . In the situation of (ii), the existence of
Dt C X is clear We ensure ;1 = 1 and du = 0 for all 4 > 1. Moreover, by
Proposition there must be a curve D~ C X. Now, as P is adapted to
the source, Remark - yields that also P is adapted to the source. Thus,
we have [;; = 1 and dj; = 0 for s = 1,..., . From now, we treat Settings (i )
and (ii) together. Consider the data

" 1 2 2
ny = no, Vp; = Voj, N = N1, Vj; = Uij, T =1, v} = vin,, i > 2.

These, together with v in the setting of (i) and v, v~ in the setting of (ii)
are the columns of a matrix P”. It defines a K*-surface X" = X (A, P")
which is smooth due to Propositions [6.§ and Proposition [I1.9] gives
us a morphism X — X” having the desired properties concerning the roots
and the associated root groups.

Now, the matrix P” is highly redundant. Removing all these redundan-
cies, that means erasing the column v;,, and the i-th rows for i = 2,...,r
turns P” into P’. The K*-surface X" is isomorphic to the toric K*-surface
X' = X(A’, P'), where A’ is the 2 x 2 unit matrix. Using l;z, = 1 as well as
dml =01in (i) as well as l;=1and d;; =0 in (ii) as seen before, one checks
that the P”-roots turn into P’-roots as claimed. The supplement is directly
verified. O

ProOF OF THEOREM [0l Let X := X (A4, P) be a non-toric K*-surface.
Theorem [3.§ on the automorphism group of a rational projective variety with
torus action of complexity one says that Aut(X)? is generated by the acting
torus and the additive one-parameter groups associated with the Demazure
P-roots. In the surface case, the latter ones are given by horizontal and
vertical P-roots; see Propositionsand Thus, Aut(X)? = K* if and
only if there are neither horizontal nor vertical P-roots. Horizontal P-roots
only exist if X admits a quasismooth simple elliptic fixed point, and in this
case there is no other such fixed point; see Proposition[9.6/and Theorem [8.4]
This setting is Case (ii) of Theorem Moreover, existence of vertical
P-roots requires a non-negative parabolic fixed point curve and excludes
quasismooth simple elliptic fixed points; see Propositions[9.15|and[0.17} This
setting restitutes Case (i) of Theorem |0 . Recall that U(X) C Aut(X)°
denotes the subgroup generated by all root subgroups.

We determine Aut(X)? in Case (i) of Theorem Thus, we have to
deal with a non-negative parabolic fixed point curve hosting vertical P-
roots, if present, and which we may assume to be D™ C X. Moreover, we
may assume that the defining matrix P of the minimal resolution X of X is
adapted to the source. Propositionyields that DT is the only fixed point
curve admitting vertical roots. Fix any two distinct 0 < 49,43 < r. Then
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Proposition says that U(X) is generated by all root groups arising from
vertical P-roots being essential at ip,7;. Proposition m (i) shows that p
from Theorem (i) equals the number the number of vertical P-roots
essential to ig,%1. Theorem and Proposition realize U(X) as the
subgroup generated by Demazure roots at a common primitive ray generator
of the automorphism group of a suitable toric surface X’. Moreover the
original K*-action of X is given on X’ by the one parameter group K* — T?
sending ¢ to (1,¢). Applying Proposition yields the desired isomorphism
K? x, K* & Aut(X)°.

We enter Case (ii) of Theorem The pattern of arguments is similar
to that of the preceding case. Now we have a unique quasismooth sim-
ple elliptic fixed point which we can assume to be = € X. Moreover,
we can assume P to be normalized. By Proposition the group U(X)
is generated by the root groups stemming from the horizontal P-roots at
(ig,i1, 2~ ) and (41,70, ). Due to Proposition we may assume ig = 0
and 4; = 1, and, moreover, that g = 0 is the exceptional index of z~ € X.
Proposition [12.2] (ii) shows that p and ¢ from Theorem [0.]] (ii) equal the
numbers of horizontal P-roots at (0,1,27) and (1,0, 27), respectively. The-
orem and Proposition realize U(X) as the subgroup generated by
Demazure roots at two common primitive ray generators of the automor-
phism group of a suitable toric surface X’. Here, using Proposition (i)
and Corollary we see that the Demazure roots of X’ corresponding to
horizontal P-roots at (0,1,27) and (1,0,27) are as in the setting of Propo-
sition Moreover, K* acts X’ via the one parameter group K* — T2
sending ¢ to (1,t). Thus, Proposition yields the desired isomorphism
(K? %, K) 3y K* 22 Aut(X)°. O

13. Almost homogeneous K*-surfaces

Here, we investigate almost transitive algebraic group actions on rational
projective K*-surfaces X = X (A, P). Our considerations fit together to
the proof of Theorem [0.2] given at the end of the section. Moreover, in
Propositions [13.12] and [13.17] we specify the two-dimensional subgroups of
Aut(X)? that act almost transitively on X. The first observation of the
section says in particular that almost transitive actions can only exist in the
presence of horizontal P-roots.

PRrROPOSITION 13.1. Consider a non-toric K*-surface X = X (A, P).

(i) If \: K — Aut(X) is a root group defined by a wvertical P-root,
then each orbit of A(K) is contained in the closure of a K*-orbit.

(ii) If X admits vertical P-roots, then Aut(X) acts with orbits of di-
mension at most one.

PROOF. The first statement is a consequence of [3, Cor. 5.11 (ii)]. Al-
ternatively, it directly follows from Remark [3.9] Construction [3.2] and the
definition of the K*-action on X = X (A, P). For the second statement,
recall from Proposition [9.17] that the presence of a vertical P-roots excludes
quasismooth simple elliptic fixed points and hence also excludes horizontal
P-roots. (]
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From now on, we assume presence of horizontal P-roots and we work in

the setting of Theorem (ii).

CONSTRUCTION 13.2. Let X = X (A, P) be non-toric with 2= € X and
P normalized. Consider the unit component of its automorphism group

Aut(X)? = (K? %, K) xy K,
where the numbers p and ( as well as the twisting homomorphisms ¢ and
1) are specified in Theorem Moreover, define lines in K¢ by
Ui = Keg, k=1,....,p+¢C.
Then each of the following semidirect products Gj is a two-dimensional
subgroup of Aut(X)° containing K*:
tloro—(k=Dliny g K =1,...,p,
thnis, (=1, k=p+1.
REMARK 13.3. Let X = X (A, P) be as in Construction Then each
of the lines Uy, ..., U,1¢ is a root group. More precisely, the following holds.
(i) For k& = 1,...,p, the lines U, C Aut(X)? are precisely the
root groups defined by the horizontal P-roots (0,1, ;) with
Yk = l()ﬁo — (/{ — 1)l1n1.
(ii) For ¢ = 1 and k = p + ¢, the line U, C Aut(X)? is precisely
the root group defined by the horizontal P-root wu(1,0,~) with
Ve = llnl .

Gr = Uiy K (1)) = {

By a K*-general point of a rational projective K*-surface X = X (A, P),
we mean an x € X which is not a fixed point and not contained in any arm
of X. Observe that a point x € X is K*-general if and only if each of its
Cox coordinates is non-zero.

LEMMA 13.4. Let X = X(A,P) admit a horizontal P-root u at
(z7,40,11). Then, for every K*-general x € X, the root group A\: K —
Aut(X) given by u satisfies
szﬂ/\(K)Q?#@, 1 # 1o, Dijﬁ)\(K)w:Q), 1=1g or j #n,.
Moreover, if there is a fived point curve DT C X, then we have \(K) -z N
D* = 0. Finally, we have A(K) - Djyn, = Dign,, -

PROOF. Theorem [5.4] yields \(s)*(S*) = ST in the case that there is a
fixed point curve DT C X. Moreover it shows
= io : X(S)*(Eonio) = Eonio)

i=1: )\(S)*(Elnil) = Tilnil + S(Su(Tilnz‘l)v

lil Miq

i 7é iO; Z'1 : X(S)*(Enl) = Enl + Zy:l O[(S, v, i)(sul,ﬂ' (Eni)a

jEn MeHTy) = Ty
Thus, A(K) - 2N D = and D;; N A(K) - = = () provided i = ig or j # n;.
For i # i, a suitable choice of s yields A(s)*(Tin,) = 0 and hence A(s) - x €
Din,. O
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PROPOSITION 13.5. Let X = X(A,P) be as in Construction [15.3
Then we have the following statements on the actions of the subgroups
Gl, ceey GerC Q Aut(X)O.

(i) For each k =1,...,p, the group Gy, acts almost transitively on X
and at any point of its open orbit, Gy has cyclic isotropy group of
order lin, .

(ii) For k =1,...,p, the Gg-action turns X into an equivariant G-
compactification if and only if l1,, = 1 holds.

(iii) For ¢ =1 and k = p+ (, the group Gy, acts almost transitively on
X and at any point of its open orbit, Gy has cyclic isotropy group
of order lop,, -

(iv) For¢ =1 and k = p+(, the Gg-action turns X into an equivariant
G -compactification if and only if lon, = 1 holds.

PROOF. We prove (i). Lemma [13.4] shows that each of the groups Gy, =
Up 4y, K* acts almost transitively; see also [3, Cor. 5.11]. Now, fix k and set
G := Gg. For the K*-general point x € X, the isotropy group G, projects
via G — K* isomorphically onto a finite cyclic group. Take a generator
g € G,. As g is semisimple, we have sgs~! € K* for suitable s € Uj. Thus
sGys! = Gsp = K&, Remark and Lemma yield the assertion.
Assertion (i) is a direct consequence of (ii). Assertions (iii) and (iv) are
proven in the same way. (]

Together with Remark the above Proposition gives us in particular
the following.

COROLLARY 13.6. Let X = X (A, P) be non-toric. Then Aut(X) acts
almost transitively on X if and only if X admits horizontal P-roots.

Besides the obvious subgroups G C Aut(X)? acting almost transitively
on X, we sometimes also encounter the following more hidden family of
two-dimensional subgroups of Aut(X)°.

CONSTRUCTION 13.7. Let X = X (A, P) be non-toric with = € X and
P normalized. Assume p > 1, { = 1 and consider

Aut(X)® = (K x, K) iy K",
Then every choice of a non-zero element w, € K gives rise to a one-
dimensional subgroup of K* x, K¢ via

U(w,) = {(spwl,sp_lwg,...,swp,s); s € K},

wy = b (-t w
T p—k+D\k—1)"

If lon, = p and l1,,, = 1 hold, then U(w,) C Aut(X) is normalized by K*
and thus gives rise to a two-dimensional subgroup

G(w,) = U(w,) xy K* C Aut(X)".

REMARK 13.8. In the setting of Construction [13.7, assume p = lgp, =
lin, = 1. Then the unit component of the automorphism group of X is given
by

Aut(X)? = K2 xy K*,  o(t) = diag(t™',t7h).
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Moreover, the subgroups Uj, Us and U(w;), where w; € K* are precisely
the lines through the origin of K2.

The fact that U(w,) C K x,KS is indeed a subgroup as well as the con-
dition for being normalized by K* are direct consequences of the subsequent
two more general observations.

PROPOSITION 13.9. Let X = X (A, P) be non-toric with x= € X and P
normalized. Assume p > 1 and ( = 1. Consider a subset of K* x, K¢ of the
form

U(w) = {(w(s),s); s €K}, w(s) == (sTMwr,...,s77w,),
with a given non-zero w = (w, ..., w,) € KP and given integers v1 > ... >

v, > 0. Then U(w) C KP x, K¢ is a subgroup if and only if U(w) = U(w,)
holds.

PROOF. First, recall from Theorem the matrix A(s) defining the
twisting homomorphism ¢: K¢ — Aut(K?). The subset U(w) of K x,, K¢
is a subgroup if and only if

(w(r),r) o (w(s),s) = (w(r)+ A(r) -w(s),r+s) = (w(r+s),r+s)

holds for any two r, s € K. Now, for k =1,...,p, the k-th coordinate of the
second of the above equalities gives us the following identities of polynomials
pr and g in r, s, altogether characterizing the subgroup property of U(w):

p .
1 —1 .
— Ve =k i
pr(r,s) WgTr —i—; (k— 1>w1r s

p—k .
k+i—1
i=0 k-1

= wi(r+s)"
Tk

= Z <7k> wgr'sTET
i—o \ !

= qi(r,s).

) W1 sTRH

We claim that if U(w) is a subgroup of K? x, K¢, then wy, ..., w, € K*
holds. Otherwise, let k£ be minimal with wy = 0. Then pp = ¢ implies
w; = 0 for i = k,...,0. Due to w # 0, we have kK > 1. The equation

Pk—1 = qr—1 yields

Te—1
Y1 4 gVe—1 — ’Yk.1>ri57k—1—i‘

5 ("
This is only possible for v,—1 = 1. As we have y1 > ... > v, > 0, we
conclude k — 1 = p. A contradiction to the choice of k. Thus, if U(w) is a
subgroup of K¥ x, K¢, then we must have w1, ..., w, € K*.

This reduces our task to showing that a given U(w) with wy,...,w, €

K* is a subgroup of K* x, K¢ , if and only if U(w) equals U(w,) from
Construction Comparing the number of terms of py and ¢x, we obtain
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v = p — k + 1. Now, comparing the coefficients of p; and g leads to the
following identities, characterizing the subgroup property of U(w) by

ki1 C(w) [(p—k—1)
(*) ( 1 )wk+i = <Z>wk = ( . )wk,

where k =1,...,pand i = 0,...,7. In particular, taking k and i = p — k,
the identities (%) bring us to the conditions

p—k+1\[(p—1 -
wp = wk-f—(p—k:) = ,O—k‘ E—1 Wk,

which in turn are equivalent to the defining conditions of U(w,) from Con-
struction Conversely, we retrieve the characterizing identities (x) from
the above conditions by an explicit computation:

ki-1\  (k+i-1\[ p=1 \[p—(k+i)+1\
k-1 ) T U k-1 Mekrio1)\ poterd) W
_ (p—(lf—l)>wk'
0

PROPOSITION 13.10. Let X = X (A, P) be non-toric with x~ € X and P
normalized. Assume p > 1, ( = 1. For any one-dimensional closed subgroup
U CKP %, K¢ neither contained in KP nor in KS the following statements
are equivalent.

(i) The group U C Aut(X)® is normalized by K*.
(ii) We have lon, = p, lin, =1 and U = U(w,).

Proor. First assume that U is normalized by K*. By assumption we
have ¢ = 1 and the projection U — U, ¢ = K is surjective. As U is
unipotent, U — U,,¢ is an isomorphism. In particular, there is a unique
element w = (w1, ..., w,,1) € U with w;, € K and wy, # 0 at least once. As
U is normalized by K*, we obtain

(0,8) 0 (w, 1) 0 (0,t7Y) = (W(t)(w),1) = (t"wi,...,t%w,, t",1)

for all t € K*, where we set v := lon, — (kK — 1)l1n, and l; := ly,, for the
moment. The right hand side gives us a parametric representation of the
variety U C KP x K¢. Thus, setting ¢, := wi}, we obtain defining equations
for U C K? x K¢ by

T,il—ckT;f_C = 0, k=1,...,p.

Observe that v and I; are coprime due to smoothness of = € X; see
Proposition Since at least one of the wy is non-zero and 0 € K x K¢
is a smooth point of U, we conclude /; = 1. Thus, setting ly = lop,, we have

U ={(w(s),s); s € K} CKPx,KS, w(s):= (sPwy, s wg, ... s07 ey,

Since U is a subgroup of K? x K¢, Proposition yields that we have lg = p
and the wy, arise from a w, € K* as in Construction Conversely, if (ii)
holds, then one directly checks that U = U(w,) is normalized by K*. U
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PROPOSITION 13.11. Let X = X (A, P) be non-toric with x— € X and
P normalized. Assume p > 1, ¢ =1 and lon, = p, lin, = 1. Then G(w,) C
Aut(X)? acts almost transitively and the isotropy group of a general v € X
is cyclic of order lon, = p.

PRrROOF. Set for short G = G(w,). It suffices to show that for the general
point x € X, the isotropy group G is cyclic of order ly,,. For this note first
that any element ¥ € U(w,) decomposes as

9 = V9,00, I,eK’, I €K

Using Lemma [13.4] we see that there are an ¢ € U(w,) and a K*-general z €
X such that ¥¢(x) € Dop,. Applying Lemma again shows 9,(V¢(x)) €
Doy, As in the proof of Proposition we conclude that G, is cyclic of
order loy, . O

PROPOSITION 13.12. Let X = X (A, P) be non-toric with x~ € X and P
normalized. Let G C Aut(X)Y be a two-dimensional subgroup containing K*
and acting almost transitively on X.

(i) If G C K’ xy, K* or G C K¢ xy K* holds, then G is equal to one
of the subgroups G1,...,Gpt¢-
(i) If neither G C KPx,K* nor G C KSx,K*, then lon, = p, lin, = 1
and G = G(w,) with w, € K*.
Up to conjugation, items (i) and (ii) list all closed two-dimensional sub-
groups of Aut(X)? that act almost transitively on X and have a mazimal
torus of dimension one.

PROOF. We show (i). For G C K¢ x, K*, the group G equals G, ¢ by
dimension reasons. Assume G C K x, K*. By assumption, p: G — K*
is surjective. Thus, U := ker(p) is a one-dimensional subgroup of K* and
hence a line. Moreover, we find an element (w,1) € G, where w € U. Then,
for all t € K*, we have

(0,t) o (w,1) 0 (0,t7Y) = ((t)(w),1) = (" wy,...,t 7w, 1),

where we set v = Zoﬁo — (k — 1)l1,, as before and evaluate the twisting
homomorphism ¢ : K* — Aut(K?) according to its definition. In particular,

(t"wy, ..., t7"w,) € U C K

holds for all ¢t € K*. As the 7, are pairwise distinct, we see that U is one
of the U;. Now, using again the definition of the twisting homomorphism
¥: K* — Aut(KP), we arrive at the assertion.

We turn to (ii). Surjectivity of p: G — K* implies that U := ker(p) is a
one-dimensional subgroup of K* x, K¢. Because of K* C G, the subgroup
U C Aut(X)? is normalized by K*. Proposition shows ly,, = p and
lin, =1 as well as U = U(w,). In particular, we arrive at G = G(w,). O

PROPOSITION 13.13. Consider X = X (A, P) with x— € X and P nor-
malized. Then each of the subgroups KP, K¢ C Aut(X)" acts with orbits of
dimension at most one. Moreover, any subgroup G C KP X, KS containing
Uy and U, ¢ acts almost transitively.
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PrOOF. Consider X’ + X — X as provided by Theorem and
Proposition Then K? is generated by the root groups stemming from
horizontal P-roots at (x~,0, 1), see Propositions and Thus, the
corresponding subgroup of Aut(X') is generated by the root groups coming
from Demagzure roots at a common ray. Looking at the resulting root groups
of X’ in Cox coordinates, we directly see that K? acts with at most one-
dimensional orbits. For K¢ and G, we succeed by the same idea. U

PROPOSITION 13.14. Let X = X (A, P) be non-toric with x= € X and
P normalized. Assume p > 1 and ( = 1 and consider G := Uy X, Upye C
Aut(X)°.
(i) The group G is isomorphic to the vector group K2.

(ii) The G-action turns X into an equivariant G-compactification.
(iii) The subgroup G C Aut(X)Y is normalized by K* C Aut(X)Y.

PROOF. Assertion (i) can be directly deduced from the structure of
K? %, KS. We show (ii). According to Proposition the group G
acts with an open orbit. In particular, its general isotropy group is finite,
hence trivial due to (i). Assertion (iii) is again directly checked. O

ProOF OF THEOREM [0.2] Clearly, (i) implies (ii). Assume that (ii)
holds. Then we infer from Proposition that there must be horizon-
tal P-roots. Thus, we may assume that there is a fixed point = € X and
that P is normalized. Then we have p + ¢ > 0 and this translates to (iii),
see Proposition Now, if (iii) holds, then there is a horizontal P-root
and an associated root group as in Remark [I3.3] By Proposition [I3.5] this
yields an almost transitive action of G = K x K* C Aut(X)" on X. So, we
made our way back to (i).

We turn to the supplement concerning the case that a two-dimensional
subgroup G C Aut(X) acts almost transitively on X. First note that G
is either solvable with one-dimensional maximal torus or G is unipotent.
Thus, we either can assume by suitably conjugating that K* C G holds or
we must have G = K x K and hence G = K2. Then (iv) is covered by
Propositions [13.5] [13.11] and [13.12} For (v) observe first that both series
of inequalities being valid means p > 1 and ¢ = 1 due to Proposition [12.2
Then the assertion is a direct consequence of (iv) and Proposition (]

Finally, we descibe all the subgroups G C Aut(X) that are isomorphic
to the vector group K? and act almost transitively on X.

PROPOSITION 13.15. Let X = X (A, P) be non-toric with x= € X and
P normalized. Assume p>1 and ( =1. For 0 # w, € K, set

V(wy) = UhU(w,) C K x,KS,
where Uy and U(w),) are the subgroups of K° ><1547]KC from C’onstructz’ons
and [13:15 Then the following holds.
(1) V(w,) is a subgroup of KP x1, KS, isomorphic to K2.
(ii) V(w,) is normalized by K* in Aut(X)® if and only if lon, = p and
lin, = 1.
(ili) V(w,) acts almost transitively on X.
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ProOF. We show (i). Clearly, UyNU (w,) contains only the zero element.
Moreover, we directly see that the each element of U; commutes with each
element of U(w,). Thus, V(w)) is a subgroup of K x, K¢ isomorphic to the
vector group K2, Assertion (ii) holds because U; is normalized by K* and
U(w,) is normalized by K*; see Proposition for the latter. For (iii),
we use Theorem [5.4) and Lemma [I3.4] to show that Dy,, and Dy, lie in the
orbit of V(w,) through 2= € X. Thus the orbit of V, through 2= € X is
open in X. O

REMARK 13.16. Let X = X (A, P) be non-toric with = € X and P
normalized. Assume p > 1 and ( = 1.
(i) If lon, = p and l1,, = 1 hold, then we have a one-parameter family
of one-dimensional unipotent subgroups

(U(w,); w, e K*} = {tU)t7; t e K*} C KP x, KS,

and we have a one-parameter family of subgroups isomorphic to
the vector group K2:

—1. *
{tv()t ™l t e K*} C KP %, KC.

ii) If lop or lin 1 holds, then we have a two-parameter family
0 p 1
of one-dimensional unipotent subgroups

{tU(w)t™; w, € K*, t € K*} C K* %, KS,

and we have a two-parameter family of subgroups isomorphic to
the vector group K2:

{tV(w)t™; w, e K*, t e K*} C K x, K.

PROPOSITION 13.17. Let X = X (A, P) be non-toric with x= € X and
P normalized. Then X admits additive actions if and only if p > 1 and
¢ = 1. In this case, the additive actions on X are given by the groups
G = Uy %, Upye and, up to conjugation by elements from K*, the groups
G =V (w,), where w, € K*.

PrRoOOF. The first statement is clear by Propositions [13.14] and [13.13]
For the second one, we consider once more X’ < X — X as provided by
Theorem and Proposition m This realizes Aut(X)? as a subgroup
of the automorphism group of the smooth toric surface X’ in such a way
that K* becomes a subtorus of the (two-dimensional) acting torus T” of X".
In particular, Uy x, U,y¢ and the family V defined by V(1) in the sense of
Remark show up in of Aut(X’), where V is a locally closed subvariety
isomorphic to a torus of dimension one or two. According to [17, Thm. 3],
there are only two additive actions on X’ up to conjugation by T’. One them
is normalized by T’. Proposition (iii) tells us that this is Uy @, Uy ¢. The
other additive action G’ has a non-trivial orbit T’ * G’ under the T’-action on
Aut(X’) via conjugation. Thus, T x G’ is isomorphic as a variety either to
a one-dimensional torus or to a two-dimensional torus. This reflects exactly
the cases (i) and (ii) of Remark Thus, injectivity of the morphism
Aut(X)? — Aut(X')? gives the assertion. O
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14. Examples

In this section we want to construct rational projective K*-surfaces
X (A, P) with horizontal and vertical P-roots to gain a deeper understanding
of Theorem [0.11

In the whole section we consider horizontal P-roots at elliptic fixed points
2~ and vertical P-roots at a parabolic fixed point curve DT. Moreover the
defining matrices P are adapted to the source or sink, when considering
horizontal P-roots or vertical P-roots, respectively. Additionally in the first
case the defining matrix P is normalized.

The first two examples show that there are surfaces with horizontal P-
roots at (z7,0,1), but not at (x~,1,0) and vice versa. In particular, there is

no relation between the exponents p and ¢ of Aut(X)? = (KP X KC) X K.

REMARK 14.1. Let X (A, P) be a rational projective K*-surface with
an elliptic fixed point = € X (A4, P). Recall the mutually inverse bijection
between integers in the interval I'(ig, ¢;) and horizontal P-roots at (x~, g, 1)
as seen in Proposition [9.11

For 0 < i,k < r, define rational numbers

1 07 ni:L
N = ) f’b = { 1 .

Uy Lin, (Min;—1—Min, )’ =

For any two 0 < ¢,k < 7, we define the intersections
A, k) = () [& ] S Qo
1#L
We find horizontal P-roots at (x~,ig,41) if and only if there are integers

~v € A(ig, 1) such that Ydiyn;, = —1modliyp, -

EXAMPLE 14.2. We consider the following rational projective K*-surface
X (A, P) with defining data:

-3 5200
P:= (-3 001 1}, A::B?:ﬂ.
-2 3110

The only horizontal P-root is given by the linear form v = (—1,0,2). It is a
horizontal P-root at (x~,1,0). In particular there are no horizontal P-roots
at (7,0, 1) since the following holds:

51 = 57 ‘52 = 17 m = 37 Le. A(()? 1) - ﬂ [5173} = @
i=1,2

EXAMPLE 14.3. We consider the following rational projective K*-surface
X (A, P) with defining data:

-3 200
P:=[-3 0 3 1}, A::[(l)(l):ﬂ.
-2 110

The only horizontal P-root at x~ is given by the linear form u = (—2,0, 3).
It is a horizontal P-root at (x~,0, 1). Moreover, there is no horizontal P-root
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at (z~,1,0) since the following holds:

50 = 07 52 = 3) o = 27 Le. A(O’ 1) = n [5172} = @
1=0,2

Note that x~ is smooth, in particular we find that smoothness of = does
not imply ¢ = 1.

Recall that for a K*-surface with P normalized the exponent p in the
automorphism group can be expressed in terms of self intersection numbers
of invariant curves, see Theorem

p = max (0’ Lllnll I;ﬂ#l(r]l(lsz?m + (lim‘ - llm)DiniDlm) - C($_)J + 1)

The next example illustrates that it is necessary to use the integral part in
the formula.

ExXAMPLE 14.4. Let X (A, P) be the smooth rational projective K*-
surface defined by the following matrices:

1 -2 =3 1.2 00 0 0 Lo 1
P:i=|-1 -2 =300 121 0], A::[Ol_l].
0 -1 -2 111101

Note that there is precisely one horizontal P-root at (z~,0,1), given by the
linear form u = (—2,0, 3), i.e. we obtain p = 1.
Since X (A, P) is smooth, we have ¢(z~) = 0. Moreover we have:

llnlD%nl +(l1n1 _lln1)D1n1D1n1 = llnlD%nla = 2
lony D3y, + (lony — liny ) D2py Diny = 1.

Therefore by the formula above, p is the maximum of zero and the following
expression:
1
—1 .
[ min(1,2)| +1 = bJ +1 = 1.
The next three examples show that for every (p, () € Z>¢ x {0, 1} there
is a rational projective K*-surface X (A, P).

EXAMPLE 14.5. Let p € Z>1 and consider the rational projective K*-
surface X (A, P(p)) with the following defining data:

4p 2 0 0
P(p) = —4p 0 1 1

—2p—-1 11 0

10 -1
’A‘:{()l—J'

Observe that there are p-many distinct horizontal P-roots at (x~,0, 1) given
by the following linear forms:

u(y) = (=1-7,0,1427), 0<~y<p-1

Note that since the elliptic fixed point = is not smooth we know by Propo-
sition (i) that there is no horizontal P-root at (x~,1,0). In particular,
we have Aut(X (4, P))? = K x,, K*.
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EXAMPLE 14.6. Let p € Z>; and consider the rational projective K*-
surface X (A, P(p)) with the following defining data:
—(2p—-1) 2 0 0 10 -1
Plp) = |—(2p—1) 0 1 1|, 4 == [0 X _J.
—p 110

Observe that there are p-many distinct horizontal P-roots at (7,0, 1) given
by the following linear forms:

u(y) = (=1 —=7,0,1+2y), 0<y<p—1.

Furthermore the linear form v = (—1,0,2) defines a horizontal P-root at
(z7,1,0). In particular, we have Aut(X (4, P))? = (K? x, K) x, K*.

EXAMPLE 14.7. Let p € Z>; and consider the rational projective K*-
surface X (A, P(p)) with the following defining data:

-1 -1 1 1 0 0 O 10 -1
P(p) == |—1 -1 0O 0 1 1 0|, A:= [O 1 _1].
—-p —p—1 0 -1 0 -1 1

Oow observe that there are p-many distinct vertical P-roots at D essential
to the indices 0, 1 given by the following linear forms:

U(Oé) = (aaoa_l)u OS’YSP—l
In particular, we have Aut(X (4, P))? = K? x,, K*.

The last examples gives an inside in the results of Section [I0] In the
first part of this Section we studied rational projective K*-surfaces with
quasismooth elliptic fixed points ™ such that [;,, = 1 for more than r — 1
indices.

Proposition [I0.5] gave relations among horizontal P-roots, which we il-
lustrate with the following example

EXAMPLE 14.8. Let X = X (A, P) be the rational projective K*-surface
with the following defining data:

-1 -1 1100
P:=|-1 -1 00 1 1}, A::B(l):ﬂ.
0 -1 1010

There are six horizontal P-roots at the elliptic fixed point ™~ given as:

linear form w | pair of indices ig, i1
UO:(0,0,I) ’iozl,ilzo
U ’L'o == 2, il =0
ulz(—l,O,l) ’ioZO, ilzl
(5% ’L'o = 2, il =1
’LLQZ(O,—l,l) ’L'OZO, i1:2
u9 ’io = 1, il =2

We note that for any pair of indices ¢ # ¢ we have (u;)1, = u,. Thus,
setting 7(ig,41) = (u4,,10,71,(2,2,2)) for the corresponding Demazure P-
root and {ip, 1,42} = {0, 1,2} we find the following representation according
to Theorem (.4}

Ar(ioin)(8) = Aug, (8) © Ay, (=8)|x-
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The following equalities show that the pair of indices 0,1 is a pair of gener-
ating indices:

)\7(0,2)(3) = )\7(0,1)(—3)» )\7(1,2)(3) = )\7(1,0)(—3),

Ar2,0(8) = Ara,0)(8) 0 Ar(0,1)(—5), Ar2,)(8) = A1) (8) 0 Ar(1,0)(—5)-

Note that the first line above is exactly the first statement of Proposi-
tion [I0.5] and the second line is exactly the second statement of the same
Proposition.

15. The Gorenstein log del Pezzo case

The Gorenstein log del Pezzo K*-surfaces have been classified in [|32],
see also |2, Chapter 5.4.4].

We want to use Theorem [0.1] to obtain all unit components of the au-
tomorphism groups of Gorenstein log del Pezzo K*-surfaces and compare
the results to recent classifications of surfaces with infinite automorphism
groups and equivariant compactifications.

ALGORITHM 15.1. Input: matrices A and P defining a rational projec-
tive K*-surface X (A, P).

e Test whether there is a parabolic fixed point curve of positive self
intersection. If there is one, DT say, do the following:
— For every i = 0,...,r find a Hilbert basis for cone(v;1, €,4+1).
— Calculate ¢(D™T) and p as in Theorem [0.1] (i).
— If p > 0, return K” and % as in Theorem (i).
e Test whether there is a quasismooth elliptic fixed point x. If there
is one, x~ say, do the following:
— Normalize the matrix P.
— Compute the Hilbert basis of cone((—longs dong)s (lings din,))
as in Construction 1.3
— If 7 is simple, compute p as given in Theorem (ii).
— Set ¢ = 1 if the conditions of Theorem (ii) hold, else set
¢=0.
~If p > 0or ¢ > 0, return K? x K¢ and ¢, as in Theo-
rem (ii).

e If none of the above procedures yield p # 0 or ¢ # 0, return K*.

REMARK 15.2. We use the following short notation for the automor-
phism ¢ described in Theorem

Varoae: K = Aut(KP x K), t > diag(t®, ... t9%).

Furthermore for ( = 1 observe that the automorphism ¢: K — Aut(Kr)
is uniquely determined by p. Hence we will omit it and write K? x K for
K? x, K.

PROPOSITION 15.3. The following table lists the Coz ring R(X) and the
unit component of the automorphism group of all non-toric Gorenstein log
del Pezzo K*-surfaces with Aut(X)? # K*:
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no. R(X) Cl(X) [wi, ..., wy] Aut(X)°
K|Ty,...,1. 2
1 (Tﬂ[“z-l&-Tg-&-%I]“f) Z [1 5 2 3] (K el K) Maps 1,2 T
K[T1,...T.
2 W Vi [1 4 2 3 K? My T
K[Ty,...,T. T 3 1 2
3 m L& L[2L 1 1 0 1 Koy, T
K[T1,...,T4] 7 13 2 3 K x.. T
4 (T3 TR+ T3+T2) Lz
5 K[T1,...,T5] 72 1 3 1 2 2 K2 x K T
(M T+ T3 Tu+T2) 11 0 2 1 (K2 % K) Xy, ,
K[T1,...,T5] 2 T 3 1 2 2 2
0 <T1T2+1T32T43-T52) Z 0 2 1 0 1 K= >y, T
K[T1,...,T5] 2 1 2 1 2 1
7 T\ To+ T5T4+T3) Z 1 -1 -1 1 o KXy T
K[T1,...,T5] 2 1 3 1 1 2
§ (M To+T3Ty+12) Z 1 1 0 2 1] KXy, T
K[Ty,...,T5] 2 1 2 1 2 2
) AT % 1 0o 0 2 1 Koy, T
K[T1,...,T6] 3 e 2
10 <T1T2+T3T4+T5T6> Z ? (1) 8 } (]j (1) K >4'll}l,l T
K[T1,...,T6] 3 o2z 1 o2 11
11 (T T+ T5Ta+ T2 T5) Z R T K>y, T

REMARK 15.4. Recall the group structure of (K” x, K¢) x4 T as given
in Theorem The following holds:
(i) For p = 2 and ¢ = 1 take two elements (r,s), (r',s') € K? x, K.
The group operation is given as follows:

(r,8)o(r',s") = (ri+r] +srh,ro+15 s+5).

(ii) For p = 1, ¢ = 0 consider the semidirect product K x,, K*,
where 1 is defined as seen in Remark For two elements
(r,t), (r',t') € K 3y, K* we have

(r,it)o (7', t)) = (r+tr',tt).

REMARK 15.5. For the general linear group GL,,(K) recall the following
definitions:

(i) The set of all upper triangular matrices B,, C GL,(K) is a sub-
group of GL, (K).
(ii) The set of upper triangular matrices with 1’s on the diagonal U,, C
GL,,(K) is a subgroup of GL,(K).
(iii) Let C denote the center of GL,(K). Then the projective linear
group PGL,(K) is given as GL,(K)/C.

LEMMA 15.6. Consider the projective linear group PGL,(K) and the
following subgroups:

B, := B,/C C PGL,(K), U, = U,/(U,NnC) C PGL,(K)

Then the following is true:

(i) The group K xy, K* is isomorphic to By.
(ii) The group K? x,, K* is isomorphic to Us.
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ProOOF. For the first statement we consider the following bijective map:

% t s
f: K g, K* — By, (s,t)l—>[0 J

We show that the map f is a group homomorphism:
fl(s,t)-(s,t)) = f(s+ts,tt)
_ [ s+t tos] [t S
|0 1 0 1] [0 1
= f(Svt) : f(S/,t,)

This shows the first statement. For the second statement we consider the
bijective map g given as follows:

Ly =
qg: K2 Ny K* — Us, (xl,an,y) — |:O 1 1‘2]
00 1

Again, we show that this map is a group homomorphism:
9((z1,22,9) - (2, 75,9)) = g(w1 + @) +yah, a0 +ah,y +y)
1 y+vy o1+ 2] +yxh

= 0 1 $2+LI3/2
0 1

Yy T
1 o - 0 1 :EIQ
0 1 0 0 1

= g(z1,22,9) - (], 25, 9).

10
[1
= |0
10

This shows the second statement and therefore ends the proof. O

COROLLARY 15.7. The following table lists the degree K3, the Picard

number p(X) and the singularity type S(X) of all non-toric Gorenstein log
del Pezzo K*-surface with Aut(X)° # K*:

no. in Prop|15.5 no. in [10] K% p(X) S(X) Aut(X)°

1 36 5 1 Ay UsxT
2 2/ 4 1 Ds K2xT
3 15 3 1 AAs B,
4 14 3 1 Fs KxT
5 43 6 2 Ay UsxT
6 37 5 2 A;  K2xT
7 18 4 2 A A B,
8 27 4 2 Ay B,
9 26 4 2 Dy K x T
10 45 6 3 A KZxT
11 39 5 3 Ag Bs

REMARK 15.8. Observe that the surfaces in the lists of Corollary
are exactly the non-toric K*-surfaces with Aut(X)" # K* that occur in the
big table of [10].
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Recall that statements (iv) and (v) of Theorem give conditions on
the defining matrix P of a rational projective K*-surface X (A, P) to be an
equivariant compactification:

(i) X (A, P) is an equivariant compactification of K x K* if and only
if there is a horizontal P-root at (z7, 49, 41) with l;;n, = 1.

(ii) X (A, P) is an equivariant compactification of K? 1f and only if
there are horizontal P-roots at (x~,4,41) and (x~,1,14).

We check these coonditions

COROLLARY 15.9. The following table lists the degree K3, the singularity
type S(X) and the set Z(X) of index pairs (ig,i1) with horizontal P-roots
at (x~,40,11) of all non-toric Gorenstein log del Pezzo K*-surface that are
equivariant group compactification for some semidirect product K x T.

The index pairs are printed in bold type if and only if liyn,, = 1. Fur-
thermore the varieties are equivariant compactifications of K? if and only if
there is an asterisk in the last column.

no. in Prop|15.5 K% S(X) (long:lin,, l2n,) Z(X)
5 6 Ay (1,1,2) 0,2),(2,0),(1,2),(2,1) *
10 6 A (1,1,1) all *
11 5 Ay (1,1,1) all
6 5 As (1,1,2) (2,0),(1,2), (2,1) *
7 4 A1As (1,1,3) (2,0),(2,1)
9 4 Dy (1,1,2) (2,0),(2,1)

Additionally, precisely the following non-toric Gorenstein log del Pezzo
surfaces are equivariant compactifications of a homogeneous space for some
semidirect product K x T.

no. in Prop|15.5 K% S(X) (long:lin, l2n,) Z(X)
1 5 A 1.3,2) (L2),21) =
2 7 Ds (1,3,2) (1,2),(2,.1) =
3 7 A (1,1,2) (1,2),(2,1)
3 3 Ads  (1,4,2) @1,2)
y 3 Eq (1,3,2) 1,2)

REMARK 15.10. Observe that the surfaces which occur in the lists of
Corollary are precisely the non-toric ones in [16, Theorem 1.1]. To
compare the first table with the result given there note that all Gorenstein
log del Pezzo surfaces of degree > 7 are toric, furthermore so are the sur-
faces of degree 6 and singularity type A;As and 247 and of degree 5 and
singularity type AjAs.

Moreover, the surfaces with asterisks are precisely the non-toric ones oc-
curing in |15, Theorem]. In particular, all Gorenstein log del Pezzo surfaces
that are K*-compactifications admit an effective K*-operation.






CHAPTER 2

The almost homogeneous log del Pezzo case

1. Outline of the chapter

In this chapter we develop an algorithm to classify almost homogeneous
log del Pezzo K*-surfaces. The results have been achieved in joint work with
Daniel Hattig.

As described in the introduction the algorithm consists of three steps:

(i) Find all almost k-hollow polygons.
(ii) Find all combinatorially minimal almost homogeneous, almost k-
hollow LDP complexes.
(iii) Build all almost homogeneous, almost k-hollow LDP complexes.

In the whole chapter a k-fold point is a point in kZ™. We give an out-
line of the following chapter: The first two sections are dedicated to the
classification of almost k-hollow polygons, i.e. polygons whose only interior
k-fold point is the origin. The main idea is to classify certain minimal poly-
gons and inductively “grow* these minimal polygons by successive addition
of vertices. These ideas have been developed in [33] in a general manner
and used to classify all toric Fano threefolds. Daniel Héattig adapted these
ideas to an algorithm classifying all almost k-hollow polygons, presented in
Section [2, and run it successfully for £ = 2. In Section [3| we concentrate
on algorithmic aspects to make the described algorithm feasible for larger
k. The algorithm provided a classification of all almost 3-hollow polygons
presented in Theorem there are exactly 910786.

Sections [4}f6] establish a one-to-one correspondence between certain poly-
hedral complexes and log del Pezzo K*-surfaces. This correspondence relies
on the anticanonical complex introduced in [8,|31]. In Section 4| we give
a short summary of the results achieved on anticanonical complexes for
varieties of complexity one. In the following section we develop arithmetic
conditions necessary to show the one-to-one correspondence of so called LDP
complexes with log del Pezzo K*-surfaces. We collect some of the results
already known in [32]; For convenience, we show the full proofs. Last we
present some useful properties of LDP complexes in Section [} The section
ends with the defintion of a standard form for LDP complexes, providing a
quick way to compare these complexes.

We go on with the second and third part of the algorithm: In Section [7]
we introduce a way to remove vertices of an LDP complex such that the re-
maining vertices still define an LDP complex. Reversing this process yields
a possibility to “grow“ LDP complexes from minimal ones, similar to the
process for polygons. For the corresponding K*-surfaces applying this pro-
cess means contracting a divisor: We show that the contraction of a divisor

87
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of a 1/3-log canonical del Pezzo K*-surfaces yields a 1/3-log canonical del
Pezzo K*-surfaces.

Sections 8 investigates step (ii) of the algorithm described: Removing
vertices from a given LDP complex ends in a non-toric combinatorially min-
imal LDP complex or a toric LDP complex. In the former case, Propo-
sition states constraints, which are an improvement on results in [32].
In the latter case Proposition formulates conditions for toric LDP com-
plexes that are contractions of non-toric LDP complexes. The following
Section [9] specializes to almost homogeneous LDP complexes and classifies
the combinatorially minimal ones.

Last, in Section [10| we show that there are only finitely many LDP com-
plexes corresponding to almost homogeneous 1/k-log canonical K*-surfaces.
This has already been shown in [6] for general 1/k-log canonical surfaces.
However, our proof is constructive relying on the algorithm described. Hence
it can be implemented in a computer algebra system to achieve a classifica-
tion of all almost homogeneous 1/k-log canonical K*-surfaces. The general
algorithm is described in Section [I1]and we state our results in Section

2. Hittig’s results on almost k-hollow lattice polygons

We start this section by describing a process to successively deconstruct
almost k-hollow lattice polygons, see Construction This process ends in
combinatorially minimal almost k-hollow polygons which have been classi-
fied in [24], see Proposition The main result of this first part, Proposi-
tion provides us with upper bounds for the vertices of almost k-hollow
polygons.

This algorithm has been developed by Daniel Héttig and successfully
used to classify all almost 2-hollow polygons up to unimodular transforma-
tion.

DEFINITION 2.1. Let n, k € Z>1 and consider a convex rational polytope
P C Q™. The set of vertices of P is denoted by V(P), the relative interior by
P° and the boundary by dP. We call P
(i) a lattice polytope, if V(P) C Z".
(ii) a lattice polygon, if P is a lattice polytope and n = 2.
(iii) k-hollow, if P° N kZ? = 0,
(iv) almost k-hollow, if P° N kZ? = {(0,0)}.

DEFINITION 2.2. The group GL,(Z) of unimodular transformations in
Q™ acts on the set of lattice polytopes in Q™. Lattice polytopes P and Po
are called unimodular equivalent, if Py € GL,(Z) - Py.

REMARK 2.3. Let A € GL,(Z) and P be a lattice polytope. Then the
following hold.
A(Z™) =7
A(KZ™) = kZ™.
A(V(P )) V(A(P)).
A(9P) = (P)
A(P°) = A(P)°.
vol(P) —V01( (P))-
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Therefore, the number of vertices, the number of (interior) lattice points
and the number of (interior) k-fold lattice points are invariant under the
action of GL,(Z).

REMARK 2.4. For r € Q, the ball of radius r centered at the origin
B,.(0) C Q? is the following subset of Q?:

B.(0) := {z € Q7 |z| <7}

PROPOSITION 2.5. Let P be an almost k-hollow lattice polygon. Then
there is a unimodular transformation A € GLo(Z) such that V(A(P)) C

B, N7Z2 with r := k?\/(2k + 1)2 + 1.
In particular, the number of almost k-hollow polygons up to unimodular
transformation is finite.

CONSTRUCTION 2.6. Let P be a lattice polygon. For a vertex p € V(P)
we define the convex set

PP := conv (PN Z%)\ {p}) .

N
/|

FIGURE 1. A polygon P and PP in grey as in Construction [2.6

REMARK 2.7. Let P be a lattice polygon and p € P. Then the following
holds:

(i) The convex set PP is a lattice polygon.
(ii) We have PP C P.
(iii) If P is almost k-hollow, then so is PP.

DEFINITION 2.8. A lattice polygon P is combinatorially minimal if for
every point p € Z2 with p € V(P) we have 0 ¢ PP.

PROPOSITION 2.9 (Compare [24]). The combinatorially minimal almost
k-hollow lattice polygons are up to unimodular equivalence precisely the fol-
lowing:

P. := conv(er,es, —ae; —ea), ac{l,...,2k},
Pok+1 := conv(tep,tes).

REMARK 2.10. For the polygons P, C Q2 of Propositionthe following
holds, where r, € Q is the maximal radius such that B, (0) C P:
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a [V(Pg)| | vol(Pg) Ta
<2k 3 1+4 \/ﬁ
2k +1 4 2 %
CONSTRUCTION 2.11. Let P C Q? be a lattice polygon. The polygon
PPL-Pr deconstructed along p1,...,pr is defined inductively as follows:

(i) Take a point p; € V(P) and consider PP as in Construction
(ii) Take a point p; € V(PP1+Pi=1) and set PPL-Pi := (PPLyPim1)Pi,

Deconstructible points p1, ..., p, are points that admit this construction i.e.
they suffice p; € V(PP1Pi-1) for alli=1,...,r.

LEMMA 2.12. For every almost k-hollow lattice polygon P there is a
unimodular transformation A € GLy(Z) and an integer 1 < a < 2k + 1 such
that P, C A(P), where P, is one of the polygons as in Proposition .

PRrOOF. For an almost k-hollow lattice polygon P one takes decontructile
points as in Construction [2.11]until one arrives at a combinatorially minimal
lattice polygon Py. The latter is almost k-hollow by Remark (iii). Thus it
is unimodular equivalent to one of the polygons given in Proposition[2.9] i.e.
one finds a unimodular transformation A € GL2(Z) such that P, = A(Py)
for some 1 < a < 2k + 1. Since Py C P, we have shown the statement. [

REMARK 2.13 (Minkowski’s Theorem). Let S C Q™ be a convex, cen-
trally symmetric set with a volume greater than 2™. Then there is a lattice
point in S besides the origin.

COROLLARY 2.14. Let P C Q? be an almost 1-hollow polygon and let
B,(0) C P. Then for every p € Z?* such that P(p) is almost 1-hollow we find
p| <2r ',

PRrROOF. Consider the convex set conv(B,(0),p)° C P(p)° and note
that it contains a lattice point if and only if there is a lattice point in
S := conv(B,.(0), —p,p)°. The latter set is centrally symmetric. Hence by
Remark we have vol(S) = 2r|p| < 4 since otherwise there is a lattice
point in conv(B,(0),p)° C P°. This contradicts the almost 1-hollowness of
P. Reformulating the inequality yields the statement. O

LEMMA 2.15. Let P be an almost k-hollow lattice polygon containing Py, .
For every vertex v € V(P) we find:

o] < E*/(a+1)2+1, ifa < 2k,
| < k*V2, ifa = 2k.

PRrROOF. Since P, C P note that P,(v) C P. We consider the following
polygon:
PL(v) = {p € Z% kp € Pa(v)}.
Note that P/ (v) is almost hollow if and only if P,(v) is almost k-hollow.
Moreover, for the radii r, in Remark Im we have B, /(0) € P, (v) and
k~'v € P, (v). By Corollary [2.14|we find |k~ 'v| < 2(rq/k)~!. Reformulating
the last inequality yields the statement. U
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PROOF OF PROPOSITION 2.5l By Lemma we find a unimodular
transformation A € GL2(Z) such that P, C A(P). For the latter polygon
Lemma yields the upper bound. Since the upper bound limits the
number of possible vertices, we infer that the number of almost k-hollow
polygons, up to unimodular equivalence, is finite. O

The objective of the following parts of this section is to develop Con-
struction Here we establish an algorithm that classifies (after finitely
many steps) all almost k-hollow polygons up to unimodular equivalence.
This is achieved by reversing the process described in Construction [2.6]

DEFINITION 2.16. Let P be a lattice polygon in Q2 and let p € Z2\ (PNZ)
be a point. The p-expansion of P is the following set:

P(p) := conv(V(P)U{p}).

REMARK 2.17. Let P be a lattice polytope in Q? and let p € Z? \ P be
a point. Then the following statements are true:
(i) We find V(P(p)) € V(P) U {p}, thus P(p) is a lattice polytope.
(ii) We have P C P(p), in particular if 0 € P, then 0 € P(p).
(iii) If P(p) is almost k-hollow, then so is P.

DEFINITION 2.18. Let P C Q? be a lattice polygon and let pq,...,p, €
Z? be points. The expansion of P along (p1,...,p,) is defined inductively
as follows:

P(p1,---spr) = P(p1,...,pr—1)(pr)-
LEMMA 2.19. Let P C Q? be a polygon with points pi,...,p, € P. Then
we find
PPLPr(py . .,pp) = P.

PROOF. Observe that PPL-Pr - P, thus the inclusion
PPLPr(py, ..., py) € P holds since p1,...,p, € P.

For the other inclusion note that V(PP1»Pr) D V(P)\{p1,...,pr}, there-
fore we have:

PPL-Pr(py oo pr) = conv (V(PPLPr)yU{py,...,pr})
2 conv(V(P)\ {p1,...,pr} U{p1,....pr})
~ P

O

DEFINITION 2.20. Let P C Q2 be an almost k-hollow polygon. The
k-search space is the following set

Sp(P) := {p€Z*\ (PNZ); P(p) is almost k-hollow}.

LEMMA 2.21. Consider an almost k-hollow lattice polygon P C Q2. The
following statements hold:
(i) The set Sk(P,) is finite for all1 < a <2k + 1.
(ii) For a point p € V(P) we have p € Si(PP).
(iii) For an almost k-hollow lattice polygon P' with P C P’ we have
Sk(P’) S Sk(P).
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PRroOOF. The first statement follows with Lemma [2.15] and the second is
an immediate consequence of Lemma [2.19

For the third statement note that we have P(p) C P’(p), which yields
the containment Sk(P") C Sk(P). The sets are not equal, since we find a
lattice point p € P’ \ P. Thus we have p € Si(P) \ Sx(P’). O

LEMMA 2.22. Let P be an almost k-hollow lattice polygon with k-search

space Sk(P). Then for every almost k-hollow lattice polygon P’ that contains
P we find p1,...,pr € Sk(P) such that P' = P(p1,...,pr).

PROOF. Let p1,...,p, be the vertices of P’ that are not contained in P,
then P(py,...,p.) =P O

CONSTRUCTION 2.23. Let (P;, Sk(P;)) be a pair, where P; is a combina-
torially minimal lattice polygon as given in Proposition and Si(P;) its
k-search space. Set

Ly = {(Pz;Sk(Pz)a i=1,...,2k+ 1} and £ := {PZ7 1=1,...,2k+ 1}

While |£y| # 0 do the following:

(i) Take a pair (P, S) € Lo.

(ii) Set S’ :={p € S; P(p) is almost k-hollow}.

(iii) For all p € S’ test whether there is a polygon P’ € £ such that P’

and P(p) are unimodular equivalent.

(iv) If not, add the pair (P(p),S"\ (P NZ?)) to Lo and P(p) to L.
This algorithm ends after finitely many steps and yields the set £ of all
almost k-hollow lattice polygons, up to unimodular equivalence.

ProorF. We want to show that this construction yields all almost k-
hollow lattice polygons, up to unimodular equivalence. Observe that by
Lemma [2.12] is suffices to find all almost k-hollow polygons containing P,
for every 1 < a < 2k + 1 and Lemma [2.22] states that these are given by
Puo(p1,--.,pr) where p1,...,p. € Sp(Py).

Thus we show that for a given index a the construction yields all polygons
Puo(p1,-..,pr). Note that in the second step we only remove those points
from S that do yield non almost k-hollow lattice polygons, in particular we
have Sx(P(p)) = S’ \ (P N Z?) by Lemma [2.21] (iii).

Furthermore in step (iii) note that if there is a lattice polygon P’ € L
unimodular equivalent to P, it has been found in a previous step and its
k-search space Si(P’) has been already computed, in particular all polygons
P'(pl,...,p.) lie in the set £ when the construction ends. Thus removing
P from the process, we do not lose polygons P(p1,...,p,) up to unimodular
equivalence.

Last note that since Si(P,) is finite by Lemma (i) and S" C S the
construction terminates after finitely many steps. O

3. Algorithmic aspects for polygons

For growing k, the steps needed when running the algorithm established
in Construction [2.23] increase profoundly and the task to classify polygons
becomes infeasible in reasonable time.

The following considerations significantly lower the number of computa-
tions performed. We concentrated on three aspects of the algorithm:
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(i) Improving the test on unimodular equivalence of two polygons.
(ii) Improving the test on almost k-hollowness of polygons.
(iii) Removing certain point from the k-search space to prevent unnec-
essary computations.

This finally yields a faster method to find all almost k-hollow polygons, see
Construction B.14

We start with the first aspect and introduce the standard vertex matriz
for polygons, a useful tool to check whether two polygons are unimodular
equivalent.

DEeFINITION 3.1. Let vy,...,v, be vertices of a lattice polygon P. We
set vy := v, and vVp41 = V1.
(i) The vertices are in adjacent order if for every 1 < i < r the lines
through v;_1,v; and v;, v;41 lie in the boundary of P.
(ii) For vertices vy,...,v, in adjacent order choose a Z-linear basis
w1, wy € Z? such that

V1 = a1wq, vy = aswi + bowo, 0<a<hb,
v; = a; w1 + biUJQ, a;,a; € 7.
The Hermite vertex matriz H(vy,...,v,) is the (2 x r)-matrix with
columns [a;, b;], 1 < i <r,ie. we have:
a’l a2 PEEErY a‘T'
0 by - b

(iii) The standard vertex matrix SV(P) is the Hermite vertex matrix
H(vy,...,v,) that is lexicographically minimal among all Hermite
vertex matrices for all adjacent orders of vy, ..., v,.

H(vy,...,v,) =

REMARK 3.2. Let vy, ..., v, be vertices of a lattice polygon P in adjacent
order. Then the following is true:
(i) For every tuple of vertices vi,...,v, there is a unique Hermite
vertex matrix H(vy,...,vy).
(ii) Let D,, C S,, the dyhedral group of order 2n. The standard vertex
matrix is the matrix H(vy,...,v,) such that

H(vy, ..o ,vr) Siex H(voq1),---5051))  for every o € Dy,.

(iii) Every polygon P has a unique standard vertex matrix since the
lexicographic order is a total order on (Z2)".

LEMMA 3.3. Let P,P’ C Q? be two convex polygons. Then the following
statements are equivalent.

(i) There is a unimodular transformation A € GLa(Z) such that
A(P) =P
(ii) We have r =1 and their standard vertex matrices coincide.

PRrOOF. The first implication is clear. For the second implication assume
that the vertices v1,...,v, of P and v},...,v. of P’ are numerated as they
are in its standard vertex matrix. Choose a Z-linear basis w1, wy € Z? as in
Definition 3.1 (ii). Thus, there are two unimodular matrices B, B’ € GLo(Z)
such that

Bv; = a;wy + bjwy = B’vg.



94 2. THE ALMOST HOMOGENEOUS LOG DEL PEZZO CASE

In particular, for A := B~!B’ we find A(P) = P’. O

REMARK 3.4. Let P be a lattice polygon and let S be a set of lattice poly-
gons. Checking whether there is a lattice polygon P’ € S that is unimodular
equivalent to P means performing (possibly) |S|-many tests on unimodular
equivalence, i.e. finding matrices A € GLg(Z) such that A(P) = P'.

If for every P’ € S its standard vertex matrix is known, the test on
unimodular equivalence boils down to finding the standard vertex matrix of
P. This is especially useful, when a large amount of polygons have to be
tested on unimodular equivalence.

We turn to the second aspect and find a quick way to test whether
triangles, i.e. lattice polygons with three vertices, are almost k-hollow. For
a fixed triangle the computation needed to test k-hollowness decrease with
increasing k, see Remark

Since for every polygon P there is a triangulation, this implies a method
to test almost k-hollowness of P. Observe that for the algorithm in Con-
struction it suffices to check (almost) k-hollowness of triangles (see

Lemma (3.10).

DEFINITION 3.5. Consider two numbers a € Q and k € Z. We set:
la]r = max(l € kZ,l <q), [a]r = min(u € kZ,u >q).
LEMMA 3.6. Let a,b € Q be rational numbers and let k € Z>1 be an
integer. Then the following holds:
(i) The number of k-fold points in [a,b] is given by:

pr = max <07w+1).

(ii) There are no k-fold points in (a,b) if and only if one of the followng
statements hold.
(a) pr. = 0.
(b) pr =1 and [a]x = a or |b]p =b.
(¢) pr =2 and [a]x = a and |b] = .

Proor. The first statement is clear and the second statement follows
immediately using the first statement and the fact that for pp # 0 and
(a,b) N kZ = O the only possible k-fold points in [a,b] \ (a,b) are given by
a,b. O

COROLLARY 3.7. Let T C Q? be a triangle and let n € kZ be an integer.
Let I(n, T) C Q be the open interval in Q such that

({n} x Z)NT° = {n} x I(n,T).

Then T is k-hollow if and only if for every n € kZ the intervall I(n,T) does
not contain any k-fold points.

CONSTRUCTION 3.8. Let T C Q2 be a triangle with vertices
v1 = 21, 1, vg 1= [x2, Y2, vz = [x3, y3].
Then test the following;:

(i) Set x; := max(x1,z2,x3) and x, := min(x1, e, x3).
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(ii) For every [x;]x < n < |z, ]k such that n € kZ test whether I(n, T)
contains k-fold points following Lemma [3.6

If one of the tests in step (ii) fails, T is not k-hollow, otherwise it is k-hollow.
REMARK 3.9. Let T C Q? be a triangle with vertices

v1 = [z, y1], vg 1= [x2, Y2, vz = [x3, y3].

We want to check whether T is k-hollow. A canoncial way to do so is to find
all integer points in T and check whether they are contained in (kZ)2. We
preceed with the following steps:

(i) We define the following numbers:

r; = min(x1, x2, 13), @y i= min(wy, v, £3),

yoi=min(y1,y2,93),  Yu = min(y1, y2,y3).
(ii) For every pair [z,y] € Z? such that 2; <z < 2, and y; < y < v,
test whether [x,y] € T°.
(iii) For every [x,y] € T° test whether [z,y] € (kZ)2.

If one of the tests in step (iii) is true, T is not k-hollow, otherwise T is
k-hollow.

Note that for a triangle T that is not k-hollow, checking k-hollowness
with this steps means performing (y; — vy, + 1)(2; — x, + 1) tests. Using
the algorithm as described in Construction [3.8] we only have to perform
% + 1 calculations in Q. In particular, for increasing k the number
of tests performed decreases.

LEMMA 3.10. Consider a k-hollow polygon P and a point p € Z? such
that P(p) has more than three vertices.

Let v1,v3 € V(P(p)) be the vertices such that conv(p,vy), conv(p,vy) are
the facets of P(p) containing p. Then the following is equivalent:

(i) The polygon P(p) is k-hollow.
(ii) The triangle conv(p,vi,va) is k-hollow and there are no k-fold
points in the relative interior of conv(vy,va).

PROOF. The convex polygon P(p) can be split in the following way:
P(p) = conv(vi,v2,p) UP \ conv(vi, vz, p).

Note that the latter set is contained in P, therefore it does not contain any k-
fold points, since P is k-hollow. Furthermore since P(p) has more than three
vertices we have conv (v, v2) € OP(p) Thus it suffices to check k-hollowness
of conv(vy, v, p) and that there are no k-fold points in conv(vy, v2). O

REMARK 3.11. All described statements and algorithms have versions
to test almost k-hollowness. In all cases one needs to pay attention to the
origin being the only k-fold point in the polygon.

Last, we turn to the k-search space. When the Algorithm in Construc-
tion has found an almost k-hollow polygon P, it computes the k-search
space Si(P) in step (iv) without considering other polygons that had been
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b

e]

FIGURE 2. An almost k-hollow polygon P and P(p) for a
point p € Z?; points in (kZ)? are drawn in bold. To check
whether P(p) is almost k-hollow it suffices to test the triangle
in dark grey.

found in the previous step leading to unnecessary computations. Remov-
ing suitable point from the k-search space yields a drop in the number of
computations, see Figure [3] and Example [3.13]

LEmMA 3.12. Consider a k-hollow polygon P and a set S of points in
Z2. For a point p' € S we define the following:

PL=P@),  S(P):=(S\(P'NZ%)\{p €SP CP(p)
Then the following containment holds:
{P'(¢)ia € S\ (P'NZ*} C {P(p);pe STU{P'(a); g€ S(P)}

PROOF. Let ¢ € S\ (P’ NZ32). If we have P’ C P(q), then note that
P'(¢) = P(q), i.e. P'(q) lies in the first set. Otherwise we have ¢ € S(P'),
thus P(q) lies in the second set. O

ExXAMPLE 3.13. Let P = Py = conv(ey, e2, —e1 — e2) be one of the com-
binatorially minimal lattice polygons as seen in Proposition [2.9, For the
3-search space of P we find:

|S3(P)| = 2424.
We take [—1,0] € S3(P) and set P’ = P([—1,0]). We note the following:
1S3(P)\ (P'NZ)| = 2423, |S(P")| = 2271.
Furthermore we find the following statement:

> S3(P)\{PNZ} = 5716935, > IS(P(p))| = 5560530.
p€S3(P) pES3(P)

Note that we save 156405 tests on k-hollowness in this first step.
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D,
4

F1GURE 3. The polygon P; in grey and the polygons P/ :=
P(p) in light grey and P(p,q). Note that we have P'(q) =

P(q).

p
. . . . @® ® ® ® @®
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F1GURE 4. The combinatorially minimal polygon P; and its
3-search space S3(P1). For P’ := Py(p) all points encircled
correspond to points ¢ € S3(P1) such that P'(q) = P1(q).

CONSTRUCTION 3.14. Consider the combinatorially minimal polygons
P, as in Proposition and their k-search spaces Si(P,).

o Set L:={SV(P,);a=1,...,2k+1}.
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e Fora=1,...,2k+1set Ly = {(Pq,Sk(Pa)}.
While |Ly] # 0 do the following:
(i) Take a pair (P,S) € Ly and test whether P; C P for j =
1,...,a—1.
(ii) If none of the polygons P; is contained in P set

S":={p € S; P(p) is k-hollow}.

The test on almost k-hollowness is performed using the tri-
angle described in Lemma and the method described in
Corollary

(iii) For all p € S’ compute SV(P(p)).

(iv) If SV(P(p)) &€ L, add the following to the sets Ly and L:

(P(),5(P())) to Lo, SV(P(p)) to L,

where S(P(p)) is the set described in Lemma

This algorithm ends after finitely many steps and yields the set £ of all
almost k-hollow lattice polygons, up to unimodular equivalence.

ProoF. We want to show that this yields all almost k-hollow lattice
polygons. Note that this construction is a modification of Construction [2.23]
which computes all almost k-hollow lattice polygons. Thus it suffices to
show that the modification only prevents redundant computations.

We do this by induction on a. We first note that step (ii) and (iii) check
almost k-hollowness and unimodular equivalence as in Construction [2.23

We turn to step (iv) For a = 1 the only difference to Construction m
is the space S. Note that Lemma shows that we do not miss polygons
using the smaller set S since for ¢ € S"\ S(P(p)) all polygons P(p, q) have
already been found. Therefore by Lemma [2.22] this first step computes all
almost k-hollow polygons containing P1.

Now for a > 1 note that for j = 1,...,a — 1 all polygons containg P;
have already been found, therefore it suffices to consider the polygons not
containing P;, in particular the first step only removes redundant computa-
tions. The remaining is seen as for a = 1. O

4. The anticanonical complex

First we summarize the combinatorial theory of normal rational Fano
varieties with torus action of complexity one developed in [8}25.29].

CoNsTRUCTION 4.1. Fix r € Z>1, a sequence ng,...,n, € Z>1, set
n:=mng+ ...+ n,, and fix integers m € Z>p and 0 < s < n+m —r. The
input data are matrices

L 0
d d

where A has pairwise linearly independent columns and P is built from an
(s x n)-block d, an (s x m)-block d’ and an (r x n)-block L of the form

A
L = CooTe ) lz = (lzl’Jlnl) € ZrZLzl

A = lag, . ..,a,;] € Mat(2,r+1; K), P= { } € Mat(r+s,n+m;7Z),
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such that the columns of P are pairwise different vectors generating Q"%
as a cone. Consider the polynomial algebra

K[T3j, Sk] = K[T35, 86 0<i <7, 1<j<n;,1<k<m].

Denote by J the set of all triples I = (i1,1i2,43) with 0 < i) < i < i3 <r
and define for any I € J a trinomial

L l; L

Tv T2 T3 I 1. Lin.:
I = Giriajiz = det 7 i2 i3 , T = Tl-il---Tmi’.

ail aiQ CLZ'3

Let P* denote the transpose of P, consider the factor group K :=
Z"™ /im(P*) and the projection Q: Z"™ — K. We define a K-grading on
KI[T;;, Sk] by setting

deg(Tij) = wij = Q(e,;j), deg(Sk) = W = Q(ek)

Then the trinomials g; just introduced are K-homogeneous, all of the same
degree. In particular, we obtain a K-graded factor algebra

REMARK 4.2. The K-graded ring R(A, P) of Construction 4.1|is a com-
plete intersection: with g; := g; i41,i+2 we have
(91; T €73) = (go,---,9r—2), dim(R(A,P)) = n+m— (r—1).

DEFINITION 4.3. Consider a K-graded algebra R(A, P) from Construc-
tion The anticanonical class R(A, P) is

no
k(A,P) = Zwiﬂ' + Zwk - (T—l)Zlojwoj € K
ij k j=0
and the moving cone of R(A, P) in Ko := K ®7 Q is
Mov(A, P) := ﬂcone(wuv,wt; (u,v) # (i,7)) N ﬂcone(wuv,wt; t#k).
i k
CONSTRUCTION 4.4. Let (A, P) be Fano data. The K-grading on

K([T;;, Sk] defines an action of the quasitorus H := Spec K[K] on Z := K"+™
and

Spec R(A,P) = X = V(g;; I €3) C Z

is an H-invariant closed subvariety. We now pass to GIT quotients. The set
of H-semistable points of Z associated with x(A, P) is

Zc = {Z = Z; f(Z) # 0 for some f € K[ﬂjask}uﬁ(A,P)a Ve Z>O} c Z

The intersection X := X N Z, is an open H-invariant set in X and the
quotient map Z, — Z. := Z.//H yields a commutative diagram
X Z,
1H l l// H
X(A7 P) -  4e¢
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with a Fano variety X (A, P) embedded into the projective toric variety Z..
Dimension, divisor class group, anticanonical class and Cox ring of X (A, P)
are given by

dim(X(A,P))=s+1, CIX(A,P)) = K,

“Kx = (A, P), R(X) = R(A,P).

For a face 6y =< & of the orthant § C Q"™ let 03 = 0 denote the comple-
mentary face and call dy relevant if we have

K(A, P) € Q(d)°

Then we obtain the describing fans 3, in Z"™ and B, in Z'° of Z, and
Z. respectively as

S = {0 < do; dp =< 6 relevant}, Y := {0 X P(d); dp =X d relevant}.

The subtorus 7" C T" "¢ of the acting torus of Z. associated with the sub-
lattice Z* C Z"5 leaves X (A, P) invariant and the induced T-action on
X (A, P) is of complexity one.

By the results of [25,29] every normal rational Fano variety with a torus
action of complexity one arises from this construction.

REMARK 4.5. Consider the case » = 1 in Constructions [4.1] and [4.4]
Then the defining matrix P is of the form

[ =l L 0
P= { do dy d ]’
the algebra R(A,P) equals K[T};, Sg], we have X(A,P) = Z. and T is
a one-codimensional subtorus of T"T%. Moreover, every action of a one-
codimensional subtorus on a toric Fano variety can be represented this way.

REMARK 4.6. The following elementary column and row operations on
the defining matrix P do not change the isomorphy type of the associated
Fano variety X (A, P); we call them admissible operations:

(i) swap two columns inside a block vjj,, ..., vij,.,
(ii) swap two whole column blocks vjj, , ..., vij, and vy, ... Vil
(iii) add multiples of the upper r rows to one of the last s rows,

(iv) any elementary row operation among the last s rows,
(v) swap two columns inside the d’ block.

The operations of type (iii) and (iv) do not change the associated ring
R(A, P), whereas the types (i), (ii), (v) correspond to certain renumber-
ings of the variables of R(A, P) keeping the (graded) isomorphy type.

CONSTRUCTION 4.7. Let X = X (A, P) be obtained from Construc-
tion The tropical variety of X is the fan trop(X) in Q"% consisting of
the cones
Ai = cone(v;1)+lin(ep41,...,ep45) fori = 0,...,7, A= AN N,

where v;; € Z"t* denote the first n columns of P and e, € Z"* the k-th
canonical basis vector; we call \; a leaf and A the lineality part of trop(X).
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trop(X) for r = 2

We say that a face dg < & of the orthant § C Q"™ is an X -face, if it is
relevant and the relative interior of P(dy) intersects trop(X). Define a fan
¥ in Z"* by setting

Y = {0 X P(d); dp = § X-face}.

Then the toric variety and Z associated with X is minimal toric ambient
variety of X, that means, the smallest open toric subvariety of Z. containing
X as a closed subvariety.

DEFINITION 4.8. Let X = X(A, P) arise from Construction and
denote by ¥ the fan of the minimal toric ambient variety Z of X. Define a
(rational) polyhedron

B(-Kx) = Q'(-Kx)nQ%™ C Q"™

and let B := B(gg) + ... + B(gr—2) € Q"™ be the Minkowski sum of
the Newton polytopes B(g;) of the relations go,...,g-—2 of R(A, P). Let
ez € 7" denote the sum over the canonical basis vectors e;; and e of
zntm,
(i) The anticanonical polyhedron of X is the dual polyhedron Ax C
Q" *¢ of the polyhedron

By := (P YB(-Kx)+ B —ex) C Q.

(ii) The anticanonical complex of X is the coarsest common refinement
of polyhedral complexes

AS = faces(Ax) M X Mtrop(X).

(iii) The relative interior of A% is the interior of its support with re-
spect to the intersection Supp(X) N trop(X).

(iv) The relative boundary 0A% is the complement of the relative in-
terior of A% in A%.

THEOREM 4.9. Let X = X (A, P) arise from Construction [{.1. Then
the following statements hold.

(i) AS contains the origin in its relative interior and all primitive
generators of the fan 3 are vertices of A% .

(ii) X has at most log terminal singularities if and only if the anti-
canonical complex AS is bounded.

(iii) X has at most canonical singularities if and only if O is the only
lattice point in the relative interior of AS .

(iv) X has at most terminal singularities if and only if 0 and the prim-
itive generators v, for o € Y1) are the only lattice points of AS .

(v) X has at most 1/k-log canonical singularities if and only if O is
the only k-fold lattice point in the relative interior of A% .
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CONSTRUCTION 4.10. Let X = X (A, P) arise from Construction[d.1]and
let ¥ the fan of the minimal toric ambient variety Z. Write v;; := P(e;5)
and vy := P(eg) for the columns of P. Consider a pointed cone of the form

T = cone(vyjy, ..., Urj,) S Q7

that means that 7 contains exactly one v;; for every ¢ = 0,...,7. We call
such 7 a P-elementary cone and associate the following numbers with 7:

loin - Ly ] r
lry = %fOI‘Z:O,...,T, b = (l—r)lojo--~lrjr+Z€T7i.
i 1=0

Moreover, we set
’U(T) = ET,O'UO]‘(] +...+ eT,rUro S Zr—i—s’ Q(T) = QZO . U(T) S QT+S.

We denote by T(A, P) the set of all P-elementary cones 7 € X. For a given
o € 3, we denote by T(o) the set of all P-elementary faces of o.

REMARK 4.11. Let X = X (A, P) arise from Construction [4.1} Let X be
the fan of the minimal toric ambient variety of X and Mg, ..., A\, C trop(X)
the leaves of the tropical variety of X. As in |8, Def. 4.1], we say that

(i) a cone 0 € ¥ is a leaf cone if o C \; holds for some i =0,...,r,
(ii) a cone o € X is called big if o N AY # () holds for all i =0, ...,

Observe that a given cone o € X is big if and only if ¢ contains some
P-elementary cone as a subset.

PROPOSITION 4.12. Let X = X (A, P) arise from Construction[{.1] let ¥
be the fan of the minimal toric ambient variety Z, denote by Ao, ..., A\ the
leaves of trop(X) and by A\ = AN ... N\, its lineality part.

(i) The fan XM trop(X) consists of the cones o N A and o N \;, where
ceXandi=0,...,r. Here, one always has c N A <o N A;.

(ii) The fan XMtrop(X) is a subfan of the normal fan of the polyhedron
Bx. In particular, for every cone cN\;, there is a vertex uy; € Bx
with

A NN = {vean; (ugs,v) =—1}.

(iii) If a P-elementary cone T is contained in some o € %, then T is
simplicial, v(T) € T° holds, o(T) is a ray, o(T) = TN X holds as
well as Qo(7) = QT N A.

(iv) Let o € ¥ be any cone. Then, for every i = 0,...,r, the set of
extremal rays of o N \; € X Mtrop(X) is given by

(en X)) = {o(00); 00 € T(0)}U{oeaW; oC N}

(v) The set of rays of ¥ M trop(X) consists of the rays of ¥ and the
rays o(oo), where og € T(A, P, ®).
(vi) If a P-elementary cone T is contained in some o € X, then the
minimum value among all (u,v(7)), where u € Bx, equals —{.
(vii) Let the P-elementary cone T be contained in o € ¥. Then o(1) €
AS holds if and only if - > 0 holds; in this case, o(T) leaves AS
at v(1)" = €7 (7).
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(viii) The wvertices of A% are the primitive generators of X, i.e. the
columns of P, and the points v(og) = {; v(00), where oy €
T(A, P,®) and {;, > 0.

REMARK 4.13. Recall the structure of a rational projective K*-surface as
described in Section [6] of the last chapter. Several aspects of the description
in Construction simplify:

First, the lower part [d,d’] of the matrix P is just a row and we have
m < 2. We arrange P to be slope ordered, that means that for each

0 <¢ <r, we order the block v;1, ..., vip, of columns in such a way that
d;j
mMi1 > ... > Ming, where m;; = T
]

Observe that the defining fan 3. of the ambient toric variety Z is basically
unique and needs no extra specification. More precisely, the rays of X are
the cones over the columns of P and we always have the following maximal
cones, which are leaf cones

Tij = CODe(Uij,Uij+1) ISEDIN 1=0,...,r, 7=1,...,n; — 1.

Writing v+ = v; = (0,...,0,1) and v~ := vy = (0,...,0,—1) for the
columns of P that arise for m = 1, 2, the collection of maximal cones of X
is complemented depending on the value of m as follows

m=2: (pp) 7, = cone(v, v;) \;\ |4
7, = cone(Vip,;,v")

m=1: (p-e) 7,7 = cone(v’, v;) ; B
o~ = cone(Uong,---,Vrn,)

(e-p) ot = cone(vor,...,vr1) ’

T, = cone(Vi,,v") N

m=0: (ee) ot := cone(vol,...,vr) %
o~ = cone(Uong,---,VUrn,)

The cones o™ and o, if they exists, are P-elementary big cones. Further-
more all big cones are of this form. Last we fix the following notation:

di; : S
ij i=0 i=0
It o= oy b, I7 = long "+ lpn,,s
_ r - 1
=Y -1, =Y ——(r—1).
i—0 lil i=0 mn;

LEMMA 4.14. A del-Pezzo K*-surface X (A, P) is log terminal if and only
if the following statements are true:
(i) If there is an elliptic fived point x™, then Z:Jr > 0.
(ii) If there is an elliptic fized point x=, then I~ >0
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ProOOF. Note that by Theorem the K*-surface is log terminal if and
only if the anticanonical complex is bounded.

By Proposition the anticanonical complex is bounded if and only
for all elementary big cones o we have ¢, > 0. Since in dimension two the
only elementary big cones correspond to elliptic fixed points, the statement
follows with the equivalences below:

by >0 < 1T >0, l- >0 < 1= >0.

We exemplarily show the first equivalence. By definition of £,+ in Construc-
tion [4.10 we have

I é
oty = 7 fori=0,...,r by = (1—r)l++250+7i.

V4
lin i=0

The last equality yields £,+ = Itit. Since It > 0, the equivalence follows.
O

REMARK 4.15. Let X (A, P) be a del Pezzo K*-surface with a bounded
anticanonical complex and an elliptic fixed point, say o™. For the vectors
defined in Construction £.1(0] we obtain:

v(oT) = Lot oV01 + - -« + Lot p R
d, d
_— <01+...01) oo
lOl l01
= I"mTe 1.

The analagous statement is true for an elliptic fixed point o~. As we have
seen in the proof of Lemma we have £, = [T[T. Thus, we achieve

é;ilv(ai) = mi/l_ierﬂ.

LEMMA 4.16. Let X (A, P) be a del Pezzo K*-surface with a bounded
anticanonical complex. Set:

o e type (p-p) or (p-e),
m*/ITe 1, type (p-p) or (p-e).
o e type (e-p) or (p-p),
m™[l"ery1,  type (p-e) or (e-e).

Then the anticanonical complex is the polyhedral complex given by the
following polytopes lying in the leaves \;.

P, = A5 NN = conv(vt, v, ., vin;,v7).
Furthermore these polytopes intersect in the lineality part \, where we have
AN A = conv[v™ v

PRrOOF. Since A% is bounded we find the vertices of AS by Proposi-
tion m (viii). They are given as the primitive ray generators v;;, v, va of
the minimal ambient toric variety and for every elementary big cone 7 we
have another vertex given by £;v(7).

If there are parabolic fixed point curves DT note that its corresponding
primitive ray generators vy, vy coincide with v, v~ as defined. The case of
an elliptic fixed point is treated in Remark O
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5. LDP-Complexes

Recall that a lattice polytope is called Fano if the origin lies in its inte-
rior. For every projective toric variety Zs, with fan ¥ C Ng there is a Fano
polytope Pz defined by:

Pz = conv(v,; v, primitive ray generator of ¥) C Ng.

There is a well known one-to-one correspondence:

{Fano polytopes} <«+— {Fano toric varieties}
P — ZE(P)
P VA < VA
Here, 3(P) C Ng is the face fan of P.
In this section we establish a similar one-to-one correspondence for K*-

surfaces in Theorem [5.10] In fact, they correspond to polyhedral complexes,
so called LDP complexes.

REMARK 5.1. For the rest of this chapter we fix the following notation:

Fix an integer r € Z>(, consider the rational vector space Q"*! and set
eg := —ey1 --- — e, where e; is the i-th standard basis vector. We define the
following subsets in Q"1

A = cone(te,11), Ai = A+ cone(e;).

Moreover, for every 0 < i < r consider primitive vectors v;i, ..., vin, € A\j \ A
and write
di;  d; .
vij = lije; + dije,41,  where lﬂ > Sk whenever j>k
ij ik

with coprime integers l;; € Z>1, d;; € Z. Furthermore we fix the following
notation:

d:: r r
mi; = i, mt = Zmﬂ, mo o= mei,
lij i=0 i=0
_ o1 - L |
l+ = Z——(T—l), - = Z ' —(’f’—l)
i—0 lzl i=0 llnz‘

Last, for any point in A we set:
vt = d+er+1, if d¥ >0, vo =d ey, ifd <O0.
DEFINITION 5.2. An LDP precomplez is a polyhedral complex £ of r+1
convex polytopes P; C \; of dimension 2 such that the following holds:
(i) The origin lies in the relative interior of L.
(ii) The intersection of any two polygons P;, Py coincides and we have
P; NPy = cone(vt,v™) C \.
(iii) For every non-primitive vertex v of £ we have v € A.
An LDP complez of type (p-e) is an LDP precomplex such that the following
assumptions hold:
(iv) The inequalities [~ > 0 and m™ < I* hold.
(v) The equalities m~ = [~d~ and d* = 1 hold.
An LDP complex of type (e-e) is an LDP precomplex such that the following
assumptions hold:



106 2. THE ALMOST HOMOGENEOUS LOG DEL PEZZO CASE

(iv) The inequalities I~ > 0 and I > 0 hold.
(v) The equalities m~ = (~d~ and m™ = [Td* hold.

~_/

An LDP complex in Q3.

REMARK 5.3. We want to investigate the definition of LDP complexes
by the following two remarks:
(i) There are LDP complexes of type (p-e) with primitive vertex v—.
Consider the LDP complex defined by the following vertices:
Vo1 = [—5, —5, 6], Vo2 = [—5, —5, —6], V11 = [2, 0, 1],
vo1 = [0,3,2], vt =1[0,0,1, v~ =1]0,0,-1].
Then note that condition (v) is fulfilled:
6 1 2 1 1 1 2

T = — —_ = —_——_—— = - — 7—1:l7_d_-
m 5273 30 6 213

(ii) For LDP complexes L the following assumption is true:
V (conv(L)) = {vij, v, 0"}

Observe that the converse is not true: Consider the complex given
by the vertices

Vo1 = [_57 _57 6]7 Vo2 = [_57 _57 _6]7 V11 = [27 07 ]-]7
vo1 =[0,3,2], " =[0,0,1], v~ =10,0,—1].
Then we find V (conv(L)) = {v;j,v", v}, but this complex is not
an LDP complex since condition (iv) is violated:

71 1 -
+ +
= — > — = [".
™ T30 7 30
DEFINITION 5.4. A unimodular transformation A € GL,11(Z) on Q"*!
is LDP-preserving if the following two conditions apply:
(i) We have A(A) C A\
(ii) For every 1 < i <r thereis a 1 < j <r such that A(\;) C A;.

REMARK 5.5. Let A € GL,;4+1(Z) be an LDP-preserving unimodular

transformation. Then it can be written as a series of the following opera-
tions:

(i) For a pair 0 < j,k < r the unimodular transformation of the
following form:
€k, 1= ju
A(j,k): QT — QY ei> e, 1=k,
€i, { 7& ja k.
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(ii) For an index 0 < k < r and an integer a € Z the unimodular
transformation A(a;r 4+ 1,k) € GLa(Z) defined by:

ert1 + aeg, =7,
€is i # j
(iii) The unimodular transformation A* € GLy(Z) defined as follows:

€;, i#T-ﬁ-l,
—ert1, t=1r+1.

Ala;k): QP = Q™ e {

A:i:: QT-i-l N Q’r‘-i-l’ e; {

Note that these notions coincide with the admissible operations (ii), (iii)
and (iv) of Remark

CONSTRUCTION 5.6. Let £ be an LDP complex. Then the following
construction yields a well defined K*-surface:
(i) If the LDP complex is of type (p-e), let P(L) be the matrix with
columns e, 41 and v;; for 0 <7 < jand 1 < j < n;, and set:

10 -1 —1 - -1
PL) = v erst],  A(L) = L) o 1—r}'

(ii) If the LDP complex is of type (e-e), let P(L) be the matrix with
columns v;; for 0 <7 < jand 1 < j < ny, and set:

10 -1 -1 - —1]

PO = o) AL = g Y Ty Dy ]

PROOF. We need to show that the columns of P(L) generate Q"*! as
a cone. Note that for every 0 < ¢ < r there is a primitive ray generator
vi; € A;. Thus it suffices to show that +e, 1 € cone(v;;). Since the origin
lies in the interior of £ we find vectors v, v~ € X such that v* = dTe, 1
with d* > 0 and v~ = d e,y1 with d~ < 0. Hence +e,,1 € cone(vjj). O

REMARK 5.7. Let X = X (A, P) be a log del Pezzo K*-surface. Then
the anticanonical complex AS is an LDP precomplex:
(i) By the first statement of Theorem [4.9|the origin lies in the relative
interior of A%.
(ii) The anticanonical complex suffices the second condition by
Lemma
(iii) The only non-primitive vertices of A% are given as v* € \.

DEFINITION 5.8. Let £ be an LDP complex. Set n; € Z>; to be the
number of vertices of P; lying in A; \ A.
(i) The LDP complex is irredundant if l;,n; # 1 for all 0 < i < r.
Otherwise, it is called redundant.
(ii) The LDP complex is non-toric if it is irredundant and we have
r > 2.
(iii) The LDP complex is toric if it is irredundant and we have r = 1.

REMARK 5.9. Let £ be a toric LDP complex with polygons Pg, P1. Note
that we obtain the following:

(i) If £ is of type (e-e), we have vt € conv(voi, v11).
(ii) For both types we obtain v~ € conv(vong, Vin, )-
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In particular we have Py U P; that is a lattice polygon containing the origin
with primitive vertices vo1,...,von, and vi1,...,v1n,. In particular, every
lattice polygon is an LDP complex.

THEOREM 5.10. Up to LDP-preserving unimodular transformations and
isomorphism of K*-surfaces there are mutually inverse bijections:

{LDP complexes} <+— {log del Pezzo K*-surfaces}
L = X(AL), P(L))
A «— X
To show this statement we start by finding conditions on the defining

data of a rational projective K*-surface X (A, P) to be Fano, i.e. conditions
on the entries of the defining matrix P.

REMARK 5.11 (Kleiman’s criterium for ampleness). Let D be a divisor
of a normal complete variety of dimension two. Then D is ample if and only
if D-C > 0 for all effective curves C.

PROPOSITION 5.12. Let X (A, P) be a log terminal rational projective
K*-surface. We set
m*t m”
liO = lim+1 = O, diO = T’ and din¢+1 = ?

Then the following equivalences hold:
(i) If there is a parabolic fized point curve D* we have
—Kx-D*>0 & +m* < [*.

(ii) For a divisor D;j, the intersection product —Kx - D;j is positive if
and only if
(lij = lijra)(dij—1 — dig) = (dij — dijy1) (lij—1 — lij) > 0.
In particular, X (A, P) is a del Pezzo surface if and only if all of the above

inequalities hold.

REMARK 5.13. For X = X(A, P), the intersection numbers of the orbit
closures D;; C X and possible parabolic fixed point curves DT, D~ C X
vanish in all but the stated cases. They are given by:

Di;j-Dijiq = , Dy-DY = —, Din,-D™ =
Lijlijo1 mi; — myj liy lim,
1L (1 1 . _
Dj1- Dy = linlk1 (ﬁ - F) ) (e_e) with njng =1,
W? (e-e) with n;ng # 1 or (e-p).
Di, - Dy _ lm;knk (# - %) , (e-e) with n;ng =1,
in; n = - ]
) W’ (e-e) with n;ny # 1 or (p-e).
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Furthermore the self intersection numbers are given by

Lk =), (o)
O o )

D} = 1 (>-p) for n; =1,
ot (e-p),
121_77 (p'e)7
%(# - 7%]__1%“), j =1 and (e-e) or (e-p),
l?j(mij—(mijﬂ)’ ) J= 1 and (p_p) or (p—e),

2 _ —(mij—1—mij4+1 : )

Dj; - l?j(mij—ljmij)(m;*mijﬂ)’ 1< <ni for n; > 1,
l?.(mijil—mij)’ '] = ni a'nd (p_p) or (e_p)7
ij . !
1 1 1 C_
Z(—F + mij*mij—l)’ j =n; and (e-e) or (p-e),

(D+)2 — _m+,

(D7)? = m~.

LEMMA 5.14 (Compare Proposition 4.24 in [32]). Let X := X (A, P) be
a rational projective K*-surface and consider the anticanonical divisor —Kx .
Then the following is true:

(i) If there is a parabolic fized point curve D we have
—Kx-D">0 < I"—m">o0.

(ii) If there is a parabolic fized point curve D~ we have
—Kx-D~>0 & m +1 >0.

(iii) For some i with n; = 1 we have the following cases:
(a) If there are two elliptic fized points x= and x* we find:

—Kx-Dp>0 < mtTl~ —m™ It > 0.

(b) If there is a parabolic fized point curve DV and an elliptic
fized point x— we have

—Kx-Dp>0 < m™ —1">0.
(c) If there is a parabolic fized point curve D~ and an elliptic
fized point x+ we have
—Kx-Dip >0 < IT—m* >0.

(d) If there are two parabolic fized point curves D~ and DT we
find that —Kx - D;1 > 0. The condition can be stated as
follows:

l;1 +1;1 > 0.
(iv) For some i with n; > 2 we find:

(a) If there is a parabolic fized point curve DV we find
—Kx-Din >0 & iy —lig+dilia — diglin > 0.
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(b) If there is an elliptic fized point x+ we find
—Kx-Di1 >0 < (ludiz — diali2)l™ + m™ (lig — li1) > 0.

(¢) If niy >3 and 2 < j <n; — 1 we have

—Kx-Dij >0 < (lij=lij+1)(dij—1 = dij) = (dij = dij1)(lij—1 = lij) > 0.
(d) If there is an elliptic fixed point x~ we find

—Kx Din, >0 & (linydin,—1 — din;lin—1)l” +m™ (lin,—1 — lin;) > 0.
(e) If there is a parabolic fized point curve D~ we find
—Kx Din, >0 & lin;—1 — lin; + din;—1lin, — din;lin;—1 > 0.

Proor. We calculate the intersection product —Kx - D;; for every given
case. We note that the anticanonical divisor can be written as follows

TL'L'O

—Kx = ZDiJ’ + ZDk —(r—1) ZlinDioj, where 0 < ig < r.
4. k j=1

We show the first statement and note that the second statement is proved
analogously. For the index ¢ in the formula of —Kx given above we choose
ig = 0. Then we have:

~Kx-Dt = Y D" Diu+ (D)= (r—1)inD* - Dy
1=0
= —m++zr:i—(r—1)
=l
= —m" I,

For the statements (iii) and (iv) we choose iy = 7 for the formula of —Kx
given above, respectively. Note that we get the following expression:

~Kx-Dij = Dyj- (Z D, + ZDk) + > (1= lin(r +1))Djj - Dix
L#£1,J k K
We show the assumption (iii) (a) by calculating the two summands as
given:

D - (Z DLj+ZDk> = > Dit-Da+ Dyt - Dy,

L#£1,] k L#£1
B Z 1 ( 1 1 )
- . mt  m-
Vi linlin \m m
> (1=li(r+1))Diy - Diy = (141a(r—1))Dj

H B 1+li1(’l"—1)<1 1)
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Therefore, combining the two calculations we find:

1 1 1 r—1 1 1
—KxDji = o b
X le’lld (m+ m>+ lin (m+ m)

[2

1 1 1
R e <m+ <ZL:Z% —(r—l)) —m~ (;M—(r—l)>>

= _lﬂmim_ (m‘*‘ll — m_Z+>

We go on by showing statement (iii) (b) and note that the assumption
(iii) (c) is proved analagously. Again, we first consider the two summands
as above:

Dit- | Y Dyj+> Dip| = > Dia-Din,+Djy-DF
LF£1,] k 1L

_ Z —1 + i

o Litlin, m= i

Z(l — lm(’f’ + 1)>D11 -D;. = (1 + lil(r — 1))D31

K

. _1 +li1(7"* 1)
N Zm-
1 e-n
l?lm* lil m—
Adding the two equalities yields the intersection product —Kx - D;1, namely:
1 1
— -Dyp = — —_ 4 — -1
fox Din EL: linlin, m= * lin T )lilm_
1 1 _
- W <—th+(7‘—1)+m )
1 = _

For the statement (iii) (d) we turn to the same summands as above:

Dj1 - (Z Dbj+ZDk) = Djy- (DY +D7)

L#£1,] k

Z(l — lm(?” + 1))D11 - D, = (1 — lil(’l" + 1))D,L21 =0

K

Since the second summand vanishes we end up with the following equality
for the intersection product, which can be expressed as follows:

1
I
We turn to the statements (iv) using the same methods as above. We

will show statements (a), (b) and (c) and note that statements (d) and (e)
are shown analoguosly to statements (b) and (a), respectively.

—Kx-Dyn = (lin + 1i1)
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For the statement (a) we consider the second summand. Note that
the only intersection products that do not vanish are given for x = 1,2.
Therefore the second summand is given as follows:

(1 — lﬂ(?‘ — 1))Dz21 + (1 — lig(’l“ — 1))D11 . Di2
1—[1'1(7“—1) 1—[1'2(7”—1)
2 (mi1 —ma2)  Linlio(man — myo2)
—lig + linlio(r — 1) + lin — Linlia(r — 1)
12 Lin(mi1 — mig)
lix — lio
12 Lis(mi1 — mig)

Now, since there is a parabolic fixed point D, the only non-vanishing com-
ponent of the first summand is D;; - D', hence we find:
~Kx-Da = Dj- D"+ (1 —1la(r—1)Di + (1 —lio(r — 1)) Dj1 - Do
1 liv — lip
Lin 12 lia(min — my2)
litlio(min — ma2) + (lin — li2)
12 lia(mi1 — my2)
= lglln(mi p—— (lix — liz + ditlio — diol;i)

For the statement (iv) (b) we consider the first summand of the inter-

section product —KCx - D;1:

1
Dit- | Y Dj+> Di| = > Da-Dy = Zﬁ
L#14,] k Vi Vi 710,110
For the second summand we note, as before, that the only intersection prod-
ucts that do not vanish are given for k = 1,2. Therefore the second sum-
mand is given as follows:
(1 — lil(T — 1))D221 + (1 — lig(’l“ — 1))D11 - Do
1—li1(7“—1) (1 1 > 1—li2(7“—1) 1
2 mt o my — My litlio mi1 — Mi2
1 1 —lio 4+ linlio(r — 1) + 11 — Linlio(r — 1
_ - ( B (7’+ 1)) + i2 + i1 122(7" ) + U1 il z2(r )
Liam™ \ s 12 Lia(min — my2)
1 ( 1 ) lin — lig
= ——=(+1))+
laym™ \n ( ) 12 lia(mi — my2)
Since the intersection number —/Cx - D;1 is the sum of the intersection num-
bers already calculated we find:
1 1

1
Ky Dy = 1o
* 1 ; lirlam™ * lym™ (lil (r+ )> *

— 1(21_(r_1)+ m* (I — li2) )

lir — lin
2 1ia(mia — my2)

laym™ li1 Linlio(mi1 — my2)

1 -
- lindia — diglin)l+ T (lia—1;
l7j21ll'2m+ (mil _ m’iZ) (( 10432 1 2) +m ( 2 1))




5. LDP-COMPLEXES 113

Last we turn to statement (iv) (c). Note that since 1 < j < n; we find
that the first summand vanishes since D;; - D, = 0 for ¢ # «. In order to
calculate the second summand we consider the following equality:

—lij—1Dij—1 - Dij — lij1Dij - Dijqa
B lij—1 B Lij1
lij—1lij(mij—1 —mij)  liglijea (mig — mijia)

—lij—1lijpa(mi; — myjgr) — Lijyalij—1(maj—1 — mij)
Lij—1lijlige1(mag—1 — miz) (maj —miji1)
—(mij—1 = miji1))

Lij(mij—1 —mij)(ma; — miji1)

= ;D

This shows that the second summand can be written as ), D;;D;, and
hence we find:

—Kx - Djj
= Y Di;Di

P
= Dij_1- Dij+ Dj;+ Dijy1 - Dij

1 (Mij—1 — Mij1) 1
Lij—ilig(mig—1 —mig) — Bi(mg—1 —mig)(my —mig1)  liglije (myg —mij)
lijlij+1(mij — mijn) — Lij—alijea(maj—1 — maj1) + lij—1lij (maj—1 — my;)
Lij—1l3ilije1 (mij—1 — mag) (mij — mij41)
lij—amij—1(lij — lijp) + ligmai (L — Li—1) + Lijeamijia (lij—1 — lij)
lij—1lgslij 1 (mij—y = mij)(mij — miji1)
dij—1(lij — lij1) + dij(Lijpr — bij—1) + dija (lij—1 — Lj)
lij13lig 1 (mij—1 — i) (mij — mij 1)

(lij = lijra)(dij—1 — dij) = (dij = dij1) (lij—1 — Lij)

lij—1llija (maj—1 — mij) (maj — mij)

Note that in every case the expression for the intersection product —Kx - D;;
or —Kx - DT is given as a product of a positive rational number and the
terms stated. Hence we have shown the assumptions. O

PROOF OF PROPOSITION [5.12] The statement follows immediately by
casewise comparing the inequality with the ones given in Lemma We
exemplarily consider the case (iv) (b) of Lemma Since X (A4, P) is
log-terminal we can divide the inequality given by [T to find:

(lndia — dinlia) + d* (lig — lin) = (la — li2)(d" — din) — (din — di2) (0 — Liz)
= (I = li2)(dio — di1) — (dix — di2)(lio — li1)

This shows the statement. All other cases can be seen analaguously. O

The next objective of this section is to show the implications of Propo-

sition [5.15] which yields that every del Pezzo surface possesses at most one
parabolic fixed point curve.
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PROPOSITION 5.15 (Compare Lemma 5.7 in [32]). Let X (A, P) be a
non-toric rational porjective K*-surface with irredunant defining matrix P.
The the following implications hold:

(i) If m* < lq'ithen m- < —l:_.
(ii) If m~ > —1~ then m* > 1[T.

COROLLARY 5.16. Let X (A, P) be a log terminal del Pezzo surface. Then
there is at most one parabolic fired point curve.

PROOF. Assume there is a del Pezzo surface X (A, P) with two parabolic

fixed point curves. Then Proposition i) yields that m* < [t and
m~ > —[~, a contradiction to Proposition O

LEMMA 5.17. Consider a defining matriz P of a rational projective K*-
surface X (A, P). Then the following inequalities hold:

(i) For the slopes m;; we find:

lij — 1 lij — 1
L = [myl,  my - =

mgj + I
1,

(ii) Furthermore the following inequality holds:
[ma] — |min,] > 1.
(iii) We find that the following is true:
(m+—l_+) — (m*—i—l_*) +4 > r+1.

Proor. To prove the first statement we write d;; = g;jl;; + r;j, where
¢ij,mij € Zand 0 <r;; <l;;. We consider the case that r;; # 0. Note that
in this case we have |m;;| = ¢;; and [m;;] = ¢;; + 1. Thus we find:

l.._l q—i—ll—i—r—l T —
mij = - );7. = gy D+ = [myl,
) ) )
mij = —— = S = gt < [my).
1) () 1]

Now for 7;; = 0, we find l;; = 1, since ged(l;5, d;;), therefore the inequalities
above also hold as shown here:
my £ =— = mij = dig = [mag] = [my).
ij

We turn to statement (ii). It is clear that the difference of the inte-
gers [m;1|, |[Min, | is positive since mi; > myy,, furthermore the difference
vanishes only if [;1n; = 1 since the following holds:

[mlﬂ—meJ =0 & my= Miin, andmji €Z < Il =1and n; = 1.

This contradicts irredundancy, i.e. the difference is greater than 1.
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For the last statement we find the following series of inequalities where
the first estimate stems from statement (ii) and the second one from state-
ment (i):

r+1 < ifmzﬂ — [Min, |

>+ (zm - 1)

lmz

i=0 " =0 ml

ey

IN

O

PROOF OF PROPOSITION [5.15l We show that the following two in-
equalities cannot hold simultaneously:

t_lt<0 and m +1 >0

Therefore assume that the inequalities do hold. By Lemma (iii) we find
that r + 1 < 4, i.e. r = 2, since the K*-surface is non-toric.
For r = 2 we consider the inequality as given in the proof of Lemma

r
3 =r+1 < Z(mzﬂ—meZJ < 4.
=0

Since the sum is an integer, equality holds, i.e. >.i_g[mi1] — |min,] = 3,
moreover the following inequality holds:

2 > 2+(m+—l_+) = i(mu-ﬁ-lﬂ‘_l)

i=0 lia

L
> Z[mzﬂ msz =3

Since the sum in the second line is an integer, we find > [m;;] = 3 and

Y

therefore |mipn,| = 0, i.e. myp, > 0 for all ¢ = 0,...,r. This contradicts
m~ < 0. Therefore the two stated inequalities cannot hold simultaneously.
O
LEMMA 5.18. Let P; C X; be a conver polygon having a face
conv(vt,v™) C . Let v;j € \; be vertices of P; with
d; din,
Vij = lijei +dij6r+1, il > >
lia lin,
Set vio := vt and vip, 41 == v~. Then for every j = 1,...,n; the following

inequality holds:

(lij = lij+1)(dij—1 — dig) — (dij — dij1)(lij—1 — lij) > 0.



116 2. THE ALMOST HOMOGENEOUS LOG DEL PEZZO CASE

PROOF. Set H;; to be the affine hyperplane that contains v;; and v;;11
and the closed halfspace H;; which contains the origin. This halfspace is
defined by the linear form wu;; and the integer b;; given as follows:

uij = (dijt1 — dij, lij — lij41) and by = dijyali; — dijlija.
Now note that since b;; < 0 we find v;;_1 € HJ \ H;; if and only if the
following inequality holds:

(dij+1 — dij)lij—1 + (Lij — lijr1)dij—1 > dijaliy — diglij
After subtraction b;; on both sides of the inequality we end up with the
following inequality:

(dij1 = dij)lij—1 + (lij = lijt1)dij—1 — dijalij + dijlija > 0
& (ly = lijra)(dij—1 — dij) — (dij — di1)(lij—1 — i) > 0.
O

Proor oF THEOREM 5,10l By Remark every toric LDP complex
is a Fano polygon. Since correspondence between Fano polygons and toric
surfaces is well known, it only remains to show the correspondence between
non-toric LDP complexes and non-toric K*-surfaces.

We first show that for an LDP complex the surface X := X (A(L), P(L))
is log del Pezzo. Note that by Construction [5.6] we obtain that X is a well
defined K*-surface. Furthermore X is log terminal by Lemma [4.14] since we
have I~ > 0 for an LDP complex of type (p-e) and [T~ > 0 for an LDP
complex of type (e-e) by condition (iv) of the Definition

Last observe that convexity of the polygons P; implies that the in-
equalities of Lemma hold. These inequalities coincide with the ones
given in Proposition (ii). Moreover, for an LDP complex of type (p-e)
condition (iv) states m™* < I, which is exactly the inequality in Proposi-
tion (i), i.e. X is a del Pezzo surface.

Now for a log del Pezzo K*-surface X the anticanonical complex AS
is an LDP precomplex by Remark Furthermore there is at most one
parabolic fixed point curve by Corollary which we can take as DT.

If there is a parabolic fixed point curve, the conditions (iv) of Defini-
tion is equivalent to X being log terminal (see Lemma and the
first condition of Proposition and conditions (v) of Definition fol-
low since vt = e,41 is a vertex of AS and v~ =m~/I"e,11 by Lemm

If there is no parabolic fixed point curve, the conditions (iv) of Defini-
tion is equivalent to X being log terminal (see Lemma and condi-
tions (v) of Deﬁnitionfollow since vt = m*¥/lTe 1 andv™ =m™/I"e, 1
by Lemma

Last, for an LDP complex £ set X := X(A(L), P(£)). It is clear that
L = A%. Furthermore for a rational projective K*-surface X (A4, P) it is
clear by definition that P = P(AS% ). Therefore, the maps are bijections. [

6. Properties of LDP complexes

In this section we collect some basic properties of LDP complexes. We
start by considering redundant LDP complexes, i.e. LDP complexes such
that l;1m;1 > 1 for all ¢ = 0, e, T
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PROPOSITION 6.1. For every non-toric rational projective K*-surface X
there is an irredundant LDP complex £ with X = X (A(L), P(L)).

CONSTRUCTION 6.2. Let £ be a redundant LDP complex with r» > 2, i.e.
there is an index 0 < ¢ < r such that [,1n, = 1. The redundancy elimination
at ¢ is defined by the following steps:

(i) Apply a unimodular transformation A(—d,1;¢) to £ and set £ =
AL.
(ii) Set pr,: Z™2 — Z"+! defined as follows:

€, 1<
pr,: Z'Y — 7", ei — 10, i=1
ei—1, ©>L.
Then the polygons pr,(P;), i # ¢ define an LDP complex £” in Z".

Successively applying eliminations of redundancies yields an irredundnant
LDP complex or a toric LDP complex.

CONSTRUCTION 6.3. Let (A, P) be defining data as in Construction [4.1}
in particular, P is built from the blocks L, 0, d and d’. By a redundant
extension of (A, P) we mean defining data of the form

3 ) P 0 0
A = Jao,...,ar, arq1], P = 0 1 0
d 0 d

such that the column a,,; of A is not proportional to any of the columns
ag, . ..,a, of A. The pair (A, ]5) satisfies the conditions of we have a
canonical isomorphism K = K of grading groups and one of the associated
graded K-algebras:

Tij, ZZO,...,T‘,

Sr — Sk.
0, di=r+1, F b

R(A,P) — R(A,P), Ty {

In particular the rational projective K*-surfaces X (A, P) and X (A, P) are
isomorphic.

PROOF OF PROPOSITION [6.1l. Let (A, P) be a pair of defining data for
X, ie. X = X(A,P) and consider the anticanonical complex £ := A%.
If there is an index 1 < i < r such that [;1n; = 1 apply an redundancy
elimination on £ as in Constructionto achieve an LDP complex £'. Note
that by Construction [6.3|we have X (A(L"), P(L)) & X (A, P). Successively
applying redundancy eliminations yields the statement. O

DEFINITION 6.4. An LDP complex L is almost k-hollow if the only k-fold
point in the relative interior of £ is the origin, i.e.

£°n (kZ)" = {o}.

REMARK 6.5. Consider the LDP complex £ corresponding to a log del
Pezzo surface X. Then note that by Theorem [4.9] the surface X has at most
1/k-log canonical singularities if and only if £ is almost k-hollow.

LEMMA 6.6. An LDP complex is almost k-hollow if and only if the fol-
lowing holds:
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(i) P; is k-hollow for every 0 <i <r.
(ii) d* <k and d~ > —k.

PROOF. The points in the relative interior of £° are exactly the points
in the relative interior of P; and in conv(v™—,v"). Hence L is almost k-hollow
if and only if if there are no k-fold points in P; for all 0 < i < r, i.e. P; is
k-hollow, and the only k-fold point in conv(v™,v™") is the origin. The latter
is equivalent to (ii). O

REMARK 6.7. For an LDP complex consider the number I defined in
Remark and the condition (T > 0.

Assume l01 > e > lrl- Then l31 == lrl =1 holds and (lol,ln,lgl)
is a platonic triple, i.e. one of the following tripels:

(l017l1171)7 (l017272)7 (37 37 2)7 (47372)7 (57372)

Furthermore the following is true:

lo%—i_i’ if (lo1,011,l21) = (lo1, 011, 1),

) - ﬁ, if (lo1,l1,021) = (lo1,2,2),
= ZH_(T—U = 4% if (lo1,l11,021) = (3,3,2),
i=0 " 1 if (lo1, l1s l21) = (4,3,2),
= if (lo1,l1,l21) = (5,3,2).

Note that the maximal value for It is given by 2. The same statements hold
for ™.

LEMMA 6.8. Consider an LDP complex L with vertices vi; = (lij, dij)
such that lop, = -+ = lyp, = 1 and dop, = -+ = drn, = 0. Consider the
following Z-linear map:

€1, izl,
n: 2" 5 72 ei 10, i1+ 1,
ery1 =7+ 1.

Then m(L) C Z* is a convex polygon with vertices w(vo;), m(v1;) and m(v™).
In particular, the following statements are equivalent:

(i) Py and Py are k-hollow and (d~,d*) N kZ = {0}.
(ii) The polygon (L) is almost k-hollow.

ProoOF. To prove the first statement it suffices to show that for the
vector 7(v~) we have w(v™) € conv(m(von,), ™(V1n,)). Therefore we first
consider the following sum of rational numbers:

L L Ll ot
l__l()no l__llnl l__ lOno l1n1 5 .
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Now note the following linear combination of vectors which proves the state-
ment:

1 1 1
T 7T(UOno) + = T(Vin,) = T E— (l1n17T(U0n0) + lOnoﬂ'(Ulnl))
l lOno l l1n1 l lOnollnl
1
= ———— (longl1n, (Mone + Min, e2)
l lOnollnl
= T?—eg = d e = 7w(v).

l_
This means that 7(v~) can be written as linear combination of vectors in
conv(m(Von, ), T(V1n, )), furthermore the coefficients add up to 1, i.e. w(v™)

is no vertex of 7(L).
The latter equivalence follows with Lemma O

The following part defines a standard form for rational projective K*-
surfaces, see Definition This definition is independent of ampleness of
the anticanonical divisor. The corresponding statement also holds for LDP
complexes. It yields a quick possibility to check whether two LDP com-
plexes £ and £’ are unimodular equivalent, i.e. there is an LDP-preserving
unimodular transformation A such that A(L) = L.

The first part establishes a notion of symmetry for matrices P when
applying an admissible operation of type (iv).

DEFINITION 6.9. Let X (A, P) be a rational projective K*-surface. We

define the following;:

(i) The slopes of P are the rational numbers m;; = %’

(ii) The i-th block of P is the vector m; = (mj1, ..., Mip,) € Q™.
(iii) For every block we define the normalized slope vectors:

o; = (M1 + @i, ..., Min, + a;)
Ti = (=Min, +bi, ..., —ma + b;),

where a; = [—mi1| € Z and b; = [mip, | € Z.
(iv) A symmetric block is a block m; such that o; = 7;. Otherwise the
block is called asymmetric.

EXAMPLE 6.10. Let X (A, P) be the K*-surface with defining matrix
[—3 2 0 0 ]
P:=1-3 01 1].

-2 1 1 -1

The matrix P consists of the following three blocks:

mo = (=2/3), m = (1/2), my = (1,-1).
For every 0 < ¢ < 2 we compute the normalized slope vectors o; and 7;:
oo = (1/3), 7 = (2/3), on = (1/2), n = (1/2),
os = (0,-2), m = (0,-2).

Thus there are two symmetric blocks and one asymmetric block, namely
block 0.
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DEFINITION 6.11. Let m; be an asymmetric block of a matrix P. Then
we define the following:

(i) Let 1 < j < n; be the smallest index such that the j-th entry of o;
and 7; differ.
The pair of asymmetric slopes is the following pair of rational
numbers:

(mZ] + Ci, _mini_j+1 + dZ) € sz

where C; = f—mzﬂ, di = [mmFHJ.

(ii) The block m; faces up if m;; +¢; > —Min,_;,, +d;. Otherwise the
block faces down.

EXAMPLE 6.12. We turn again to Example and consider the defining
matrix P given as follows:

-3 2 0 0
P:=1(-3 01 1]|.
-2 11 -1

Note that the only asymmetric block is block 0. Its pair of asymmetric
slopes is given by (1/3,2/3), i.e. the block 0 faces down. The remaining
blocks are symmetric.

DEFINITION 6.13. Let X (A, P) be a rational projective K*-surface.

(i) The symmetry vector &(m;) of an asymmetric block m; is o; if
the block faces up and 7; if the block faces down.

(ii)) The matrix P is called symmetric if it is of type (e-e) or (p-p),
we have m™ = —m™ and for every symmetry vector there are the
same number of blocks facing up and facing down.

REMARK 6.14. For any matrix P consider the matrix P~ obtained by
applying the admissible operation (iv) on P and rearranging the columns
such that P~ is slope ordered.

For the rest of this part we use the notation mf; and m57 when talking
about the slopes of P and P~, respectively. Moreover the sum of slopes is
written as m; and m,_, respectively. It is clear that the following holds:

; P_ _ P

(i) For every slope we have m;; = —m;, ;..

. . =+ _ — - +
(ii) For the slope sum we obtain mp = —m,_ and mp = —m,_.

LEMMA 6.15. Let X (A, P) be a rational projective K*-surface and con-
sider P~. Then the following conditions are equivalent.

(i) P can be obtained by applying a series of admissible operations of
type (i) to (iii) and (v) on P~.
(ii) P is symmetric.

PROOF. Suppose that P can be brought to the form of P~ by admissible
operations of type (i) to (iii) and (v). Hence we have

¥ - ot = -
mP—mP_——mP.
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Consider the slope vector (mj1, . .., m4y,,;) of a block of P such that no change
of blocks is necessary to bring P~ to the form of P. That means there is an
integer a € Z such that the following holds

(Mit, o, Mip,) = (M, +a,...,mi1 +a).

Thus this block is symmetric by definition. Suppose on the other hand that
(mg1,...,min,) is a slope vector of a block such that a change of blocks is
necessary to bring P~ to the form of P. That means there is an integer
t # i and a € Z such that

(Mity ooy Min;) = (M, +a,...,my +a)

for some ¢ # i and a € Z. Note that the blocks have the same symmetry
vector but differ by the directions they face to. We conclude that for every
symmetry vector occurring there is the same number of blocks facing up and
down, which proves that P is symmetric.

Now suppose that P is symmetric. Consider P~ and exchange blocks of
P~ facing up with blocks of the same symmetry vector facing down, which
yields a matrix P~. By definition of symmetry vectors every block of P~
now coincides with the blocks of P up to an admissible operation of type
(iii). Hence we can assume that

m57 = ml; foralli=1,...,r
Note that the 0-th blocks of P and P~ are of the same symmetry type, i.e.
they only differ by an integer vector in Z™. Since additionally m™ = —m™
we find m{} = m{}, thus the O0-th blocks coincide as well. (]

REMARK 6.16. Let X := X (A, P) be a rational projective K*-surface
with a symmetric defining matrix P. Then the following two assertions
hold:

i) There is an automorphism (Y2l X =X SWitChiIlg source and Sink,
i.e. we have

pat) =2~ o g(DT) = (D).
(ii) The unit component of the automorphism group is trivial.

The latter follows since otherwise there are two quasismooth simple elliptic
fixed points or two parabolic fixed point curves admitting vertical roots, a
contradiction to Theorem [8:4] and Proposition [9.18] respectively.

DEFINITION 6.17. Let P be a defining matrix of a rational projective K*-
surface with asymmetric blocks m;,,...,m;,. Then we define the following:

(i) Let &(m;) be a symmetry vector. Set k(&S (m;))" to be the number
of blocks of P with symmetry vector &(m;) facing up. Analagu-
osly, we define k(&(m;))~ for blocks facing down.

(ii) The matriz symmetry vector &(P) is the lexicographically maxi-
mal among all symmetry vectors &(m;) such that k(&(m;))t #

k(&(mi))~

LEMMA 6.18. Let X (A, P) be a rational projective K*-surface and con-
sider P~ and the matriz symmetry vector S(P) and S(P~). The following
assertions hold:
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(i) If P is of type (p-e), then P~ is of type (e-p).

(ii) If P is of type (e-e) or (p-p) and m} > —mp, then P~ is of type
(e-e) or (p-p) and m}_ < —mp_.

(iii) Suppose that P is of type (e-e) or (p-p) and mpy = —-mp
holds. Assume further that for the symmetry vector S(P) we have
k(S(P))" > k(&(P))".

Then P~ is of type (e-e) or (p-p) and mp = —mp. Moreover
for the symmetry vector S(P~) we have k(&(P~))" < k(&(P))~.

PROOF. The first and the second statements are clear by the defintion
of P~. For the last statement note that every block in P that faces up yields
a block in P~ with the same symmetry vector that faces down. Therefore
we have

K&(P7)T = k(&(P)” < k(&(P)" = k(&(P7))".
O

DEFINITION 6.19. Let X (A, P) be a K*-surface. The matrix P faces up
if one of the following conditions holds.
(i) The matrix P is of type (p-e).
(ii) The matrix P is of type (e-e) and m™ > —m ™.
(iii) The matrix is of type (e-e) and m* = —m ™. Additionally, for the
symmetry vector of P we have:

k(&(P)" > k(&(P))".
The matrix P faces down if P~ faces up.

REMARK 6.20. Let P be a defining matrix of a rational projective K*-
surface X (A, P). Then Lemma yields the following three cases:

(i) The matrix P is symmetric.
(ii) The matrix P faces up.
(iii) The matrix P~ faces up.

DEFINITION 6.21. Let X (A, P) be a rational projective K*-surface. The
defining matrix P is in standard form if the following assumptions hold:

(i) The matrix is irredundant, i.e. n;l;; > 1 foralli=0,...,r.
(ii) The matrix P does not face down.
(iii) For the length of the arms of X (A, P) we have:

Nmax = No = **+ = Ny

(iv) Wehave 0 < my; < lforalli=1,...,r.
(v) Let ¢ be the largest index such that n, = nmax and set a :=

[—mo1| € Z. Then for every 0 < i < ¢ we have

(m(]b e 7m0no) Zlex (mil — Q.. My, — a) .

(vi) For indices i; < --- < i with n;;, = -+ = n;, and i; # 0, the

tuples

(mill, ey milnil) gy (mikl, ey miknz‘k)

are in descending lexicographical order.
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PROPOSITION 6.22. The standard form of a defining matrixz P is unique.
In particular, two defining matrices P and P’ are equivalent if and only if
their standard forms coincide.

PROOF. It is clear that every matrix P can be brought into standard
form using admissible operations.

Suppose that P is in standard form and there is a distinct matrix P’ in
standard form such that P and P’ are equivalent. We show that P = P’.

It is clear that admissible operations do not change the number of blocks
with the same length. Thus observe that for ¢ = 1,...,r the blocks of P
and P’ coincide by conditions (ii), (iii) and (vi) of Definition [6.21]

For ¢ = 0 note that by condition (v) the block is uniquely determined
among all blocks of length nyay. In particular, the 0-th block of P and P’
coincide.

Last note that by Remark and the second condition of Defini-
tion P and P’ both face up or they are symmetric. In the second
case note that the standard form of P~ coincides with the one of P by
Lemma, [6.15| using the same arguments as above. ]

7. Contraction of LDP complexes

In section [2, we investigated a deconstruction method of polygons, see
Construction that was a vital ingredient in the classification process for
almost k-hollow polygons.

Now, our objective is to achieve a similar method for LDP complexes,
see Construction We define a process of removing vertices of an LDP
complex without losing basic properties. Theorem [7.4] ensures that this
process is well-behaved.

Moreover in Proposition we observe that this process corresponds to
contractions of divisors of K*-surfaces. In particular, in Theorem we ob-
tain that contractions of K*-surfaces preserve ampleness of the anticanonical
divisor, log terminality and 1/k-log canonicity.

DEFINITION 7.1. Let £ be an LDP complex consisting of the polygons
P; with n; vertices in A; \ A. If n, > 2, we define the following;:

m+(‘/) = er + my2 — My, mi(L) =m + Mynp,—1 — Myn,,
- = 1 1 - - 1 1
e =1 +——-— () =1~ — .
(L> * lL2 lLl, (L> * lmL—l le
Last if the rational numbers I*(:) do not vanish we define
m* (1)
d* () = :
(L) l:t(L)

DEFINITION 7.2. Let £ be an LDP complex. A combinatorially con-
tractible vertex v of L is a vertex sufficing one of the following conditions:

(i) The complex is of type (p-e) and for v = v we have m™* > 0.
(ii) For v = v,; we have n, > 1 and the complex is of type (p-e) or
m* () > 0.
(ili) For v =v,; with j =2,...,n, — 1.
(iv) For v = v,,, we have n, > 1 and m™(¢) > 0.



124 2. THE ALMOST HOMOGENEOUS LOG DEL PEZZO CASE

CONSTRUCTION 7.3. Let £ be an irredundant LDP complex with a com-
binatorially contractible vertex v. We define the following polygons:

(i) If £ is of type (p-e) and v = v, for all i =0,...,r set
Py i= conv (V(Py)\ {v} U{m*/I*e,11}).

(ii) If £ is of type (e-e) and v = v,; we set
Py = conv (V(P,)\ {v,v} U{d* (t)ersa}),
P; := conv (V(PZ-) \ {vt}uU {d*(a)erﬂ}) , i L.
(iii) If £ is of type (e-e) or (p-e) and v = v;y,, We set
Py = conv(V(P,)\{v,v” }U{d (t)er41}),
Py = conv (V(P;) \ {v }U{d (V)er41}), i # L.
(iv) If £ is not of type (p-e) or v # v, v;1, vip,, set
P, := conv (V(P,)\ {v}), P! == Pi, i#.
The LDP complex LY contracted along the vertex v is the polyhedral complex

consisting of the polygons PY for i = 0,...,r. If v = v™, the complex is of
type (e-e), in all the other cases the types of £ and LY coincide.

The following theorem shows that the polyhedral complex £V is indeed
an LDP complex.

THEOREM 7.4. Let L be an irredundant LDP complex with contractible
vertex v. Then the following is true:
(i) The polyhedral complex L is an LDP complex.
(ii) We obtain LY C L. In particular, if L is almost k-hollow, then so
is LY.
LEMMA 7.5. Let L be an LDP complex of type (p-e) with vt combina-
torally contractible. Then the following statements hold:
(i) We have I > 0.
(ii) We find m* /It <1, i.e. m¥/ITe, 41 € conv(0,vT).

PROOF. We first note that m* > 0 by Definition[7.2] (i) since v is com-
binatorially contractible. Now the statements are immediate consequences
of the inequality in condition (iv) of Definition namely:

F>mt >0 and IT-mt >0 & 2 <1
The last part of statement (ii) is clear since v = e,41. O
LEMMA 7.6. Let £ be an LDP complex of type (e-e) and a contractible
vertex v,1 and n, > 2. Then the following statements hold:
(i) We have It (1) > 0.
(i) We find d* > d* (1), i.e. d™(¢)ey4+1 € conv(0,vT).
The same statements are true for an LDP complex of type (p-e) or (e-

e) and a combinatorially contractible vertex v,,,, namely 1~ (t) > 0 and
d=(t)er41 € conv(0,v7).



7. CONTRACTION OF LDP COMPLEXES 125

PRrROOF. We prove exemplarily the case for the first statements and note
that the proof for the latter statements is analagous. First note that since
v,1 is contractible the inequality m*(z) > 0 given in Definition[7.2] (ii) holds,
furthermore Lemma (iv) (b) yields another inequality which after divi-
sion on both sides by 111,507 > 0 can be restated as follows:

+
m 1 1
my —my)+—=—|-——-—] > 0.
( 2 Ll) I+ (ll,l lL2>
Hence we have two inequalities depending on m,; — m,2. Restating these
two inequalities solving for m,; — m,o we find

. >m+<1 1>
m m,; —m __— | — — — .
o 2 I+ lal lL2

Using these estimates for m,; —m,2 and the fact that m™ is positive we find:

5 (1 _ 1> < 1
Z+ ll,l lLQ

- - 1 1
o Pw-re(lol) s
la2 lLl
Hence we have shown the first statement.

For the second statement we consider d* (1) = 7?: ((LL)):
m*()  m* N mt ()T —mTIt()
i) It 0
. omt N (It = 1T ())m* + (m*T () —m™)It
I+ I+ 1+(0)
_omt, (o) d e —ma)
I+ 0
mt
< Z—T

In the third step we used the definitions of /() and m™(¢) and the inequality
follows directly from the inequality of Lemma (iv) (b) and statement
(i), i.e. IT(¢) > 0.

The second part of the statement follows immediately since v = dte,
and d* () < dT. O

PROOF OF THEOREM [7.4l We want show that £V is a well-defined LDP
complex, i.e. that conditions (i) to (v) of Definition hold. We do this
casewise using the definitions of £Y in Construction [7.3]

We start with case (i). By Lemma we obtain that It does not
vanish, i.e. mT/I* is a well defined rational number. Since it is positive we
also conclude that the origin lies in the relative interior of LY. Note that
conditions (ii) and (iii) are fulfilled by definition of L.

We turn to conditions (iv) and (v). Note that by definition £ is of type
(e-e), furthermore I~ > 0 and m™~ = [~d~ since the vertices v, and v~ are
not affected by the contraction. Last note that I* > 0 by Lemma (i)
and m* = [Td* by definition of £. Last observe that PY C P; for every
i=0,...,r since m* /e, ;1 € conv(0,vT). Thus we have LY C L.
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Case (ii) and (iii) are proven analagously; We exemplarily show (ii):
First observe that n, > 1 since v,,, is contractible, furthermore for £¥ the
upper slope sum and the sum of inverse integers ;1 are given by m™(¢) and
I*(1). By Lemma we know that [T(1) > 0, i.e. d¥(s) is well defined.
Moreover, since d*(:) is positive, we conclude 0 € L, i.e. condition (i) of
the definition of an LDP-complex is fulfilled. Observe that conditions (ii)
and (iii) of are fulfilled by the construction of L.

To see that conditions (iv) and (v) hold note that I~ > 0 and m™ = 1=d~
remain unchanged since the vertices v;,, and v~ are not affected by the
contraction, moreover [(1)* > 0 by Lemma (i) and m*™ = ITdt by
definition of LY. Last observe that P} C P; for every i = 0,...,r since
m*t/lTe, 1 € conv(0,vF). Thus we have LY C L.

For case (iv) note that the vertices of P; and P} contained in A and
the vertices v;1 and vy, coincide. Therefore all conditions of Definition
hold. O

Recall that an irreducible curve D on a normal projective surface X is
called contractible if there is a morphism 7: X — X’ onto a normal surface
X’ mapping D to a point 2’ € X’ and inducing an isomorphism from X \ D
onto X"\ {a'}.

THEOREM 7.7. Let X (A, P) be a rational projective K*-surface with a
contraction m: X — X' of an irreducible curve D. Then the following holds:

(i) If X is log del Pezzo, then so is X'.
(ii) If X is 1/k-log canonical, then so is X'.

REMARK 7.8. Consider a log del Pezzo K*-surface X = X (A, P). Given
a column v of P, let D C X be the corresponding curve and P’ the matix
obtained from P by removing v. Then the following statements are equiva-
lent.

(i) The curve D C X is contractible.
(ii) The matrices A and P’ define a K*-surface X' = X (A4, P').

If one of these statements holds, then D is contracted by the K*-equivariant
morphism X — X’ induced by the map of fans ¥ — ¥/ and there is a unique
cone ¢’ € ¥ containing v in its relative interior.

PROPOSITION 7.9. Let X (A, P) be a log del Pezzo K*-surface with cor-
responding LDP complex L. Given a column v of P, let D C X be the
corresponding curve and P’ the matiz obtained from P by removing v. Then
the following statements are equivalent:

(i) The divisor D is contractible.
(ii) The vertex v € L is contractible.

In particular, we obtain X (A, P") = X(A, P(LY)).

LemMMA 7.10. Let P be a matriz of the following type as seen in Con-

struction [{.1) and Remark [{.13:

L 0

P:[d d

] € Mat(r + 1,n + m; Z),



7. CONTRACTION OF LDP COMPLEXES 127

where m < 2 and for the matriz L € Mat(r,n;Z) we have
—lp 4 ... 0
L = s li = (lih---;lmi) € Zgil.
—lp 0 ... I
As above, we denote the columns as vij and v or v™, if present. Then
we have cone(v;j, vt v7) = Q! if and only if one of the following two
statements holds:

(i) We have m =0 and m* >0 and m~ < 0.
(ii)) We have m =1 and m~ < 0.
(iii) We have m = 2.
ProOOF. We start by showing the following equivalence:
+e,41 € cone(v;;) & +m* > 0.
Thus, consider the following two equalities:
"1 "1
mte, 1 = ) v, me = Y in,.
i=0 lin i=0 lini
Hence if m* > 0, then e,41 € cone(vij,v") and m~ < 0, then —e 41 €
cone(vjj, v).
Now consider any positive combination of e,41, i.e.

Erp1 = Zaijvij7 a;j € ZL>o.
]

Note that the shape of P implies that for every 0 < ¢ < r there is an
1 < j < n; such that a;; does not vanish. Moreover, we have

1 . .

Vij = lij (l'l}ﬂ—i-(mij —mi1)€r+1) foralli=0,...,r, j=1...,n;
il

Plugging this equality into the positive combination and solving for e,y

yields:

lii lis
(1 + Zaijli]‘(mil — mw)> €r41 = Zaijﬁvil = Z (Z aijli) Vi1-
ij v J v

i iJ 7

Note that for ¢ = 1,...,r the i-th component on the right side vanishes, i.e.

we have:
lo, l
=1 agi—~ | +1; ai;i—L+ ] = 0.
01 (ZJ: 07 lOl) 1 (zj: jlﬂ)

Now plugging this expression into the equation above and considering the
(r 4+ 1)-st component, we obtain

1
1 + Zaijlzj(mﬂ — mij) = Za()jloj Z rdil = Zaojloj m+.
ij j i il j
Note that both brackets are positive, i.e. we have m*™ > 0. The same
argument yields the statement that —e,y; € cone(v;;) implies m~ < 0.
This shows the equivalence above.
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We go on to show the statement. By the shape of P it is clear that
+e,41 € cone(vij, v, v7) implies e; € cone(vij, v, v7) for all ¢ = 1,...,r
since the following holds:

1
€ = 77Ul — My1€r41.
lin
Hence to see that the columns of P generate Q"' as cone it suffices to
show that +e 11 € cone(v;j,vt,v™). Last, observe that in the situation
of statements (i) to (iii) this is exactly the case, when the conditions there
hold.

We exemplarily show (ii): Since m = 1 there is a parabolic fixed point
curve, i.e. e,y is a column of P. Moreover we have —e,1 € cone(vjj, vT)
if and only if —e,1 € cone(v;;). The latter one is equivalent to m~ < 0 by
the considerations above. (]

PROOF OF PROPOSITION [7.9. By Remark it suffices to show that
the data (P’, A’) is defining data for a rational projective K*-surface, i.e. it
suffices to show that the columns of P’ generate Q"t! as a cone.

By Lemma [7.10] it suffices to consider the following conditions, where
(m/)* are the slope sums for P’:

(m")" >0and (m')” <0 type (e-e), (m')~ <0 type (p-e).

Casewise we consider the matrices P’ := P(L") for a contractible vertex v
as in Definition We have:

(i) For type (p-e), vt is contractible if and only if m™ > 0. Note that
we have (m/)* =m™ and (m')” =m~ <0.
(ii) For v = v,; we have m* (1) = (m’)* > 0 and m~ = (m’)~ <0.
(iii) If v = wv,;, where j # 1,n, the slope sums do not change, i.e.
m* = (m')*.

(iv) In the case v = v,,, we have m™ = (m’)" and (m’)~ =m~ (1) < 0.
Thus, the statement follows with Lemma [7.10] O

PROOF OF THEOREM [Z.7 Consider a log del Pezzo K*-surface with
contractible divisor D. By Proposition [7.9] the corresponding LDP complex
L possesses a contractible vertex v € £ and we have X' = X (A4, P(L")).
Now the statement follows by Theorem since LV is an almost k-hollow
LDP complex by Theorem [7.4] This shows statement (i).

For the second statement note that by Remark X and X' are 1/k-
log canonical if and only if £ and £’ = LV are almost k-hollow, respectively.
Hence the statement follows since £ C £ by Theorem [7.4] O

REMARK 7.11. Recall from Construction that the Cox ring of ev-
ery K*-surface is given as R := R(A, P) for defining matrices A and P.
Furthermore the following holds, compare |2, Theorem 3.4.3.7]:

dim(X) = dim(R) — dim(Kg).

Since R is a normal complete intersection, we find dim(R) = n+m— (r+1),
where n + m is the number of variables of R and r 4 1 is the number of
relations. Hence for surfaces, the Picard number p(X) can be expressed as
follows:

p(X) = dim(Kqg) = n+m—(r+1).
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It is clear that with every contracion the Picard number decreases by one,
moreover for p(X) =1 the surface does not admit any contractions.

REMARK 7.12. Let £ be an LDP complex with vertex v. Consider the
corresponding K*-surface X and the curve D with weight [D] € C1(X).

By [2, Remark 4.1.3.4] the toric prime divisor D is contractible if and
only if the following holds:

(i) The weight [D] € Cl(X) sits on an extremal ray of the effective
cone Eff(X) C Clg(X).
(ii) No other weight [D’] lies on Q[D] C Clg(X).
Such a weight is called exzceptional. Moreover, there are no contractible

curves in X if and only if there are no exceptional weights, i.e. if and only
if there are at least two weights of curves on every extremal ray of Eff(X).

LEMMA 7.13. Let £ be an LDP complex and consider the corresponding
log del Pezzo surface X(A(L),P(L)). Then the following statements are
equivalent:

(i) The vertex v is contractible.
(ii) The selfintersection number D? is negative.

PROOF. In order to show the statement we reformulate the self-
intersection numbers as given in Remark For n; = 1 we have:

1 1 1
2 (m - F) , (e-e),
(D‘1)2 . 07 (p_p)7
i =
1221#7 (e'p)7
Z?IT’ (e'p)'

Observe that in all cases the intersection numbers are positive or vanish
since m™ > 0 and m~ < 0. Furthermore by Deﬁnitionthe corresponding
vertices are not contractible.

For n; > 1 we first consider the cases, where j = 1 or j = n; and the
types (e-e) or (e-p) and (e-e) or (p-e), respectively. The self-intersection
numbers are given as follows:

1 1 1
Dl = i (o~ )
(Da) 2 \m*t miy —mig

1 (miy —mp —mT
li21 (mil — mig)m+
fm-i-(i)

lizl (mil — miQ)er ’

m” (i)

D;,. =
" — 13 (M, —1 — Min, )M~

Note that these expressions are a product of a positive rational number and
—m™ (i) or m™ (i), respectively. Hence we find that the self-intersection num-
bers are negative if and only if m™ (i) > 0 or m~ (i) < 0, respectively, which
is exactly the conditions given in Definition (ii) and (iv), respectively.



130 2. THE ALMOST HOMOGENEOUS LOG DEL PEZZO CASE

For all other cases we restate the self-intersection numbers:

1
TRy (p-p) or (p-e),
2 = —\Mij—1—Mhij 41 . A
(Dy)” = 12 (mij—1—maj) (mij—mij41) 1<j<ny,

1
12 (Min, —1—Min,)

, (p-p) or (e-p).

By slopeorderedness, all given self-intersection numbers are positive, which
are exactly statements (ii), (iii), and (iv) of Definition

For statement (i) we note the following self-intersection numbers, which
completes the proof:

(DT)? = —mT<0 < m" > 0.

8. Combinatorially minimal LDP complexes

In this section we are concerned with non-toric LDP complexes that do
not admit contractions to a non-toric LDP complex. In general there are
two possibilites: There are no contractible vertices or a contraction yields a
toric LDP complex.

We start by considering the first possibility, so called combinatorially
minimal LDP complexes, and achieve conditions for non-toric LDP com-
plexes, see Proposition This is an improvement on similar conditions in
[32, Proposition 4.18] since Proposition yields an equivalent description
of non-toric combinatorially minimal LDP complexes. For convenience, we
show the full proofs.

DEFINITION 8.1. An LDP complex L is combinatorially minimal if no
vertex v;; and possibly v is combinatorially contractible.

PROPOSITION 8.2. Let L be a non-toric LDP complex. Then L is com-
binatorially minimal if and only if one of the following holds:

(i) The LDP complex is of type (p-e) and we have n; = 1 for all

0<t<r.

(ii) The LDP complex is of type (e-e) and there is exactly one index
0<:¢<r such that n, =2 and n; = 1 for all v # 1.

(iii) The LDP complex is of type (e-e) and exactly two indices 0 < 1 <

Kk <1 such that n,,ng, =2 and n; = 1 for all i # 1,k and we have

mt(1) <0, m (¢) >0, m*(k) <0, m (k) >0.

LEMMA 8.3. Let L be an irredundant LDP complex.

(i) If L is of type (p-e) and there is an index 0 < i < r such that
n; = 2 then L is not combinatorially minimal.

(ii) If there is an index 1 < i < r such that n; > 2 then L is not
combinatorially minimal.

PROOF. The statements (i) and (ii) are immediate consequences of Def-
inition [7.2] (ii), (v) and (iii), respectively, namely the vertices v;1 and v;y are
contractible. O
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LEMMA 8.4. Consider an LDP complex L of type (e-e) such that n; = 2
foralli=0,....,7 andn; =1 foralli=r+1,...7r. If L is combinatorially
minimal, then r < 1.

PROOF. We first consider the Picard-number p(X) of the K*-surface
X = X(A(L),P(L)). We find:

p(X) = ZT:nZ —(r—1) —dim(X)
=0

= ZT:2+ ZT: 1—(r—1)—2
=0 1=r+1
20+ 1)+ (r—r)—(r—1)—2
= r+1.

Since the cone of effective divisors is full dimensional, there are at least 7+ 1
extremal rays, which by Remark [7.12] all host at least two weights of the
form w;; since X (A, P) is combinatorially minimal.

Now we consider two weights, say w;1, w; for 0 < i < [ , and the weight
u = deg(g). Note that both of the weights mentioned first lie on an ex-
tremal ray of Eff(X) since D;1, D;o are not combinatorially contractible,
respectively.

Since p = ljpwi + ligw;e and p € Eff(X)° we find that wjp, w;e lie on
two distinct extremal rays of Eff(X).

Consider two weight w,1,w,o with 1 < ¢ < 7 such that one of the weights
lies on an extremal ray of Eff(X) that hosts w;; or w;e, say w,; lies on the
ray cone(w;), i.e. w,; = Aw;;. Then we find:

p— lLawa lnwi + lipgwig — law,  lip — Nl lin

w2 = = = Wi1 T
ZLQ l¢2 ZL2 ZLQ

Since cone(w;s), cone(w,2) are extremal rays of Eff (X'), we have cone(w;s) =
cone(w,2).

We conclude that the extremal rays of Eff(X) come in pairs and for every
such pair we find indices 0 < 41,...,4s < 7 such that w;, 1, w;2 lie on one
of the extremal rays of this pair, respectively. Hence the maximal possible
number of extremal rays is achieved when every such pair of extremal rays
hosts exactly four weight w;1, wse,w,1, w,o, if the number of weight pairs
w;1, Wi, namely 7 + 1, is even, or if every such pair hosts exactly four
weights and one pair does host six weights, if 7 + 1 is odd.

Hence we find the following bounds for the number of extremal rays:
2(7"4—{—1) = 7r+1, if7isodd, 2-%{ = r, if ris even.

We conclude 7 is odd and we have ¥ + 1 many extremal rays. Now after
possibly relabeling the weights we can assume that the indices are given
such that for 0 <7 < % we have:

2.

cone(wzy)1) = cone(w(ziy1)1), cone(w)2) = cone(wzitiy2)-

Note that for 1 S ) S i21 we find w(2i)27 W(2i+1)1, w(2i+1)2 € LIDQ(M, w(Zi)l)?
since u = l;1w;1 + lisw;o and the fact that the weights share extremal rays,
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furthermore w;; € Ling(u) for all ¢ > 7 + 1. Therefore we find:
p(X) = dimLing Eff(X) = dimLing(w;;; 0<i<r, 1<7<ny)

P
= dimLing (u,w(%)l; 0<i< T‘; )

< T n 3
- 2 2
Since p(X) = 7+ 1, this inequality yields 7 < 1. O

PROOF OF PROPOSITION [8.2] We start by showing that every combi-
natorially minimal LDP complex is of one of the stated forms.

If the LDP complex is of type (p-e) we find by statement (i) of Lemma3.3]
that n; = 1 for all 0 < i < r, which exactly yields the first shape stated.

For the type (e-e) we find by Lemma [8.3| (ii) that n; < 2 forall 0 <14 < r.
Now Lemma [8.4] tells us that the number of indices ¢ with n; = 2 is bounded
by 2. Note that n; = 1 for all 0 < ¢ < r contradicts the following for
X = X(A(L),P(L)):

1 <pX) =n—(r-1)—dim(X) = r+1)—-(r—1)—2 = 0.

Hence we achieve the stated shapes in (ii) and (iii). Furthermore note that
for the shape (iii) the inequalities are exactly the inequalities given in Defi-
nition (i) and (iv).

To see that all stated shapes of P are indeed combinatorially minimal
we first note that p(X) = 1 for shapes (i) and (ii), so there are no combina-
torially contractible vertices by Remark For case (iii) we compare the
inequalities stated in Definition (i) and (iv). O

In the remaining part of the section we are concerned with finding all
toric LDP complexes that are contractions of non-toric LDP complexes. The
main result is Proposition [8.5| characterizing these toric LDP complexes.
Construction uses these results to give an algorithm to find these LDP
complexes.

Note that these toric LDP complexes are not necessarily combinatorially
minimal.

PropoSITION 8.5. Let P be a Fano polygon with n vertices and let L
be a non-toric LDP complex with a contractible vertex v such that LY = P.
Then one of the following two statements holds:

(i) There is a primitive vector v € P. )
(ii) There is a Fano polygon P with n + 1 vertices such that P C P.

LEMMA 8.6. Let L be an irredundant non-toric LDP complex with con-
tractible vertex v such that L' = LV is toric.
Then v = v, for a pair indices 0 < < r and 1 < j < n, and we have
the following constraints:
(i) The number of polygons P; in L isr+ 1= 3.
(ii) For the index 1 we have n, = 2 and setting {j,7'} = {1,2} we
have 1, = 1.

PROOF. First note that since £ is a non-toric LDP complex we have r >
2, moreover since £’ is toric we find 7 = 1. Observe that after contracting
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v =vT we have £’ = LV is irredundant, since £ is, thus ' = r. Therefore,
we have v # vT.

Now consider a series of redundant extensions on £’ as described in
Construction to obtain an LDP complex £ such that 7 = . Now since
L = LY we obtain that, after possibly applying an LDP preserving unimod-
ular transformation to £, the two LDP complexes £ and £ only differ by one
vertex, say v,;. This yields r = 2 since otherwise there is an index i # 0,1,
such that n,l;,, = 1, which contradicts the irredundancy of L.

Since wv,; is contractible, we have n, > 2. Moreover, since ' < r a

redundancy elimination at ¢ has been applied, i.e. [,;; = 1. O
Vo1 ¢(0,d")
$(0,d%)
D v11
V11
Vo2 ) ) Vo2

FIGURE 5. The two cases of Proposition ie. ex € Pon
the left and es € P on the right and the Fano polygon P in

gray.

PROOF OF PROPOSITION [8.5] For the LDP complex £, Lemma [3.6]im-
plies that r = 2 and wlog we can take the contracted vertex to be vo; and
log = 1, furthermore we set doo = 0 and 0 < dip, < lip,.

By Proposition we have dt > 1 or d~ < —1. We assume that
d™ > 1 and note that the statement follows in the same way for d~ < —1.
Consider the primitive vector ea = (0,1) € Z2. We define the following
convex polygon and the set of its vertices:

P := conv(V(P) U {ea}), V(P) € V(P)U{ez}.
Note that this polygon is Fano and the following holds since d™ > 1:
P C conv(V(P)U {d"es}).

Consider the case that es & P, then ey is a vertex of P, ie. Pisa
Fano polygon with n + 1 vertices containing P. Thus the statement (ii)
holds. When ey € P we have a primitive vector in P, namely es, hence
statement (i) holds. O

REMARK 8.7. Let P C Q? be a Fano polgon and consider the situation
of Proposition Then we note the following:
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(i) For the polygon P C Q? defined in the proof of Proposition 8.5 we
find

P C conv(V(P)UdTey) = n(PoUPy),
where 7 is the projection onto Q2 as in Lemma and Pg, P1 the
polygons of the LDP complex.
(ii) The proof yields a method to find all polygons A(P), A € GL2(Z),
such that there is an LDP complex with a contractible vertex v

sufficing A(P) = LY, see Construction

DEFINITION 8.8. Let £ be an LDP complex.
(i) We call P adapted to the source if it satisfies
(a) —lip <dip<O0fori=1,...,r,
(b) lot,l11 > lo1 > ... > 11,
(ii) We call P adapted to the sink if it satisfies
(a) 0 <dip;, <lin, fori=1,...,r,
(b) lo1, 111 = lo1 > ... > Ly,

CONSTRUCTION 8.9. Let P be a Fano polygon with n vertices and let £
be an LDP complex adapted to the sink with contractible vertex vo; € L.
If £Y is unimodular equivalent to P, then the polygon LY occurs in the
set S defined by the following steps:
(i) For all primitive vectors v € P do the following:
(a) Choose a vector w € Z? such that v,w form a Z-linear basis
with the following property:
There is a vertex v € V(P) such that:

b= lw+dv, €Ty, deZ, 0<d<l.
(b) Consider the unimodular transformation A € GLy(Z) with
A: 7% - 72, e1— w, €.

(c) Add A~1(P) to the set S.
(ii) For all Fano polygons P with n + 1 vertices do the following:
(a) For every vertex v € V(P) choose a vector w € Z? such that
v, w form a Z-linear basis with the following property:
There is a vertex v € V(P) such that:

v =lw+dv, l€Zsg,deZ, 0<d<lI.
(b) Consider the unimodular transformation A € GLy(Z) with
A: 72 - 72, el w, eg > .
(c) If V(P) C V(P), add A~*(P) to the set S.
If there are only finitely many polygons P up to unimodular equivalence, the

algorithm stops after finitely many steps, in particular the set S is finite.

Proor. Let £Y be unimodular equivalent to P. By Lemma we find
los = 1, and thus dyy = 0 since £ is adapted to the sink.

By Proof of Proposition [8.5 we obtain e € LY or there is a Fano polygon
P containing £ with vertex es. Note that the first case is treated in part

(i), the second case is exactly part (ii). In both cases we have A(LY) = P by
the construction.
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For the last statement, note that part (i) stops after finitely many steps
since every polygon P only contains fintely many lattice points in its interior.
For the second part note that two unimodular equivalent polygons yield the
same polygon after applying A~! in step (c). This is due to the fact that the
conditions in (a) uniquely fix the basis chosen there. Hence part (ii) stops
after finitely many steps if there are only finitely many polygons P, up to
unimodular equivalence. O

9. Almost homogeneous combinatorially minimal LDP complexes

REMARK 9.1. We recall the notion of almost homogeneous K*-surfaces.
A K*-surface X (A, P) is called almost homogeneous if there is a horizontal
Demazure P-root, i.e. a linear form u € M and two indices 0 < ig,91 < 7
such that ig # ¢; that fulfills the (in)equalities given in Definition

By Proposition [0.3] we know that there is a quasismooth elliptic fixed
point z with exceptional indices ig,7;. We can assume x = z~ i.e. the
following is true

(i) For all i # ig,i; we have l;,, = 1.

After a series of admissible operation on P we can assume i, € {0,1} as
well. We called such a Demazure P-root a horizontal P-root at (x4, 1)
and found out that all horizontal Demazure P-roots are of this type (see
Section [9] of the last chapter). Furthermore in Construction we define
the following rational numbers:

1 0, n; =1,
Mk = ; & = 1 '

lknk m lini (mini —17Min; ) ’ Je

Setting A(io, 1) = (i, [§i»7i,] we found that there is a horizontal P-root
if and only if the following statement is true:
(ii) There is an integer v € A(io, 1) such that yd;,n, = —1modl;,y, .
In particular, we infered that u = wu(ip,?1,7), where u(ig,i1,7) is as in
Definition Furthermore we found the following propositions in the last
chapter:
(iii) If lop, < lin, we find 2~ to be smooth.
(iv) If v = n;, for some horizontal P-root, then the elliptic fixed point
x~ is smooth.
(v) For all i # ig the divisors D;,, have positive self-intersection num-
ber.
(vi) We have 1 <« <, i.e. lijn, m~ > —1.

DEFINITION 9.2. An almost homogeneous LDP complex L is an LDP
complex with a linear form u € Hom(Z"*+!, Z) with two indices 0 < ig,4; < r
such that the following holds:

(U, v1p,) = =1, (U, vin,) =0,9#0,1, lp, =1,7#0,1,
<U7U0n0> >0, <U>U1n1*1> >0, n1 > 1, (uvvim*1> > lim‘*lv i 7& 0,1.
REMARK 9.3. Let £ be an almost homogeneous LDP complex with linear

form u € Hom(Z"*1,Z). Tt follows immediately that u = u(0,1,v) for an
integer v € A(ig, i1).
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THEOREM 9.4. There are only finitely many combinatorially minimal
almost homogeneous almost k-hollow LDP complexes.

After a set of admissible operations their defining matrices P(L) have
the following forms:

—lpr 111 0 O -2 210 0
—lpn 0 Iy 1}, -2 00 2 1
-1 10 1

dor din dor O 0

PRrROPOSITION 9.5. Let L be an almost homogeneous LDP complex. Then
the following statements hold:
(i) We have m™ > —I~ and m* > 1.
(ii) The LDP complex L is of type (e-e).
In particular, there is a one to one correspondence between almost homoge-
neous log del Pezzo K*-surfaces and almost homogeneous LDP complexes.

PROOF. We start by proving statement (i). Since there is a horizontal
P-root at = we find indices ig,7; such that lilnilm_ > —1 and l;,, =1 for
all i # ig,i1. Now the following is true:

_ m- m- m-
-1 < lilmlm = 1 < 1 1 = —=.
l l + l !

il"il ionio il"il

Now note that by Proposition we have m* > [T, which proves state-
ment (i).

For the second statement note that for an LDP complex of type (p-e)
statement (i) contradict the fourth condition of the definition of an LDP
complex.

The correspondence follows with Remark [9.1} Applying suitable ad-
missible operations, every log del Pezzo surface X (A, P) with horizontal
Demazure P-root u can be brought to a form such that u is a horizontal
P-root at (z7,0,1). O

PROPOSITION 9.6. Consider an almost k-hollow LDP complex L such
that P(L) is of the following form:

P(,C) = |—lpr O lo1 1, 0 < mpp < 1, 1 < _l —.
dopr dyn dor O 1m

Set ¢ to be the mazximal volume of k-hollow Fano polygons with three vertices.
Then the integers lg1, 111,21 are bounded as follows:

lo1l
2 < loi,lnn £ 2¢—2, log < il

lotlin —lot — lin
Furthermore we find the following constraints on dj:

(i) Fori=0 we have 0 > d;o > lo1.
(ii) Fori =1 we have 0 < d;; < ly3.
(i) For i =2 we have 0 < da1 < loq (kl_+ —mo] — m11> )

In particular, there are only finitely many such K*-surfaces.
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ProoOF. We consider the bound on the integers [;; € Z>q. First note
that lp1 = 1 or l1; = 1 yield irredundancy of P, therefore we find lg1,111 > 2.

For the upper bounds we first note that since £ is almost k-hollow, we
find by Lemma 6.6|that Py and Py are k-hollow and that (d~,d*)NkZ = {0}.

Now observe that L satisfies the conditions of Lemma hence we
find that the convex polytope 7(Po U Py) is almost k-hollow. By Propo-
sition (i) we know that dt > 1 which yields the containment of the
following polygon:

P = COHV((—ZOl,d()l),(lll,dll),eg) - 7T(POUP1).

Ce 0,d%) .

. . . . (li1, d11)

(—=lo1, do1)

FIGURE 6. The convex polygon m(Po U P;) and the Fano
polygon P contained (gray).

Since ged(lp1,do1), ged(li1,d11) = 1 the polygon P is Fano, hence its
volume is bounded by ¢. Now we find the following:

—m " lotlin + lo1 + lia
5 .

Bringing lp; to one side of the inequality yields the following statement,
where we use that m™ < 0:

¢ > vol(P) =

lo1 < 2c—l11+m lgilyn <2¢c—111 <2¢—2.

The same calculation can be done for 11, i.e. 11 < 2¢— 2.
We turn to the integer lo;. First observe that T > 0 by definition of an
LDP complex, which implies the following inequality:
1 1 1 lo1l1

—>1l-——— & |y < .
l21 lor I 2 lotlin — lor — L

Last we consider the bounds for the integers d;;. First note that my; =0
implies {17 = 1, which is a contradiction to £ being irredundant. Therefore
the integer dy1 is bounded by the condition 0 < mi; < 1. For the constraint

on do first note that mg; < 0 since mg; < mo1 +mi11 = m~ < 0. Now using
1

m- > —g we find the following:

1 dip1+1
mor = —mip— 57— = —
11 l11

> 1.
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In the last estimate we used that di; < {11 —1. The constraint on ds; follows
from (d~,d") N kZ = {0}, which translates to d* < k, therefore we have:

mo1 +mi1+me = mT < KT & dy < Iy (kﬁ—mm—mn)-

This is exactly the bound stated.

To see that there are only finitely many such K*-surfaces note that by
Proposition [2.5] it is clear that the volume of Fano polygons with three
vertices is bounded since there are only finitely many such polygons up to
unimodular equivalence. This binds the possible integers lp1, {11 to a finite
number.

Last we note that the bounds for ls1, dp; and dy; only depend on the
integers lp; and l11. The bound on ds; only depends on the integers lo1, do1
and di;. Hence there are only finitely many possibilities for these integers,
which ends the proof. O

PROPOSITION 9.7. Consider a combinatorially minimal LDP complex L
as in (iit) of Proposition . Furthermore the following holds:

(i) The number polygons P; is bound by r — 1 < 2.
(ii) For the numbers of primitive ray generators we have n; = 1 for all
1=0,....r—2andn; =2 fori=r—1,r.
(iii) £ is adapted to the sink, i.e. 0 < myp, <1 foralli=1,...,r.
(iv) There is a horizontal P-root at (x~,1ig,i1) with ig,i1 € {0,1}, i.e.
(a) There is an integer v € A(io,i1) with ydiyn, = —1mod iy, .
(b) For the integers l;; we have lin, =1 for all i # 0, 1.

Then r = 2 and the defining matriz P(L) has the following form:
-2 21 00
PL)y=1|-2 00 2 1}.
-1 1010

PROOF. We first note that since this LDP complex is of the type (iii) of
Proposition [8:2] we have

mT(r—1),m"(r) <0 and m (r—1),m (r) > 0.

We calculate these expressions, where we note that m; =0 fori=r —1,r
by the conditions (iii) and (iv) (b) and m,, = m; for all i < r —1. We
have:

r—2 r—2
mt(r—1) = Y ma+me—i2+me = Y ma+mp = m(r),
i=1 i=1
r—2 r—2
m-(r—1) = Zmu + M1+ My = Zmil +me_11 = m*(r).
i=1 i=1
With the estimates to zero above we find that all given equalities vanish
which yields m,_11 = m,1, furthermore we can deduce the following
r—2
Zm“ +mqa=m +my1=0 = m = —my.

=2
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Now note that since there is a horizontal P-root at (z7,19,41) we find an
integer v that fulfills the following inequalities:
1 1 1

:§T§7§77i1:_ - =
my1 lilnilm li1nilm7‘1

This yields limil = 1, therefore n;, = 2 by irredundancy of P. We conclude
that r = 2 and 4; = 1 since otherwise condition (ii) implies redundancy, i.e.
the matrix P(£) has the following form:

—lon 1117 1 0 O
P(,C) = |=lp1r 0 0 Iy 1
dor di1 0 do1 O

Last we note that by the series of inequalities above we have
v = (—limnm*)*1 and therefore 2~ is smooth by Remark (iv), i.e.
lp1li11m™ = —1 and the following is true:
dov ! !

= moe1 = Mmor+ma = m = — = -7
lo1l11 lo1

lo1
This yields dp; = —1.
The remaining values for the integers ly1, da1, l21 follow by the proven
equalities m11 = mop and mgr = m~ = —meo1. We find lp1 = l11 = ln1
and —d01 = d11 = dgl =1.
To see the concrete value of lp; we consider the condition (iv) of the
definition of an LDP complex:

- 1 1 1
0 <It = —4—4-—-1 = lop < 3.
lon  lon lm
Since lp; # 1 by irredundancy of P we find lg; = 2, hence the stated form
of P. O

ProOF OF THEOREM [0.4] Since £ is almost homogeneous, by state-
ment (i) of Remark we know that l;,, = 1 for all « > 2. By admissible
operations we can assume L to be adapted to the sink, i.e. 0 < my,, <1,
furthermore r > 2 since £ is non-toric.

We first turn to the condition of combinatorially minimality which yields
three different types of defining matrices P as given in Proposition[8.2] Note
that (i) is of type (p-e) and hence not almost homogeneous by Proposi-
tion

Note that for an LDP complex of the shape (ii) of Proposition 8.2 there
is a positive integer v € A(0, 1) such that

1

lllm_ '

Therefore £ satisfies the conditions of Proposition [0.6] hence there are only
finitely many such LDP complexes.

We turn to the case (iv) and first consider the integers n;. Note that
there are exactly two indices ¢, x with n, = n,, = 2. Since by Remark (i)
we know that l;,, = 1 for all 7 # 0,1, we find that » < 3 by irredundancy
since otherwise there is an index 4 such that i # 0,1,¢, kK, ie. lip,n; = 1.
Furthermore note that for r = 3 we have {0,1} N {¢, K} = () since otherewise
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there is an index 0 <4 < 3 such that l;,, = 1 and n; = 1. Therefore we can
swap the blocks such that ¢, x € {r —1,r}.

This yields an LDP complex £ which satisfies the conditions of Propo-
sition [9.7] which yields the statement. U

ProprosITION 9.8. There are only finitely many polygons P such that
P = LY for an almost k-hollow LDP complex L with a contractible vertex
veL.

PRrROOF. Since L is almost k-hollow note that £V is almost k-hollow as
well, see Theorem (ii). Thus by Remark we obtain that £V is an al-
most k-hollow Fano polygon. Since by Proposition [2.5] there are only finitely
many up to unimodular transformation, it suffices to show the statement for
all polygons that are unimodular equivalent to a specific polygon P.

In this case, Construction yields an algorithm to find all LDP com-
plexes contracting onto P. Note that the polygon P in the second step
coincides with the one described in Remark (i). i.e. it is contained in
m1(Po UP1). Thus it is almost k-hollow. Since there are only finitely many
almost k-hollow polygons, up to unimodular equivalence, we have shown the
statement using the last statement in Construction [8.9] (]

10. Building almost homogeneous LDP complexes
In this section we want to show following theorem:

THEOREM 10.1. There are only finitely many almost homogeneous al-
most k-hollow LDP complexes.

As mentioned in the introduction, finiteness of 1/k-log canonical del
Pezzo surfaces has already been shown in [6]. Our approach is to show this
statement using an explicit construction (see Construction [10.3) to contract
LDP complexes in an orderly manner which ends in non-toric combinatori-
ally minimal LDP complex or a toric LDP complex, both of which we have
been studying in the previous section. Reversing this construction not only
proves the theorem, furthermore it yields an algorithmic approach to classify
all LDP complexes that are almost k-hollow and almost homogeneous.

DEFINITION 10.2. Let £ be an LDP complex of type (e-e). Then we
define the following:
(i) A boundary vertex is a vertex v;; € V(L), where j =1 or j = n;.
(ii) An interior vertex is a vertex v;; € V(L), where j # 1,n;.
For an LDP complex of type (p-e) we define:

(i) A boundary vertex is a vertex v;; € V(L), where j = n;.
(ii) An interior vertex is a vertex v;; € V(L), where j # n;.

CONSTRUCTION 10.3. Let £ be an almost k-hollow LDP complex.
We consider the following two steps:

(i) Successively contract every interior vertex of £. This yields an
LDP complex £" with no interior vertices.

(ii) For every 0 <1 < r, successively contract all boundary vertices of
L if contractible. This yields an LDP complex L£".
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The Construction ends in a non-toric combinatorially minimal almost ho-
mogeneous almost k-hollow LDP complex or a toric LDP complex as in
Proposition [8.5

ProprosITION 10.4. Let L be an almost homogeneous LDP complex with
contractible vertex v. Then LY is almost homogeneous.

Proor. We show the following containment for the intervals
Al(ig, 1), A(i9,41) which we will do by proving the equivalent statement
below:

Al(ig,i1) C A'(ig, 1) & g <& foralli £0, n <n.

Observe that it suffices to show the containment to prove that £’ is almost
homogeneous since then the horizontal P-root corresponding to some v €
A(ip, 1) also corresponds to a horizontal P-root for L.

We start with the case of a contraction of a divisor Dg; with j # n;, D;;
with 4 > 1 or j # n; —1 or DT. All of these cases do not change the rational
numbers &;, n1, i.e. & =&, and 71 = 7.

Now consider D = Dy,,. The rational numbers ¢; are not affected by
the contraction, i.e. § = &/. Since Dy, is contractible we have m~(0) < 0,
therefore the following holds

;o _# o 1 m~(0) —m~
" llnlmi (0) llnlmi llnlmfmi(o)
_ 1 Min,—1 — Min,
llmm_ llnlm_m_(O)
1
> = — = 1.
llmm

The inequalitiy follows by slopeorderedness, i.e. m1y,—1 > miy,. This ends
the prove for this case.

If n; > 2 for some 7 # 0 and D = D, is contractible, we note that
n1 = ;. For n; > 2 the rational numbers &;, £ we find:

o 1
§ o= Ling (Min;—1 — Min,)
_ 1 ~ (Ming—1 — Min,) — (Min,—2 — Min,)
 ing (Ming—2 = Min,)  Ling (Ming—1 — M) (Mg, —2 — M, )
_ 1 B Min; 1 — Min, 2
 ing(Ming—2 = Min,)  Lin, (Ming—1 = M) (Mg, —2 — M, )
> ! = .

Ling (Min;—2 — Min;)
Again, slopeorderedness yields the inequality, i.e. mip,—2 > Mjn,—1 > Mip,.
For n; = 2 note that £/ = 0 < §;. This ends the proof. O

PRrROOF OF CONSTRUCTION [I0.3l We remark that every interior vertex
is contractible by Definition (iii), thus the construction is well defined.
Furthermore note that £” is a well-defined, almost homogeneous and almost
k-hollow LDP complex by Construction [7.3] Proposition and Theo-

rem respectively. O
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DEFINITION 10.5. Let £ be an LDP complex with vertices vq,...,v; €
V(L). Inductively we define:

Lo = (LUv) =1Lk

Moreover, a series of contractible vertices are vertices vi,...,v; admitting
this construction, i.e. the vertex v, is a contractible vertex of the LDP
complex LV1Vs—1,

PROPOSITION 10.6. Let L' be an LDP complex. Then the following two
statements hold:
(i) There are only finitely many almost k-hollow LDP complexes L
with contractible interior vertices vy, ..., v such that
LUV — ﬁl.

(ii) There are only finitely many almost k-hollow LDP complezes L
with n; < 2 for all 0 < i < r and contractible boundary vertices
v1, ...,V such that

ﬁvl,...,vk — ﬁl.

ProposITION 10.7 (Compare Proposition 5.12 in [32]). Let £ be an
almost k-hollow LDP complexr. Then the number of poylgons P; C L is
bounded by

r+1 < 4k.

Proor. Since the LDP complex is almost k-hollow the following two
inequalities hold by Lemma [6.6}

dt = <k d =

i
Now by Lemma (iii) we have the following inequality:

r+1 < (m+—l_+> — (m_—i—l__) +4
< (k=DIT+ (k=1 +4.

Here we used the inequalities above, i.e. d© < k, d~ > —k. Since the

maximal value for [T,1~ is given by 2 we have proven the statement. U

+ —
i %Z—k.

LEMMA 10.8. Let a,b,l € Z~o and d € Z be integers and consider the
convex polytope of the following form:

Paop = conv(l/aes, —1/bes, (I,d)) C Q.
If this polytope is k-hollow, we have | < 2k?* - max(a, b).

Proor. Wlog we set a < b and assume that P, is k-hollow. Note that
Poy € Pgp. We now consider the convex polytope Py U =Py, C Q2.
Observe that if there is a k-fold point in Py, U —Pyj, then there is a k-fold
point in Py and therefore in P, ;. We conclude that Py, U—Pyp is k-hollow.

By Minkowski’s Theorem [2.13] we find that the volume of the polytope
is bounded and therefore the statement follows:

vol(Pyp U —Ppp) = 2071 < (2k)? & [ < 2bk2.
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COROLLARY 10.9. Let L be an almost k-hollow LDP complex. For any
0 <t < r we define the following numbers:

a, := min (a; 1/a < d+([,)) , a := min (a; 1/a < d+> ,
b, = min(b;1/b<—-d (v)), b := min(b;1/b<—d).
Then we find the following constraints on l,;:
(i) If L is of type (p-e) and j = 1 we have l,; < 2k? - b.
(ii) If L is of type (e-e) and j = 1 we have l,; < 2k* - max(a,,b).

(iii) For any 2 <j <mn, — 1 we have l,; < 2k* - max(a,b).
(iv) For j = n, we have l,,, < 2k* - max(a,b,).

Proor. We first prove the third statement. The following containments
hold:

conv(l/aery1,—1/bery1,v,5) C conv(vt,v™,v,) C P,.

The latter polygon is k-hollow, hence the same is true for first polygon above.
Now Lemma, yields the statement.

For the statements (ii) and (iv) we note that by Lemma (7.6| (ii) we have
vT (1) € conv(0,v") and v~ (1) € conv(0,v™), respectively. Therefore the
following containments hold:

conv(1/a, ery1,—1/bery1,v1) € conv(vT (1), v, v,)

C conv(vt, v ,v1) C P,
conv(l/aer1,—1/b ery1,v1) C conv(v™, v (1), v,1)

C conv(vt,v",vy) C P,.

Again we conclude that the convex polytopes contained in P, are k-hollow
since P, is k-hollow and therefore we find the statements by Lemma [10.§
The first statement is shown in the same way as statements (iv). (]

REMARK 10.10. Let £ be an LDP complex comprising of polygons P;
for 0 < ¢ < r. For indices 1 < j; < jo < j3 < n, consider the following
convex polygon:

+ = r+1
conv (v, Vyjs, Vyjs, 0,0~ ) € Q0.

Note that v,; is a vertex of this polygon, since it is a vertex of P,. Thus
Lemma [5.18] yields that the following inequality holds:

(le2 - le:a)(dLh - dng) - (dbjz - dbjs)(lbjl - lbjz) > 0.
LEMMA 10.11. Let £ be an almost k-hollow LDP complex. For any index
0 < < r we have the following constraints on d,;:
(i) If L is of type (p-e) and n, = 2, we set | := 1,1 and find the
following inequalities

7 1 1
da < lmo+107(0) (1—d+(b))+z(l_l>,
L2

dg > Imy,

1 1
dy > lmLQ—Fl(—) .
[ lL2
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(ii) If L is of type (e-e) and n, = 2, the following inequalities are true,
where | :=1,7:

7- 1 1
dy < I+ 1) (k — dT(0) + kI <z‘>’
L2
dLl > lmL27
11\ .
di > lmg+ (5 —— ).
I s

(iii) If n, > 3, then for any 2 < k <n, — 1 we set | :=l,,; to find:

dye < Imy,

1 1
dm < lmil + ld+ ( - ) R
! lLl

1 1
dye > lmyy,, +1d” (l_l ),

dy > Imyy,.

(iv) If n, = 2, the following inequalities are true, where | :=l,5:

7 1 1
do > Ima 1 (0)(=k —d (1) + K (z _ z) ’
Al
db2 < lmbla
11y,
dLQ < lle + ( - ) ld (L)
[ 1

. (lznl P dml)

i
T
I
I
*
I
|

FIGURE 7. The remaining polygon P} of an LDP complex for
a boundary vertex v. The hatched space marks all possible
positions for v as seen in Lemma [10.11] (ii).
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(i1, din) Lo

(0,d")

(li2, dsi2)

|
|
. . . . (]
!
!

FIGURE 8. The remaining polygon P} of an LDP complex for
an interior vertex v. The hatched space marks all possible
positions for v as seen in Lemma [10.11] (iii).

PROOF. We consider the statement (i). By Lemma (i) we find the
following which yields the first inequality:

mt < 1T
- 1 1
o mt)—matma < P-4t
lL2 lLl
7 + 11
S my < me -+l (L)_m (L)_i_ki
lL2 lLl
7+ + L1
& da < lama a0 (1-d5 @)+l (-
lLl ZLQ

The second inequality follows immediately by slope orderedness, i.e.
m,1 > m,2 and the third one is a restatement of the inequality given in

Lemma (iv) (a).
We turn to statement (ii). First note that by Lemma[6.6|we have d* < &,
which yields the following:

dt <k & ma+> ma = mt <klT

1L
& dy < Rl —10) ma
1L
7+ 1 1 +
= kil (L) + ki1 r — r —Ilam (b) +l,1me
At L2
_ 1 1
= Lume LT () (k — dH(0) + kL <l - z) .
L1 L2

The second statement follows immediately by slope orderedness, i.e. m,; >
m,2 and the third statement follows immediately from Lemma (iv) (b
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and the following;:

_ A+
dy > Mld +dt
lL2
= dbllL2Z+ > dL2Z+lL1 + m+(lL2 - lLl)
= dLllLQl_Jr > dLgl_+lL1 + (m+(L) +m,1 — ng)(lLQ — ll,]_)

- d, - d,
& dalalt — l—luﬂ —11) > doltly — Z—Q(zg —1L1) +mt () (Le — 1)

Al L2

_ 1 1 - 1 1
o dule (ﬁ _ (l1 _ 12>> > dioly (z+ - (zl - z2>> + () (e — L)

=1 dLlnglJr(/,) > dbglbllJr(L) + m+(L)(lL2 — l[,l)
& dy > lamot (1 - 1) Lad* (1),
lLl ll,2
Note that statement (iv) is proven analaguously.
We turn to statement (iii). First note that the first and the last inequal-
ities follow immediately by slopeorderedness.
For the inequalities two and three we consider the inequality given in

Remark For j1 =0, jo =1 and j» = x we find:
(li1 = liw)(dio — di1) — (din — diwe) (lio — lin) > 0
e (ln = lin)(dt —din) + (dit — di)lin > 0
lix — lix
lLl
1 1
& malis +d ( — ) > dig.

d++mi1lm > dik

lm lLl
The third inequality follows in the same manner with j; = k, jo =n, — 1
and j3 = n, and Remark [10.10 O

LEMMA 10.12. Let L be an almost homogeneous, almost k-hollow LDP
complex with linear form u = u(0,1,7), where v € Z>o. Then, aditionally
to the constraint given in Lemma |10.11], we find:

(ii) For every ¢ # 0 with n, = 2 we have

lbl
da > lamga + .

o la?’)’
(iii) For every ¢ # 0 with n, > 3 and every 2 < k < n, — 1 we set
l:= 1, and find

l
dye = Imyp, + .
bin,
(iv) For ¢ =0 and n, = 2 we have
l
dor < —logmip, — 2
Yl
PROOF. The statements (i), (ii) and (iii) follow from the fact £, < v and
the last statement from the fact that v < nyp. O

REMARK 10.13. Let £ be an LDP complex with contractible vertex
vel. Set L =LY
Then we note the following:
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(i) For v = v,; we have d*(.) = (d')7.
(ii) For v = v,j, with 1 < j < n, we have d* = (d')" and d~ = (d')".

(iii) For v = v,;,, we have d~(¢) = (d')".
Therefore the bounds for the integer [,; given in Corollary Il)% only de-

pend on £’'. Furthermore all bounds on d,; stated in Lemma [10.11] and
Lemma [10.12| only depend on £’ and the integer ;.

PROOF OF PROPOSITION [10.6l We start with statement (i). Note that
for every interior vertex v;; = ljje; + djjer,41 of £ we have bounds on [;;
by Corollary (i) or (iii) and bounds on d;; by Lemma (i) or (iii).
Both bounds only depend on entries in £’, which yields that there are only
finitely many possible interior points for £, i.e. finiteness of almost k-hollow
LDP complexes.

We turn to the second statement. Note that by Proposition there
are at most 4k polygons P; in £, furthermore with every contraction the
number of boundary vertices decreases by one since n; < 2 for all 0 <7 < 7.
Hence the maximal number of successive contractions is given by 4k.

Thus it suffices to show that for an LDP complex L’ there are only
finitely many LDP complexes £ with a contractible boundary vertex v
such that £’ = L'. To see this observe that for v = ljje; + dijer41
there are bounds for /;; by Corollary (ii) or (iv) and bounds on d;;

by Lemma (ii) or (iv). O

ProoF oF THEOREM [I0.1l We consider Construction [10.3] to see that
any LDP complex is contracted onto an almost homogeneous, almost k-
hollow non-toric combinatorially minimal LDP complex or an almost ho-
mogeneous, almost k-hollow toric LDP complex. For the latter case note
that there are only finitely many by Proposition[9.8] Moreover, Theorem [9.4]
states that there are only finitely many almost k-hollow almost homogeneous
combinatorially minimal LDP complexes.

Now since there are only finitely many LDP complexes to contract onto,
it suffices to show that for every such LDP complex £’ there are only finitely
many LDP complexes £ such that £Y% = L. This follows with Proposi-
tion [[0.6] and Construction 0.3 O

11. Classification algorithms for LDP complexes

This section summarizes all observations of the previous ones in algo-
rithmic constructions to find all almost homogeneous, almost k-hollow LDP

complexes.
We recall some definitions that will occur in the following constructions.
An LDP complex L is called irredundant if for every i = 0,...,r we have

lin,ni # 1. It is called adapted to the sink if the following two conditions
hold:

(1) 0 <din, <lin, fori=1,... 7.

(11) l0n07 llnl 2 l2n2 Z e 2 lrnr-

ALGORITHM 11.1. The following algorithm defines a set Sy of all poly-
gons P with at most five vertices with a non-toric almost k-hollow, almost
homogeneous LDP complex £ such that P = LY for a contractible vertex
v € V(L) and L is irredundant and adapted to the sink:
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e For every almost k-hollow Fano polygon P with at most five ver-
tices do the following:

e For every vertex v; € V(P) test whether it admits a Demazure
root, i.e. a linear form u € M such that

(u,v1) = —1, (u,v) > 0, forallveV(C)\ {vi}.

e If the test is true, then do the following steps:
(i) (a) If V(P) > 3, then for every vertex vt € V(C) with
v1 # vT find the basis (v, v") such that the following
is true:

v = l@+—|—dv+, where 0 < I, 0<d<l.

(b) If V(P) < 5, then for every primitive vector v € P with
v1 # vT find the basis (v, 0T) such that the following
is true:

vi = W +dv", where0<l, 0<d<l.

(ii) For every vertex v # vy write v = [(v)o" + d(v)v™ and con-
sider the partition of vertices given by

Vo = {(I(v),d(v)); v € V(C) and I(v) < 0},
C

v)
Vi = {((v),d(v)); v € V(C) and I(v) > 0},
Vi = {(l(v),d(v)); v € V(C) and I(v) = 0}.

(iii) If we have [Vo|, V1] < 2 and |V4| = 1, add the polygon P’ =
conv ((I(v),d(v);v € V(P)) to the set Sp.

ALGORITHM 11.2. Let £’ be an almost k-hollow, almost homogeneous
LDP complex with n; < 2 and linear form u = (0,1, ).

The set Sint (L) of all LDP complexes £ with contractible interior points
v1, ...,V such that £k is determined by the following steps:

(i) For every 0 < ¢ < r find all possible interior points for an LDP
complex, i.e. do the following;:
(a) Set Vl = {vﬂ, PN ,Umi}.
(b) For every 0 < i < r with n; = 2 find all pairs of co-
prime integers (I, d) sufficing conditions (iii) of Corollary[10.9]
Lemma [10.17] and Lemma respectively.
(c) If conv(0, vi1, vin,,le; + dery1) is k-hollow add le; + dey4+1 to
V.
(ii) For every 0 < i < r find all possible almost k-hollow polygons P;
with vertices in V;, i.e. do the following
(a) Set P; := {conv(0,vi1, ..., Vin,;)}-
(b) Take a subset V C V; and define P;(V) := conv(0, V).
(c) If P;(V) is k-hollow, then add P;(V) to P;
(iii) Construct all possible LDP complexes with polgons P, € P, ie.
do the following:
(a) For every i =0,...,r take a polygon P; € P;.
(b) Check the inequalities (iv) of the Definition of an LDP
complex.
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(c) Calculate the vertices v+ and v~ as in Definition [5.2) (v) and
define P; := conv(vt, v, P;).
(d) If £ :=; P; is almost k-hollow, add it to the set Si,(L).

LEMMA 11.3. Let L,L' be almost k-hollow LDP complexes such that
LV = L for contractible boundary vertices vy, ... v, € V(L). We set:
a' = max (a; 1/a < (d’)+) , b i=max (b;1/b< —(d)7).

Then for every 1 < k < k the following statements is true:
(i) If vy = v, = lae, +derq1, then

li < 2k* max(d,V),

1 1
dy < lamag + 2l (k — (d7)') + kla (z - z> ‘
At L2

(ii) If vg = vy, = lin, €, + dyn,€ry1, then

ln, < 2k?-max(d,V),

1 1
e 2 Do+ 2 (k= (@) 4 K, (=)
my, Al

Proor. This is an immediate consequence of Lemma [7.6] namely the
inequalities dt > (d')T and d~ < (d')” and the fact that the maximal
number for It and [~ is 2.

We show the statement for v,; and note that the statement for v,,, is
shown in the same way. First note that £ C £ by Theorem (ii), in
particular we have (d')+ < d* and (d')~ > d~. For the bounds for I,
consider the integers defined in Corollary

a, = max(a;1/a <d" (1)) < max(a;1/a < (d)T) = d, v <b.
Therefore we find the following:
li < 2k* max(a,,b) < 2k* max(d’,b).

We turn to the upper bound of d,;. Here we find:

do < lame+ a0k — d* () + Ko (

< lamee + LT () (k= (d)7) + ki (

1 1
S lleL2 + zld(k - (d/)+) + klbl ( - )
lLl ZL2
For the last estimate we used that It < 2 as seen in Remark (]

REMARK 11.4. Let £ be an almost homogeneous LDP complex. Then
the vertices vip,,...,rn, are not contractible since by Proposition the
self intersection numbers of the corresponding divisors Dfni are positive, see
Lemma In particular, there are no contractible boundary vertices vy,
forevery i =1,...,r.

ALGORITHM 11.5. Let £’ be an almost k-hollow, almost homogeneous
LDP complex with n; <2 and linear form u = (0,1, 7).
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The set Spound(L') of all LDP complexes £ with contractible boundary
points v1,...,v; such that LYY = £’ is determined by the following
steps:

(i) Find all possible boundary vertices for an LDP complex L, i.e.
find all pairs of coprime integers (I, d) sufficing the conditions of
Lemma [11.3[ (i) and (i) and add them to the set V* and V™,
respectively.

(ii) Find all possible k-hollow polygons P; with boundary vertices V'
and V7, i.e. do the following:

(a) Foralli =0,...,4k — 1 define P; := {conv(vi,,...,Vin,)}
(b) If ng = 1, for every v € V™~ test whether the polygon Py :=
conv(0, vo1, v) is k-hollow and whether v suffices condition (iv)
of Lemma/10.11]and condition (iv) of Lemma[10.12] If so, add
|50 to 730
(c) For all i = 1,...,7, if n; = 1 then for every v € VT test
whether P; := conv(0, vj,,,v) is k-hollow and suffices condi-
tions (ii) of Lemma and condition (ii) of Lemma
if i # 0. If so, add P; to P;.
(iii) Construct all possible LDP complexes with polygons P; € P;, i.e.
do the following:
(a) For every i =0,...,r take a polygon P; € P;.
(b) Check the inequalities (iv) of the Definition of an LDP
complex.
(c) Calculate the vertices v and v~ as in Definition (v) and
define P; := conv(vt, v, P;).
(d) If £ :=J; P; is almost k-hollow, add it to the set Spound(L').

ALGORITHM 11.6. The set S defined with the following steps contains
all almost k-hollow, almost homogeneous LDP complexes.

(i) Set S to be the set of all combinatorially minimal non-toric LDP
complexes as in Theorem and all Fano polygons found with
Algorithm

(ii) For every LDP complex £’ € S find all LDP complexes £ with
contraction onto £’ with boundary vertices as in Algorithm
Add the LDP complexes found to the set S.

(iii) For every LDP complex £’ € S find all LDP complexes £ with
contraction onto £’ with interior vertices as in Algorithm
Add the LDP complexes found to the set S.

(iv) Delete all LDP complexes with coinciding standard form, see Def-
inition

12. Almost 3-hollow polygons and LDP complexes

In this section we present the results using the algorithms developed for
the case k = 3. All algorithms have been implemented in the computer
algebra system Maple.

With the algorithm described in Construction [12.2] we achieved the fol-
lowing classification.



12. ALMOST 3-HOLLOW POLYGONS AND LDP COMPLEXES 151

THEOREM 12.1. There are exactly 910786 almost 3-hollow lattice poly-
gons. Furthermore the maximal volume is given by 48 and the maximal

number of vertices by 11. They are distributed as shown in the following
table:

no. of vertices ‘ no. of polygons ‘ mazximal volume

3 1012 48
y; 1894/ 95/2
5 113758 17
6 280316 45
7 510587 43
8 150866 39
9 32743 69/2

10 2526 61/2

11 3/ 28

COROLLARY 12.2. There are exactly 47902 many 3-hollow Fano poly-
gons. Furthermore the maximal volume is given as 47 and the maximal

number of vertices by 11. They are distributed as shown in the following
table:

no. of vertices \ no. of Fano polygons \ mazimal volume

3 355 14
J 3983 91/2
5 1345 17
6 17791 43
7 9651 39
8 2360 3/
9 280 30
10 27 57/2
11 1 17/2

We turn to K*-surfaces. Using Proposition and Proposition [9.7| we
found the following combinatorially minimal almost homogeneous 1/3-log
canonical del Pezzo surfaces K*-surfaces. The list is in accordance with the
classification result for combinatorially minimal 1/2-log canonical del Pezzo
surfaces K*-surfaces found in [24].

PROPOSITION 12.3. The following list contains all almost homogeneous
1/3-log canonical del Pezzo surfaces that are combinatorially minimal. Here
1(X) denotes the Gorenstein index, furthermore the last column marks the
numeration in |24] if the surface is 1/2-log canonical.

No. R(X) Cl(X) [wi,..., wy] (X) No. in |24]
1 7@1@;3’% 33]33) Z [11 81 23 4] 33
P mhyriiem LT/ 5o 11|
3 % z 11 49 20 3 539
4 <T1‘C’1["Z}F,’fg-’%1—“§“]fo) L& L/4L % 138 ? é o
5 % Z [10 47 19 3] 235
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C[T1.....T4]
O aEmirirm 0 [7 60 19 4 21 i
7 O Tl 7 9 59 17 4 177 -
(T, To+T3+T]7)
s Tt zZ [11 27 19 2] 99 -
(T, To+T72+T1]19)
ClT1,..,T4]
g (T, Ty + T2+ T17) z [11 2T 2] 29 _
ClT1....T4]
10 ey z [11 A 4] > _
C[T1,....T4]
I o mperierITy . [8 4317 3] % _
C[Ty,..., Ty]
12 (T, To+T24+T17) z [5 63 17 4] 1 ]
_my, T 31251 -
13 mnerdvrm  LOLSE 1 2 10 6
14 (T, To+T3+T1%) z T8 1 o
e 5 11 8 1
15 (T, To+ T2 +T)5) LOL2L 1 1 1 0 50 )
Oy 5 27 162 -
16 (T, To+TZ+T;0) Lo 0 0 1 1 1
17 MT VA 7 41 16 3 287 -
(T, To+T3+T1]6)
RCCE A P15 al -
18 Fmprrarre  LOLMAL 13 10 ?
_my, Ty L1541 -
19 (T, T+ TZ+T13) z 1 3 1 0 o1
20 (T, To+T24713) z 9 43 26 4 =9
21 (T, To+T3+T13) z [7 2 18 3] “
22 (T, To+T3+T13) z [5 13 4] 230
C[Tq,...,T4] 4_1 1_0 Z 1 -
25 Emeriirm L9/ i1 10 10
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2. THE ALMOST HOMOGENEOUS LOG DEL PEZZO CASE
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Last we turn to the classification of almost homogeneous 1/3-log canon-
ical del Pezzo surfaces. Using Algorithm we achieved the following

result.

THEOREM 12.4. There are exactly 21968 almost homogeneous 1/3-log
canonical del Pezzo surfaces.
The unit component of its automorphism group is given as

where p < 5, ( < 1.

(KP X KC) % K*,

We find the following distribution among the exponents p and (:

(p,¢) | no. of surfaces
(1,0) 17274
(2,0 625
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